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Abstract

We study generalized smoothness in nonconvex optimization, focusing on (L0, L1)-
smoothness and anisotropic smoothness. The former was empirically derived from
practical neural network training examples, while the latter arises naturally in the
analysis of nonlinearly preconditioned gradient methods. We introduce a new
sufficient condition that encompasses both notions, reveals their close connection,
and holds in key applications such as phase retrieval and matrix factorization.
Leveraging tools from dynamical systems theory, we then show that nonlinear
preconditioning – including gradient clipping – preserves the saddle point avoid-
ance property of classical gradient descent. Crucially, the assumptions required
for this analysis are actually satisfied in these applications, unlike in classical
results that rely on restrictive Lipschitz smoothness conditions. We further ana-
lyze a perturbed variant that efficiently attains second-order stationarity with only
logarithmic dependence on dimension, matching similar guarantees of classical
gradient methods.

1 Introduction

We consider the unconstrained optimization problem

minimize
x∈Rn

f(x), (1)

where f : Rn → R is a twice continuously differentiable nonconvex function. This work studies the
nonlinearly preconditioned gradient method, with iterates described by

xk+1 = Tγ,λ(x
k) := xk − γ∇ϕ∗(λ∇f(xk)), (P-GD)

where ϕ : Rn → R ∪ {∞} is referred to as the reference function, and ϕ∗, its convex conjugate, is
called the dual reference function.

Nonlinear preconditioning provides a flexible framework for constructing and analyzing gradient-
based optimization algorithms [36, 21, 31]. For instance, when ϕ(x) = 1

2∥x∥2, the update (P-GD)
reduces to classical gradient descent. More broadly, we focus on isotropic reference functions of the
form ϕ(x) = h(∥x∥) for some scalar kernel function h : R→ R+ ∪ {∞}, though our results extend
in part to more general settings, including separable reference functions ϕ(x) =

∑n
i=1 h(xi). Some

kernel functions of interest include:

h1(x) = cosh(x)− 1, h2(x) = exp(|x|)− |x| − 1, h3(x) = −|x| − ln(1− |x|), (2)

each of which upper bounds the quadratic function x2
/2, as visualized in Fig. 1. These choices induce

preconditioners that closely resemble common gradient clipping heuristics, as shown in Fig. 1.

The effectiveness of gradient clipping has been justified using the concept of (L0, L1)-smoothness,
which is empirically motivated by practical neural network training scenarios [42]. However, it
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Figure 1: Comparison of (a) kernel functions and (b) their corresponding nonlinear preconditioners.

remains unclear under what precise conditions this smoothness assumption holds in real-world
applications. On the other hand, the preconditioned gradient method is naturally analyzed under
anisotropic smoothness [36], another generalization of the classical Lipschitz smoothness condition.
Rather than imposing a global quadratic upper bound, anisotropic smoothness permits more flexible
upper bounds defined in terms of the reference function ϕ. This makes the preconditioned gradient
method particularly attractive in settings where the standard Lipschitz condition is too restrictive.
This leads us to our first central question:

Can we formally establish anisotropic smoothness and (L0, L1)-smoothness of practical problems
where traditional assumptions fail?

Our second line of inquiry focuses on the behavior of the preconditioned gradient method when
applied to nonconvex objectives. Classical gradient descent is known to avoid strict saddle points
under the assumption of (global) Lipschitz smoothness [24], a phenomenon which helps explain
its strong empirical performance in nonconvex settings. However, for many practical applications
Lipschitz smoothness holds only locally or on compact sets around a minimizer, meaning that this
assumption is not truly satisfied. This raises the following question:

Does nonlinear preconditioning preserve the saddle point avoidance properties of gradient descent
under a possibly less stringent smoothness assumption?

Our results reveal novel connections between different generalizations of smoothness and provide
strong theoretical support for nonlinear preconditioning, particularly in nonconvex settings where the
classical Lipschitz smoothness assumption may fail.

Contributions Our contributions can be summarized as follows.

• We investigate the classes of problems for which (L0, L1)-smoothness and anisotropic
smoothness – two generalizations of the classical Lipschitz smoothness condition – are
applicable. To this end, we propose a novel sufficient condition (Assumption 2.8) that
guarantees both anisotropic and (L0, L1)-smoothness, thereby revealing a structural link
between these two frameworks. We further demonstrate in section 2.3 that this condition
holds for several prominent nonconvex problems, including phase retrieval, low-rank matrix
factorization, and Burer-Monteiro factorizations of MaxCut-type problems.

• We establish that nonlinear preconditioning preserves the saddle point avoidance behavior
of gradient descent, and moreover extends results from the classical Lipschitz smoothness
framework to the broader setting of anisotropic smoothness. Specifically, we prove asymp-
totic avoidance of strict saddle points by leveraging the stable-center manifold theorem. By
invoking a recent nonsmooth generalization of this theorem, this analysis is then further
extended to accommodate hard gradient clipping. Finally, we present a complexity analysis
for a perturbed variant of the preconditioned gradient method, showing that it converges to a
second-order stationary point with only logarithmic dependence on the problem dimension.
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Notation Let Sn×n be the set of symmetric n × n matrices. We denote the standard Euclidean
inner product on Rn by ⟨·, ·, ⟩, and the corresponding norm by ∥ · ∥. For X,Y ∈ Rm×n, ⟨X,Y ⟩ =
trace(X⊤Y ) is the standard inner product on Rm×n and ∥ · ∥ denotes the spectral norm. The class of
k times continuously differentiable functions on an open set O ⊆ Rn is denoted by Ck(O). We write
sgn(x) = x/∥x∥ for x ∈ Rn \ {0} and 0 otherwise. A function f ∈ C2(Rn) is L-Lipschitz smooth if
for all x, y ∈ Rn it holds that ∥∇f(x)−∇f(y)∥ ≤ L∥x− y∥, with L ≥ 0, and (L0, L1)-smooth if
∥∇2f(x)∥ ≤ L0 + L1∥∇f(x)∥ for all x ∈ Rn with L0, L1 ≥ 0. Otherwise, we follow [37].

1.1 Related work

Generalized smoothness Gradient descent is traditionally analyzed under the assumption of
Lipschitz smoothness [34], although many applications violate this condition. Bregman relative
smoothness is a popular extension which allows the Hessian to grow unbounded, see e.g. [30]
which assumes a certain polynomial growth. More recently, the (L0, L1)-smoothness condition was
proposed by Zhang et al. [42], based on empirical observations in LSTMs, and used to analyze
clipped gradient descent and a momentum variant [41]. The framework has since been applied to
stochastic normalized gradient descent [43] and generalized SignSGD [12]. Notably, Crawshaw et
al. [12] provided empirical evidence that (L0, L1)-smoothness holds for Transformers [40], albeit
with layer-wise variation in constants. Further generalizations include α-symmetric smoothness [9]
and ℓ-smoothness [28], and the latter was used to analyze the convergence of Adam [29]. Despite
empirical support for these conditions in key applications, theoretical guarantees remain limited.

Nonlinear preconditioning The preconditioned gradient method with updates given by (P-GD)
was introduced in the convex setting by Maddison et al. [31]. Then, Laude et al. [22, 21] studied
L-anisotropic smoothness and, under this condition, showed convergence of (P-GD) for nonconvex
problems. The method was later extended to measure spaces [4]. Oikonomidis et al. [36] proposed
the (L, L̄)-anisotropic smoothness condition, connected it to (L0, L1)-smoothness, and analyzed
convergence of (P-GD) in both convex and nonconvex settings. We also highlight the works [26, 35]
that study the concept of Φ-convexity, which is closely related to anisotropic smoothness.

Saddle point avoidance To explain the success of gradient descent on nonconvex problems, much
work has focused on its (strict) saddle point avoidance properties [25, 24]. It was shown that gradient
descent may take exponential time to escape saddle points, even with random initialization [13]. The
works [27, 33] showed that noise-injected normalized gradient descent escapes them more efficiently.
Jin et al. [17, 18] demonstrated that perturbed gradient descent escapes saddle points in time polylog-
arithmic in the problem dimension. Recently, Cao et al. [8] studied saddle point avoidance under a
second-order self-bounding regularity condition rather than under classical Lipschitz smoothness.

2 Anisotropic smoothness

2.1 Definition and basic properties

This section introduces (L, L̄)-anisotropic smoothness as proposed by [36]. The following assump-
tion, which guarantees in particular that ϕ∗ ∈ C1(Rn) and ϕ ≥ 0, is considered valid throughout.

Assumption 2.1. The function ϕ : Rn → R is proper, lsc, strongly convex and even with ϕ(0) = 0.

We usually also assume the following condition, which ensures in particular that ϕ∗ ∈ C2(Rn).

Assumption 2.2. int domϕ ̸= ∅; ϕ ∈ C2(int domϕ), and for any sequence {xk}k∈N that converges
to some boundary point of int domϕ, it follows that ∥∇ϕ(xk)∥ → ∞.

We follow the definition of anisotropic smoothness by [36], which reduces to [21, Def. 3.1] with
reference function L̄ϕ if domϕ = Rn. If f ∈ C1, this concept corresponds to a global version of
anisotropic prox-regularity of −f [20, Def. 2.13]. For a geometric intuition, we refer to [26, 35, 36].
Definition 2.3 ((L, L̄)-anisotropic smoothness [36]). A function f : Rn → R is (L, L̄)-
anisotropically smooth relative to a reference function ϕ with constants L, L̄ > 0 if

f(x) ≤ f(x̄) + L̄L−1ϕ(L(x− ȳ))− L̄L−1ϕ(L(x̄− ȳ))

for all x, x̄ ∈ Rn, where ȳ = TL−1,L̄−1(x̄) = x̄− L−1∇ϕ∗(L̄−1∇f(x̄)).
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The following proposition provides a sufficient condition for anisotropic smoothness. We consider the
case ϕ∗ ∈ C2 for simplicity of exposition, but note that a variant for ϕ∗ /∈ C2 can also be formulated.
Proposition 2.4 (Second-order characterization of (L, L̄)-anisotropic smoothness). Suppose that
Assumption 2.2 holds, and let f ∈ C2 be such that for all x ∈ Rn

λmax(∇2ϕ∗(L̄−1∇f(x))∇2f(x)) ≤ LL̄, (3)
and lim∥x∥→∞ ∥TL−1,L̄−1(x)∥ = ∞. Moreover, assume that either domϕ is bounded or that
domϕ = Rn, and that for all x ∈ Rn we have f(x) ≤ L̄r−1ϕ(rx)− β for some r ∈ (0, L), b ∈ R.
Then, f is (δL, L̄)-anisotropically smooth relative to ϕ for any δ > 1.

We say that f satisfies the second-order characterization of anisotropic smoothness if (3) holds.
Note that the growth condition on f is not restrictive when ϕ = domRn, and that the coercivity
assumption on the iteration map TL−1,L̄−1 is very mild; we refer the reader to the arguments in [36].
Finally, we connect anisotropic smoothness to some popular smoothness notions.
Example 2.5 (Lipschitz-smoothness [36, Proposition 2.3]). Suppose that f ∈ C2 is Lf -Lipschitz
smooth. Denote by µ > 0 the parameter of strong convexity of a reference function ϕ. Then f is
(Lf/µ, 1)-anisotropically smooth relative to ϕ.
Example 2.6 ((L0, L1)-smoothness). Let f ∈ C2 be (L0, L1)-smooth, let L = L1, L̄ = L0/L1, and
let ϕ(x) = −∥x∥ − ln(1 − ∥x∥). Then f satisfies the second-order characterization of (L, L̄)-
anisotropic smoothness relative to ϕ [36, Proposition 2.6 & Corollary 2.7].

2.2 A novel sufficient condition for generalized smoothness

Although it is well-known that univariate polynomials are (L0, L1)-smooth [42, Lemma 2], this is
not necessarily the case for multivariate polynomials, as illustrated by the following example.
Example 2.7. Consider the polynomial f(x, y) = 1

4x
4 + 1

4y
4 − 1

2x
2y2 with gradient and Hessian

∇f(x, y) =
(
x3 − xy2

y3 − x2y

)
, ∇2f(x, y) =

(
3x2 − y2 −2xy
−2xy −x2 + 3y2

)
.

Remark that∇f(x,−x) = 0 and∇2f(x,−x) = x2
(

2 −2
−2 2

)
. Clearly, f cannot be (L0, L1)-smooth

since ∥∇2f(x,−x)∥F = 4∥x∥2 grows unbounded, while ∥∇f(x,−x)∥ = 0 for all x ∈ R.

For multivariate polynomials there may exist a path of ∥x∥ → ∞ along which the gradient norm
grows slower than the Hessian norm, in which case (L0, L1)-smoothness cannot hold. More examples
are included in appendix A.2. Based on this insight, we propose the following novel condition.
Assumption 2.8. There exists an R ∈ N such that for all x ∈ Rn

∥∇2f(x)∥F ≤ pR(∥x∥), and ∥∇f(x)∥ ≥ qR+1(∥x∥).
Here pR(α) =

∑R
i=0 aiα

i and qR+1(α) =
∑R+1

i=0 biα
i are polynomials of degree R and R + 1,

respectively, and in particular we assume that bR+1 > 0.

Note that [30] constructs a Bregman distance inducing kernel function under a similar polynomial
upper bound to the Hessian norm. Appendix A.1 verifies Assumption 2.8 for univariate polynomials.
The following result states that Assumption 2.8 is a sufficient condition for (L0, L1)-smoothness.1

Theorem 2.9. Suppose that Assumption 2.8 holds for f ∈ C2. Then, for any L1 > 0 there exists an
L0 > 0 such that f is (L0, L1)-smooth.

Under mild conditions on the kernel function h, which appendix A.5 shows hold for all examples in
(2), Assumption 2.8 also implies the second-order characterization of anisotropic smoothness. In fact,
it implies the stronger condition that ∥∇2ϕ∗(L̄−1∇f(x))∇2f(x)∥ is uniformly bounded.
Assumption 2.10. The reference function ϕ is isotropic, i.e., ϕ(x) = h(∥x∥), and such that (i)
h∗′(y)/y is a decreasing function on R+, (ii) limy→+∞ yh∗′′(y) = C2, for some C2 ∈ R+, and (iii)

lim
y→+∞

h∗′(sd(y))
y

= 0, for any polynomial sd(α) =
d∑

i=0

uiα
i of degree d.

Theorem 2.11. Suppose that f satisfies Assumption 2.8. If ϕ satisfies Assumption 2.2 and As-
sumption 2.10, then for any L̄ > 0 there exists an L > 0 such that f satisfies the second-order
characterization of (L, L̄)-anisotropic smoothness relative to ϕ.

1In fact, Theorem 2.9 still holds if Assumption 2.8 is relaxed to ∥∇f(x)∥ ≥ qR(∥x∥).
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2.3 Applications

We now establish for a number of key applications that Assumption 2.8 holds, thus proving that the
objective is (L0, L1)-smooth and satisfies the second-order characterization of (L, L̄)-anisotropic
smoothness. Remark that for all of these, the classical Lipschitz smoothness assumption is violated.

2.3.1 Phase retrieval

Consider the real-valued phase retrieval problem with objective and gradient

f(x) =
1

4

m∑
i=1

(
y2i − (a⊤i x)

2
)2

, ∇f(x) = −
m∑
i=1

(
y2i − (a⊤i x)

2
)
aia

⊤
i x. (4)

Here, ai ∈ Rn and yi ∈ R for i ∈ N[1,m] are the measurement vectors and the corresponding
measurements, respectively. A relaxed smoothness condition for the phase retrieval problem has
been explored in [3] based on Bregman distances. The following theorem establishes that whenever
the measurement vectors span Rn, the objective f also satisfies our Assumption 2.8. Note that the
measurement vectors can only span Rn if m ≥ n. Moreover, the assumption on spanning Rn is mild
compared to well-studied conditions that guarantee signal recovery in the phase retrieval problem.
These conditions either require randomly sampled measurement vectors with m on the order of
n log n [7], or the so-called complement property [1]. The former ensures the spanning property with
high probability, while the latter guarantees it deterministically.
Theorem 2.12. Consider the phase retrieval problem with objective (4) and suppose that the vectors
{ai}mi=1 span Rn.

(i) For any L1 > 0 there exists L0 > 0 such that f is (L0, L1)-smooth.

(ii) If ϕ satisfies Assumptions 2.2 and 2.10, then for any L̄ > 0, there exists an L > 0 such that
f satisfies the second-order characterization of (L, L̄)-anisotropic smoothness.

2.3.2 Symmetric matrix factorization

Consider the symmetric matrix factorization problem with objective and gradient

f(U) =
1

2
∥UU⊤ − Y ∥2F , ∇f(U) = (UU⊤ − Y )U. (5)

Here, U ∈ Rn×r is the optimization variable, and Y ∈ Sn×n is a given symmetric matrix. When
r < n, minimizing f yields a low-rank approximation of Y with rank at most r. Such low-rank matrix
factorizations are fundamental in a variety of applications, most notably in principal component
analysis (PCA) [19], where one seeks to capture the most significant directions of variation in the
data. More broadly, symmetric matrix factorization plays a central role across various domains: in
machine learning, it underlies techniques such as non-negative matrix factorization for parts-based
representation learning [23]; in signal processing, it is employed in matrix completion and compressed
sensing to reconstruct structured signals from incomplete or noisy measurements [6].
Theorem 2.13. Consider the symmetric matrix factorization problem with objective (5). Then the
following statements hold.

(i) For any L1 > 0 there exists an L0 > 0 such that f is (L0, L1)-smooth.

(ii) If ϕ satisfies Assumptions 2.2 and 2.10, then for any L̄ > 0, there exists an L > 0 such that
f satisfies the second-order characterization of (L, L̄)-anisotropic smoothness.

2.3.3 Asymmetric matrix factorization

Consider the regularized asymmetric matrix factorization problem with objective

f(W,H) =
1

2
∥WH − Y ∥2F +

κ

4
∥W∥4F +

κ

4
∥H∥4F , (6)

where W ∈ Rm×r and H ∈ Rr×n are the optimization variables, Y ∈ Rm×n is a given matrix, and
κ ≥ 0 is a regularization parameter. When κ = 0 and r < min{m,n}, this reduces to the classical
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low-rank matrix factorization problem. Additionally, such objectives have been used to model the
training of two-layer linear networks, such as in the case of two-layer autoencoders [15]. We note that
the results below also hold for regularization terms of the form κ∥W⊤W −HH⊤∥2F as described
in [11], and highlight the work of [32], which designed a Bregman proximal-gradient method for
similar regularized matrix factorization problems.
Theorem 2.14. Consider the asymmetric matrix factorization problem with objective (6) and let
κ > 0. Then the following statements hold.

(i) For any L1 > 0 there exists an L0 > 0 such that f is (L0, L1)-smooth.

(ii) If ϕ satisfies Assumptions 2.2 and 2.10, then for any L̄ > 0, there exists an L > 0 such that
f satisfies the second-order characterization of (L, L̄)-anisotropic smoothness.

Note that Theorem 2.14 requires κ > 0. To understand why, observe that the gradient of f is given by

∇W f(W,H) = (WH−Y )H⊤+κ∥W∥2FW, and ∇Hf(W,H) = W⊤(WH−Y )+κ∥H∥2FH.

Let x denote the concatenation of the vectors vec(W ) and vec(H), such that ∥x∥2 = ∥W∥2F +∥H∥2F .
In contrast to symmetric matrix factorization, if κ = 0, the gradient norm of f can approach zero as
∥x∥ → ∞, whereas Assumption 2.8 requires an asymptotic growth proportional to ∥x∥3. To see this,
consider W ⋆ ∈ Rm×r, H⋆ ∈ Rr×n such that W ⋆H⋆ = Y . In this case, the gradient norm is zero,
and rescaling W ⋆ and H⋆ with a nonsingular matrix D ∈ Rr×r, i.e., W̃ = W ⋆D and H̃ = D−1H⋆,
preserves the gradient norm. As a result, one can construct counterexamples where the gradient norm
remains zero while ∥D∥ → ∞, and consequently ∥x∥ → ∞.

Finally, we remark that the key step in proving Theorem 2.14 entails lower bounding ∥∇f(W,H)∥
in terms of the variable V := max(∥W∥F , ∥H∥F ), and exploiting that ∥V ∥ → ∞ if and only if
∥x∥ → ∞. It appears that this strategy can be generalized to the factorization of Y into more than
two factors, which is relevant for training deep linear networks.

2.3.4 Burer-Monteiro factorizations of MaxCut-type semidefinite programs

Let us consider so-called MaxCut-type semidefinite programs (SDPs)

minimize
X∈Sn×n

− ⟨C,X⟩

subject to X ⪰ 0

diag(X) = 1n,

(7)

where C ∈ Sn×n is the cost matrix. The relaxation (7) provides a precise relaxation to the MaxCut
problem, a fundamental combinatorial problem arising in graph optimization [16, 14]. In an effort to
exploit the typical low-rank structure of the solution, a Burer-Monteiro factorization [5] decomposes
X = V V ⊤ for V ∈ Rn×r. This yields

minimize
V ∈Rn×r

− ⟨C, V V ⊤⟩

subject to diag(V V ⊤) = 1n.
(8)

Choosing r much smaller than n significantly decreases the number of variables from n2 to nr.
However, the downside of this approach is that convexity is lost. Fortunately, under certain conditions
every second-order stationary point of this nonconvex problem is a global minimizer [14]. Let us
denote by xi ∈ Rr the i’th row of V , such that V ⊤ = [x1, x2, . . . , xn]. We also define the vectorized
variable x := [x⊤

1 , x
⊤
2 , . . . , x

⊤
n ]

⊤ ∈ Rd where d = nr. Then we denote by f(x) the objective of (8)
in terms of x, and likewise by A(x) = 0 the constraint of (8) in terms of x.

As proposed in the seminal work [5], this nonconvex constrained problem can be solved with an
augmented Lagrangian method (ALM). Each iteration consists of minimizing with respect to the
primal variable x the (unconstrained) augmented Lagrangian with penalty parameter β > 0, i.e.,

Lβ(x, y) = f(x) + ⟨A(x), y⟩+ β

2
∥A(x)∥2, (9)

followed by an update of the multipliers y ∈ Rn. A similar strategy was also used in [38] for
Burer-Monteiro factorizations of clustering SDPs. The following theorem establishes generalized
smoothness of the augmented Lagrangian with respect to the primal variable.
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Theorem 2.15. Consider the Burer-Monteiro factorization (8) of the MaxCut-type SDP (7) and let
Lβ denote the augmented Lagrangian with penalty parameter β > 0 of this factorized problem.
Then, with respect to the primal variable x ∈ Rd and for some fixed multiplier y ∈ Rn the following
statements hold.

(i) For any L1 > 0 there exists L0 > 0 such that Lβ(·, y) is (L0, L1)-smooth.

(ii) If ϕ satisfies Assumptions 2.2 and 2.10, then for any L̄ > 0, there exists an L > 0 such that
Lβ(·, y) satisfies the second-order characterization of (L, L̄)-anisotropic smoothness.

3 Saddle point avoidance of the preconditioned gradient method

The remarkable performance of simple gradient descent-like methods for minimizing nonconvex
functions is often attributed to the fact that they avoid strict saddle points of Lipschitz smooth
objectives. This section establishes that nonlinear preconditioning of the gradient preserves this
desirable property, and in fact generalizes this result to anisotropically smooth functions.

3.1 Asymptotic results based on the stable-center manifold theorem

Denote by X ⋆ the set of strict saddle points of a function f ∈ C2, i.e.,
X ⋆ :=

{
x⋆ | ∇f(x⋆) = 0, λmin(∇2f(x⋆)) < 0

}
.

Classical results like [25, 24], which are based on the stable-center manifold theorem [39], exploit
the fact that the eigenvalues of the Hessian ∇2f are uniformly bounded. In a similar way, for
the preconditioned gradient descent method we require that the second-order characterization of
(L, L̄)-anisotropic smoothness holds. By exploiting the fact that ∇2ϕ∗(0) = I , we then obtain the
following theorem, which generalizes [25, Theorem 4].
Theorem 3.1. Let f ∈ C2 and suppose that Assumption 2.2 holds. Consider the iterates (xk)k∈N
generated by the preconditioned gradient method, i.e., xk+1 = Tγ,L̄−1(xk), where the initial iterate
x0 ∈ Rn is chosen uniformly at random. If f satisfies the second-order characterization of (L, L̄)-
anisotropic smoothness, and if γ < 1

L , then

P
(

lim
k→∞

xk ∈ X ⋆

)
= 0. (10)

Assumption 2.2 ensures ϕ∗ ∈ C2, which in turn guarantees that Tγ,L̄−1 ∈ C1, as needed for the
stable-center manifold theorem [39, 24]. Unfortunately, this means that the reference function
ϕ(x) = h(∥x∥) with h = 1

2∥ · ∥2 + δ[−1,1], which gives rise to a version of the gradient clipping
method [36, Example 1.7], is not covered by Theorem 3.1. Indeed, in this case we have h∗′(y) =
Π[−1,1](y) = max {min {y, 1} ,−1}. Note however that this projection is a piecewise affine function,
and therefore h∗′ is continuously differentiable almost everywhere, i.e., except at the points y = ±1.

Based on a recent variant of the stable-center manifold theorem [10] we now establish that also the
above clipped gradient variant with ϕ∗ /∈ C2 avoids strict saddle points with probability one. In
particular, [10, Proposition 2.5] only requires that the iteration map Tγ,λ is continuously differentiable
on a set of measure one which contains the set of strict saddle points X ⋆. We thus have to show that
(i)∇ϕ∗(L̄−1∇f(·)) is differentiable almost everywhere; and that (ii)∇ϕ∗(·) is differentiable around
the point L̄−1∇f(x⋆) = 0, with x⋆ ∈ X ⋆. Remark that the former requires an additional assumption
for guaranteeing that ∇f maps a set of measure one onto a set on which∇ϕ∗ is differentiable.
Theorem 3.2. Let f ∈ C2+ and ϕ(x) = h(∥x∥) with h = 1

2∥ · ∥2 + δ[−1,1]. Consider the
iterates (xk)k∈N generated by the preconditioned gradient method, i.e., xk+1 = Tγ,L̄−1(xk) =

xk − γmin(1/∥∇f(xk)∥, L̄−1)∇f(xk), where the initial iterate x0 ∈ Rn is chosen uniformly at
random. Moreover, suppose that the set

U :=
{
x ∈ Rn | ∥∇f(x)∥ ≠ L̄

}
is a set of measure one. If f satisfies the second-order sufficient condition for (L, L̄)-anisotropic
smoothness, and if γ < 1

L , then

P
(

lim
k→∞

xk ∈ X ⋆

)
= 0. (11)
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3.2 Efficiently avoiding strict saddle points through perturbations

Despite avoiding strict saddle points asymptotically for almost any initialization, gradient descent
may actually be significantly slowed down around saddle points. In fact, gradient descent can take
exponential time to escape strict saddle points [13], in the sense that the number of iterations depends
exponentially on the dimension n of the optimization variable. Yet, by adding small perturbations,
this issue can be mitigated, and the complexity of obtaining a second-order stationary point then
depends only polylogarithmically on the dimension n [17, 18]. This section establishes a similar
result for a perturbed preconditioned gradient method.

Existing works analyzing the complexity of gradient descent for converging to a second-order
stationary point require not only Lipschitz continuity of the gradients, but also of the Hessian. This is
quite restrictive, since for example any (non-degenerate) polynomial of degree more than 2 violates
this assumption. Instead, we require Lipschitz continuity of the mapping

Hλ(x) := λ−1J [∇ϕ∗(λ∇f(x))] = ∇2ϕ∗(λ∇f(x))∇2f(x).

To ensure well-definedness of Hλ, Assumption 2.2 is assumed in the remainder of this section.

Assumption 3.3. The mapping Hλ(x) := ∇2ϕ∗(λ∇f(x))∇2f(x) is ρ-Lipschitz-continuous, i.e.,

∃ρ > 0 : ∥Hλ(x)−Hλ(y)∥ ≤ ρ∥x− y∥, ∀x, y ∈ Rn.

This new condition appears significantly less restrictive, as illustrated by the following example.

Example 3.4. Let f(x) = 1
4x

4 − 1
2x

2 and ϕ(x) = cosh(|x|)− 1. Since arcsinh is an odd function,

∇ϕ∗(λf ′(x)) = arcsinh(|λf ′(x)|) sgn(λf ′(x)) = arcsinh(λf ′(x)) = arcsinh(λ(x3 − x)).

Therefore, we obtain that Hλ(x) = λ−1 d(∇ϕ∗(λf ′(x)))
dx = (3x2−1)√

1+λ2(x3−x)2
. One easily verifies that

Hλ ∈ C1 with bounded derivative, which implies the required Lipschitz-continuity of Hλ. In fact, this
reasoning generalizes to any univariate polynomial, regardless of its degree.

Under anisotropic smoothness, it is natural to consider λ−1ϕ(∇ϕ∗(λ∇f(x))) as a first-order station-
arity measure, and λmin(Hλ(x)) as a second-order stationarity measure. Therefore, we say that a
point x ∈ Rn is an ϵ-second-order stationary point of an (L, L̄)-anisotropically smooth function f if

λ−1ϕ(∇ϕ∗(λ∇f(x))) ≤ ϵ2, and λmin(∇2ϕ∗(λ∇f(x))∇2f(x)) ≥ −√ρϵ.

For ϕ = 1
2∥ · ∥2 we recover the classical notion of ϵ-second-order stationarity, with ρ the constant of

Lipschitz continuity of∇2f .

Algorithm 1 describes a perturbed preconditioned gradient method that closely resembles perturbation
schemes presented in [17, 18]. In particular, whenever the first-order stationarity is sufficiently small,
then a perturbation is added followed by ⌈T ⌉ > 0 unperturbed iterations.

Algorithm 1 Perturbed preconditioned gradient descent
REQUIRE: x0 ∈ Rn, γ, λ > 0, perturbation radius r > 0, time interval T > 0, tolerance G > 0

1: kperturb = 0
2: for k = 0, 1, . . . do
3: if λ−1ϕ(∇ϕ∗(λ∇f(xk))) ≤ G2

2 and k − kperturb > T then
4: xk ← xk + γξk, ξk ∼ B0(r) uniformly, kperturb ← k

5: xk+1 = xk − γ∇ϕ∗(λ∇f(xk))

We analyze the complexity of algorithm 1 under the following assumption.

Assumption 3.5. Suppose that Assumption 2.2 holds, such that ϕ∗ ∈ C2, and let ϕ(x) = h(∥x∥)
where in particular h ∈ C2. Moreover, let h(x) ≥ x2

/2, and h(x) = x2
/2 + o(x2) as x→ 0.

This assumption holds for kernel functions from (2). Remark that there is no real loss of generality
by fixing the scale of h around 0, since a rescaled version of h can be obtained by modifying L̄.
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In our analysis, we specify the parameters of algorithm 1 in terms of L, L̄, ϵ and some χ ≥ 1,

γ = 1
L , λ = 1

L̄
, r = ϵ

400χ3 , T = L√
ρϵχ, G = min

{
1, 1√

λ

}
r, (12)

and introduce two additional constants that are used only in the analysis, i.e.,

F = 1
50λχ3

√
ϵ3

ρ , Z = 1
4χ

√
ϵ
ρ . (13)

We obtain the following complexity of algorithm 1 for converging to a second-order stationary point.
Theorem 3.6 (Iteration complexity). Let f be (L, L̄)-anisotropically relative to ϕ. Moreover,
suppose that Assumptions 3.3 and 3.5 hold, and define constants ∆f ≥ f(x0) − inf f and

χ = log2

(
L2√n∆f

c
√
ρL̄ϵ5/2δ

)
for some c > 0. There exists a constant cmax > 0 such that if c ≤ cmax, then

for any ϵ > 0 sufficiently small, and for any δ ∈ (0, 1), Algorithm 1 with parameters as in (12) and
(13), visits an ϵ-second-order stationary point in at least T/2 iterations with probability at least 1− δ,
where

T = 8max
{

(f(x0)−inf f)T
F , λ (f(x0)−inf f)

2γG2

}
= Õ

(
L(f(x0)−inf f)

L̄ϵ2

)
.

The Õ notation hides a factor χ4 which is polylogarithmic in the dimension n and in the tolerance ϵ.

Theorem 3.6 generalizes [18, Theorem 18], and relies on a similar high-level proof strategy, which
goes as follows. If the current iterate x is not an ϵ-second-order stationary point, then either
λ−1ϕ(∇ϕ∗(λ∇f(x))) is large, or λmin(Hλ) is sufficiently negative. In either case, we establish a
significant decrease in function value after at most ⌈T ⌉ iterations of algorithm 1. Since f(x0)− inf f
is bounded, the number of iterates which are not ϵ-second-order stationary can be bounded.

Nevertheless, the generalization of [18, Theorem 18] to the setting of Algorithm 1 is by no means
straightforward. The original proofs rely heavily on Lipschitz smoothness, in a way that often does
not generalize directly to the anisotropically smooth setting. Here, we highlight two such difficulties.
First, consider a point x ∈ Rn and the perturbed point x̄ := x+ γξ for some perturbation ξ ∈ B0(r).
Then, by anisotropic smoothness we can upper bound

f(x̄)− f(x) ≤ γ

λ
ϕ(ξ +∇ϕ∗(λ∇f(x))).

While Lipschitz-smoothness with ϕ = 1
2∥ · ∥2 readily provides an upper bound in terms of ∥ξ∥2 ≤ r2

and ∥∇f(x)∥2, the reference functions are not typically such that an upper bound in terms of
ϕ(ξ) + ϕ(∇ϕ∗(λ∇f(x)))

can be obtained. Second, unlike in the L-Lipschitz-smooth case where ∥∇2f∥ ≤ L, the norm
∥Hλ∥ cannot be upper bounded uniformly, even under the second-order characterization of (L, L̄)-
anisotropic smoothness. The latter only guarantees that λmax(Hλ) ≤ LL̄, but it does not lower bound
λmin(Hλ). And even if the eigenvalues of Hλ were bounded in absolute value, this still would not
guarantee boundedness of ∥Hλ∥, since Hλ is not a normal matrix in general.

4 Numerical validation

Lastly, we illustrate some merits of nonlinear preconditioning, and validate the complexity result of
Theorem 3.6 numerically. The source code is publicly available.2

Nonlinear preconditioning for symmetric matrix factorization For the symmetric matrix factor-
ization problem (5) with n = 2 and r = 1, Fig. 2 presents a 2D visualization of the level curves of
the objective, along with the iterates of both vanilla gradient descent (GD) and the preconditioned
variant (P-GD) with ϕ(x) = cosh(∥x∥)− 1. Unless GD is initialized close to a stationary point, the
stepsize must be chosen very small to prevent the iterates from diverging – as expected, because the
quartic objective is not Lipschitz smooth. In contrast, the (P-GD) iterations take the form (for L̄ = 1)

x+ = x− γ sinh−1(∥∇f(x)∥)
∥∇f(x)∥ ∇f(x).

In this case, large gradients are damped – recall the close resemblance to clipping methods, cf. Fig. 1
– resulting in the convergence of (P-GD) for stepsizes γ that are often orders of magnitudes larger
than the maximum stepsize of GD. In turn, this causes (P-GD) to often require significantly fewer
iterations, and overall outperform GD for fixed stepsize.

2https://github.com/alexanderbodard/escaping_saddles_with_preconditioning
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Figure 2: Iterates of GD (red) and (P-GD) (blue) on a symmetric matrix factorization problem.
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Figure 3: Performance of vanilla GD (blue), perturbed vanilla GD [13, Alg 1] (orange), and Algo-
rithm 1 (green) on the ‘octopus’ function [13].

Fast avoidance of saddle points Fig 3 validates the fast escape of saddle points by Algorithm 1.
We consider the ‘octopus’ objective [13] which was constructed such that GD takes exponential time
to escape saddle points. We select all hyperparameters as in [13, §5], and set the only additional
hyperparameter L̄ = 1. We compare against vanilla GD and perturbed vanilla GD [13, Alg 1], and
vary the constant L ∈ {1, 1.5, 2, 3} and dimension n ∈ {5, 10}, thus creating counterparts to [11,
Figs 3 and 4]. We observe that algorithm 1 performs similar to perturbed vanilla GD, and also scales
in a similar way with respect to n and L. This validates the complexity result from Theorem 3.6.

5 Conclusion

This work introduced a novel sufficient condition unifying (L0, L1)-smoothness and anisotropic
smoothness. We showed that this condition holds in key applications such as phase retrieval, matrix
factorization, and Burer-Monteiro factorizations of MaxCut.

We further analyzed the nonlinearly preconditioned gradient method, which naturally aligns with
anisotropic smoothness. Notably, we proved that it preserves the saddle point avoidance properties of
gradient descent and extends them to anisotropically smooth settings. This contrasts with prior analy-
ses requiring either global Lipschitz smoothness, or local smoothness combined with compactness,
both of which are often unmet in practice.

To our knowledge, this is the first work to rigorously establish saddle point avoidance for problems
like phase retrieval and matrix factorization under a smoothness condition that is both practical and
verifiable. These results strengthen the theoretical foundations of first-order methods for nonconvex
optimization and in particular encourage further study of nonlinear gradient preconditioning.
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NeurIPS Paper Checklist

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?
Answer: [Yes]
Justification: The abstract and introduction accurately reflect the paper’s contributions and
scope.
Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We clearly define our assumptions and their limitations.
Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
Answer: [Yes]
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Justification: A detailed proof is provided for every theoretical result.
Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?
Answer: [Yes]
Justification: The paper discloses all the information needed to reproduce the main experi-
mental results.
Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [Yes]
Justification: The paper provides open access to the code at https://github.com/
alexanderbodard/escaping_saddles_with_preconditioning.
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• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?
Answer: [Yes]
Justification: The paper specifies all hyperparameters directly or indirectly (same as de-
scribed in other papers).
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• The answer NA means that the paper does not include experiments.
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that is necessary to appreciate the results and make sense of them.
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Answer: [NA]
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• It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

• It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.
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to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
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institution) were obtained?
Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
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Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.
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A Additional results

A.1 Univariate polynomials satisfy Assumption 2.8

Theorem A.1. Let f(x) =
∑d

i=0 aix
i be a univariate polynomial of degree d in x with coefficients

ai ∈ R. Then, f satisfies Assumption 2.8.

Proof. Without loss of generality, assume that ad ̸= 0, since otherwise f would be a polynomial of
lower degree. Then, by the triangle inequality we have

|f ′′(x)| ≤
d−2∑
i=0

|(i+ 1)(i+ 2)ai+2x
i| ≤

d−2∑
i=0

(i+ 1)(i+ 2)|ai+2||x|i

which is a polynomial of degree d− 2 in |x|. In a similar way, we obtain from the triangle inequality

|f ′(x)| ≥ |dadxd−1| − |
d−2∑
i=0

(i+ 1)ai+1x
i| ≥ |dadxd−1| − (d− 1)

d−2∑
i=0

|ai+1||xi|

= d|ad||xd−1| − (d− 1)

d−2∑
i=0

|ai+1||xi|

which is a polynomial of degree d− 1 in |x| where the leading coefficient d|ad| is nonzero.

A.2 Multivariate polynomials for which (L0, L1)-smoothness fails

This section extends example 2.7 and provides some simple multivariate polynomials which are not
(L0, L1)-smooth. In particular, we illustrate that this may still happen if the gradient norm grows
unbounded.

Consider the following functions

f1(x, y) =
1

4
(x4 + y4)− 1

2
x2y2, f2(x, y) = f1(x, y) + x, f3(x, y) = f1(x, y) + x2.

By a similar reasoning as in example 2.7, we remark that along a path y = −x these functions have
gradients

∇f1(x,−x) =
(
0
0

)
, ∇f2(x,−x) =

(
1
0

)
, ∇f3(x,−x) =

(
2x
0

)
and Hessians

∇2f1(x,−x) = ∇2f2(x,−x) = x2

(
2 −2
−2 2

)
, ∇2f3(x,−x) = x2

(
2 −2
−2 2

)
+2

(
1 0
0 0

)
.

Clearly, these functions cannot be (L0, L1)-smooth, because for y = −x the Hessian norms grow
proportionally to |x|2, whereas the gradient norms are zero (for f1), constant (for f2), or grow
proportionally to |x| (for f3). This is visualized in fig. 4.

Remark that f3 illustrates that unboundedness of the gradient norm is not sufficient for (L0, L1)-
smoothness. Instead, the gradient norm needs to grow ‘sufficiently fast’; a sufficient condition is
given by Assumption 2.8.

A.3 Anisotropic smoothness is more general than (L0, L1)-smoothness

Example 2.6 already established that if a function f is (L0, L1)-smooth, then it also satisfies the
second-order characterization of (L1, L0/L1)-anisotropic smoothness (Assumption 2.8) relative to the
reference function ϕ(x) = −∥x∥− ln(1−∥x∥). We now show that the function f(x) = exp(∥x∥2) is
not (L0, L1)-smooth, but satisfies the second-order characterization of (L, L̄)-anisotropic smoothness
with L = 2, L̄ = 1, thus confirming that anisotropic smoothness generalizes (L0, L1)-smoothness.

Note that the function f(x) = exp(∥x∥2) has gradient and Hessian

∇f(x) = 2 exp(r2)x, ∇2f(x) = 2 exp(r2)
(
I + 2xx⊤)
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Figure 4: Surface plot of some multivariate polynomials which are not (L0, L1)-smooth. The gradient
norm is zero (left), constant (middle), or scales proportional to |x| (right) along the path y = −x
(red), whereas the Hessian norm scales with |x|2.

where we defined r := ∥x∥ for ease of notation. Remark also that

∥∇f(x)∥ = 2 exp(r2)∥x∥ = 2r exp(r2), ∥∇2f(x)∥ = 2 exp(r2)(1 + 2r2),

where the norm of the Hessian follows from the observation that xx⊤ has eigenvalues 0 and r2.

The following theorem establishes that f(x) = exp(∥x∥2) is not (L0, L1)-smooth.
Theorem A.2. There do not exist constants L0, L1 ≥ 0 for which the function f(x) = exp(∥x∥2) is
(L0, L1)-smooth.

Proof. Assume, by contradiction that there exist constants L0, L1 ≥ 0 for which

∥∇2f(x)∥ ≤ L0 + L1∥∇f(x)∥, for all x ∈ Rn.

This means that

2 exp(r2)(1 + 2r2) ≤ L0 + 2rL1 exp(r
2), for all x ∈ Rn,

or equivalently,

1 + 2r2 ≤ L0

2 exp(r2)
+ L1r, for all x ∈ Rn.

Clearly, this cannot hold, since the left hand side grows faster than the right hand side as r →∞.

Theorem A.3. The function f(x) = exp(∥x∥2) satisfies the second-order characterization of (L, L̄)-
anisotropic smoothness relative to the reference function ϕ(x) = −∥x∥− ln(1−∥x∥) for L̄ = 1 and
L ≥ 2.

Proof. By [36, Lemma 2.5], the second-order characterization of anisotropic smoothness for L̄ = 1
is equivalent to

L−1∇2f(x) ⪯
[
∇2ϕ∗(∇f(x))

]−1
.

For our particular reference function, this condition becomes

L−1∇2f(x) ⪯ (1 + ∥∇f(x)∥)(I + 1
∥∇f(x)∥∇f(x)∇f(x)⊤).

Let us define α := 1 + ∥∇f(x)∥ = 1 + 2r exp(r2) and recall that ∇f(x) = 2 exp(r2)x. Then it
remains to show that the matrix

ML(x) = α

(
I + ∥∇f(x)∥ xx

⊤

∥x∥2
)
− 2 exp(r2)

L

(
I + 2xx⊤)

is positive semidefinite for L ≥ 2, uniformly in x ∈ Rn. Note that we can rewrite

ML(x) =

(
α− 2 exp(r2)

L

)
︸ ︷︷ ︸

:=A

I +

(
α∥∇f(x)∥ − 4 exp(r2)

L
∥x∥2

)
︸ ︷︷ ︸

:=B

xx⊤

∥x∥2
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as the weighted sum of two symmetric positive semidefinite matrices. We now show that both weights
A and B are nonnegative for L ≥ 2, for any r ≥ 0, from which the claim follows.

The weight A equals

A(r) = α− 2 exp(r2)

L
= 1 + exp(r2)

(
2r − 2

L

)
and has derivative

A′(r) = exp(r2)

(
2− 4r

L
+ 4r2

)
= exp(r2)

(
2− 1

L2
+

(
1

L
− 2r

)2
)
.

For L ≥ 2 this yields

A′(r) ≥ exp(r2)

(
1 +

(
1

L
− 2r

)2
)

> 0,

meaning that A(r) is strictly increasing. Since A(0) = 1− 2
L , we conclude that A(r) is nonnegative

for r ≥ 0.

As for the weight B, remark that

α∥∇f(x)∥ = (1 + 2r exp(r2))2r exp(r2) = 2r exp(r2) + 4r2 exp(2r2),

and
4 exp(r2)

L
∥x∥2 =

4r2 exp(r2)

L
.

Therefore, the second coefficient becomes

B(r) = 4r2 exp(r2)

(
exp(r2)− 1

L

)
+ 2r exp(r2)

which is nonnegative for L ≥ 2 since exp(r2) ≥ 1 > 1
L .

As a second example, we consider the function f(x) = exp(∥x∥2)− 2∥x∥2, which has gradient and
Hessian

∇f(x) = 2
(
exp(r2)− 2

)
x, ∇2f(x) = 2 exp(r2)

(
I + 2xx⊤)− 4I

where we defined r := ∥x∥ for ease of notation. Remark also that

∥∇f(x)∥ = 2
∣∣exp(r2)− 2

∣∣ ∥x∥ = 2r
∣∣exp(r2)− 2

∣∣ , ∥∇2f(x)∥ = 2 exp(r2)(1 + 2r2)− 4,

where the norm of the Hessian follows from the observation that xx⊤ has eigenvalues 0 and r2.

The following theorem establishes that f is not (L0, L1)-smooth.
Theorem A.4. There do not exist constants L0, L1 ≥ 0 for which the function f(x) = exp(∥x∥2)−
2∥x∥2 is (L0, L1)-smooth.

Proof. Assume, by contradiction that there exist constants L0, L1 ≥ 0 for which

∥∇2f(x)∥ ≤ L0 + L1∥∇f(x)∥, for all x ∈ Rn.

This means that

2 exp(r2)(1 + 2r2)− 4 ≤ L0 + 2rL1

∣∣exp(r2)− 2
∣∣ , for all x ∈ Rn,

or equivalently,

1 + 2r2 ≤ L0 + 4

2 exp(r2)
+ L1r

∣∣exp(r2)− 2
∣∣

exp(r2)
, for all x ∈ Rn.

Clearly, this cannot hold, since the left hand side grows faster than the right hand side as r →∞.

Theorem A.5. The function f(x) = exp(∥x∥2)− 2∥x∥2 satisfies the second-order characterization
of (L, L̄)-anisotropic smoothness relative to the reference function ϕ(x) = −∥x∥ − ln(1− ∥x∥) for
L̄ = 1 and L = 10.
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Proof. By [36, Lemma 2.5], the second-order characterization of anisotropic smoothness for L̄ = 1
is equivalent to

L−1∇2f(x) ⪯
[
∇2ϕ∗(∇f(x))

]−1
.

For our particular reference function, this condition becomes

L−1∇2f(x) ⪯ (1 + ∥∇f(x)∥)(I + 1
∥∇f(x)∥∇f(x)∇f(x)⊤).

Let us define α := 1+∥∇f(x)∥ = 1+2r
∣∣exp(r2)− 2

∣∣ and recall that∇f(x) = 2
(
exp(r2)− 2

)
x.

Then it remains to show that the matrix

ML(x) = α

(
I + ∥∇f(x)∥ xx

⊤

∥x∥2
)
− 2 exp(r2)

L

(
I + 2xx⊤)+ 4

L
I

is positive semidefinite for L = 10, uniformly in x ∈ Rn. Note that we can rewrite

ML(x) =

(
α− 2 exp(r2)

L
+

4

L

)
︸ ︷︷ ︸

:=A

I +

(
α∥∇f(x)∥ − 4 exp(r2)

L
∥x∥2

)
︸ ︷︷ ︸

:=B

xx⊤

∥x∥2 .

Our proof strategy goes as follows. First, we show that A(r) ≥ 0.8 for all r ≥ 0. Since the eigenvalues
of vv⊤

∥v∥2 are 0 and 1, and since adding a multiple of the identity matrix shifts the eigenvalues by
that multiple, it then suffices to show that B(r) ≥ −0.8 for r ≥ 0. This then implies positive
semidefiniteness of ML and proves the claim.

We start by lower bounding

A(r) = α− 2 exp(r2)

L
+

4

L
= 1 + 2r

∣∣exp(r2)− 2
∣∣− 2 exp(r2)

L
+

4

L
.

We distinguish three cases. If exp(r2) < 2, then
∣∣exp(r2)− 2

∣∣ = 2− exp(r2), and hence

A(r) = 1 + 2r
(
2− exp(r2)

)
− 2 exp(r2)

L +
4

L
= 1 + 4r − 2 exp(r2)

(
r +

1

L

)
+

4

L

> 1 + 4r − 4

(
r +

1

L

)
+

4

L
= 1− 4

L
+

4

L
= 1.

On the other hand, if exp(r2) ≥ 2, then
∣∣exp(r2)− 2

∣∣ = exp(r2)− 2, and hence

A(r) = 1 + 2r
(
exp(r2)− 2

)
− 2 exp(r2)

L +
4

L
≥ 1− 2 exp(r2)

L +
4

L
.

When additionally exp(r2) ≤ 3, then clearly A(r) ≥ 1 − 2
L = 0.8. Thus, it remains to verify the

case exp(r2) > 3, i.e., r >
√
ln(3). We compute the derivative

A′(r) = exp(r2)

(
2− 4r

L
+ 4r2

)
− 4 = exp(r2)

(
2− 1

L2
+

(
1

L
− 2r

)2
)
− 4.

Since exp(r2) ≥ 3 this yields

A′(r) ≥ 3

(
2− 1

L2
+

(
1

L
− 2r

)2
)
− 4 = 2− 3

L2
+ 3

(
1

L
− 2r

)2

≥ 2− 3

100
> 0

meaning that A(r) is strictly increasing for r ≥
√
ln(3). Since A(

√
ln(3)) = 1+2

√
ln(3)− 2

L ≥ 0.8,
we conclude that A(r) ≥ 0.8 for r ≥

√
ln(3). Putting everything together, we have shown that

A(r) ≥ 0.8 for r ≥ 0.

As for the weight B, remark that

α∥∇f(x)∥ = (1 + 2r
∣∣exp(r2)− 2

∣∣)2r ∣∣exp(r2)− 2
∣∣ ≥ 4r2

(
exp(r2)− 2

)2
,

and
4 exp(r2)

L
∥x∥2 =

4r2 exp(r2)

10
.
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Therefore, the second coefficient is lower bounded by

B(r) ≥ 4r2
((

exp(r2)− 2
)2 − exp(r2)

10

)
= 4r2

(
exp(r2)2 − 4 exp(r2) + 4− exp(r2)

10

)
.

Let us define z = r2 ≥ 0 and w = exp(z) ≥ 1. Then we can express this lower bound as
Q(w, z) := z

(
4w2 − 16.4w + 16

)
.

The quadratic factor is negative only when 1.6 < w < 2.5, and is minimized at w⋆ = 2.05 where it
attains the minimum value −0.81. It remains to lower bound Q(w, z) for ln(1.6) < z < ln(2.5). We
have

Q(w, z) > −0.81z > −0.81 ln(2.5) > −0.8.
We conclude that B(r) ≥ −0.8 for r ≥ 0, which completes the proof.

A.4 Connection to (ρ, L0, Lρ)-smoothness

This section establishes a connection between anisotropic smoothness and (ρ, L0, Lρ)-smoothness,
which arguably describes the most important subset of ℓ-smooth functions [28].
Definition A.6 ([28, Definition 3]). A twice continuously differentiable function f : Rn → R is
(ρ, L0, Lρ)-smooth for constants ρ, L0, Lρ ≥ 0 if ∥∇2f(x)∥ ≤ L0 + Lρ∥∇f(x)∥ρ for all x ∈ Rn.

Note that the original definition is slightly more general, as it encompasses functions without full
domain and only requires the Hessian upper bound almost everywhere.
Theorem A.7. Suppose that a univariate function f : R→ R is (ρ, L0, Lρ)-smooth for constants
ρ, L0, Lρ ≥ 0, with ρ ≤ 2. Then, f satisfies the second-order characterization of (L, L̄)-anisotropic
smoothness relative to the reference function ϕ(x) = −∥x∥ − ln(1 − ∥x∥) for L̄ = 1 and L ≥
2max{L0, Lρ}.

Proof. By [36, Lemma 2.5], the second-order characterization of anisotropic smoothness for L̄ = 1
is equivalent to

L−1∇2f(x) ⪯
[
∇2ϕ∗(∇f(x))

]−1
.

For our particular reference function and because f is univariate, this condition becomes
L−1f ′′(x) ≤ (1 + |f ′(x)|)2 = 1 + 2|f ′(x)|+ f ′(x)2.

We now prove that this upper bound holds. By (ρ, L0, Lρ)-smoothness we have for all x ∈ R that

L−1f ′′(x) ≤ L−1|f ′′(x)| ≤ L0

L
+

Lρ

L
|f ′(x)|ρ.

We distinguish two cases. If |f ′(x)| ≤ 1, then L−1f ′′(x) ≤ L0

L +
Lρ

L and for L ≥ 2max{L0, Lρ}
we obtain L−1f ′′(x) ≤ 1, which establishes the required upper bound. If |f ′(x)| > 1, then it follows
from ρ ≤ 2 and L ≥ max{L0, Lρ} that

L−1f ′′(x) ≤ L0

L
+

Lρ

L
|f ′(x)|2 ≤ 1 + |f ′(x)|2,

which implies the required upper bound.

Remark that most examples of univariate (ρ, L0, Lρ)-smooth functions in [28] satisfy ρ ≤ 2. Besides
polynomials, this includes exponential functions ax with a > 1, and double exponentials a(b

x) with
a, b > 0.

A.5 Verification of assumptions on the reference functions

Throughout this work, we have made a number of assumptions which only relate to the reference
function ϕ, i.e., Assumptions 2.1, 2.2, 2.10 and 3.5. This section explicitly verifies these assumptions
for isotropic reference functions ϕ = h ◦ ∥ · ∥ where the kernel function h is one of the following:

h1(x) = cosh(x)− 1, h2(x) = exp(|x|)− |x| − 1, h3(x) = −|x| − ln(1− |x|).
To this end, the following results from [36, Table 1] will prove useful:

h∗
1
′(y) = arcsinh(y), h∗

2
′(y) = ln(1 + |y|) sgn(y), h∗

3
′(y) = y

1+|y|

h∗
1
′′(y) = 1√

1+y2
, h∗

2
′′(y) = 1

1+|y| , h∗
3
′′(y) = 1

(1+|y|)2 .
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Assumptions 2.1 and 2.2 These assumptions were proven for h1, h2, h3 in [36].

Assumption 2.10 To verify (i), i.e., whether h∗′(y)
y is decreasing on R+, we can check if for y > 0

d
dy

(
h∗′(y)

y

)
= yh∗′′(y)−h∗′(y)

y2 < 0, .

or equivalently, yh∗′′(y) < h∗′(y). This holds for h1, h2, and h3. Part (ii) holds, since

lim
y→∞

yh∗
1
′′(y) = 1, lim

y→∞
yh∗

2
′′(y) = 1, lim

y→∞
yh∗

3
′′(y) = 0.

Also (iii) is satisfied, since h∗
1
′ and h∗

2
′ scale logarithmically and h∗

3
′ is bounded. In particular,

lim
y→+∞

h∗
1
′(sd(y))

y = lim
y→+∞

d ln(y)
y = 0

lim
y→+∞

h∗
2
′(sd(y))

y = lim
y→+∞

d ln(y)
y = 0

lim
y→+∞

h∗
3
′(sd(y))

y = lim
y→+∞

1
y = 0.

Here we used the fact that arcsinh(y) = ln(y +
√

y2 + 1). Thus, Assumption 2.10 holds for h1, h2

and h3.

Assumption 3.5 The kernel functions have the following Taylor expansions:

h1(x) =

∞∑
n=1

x2n

(2n)! =
x2

2! +
x4

4! + . . .

h2(x) =

∞∑
n=2

|x|n
n! = |x|2

2! + |x|3
3! + . . .

h3(x) =

∞∑
n=2

|x|n
n = |x|2

2 + |x|3
3 + . . .

We remark in particular that each summand is nonnegative, and that the term with the lowest
degree equals x2

/2 for all three kernel functions. This immediately implies hi(x) ≥ x2
/2 and

hi(x) = x2
/2 + o(x2) as x → 0, for i ∈ {1, 2, 3}, and proves that the assumption holds for h1, h2

and h3.

A.6 Generalized smoothness of regularized neural networks with quadratic loss

The main goal of this section is to investigate the generalized smoothness of the quadratic loss of
a deep neural network, and in particular, whether Assumption 2.8 holds. It turns out that, under
sufficient regularization, this is indeed the case. To establish this result, we need to bound the gradient
and Hessian norm of the loss by a polynomial of an appropriate degree.

Consider a deep N -layer neural network with quadratic loss. Each layer – of which we denote
the index by t ∈ N[0,N−1] – consists of weights Wt ∈ Rnt+1×nt , a bias term bt ∈ Rnt+1 , and a
componentwise activation function Σt : Rnt+1 → Rnt+1 . The final mapping ΣN−1 is assumed to
be the identity mapping, as common in regression problems. For a given data point x̄ ∈ Rn0 and
corresponding label ȳ ∈ RnN , training this network entails minimizing the loss function

1

2
∥ΣN−1(WN−1ΣN−2(. . .Σ0(W0x̄+ b0) . . . ) + bt)− ȳ∥2. (14)

Neural networks are usually trained on a large set of pairs {x̄i, ȳi}i∈N[1,I]
, in which case the total loss

becomes a summation of the losses for each individual pair. To simplify the presentation, we proceed
with I = 1, i.e., with (14), but the results are easily extended to the case I > 1.

Let us denote intermediate variables xt+1 = ft(x
t, wt) = Σt(Wtx

t + bt) ∈ Rnt+1 , where
we use the convention x0 = x̄, and define the vectorized weights and bias at layer t by wt =(
vec(Wt)

⊤, bt⊤
)⊤
∈ R(nt+1)nt+1 . Then the loss (14) can be compactly written as 1

2∥xN − y∥2.
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The minimization of the loss (14) can then be interpreted as an optimal control problem (OCP) of
horizon N with states xt ∈ Rnt and inputs wt ∈ R(nt+1)nt+1 , i.e.,

minimize

N−1∑
t=0

ℓt(x
t, wt) + ℓN (xN ) subject to xt+1 = ft(x

t, wt), t = 0, . . . , N − 1,

where x0 = x̄, ℓt ≡ 0 for t ∈ N[0,N−1] and ℓN (xN ) = 1
2∥xN − ȳ∥2. In the context of OCPs, the

functions ft(xt, wt) = Σt(Wtx
t + bt) are called the dynamics, and have gradients

∇xtft(x
t, wt) = W⊤

t (Σ′
t(Wtx

t + bt))⊤ ∈ Rnt×nt+1

∇wtft(x
t, wt) =

(
xt ⊗ Int+1

Int+1

)
(Σ′

t(Wtx
t + bt))⊤ ∈ R(nt+1)nt+1×nt+1 .

(15)

Let x := (x1⊤, . . . , xN⊤
)⊤ and w := (w0⊤, . . . , wN−1⊤)⊤ denote the vectors containing all states

and inputs respectively. We aim to derive expressions for the gradient and Hessian of the loss function
(14) with respect to w. To that end, we use a standard idea in optimal control and eliminate the
dynamics. This approach is known as single shooting. Following Bertsekas [2, §1.9], we introduce
mappings

Ft+1(w) = ft(Ft(w), w) = xt+1, t = 0, . . . , N − 1.

with F−1(w) = x̄. Let F (w) = (F1(w)
⊤, . . . , F⊤

N )⊤ and note that [2, Eq. (1.246) and below]

∇F (w) =


∇w0f0 ∇w0f0∇x1f1 . . . ∇w0f0∇x1f1 . . .∇xN−1fN−1

0 ∇w1f1 . . . ∇w1f1∇x2f2 . . .∇xN−1fN−1

...
... . . .

...
0 0 . . . ∇wN−1fN−1

 (16)

We highlight that the block columns correspond to the gradients of the individual mappings Ft, i.e.,

∇F (w) = (∇F1(w) ∇F2(w) . . . FN (w)) .

Therefore, the OCP, and equivalently, the neural network training problem, is compactly written as

minimize
w

J(w) := ℓN (FN (w)) =
1

2
∥FN (w)− ȳ∥2 (17)

The gradient of J is then easily expressed by

∇J(w) = ∇wFN (w)(FN (w)− y). (18)

Obtaining an expression for the Hessian is more involved. We follow [2, §1.9], which uses the
Lagrangian function of the OCP with multipliers λ = (λ1⊤, . . . , λN⊤

)⊤ ∈ R
∑N−1

t=0 nt+1 , i.e.,

L(x,w, λ) = ℓN (x) +

N−1∑
t=0

(ft(x
t, wt)− xt+1)⊤λt+1.

The central idea is to express∇J(w) in terms of∇xL(x,w, λ) and∇wL(x,w, λ). The computation
of∇2J(w) is simplified by selecting an appropriate multiplier, which is recursively defined by

λN = FN − ȳ ∈ RnN

λt = (∇xtft)λ
t+1 ∈ Rnt , t = 1, . . . N − 1.

This yields for example λ1 = ∇x1f1∇x2f2 . . .∇xN−1fN−1(FN − y). Bertsekas [2, Eq. (1.242)]
establishes that

∇2J(w) = ∇F (w)∇2
xxL(F (w), w, λ)∇F (w)⊤ + 2∇F (w)∇2

xwL(F (w), w, λ)

+∇2
wwL(F (w), w, λ).

(19)

The following theorem establishes that, under sufficient regularization, the regularized loss function
of neural network training satisfies Assumption 2.8, and consequently satisfies the generalized
smoothness notions investigated in this work. We emphasize that the rather restrictive bound on the
power P of the regularizer can be relaxed significantly by exploiting the structure of∇F (w) (cf. (16))
and further working out the Hessian ∇2J(w) (cf. (19)) before upper bounding its norm. However,
for simplicity, the proof below immediately uses submultiplicativity of the matrix norm (cf. (21)).
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Theorem A.8. Consider the regularized neural network training problem with objective

J̃(w) = J(w) + κ∥w∥P

where J(w) is the quadratic loss of an N -layer network as defined in (17). Suppose that the mappings
Σt are bounded and have bounded first and second derivatives for t ∈ N[0,N−2], and that the mapping
ΣN−1 is the identity map. If P ≥ 3N + 2, then the following statements hold for any κ > 0.

(i) For any L1 > 0 there exists an L0 > 0 such that J̃ is (L0, L1)-smooth.

(ii) If ϕ satisfies Assumptions 2.2 and 2.10, then for any L̄ > 0, there exists an L > 0 such that
J̃ satisfies the second-order characterization of (L, L̄)-anisotropic smoothness.

Proof. By boundedness of Σt, also the states xt+1 are bounded for t ∈ N[0,N−2], whereas we
note that ∥xN∥ = ∥FN (w)∥ = O(∥w∥). From the gradient expressions (15), we observe that
∥∇wtft∥ = O(1) and ∥∇xtft∥ = O(∥w∥), and by (16) we obtain ∥∇F (w)∥ = O(∥w∥N−1).
Therefore, the gradient∇J(w) as defined in (18) is upper bounded by a polynomial of degree N in
∥w∥, i.e., ∥∇J(w)∥ = O(∥w∥N ). Consequently,

∥∇J̃(w)∥ ≥ κP∥w∥P−1 − ∥∇J(w)∥ = κP∥w∥P−1 −O(∥w∥N ). (20)

As for the Hessian norm, we have by (19) that

∥∇2J(w)∥ = O
(
∥w∥2N−2

∥∥∥∥(∇2
wwL(F (w), w, λ) ∇2

wxL(F (w), w, λ)
∇2

xwL(F (w), w, λ) ∇2
xxL(F (w), w, λ)

)∥∥∥∥) . (21)

We compute the gradient of the Lagrangian with respect to x and w

∇xtL(x,w, λ) = (∇xtft(x
t, wt))λt+1 − λt t = 1, . . . N − 1

∇xNL(x,w, λ) = (xN − ȳ)− λN

∇wtL(x,w, λ) = (∇wtft(x
t, wt))λt+1, t = 0, . . . , N − 1.

Clearly, ∇2
xxL(F (w), w, λ) is block diagonal. The last block ∇2

xNxNL(x,w, λ) = InN
is straight-

forward to compute. For the other ones, we proceed by rewriting

∇xtL(x,w, λ) = vec((∇xtft(x
t, wt))λt+1)− λt =

(
λt+1⊤ ⊗ Int

)
vec((∇xtft(x

t, wt)))− λt.

Here we used the fact that vec(z) = z for any vector, and vec(IBA) = (A⊤ ⊗ I) vec(B) for any
matrices A,B and identity matrix I of compatible dimensions. This yields

∇2
xtxtL(x,w, λ) =

(
λt+1⊤ ⊗ Int

) ∂ vec((∇xtft(x
t, wt)))

∂xt
.

From the fact that ∥λt+1∥ = O(∥w∥N−t) for t = 0, . . . , N − 1, and from boundedness of Σ′′
t we

obtain
∥∇2

xtxtL(x,w, λ)∥ = O(∥w∥N−t+2), t = 0, . . . , N − 1.

and it follows that ∥∇2
xxL(x,w, λ)∥ = O(∥w∥N+2). Similar arguments can be used to show that also

the other Hessian blocks of the Lagrangian satisfy a similar upper bound. In conclusion, we obtain
that ∥∇2J(w)∥ = O(∥w∥2N−2∥w∥N+2) = O(∥w∥3N ). It follows immediately that ∥∇2J̃(w)∥ is
upper bounded by a polynomial of degree 3N in ∥w∥. And since by (20) the gradient ∥∇J̃(w)∥ is
lower bounded by a polynomial of degree 3N + 1 in ∥w∥ with strictly positive leading coefficient,
we conclude that Assumption 2.8 holds. The claims then follow by Theorems 2.9 and 2.11.

B Auxiliary results

Lemma B.1 (Power Mean inequality). Let p > q > 0. Then,(
1

m

m∑
i=1

|αi|p
)1/p

≥
(

1

m

m∑
i=1

|αi|q
)1/q

.
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Proof. Note that the function φ(α) = αq/p is concave for α > 0 since q < p. By Jensen’s inequality,
this implies(

1

m

m∑
i=1

|αi|p
)q/p

= φ

(
1

m

m∑
i=1

|αi|p
)
≥ 1

m

m∑
i=1

φ(|αi|p) =
1

m

m∑
i=1

|αi|q.

Raising both sides to the power 1/q establishes the claim.

Lemma B.2. Let F : Rn → Rm be a mapping satisfying, for all x ∈ Rn,

∥F (x)∥2 ≥ a∥x∥6 − b∥x∥4,
where a > 0 and b ≥ 0. Then, for all x ∈ Rn,

∥F (x)∥ ≥ √a∥x∥3 − b√
a
∥x∥.

Proof. In the proof we write r = ∥x∥ for simplicity. The given inequality becomes:

∥F (x)∥2 ≥ ar6 − br4 = r4(ar2 − b).

We distinguish two cases:

Case 1: r2 ≥ b
a . In this case the given lower bound is nonnegative. Taking the square root yields

∥F (x)∥ ≥
√

r4(ar2 − b) = r2
√
ar2 − b.

We apply the inequality
√
1− z ≥ 1− z for 0 ≤ z ≤ 1, by letting z = b

ar2 ∈ [0, 1]. Then√
ar2 − b =

√
ar2

(
1− b

ar2

)
=
√
ar

√
1− b

ar2
≥ √ar

(
1− b

ar2

)
=
√
ar − b√

ar
.

Multiplying both sides by r2, we obtain

∥F (x)∥ ≥ r2
(√

ar − b√
ar

)
=
√
ar3 − b√

a
r.

Case 2: r2 < b
a . The claim follows immediately by nonnegativity of the norm and from the fact that

the desired lower bound is negative in this case, i.e.,

∥F (x)∥ ≥ 0 >
r√
a

(
ar2 − b

)
=
√
ar3 − b√

a
r.

Lemma B.3. Suppose that Assumption 3.5 holds, and that a point x ∈ Rn satisfies

λ−1ϕ(∇ϕ∗(λ∇f(x))) ≤ G
2

2
,

where G is defined as in (12). Then,

∥∇ϕ∗(λ∇f(x))∥ ≤
√
λG.

Proof. The bound ϕ(x) ≥ ∥x∥2

2 yields

ϕ(∇ϕ∗(λ∇f(x))) ≤ λG2
2
≤ ϕ(

√
λG).

The claim then follows by ϕ = h ◦ ∥ · ∥, nonnegativity of G and strict monotonicity of h.

C Missing proofs of section 2

C.1 Proof theorem 2.4

Proof. This proposition is a direct combination of [36, Propositions 2.6 & 2.9].
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C.2 Proof of theorem 2.9

Proof. By Assumption 2.8 we have

lim sup
∥x∥→∞

∥∇2f(x)∥F
∥∇f(x)∥ ≤ lim sup

∥x∥→∞

pR(∥x∥)
qR+1(∥x∥)

= lim sup
∥x∥→∞

aR
bR+1∥x∥

= 0.

By nonnegativity of ∥∇2f(x)∥F/∥∇f(x)∥ we conclude that lim∥x∥→∞
∥∇2f(x)∥F

∥∇f(x)∥ = 0. Thus, for any
L1 > 0 there exists δ > 0 such that

∥x∥ > δ ⇒ ∥∇2f(x)∥F ≤ L1∥∇f(x)∥.
Moreover, by continuity of∇2f , we know that ∥∇2f(x)∥F is bounded on the compact set Ω := {x |
∥x∥ ≤ δ}. We conclude that f is (L0, L1)-smooth with L0 = maxx∈Ω ∥∇2f(x)∥F .

C.3 Proof of theorem 2.11

Proof. Fix an arbitrary L̄ > 0 and, for ease of notation, define

Hλ(x) := ∇2ϕ∗(L̄−1∇f(x))∇2f(x).

If lim∥x∥→∞ ∥Hλ(x)∥ = 0, then for any ϵ > 0 there exists δ > 0 such that

∥x∥ > δ ⇒ ∥Hλ(x)∥ < ϵ.

Therefore, the continuous function x→ ∥Hλ(x)∥ is bounded on the compact set Ω := {x | ∥x∥ ≤ δ},
and for all x ∈ Rn \ Ω we know that ∥Hλ(x)∥ ≤ ϵ. We conclude that if lim∥x∥→∞ ∥Hλ(x)∥ = 0,
then ∥Hλ(x)∥ is bounded on Rn, and because λmax(Hλ(x)) ≤ ∥Hλ(x)∥, this would prove the
claim. By equivalence of norms, it suffices to show boundedness of any norm; we proceed with the
Frobenius norm ∥Hλ(x)∥F . Because for isotropic reference functions

∇2ϕ∗(y) = h∗′′(∥y∥) yy
⊤

∥y∥2 +
h∗′(∥y∥)
∥y∥

(
I − yy⊤

∥y∥2
)
,

it follows that

∥Hλ(x)∥F ≤
∥∥∥∥h∗′′(∥L̄−1∇f(x)∥)∇f(x)∇f(x)⊤

∥∇f(x)∥2 + h∗′(∥L̄−1∇f(x)∥)
∥L̄−1∇f(x)∥

(
I − ∇f(x)∇f(x)⊤

∥∇f(x)∥2

)∥∥∥∥∥∇2f(x)∥F

≤
(
|h∗′′(∥L̄−1∇f(x)∥)|+ |h∗′(∥L̄−1∇f(x)∥)|

∥L̄−1∇f(x)∥

)
pR(∥x∥).

Taking the limes superior and using Assumption 2.10 yields

lim sup
∥x∥→∞

∥Hλ(x)∥F = lim sup
∥x∥→∞

(
|h∗′′(∥L̄−1∇f(x)∥)|+ |h

∗′(∥L̄−1∇f(x)∥)|
∥L̄−1∇f(x)∥

)
pR(∥x∥)

= lim sup
∥x∥→∞

(
C2

∥L̄−1∇f(x)∥ +
|h∗′(∥L̄−1∇f(x)∥)|
∥L̄−1∇f(x)∥

)
pR(∥x∥)

≤ lim sup
∥x∥→∞

(
C2

L̄−1qR+1(∥x∥)
+
|h∗′ (L̄−1qR+1(∥x∥)

)
|

L̄−1qR+1(∥x∥)

)
pR(∥x∥)

≤ lim sup
∥x∥→∞

aRC2

bR+1∥x∥
+

aR|h∗′ (L̄−1qR+1(∥x∥)
)
|

bR+1∥x∥
= 0.

Here, the third step used the fact that h∗′(x)/x is decreasing on R+ in combination with
∥L̄−1∇f(x)∥ ≥ L̄−1qR+1(∥x∥). Since ∥ · ∥ ≥ 0, we conclude lim∥x∥→∞ ∥Hλ(x)∥ = 0.

C.4 Proof of theorem 2.12

Lemma C.1 (Gradient norm lower bound). Consider the phase retrieval problem with objective
(4) and suppose that that the vectors {ai}mi=1 span Rn. Then, there exists a constant C > 0 which
depends on the measurement vectors {ai}mi=1 (but not on x) such that

∥∇f(x)∥ ≥ C∥x∥3 −
m∑
j=1

∥y2jaja⊤j ∥∥x∥
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Proof. Clearly, the gradient norm can be lower bounded by

∥∇f(x)∥ ≥
∥∥∥∥ m∑

i=1

(a⊤i x)
3ai

∥∥∥∥− m∑
j=1

∥y2jaja⊤j ∥∥x∥.

Let us further lower bound ∥∑m
i=1(a

⊤
i x)

3ai∥ in terms of ∥x∥. For ease of notation, we denote
g(x) := ∥G(x)∥ where G(x) :=

∑m
i=1(a

⊤
i x)

3ai. Observe that g is positively homogeneous of
degree 3 [37, Definition 13.4], since for any λ > 0

g(λx) =

∥∥∥∥ m∑
i=1

(λa⊤i x)
3ai

∥∥∥∥ = λ3

∥∥∥∥ m∑
i=1

(a⊤i x)
3ai

∥∥∥∥ = λ3g(x).

For any x ∈ Rn we have g(x) = ∥x∥3g (x/∥x∥) , and hence it suffices to lower bound g on the unit
sphere Sn−1 := {x ∈ Rn | ∥x∥ = 1}. Remark that g achieves a minimum over Sn−1 because Sn−1

is compact and g is continuous. Denote this minimum by C := minu∈Sn−1 g(u), such that

g(x) ≥ C∥x∥3.
If C > 0, then the proof is done. For this reason, we show by contradiction that the case C = 0 is not
possible. If C = 0, there exists u⋆ ∈ Sn−1 such that

G(u⋆) =

m∑
i=1

(a⊤i u
⋆)3ai = 0.

It follows that

u⋆⊤G(u⋆) =

m∑
i=1

(a⊤i u
⋆)4 = 0,

and since (a⊤i u
⋆)4 ≥ 0 we conclude that a⊤i u

⋆ = 0 for i = 1, . . .m, i.e., u⋆ is orthogonal to all
measurement vectors. Therefore, u⋆ ∈ (span {a1, . . . , am})⊤ = (Rn)⊤ = {0}. This results in a
contradiction, since u⋆ = 0 /∈ Sn−1. We conclude that C > 0, which proves the claim.

Proof. The objective f is a fourth-order polynomial in the variables x. Hence, one easily verifies that

∥∇2f(x)∥ ≤
(
3

m∑
i=1

∥ai∥4
)
∥x∥2 +

 m∑
j=1

y2j ∥aj∥2
 ,

where the upper bound is a polynomial of degree 2 in ∥x∥. Moreover, by lemma C.1 the gradient
norm ∥∇f(x)∥ can be lower bounded by a polynomial of degree 3 in ∥x∥, with strictly positive
leading coefficient. Therefore, Assumption 2.8 holds. Theorem 2.12(i) now follows directly from
Theorem 2.9, and Theorem 2.12(ii) from Theorem 2.11.

C.5 Proof of theorem 2.13

Lemma C.2 (Gradient norm lower bound). Consider the matrix factorization problem with objective
(5). Then the gradient norm can be lower bounded by

∥∇f(U)∥2F ≥
1

n2
∥U∥6F − 2∥Y ∥F ∥U∥4F .

Proof. We have that

∥∇f(U)∥2F = trace(∇f(U)⊤∇f(U)) = trace(U⊤(UU⊤ − Y )(UU⊤ − Y )U)

= trace(U⊤UU⊤UU⊤U − 2U⊤Y UU⊤U + U⊤Y Y U)

= trace(U⊤UU⊤UU⊤U)− 2 trace(U⊤Y UU⊤U) + trace(U⊤Y Y U)

≥ trace(U⊤UU⊤UU⊤U)− 2∥Y ∥F ∥U∥4F .
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Remark that U⊤U is symmetric and positive semi-definite with eigenvalues λ1, . . . , λn ≥ 0. There-
fore, trace(U⊤U) =

∑n
i=1 λi = ∥U∥2F , and

trace(U⊤UU⊤UU⊤U) = trace((U⊤U)3) =

3∑
i=1

λ3
i .

The power mean inequality (lemma B.1) with p = 3 and q = 1 yields(
1

n

n∑
i=1

λ3
i

)1/3

≥
(
1

n

n∑
i=1

λi

)
and hence

trace(U⊤UU⊤UU⊤U) = trace((U⊤U)3) =

n∑
i=1

λ3
i ≥

1

n2

(
n∑

i=1

λi

)3

=
1

n2
∥U∥6F .

Proof. We trace the steps from Theorem 2.12. Since f is a fourth-order polynomial in the variables
U , the Hessian norm can be upper bounded by a second-order polynomial in ∥U∥. By combining
lemmas B.2 and C.2, we conclude that the gradient norm is lower bounded by a polynomial of degree
3 in ∥U∥, with strictly positive leading coefficient. Therefore, Assumption 2.8 holds. The claim then
follows from Theorems 2.9 and 2.11, respectively.

C.6 Proof of theorem 2.14

Lemma C.3 (Gradient norm lower bound). Consider the asymmetric matrix factorization problem
with objective (6). Denote V = max(∥W∥, ∥H∥F ). Then,

∥∇f(W,H)∥2 ≥ κ2V 6 − 4(1 + κ)∥Y ∥FV 4.

Proof. We have that

∥∇f(W,H)∥2 = ∥∇W f(W,H)∥2F + ∥∇Hf(W,H)∥2F .
The first term can be lower bounded by

∥∇W f(W,H)∥2F = trace((H(H⊤W − Y ⊤) + κ∥W∥2FW⊤)((WH − Y )H⊤ + κ∥W∥2FW ))

= trace(H(H⊤W⊤ − Y ⊤)(WH − Y )H⊤)

+ 2κ∥W∥2F trace(W⊤(WH − Y )H⊤) + κ2∥W∥6F
= ∥WHH⊤∥2F − 2 trace(HY ⊤WHH⊤) + trace(HY ⊤Y H⊤)

+ 2κ∥W∥2F trace(W⊤(WH − Y )H⊤) + κ2∥W∥6F
≥ −2∥Y ∥F ∥W∥F ∥H∥3F + ∥Y H⊤∥2F + 2κ∥W∥2F (trace(W⊤WHH⊤)

− trace(W⊤Y H⊤)) + κ2∥W∥6F
≥ −2∥Y ∥F ∥W∥F ∥H∥3F + 2κ∥W∥2F trace(H⊤W⊤WH)

− 2κ∥W∥3F ∥Y ∥F ∥H∥F + κ2∥W∥6F
= −2∥Y ∥F ∥W∥F ∥H∥3F + 2κ∥W∥2F ∥WH∥2F
− 2κ∥W∥3F ∥Y ∥F ∥H∥F + κ2∥W∥6F

= −2∥Y ∥F ∥W∥F ∥H∥3F − 2κ∥W∥3F ∥Y ∥F ∥H∥F + κ2∥W∥6F .
Here the second to last step used the cyclic property of the trace. In a similar way, we obtain

∥∇Hf(W,H)∥2F ≥ −2∥Y ∥F ∥H∥F ∥W∥3F − 2κ∥H∥3F ∥Y ∥F ∥W∥F + κ2∥H∥6F .
Putting this all together, we have that

∥∇f(W,H)∥2 ≥ κ2
(
∥W∥6F + ∥H∥6F

)
− 2(1 + κ)∥Y ∥F

(
∥W∥F ∥H∥3F + ∥W∥3F ∥H∥F

)
≥ κ2V 6 − 4(1 + κ)∥Y ∥FV 4.
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Proof. Let x be the concatenation of vec(W ) and vec(H), and let V := max (∥W∥F , ∥H∥F ). Then
∥x∥ =

√
∥W∥2F + ∥H∥2F ≥ V ≥ 1

2

√
∥W∥2F + ∥H∥2F = 1

2∥x∥, and we remark that ∥x∥ → ∞ if
and only if V →∞.

We now trace the steps from Theorem 2.12. Since f is a fourth-order polynomial in the variables
x, the Hessian norm can be upper bounded by a second-order polynomial in ∥x∥. By combining
lemmas B.2 and C.3 with ∥x∥ ≥ V ≥ 1

2∥x∥, we conclude that the gradient norm is lower bounded by
a polynomial of degree 3 in ∥x∥, with strictly positive leading coefficient. Therefore, Assumption 2.8
holds. The claim then follows from Theorems 2.9 and 2.11, respectively.

C.7 Proof of theorem 2.15

We first establish the following lemma.
Lemma C.4. Consider the Burer-Monteiro factorization (8) of the MaxCut-type SDP (7) and let Lβ

denote the augmented Lagrangian with penalty parameter β > 0 of this factorized problem. Then,
there exist constants C1, C0 ≥ 0 such that

∥∇xLβ(x, y)∥ ≥
2β

n
∥x∥3 − C1∥x∥ − C0

Proof. The gradient of the augmented Lagrangian with respect to x is

∇xLβ(x, y) = ∇f(x) + JA⊤(x)y +∇x

(
β

2
∥A(x)∥2

)
and since f and A are quadratic in x we can lower bound its norm by

∥∇xLβ(x, y)∥ ≥ β

∥∥∥∥∇x

(
1

2
∥A(x)∥2

)∥∥∥∥− ∥∇f(x)∥ − ∥JA(x)∥∥y∥

≥ β

∥∥∥∥∇x

(
1

2
∥A(x)∥2

)∥∥∥∥− C1∥x∥ − C0.

The constraint mapping A has the particular form

A(x) = diag(V V ⊤)− 1n = diag


x⊤

1
...
x⊤
n

 (x1 . . . xn)

− 1n =

∥x1∥2 − 1
...

∥xn∥2 − 1

 ,

and therefore the gradient of the augmenting term equals

∇x

(
1

2
∥A(x)∥2

)
= 2

∥x1∥2x1

...
∥xn∥2xn


︸ ︷︷ ︸

:=y

−2x.

Since ∥y∥2 =
∑n

i=1 ∥∥xi∥2xi∥2 =
∑n

i=1 ∥xi∥6, we can apply the power mean inequality lemma B.1
with p = 6 and q = 2. This yields

1

n1/6
∥y∥2/6 =

(
1

n

n∑
i=1

∥xi∥6
)1/6

≥
(
1

n

n∑
i=1

∥xi∥2
)1/2

=
1

n1/2
∥x∥.

Thus ∥y∥1/3 ≥ 1
n1/3
∥x∥ or ∥y∥ ≥ 1

n∥x∥3. Putting everything together, we obtain

∥∇xLβ(x, y)∥ ≥ β

∥∥∥∥∇x

(
1

2
∥A(x)∥2

)∥∥∥∥− C1∥x∥ − C0

≥ 2β∥y∥ − 2β∥x∥ − C1∥x∥ − C0

≥ 2β

n
∥x∥3 − 2β∥x∥ − C1∥x∥ − C0.

The claim follows by redefining the constant C1.
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We now present the proof of Theorem 2.15.

Proof. We again trace the steps from Theorem 2.12. Since for fixed multipliers y, the augmented
Lagrangian Lβ is a fourth-order polynomial in the variables x, it follows that the Hessian norm can
be upper bounded by a second-order polynomial in ∥x∥. Moreover, from lemma C.4, we know that
the gradient norm is lower bounded by a polynomial of degree 3 in ∥x∥, with strictly positive leading
coefficient. Therefore, Assumption 2.8 holds. The claim then follows from Theorems 2.9 and 2.11,
respectively.

D Missing proofs of section 3

D.1 Proof of theorem 3.1

Proof. First, under Assumption 2.2 the iteration map Tγ,L̄−1 is a C1 mapping with Jacobian

JTγ,L̄−1(x) = I − γL̄−1∇2ϕ∗(L̄−1∇f(x))∇2f(x).

Since λmax

(
∇2ϕ∗(L̄−1∇f(x))∇2f(x)

)
≤ LL̄ and γ < 1

L it follows that

λmin

(
JTγ,L̄−1(x)

)
≥ 1− γL̄−1LL̄ > 0.

Hence, det JTγ,L̄−1(x) ̸= 0 for all x ∈ Rn.

Second, denote the set of unstable fixed points by

A⋆ =
{
x⋆ | Tγ,L̄−1(x⋆) = x⋆, max

i
|λi(JTγ,L̄−1(x⋆))| > 1

}
.

For any stationary point x⋆, satisfying∇f(x⋆) = 0, we know that x⋆ = Tγ,L̄−1(x⋆), and therefore

max
i
|λi(JTγ,L̄−1(x⋆))| = max

i
|λi(I − γL̄−1∇2ϕ∗(L̄−1∇f(x⋆))∇2f(x⋆))|

= max
i
|λi(I − γL̄−1∇2f(x⋆))|.

Hence, if λmin(∇2f(x⋆)) < 0, then maxi |λi(JTγ,L̄−1(x⋆))| > 1. We conclude that X ⋆ ⊆ A⋆.

Thus, we have established all conditions of [24, Corollary 1], from which the claim follows.

D.2 Proof of theorem 3.2

Proof. First, remark that U is an open set. For x ∈ U we have by [36, Lemma 1.3] that

∇ϕ∗(L̄−1∇f(x)) = h∗′(∥L̄−1∇f(x)∥)sign(L̄−1∇f(x))
= min

{
1, ∥L̄−1∇f(x)∥

}
sign(L̄−1∇f(x))

= min

{
1

∥L̄−1∇f(x)∥ , 1
}
L̄−1∇f(x).

We partition U into two sets

U1 :=
{
x ∈ Rn | ∥L̄−1∇f(x)∥ < 1

}
, U2 :=

{
x ∈ Rn | ∥L̄−1∇f(x)∥ > 1

}
.

If x ∈ U1, then ∇ϕ∗(L̄−1∇f(x)) = L̄−1∇f(x). Thus, Tγ,L̄−1 is continuously differentiable with
locally Lipschitz continuous Jacobian on U1. If x ∈ U2, then ∇ϕ∗(L̄−1∇f(x)) = ∇f(x)/∥∇f(x)∥.
Since the function 7→ z/∥z∥ is twice continuously differentiable on Rn \ {0} and since f ∈ C2+, it
follows that Tγ,L̄−1 is continuously differentiable with locally Lipschitz continuous Jacobian on U2.
Since U = U1 ∪ U2, we conclude that JTγ,L̄−1 is locally Lipschitz continuous on U . By the same
arguments as in the proof of Theorem 3.1 we conclude that

λmin

(
JTγ,L̄−1(x)

)
≥ 1− γL̄−1LL̄ > 0,

and that for any x⋆ ∈ X ⋆ the Jacobian JTγ,L̄−1(x⋆) is symmetric and has an eigenvalue of absolute
value strictly greater than 1. The claim now follows immediately by applying [10, Proposition
2.5].
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D.3 Proof of theorem 3.6

Henceforth, we assume that f is (L, L̄)-anisotropically smooth relative to ϕ, without further mention.
We first describe the following descent lemma.

Lemma D.1 (Descent lemma). Suppose that Assumption 3.5 holds. Let γ = α/L, α ∈ (0, 1), and let
(xk)k∈N denote a preconditioned gradient sequence, i.e., xk+1 = Tγ,λ(x

k) for k ∈ N. Then,

f(xk+1)− f(xk) ≤ − γ

2λ
∥∇ϕ∗(λ∇f(xk))∥2.

Proof. By [36, §C.1] we have

f(xk+1)− f(xk) ≤ − α

λL
ϕ(∇ϕ∗(λ∇f(xk))).

The claim then follows from ϕ(x) ≥ ∥x∥2
/2.

We now establish the two key lemmas for our analysis. First, we establish that if the objective does
not decrease much, then the iterates will remain close to the initial point.

Lemma D.2 (Improve or localize). Suppose that Assumption 3.5 holds. Let (xk)k∈N denote a
preconditioned gradient sequence, i.e., xk+1 = Tγ,λ(x

k) for k ∈ N. Then, for any t ≥ τ > 0

∥xτ − x0∥ ≤
√
2λγt (f(x0)− f(xτ )).

Proof. By consecutively applying the triangle inequality, Cauchy-Schwarz, and lemma D.1 we obtain

∥xτ − x0∥ ≤
τ∑

i=1

∥xi − xi−1∥ ≤
t∑

i=1

∥xi − xi−1∥ ≤
[
t

t∑
i=1

∥xi − xi−1∥2
]1/2

≤
[
γ2t

t∑
i=1

∥∇ϕ∗(λ∇f(xi−1))∥2
]1/2

≤
√

2λγt (f(x0)− f(xt)).

Second, we show that the region in which the iterates of algorithm 1 remain stuck for at least ⌈T ⌉
iterations (if initialized there) is small. We do this by showing that there exists a point, not to far
away, which does yield sufficient decrease.

Lemma D.3 (Coupling sequence). Suppose that Assumptions 3.3 and 3.5 holds. Let a point x̃ ∈
Rn satisfy λmin(Hλ(x̃)) ≤ −√ρϵ where ϵ ≤ L2

ρ . Moreover, let (xk)k∈N, (y
k)k∈N denote two

preconditioned gradient sequences, i.e., xk+1 = Tγ,λ(x
k) and yk+1 = Tγ,λ(y

k) for k ∈ N, which
additionally satisfy

max
{
∥x0 − x̃∥, ∥y0 − x̃∥

}
≤ γr, and x0 − y0 = γr0e1,

where e1 is the minimum eigenvector of Hλ(x̃) and r0 > ω := 22−χLZ . Then,

min
{
f(xT )− f(x0), f(yT )− f(y0)

}
≤ −F .

Proof. By contradiction, assume that min
{
f(xT )− f(x0), f(yT )− f(y0)

}
> −F . Lemma D.2

states that for any t ≤ T
max

{
∥xt − x̃∥, ∥yt − x̃∥

}
≤ max

{
∥xt − x0∥, ∥yt − y0∥

}
+max

{
∥x0 − x̃∥, ∥y0 − x̃∥

}
≤
√
2λγT max {f(x0)− f(xT ), f(y0)− f(yT )}+ γr

≤
√
2λγT F + γr ≤ Z.

(22)
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Here the last step follows from ϵ ≤ L2

ρ . Denote by zt := xt − yt the difference between the two
sequences. Then, it follows by the mean value theorem that

zt+1 = zt − γ
[
∇ϕ∗(λxt)−∇ϕ∗(λyt)

]
= (I − γH) zt − γ∆tz

t

= (I − γH)t+1
z0︸ ︷︷ ︸

p(t+1)

− γ

t∑
i=0

(I − γH)t−i
∆iz

i

︸ ︷︷ ︸
q(t+1)

,

whereH := Hλ(x̃) and ∆t :=
∫ 1

0
[Hλ(y

t + θ(xt − yt))−H] dθ. We show by induction that

∥q(t)∥ ≤ 1

2
∥p(t)∥, ∀t ∈ [0, T ]. (23)

For the base case t = 0, the claim holds trivially, since ∥q(0)∥ = 0 ≤ 1
2∥p(0)∥. For the induction

step, we assume that the claim holds for t and show that it also holds for t+ 1. Since z0 lies along
the minimum eigenvector of Hλ(x̃), we have for any τ ≤ t

∥zτ∥ ≤ ∥p(τ)∥+ ∥q(τ)∥ ≤ 2∥p(τ)∥ = 2∥(I − γH)τz0∥ = 2(1 + γΓ)τγr0,

where Γ := −λmin(Hλ(x̃)). By Lipschitz-continuity of Hλ (cfr. Assumption 3.3) we have

∥∆t∥ ≤
∫ 1

0

ρ∥yt − x̃+ θ(xt − yt)∥dθ ≤ ρmax
{
∥xt − x̃∥, ∥yt − x̃∥

}
≤ ρZ.

Combined with 2γρZT = 1/2, we obtain

∥q(t+ 1)∥ ≤
∥∥∥∥γ t∑

i=0

(I − γH)t−i
∆iz

i

∥∥∥∥ ≤ γρZ
t∑

i=0

∥∥ (I − γH)t−i ∥∥∥∥zi∥∥
≤ 2γρZ

t∑
i=0

(1 + γΓ)tγr0 ≤ 2γρZT (1 + γΓ)tγr0

= 2γρZT ∥p(t+ 1)∥ ≤ 1

2
∥p(t+ 1)∥.

This completes the proof of (23). In turn, we conclude that

max
{
∥xT − x̃∥, ∥yT − x̃∥

}
≥ 1

2
∥zT ∥ ≥ 1

2
∥p(T )∥ − 1

2
∥q(T )∥ ≥ 1

2
∥p(T )∥ − 1

4
∥p(T )∥

=
1

4
∥p(T )∥ = (1 + γΓ)T γr0

4
≥ 2χ−2γr0 > Z.

Here we used (1 + x)1/x ≥ 2 for x ∈ (0, 1]. This contradicts (22) and completes the proof.

By combining lemma D.2 and lemma D.3, we can show that the iterates of algorithm 1 will escape
from a strict saddle point with high probability.
Lemma D.4 (Escaping strict saddle points). Suppose that a point x̃ satisfies

λ−1ϕ(∇ϕ∗(λ∇f(x̃))) ≤ G
2

2
, and λmin(∇2ϕ∗(λ∇f(x̃))∇2f(x̃)) ≤ −√ρϵ

for ϵ > 0 small enough. Let x0 := x̃+ γξ where ξ is sampled uniformly from a ball with radius r,
and that xk+1 = xk − γ∇ϕ∗(λ∇f(xk)) for k ∈ N. Then,

P
(
f(xT )− f(x̃) ≤ −F

2

)
≥ 1− L

√
n√

ρϵ
χ228−χ.

Proof. We define Xstuck as in [18, Lemma 20], i.e.,

Xstuck :=
{
x0 | ∥x0 − x̃∥ ≤ γr and f(xT )− f(x0) > −F where xk+1 = Tγ,λ(x

k) for k ∈ N
}
.
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By the same arguments as in [18, Lemma 20] we conclude that

P
(
x0 ∈ Xstuck

)
≤ L
√
n√

ρϵ
χ228−χ.

We now proceed by showing that f(xT )− f(x̃) ≤ −F
2 if x0 /∈ Xstuck. By anisotropic smoothness,

we have

f(x0)− f(x̃) ≤ γ

λ
ϕ(ξ +∇ϕ∗(λ∇f(x̃))) = γ

λ
h(∥ξ +∇ϕ∗(λ∇f(x̃))∥).

By monotonicity of h, the triangle inequality and lemma B.3, we have

f(x0)− f(x̃) ≤ γ

λ
h(∥ξ∥+ ∥∇ϕ∗(λ∇f(x̃))∥) ≤ γ

λ
h(r +

√
λG) ≤ γ

λ
h(2r).

Here, the last step uses the bound
√
λG ≤ r, which follows from G = min

{
1, 1√

λ

}
r. For r

sufficiently small – which holds for ϵ sufficiently small – we can further bound h(2r) ≤ 5
8 (2r)

2 =
5
2r

2. This yields, again using ϵ ≤ L2

ρ , that f(x0) − f(x̃) ≤ 5
2
γ
λr

2 = F/2. We conclude that if
x0 /∈ Xstuck, then

f(xT )− f(x̃) =
[
f(xT )− f(x0)

]
+
[
f(x0)− f(x̃)

]
≤ −F +

F
2

= −F
2
.

Theorem 3.6 now follows by combining lemmas D.1 and D.4.

Proof. Let the total number of iterations of algorithm 1 be

T = 8max

{
(f(x0)− f∗)T

F , λ
(f(x0)− f∗)

2γG2
}

=
8L(f(x0)− f∗)

L̄ϵ2
max

{
50χ4, 200min

{
1,
√
L̄
}
χ3
}

≤ 8L(f(x0)− f∗)

L̄ϵ2
max

{
50χ4, 200χ3

}
.

Using max
{
50χ4, 200χ3

}
≤ 28 · 50χ4 ≤ 28+7+13+χ/4 for all χ > 1/4 and , we find

T
L
√
n√

ρϵ
χ228−χ ≤ L2

√
n√

ρϵ

(f(x0)− f∗)

L̄ϵ2
211228+

χ/4χ22−χ

and since for χ > 1
4 we have χ22−χ ≤ 210−χ/2 it follows that

T
L
√
n√

ρϵ
χ228−χ ≤ L2

√
n√

ρϵ

(f(x0)− f∗)

L̄ϵ2
2392−

χ/4.

Selecting cmax = 2−39, i.e., χ ≥ 4 log2

(
239

L2√n∆f√
ρL̄ϵ5/2δ

)
we obtain

T
L
√
n√

ρϵ
χ228−χ ≤ δ.

Observe that G ≤ ϵ, such that λ−1ϕ(∇ϕ∗(λ∇f(xk))) ≤ G2

2 implies λ−1ϕ(∇ϕ∗(λ∇f(xk))) ≤ ϵ2.
With probability at least 1− δ, algorithm 1 adds a perturbation at most T/4T times to a point, because
by lemma D.4 we have

f(xT ) ≤ f(x0)− T

4T
F
2
≤ f∗.

Excluding the iterations which follow within T steps after adding a perturbation, we have at most
3T/4 iterations left. They either satisfy λ−1ϕ(∇ϕ∗(λ∇f(xk))) ≥ G2

2 or are ϵ-second-order stationary
points. Among these, at most T/4 are not second-order stationary points, because by lemma D.1 we
have

f(xT ) ≤ f(x0)− T
γ

2λ

G2
2

< f∗.

Therefore, we conclude that at least T/2 iterations of algorithm 1 are ϵ-second-order stationary
points.
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