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ABSTRACT

Structural nested mean models (SNMMs) are a principled approach to estimate the treatment effects
over time. A particular strength of SNMMs is to break the joint effect of treatment sequences
over time into localized, time-specific “blip effects”. This decomposition promotes interpretability
through the incremental effects and enables the efficient offline evaluation of optimal treatment
policies without re-computation. However, neural frameworks for SNMMs are lacking, as their
inherently sequential g-estimation scheme prevents end-to-end, gradient-based training. Here, we
propose DeepBlip, the first neural framework for SNMMs, which overcomes this limitation with a
novel double optimization trick to enable simultaneous learning of all blip functions. Our DeepBlip
seamlessly integrates sequential neural networks like LSTMs or transformers to capture complex
temporal dependencies. By design, our method correctly adjusts for time-varying confounding to
produce unbiased estimates, and its Neyman-orthogonal loss function ensures robustness to nuisance
model misspecification. Finally, we evaluate our DeepBlip across various clinical datasets, where it
achieves state-of-the-art performance.

1 INTRODUCTION

Predicting the effects of treatment sequences is crucial for personalized medicine to choose the best therapeutic strategy
for a patient based on their history (Feuerriegel et al.,[2024). Methodologically, the conditional average treatment
effect (CATE) over time captures the combined effect of multiple treatments in the next 7 time steps (see Fig.[I). In
clinical practice, CATEs over time can be frequently estimated from observational data with patient histories, such as
the electronic health records (Allam et al., 2021} |Bica et al., 2021). Yet, a key challenge is time-varying confounding,
which arises when past treatments affect future covariates that, in turn, influence both subsequent treatment assignment
and the outcome of interest.

Several statistical strategies exist to address time-varying confounding. While these strategies all target the same
estimand, they differ in their practical strengths, especially in finite-sample settings. (1) One approach is G-computation
(Robins, 19865 Robins et al.,|1999)), with neural instantiations such as G-Net (Ru1 L1 et al.,[2021)) and the G-transformer
(Hess et al.,|2025)). This approach sequentially models the conditional outcome given treatment and covariates, and
then averages (integrates) over the distribution of time-varying covariates under specific treatment regimes. (2) Another
approach is marginal structural models (MSNs) (Robins, |1994;[2004), with neural instantiations such as RMSNs (Lim)|
2018). However, MSNs rely on inverse propensity weighting and can be unstable as extreme weight often occurs in
long prediction windows. @ A third approach is structural nested mean models (SNMMs) (Robins, |1994;2004). A
particular strength of SNMMs is their ability to break the joint effect of treatment sequences over time into localized,
time-specific “blip effects”. This yields a simpler estimand that does not require learning full counterfactual outcome
trajectories, which can be especially beneficial over long horizons. In practice, this can have several benefits: the
incremental effects are interpretable, and, the blip effects can be reused to predict treatment effects for new treatment
sequences without re-computation, which allows for identifying optimal treatment sequences through offline evaluation.
= Our work is located in the third stream and contributes to research on SNMMSs.

However, neural implementations of SNMMs are missing. The closest effort in this direction is Dynamic DML by
Lewis & Syrgkanis| (2021); however, this approach has several limitations: (i) The original implementation is based on
linear models. While, in principle, other machine learning models could be used, this is impractical because essentially
a different machine model must be estimated for each time step, so the complexity grows linearly with the prediction
horizon. (ii) Dynamic DML uses a sequential minimization scheme that does not scale to large datasets. Hence, their
training follows an iterative procedure, while our second stage later is end-fo-end. (iii) Dynamic DML is unable
to process the full, accumulating history of a patient. Its architecture requires a fixed-size input, preventing it from
conditioning on patient data (clinical records) that grows over time. Yet, building a neural framework for SNMMs



is non-trivial. One major obstacle is that the SNMM formulation inherently prevents end-to-end learning due to its
sequential scheme. For the same reason, Dynamic DML cannot be directly adapted. As a remedy, we propose a new
double optimization trick to break the sequential dependence and enable gradient-based training. This approach allows
us to address (i)—(iii).
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under novel treatment sequences without re-computation. This offers an efficient approach for offline evaluation of
different therapeutic strategies and thus to search for optimal treatment sequences. Formally, at inference time, DeepBlip
can identify the optimal treatment sequence within just one forward pass. This is unlike other methods, which typically
require either re-training (Hess et al.,[2025; |Ru1 Li et al.,|2021) or multiple forward passes due to exhaustive search
(Bica et al.} 2020; Lim, 2018; Melnychuk et al.| 2022).

Our contributions are three—foldﬂ (1) We introduce the first neural framework to predict CATE over time via the
SNMM framework. (2) Our framework is carefully tailored to medical practice by benefiting from robustness due to
Neyman-orthogonality and efficient offline evaluation. (3) We conduct extensive experiments across multiple medical
datasets to demonstrate that our DeepBlip is effective and also robust across long time horizons.

2 RELATED WORKE]

Estimating CATE in the static setting: There has been extensive research in estimating CATE with neural networks
in the static setting (e.g.,|Alaa & van der Schaarj |Curth & van der Schaar, |202 1} |[Kiinzel et al.,[2019; Shalit et al., 2017}
Wager & and, |2018; Yoon et al.| 2018} |Kiinzel et al.||2019). However, these methods are aimed at static settings and
thus struggle with medical datasets such as electronic health records, where patient histories are recorded over time and
give rise to time-varying confounding.

Estimating ATE over time: One line of work has developed methods for the ATE over time (Frauen et al., 2023}
Shirakawa et al., 2024). However, the ATE captures only population-level effects and thus overlooks differences
in treatment effectiveness across patients. In contrast, we focus on the CATE, which provides a more granular,
individualized estimate of treatment outcomes, which is highly relevant for personalized medicine (Feuerriegel et al.,
2024).

Estimating CATE over time: There are several neural methods for this tas which can be broadly categorized into
different streams (see Table[T):

!Code for review is available at https:/github.com/anonymous| Upon acceptance, we will move our code to a public GitHub
repository.

*We provide an extended related work in Appendix @]

3There have been some attempts to use non-parametric models (Schulam & Saria, [2017; [Soleimani et al.,[2017;|Xu et al.,|2016),
yet these approaches impose strong assumptions on the outcomes, and their scalability is limited. For these reasons, we focus on
neural methods, which offer better flexibility and scalability for complex, high-dimensional medical data.
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o No proper adjustment for confounding and thus bias: Some methods for CATE over time fail to properly adjust
for time-varying confounding, which leads to estimates that are biased. Here, prominent examples are counterfactual
recurrent network (CRN) (Bica et al.| [2020) and the causal transformer (CT) (Melnychuk et al.l 2022). These methods
attempt to alleviate time-varying confounding via balanced representations. However, balancing was originally designed
for reducing finite-sample estimation variance and not for mitigating confounding bias (Shalit et al.,|2017). Hence,
such methods act as heuristics without a theoretical justification. The difficulty of enforcing balanced representations
may even introduce further confounding bias (Melnychuk et al.||2024). Unlike these methods, our DeepBlip allows for
proper adjustments and is thus unbiased.

o Non-SNMM-based adjustment strategies: Other neural methods build on frameworks from statistics such as marginal
structural models (MSMs) (Orellana et al.,[2010; [Robins et al., 2000) and G-computation (Robins, |{1986; Robins et al.}
1999). Examples are: @ G-Net (Rui Li et al., 2021) and G-transformer (GT) (Hess et al., [2025), which are both based
on G-computation and thus compute nested conditional expectations over time. Hence, these methods require the entire
counterfactual outcome trajectories and thus model the full data-generating process of covariates and outcomes, which
becomes exponentially more complex as time horizons grow. (2) MSMs-based methods like R-MSNs (Lim, [2018) and
the DR-learner (for time-varying settings) (Frauen et al.,[2025) use inverse propensity weighting (IPW) to re-weight
outcomes as in a randomized control trial. In time-varying settings, the propensity is a multiplication of a sequence of
probabilities, which has known to become unstable when the horizon is large. In sum, methods from both streams can
often become unstable over long time horizons (different from SNMMs that break the CATE into localized effects at
each time step).

o SNMM-based adjustment
strategies: SNMMs (Robins)
1994; 2004) offer a principled
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not an off-the-shelf model that

can be directly applied. Early implementations (Robins| (1994} |2004) relied on strong parametric assumptions (e.g.,
linearity) and were limited to short time horizons.

Despite the theoretical appeal of SNMMs, a neural implementation is missing. Closest to our work is Dynamic DML
(Lewis & Syrgkanis| [2021), which builds upon SNMMs but still has key limitations. The original implementation
is provided for linear models, which cannot capture complex, non-linear relationships. In principle, the framework
in|Lewis & Syrgkanis|(2021) is model-agnostic and could be used along with other deep learning models. Yet, this
is impractical because essentially a different network must be estimated for each time step, so the complexity grows
linearly with the prediction horizon. Because of this, extending Dynamic DML into a scalable neural framework is
non-trivial: the sequential g-estimation of SNMM (as used by Dynamic DML) is iterative and essentially prevents
efficient gradient-based and thus end-to-end optimization. As a remedy, we later propose a new double optimization
trick.

Research gap: To the best of our knowledge, there is no neural implementation of SNMM:s. For this, we introduce a
new neural architecture together with a new double optimization trick to leverage the blip function from SNMMs for
CATE estimation over time.

3 PROBLEM FORMULATION

Setup: We follow the standard setup (Bica et al.| |2020; [Frauen et al., 2025} |Hess et al.| 2025; Melnychuk et al., [2022)
for estimating CATE over time ¢ € {1,2,...,T} C N given by: (1) the target outcome Y; € R; (2) time-varying
covariates X; € X C R%; and (3) treatment A, € A C R% that can be either discrete or continuous. We assume
w.l.o.g. that the static features (e.g., age, sex) are included in the covariate.

Notation: To simplify notation, we use overlines to denote the full sequence of a variable (e.g., X; = (X1,...,X1).
We refer to a sequence of variables that starts at ¢ and ends at ¢t + 7 via A¢.prr = (Ay, Apg1, ..., A ). We use the



lowercase letter to denote a realization of a random variable (e.g., X; = ;). We use an asterisk * to indicate a constant
quantity (e.g., a fixed treatment a;). We denote the patient history by H; = (X, A¢—1,Y+-1).

CATE estimation over time: We build upon the potential outcome framework (Rubin, [1972) for the time-varying
setting (Robins et al.,[1999)). We aim to estimate the CATE over time between two treatment sequences for a given
patient history, i.e.,

E |:Yt(-s‘t;:t+7—) _ }/t(-tg—:t#»r)

Hy=h|, 0<t<T-r, )

. 5 . . .
where Yt(f;'“”) and Yt(_ﬁ”’) represent the 7-step-ahead potential outcomes under interventions do(Ay.;+ = a7, ;)
and do(Ay¢.¢ 47 = b}y, ), respectively (see Appendixfor a formal definition of potential outcomes and interventions).

Identifiability: We make the following identifiability assumptions (Petersen & van der Laan| [2014} Robins et al.,
2000) that are standard in the time-varying setting (Bica et al.,2020; |ILiml| 2018} Melnychuk et al.,[2022; Rui Li et al.}
2021)): (1) Consistency: The potential outcome under the intervention by the observed treatment equals the observed
outcome, namely, Yt(A") =Y. (2) Overlap: Given an observed history H; = hy, if Pr(H; = h;) > 0, then any possible
treatment has a positive probability of being received: Va € A, Pr(A; = a | Hy = hy) > 0. (3) Sequential ignorability:
The potential outcome under an arbitrary intervention is independent of the treatment assignment conditioned on the
history, i.e., Y;(at) 1L Ay | Hy = hy.

However, estimating the CATE over time is non-trivial due to time-varying confounding (Coston et al., |2020; [Hess
et al.,|2025)). In the time-varying setting, covariates act as confounders because they are influenced by earlier treatments
and then affect later treatments and outcomes. This means they cannot be adjusted for naively as in the static setting
without introducing bias (see Appendix [A.2). In this paper, we address this issue via SNMMs.

Blip function: SNMMs model the incremental effect of treatments (which are called “blips”) at time ¢ + k£ on the mean
outcome at ¢ + 7, given observed patient history H; (Vansteelandt & Joffe, |2014). These “blips” accumulate over time
into the total treatment effect and thus allow to rigorously adjust for time-varying confounding (Robins|, [2004) (see
Thm [I]below). Formally, let d be a treament policy. The blips are defined via a blip function (Robins| 1994; 2004):

= ~ . (atittks detht1it+r) (attt+k—150, deyhticetr)
Ytk (xt+1:t+k7 At:t+k 3 ht) =E [YHT =Y.

‘ At:t+k = at:t+k7Xt+1:t+k = Tt+1:t+k> Hy = hy|. 2)

Intuitively, the blip function +, j, isolates the causal effect of each treatment decision locally. By isolating the local
effect of each treatment, this formulation avoids modeling the full outcome trajectory, making SNMM:s often stable
over long horizons.

Theorem 1. Adjustment via blip functions (Theorem 3.1 from |Robins|(2004)) Given a policy d between time t and
t + 7, the following identification holds under the sequential ignorability assumption in[2}

E[Y(d) ‘ H;, = ht] = E[Y + kZ:Opt,k (Xt+1:t+k>At:t+k; ht) ’ H; = ht] 3

where py i (Xt+1:t+k7 Atk ht) = '7t7k(Xt+1:t+k; (At:t+k717dt+k)§ ht) = ek (Xt+1:t+k7 Atetyks ht)~
The theorem demonstrates that SNMMs adjust for time-varying confounding by making local adjustments at each

step. Furthermore, if we can correctly estimate the blip functions, the CATE over time estimation will converge to the
unbiased causal effect given sufficiently large data.

4 OUR DEEPBLIP FRAMEWORK

In this section, we present DeepBlip. First, we introduce how we learn the CATE via blip functions using a neural
parameterization (Sec. [4.1)), then introduce our L?-moment loss (Sec. [4.2), our model architecture (Sec. 4.3), and the
training and inference procedure (Sec. @.4).

4.1 LEARNING THE CATE VIA BLIP FUNCTIONS

Overview: Our DeepBlip leverages Eq. (4) to adjust for time-varying confounding. Our task thus reduces to estimating
the blip functions — in particular, so-called blip coefficients that parametrize the blip functions. However, we do not



attempt to estimate the coefficients via the iterative g-estimation. Instead, we optimize a L?-moment loss that directly
predicts the blip coefficients and which allows us to estimate Eq. (4)) more efficiently.

Parameterization trick: We first explain how we estimate the CATE via the blip function. For this, we adopt a
similar parametrization for the blip function as in (Lewis & Syrgkanis, 2021), namely, y; (ft+1:t+ka Gtk ) ht) =
Vi k (ht) /at+k, but where v, ;, is a neural network. H Under identifiability assumptions and the parametrization for

V¢, defined above, the CATE of a* against b* for any two treatment sequences a*, b* € R(T+1)da js (see (Lewis &
Syrgkanis| [2021) for a formal derivation):

EY,e) — ¥ | Ho=h] = 3 wunlhe) (afh = biia)- “
k=0

We refer to ¢/, 1, (h;) as the conditional blip coefficients of the blip function ~; .

Why do we need a tailored architecture and learning algorithm? A key component of our framework is that the
function )y 1 (h) is parameterized by a sequential neural network (e.g., LSTM or transformer). This is a crucial
difference from traditional SNMMs, which were developed for estimating the ATE over a fixed number of time steps
(i.e. H = O At = 0AT = 7) and where, as a result, blip coefficients are constants. These constants are typically
estimated through iteratively solving a set of moment equations via g-estimation (Robins}, [1994; 2004} |Vansteelandt &
Joffe, 2014) (see Appendix [B.I). However, such an approach is not compatible with neural network-based learning. In
contrast, DeepBlip introduces a tailored neural architecture (Sec. that we can train via gradient-based optimization

(Sec.[.2).

4.2 L?2-MOMENT LOSS

We adapt the moment-based iterative minimization from Lewis & Syrgkanis| (2021) to our history-conditioned setting.

For k = 7,...,k = 0, at each time step k, we aim to find the minimizer 1/12‘7 k() which is a function that maps the
history h, to the blip coefficients, via
~ T . - - 2
Ui = agmin B[V = 0 00, 00) Ain = o) Aup) | 5)
"/’t,k(‘)eq’t,k Jj=k+1

where ®, ;, is the function space for the blip coefficient predictors and where
Yir = Yier = E[Yirr | Hoor = hesr]s Avgi = Avry = E[Ary | Hopr = hosr]. ©)

are residuals of the conditional means for Y and A, respectively. We name the target as the L?-moment loss for step &k
and denote it as L. Notice that only one v (-) is solved by minimizing L;; hence, in order to solve the entire task

(i.e., all the &t, &, (0 < k < 7)), one would normally need to conduct a series of minimizations sequentially from k = 7
down to k = 0 such as in Dynamic DML from (Lewis & Syrgkanis, 2021)).

Double optimization trick for our Z?-moment loss: In order to find ¥} 1» all the previous blip predictors 7 ;, j > k
are required. To avoid solving ¢;  sequentially, we propose a double optimization trick that allows simultaneous
training of all the blip predictors: During each iteration, first, the blip predictor 1@ makes two forward passes to generate
two sets of the blip coefficients 1; (h;) and 7 (h;). Then, 17 ;(h) serves as a fixed, "pseudo-ground-truth” target for

the future blip effects in Eq. (5) and is detached from the computation graph. For k = 0, . .., 7, the adapted L?-moment
loss at step k is then given empirically by

T—1 n T
1 Vi i i At i N 2
‘Clglip = 7 E E (Yt+k— E VI(H]) A — i(HY) tkk) . @)
t=1 i=1 j=k+1

Why is our double optimization trick is necessary for scalability? Existing SNMM methods, like Dynamic DML
(Lewis & Syrgkanis| |2021), rely on a sequential scheme that solves for blip coefficients one at a time. For neural
networks, this would require training a separate model for each of the T + 1 time steps, which is computationally
prohibitive. In contrast, our double optimization trick bypasses this sequential dependency, allowing us to instead
optimize a single, unified objective: Luip = Y ., ,C{flip. This makes our framework significantly more scalable, as

“This formulation is chosen mainly for clarity. In fact, it is readily extended to capture nonlinear treatment interactions
by incorporating a high-dimensional, nonlinear feature map ¢(-). The blip function can then be parametrized as ¢,k (h:) =

Yt 1 (he) Partr).



a neural version of the sequential approach would multiply the total training time by a factor of at least 7 + 1 (see
Figure ).

We show in Appendix [C]that the double optimization trick is a single-step gradient descent realization of an iterative
scheme for the complete blip predictor 9. Under this scheme, all the intermediate blip predictors {1@ | (4 <7)}
converge to the true value as long as the final predictor @ZT converges to the true value. Further, the convergence of the
final predictor @T is guaranteed by the L2-moment loss being the correct objective, since Ly, = Lr. Therefore, all the

blip predictors will converge under the double optimization trick. We further perform ablation studies on the double
optimization trick in Appendix [E.T|and [E.2]to empirically show its effectiveness.

Theoretical properties: Below, we state that our loss satisfies Universal Neyman-orthogonality (see|Foster & Syrgkanis
(2019)) for a formal definition), which ensures double robustness. This means that the target loss is robust against
perturbations of the nuisance functions (Chernozhukov et al., 2018} [Kennedyl, 2023).The remark below follows from
the theory in|Lewis & Syrgkanis| (2021)), which can be extended to our double optimization trick (see Appendix for
a formal derivation, respectively).

Remark 1. Our moment loss is Neyman-orthogonal.

4.3 MODEL ARCHITECTURE

DeepBlip works in two stages (see Fig. : e Stage (1) (nuisance network): models the nuisance functions to estimate
the residuals in Eq. @ e Stage (2) (blip prediction network): estimates the blip coefficients given the observed history
h¢. The neural networks in both stages have a similar structure: (i) a sequential encoder that encodes the observed
history Hy, and (ii) multiple prediction heads that take the encoded history as input to predict the targets.

Why we need a two-stage design: To construct the L?-moment loss defined Eq. , we need the variables }N’t k> Zt, ks
defined in Eq. (6) (see Appendix for details). Based on the definitions, we must compute the residuals between
the outcome variable and the regressed means before we optimize Eﬁhp. We thus follow previous literature (Lewis &

Syrgkanis| 2021} |[Frauen et al., 2025 |Kennedy, 2023) and treat the conditional expectations E[YHT | Hivr, = th]
and E [Atﬂ- | Hiip = th} as nuisance functions, so that we first estimate the nuisance function (Stage (1)) and then
train the blip prediction network to minimize the L?-moment loss (Stage (2)).

Neural backbone: Our DeepBlip is flexi-
ble and allows for different neural backbones
(e.g., LSTM or transformer). These necessary
to capture the patient history: We notice that
the networks at both Stage (1) and (2) take the
history variable H; = (X;.A;_1,Y; 1) €
‘H. as input. Hence, both stages can be writ-
ten as a function f : UL, H; — R€, where c
is the number of outputs. However, dim (H)
varies over time, which makes H; not suit-
able as a direct input to a neural network.
A standard way to handle this is by using
a sequential model to iteratively take the in-
puts (X, A;—1,Y;—1) and then maintain a
vector Z; € R% with fixed dimension that
encodes all the necessary information (Hess
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Figure 2: Neural architecture of the two-stage DeepBlip framework.

et al.| 20255 [Lim| 2018} Melnychuk et al.| 2022} Rui Li et al.|, [2021). Here, we thus use LSTMs and transformers (see
details of the architectures in Appendix E]) Finally, we stress that each stage uses a separate encoder: Sé\]’v for Stage (1),

and 595; for Stage (2) (N for Nuisance and B for Blip) with different model weights 5 and 0.

Stage (1: Nuisance network. The nuisance network (€5, {gp§  }i—o; {gqg’]’vC Yo<k<j<-) consists of a seqential en-

coder Eé\j\r and a collection of prediction heads {gp} o h=0 {gquf,c }o<k<j<r- The nuisance networks are responsible
for computing the following nuisance functions:

pre(hisr) =E[Yigr | Hipp = hyqr], 1<t<T—-7,0<k<rT
Qe (heyr) = E[At,j | Hipr = ht+k]; 1<t<T-7,0<k<j<T

®)
€))



For a patient with history H; and subsequent covariates Xy 1.¢+%, A¢.t4%—1, we proceed as follows: First, the encoder
Eé\fv processes history H; to produce a repr.esentation Ztlik = &y’ (Hy+x). Then, the prediction heads receive Zt]i &
to compute the regressed outcomes for the nuisance functions via:
K (ZNL) = Por(H, SN L) =Gy (H. for k =0 dk<j< 10
2oy (Zitw) = Pra(Hevn),  8dpy (Ziye) = @rjk(Heyr) fork=0,...7andk <j<r7 (10)
where Z\, = £ (Hy41). Third, the residuals are computed via

Yiw = Yerr — gpb (ZN10),  Avjw = Avry — gay > (ZN) (11)

Stage (2): Blip prediction network. The blip prediction network (£ , {gbf }7_,) is responsible for predicting the

blip coefficients 1 (hy) = (Y10, .., %) € R"(7+1) as described in Eq. (equation . Here, we proceed as follows.
First, the sequential encoder £F (B for Blip) processes the patient’s history H; into a representation Z2 = £ (h;).
Then, for each horizon k € {0, 1, ..., 7}, the prediction head gb’gB maps ZP onto the corresponding blip coefficient:

b p(Hy) = gbl (ZF) ~ 1o (Hy) €R™ where ZP = €5 (H,). (12)

4.4 TRAINING AND INFERENCE

Taken together, the training procedure of DeepBlip now follows two steps (see Fig.[2): (1) train the nuisance networks
and compute the residuals, and (2) train the blip prediction network. In contrast, inference with DeepBlip is highly
efficient as it involves only the second-stage blip prediction network. Details are below. We provide the pseudocode in
Alg.[T]and Alg.[2]in the appendix.

Step @: Train nuisance network. The nuisance network is trained to predict nuisance functions p; r(hiyr)
and ¢ ; 1 (ht4+%) simultaneously. Since p; i (heyx) is the conditional expectation of real outcome Y;;. € R, we
use the squared error loss £, = (=170 o (eph (ZN,) — Yiyr)? For quji(hesr), which de-
notes the treatment response, we proceed for the i-th treatment in Atﬂ € R as follows. If (A;4;); is a
continuous variable, then we apply the squared loss: £,; = m Z Zo<k<]<T (gqlgl’vj(Zﬁk)q; —
(Att)i ))2 If (Atﬂ)z is a binary variable, then we apply the binary cross entropy loss L,; =
W Z Zo<k<J<r BCE((A¢+;)i , gqu (Zt]ik) ). For categorical variables with more than 2 classes,

we preprocess the Varlable into a one-hot vector of binary variables. Since the network predicts these targets si-
multaneously, we update the parameter 6 by backpropagating the sum of all the losses discussed above, i.e.,

Ly =1Ly + i 2?21 Ly

Step (2): Train blip prediction network. After having trained the nuisance network, we freeze its parameters and
then compute the residuals of each sample as in Eq. (6] for the L?-moment loss. To accelerate the training process,
we adopt the double optlmlzatlon trick from above: For k = 0, ..., 7., we perform two forward passes that create two

predictions ¢t (H;) and wt (Hy). The latter is then detached from the computation graph before feeding into the
adapted L?-moment loss at step k. The final loss target is then given by: Lpip = >4 _ 0 [,bhp
Remark 2. Under standard assumptions, the output of our DeepBlip has a mean squared error guarantee:

log log(n)
n

(13)

~ 2
Yk — @t,kH2 2} =0 (7"2572) ) 5721 X

max max E ‘
t<T—-7 ke{0,...,7}

Details are in Appendix|B.3).

Inference at runtime: Once trained, our DeepBlip predicts the CATE over time (i.e., ]E[Y;(f:) — Yt(fT) | He = hy))
through only the blip prediction network:

T

> gbh, (27) (ap — by),  where 2 = &7 (hy) (14)
k=0

Efficient offline evaluation: Once we have estimated the blip coefficients, then we can instantly identify the treatment
sequence a* with the best effect compared to the baseline b* (e.g., a treatment sequence with no interventions). The
reason is that the blip coefficients do not depend on treatments. Hence, our DeepBlip is much more efficient for



evaluating the personalized effects of different treatment sequences compared to existing methods that require re-
computation (Bica et al.,|2020; |Lim), [2018}; Melnychuk et al., 2022) or even re-training (Hess et al., [2025; |Rui1 Li et al.,
2021). This is highly relevant in personalized medicine where clinicians and patients jointly reason about different
treatment strategies (Feuerriegel et al., 2024)).

Implementation details. We instantiate our DeepBlip with a transformer architecture (see Appendix [I). We also provide
a variant based on an LSTM, which, despite the simpler architecture, is still highly competitive (see Appendix [E.T)).

5 EXPERIMENTS

Our experiments primarily serve two purposes to demonstrate DeepBlip is an effective neural framework for SNMMs:
(1) we aim to show that our DeepBlip performs adequate adjustment for time-varying confounding, which is a key
property of SNMMs; and (ii) we aim to show that our DeepBlip is especially robust for longer time horizons, which is a
natural strength of SNMMs.

Baselines: We demonstrate the performance of our DeepBlip against key baselines from the literature (see Table
for the task of estimating CATE (or conditional average potential outcomes) on medical datasets. Descriptions of the
baseline methods are available in Appendix |G} We select the HA-PI-learner from [Frauen et al.[(2025)) instantiated
by transformer (named HA-TRM) as a naive baseline. We provide additional implementation details — including
architecture choices, training procedures, and hyperparameter tuning — in Appendix [[} To ensure a fair comparison, all
methods — including baselines — use the same neural backbone architecture, so any performance differences can be
attributed to the respective learning frameworks. All results are averaged over 5 runs.

Ablations: We include ablation studies of both the architecture and the double optimization trick in Appendix We
also validate our component-wise blip coefficient estimates in Appendix

5.1 TUMOR GROWTH DATASET

—e— HA-TRM (trivial) cT g
184 —@— GT CRN 7
G-Net -4+ Dynamic-DML /
| =#= R-MSN —e— DeepBlip (ours) /e

Setting: We use the pharmacokinetic-pharmacodynamic
tumor growth dataset (Geng et al., 2017), which is com-
monly used for benchmarking CATE methods over time
(Bica et al.l [2020; [Hess et al.| 2025} [Lim) 2018} [Mel-
nychuk et al.| 2022} Rui Li et al., [2021). The dataset
describes the time-varying effects of chemotherapies and
radiotherapies on cancer volumes. The treatment assign-
ments depend on previous outcomes, subject to time-
varying confounding. The amount of confounding is
controlled by the simulation parameter von¢. Details are

in Appendix

Results: Figure 3| shows the average RMSE of CATE
against increasing confounding ~onr and under 7 = 2. 04
Our DeepBlip outperforms all baselines for yeonr > 2. Amount of time-varying confounding Yeont

This matches the purpose of our method to deal with time-

varying confounding. More importantly, our DeepBlip Figure 3: Results for tumor growth dataset. Normalized
achieves large performance gains under strong confound- RMSE (averaged over 5 runs) of CATE predictions against
ing levels (Yeont > 6). This highlights that our DeepBlip ~ground-truth over growing confounding. Here: 7 = 2

is robust against time-varying confounding by providing

adequate adjustment for time-varying confounding.
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We could further make the following observations: (1) The MSM-based R-MSN performs poorly across all confounding
levels and even has a higher RMSE than HA-LSTM for ~y.onr < 6. This aligns with the inherent instability of inverse
propensity weighting in MSMs, which was the motivation for our method. (2) Baselines like CT and CRN that
use balanced representation (in orange) are ineffective. This is expected as balanced representations were originally
developed for reducing finite-sample estimation variance and not for proper adjustment (see the original work (Shalit
et al.;|[2017) on balanced representations for a discussion), because of which these baselines are known to be biased.
(3) G-computation-based methods like G-Net and GT show slightly lower RMSE for ~on¢ < 1 but still perform

>We also compare against Dynamic DML (Lewis & Syrgkanis} 2021); In principle, it does not qualify as a standard baseline
because it cannot handle patient histories H; of varying lengths. Nonetheless, to provide a thorough comparison, we adapt it by
training a separate regression model for each individual time step ¢.



significantly worse than our DeepBlip for y.onr > 6. We attribute this to the fact that the learning is unstable, which
we empirically verify in the following by varying the prediction horizon 7. (4) Dynamic DML is competitive, thereby
showing that SNMMs are a suitable modeling framework for this task, while our DeepBlip is better by a clear margin.

5.2 MIMIC-III DATASET

Setting: Next, we evaluate the performance for longer prediction horizons 7. We build upon MIMIC-III (Johnson et al.}
2016), a widely used benchmark for evaluating CATE over time (Bica et al.||2020; Hess et al., 2025; Melnychuk et al.,
2022)). Following previous literature (Hess et al., [2025; Melnychuk et al.} 2022} |Schulam & Sarial 2017)), we extract
patient vitals from MIMIC-III and then simulate the patient outcome over time with the mixed dynamics of exogenous
dependency, endogenous dependency, and treatment effects combined. Treatments are assigned based on previous
outcomes and patient vitals, which again, introduces time-varying confounding (see Appendix [F.2).

Results: Table 2] shows the average RMSE (with std. dev.) over five different runs with 7cons = 1 and varying prediction
horizon 7. First, our DeepBlip consistently achieves lower RMSE compared to other baselines for 7 > 3. Of note,
the performance gain from DeepBlip becomes larger as the prediction horizon 7 increases. For 7 = 10, DeepBlip
achieves ~ 34% performance gain compared to the second-best model (here: GT). This highlights that our DeepBlip is
temporally stable over longer horizons.

We further make the observations that all baselines either struggle with high-dimensional covariates or become unstable
as 7 increases. (1) The MSM-based method (R-MSNs) exhibits the highest variance across all 7, indicating that
it struggles with high-dimensional propensity modeling and becomes unstable over time with increasing standard
deviation. The reason is that inverse propensity weighting produces unstable weights. (2) Methods like CRN and CT
perform better than baselines with high variance like R-MSNs due to the way they handle high-dimensional covariates.
However, both CRN and CT are known to be biased and thus inferior to GT and our DeepBlip. (3) G-computation-based
methods (i.e., G-Net and GT) achieve a lower RMSE than the other baselines due to proper adjustments, but still
are not as stable as our method. This is because G-computation accumulates error over time due to modeling nested
expectations. (4) The performance gain of DeepBlip over Dynamic DML is large, which can be attributed to the
complexity of the dataset, especially in light of the long time windows.

Scalability of DeepBlip: To demonstrate the computational advantage of our framework, we tested the second-stage
training time of both Dynamic DML and our DeepBlip over increasing 7. The results are in Figure [} we observed
a large difference in scalability. The training time for Dynamic DML grows linearly with 7, due to its sequential
scheme, which requires training a separate model at each time step. In contrast, the runtime for DeepBlip remains
nearly constant, which confirms the efficiency of our double optimization trick and thus demonstrates that our DeepBlip
overcomes the scalability bottleneck of SNMMs.

- D _m
| 7=3 T =4 T=5 T=6 T=T T=8 T=9 7=10 - Do s
HA-LSTM (naive) | 0.89 £0.03 0.97+0.04 1.02+0.10 1.42+020 192+040 257+044 258+056 3.11+0.72 E st -7
R-MSNs 098+0.17 1.12+021 125+028 1.65+0.57 225+1.02 285+1.18 3204142 3.55+1.50 £ et
CRN 066+0.11 082+012 1.05+022 1224035 143+033 1.62+042 183+043 2.04+0.54 -
CT 0.64+0.12 0.79+0.11 1.01+0.18 1.18+0.33 1.77+052 185+049 199+0.63 1.98+0.60 E -
G-Net 0.58+0.08 0.73+0.12 1.05+025 138+040 1754060 2.15+0.80 2.55+090 3.12+1.05 » -
GT 0524002 0.63+008 0.75+0.17 0.85+0.13 0954+026 1.10+£034 125+037 1504045 4 e
Dynamic DML 072+£0.15 088+023 1.12+027 1344068 1.674+043 198+055 233+057 246+0.72 ==
DeepBlip (ours) 050+0.12 0.58+0.16 0.64+0.19 0.75+0.21 0.86+0.24 0.89+0.27 0.95+0.28 0.98+ 0.32

Improvement ‘ 3.8% 8.9% 14.7% 11.7% 9.5% 19.1% 24.0% 34.6% ' ' * bredicton Horizon (7

Table 2: MIMIC-III with longer time horizons 7. Normalized RMSE (mean +
std. dev. over 5 runs) for 7-step-ahead CATE estimation on the MIMIC-III dataset.
We highlight the relative improvement over the best-performing baseline.

Figure 4: Scalability of Dy-
namic DML vs. DeepBlip.
Shown is the training time.

Ablations on the transformer architecture: To further verify our framework’s robustness, we replace the transformer
architecture by an LSTM (Hochreiter & Schmidhuber, |1997) for our DeepBlip and other baselines in the ablation study
(see Appendix [E.T)). Even with a simpler architecture, our model is highly competitive and outperforms some of the
transformer-based baselines (see Appendix [E.T)), underscoring the effectiveness of our framework.

6 CONCLUSION

We introduced DeepBlip, the first neural framework for SNMMs that overcomes the scalability issues of prior works
via a double optimization trick. By using blip functions to decompose total effects into localized increments, our
method provides unbiased estimates that are stable over long horizons. Experiments across clinical datasets confirm
that DeepBlip achieves state-of-the-art performance, offering a powerful and scalable tool for personalized medicine.



ETHICS STATEMENT

Our research aims to advance personalized medicine by developing reliable methods for treatment effect estimation.
Our work relies on the MIMIC-III dataset, which is a publicly available, de-identified critical care database. All research
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Massachusetts Institute of Technology (MIT) and Beth Israel Deaconess Medical Center (BIDMC).

We acknowledge several ethical considerations in this work. First, any model trained on historical clinical data might
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A PRELIMINARIES
In this section we briefly introduce the preliminaries of causal inference.

A.1 CAUSAL MODELING AND TREATMENT EFFECT
Structural causal model A structural causal model is a tuple M = (U, V, F, P) where:

1. U is a set of exogenous variables, which are not caused by any other variables, namely the unknown background
factors or simply noises. Each U; € U has a value domain denoted dom(U). i is defined on a probability
space (Q, B, P).

2. Vis a set of endogenous variables that are determined within the model from other variables. The domain of
V e Visdom(V).

3. Fis aset of structural functions: F = {f; : dom(Pa;) x dom(U;) — dom(V;) | V; € V}, where Pa; is the
set of endogenous variable that directly influences V;, and U; € U is the exogenous variable that directly

influences V;. Here, f; is a deterministic function that describes the structural causal mechanism for generating
Vi: Vi = fi(Pa;, U;).

Furthermore, the causal relationships specified by F’s {Pa; | V; € V} induce a directed graph G = (V, E), for which
nodes correspond to the endogenous variables and (V;,V;) € E <= V; € Pa;. It is important to note that the
causal graph G must be a directed acyclic graph (DAG), meaning that there should not be a causal cycle, which is
contradictory to both real world and mathematics.

For SCM, the joint probability distribution P induces the probability on the whole variable sets. Once the set I/
’s variables takes a fixed value, the whole endogenous set’s values are determined through F. Let Py be the joint
probability distribution over V), then for any value v € [y, oy, dom(V;):

Py(V=v)=Pr({ue [] dom(U;) | F(u) = v}) (15)
U, el

Intervention: Intervention could be defined under the context of SCM as forcing a subset of variables (here we assume
endogenous) X C V to take a specific value x € H% cx dom(V;) ﬂ, independent of the original induced probability.
This action simulates the process of controlled experiment or a hypothetical scenario.

An intervention, denoted as do(X = x), creates a new SCM M, = (U,V, F,, P), which is a mutation from the
original SCM M, where:

1. The set of endogenous V and exogenous I/ remain unchanged with the same probability space (€2, 3, P).
2. Foreach V; € X, the old structural equation V; = f;(Pa;, U;) is replaced by a degenerated constant equation
Vi = x;.

3. For all the other endogenous variables, the mapping f; stays unchanged, but their distributions may adjust.

On the whole, the intervention do(X = x) induces a new probability distribution Py, . The interventional distribution
of a variable, say Y € V), is denoted as Pr(Y | do(X = z)) or Pr(Y4°(X=%))_ Under certain context for simplicity, we
could directly use Pr(Y (*)) without ambiguity.

Potential Outcome and Treatment effect: From an intuition perspective, intervention is like cutting the causal links
to X from the original diagram, setting the value to x and then observe how the system responds. We emphasize that
Pr(Y | do(X =x)) # Pr(Y | X = z), which is just a conditional distribution under the original SCM.

A potential outcome (PO) of a variable Y € V is the value under a hypothetical scenario, where we make an
intervention do(X = ), given a specific realization of U = u. We denote this as Y, (u). When U ~ P. This random
variable Yy, (U) is just Y (4°(X=2)) 'which follows the distribution Pr(Y | do(X = x)). The average potential outcome
(APO) is the expectation of PO: E[YdO(X :’”)]. A conditional average potential outcome (CAPO) is nothing but the
expectation of the random variable Y, (U) conditioned on some subgroups W = w, where W C V.This conditioning
on W = w could be traced back to a posterior distribution on U, namely Pr(U|W = w) := P,,, then the CAPO is just
Ev,~p, [Ye(Uy)] or equivalently E[Y () | W = w).

SGeneral intervention could be defined as setting some variables to follow a specific distribution(Peters et al., 2017), however
we follow a common practice to assume the intervention means forcing a fixed value
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Figure 5: An example of causal diagram for the SCM in the setting of estimating CATE over time. The variable
sequences are truncated at ¢ + 7 (maximal length is T"). Exogenous variables I/ are hidden.

An average treatment effect (ATE) is the expectation difference between two POs under intervention x; and x4
respectively: E[Y (*1) — Y (#2)]. A condtional average treatment effect (CATE) is then the difference between two
CAPOs: E[Y (1) — Y (@2) | T/ = .

So far we have strictly defined these foundational concepts. Overall, the potential outcomes are counterfactual variables
in intervened SCM while treatment effects are the contrast between these potential outcomes. Within this rigorous
framework, we are able to clearly define the goal for our work on estimating CATE over time conditioned on patient
history H; as in Sec.

A.2 SCM FOR CATE ESTIMATION OVER TIME
We formalize the setting for estimating CATE over time with the following structural causal model M:

1. Exogenous variables:Ud = {Ux,,Ua,, Uy, }_;, where Ux,,Ua,, Uy, are mutually independent noise.

2. Endogenous variables are V = {X;, A;,Y;}X ;. Denote H; = {X}L_; U{A; };;11 U {Y;}!Z] as the history
up until time ¢.

3. Structural functions F: fort € {1,...,T'}

X = fx,(Hi—1 U{4:-1},Ux,)
A = fa,(Hi,Ua,)
Y: = fyv,(Hy, A, Uy,)

These equations generate the full observed patient trajectory in the following temporal order: (X; — A; — Y7 —
...—>XT—>AT—>YT).

A possible instantiation of temporal graph of this given structural causal model is presented in Figure[5| When talking
about SCMs, it is important to point out that SCM represents perfect knowledge of the data generating process. In
real-world settings, there are possibly omitted variables (e.g. unmeasured confounders).

Time-varying treatment and potential outcomes: A time-varying intervention is intervention on a continuous
sequence of treatment variables do(As.;4r = a4.44+ ), which modifies the structural equations for A, ..., Apy,:

Vk@{t,...,t—FT}: A = ay.

This induces a new SCM M (@#:t+7) | generating the potential outcome:

(attqr) _ (atit4r) (atit4r)
Yt+;t = [Yiis Ht-s-tTt 7Xt+t7't+ st Uy ) s
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where Ht(it:“), X t(it;t“) are recursively computed under the intervention using structural equations defined in

Identification assumptions: The structural functions, although might be unspecified, already contains rich information
about the data generating process. It is easy to verify that under the specified data generating process and the mutual
independence between the exogenous variables, the following two conditions are satisfied:

1. Consistency: If A;.+1 . = as.+4+ 1S the observed treatment sequence for a given patient u, then Yt(_f_l;“”) (u) =

Y (u). Or, equivalently }Q(f;“* - Y:+-.This means when we intervene with the observed treatment, the
potential outcome equals the observed outcome.

2. Sequential ignorability: The potential outcome under a fixed intervention is conditionally independent with
the treatment assignment:
}/;(at) J_At |Ht, Vat,lgth
This ignorability assumption implies that there are no hidden confounders that affect both outcome and the
treatment, which is already decided with the SCM.

3. Sequential overlap: If Pr(H; = h;) > 0, then:
Pr(At:at|Ht:ht)>0 VatGAt,lgtST.

These three assumptions together allow the use of observational data to compute causal quantities, such as potential
outcome over time and treatment effect over time (Robins et al.|[2000). Without these assumptions, exact identification
would be impossible. While these assumptions themselves are untestable, they could be justified under appropriate
study design and domain knowledge.

Time-varying confounding: Estimating treatment effect over time poses a significant challenge due the existence
of time-varying confounding (Coston et al., | 2020), which differentiate the task from the static setting (7 = 0). The
underlying reason is that, the future time-varying confounders, such as X; 1 1.¢4¢qu OF Yi.¢4r—1, are unobserved during
the inference phase. As a result, the naive adjustment with the history variable H; is not sufficient for the backdoor
criteria (Peters et al.,|2017) and, thus, leads to biased estimation:

Whenr>0: E|Y,\"") | Hy=hy| #E[Yigr | Avrrr = anerr, Ho = hy . (16)
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B THEORY OF STRUCTURAL NESTED MEAN MODELS

In this section, we show by strict causal reasoning how to use the structural nested mean models to estimate CATE over
time. The theory consists of the foundations of SNMM (Robins|, [2004) and a specific realization (Lewis & Syrgkanis}
2021)), which we adopt for our method. We show the mathematical derivations for completeness. Next, in sec. @]we
show that our loss is Neyman orthogonal. Finally, we briefly explain the mean squared error rate for the estimated blip
coefficients which is proved by previous works in SNMM (Lewis & Syrgkanis|, [2021)).

To simplify the notation, we denote Y = Y, ;. And we use W, to denote W, , ., for any variable W € V.
B.1 SNMM

Identification: The blip functions can be accumulated to identify the potential outcomes, as summarized by the
theorem (Robins| 2004) below. We show the proof for completeness.

Theorem 2. Adjustment via blip functions (Theorem 3.1 from |Robins|(2004))) Given a policy d between time t and
t + 7, the following identification holds under the sequential ignorability assumption in 2}

Y@ | Ho=h] = BY + 3 por(Xevrrn Avarwshe) | He = bl (17)
k=0
where pt,k(Xt+1:t+k7At:t+k;ht) = 'Yt’k(Xt+1:t+k:7 (At:t+k717dt+k:)§ht) - 'Yt,k(Xt+1:t+kaAt:t+k;ht)-

Proof. By the definition of ~; ;,, we could write 4 ; into the following form:

'Yt,k(xt+1:t+ka (at:t+k—1> dt+k) ; ht)

=E [Y(at“kihgt%) — Ytk Oeikn) | X4y = Tegtiths Avtrk—1 = Qpirh—1, Apre = degr, Hy = ht}
TR [Y(at#kihdt%) — Yt 0denii) | X4y = Topsshs Ak = Qpen, He = ht] (18)
Similarly:
’)’t,k(l’t+1:t+k7 at:t+k); ht)
Déf.E {Y(adeHkH) — y(atttr—1,0.ds i1 1) | Xegtiok = Tertioah, Avtak = Qppyn, Hp = ht] (19)

This implies that:
Ptk (Xt+1:t+k, Atk ht)

= ’Yt,k(Xt+1:t+k, (At:t+k717 dt+k); ht) = Vt.k (Xt+1:t+k7 Atk ht)
»EEg {Y(At”k*l’d‘”) — Y@tk decii) | Xy yggn, Aprn, Hy = ht} (20
By consistency Y (Aut+-) — Y and that by towering law of the conditional expectation:
E[ﬂt,k(Xt-s-l:t-s-k, Apprks ht) | Hy = ht]
=B |E[y (A din) oy @i | Xpppn, Avir, He = hi) | He = hel
_E [Y(Am%_l,%) ~yAeindin) | B, = ht} 1)

Summing up for k = 0,1, .,, 7, we observe that all the middle terms cancel off:

E Zpt,k (Xt+1:t+k;At:t+k§ ht) | Hy = ht‘|
Lk=0

- ZY(At:t+k—17dt+k) _ Y(At:t+k:dt+k+1) | H, = ht‘|
Lk=0

—E[Y?D _v|H = ht} (22)
This is equivalent with the Eq. (3). O
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Figure 6: Visualization of the blip fusnction y; ;. The blip function quantifies the localized treatment effect at each time
step.

Lemma|2]shows that, in order to estimate the potential outcomes, it suffices to estimate the blip functions. Now the iden-

tification problem is reduced into correctly estimating these blip functions. Suppose 'yg (5 he) = (fyjjo, fytT,l, cey fytTJ)
is an arbitrary candidate function that takes x4 1.4+, at.++ as input and is subject to the following conditions:

Vk € [077'], '7:7k(xt+l:t+ka (at:t+k71,0); ht) = 0. (23)
Let:
T
Hp(v) =Y+ (’Yj,k(Xt-i-l:t-i-jv (Aperj1,dety) = Y (Xerrergs At:t+j)) (24)
=k

Then, with Lemma|Z| and the sequential conditional ignorability, theorem 3.2 from |[Robins|(2004) states that the moment
restriction below is satisfied. Here we present it as a crucial lemma and show the proof for completeness.

Lemma 1. Moment restriction for blip functions When (23)) is satisfied, then for arbitrary function Sy, the following
two condictions are equivalent:

1. ’yj}k(-, -3 hy) is the true v, i, (-, 5 hy).

2. The following moment restriction is satisfied:

E [Ho (0D (Se(Xet v Avr) = EISe (Xt Aven) | Xevvoins Avern]) | Ho=hu| = 0
@5)

Proof. We only prove the direction of 1 — 2, which already conveys the core thought of the moment restriction.

‘We denote:
Ri(Xie1:t4k, Avierr) = Sk (Xgtie4k Avietr) — E[Sk(Xeqvotphs Avt) | Xerotahs Aver—1, He = hy

18



Observing the LHS of (23):

LHS. =E [Ht,k(VZ)Rk(XtH:Hk,At:t+k) | Hy = ht}

= [E [He e (V) R (Xt ttks Aerr) | Xewtierns Avarn] | He = ht}
:E (He e (ve) | Xetvitn, Avern] -+ Bi(Xeprarn, Avern) | He = ht}

Lem. B [ [
BB [ |y (Aeers-dip) |Xt+1:t+kaAt:t+k:| - R (Xiqtitqky Avegr) | He = ht]

=E

Ignor. [ [
'R Y (Asttr-1,d 1) | Xt+1:t+kaAt:t+k—1] - R (Xisviqk, Avgr) | He = ht:|

E

Tow: I

IR |E |y Astre-1.derr) | Xt+1:t+kaAt:t+k—1:| - E[Re(Xtg1t4ks Atitt) | Xegiotphs Aptpr—1] | He = hy
E

Def., [
=FE

_Y(At:”k*l’dt*’“) | Xt+1:t+k7At:t+k:71:| - 0| H = ht] =0 (26)

O

To further reduce the complexity of the moment restriction to achieve locally efficient doubly robust estimator
(see Section 3.3 from Robins|(2004)), we could substract Hy 5 (v*)(235) by its conditional expectation E[Hy x (7)) |
Xtttk A1)

E[ (o () = B O) | Xevrarhs Aveir 1)) Re(Xesvsns Apesn) | He = ha| = 0 @7)

Parametrization of the blip function: To achieve parametric rates of the estimation, we use the common semi-
parametrization of the blip functiorﬂ (Lewis & Syrgkanis}, |2021; Robins} 2004):

Ve k ($t+1:t+k¢7 At:t+k ; ht) = ¢t,k‘(ht)/at+k (28)

Here 1, 1, is a function that maps a given H; = hy to ¢, ;. (h;), which is the parameter of the blip function ~y, j (-, - ht).
Intuitively, these 9, 1 (h;) works as the coefficients in a linear parametrization. Hence, we call them in our method blip
coefficients and the mapping 1, 1, () blip coefficient predictor or blip coefficient estimator.

Deriving the moment restriction of SNMM: We abuse the notation of H; ;(y;) with using the parameter 1), to
represent the H k('yf *) as Hy ;. (1¢). For convenience, we introduce several notation for residuals:

gt,j,k =Airj —E[A | Xeyragr Aseyr, He =he), 0<k<j <7 (29)

Yie =Y —EY | Xigrtths Avits He = hyl, 0<k<T (30)

Then we could derive the following (with definition of H; (-) in ), which is an adaptation from [Lewis & Syrgkanis
(2021):

E|Hy k(1) — E[Hy g (¢0) | Xigrirn, Avarno1] | Hy = ht} =Yk — Y Ui A (31)
=k
Moreover, we specify Sy (T4 154k, Qtit+k—1) = Gt from Lemmall] then:
Ri(Xeq1:t4k, Atti—1)
=Sk (Xt 1:04k> Atitrk) — E[Sr(Xeqroths Avitr) | Xeprotan, Avtrn—1, He = he] = Ag ji i (32)
Therefore, the moment restriction in could be simplified as:

vk €{0,...,7}: E[(Zk - Z wt,j(ht)lgt,j,k - wt,k(ht)/gt,k,k> Zt,k,le | Hy = ht] =0 (33)
j=k+1

which is the primary moment restriction for our setting, adapted from Lewis & Syrgkanis| (2021)). To estimate v, (h;) we
need to solve the set of equations defined in (33)) in an iterative way (See Algorithm 3 from Lewis & Syrgkanis| (2021)):

"In our paper, we choose the simplest parametrization for clarity. In fact, the blip functions could have more sophisticated
parametrizations, such as 7y (xt+1;t+k,at;t+k ;ht) = Y1k (ht) Gtk (Te41:t4k, at:t+k 5 he), where ¢ is a nonlinear, him-
dimensional feature map (Lewis & Syrgkanis| [2021} Robins| [2004).

19



1. Step 0: for k = 7, solve @Zt,T(ht) e R"

2. Step T — k, (k > 1), With the given ¢ ;(hy), 5 > k, solve ¢y i (hy).
Each step we need to solve a linear equation, which has a unique solution under standard assumptions (see Theorem
8 from |Lewis & Syrgkanis| (2021)). And since the solution is unique, the solution equals the true blip coefficients.
However, we argue that this classical method has limitations due to its sequential nature which prevents us from batch

training. Noticing that solving (33)) is equivalent to solving this minimization problem, we successfully establish the
estimation of v, under risk minimization paradigm, suitable for training with neural networks:

~ T ~ ~ ~ 2
Uiw = agmin E[(Voe— 0 5, 00) A = Bun(he) Ao ) | (34)
Y k() EP Jj=k+1

Estimating CATE over time: Once the parameters v (h;) = (¢1,0(h¢), .., Y1~ (hy)) are estimated, we could proceed
to estimate the potential outcome from Eq. (3):

B[y @ ‘ H, = 1]
= JE[Y + Zpt,k<Xt+1:t+k,At:t+k;ht) ‘ H, = ht:|

k=0

= E[Y + I;J{[J\t,k(ht)/(dt+k — Ayr) | Hy = ht] . (35)

Then the CATE over time under treatment sequences a* and b* is computed by taking difference between the potential
outcomes respectively Lewis & Syrgkanis|(2021)); [Robins|(1994; 2004):

B[y @) — y®) ‘ H, = ht}

= B[ berlhe) [(@fs = Avre) = Ois — Aesn)] | He = h]
k=0

= B> Yenlhe) (a7 h = i) | He = ]
k=0

.
= Zwt,k(ht)/(a;ﬁk+k —bitr) (36)

k=0
The expectation term vanishes since all the terms left are constant in the conditional expectation, enabling us to directly

estimate CATE over time.

B.2 NEYMAN ORTHOGONALITY OF THE L?-MOMENT LOSS

Frechet Derivative: The Fréchet derivative of any functional £(f) is defined as:

0
L) (37)

where h = (p, q) is the nuisance parameter, 6 is the trainable weight of the blip prediction model from Stage 2. Our
objective is to show that:

Yo, DiL(f)[v] =

Dh(&gED’k(G; h)) =0 (38)

where Dy, is the Fréchet derivative w.r.t. the nuisance function h. This property is called the universal orthogonality
(Foster & Syrgkanis| [2019), which mandates that the gradient of the loss 9L p (0; h) has a vanishing derivative over
the nuisance parameters h. A functional loss that satisfies this property is more robust to the perturbation of the nuisance
parameter, since the first-order error of i would only have a second-order effect on the gradient. Secondly, with the
universal Neyman orthogonality, it is possible to achieve lower prediction error (Foster & Syrgkanis) 2019), as stated in
the theorem in Section [B.3
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Recall that our double-optimization-adapted L?-moment loss at step k is:

L, = Lp k(05 h) = E[(Y Pk (Hetr) — Z " (H) (Asy — e (Higr)) (39)
j=k+1

_wt,k(Hﬁ 9)/(At+k - Qt,k,k(HtJrk)))Q}a

where h = (p, q) is the nuisance parameter, where p = {p; |0 < k <7}andq={q: ;|0 <k <j <7} andfis

the trainable weight of the blip prediction model from Stage 2. ¢§?;)(Ht) is the pseudo target resulting from gradient
detachment in the adapted loss.

First, we denote:

or(0,h) =Y — prp(Hepr) — Z O (D (Avsg = G (i)
j=k+1
_1/)t,k(Ht; H)I(Awk - Qt,k,k(Ht+k))7 (40)

then, we derive the gradient of Lp j, over §. Note that the nuisance functions py 1, g:,j,» does not depend on the model
weight 6, the gradient is then:

O0L 1 (0,1) = E |2 64.(0,h) - =09t (1: 0) (Avsr — du(Hirn) |- (41
Let
6,(0,h) = =09ty 1 (Hy; 0) (Avsr — qegor(Higr)), 42)
Then we have
BoLp(0,h) =2 E[@(&, h) - 65(0, h)}. 43)

Then we proceed to show that the Fréchet derivative of gL p 1 (6, h) over py ., g¢ ; x (Where j > k, and ¢4 , , are all
Zero.

(1) Orthogonality over p; ;: Note that Dy, , 6x(6,h) = 0and Dy, , 1(0,h)[v] = v(H;ir). then

Dy, 00Lp,(0: )lo] =2 E[v(Hsr) - 31(6,h)]
=2. E{]E[U(Ht-&-k) 0 (0,0) | Ht+k]}
=2 B [v(Hyar) - BI040, 1) | Hol]

’U(Ht+]€) . O:| =0. (44)

(2) Orthogonality over ¢; j ,: Note that Dy, ., ¢r (0, h)[u] = w(pb)( +)u(Hyeyr) and Dy, ., 0x(6,h) = 0, then

qt,j.k

Do 0L, (0, 1) u] =2 - E[0fF) (H) u(Hin) - 610, 1)

=2 E[E[) () u(Hirk) - 06(0,1) | Hepsl]
=0. (similar to the proof of p; 1) 45)
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(3)Orthogonality over ¢, ;i:  Note that Dg, , , ¢r(0,h)[u] = vy (Hy,0) u(Hiyy) and D
60¢t,k(Ht§ 9)/U(Ht+}<;), then

Dy 00L (0, W)u] =2 - B[, (Hy, 0)'w( i) - 646, ) + (46)
O (0, h) - Dy (Hes ) u(Hrer) |
=2 E[E [t (i, 0)'u(Hypr) - 04(0, 1)+ 47)
On(0. 1) - Ot (e 0)' u(Herr) | Hes] |
=2 [V (Hy, 0) u(Hiii) - B[00, ) | Hepa] + (48)
E[61(0. 1) | Hesn] - Ootbr(Hes ) u(Hyrr)|

—2.E }/)t,k(Ht, 0)u(Hyir) - 0+ 0 - Oty o (Hy; 9)’u(Ht+k)}
=0. 49)

6u(0.h) =

qt.k.k

Putting (1), (2), (3) together, we prove that the overall Fréchet derivative of JgLp 1 (6, h) over nuisance parameter h is
zero. And hence, the adapted L?-moment loss satisfies universal Neyman orthogonality.

B.3 THE MSE RATE THEOREM

A mean squared error (MSE) guarantee under finite samples for the estimator @t in a primary heterogeneous setting,
where the conditioning variable is the static feature X (see theorem 10 from [Lewis & Syrgkanis|(2021). We point
out that the conclusion of the theorem could be extended to our setting, where conditioning variable is the history H;.
Before we show the theorem, we clarify the prerequisite notations and regular assumptions:

Mathematical notations:

1. Norm of a function in function space Define the norm for a vector-valued function ¢ : X — R¢, then the
u, v-norm is defined as:

d o
19 ]luw = Exmpy [ (X)) 4] (50)
i=1
We point out that when u = v, the u, v-norm degenerate into the normal norm: || - ||, = || - || Further, we

could define the product norm between two functions f, g as:

1
R R 1 /v T v r W v
1£ 0 glluw = E IO lgD2] T =B | (3 £ - 0:00") ] (5
i=1 i=1
2. Localized Rademacher complexity: The localized Rademacher complexity is an extended concept of the
standard Radmacher complexity. It measures the the fitting capacity of a function space F where functions
have bounded second moment. Formally it is defined as:

n

1
RPX,H(}-; 5) = Eel:vuxl:n"’PX sSup - Z Ezf(Xz) (52)
FEF:||fll2<s T i=1

Assumptions: We adapt the assumptions from the original heterogeneous setting (Lewis & Syrgkanis| [2021) to
conditioning on the history varible H;:
1. All the variables and functions in our problem setting are bounded.
2. A regularity assumption regarding the treatment variables: The following quantities are also bounded:
v 2/v
ckj = sup sup E [||Ct,k,j||u’u | H = ht} / < 400 (53)
t<T—7 hy€H,
where Cy 1, j := Cov(Asik, Aetj | Hitr), and:
Vhy € Hyy E[Crpr| Hi=h) = M (54)
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3. The u, co-norms of v, ;, are bounded by:

M := max max ||¢tk‘

< +o00 55
t<T—7 0<k<T,hr k€T, i e (53)

Theorem 1 (Adapted from Heterogeneous R-learner(Lewis & Syrgkanis,[2021)): Suppose the assumptions above
are satisfied. Let d,, be an upper bound on the critical radius of the star hull of all the function spaces

{9 ki — Ve ki tre|SL—r) kel icr]

and that §,, = Q <\/ Tlogilog(")) Suppose:

~ A 2
Vist<T—r  max Bg . [Il(qt,m = Qto,k) © (Gtg — Qt,j,k)Hg,g} = 0(r*5; ) (56)
Vist<T-7, max Eg . [H(ﬁt,k,k = Qtk,k) © (Ptk —Pt,k)H;g} = O(r?37, 5), (57)

then the blip coefficient predictor zzt, % trained under the L2-moment loss satisfies:

Bk = } —0(P5), 6o BB, (58)

2
max max [E ‘
t<T—7 ke{0,..,7} 2,2 n

The theorem uses the notion of critical radius which is often applied to describe the statistical complexity of functional
spaces(Wainwright, 2019). Intuitively, the theorem states that when:

* our sequential neural architecture is correctly specified and trained with empirical risk minimization,
* the product norm between nuisance networks has a error small enough,

* the boundness assumption stated above are satisfied,

( log log(n) )

then our trained neural network for predicting the sequential blip effect will only have an 2 root mean

squared error rate.
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C THEORETICAL JUSTIFICATION FOR THE DOUBLE OPTIMIZATION TRICK

Our double optimization trick implements the blip estimation stage with a simultaneous gradient update. This section
provides the theoretical rationale for this design. We show that our approach is a practical, one-step approximation of
an iterative process that is guaranteed to converge to the correct solution.

1. We define an idealized, iterative solution operator and prove that it converges to the true blip coefficients.
2. We derive an error propagation bound for a single application of this operator.
3. We discuss the practical implications of this theory for our model’s training and error propagation.

C.1 ITERATIVE OPERATOR FOR LEARNING BLIP ESTIMATORS

The L2-moment loss from Eq. (5) in the main chapter defines a system of interdependent optimizations. The solution
for the blip coefficients at step £, i.e. 1y, depends on all the future steps j > k. This sequential solution scheme
is, however, extremely slow. Hence, we replace it with a fixed point iteration scheme, which leads to the same exact
solution.

Let ¥ be the space of all possible blip coefficient functions ¥ = (4, . .., %, ). We define an operator T' : ¥ — W that
maps an input set of functions 1(°'9) to an output set 1p("*). The k-th component of the output is defined as the exact
minimizer of the loss at step k, using the input functions as targets:

(new)

ik (hi) = argmin E
"z’\t,k:(‘)e\l’

2
(Ytk_ Z wt(ﬂd hy) Atyk_¢tk(ht) Atkk) ] (59)

j=k+1

Our double optimization trick is a practical, gradient-based 1mplementatlon of a single iteration of this operator
The input 19 in practice, is just the output of the detached network 1/12 in Eq. (7). The loss function Ly, = >, £ bhp
is constructed to optimize the summed targets from Eq[59] The goal of the update step of the double optimization

is to make the trained blip prediction network one step closer to the ideal target output w(new Actually, this kind of
approach is not a new heuristic. It resembles the policy update in actor-critic methods in reinforcement learning: A
single gradient step of the policy is taken to approximate the arg max operation on the Q-value function.

Convergence of the operator: A fundamental property of this operator is that it looks backward. The output at

step k, wt &

Z;:T +1( .) is an empty sum that equals zero. The definition of ’L/Jt - ) is therefore independent of the input 1)),

This means for any two different input blip estimators 1) and ¢, the operator produces the exact same output for the
final step: T'(¢), = T(¢) .

This provides a stable anchor at the end of the horizon. When the operator T is applied again, the output for the
second-to-last step, 1; »—1, will now also be uniquely determined, as its only dependency is on the now-fixed final step.
This logic propagates backward through all time steps. After 7 4 1 applications of the operator, any initial difference
between two blip predictors will vanish completely. This means that, starting with an arbitrary 24"%! the output of the
operator converges to the true blip coefficient after 7 + 1 iterations.

depends only on the input functions from future steps j > k. At the final time step £ = 7, the term

C.2 ERROR BOUND OF THE OUTPUT OF THE OPERATOR

In previous section, we have shown the convergence property of the transformation 7'. In practice, our double
optimization trick is only an approximation of 7". Therefore, in this section, we analyze how estimation errors propagate
through a single application of the operator T.

C.2.1 FORMAL ASSUMPTIONS
We invoke two standard regularity assumptions:

1. Strong Overlap: The smallest eigenvalue of the conditional covariance matrix Cy(h;) = E[ﬁt,ky kﬁg kol Hie = hi
is larger than some o2, > 0.

2. Bounded Moments: The conditional cross-moments of treatment residuals are bounded. There exists a constant
M < oo such that E {||At7k7kA; jk||§|Ht = ht} < M?2.
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C.2.2 DERIVATION OF THE ERROR BOUND

Let A = (M) _ (in) be the difference between two input estimators, and A" = T'(¢p(™) — T(¢(™) be the
difference in their outputs. The closed-form solution to the least-squares problem in Eq. equation[59] gives the difference
at step k:

A () =E | ~Cr(he)~ Z A gose Ay ;1A (he) | Hy = Iy
j=k+1

By taking the squared norm, applying Jensen’s inequality, Cauchy-Schwarz, and our assumptions, we can bound the
expected error (see derivation below):

E[|A™)? < C Z E[| A 2] (60)
j=k+1

where the constant C' =

TM?
4

min

depends on the horizon and the data properties (overlap and moments).

Proof.
r 2
AL (ho)[[2 = |[E | ~Cu(he) Z A Ay A () | H, = by
L Jj=k+1
2
(in) s .
<E |||Cx( Z At k kAt i kA (he) ‘Ht = h (by Jensen’s Inequality)
j=k+1

2

<E [1Ceh) B ST Aus Al A0 (hy) ‘Ht—ht

Jj=k+1
< lpg B S e d A m| o, = 4 i
S (r—k) Z tk, kAt j kD (he) t = Ny (Assumption 1 & Cauchy-Schwarz)
min j=k+1
< 1o 2 3 1A ) P 1 =
min j=k+1
T — k M2 T in .
N IO (Assumption 2
min j=k+1
Taking the expectation over H; on both sides yields the final bound in Eq. equation [60} O

C.3 PRACTICAL IMPLICATIONS

This theory provides two crucial insights for our practical implementation.

First, the error bound confirms the importance of the stable anchor at £ = 7. Because the error at any step k£ depends

only on the errors from future steps, if we can learn an accurate estimator for the final step, @tﬁ, its correctness will
propagate backward to stabilize the learning of all preceding estimators. The loss for the final step, Lgllp, is exactly the

original L2-moment loss £, in Eq. , guaranteeing that zZt’T converges to its true target.

Second, the bound quantifies how errors can accumulate. In practice, our one-step update will not be perfect. Let

€r = E[Hzﬁtk — 97 ||I?] be the total MSE at step k, and assume a minimal unavoidable error of . at each step (due to
finite data or model misspecification). The error recurrence is:

€x ~ 0 +C Z €

j=k+1
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From this, we can derive a recursive relationship between adjacent steps: €1 ~ (1 + C)ex + (0g—1 — 0k ). Assuming
the base error dy, is roughly constant (6x_1 = Jy), this simplifies to €1 = (1 + C')eg. Unrolling this recursion from
the final step backwards gives:

e~ (1+0) e~ (14+0) 6, (61)

This bound shows that errors can grow exponentially with the distance from the final step, 7 — k. This underscores the
importance of having strong data overlap (to keep C' small) and an accurate model (to keep the base error d.- small),
especially for applications involving long horizons.
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D EXTENDED RELATED WORKS

D.1 NON-PARAMETRIC MODELS

There have been some attempts to use non-parametric models (Schulam & Sarial [2017} [Soleimani et al.} 2017; Xu et al.|
2016)) to estimate CATE or CAPO over time, yet these approaches impose strong assumptions on the outcomes, and
their scalability is limited. For these reasons, we focus on neural methods, which offer better flexibility and scalability
for complex, high-dimensional medical data.

D.2 TREATMENT EFFECT ESTIMATION OVER CONTINUOUS TIME

A streamline in the literature, orthogonal to ours, is estimating HTEs or potential outcomes over continous time.
Prominent examples like [Hess et al.| (2024)); Seedat et al.|(2022) leverage Neural Controlled Differential Equations
(NCDEs), a method well-suited for modeling dynamic systems, to address the problem. However, these continuous-time
models introduce significant complexity and computational overhead, limiting their practical applicability. Hence, we
only focus on discrete-time treatment effect estimation.

D.3 BALANCED REPRESENTATION BASED APPROACHES

Learning the balanced representation to predict treatment effect or potential outcome is very popular. Similar to the
previously introduced Causal Transformer (Melnychuk et al.| [2022), Wang et al.| (2024) adopts an adversarial generative
approach to learn the balanced representations, which reduces the confounding bias. [Wang et al.|(2025a)) introduces a
de-correlation strategy that removes cross-covariance between current treatments and representation of past trajectory,
based on a data selective state-space model architecture called Mamba. However, balanced representation-based methods
are considered biased because they are only heuristics that lack formal theoretical guarantee for adjusting confounding.
In fact, these methods were originally designed to reduce finite-sample variance, not to mitigate confounding bias.
Moreover, the process of enforcing such balance would even introduce more bias (Melnychuk et al.| 2024).

D.4 OTHER MODEL-BASED APPROACHES

Wang et al.|(2025b)) proposed Variational Counterfactual Intervention Planning (VCIP), a framework that uses variational
inference to directly model the likelihood of the potential outcome over sequential interventions. The method relies
on the assumption that the ELBO derived from observational data truely approximates the interventional likelihood.
However, this is hard to verify. Furthermore, the approach uses simple distributions such as Gaussian (state transitin)
and Beta (outcome distribution) distribution, which may fail to capture the complex relationship, leading to biased
estimation.

Meng et al.| (2024) introduces the COSTAR framework that first pre-trains a transformer-based encoder using a self-
supervised loss and then fine-tunes the encoder to predict the factual outcome. The work lacks a causal adjustment
mechanism, hoping that the pre-trained transformer can incidentally transfer to the setting of estimating counterfactual
outcomes. Hence, the approach is a heuristic and does not properly adjust for time-varying confounding.
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E ADDITIONAL RESULTS

E.1 ABLATION STUDIES

We report the ablation studies on (1) the neural backbone of the sequential encoder and (2) the L?-moment loss with
double optimization trick. To this, we further introduce the following baselines:

1. DeepBlip-LSTM: We replace the transformer architecture in the sequential encoders Eé\fv , 5’55; of nuisance
network and blip prediction network by the LSTM network. From the experimental results below, we find that
DeepBlip-LSTM is still highly effective: it outperforms other baselines, which proves the effectiveness of our
propose DeepBlip framework regardless of the instantiations. From the examples of DeepBlip instantiated
by transformer and LSTM, we demonstrate that our DeepBlip framework can seamlessly integrate popular
sequential networks.

2. DeepBlip-WDO: We remove the double optimization trick (WDO stands for Without Double Optimization)

and only make a single forward pass on 1); to construct the L2-moment loss. In this scenario, we discard the
mandate on the order of solving the blip coeffcients estimators, which is required for a correct estimation in
SNMMs. This way, we are able to identify the contribution of applying the double optimization trick. Our
results show that DeepBlip-WDO suffers from high estimation error and thus, demonstrate the necessity of the
double optimization trick.

We report the RMSE on both synthetic dataset and semi-synthetic dataset as in the experiment section. We adopt the
similar test setting in experiment section, where we test the performance against growing time-varying confounding vcont
in the synthetic data experiment and test the performance against increasing prediction horizons 7 in the semi-synthetic
dataset.

E.2 GRANULAR ANALYSIS OF THE BLIP COEFFICIENTS PREDICTION

So far, we only demonstrate the overall RMSE on the CATE over time estimation. Our DeepBlip works by predicting
the blip coefficients 1;(H;) = (V1.0(Hy), . . ., ¥¢.-(Hy)) € R+D4a In this subsection, we report a granular analysis
on the prediction of the blip coefficients, bringing more transparency to our DeepBlip.

In fact, we could directly derive the ground truth personalized blip coefficients ¥, = (¢,0(Hy), . .., ¥, (H;) for both
the synthetic dataset in[F.I)and semi-synthetic dataset in[F.2] This enables us to accurately evaluate the performances of
all the blip coefficient predictors. Specifically, we visualize the distributions of all the components of the difference
between the true blip coefficients and the prediction v); — &t € R(7+Dda  For synthetic dataset, we set ¥ = 5 and
7 = 2. For semi-synthetic dataset, we set v = 1 and 7 = 4. In both settings, we use DeepBlip models instantiated
by transformer that achieve the lowest RMSE and DeepBlip models trained without the double optimization trick to
further demonstrate its necessity. The results from Figure 9] and Figure[T0] show that our DeepBlip model is indeed
capable of predicting each blip coefficient with high accuracy while with low variance. This supports our claim that
DeepBlip achieves robust estimation of CATE by decomposing the total effect into incremental blip effects with
controlled error. Further, by comparing the blip prediction of DeepBlip with and without double optimization, we see
that the double optimization trick is essential to generating unbiased blip coefficient estimates.
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Figure 7: Ablation study on the tumor growth synthetic dataset. We explore two ablations: (1) We replace the transformer
sequential encoder of DeepBlip and GT by LSTMs to create DeepBlip-LSTM and G-LSTM. (2) We remove the
double optimization trick to create DeepBlip-WDO. As in previous experiment, we report the average RMSE against
increasing confounding ~qonr. We note that DeepBlip-LSTM is still more competitive than other baselines, which
indicates the effectiveness of the model-agnosti framework of DeepBlip. DeepBlip-TRM, as our originally proposed

model, remain the strongest.
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Figure 8: Ablation study on the MIMIC semi-synthetic dataset. Same ablations are investigated using the average
RMSE against increasing projection horizon 7. Even though DeepBlip-LSTM slightly underperforms the original
model DeepBlip-TRM, it is still superior over other baselines. Hence, our proposed DeepBlip framework is robust over
longer prediction horizon regardless of the backbone. We also observe that DeepBlip-WDO fail to predict CATE as
accurately as the proposed DeepBlip-TRM. This shows that the adoption of an stable L2-moment loss, together with
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the double optimization trick, are crucial for learning the blip coefficients unbiasedly.
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Figure 9: Tumor synthetic dataset (y.ont = 5, 7 = 2): We visualize the distribution of the difference between the
ground truth blip coefficients and the predictions made by our blip prediction network. Observing the histogram marked
in blue represented by our DeepBlip, we find that the blip prediction network unbiasedly predict the blip coefficients,
which offers proper adjustment for the confounding.
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Figure 10: MIMIC semi-synthetic dataset (Yeonf = 1, 7 = 4): We conduct the same visualization. When &k grows, the
prediction gets more accurate. We expect this to happen, since 9 - is the first to optimize by the double optimization

trick and then 12)})7_1 and so on. In contrast, the blip prediction network trained without double optimization exhibits
significant bias and generally higher variance. This implies that the double optimization trick is crucial for the training
DeepBlip.
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F DATASET

In this section we will give a more detailed elaboration of the data generating process as well as the key simulation of
the counterfactual outcome (namely the potential outcome). The treatment effect is then achieved by substracting two
counterfactual outcomes.

F.1 TUMOR GROWTH DATASET

We specify the dynamic of the tumor growth model to be:

Yipi=Y: + (Plog(m(f,(l)) + €t+1)m(Yt—l) —m(Yi—)oecir +m(Y i) (andir + Brdiy ) (62)
t—
Tumor Growth
o, o, By are the coefficients on the treatment effect of chemotherapy and radiotherapy, p, K together control the
growth model. m(Y;_;) represents the mean of tumor volumes Y7, .., Y;_;, where [ is a lag parameter. The averaging
of the volumes avoids abrupt changes for the tumor volume. The chemotherapy drug dosage c; and the radiation dosage
d; are applied with probability:

Chemotherapy Radiotherapy

- con Y v Dmam
A5, Af ~ Ber (o (12 Dy (7)) - =200)) (63)
Since the probability distribution is determined on the mean of previous 15 steps’ tumor volumes D15(Y;), time-varying
confounding exists through future outcomes with its influence controlled by the strength parameter Ycor, s

To generate the observational dataset, we simulate the trajectories of N = 1000 patients with maximal sequence length
T = 30 under confounding strength vcon s € {0,1,...,10}, resulting in 11 datasets Dy 1 ,,,,. Then we split the
simulated dataset into training, validation and test set by a split of (70%, 15%, 15%).

Simulating counterfactuals: For the test dataset, we compute the ground truth CATE by simulating the counterfactual
outcomes Y, and YtlfH via a sliding window treatment along the sequence. To simulate the counterfactual outcome

Yt(fT) under an intervention a* € R("+1)*2 during [t,t + 7] for the tumor growth model, we iteratively compute the
counterfactual trajectory starting from the observed history H;. The DGP of outcome is consistuted by the lagged
dependency on tumor volume averages and the cumulative effects of treatments. Here we provide a strict formulation of
the counterfactual outcome generation process, including the mathematical formulation and the steps for simulation.

Given the observed history H; = (X, A;_1,Y_1), the counterfactual trajectory {Ys(a )}g'g under intervention
a* =[af,a;,,...,a},] (Where a} = (c},d})) is generated with the following steps:

1. Initialization: Get observed history: Y, for s < ¢. Note Yt(fz) =Y, .

2. Tterative simulation: For each time s € [t,t + 7 — 1], we simulate Y;,(i;) based on previous simulated

outcomes. Notice that since | > 7, s — [ < ¢, then m(Y s_;) is unaffected by the interventions and therefore
could be treated as constant when conditioning on H;. Therefore we have:

. . K _
Y2 =Yy plog [ —=— | m (V1) + e
s+1 s +P og <m (Ys—l)> m( l) +e +1

Growth Term
3% 3% 2
= m(Yeop) oty — m (Yeoy) (ardiyy + Br(diy,)?), (64)
Chemotherapy Effect Radiotherapy Effect
where €, 1 is the original noise term during the generation of the observational data. c,,d;, are the
intervened chemotherapy and radiotherapy dosages at s + 1, drawn from a*

Under this iterative scheme, we could compute the final counterfactual outcome Yt(fT).

Treatment effect: We then proceed to compute the individual conditioned treatment effect for a patient under treatment
a* and the null treatment 0. Observing the process in (64)), we find that the growth term cancels off each other during
the substraction, leaving only the terms for chemotherapy effect and radiotheraopy effect:

t+7

V) v =3 {m (Vo) acchy +m (Vorr) (andiy + Br(diin)?)} (65)
s=t
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The individual treatment effect is calculated for all the units on the test dataset D, in a sliding treatment window
rolling over ¢t € {1,..,T — 7}, producing Ny.s+ X (T — 7) targets of individual treatment effect. We use these individual

treatment effects as realizations of the CATE target IE[Yt(fT) - Yt(fz | Hyl.

F.2 MIMIC-III SEMI-SYNTHETIC DATASET

MIMIC Data and Semi-Synthetic Benchmark We use the MIMIC-Extract pipeline (Wang et al.,|2020) to preprocess
the MIMIC-III ICU dataset (Johnson et al., 2016), aggregating hourly clinical measurements. Missing values are
addressed via forward and backward filling, and continuous time-varying covariates are normalised. Our semi-synthetic
dataset extends [Schulam & Sarial (2017) to achieve ground-truth treatment effects.

Cohort & Features: A cohort of 1,000 patients is selected, restricted to ICU stays of 50-100 hours (T(i) € [50,100)).
The feature space includes 18 time-varying vital signs and 3 static features (gender, ethnicity, age), where categorical
variables are one-hot encoded. These variables, dynamic and static, are concatenated together to form a covaraite vector
X € X withd, = dim(X) =184+ 2+ 3+ 1 = 25.

Untreated Outcomes: For each patient 7, the untreated trajectory Zgi) are simulated as:

7 = a,B-spline(t) + agg ) (t) + o f2(X )+ &, e~ N(0,0.005%), (66)
Endogenous Exogenous Noise

where ozfg, ag, ozjc € [0, 1] control component weights. The endogenous term combines: (1) a global trend B-spline(t)
sampled from three cubic splines; (2) patient-specific local variations g7 (*) (t) from a Gaussian process with Matérn

kernel (length-scale ¢ = 2.0). The exogenous term is modeled by the effect fz (Xt(l)) via random Fourier features
(RFF), which approximates Gaussian process. By combining the three terms we are able to simulate a complex untreated
outcome that has a intrinsic trend modeled by (1) endogenous denpendencies on a different scale (B-spline for the
global trend and RFF for the local perturbations), and (2) an exogenous dependency on the time-varying covariated Xj;.
The untreated outcome model presents a challenging task which requires complex deep neural networks.

Treatment Assignment: 2 binary treatments A!, [ € {1,2} are assigned sequentially using:
pi =0 (Vam(Yicwi—1) + v fx (Xe) +0'), Al ~ Bernoulli(p}), (67)

where (v} = 2.5,v% = 1.0,74% = 2.0,7% = 0.25) control confounding strength, b = (—3.5, —1.75) biases treatment
probability, and f% (-) uses RFF approximations of Gaussian process similar to fy. The term m(Y;_,,.;—1) computes
the average of prior outcomes over a window [t — w, t — 1].

Treatment Effects: Treatments affect outcomes via cumulative effects that decay over time:
t 2
BiAir! (Xi) z Ly

E(t) = ——————=, where k'(X;) =tanh((w')' X;) +1 (68)
where w = 5 defines the effect window, and the inverse square root decay ensures maximal effect 5; at application
time ¢. Effects are summed across all treatments to model the local treatment effect at time ¢. Sparse dependencies are
enforced: Outcomes are affected by at most 3 covariates. The function ! further provides heterogeneity to the treatment
effect by scaling the full effect 3, parametrized by the coefficients w! € R (also sparse). These arrangements increase
the challenge to estimate treatment effect compared to previous benchmarks (Hess et al., 2025} [Melnychuk et al., 2022).

Observed outcomes: Finally, we combine the untreated outcome and the treatment effects together to form the
observed outcome trajectories: _ _ _
Y/ =27 + E(t) (69)

Simulating counterfactuals: To generate the counterfactual outcome under an intervention a* € R("+1*2 during
[t,t+ 7], we intervene on the treatment effect F(¢) by replacing the observed treatments A; by the intervened treatments
a* while keeping the untreated trajectory Z; and covariates X; unchanged (note that the covariates X; are predefined
vital signs which remain unaffected during the DGP). The counterfactual outcome Y57, at time s € [t, ¢ + 7] is:

s 2 *,1 1
. calt i kNXG)
Y | Ho= Zor v 3 ZM’
" e o i=t+7—w I=1 Vi+T—i+1

E* (t+)
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where: Z, ; is the untreated outcome (identical to the observed scenario). The treatments are divided by intervention
period and the observed period (history)

A af’l ift <i <t+ 7 (intervention period),

i Aﬁ otherwise (observed treatment).

And £!(X;) = tanh((w!) T X;) + 1 encodes effect heterogeneity via covariates. The simulation is performed for the
units only on the test set in a sliding window treatment pattern. This means we start by conditioning on /; to simulate
counterfactual outcome at time 7 + 1 and end at ¢ = T' — 7 to simulate counterfactual outcome at time 7". This results
in Niest X (T — 7) counterfactual outcomes under intervention a*.

The full implementation is available in our GitHub repository, including parameter configurations for reproducibility.
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G BASELINE METHODS

We select six baselines to demonstrate the performance of our DeepBlip for CATE estimation over time. They are (1)
History adjusted plug-in learner with LSTM instantiation (HA-TRM) (Frauen et al [2025)), (2) recurrent marginal
structural networks (R-MSNs) (Lim), [2018)), (3) counterfactual recurrent network (CRN), (Bica et al.,[2020) (4) G-Net
(Rui Li et al.| [2021])), (5) G-transformer (GT) (Hess et al., 2025)), and (6) causal transformer (CT) (Melnychuk et al.,
2022)). We will provide details for each baseline and briefly introduce the theory framework of MSM and G-computation.
The hyperparameter tuning is detailed in Appendix][.5]and Appendix [[.6]

G.1 HISTORY ADJUSTED WITH TRANSFORMER (HA-TRM)
A naive approach for estimating CATE over time is to create a regressor with the treatment as the condition:
59(Gt:t+ra ht) ~ E[Y%Jrfr | Apitr = Qpepyr, Hy = ht]
where 39 is a non-parametric model (like neural networks). Then we estimate the CATE of a* and b* as:
dp(a™, hy) = dp(b", he) ~ E[Yiyr | Appir = @*, Hy = hy] — E[Yiyr | Aperr = b", Hy = Iy

This method is given the name PI-HA learner (plugged-in history adjusted meta-learner) from the work of [Frauen et al.
(2025). We instantiate this method with the transformer architecture to encode the history into a latent representation
(see Appendix [[), which is then fed into a fully connected linear network to predict the outcome.

Since this approach does not adjust for time-varying confounding, it is biased (Frauen et al.| 2025). While an advantage
of the HA-TRM is low-variance, it is subject to the level of confounding within the dataset as we observed in the
experiment.

G.2 MARGINAL STRUCTURAL MODELS (MSM) AND ITS NEURAL EXTENSION

MSM Framework: Marginal Structural Models (MSMs) (Hernan et al.l [2001; Robins et al.,2000) address time-varying
confounding via inverse probability of treatment weighting (IPTW). IPTW re-weights the targets to create a pseudo
population that approximates the randomized controlled trial. With projection horizon 7, the stabilized weight (SW) at
time ¢ for each sample is defined as:

t+7
f n‘An 1
I | 70
f(A, ) (70)

where f(A,|A,_1) and f(A,|H,) represent treatment probabilities conditioned on past treatments or full history.
These treatments are assumed discrete, often binary. The probabilities are estimated via logistic regressions. In practice
the weights are truncated at 1st and 99th percentiles to avoid numeric overflow and then renormalised (Liml 2018].
However, this division of probabilities still creates significant instability due to the sequential multiplication of the
propensities in Eq. (70).

Recurrent Marginal Structural networks (R-MSNs): R-MSNs (Lim, [2018) extend MSMs via LSTM networks.
Four components constitute the whole R-MSNs: propensity treatment network, propensity history network, encoder,
decoder. Each sub-network uses LSTM as the sequential modeling architecture and a fully connected network to
produce the desired prediction. Here is a detailed description of each model:

* Propensity Network (conditioned on past treatment) estimates numerator of SW (¢, 7).
* Propensity Network (conditioned on history) estimates denominator of SW (¢, 7).
* Encoder maps history H; to latent representation

* Decoder predicts T-step outcomes using the representation generated by the encoder from last step.

In our experiment, we replace the LSTM backbone of the encoder and decoder by transformers to ensure fairness.
Training occurs in 3 phases: (1) First the two propensity networks are trained to predict the binary treatment probabilities
using binary cross entropy losses. Then the stabilized weights can be computed for subsequent training of encoder and
decoder. (2) Encoder is trained to predict the 1-step ahead outcome with the computed SW (-, 1)-weighted MSE. (3) The
decoder takes the latent representation from the encoder and then transform the vector into the latent representation fit
for the decoder via a memory adapter (normally a fully connected linear layer). The decoder then predict the 7-step
outcome with the S (-, 7)-weighted MSE.
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In each phase, the training loss is aggregated through averaging the local loss at each time step 0 < ¢ < T — 7 (identical
to our DeepBlip). At each local time step ¢, a representation is built with the transformer for the tasks. For more details
please refer to|Liml (2018]).

G.3 CAUSAL ESTIMATION VIA BALANCED REPRESENTATIONS

Counterfactual recurrent network (CRN): CRN (Bica et al.,[2020) employs adversarial learning to create treatment-
invariant representations. CRN heuristically addresses the time-varying confounding through creating temporal
representations that are non-predictive of the treatment assignment. For this an LSTM encoder-decoder architecture
with gradient reversal layers is built to enforce balanced representation:

* Encoder: LSTM produces hidden states h,
* Balanced Representation: ®; = FC(hy)

e Adversarial Loss:
d

L= Y1 —Gy(®,A)|* - AZ Lia,—a; log Ga(®) (71)

Jj=1

Here, Gy predicts outcomes while G 4 attempts (but fails due to gradient reversal) to predict treatments from ®,. We
fix A = 1 as in original implementations.

Causal transformer (CT): CT (Melnychuk et all 2022) is the first transformer-based approach that estimates
potential outcomes over time. CT employs a multi-input transformer architecture specifically designed to create history
representations ®; under time-varying treatment effect estimation setting. On top of ®;, two additional networks are
built:

* Gy: The outcome prediction network, which predicts the 1-step-ahead outcome Y, using ®; and the
current treatment A;.

* (G 4: The treatment classifier network, which attempts to predict the current treatment A; from ®,.

Similar to CRN, CT attempts to create representations that are predictive of outcomes but non-predictive of treatment
assignments, thereby mitigating confounding bias. To this, CT proposes counterfactual domain loss (CDC). The loss

consists of: (1) Factual Outcome Loss: L, = ||[Yi+1 — Gy (®;, A;)||? This mean squared error ensures that ®, is
useful for predicting Yy1. (2): Confusion Loss: Leops = — Z?;l di log G 4 (®;) This cross-entropy loss encourages

G 4 to output a uniform distribution over treatments, making ®, treatment-invariant.

The training of CT involves optimizing two adversarial objectives:

* Optimize representation parameters (fr) and Gy parameters (6y): (éy, éR) = argminLeq, (6y,0r) +

Oy ,0r
aﬁconf(eAa HR)

* Optimize the G 4 parameters (6 4): 64 = argminalea, (04, éR)
0a

During inference, CT autoregressively preditcts outcomes f’Hk using the balanced representations ®,; based on the
observed history H;.

G.4 G-COMPUTATION-BASED NETWORK (G-NET, G-LSTM)

Both methods are based on the G-computation formula (Robins, |1986; Robins et al., |1999):

E[Yt(f:tﬁ) | Hy = ht] = E{E[ ’ 'E{]E[Ytﬂ | Hyry At = at;t+r]

’Ht+7—717 Appyr1 = at:t+772} (72)

‘Ht+17At:t+1 = at:t+1:| H; = }_LtyAt = at}
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Due to the nested structure of G-computation in [72] the model misspecification error get easily propagated through the
iterative steps, leading to potential bias and high variance.

G-Net (Simulation-based) G-Net(Rui Li et al.| [2021) is the first neural network model that uses G-computation to
esimate CAPO over time. It make the Monte-Carlo simulation based on the integration:

/ E [Yt+r | Hypr =hiyr 1, Aptyr = at:tJr'r]
Réda X (1) xRy X (7)

- 73
X Hp(ﬂft-s-é,yt-s-é | H; = ht,$t+1:t+6—1,Z/t:t+6—17@t:t+6—1) (73)

5=1
d($t+1:t+771, yt:t+7-71)

G-Net predicts the potential outcome in two steps:

1. Estimate the conditional distribution p (2145, Y46 | He = Nty Tr1:646—1, Ytit+0—1, Ct:t+5—1)

2. Compute the empirical sum of M (M=>50) trajectories via Monte-Carlo simulation to estimate the integration

in[73]

G-Net originally uses LSTM to encode the history into a hidden state, with an extra linear transformation layer mapping
the hidden state to the latent representation. We replace the LSTM architecture by a transformer in our experiment
to ensure fairness. The representation is fed into output computing head (Fully connected networks with respective
activation output) to predict the conditional distribution. For fairness, we replace the LSTM encoder with the encoder
of the transformer.

G-transformer (regression-based) Unlike G-Net, which uses Monte-Carlo simulation, G-transformer (GT) (Hess
et al.,[20235)) is built via a iterative regression on the pseudo outcomes defined as:

L Gfyr = Yo

2. G?+5 = E[G?+5+1 | H§+5;At:t+5 = at:t+5] for 6 = O, s T — 1

GT predicts the outcome in a masked transformer encoder. It uses transformer to encode the history at ¢t + § into a
representation Z; 45 = z4(hi4s), and then predicts the pseudo outcome at step J as:

5 v
95(Ziys, Arrs) = Giys

And then the CAPO is predicted as g9 (Z;, a¢). The encoder z,(-) is instantiated by a transformer architecture similar
to CT (For more details see |[Hess et al.|(2025)).

G.5 DynNamic DML

The Dynamic DML method (heterogeneous version) is implemented as originally designed (See [link to the code
(Supplemental material))), using sequential g-estimation to solve the blip predictors. Since the original method was
developed for static covariates, we adapt it to our time-series setting by concatenating all variables in the patient history
H, into a single, high-dimensional feature vector. This vector then serves as the conditioning variable for the Dynamic
DML model. To ensure fairness, the nuisance residuals (Y, A) are taken directly from our trained Stage 1 nuisance
network, providing both methods with inputs of the same quality. However, in its second stage, Dynamic DML is
limited because it can only accept a history variable from a fixed time step. This limitation prohibits the use of a
complex neural network in scenarios where one needs to take dynamic patient history as input. Hence, we follow the
original implementation and use the LASSO regression to model the blip coefficient predictor.
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H ALGORITHM

Algorithm 1 DeepBlip training algorithm

1: Input: Dataset D, horizon 7, feature map ¢, number of folds W, learning rates nn, 5
2: Output: Blip prediction network (£ , gb’gB)wgB
3:
4: First Stage: Train Nuisance Network (£;' ,gp} gqé;’j)
5: Partition D into W folds: S, Ss, ..., Sw
6: Partition D into W folds: Sy, So,...,Sw
7: for each fold w = 1to W do
8: Train nuisance network on D \ S,,
9: foreacht=1toT — 7,k =0to7do
10: Zﬁ-k — gév(ht+k)
11: ﬁk(%ﬁk) A gpgN (zﬁ-k)
12: Ef,k = (Yier — ﬁk('zi]\—&[—k)y
13: forj=kto7do
14: quyk(Zt]\-ff—k-) — gqé}f(zt]ik)
15: Qtj = d( Xegr:45, Avirj) — O(Xegr:4, (Apt4—1,0))
16: L}, = BOE(q; k(2% ), Qr,;) (if binary treatment)
17: end for
18: end for
19: Ly 7 3:17 (%ﬂ D oh—o Llp m D> isk>0 ‘Cg,j,k)
20: {Compute the gradient update the nuisance network parameter 6 }
21: HN(—HN—T]NVQN,CN
22: for each sample in S, do
23: Compute the residuals:
24: Vie = Yier —gpg (2000)
25: Avjn = A — gahe (2)
26 end for
27: end for
28:
29: Second Stage: Train Blip Prediction Network (E(EEe , gb]gB)
30: foreacht =1to 7T — 7 do
31 Compute the hidden state of the encoder:z < £f} (hy)
32: for k=0toTdo
33: PYi(zF) by, (2F)
34: VL) < g, (=) )
35: Lblip,t,k = (Yt,k - Z;:k+1 3 (2P) A jr — ,‘/’]1(ZtB),At,k:,k)
36: end for
37: end for

T—
38: Lotip < 705 Dopet (%ﬂ k=0 5bnp>t,k)
39: Compute the gradient update the blip prediction network parameter 6
40: Og + O — nBVQBEb],‘p
41:

Note: We use < operation for value assignment in the computation graph while <— operations are detached from the computation
graph.
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Algorithm 2 DeepBlip inference algorithm

1:

R A A

Input: Patient history H; = hy, treatment sequence a*, baseline treatment sequence b*
Output: CATE estimate E[Yt(f:T) - Yt(fT) | Hy = hy]

Step 1: Compute the hidden state of the encoder

2P E(i (hy)

Step 2: Predict the blip coefficients

Pi(2) = gbg, (2F)

Step 3: Estimate CATE

(when ¢ only depends the last treatment: ¢(x11.¢4k, Grt4k) = G(atak))

CATE = Y77 _ i (2P) (¢(a}) — 6 (b))
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I IMPLEMENTATION DETAILS

In subsection we introduce the runtime of our system. We provide a runtime comparison of the different methods
in subsection Then in subsection [[.4] and we introduce how to instantiate our DeepBlip with LSTM and
transformers respectively. In subsection [.5]and subsection[[.6] we report the details of hyperparameter tuning.

I.1 SOFTWARE & SYSTEM

Our DeepBlip is implemented using PyTorch (Paszke et al., 2019), combined with PyTorch Lightning
(Falcon et al) 2019) for streamlined code organization and model training. Our code is available at
https://anonymous.4open.science/r/DeepBlip-A39B. Training and inference are performed on a single GeForce RTX
4080 with 18GB memory.

1.2 RUNTIME COMPARISON

In this section we report: (1) The runtime for training a single epoch on the training set, (2) The runtime for inference
on the test set, and (3) The theoretical runtime required to identify the optimal treatment offline. The last metric is
crucial for efficient offline treatment planning in practical medical scenarios. During the test, we choose transformer as
the main backbone for all the selected methods. For two stage methods like RMSNs and DeepBlip, the first stage uses a
simpler LSTM instantiation instead for higher efficiency. The results are reported in table[3]

Baselines like HA-TRM, RMSNs, CRN, CT estimate one conditional average potential outcome (CAPO) over time
within a single inference. Therefore it takes N (7) inferences to identify the treatment sequence with best outcome,
where N (7) denotes the number of possible treatment combinations within the time window [t, ¢ + 7]. G-Net computes
the CAPO over time by performing Monte Carlo simulations, generating M trajectories for each possible treatment
sequence. G-transformer only predicts the CAPO under a fixed intervention sequence, which means it requires additional
N (1) — 1 re-trainings to calculate all the possible outcomes. Our DeepBlip, however, estimates CATE over time via
predicting blip coefficients to identify the treatment combination with the optimal effect. By Eq. 4] only one forward
pass to predict the blip coefficients suffices to identify the optimal treatment. Hence, although our DeepBlip is not the
most efficient method during training or inference, it is significantly faster in offline treatment planning, which is
critical for personalized medicine.

1.3 TRANSFORMER INSTANTIATION FOR DEEPBLIP

Our DeepBlip uses the transformer architecture to encode history into a latent representation. The transformer is
built upon the multi-input transformer from causal transformer (Melnychuk et al.l 2022)). The transformer is specially
designed for medical application where the inputs include the outcomes, covariates and treatments. Each type of
variable has a corresponding sub-transformer. The three sub-transformers perform not only the classic multi-headed
self-attention within themselves, but also the cross-attention in-between. This ensures that information is shared across
these sub-transformers.

Let the three sub-transformers be 2 (-), k = 1,2, 3. Suppose for k = 1, the input sequence is the U* = (X1, ..., X;).
Then the sub-transformer zéf () generate the representation in the following steps.

Methods Training (t7) Inference (¢;)  Offline optimal treatment identification
HA-TRM (Frauen et al.}[2025) 25+04 0.16 +0.04 tr - N(7)

RMSNs (Lim, [2018)) 72+09 0.30 £ 0.06 tr - N(1)

CRN (Bica et al.;[2020) 54+0.6 0.28 4+ 0.06 tr- N(7)

CT (Melnychuk et al.|[2022) 34405 0.20 £ 0.04 tr - N(1)

G-Net (Rui Li et al., [2021) 28+04 0.24 +0.03 tr-N(t)-M f

GT (Hess et al.|[2025) 2.6+ 0.4 020+ 004 (N(r)—1)-tp-ne+t;-N(r) T
DeepBlip (ours) 3.6 +0.5 0.17 £ 0.06 tr

T: G-Net performs M simulations to infer the potential outcome.
11: G-transformer requires re-training additionally N (7) — 1 times.

Table 3: Runtime report for the methods instantiated by transformers. ¢tz (in min) is the training time on the training
dataset per epoch. ¢; (in min) is the inference time on the test dataset. In the last column we report the time needed to
identify the optimal treatment. N (7) is the number of all possible combination of treatments during the future horizons
[t:t+7]
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Input transformation: The raw input first goes through a linear transformation:
HY = Linear),(U) € R dm (74)
, where H, (’f is the input of the first transformer blocks.

Transformer blocks: The multi-input sub-transformer has B transformer blocks. Within each transformer block, the
multi-headed self-attenttion and cross-attention are performed. Then the output goes through a feed forward network.
Here are the details of a transformer block at layer b.

(1) Multi-headed self/cross-attentions First the keys, queries and values, namely K, Q, V for n, attention heads, are
computed from the output from last transformer block:

Qy' = Hy'W5' + bt € Ridare,
KP' = HP'We' + by € Rivars,
V= B 4 b € Rk, 7s)

where i € [1,ny] is the index of a single attention head. Then the i-th attention is computed via a softmax over the
scaled dot-product:

ki gk T
. Ak .
Attn)’ = Softmax(M)ka’l (76)

\/ quv
The multi-head self-attention is then calculated by concatenating the attention heads:
MHA(QF, KF, Vi) = Concat(Attn}"", ..., Attn}""") € R m (77)

Since MHA(Q’;, K f, ka) has the same dimension as H, lf, then we could generate a new set of queries for the cross-
attentions with residual connection:

QF = Hf + MHA(Q}, Kf, Vi) (78)

The cross-attentions are put on top of the self-attention layers and uses the queries and keys from the other two
sub-transformers. For example, the multi-head cross-attention of sub-transformer k& with sub-transformer m is:

MHA(QF, K, V") = Concat(CrossAttn,” ™" ... CrossAttn,™"™"),  (m # k), (79)

where the CrossAttn is defined as:

) Nk KT )
CrossAttn’; ™ = Softmax Q) Vv, (80)
quv
Finally, the output is achieved by adding self-attention’s output and cross-attention’s output together:
ZF = Qf + Y MHA(Q}, K", Vy") + S. 81)
m#k

The static covariates S are added when pooling different cross-attention outputs (see section 4.1 from Melnychuk et al.
(2022))). The operations ensures that the information is shared across sub-transformers. Layer normalizations are added
for all the self- and cross attentions (Vaswani et al., 2017).

(2) Feed-forward networks The output of the attention mechanism is processed through a position-wise feed-forward
network (FFN) applied to each time step:

H,’f’ff = Linear(ReLU(Linear(Z})), (82)

where linear layers are followed by a dropout (Melnychuk et al.,|2022). The output H, z]f T serves as the input (H, If 1)
to the next transformer block. After processing through all B blocks, the final representation for sub-transformer &
becomes HE. These final representations are then aggregated via a element-wise average pooling followed by a linear
transformation and a exponential linear unit (ELU):

Hp = ELU(Linear(Pool(HL, H%, HE))) € RV, (83)

Hence, the transformer-based sequential encoder &y outputs the latent vector: Ey(H;) =hr; = Hp; € Rém at time
step t. We omit the positional encoding for better clarity. For more relevant details see section 4.2 from Melnychuk
et al. (2022).
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Our DeepBlip has two stages: (1) Nuisance network, and (2) Blip prediction network. Each stage uses a separate
sequential encoder: Eé\]’V for (1) and é}i for (2). To accelerate the training, we only instantiate S(fg by the transformer,
and use LSTM to instantiate (1). The underlying reason is that the demand for accuracy in Stage (1) is not as high as
Stage (2), as the L?-moment loss is Neyman orthogonal over the nuisance functions.

Nuisance Network: At each time step ¢, the nuisance network Estimates the nuisance functions:
Gjk(hisr) =E[Yipr | Hypp =hiyi), 1<t<T-71,0<k<7 (34)
Grje(Per) =E[Qu; | Hipno =hyi), 1 <t <T—7,0<k<j<7 (85)

Therefore a multi-head output layer is added on top of the encoder £, . The heads receive the representation hriv
from the encoder and transform the input with multi-layer perceptron networks:

L pep(hegr) = MLPO (bl ) & pog(hegr), k=0,1,.,7

2. Gijr(hesr) = MLPE,j’k) (hry) ~ qjr(herr), 0<k<j<rt
where MLPgC ) and MLPSIj *) are fully connected networks with ReLLU activations. Each MLP has input size of dj,
a single hidden layer with dpjggen perceptrons and an single output transformation that maps the hidden layer to a

1-dimensional output. For binary output in some ¢, ; x, an additional sigmoid activation is added to contract the range
into [0, 1].

Blip prediction network’s output Likewise a multi-head output layer is added on top of the sequential encoder E(i to
predict the blip coefficients. For each horizon k € {0,1.,,7}:

Di(he) = MLPG) (he) = ()
where MLPg;) maps hrtB to blip coefficients. MLPg;) has the same structure as the MLPs in stage (1).

1.4 LSTM INSTANTIATION FOR DEEPBLIP

DeepBlip-LSTM uses LSTM as the sequential encoders in two stages: 1. Stage (1) (Nuisance Network): Estimates
residuals for blip function estimation. 2. Stage (2) (Blip Prediction Network): Predicts blip parameters 1, 1 (h;).

Sequential Encoding via LSTM Each stage shares an individual LSTM to encode patient history. Let hz; be the
hidden state at time ¢. At each time step ¢, the input vector v; € R%mwu concatenates:

1. Static features X, € R%ute (remain constant across time)

2. Current time-varying covariates Xy € IR daynamic (ddynamic + dstatic = dz)

3. Previous treatments a;_; € R

4. Previous outcomes Y; 1 € R
to form the input vector:

V; = Concat(X,, Xg, Ar—1,Yi—1) € R* dippu = dyy + dg + 1.
Then the LSTM processes {Vt}thl into hidden state hs; and cell state c;:
(hsg, ¢p) = LSTM(vt, (hs;—1, Ct—1)),
where h; € R%iu Next we take the hidden state and derive the temporal representation of the patient state at time ¢:
hr, = ELU(Wj, - dropout(hs;) + by, ),

where Wy, € R Xdhaen jg a Jearnable projection matrix.

Above is the whole process of generating the temporal representation at time ¢. Since the DeepBlip has two stages,
therefore we need to train two separate sequential encoders: Eé\f\] (he) = hriv for the nuisance network and SQBB (he) =

hrf for the blip prediction network. The output layer of both stages remain the same as the DeepBlip-TRM.
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1.5 HYPERPARAMETER TUNING FOR TUMOR GROWTH DATASET

Table 4: Hyperparameter Tuning for Methods on Tumor Growth Data: We perform a random grid search with 20
iterations and choose the best hyperparameters for each task. C' = djppy is the dimension of the input. For the causal
transformer, the CDC coefficient is & = 0.01 (Melnychuk et al., [2022). The number of MC samples of G-Net is 50
(Lim, 2018). Models are either instantiated by LSTMs or transformers. Here we display the search ranges of the
original instantiations for each method. In the experiments, we adopt a universal instantiation type for all the baselines
for fairness. Hence, the performance comparison in experiment section is fair.

Method Component Hyperparameter Tuning Range
Transformer blocks (B) [1,2]
Learning rate (1) [0.01, 0.001, 0.0001]
Batch size [64, 128]
1 Attention heads (n) 2
HA-TRM (Frauen et al.}2025) | (end-to-end) Transformer units (cum) [0.5C, 1C]
hidden representation (dhr) [0.5C, 1C]
FC hidden units (dg.) [0.5dhr, 1di]
Number of epochs (n.) 10
LSTM layers (1) [1,2,3]
Learning rate (1) [0.1, 0.01, 0.001]
LSTM hidden units (dp,) [32, 64, 128, 256]
Encoder LSTM dropout rate (p) [0.1, 0.2, 0.3]
Balanced representation size (d,) | [0.5dn, 1dn, 2dn]
FC hidden units (ds) [0.5dp, 1dp, 2d,]
e Number of epochs (n.) 10
CRN (Bica et al.{[2020} LSTM Tayers () 23]
Learning rate (1) [0.1, 0.01, 0.001]
LSTM hidden units (dp) [256, 512, 1024]
Decoder Balanced representation size (d,) | [0.5dn, 1dn, 2dn]
FC hidden units (dg.) [0.5d, 1dp, 2dn]
LSTM dropout rate (p) [0.1, 0.2, 0.3]
Number of epochs (n.) 20
Transformer blocks (B) [1,2]
Learning rate (1) [0.01, 0.001, 0.0001]
Batch size [64, 128]
1 Attention heads (ny) 2
CT (Melnychuk et al.}[2022} (end-to-end) Transformer units () 10.5C, 1C)
hidden representation (dnr) [0.5C, 1C]
FC hidden units (dr) [0.5dhr, 1di]
Number of epochs (n.) 20
LSTM layers (1) 1
Learning rate (1) [0.1, 0.01, 0.001]
LSTM hidden units (dn) [64, 128, 256]
Treatment/History Propensity Network | FC hidden units (dg) [0.5dhr, 1dir]
LSTM dropout rate (p) [0.1,0.2]
Max gradient norm [0.5, 1.0, 2.0]
Number of epochs (n.) 10

R-MSNs (Lim{2018)

LSTM layers (1) 1
Learning rate (1) [0.01, 0.001, 0.0001]
LSTM hidden units (dp,) [256, 512, 1024]
Encoder / Decoder FC hidden units (ds) [0.5dhr, 1di]
LSTM dropout rate (p) [0.1,0.2, 0.4]
Max gradient norm [0.5, 1.0, 2.0]
Number of epochs (n.) 20
LSTM layers (1) [1,2,3]
Learning rate (1) [0.1, 0.01, 0.001]
LSTM hidden units (dp) [64, 128, 256]
G-Net (Rui Li et al.}[2021) (end-to-end) LSTM output size (do) [0.5dp, 1dn, 2dr]
Feed-forward hidden units (dr) [0.5d, 1dp, 2d]
LSTM dropout rate (p) [0.1,0.2]
Number of epochs (n.) 20
Transformer blocks (B) [1,2]
Learning rate (1) [0.01, 0.001, 0.0001]
Batch size [64, 128]
3 Attention heads (ny) 2
GT (Hess et al.|[2025 (end-to-end) Transformer units (dum) [0.5C.1C]
hidden representation (dnr) [0.5C, 1C]
FC hidden units (ds) [0.5dne, 1dne]
Number of epochs (n.) 10
LSTM layers (1) [1,2,3]
Learning rate () [0.1, 0.01, 0.001]
LSTM hidden units (dj) [32, 64, 128, 256]
Nuisance Network LSTM dropout rate (p) [0.1,0.2]
hidden representation size (d,.) [0.5dh, 1dn, 2dk]
FC hidden units (dg.) [0.5d, 1dp, 2dn]
Number of epochs (n.) 10
DeepBlip (ours) Transformer blocks (B) [1,2]
Learning rate (1) [0.01, 0.001, 0.0001]
Batch size [64, 128]
. . Attention heads (ny) 2
Blip Prediction Network Transformer units (dim) [0.5C,1C]
hidden representation (dhr) [0.5C, 1C]
FC hidden units (ds) [0.5dne, 1die]
Number of epochs (n.) 20
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1.6 HYPERPARAMETER TUNING FOR MIMIC-III DATASET

Table 5: Hyperparameter Tuning for Methods on MIMIC-III semi-synthetic Data: We perform a random grid search
with 20 iterations and choose the best hyperparameters for each task. C' = diypy is the dimension of the input. For the
causal transformer, the CDC coefficient is a = 0.01 (Melnychuk et al.| 2022)). The number of MC samples of G-Net is
50 (Lim, 2018)). Models are either instantiated by LSTMs or transformers. Here we display the search ranges of the
original instantiations for each method. In the experiments, we adopt a universal instantiation type for all the baselines
for fairness. Hence, the performance comparison in experiment section is fair.

Method Component Hyperparameter Tuning Range
Transformer blocks (B) [1,2]
Learning rate (1) [0.01, 0.001, 0.0001]
Batch size [64, 128]
1 Attention heads (n) 2
HA-TRM (Frauen et al.}2025) | (end-to-end) Transformer units (cum) [0.5C, 1C]
hidden representation (dhr) [0.5C, 1C]
FC hidden units (dg.) [0.5dhr, 1di]
Number of epochs (n.) 10
LSTM layers (1) [1,2,3]
Learning rate (1) [0.1, 0.01, 0.001]
LSTM hidden units (dp,) [32, 64, 128, 256]
Encoder LSTM dropout rate (p) [0.1, 0.2, 0.3]
Balanced representation size (d,) | [0.5dn, 1dn, 2dn]
FC hidden units (ds) [0.5dp, 1dp, 2dp]
e Number of epochs (n.) 10
CRN (Bica et al.{[2020} LSTM Tayers () 23]
Learning rate (1) [0.1, 0.01, 0.001]
LSTM hidden units (dp) [256, 512, 1024]
Decoder Balanced representation size (d,) | [0.5dn, 1dn, 2dn]
FC hidden units (dg.) [0.5d, 1dp, 2dn]
LSTM dropout rate (p) [0.1, 0.2, 0.3]
Number of epochs (n.) 20
Transformer blocks (B) [1,2]
Learning rate (1) [0.01, 0.001, 0.0001]
Batch size [64, 128]
1 Attention heads (ny) 2
CT (Melnychuk et al.}[2022} (end-to-end) Transformer units () 10.5C, 1C)
hidden representation (dnr) [0.5C, 1C]
FC hidden units (dr) [0.5dhr, 1di]
Number of epochs (n.) 20
LSTM layers (1) 1
Learning rate (1) [0.1, 0.01, 0.001]
LSTM hidden units (dn) [64, 128, 256]
Treatment/History Propensity Network | FC hidden units (dg) [0.5dhr, 1dir]
LSTM dropout rate (p) [0.1,0.2]
Max gradient norm [0.5, 1.0, 2.0]
Number of epochs (n.) 10

R-MSNs (Lim{2018)

LSTM layers (1) 1
Learning rate (1) [0.01, 0.001, 0.0001]
LSTM hidden units (dp,) [256, 512, 1024]
Encoder / Decoder FC hidden units (ds) [0.5dhr, 1di]
LSTM dropout rate (p) [0.1,0.2, 0.4]
Max gradient norm [0.5, 1.0, 2.0]
Number of epochs (n.) 20
LSTM layers (1) [1,2,3]
Learning rate (1) [0.1, 0.01, 0.001]
LSTM hidden units (dp) [64, 128, 256]
G-Net (Rui Li et al.}[2021) (end-to-end) LSTM output size (do) [0.5dp, 1dn, 2dr]
Feed-forward hidden units (dr) [0.5d, 1dp, 2d]
LSTM dropout rate (p) [0.1,0.2]
Number of epochs (n.) 20
Transformer blocks (B) [1,2]
Learning rate (1) [0.01, 0.001, 0.0001]
Batch size [64, 128]
3 Attention heads (ny) 2
GT (Hess et al.|[2025 (end-to-end) Transformer units (dum) [0.5C.1C]
hidden representation (dnr) [0.5C, 1C]
FC hidden units (ds) [0.5dne, 1dne]
Number of epochs (n.) 10
LSTM layers (1) [1,2,3]
Learning rate () [0.1, 0.01, 0.001]
LSTM hidden units (dj) [32, 64, 128, 256]
Nuisance Network LSTM dropout rate (p) [0.1,0.2]
hidden representation size (d,.) [0.5dh, 1dn, 2dk]
FC hidden units (dg.) [0.5d, 1dp, 2dn]
Number of epochs (n.) 10
DeepBlip (ours) Transformer blocks (B) [1,2]
Learning rate (1) [0.01, 0.001, 0.0001]
Batch size [64, 128]
. . Attention heads (ny) 2
Blip Prediction Network Transformer units (dym) [0.5C, 1C]
hidden representation (dhr) [0.5C, 1C]
FC hidden units (ds) [0.5dne, 1die]
Number of epochs (n.) 20
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