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Abstract001

Reinforcement learning with verifiable rewards002
improves reasoning in large language models003
(LLMs), but many methods still rely on large004
human-labeled datasets. While self-play re-005
duces this dependency, it often lacks explicit006
planning and strong quality control, limiting007
stability in long-horizon multi-step reasoning.008
We present SAGE (Self-evolving Agents for009
Generalized reasoning Evolution), a closed-010
loop framework where four agents: Challenger,011
Planner, Solver, and Critic, co-evolve from a012
shared LLM backbone using only a small seed013
set. The Challenger continuously generates in-014
creasingly difficult tasks; the Planner converts015
each task into a structured multi-step plan; and016
the Solver follows the plan to produce an an-017
swer, whose correctness is determined by ex-018
ternal verifiers. The Critic scores and filters019
both generated questions and plans to prevent020
curriculum drift and maintain training signal021
quality, enabling stable self-training. Across022
mathematics and code-generation benchmarks,023
SAGE delivers consistent gains across model024
scales, improving the Qwen-2.5-7B model025
by 8.9% on LiveCodeBench and 10.7% on026
OlympiadBench.027

1 Introduction028

Large language models (LLMs) have achieved re-029

markable advancements in reasoning tasks such030

as mathematics and coding through reinforcement031

learning (RL) techniques (Guo et al., 2025; Sheng032

et al., 2025; Sun et al., 2024). However, these meth-033

ods often depend on large-scale human-curated034

datasets for verifiable rewards, posing scalability035

challenges and limiting autonomous adaptation as036

models approach superhuman capabilities (Zhao037

et al., 2025a; Chen et al., 2025).038

Recent efforts have explored self-play and multi-039

agent frameworks to enable self-evolution with-040

out extensive external data. For instance, self-play041

paradigms like SPIRAL (Liu et al., 2025) and Ab-042
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Figure 1: Overview of the SAGE framework. Four
specialized agents—Challenger, Planner, Solver, and
Critic—interact through quality filtering and format val-
idation to enable closed-loop self-evolution.

solute Zero (Zhao et al., 2025a) leverage verifiable 043

environments for autonomous improvement, while 044

multi-agent systems such as MARS (Yuan et al., 045

2025) and MAE (Chen et al., 2025) facilitate col- 046

laborative reasoning through role specialization. 047

Despite these advances, existing approaches strug- 048

gle with open-ended domains lacking robust ver- 049

ification and often fail to integrate planning for 050

complex, multi-step tasks (Huang et al., 2025; Gao 051

et al., 2025; Yue et al., 2025). 052

To address these gaps, we propose SAGE 053

(Self-evolving Agents for Generalized reasoning 054

Evolution), a closed-loop multi-agent framework 055

that enables LLMs to co-evolve in verifiable do- 056

mains like math and coding using only minimal 057

seed examples. As illustrated in Figure 1, SAGE in- 058

stantiates four specialized agents: a Challenger for 059

task generation, a Planner for strategy outlining, a 060

Solver for solution execution, and a Critic for qual- 061

ity assessment and format calibration. These agents 062

interact adversarially, with the Challenger rewarded 063
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for difficulty and the Solver optimized via verifier-064

based correctness, forming a self-rewarding cycle065

trained end-to-end using task-relative policy gradi-066

ents.067

Through experiments on mathematics and cod-068

ing benchmarks, SAGE demonstrates signifi-069

cant performance gains, outperforming baselines070

trained on human-curated datasets in sample effi-071

ciency and generalization. We outline our contribu-072

tion as follows:073

• We design a scalable multi-agent framework074

for self-evolving LLMs in reasoning tasks.075

• We propose a dual-role Critic mechanism en-076

suring task quality and solution verification.077

• We conduct empirical evidence of effective078

co-evolution in math and code domains under079

few-example settings.080

2 Related Work081

Reinforcement Learning for LLM Reasoning.082

Early work applied RL (e.g., PPO (Schulman et al.,083

2017)) to language tasks, but recent research fo-084

cuses on reinforcement learning with verifiable re-085

wards (RLVR) for reasoning (Wan et al., 2025). For086

example, DeepSeek-R1 (Guo et al., 2025) shows087

that RLVR can extend an LLM’s reasoning capabil-088

ities on math by training from correctness signals.089

WebAgent-R1 (Wei et al., 2025) is an end-to-end090

multi-turn RL framework that significantly boosts091

web navigation success using binary success re-092

wards. Critic-free RL variants (e.g., GRPO (Guo093

et al., 2025)) reduce training overhead, but typically094

still rely on human-curated or grounded environ-095

ments. Recent work has systematically character-096

ized agentic RL for LLMs, emphasizing capabil-097

ities like planning and self-improvement (Zhang098

et al., 2025; Wen et al., 2025; Wu et al., 2025). In099

contrast, SAGE learns from self-generated, verifi-100

able tasks with little external data.101

Multi-Agent LLM Systems. LLM-based multi-102

agent frameworks facilitate complex tasks via role103

specialization. MetaGPT (Hong et al., 2024) en-104

codes human-like workflows into a multi-agent as-105

sembly line, breaking down large tasks into sub-106

tasks among collaborating agents. CAMEL (Li107

et al., 2023) uses inception prompting to guide108

a society of role-playing agents, enabling study109

of cooperative behaviors in instruction-following110

tasks. MARS (Yuan et al., 2025) introduces a rein- 111

forcement learning framework where multi-agent 112

self-play enhances strategic reasoning capabilities 113

across cooperative and competitive tasks. These 114

systems demonstrate that coordinating multiple 115

LLM agents can enhance performance on com- 116

plex tasks (Zhao et al., 2025b; Zhu et al., 2025). 117

MARFT (Liao et al., 2025) applies multi-agent rein- 118

forcement fine-tuning to optimize LLM-based sys- 119

tems, and MALT (Motwani et al., 2025), which di- 120

vides reasoning into generation, verification, and re- 121

finement steps using heterogeneous agents. SAGE 122

extends this line by instantiating distinct agents 123

(Challenger, Planner, Solver, Critic) within one 124

LLM and jointly training them with shared feed- 125

back. 126

Self-Play and Self-Evolving Agents. Recent 127

works explore self-play and self-evolution to im- 128

prove LLMs autonomously. The SPIRAL (Liu 129

et al., 2025) framework shows that self-play on 130

zero-sum games can automatically induce gener- 131

alizable reasoning strategies without human data. 132

Absolute Zero (Zhao et al., 2025a) generates its 133

own coding problems and uses a code executor as 134

a verifier to self-critique and solve them, achieving 135

strong math and coding reasoning without exter- 136

nal data. Agentic Self-Learning (Sun et al., 2025) 137

is a closed-loop framework unifying task genera- 138

tion, policy execution, and reward modelling for 139

LLM agents in search environments. Additional ap- 140

proaches include AgentEvolver (Zhai et al., 2025) 141

enables efficient self-evolving through curiosity- 142

driven task generation and experience reuse, and 143

Agent0 (Xia et al., 2025), which unleashes self- 144

evolving agents via tool-integrated reasoning in a 145

co-evolutionary curriculum-executor loop. While 146

prior work has explored various components of 147

self-evolving agents such as planning and task gen- 148

eration (Gao et al., 2025; Fang et al., 2025; Belle 149

et al., 2025), SAGE is distinguished by integrating 150

planning and critic roles to decompose reasoning 151

and jointly train all agents for improved stability 152

and depth in math and code domains. 153

3 Preliminaries 154

Multi-Agent Reasoning in Verifiable Domains. 155

Let Mθ denote an LLM parameterized by θ. In 156

role-based multi-agent reasoning, multiple agents 157

share a backbone model. Still, they are conditioned 158

on different role instructions (e.g., proposer, plan- 159

ner, solver, evaluator) to enhance robustness via 160
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Figure 2: The SAGE training pipeline. (1) The Challenger generates questions from reference examples, filtered
by the Critic for quality; (2) verified questions expand the dataset; (3) sampled questions are processed by the
Planner and Solver to produce solutions; (4) all agents are jointly updated using Task-Relative REINFORCE++
with per-role advantage normalization.

collaboration and decomposition (Du et al., 2023;161

Liang et al., 2024). For a question q, agents pro-162

duce structured answers a. In verifiable domains163

(mathematics, programming), a domain-specific164

verifier Vgt(q, a, v) ∈ [0, 1] evaluates answer cor-165

rectness given a reference v (ground-truth or unit166

tests), enabling automatic reward computation with-167

out human annotation.168

Policy Gradient Optimization. To enable169

self-evolution, we frame agent optimization as170

reinforcement learning, maximizing J(θ) =171

Eq∼D,o∼πθ
[R(q, o)] where D is the task distribu-172

tion, R is the reward signal, and o is the output.173

REINFORCE++ (Hu et al., 2025) is a critic-free174

method that computes the advantage as At
q,o =175

r(q, o)− βkl
∑T

i=tKL(πθ∥πref)i with KL penalty176

to a reference policy, and applies global-batch nor-177

malization: Anorm = (A − µB)/(σB + ϵ). This178

stabilizes training and improves robustness across179

prompt distributions. To coordinate multiple agents180

with heterogeneous objectives, we adopt Task-181

Relative REINFORCE++ (Huang et al., 2025),182

which applies per-role advantage normalization:183

Arole
norm =

r − µrole

σrole + ϵ
, (1)184

where µrole and σrole are the mean and standard185

deviation computed over the corresponding role-186

specific batch.187

4 The SAGE Framework 188

SAGE is a fully automated, self-iterative evolution 189

framework requiring only a small seed set with 190

automatic verification signals. SAGE instantiates 191

four agents from a shared LLM backbone Mθ: 192

(1) Challenger generates challenging tasks with 193

verifiers; (2) Planner produces solution plans; (3) 194

Solver outputs final answers; and (4) Critic evalu- 195

ates quality and format compliance. These agents 196

engage in continuous co-evolution, with the train- 197

ing workflow illustrated in Figure 2. 198

In verifiable domains such as mathematics 199

and programming, SAGE forms a closed-loop 200

pipeline (challenge–plan–solve–criticize) that com- 201

bines multi-agent interactions with verifier-based 202

reward signals. The Challenger and Solver co- 203

evolve adversarially: the Solver is rewarded for 204

verified correctness, while the Challenger receives 205

difficulty rewards when the Solver fails under veri- 206

fication, pushing the curriculum toward harder yet 207

still solvable tasks. Quality filtering and verifier val- 208

idation are applied to prevent dataset degradation 209

and improve training stability. 210

4.1 Reward Design and Normalization 211

Format reward. Across phases, SAGE applies a 212

format reward rf ∈ [0, 1] to stabilize self-training 213

by enforcing required tags (e.g., <question>, 214

<answer>, <type>, <score>). In practice, rf is 215
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a soft score (not strictly binary): missing tags yield216

low reward, redundant tags may receive partial217

credit, and empty outputs fall back to a neutral218

value (e.g., 0.5).219

Score normalization. The Critic outputs220

scalar scores typically on a 1–10 scale inside221

<score></score>, which are normalized to [0, 1]222

by223

Norm(s) =


s, 0 ≤ s ≤ 1,
s−1
9 , 1 < s ≤ 10,

0.5, otherwise.

(2)224

4.2 Challenger Agent Training225

The Challenger proposes verifiable tasks to drive226

the Solver’s learning. During training, the Chal-227

lenger policy πc is prompted with reference prob-228

lems sampled from a small human-curated seed229

set D (about 500 examples across datasets), where230

each seed item includes a problem statement and its231

verifier (ground-truth answer or executable tests).232

Given a reference item (qref , vref), the Challenger233

generates a new problem q and an associated veri-234

fier v in a constrained format:235

(q, v) ∼ πc(· | qref , vref ; θ), (3)236

where θ represents the shared LLM parameters.237

Composite reward. The Challenger receives (i)238

a quality score sq ∈ [0, 1] from the Critic (clarity,239

relevance, well-formedness), (ii) a difficulty reward240

computed from the Solver’s verified success rate,241

and (iii) a format reward. Concretely, we estimate242

the Solver success by sampling Ns answers and243

verifying them with Vgt:244

aj ∼ πs(· | q; θ), j = 1, . . . , Ns,

s̄gt(q, v) =
1

Ns

Ns∑
j=1

Vgt(q, aj , v),

rd(q, v) = 1− s̄gt(q, v).

(4)245

Here, Vgt(q, a, v) ∈ [0, 1] denotes the domain-246

specific verifier (e.g., exact-match/symbolic grad-247

ing for math or test pass rate for code), πs denotes248

the Solver policy (formally introduced in Section249

4.4).250

The Challenger reward is computed as251

rc(q, v) =
1
3sq(q) +

1
3rd(q, v) +

1
3rf (oc), (5)252

where oc (resp. op, os, ocr) denotes the raw textual253

output of the Challenger (resp. Planner, Solver,254

Critic).255

Algorithm 1 Training Process of SAGE
Require: Base LLM πbase, iterations T , thresholds α, β,

sample size Ns

1: Init agents πc, πp, πs, πcr from πbase
2: Init dataset D ← D0 (each item has verifier)
3: for t = 1 to T do
4: Sample (qref , vref) ∼ D ▷ (1) Challenge Phase
5: (qt, vt)← πc(· | qref , vref)
6: sq ← Norm(πcr(qt)); validate vt
7: Sample aj ∼ πs(· | qt) for j = 1, . . . , Ns

8: s̄gt ← 1
Ns

∑Ns
j=1 Vgt(qt, aj , vt); rd ← 1− s̄gt

9: if sq ≥ α and vt valid then
10: D ← D∪{(qt, vt)}; rc ← 1

3
sq+

1
3
rd+

1
3
rf (oc)

11: else
12: rc ← 1

2
sq +

1
2
rf (oc)

13: end if
14: ▷ (2) Plan–Solve Phase
15: Sample (q, v) ∼ D; pt ← πp(· | q)
16: sp ← Norm(πcr(q, pt))
17: if sp ≥ β then
18: at ← πs(· | q, pt; θ); s̃p ← sp
19: else
20: at ← πs(· | q, ∅; θ); s̃p ← 0
21: end if
22: sgt ← Vgt(q, at, v)
23: rp ← λplansp + λfrf (op);
24: rs ← wps̃p + wcsgt + wfrf (os)
25: rcr ← rf (ocr) ▷ (3) Joint Update
26: Update πc, πp, πs, πcr using rc, rp, rs, rcr
27: end for

Quality filtering and difficulty suppression. To 256

prevent dataset degradation, we filter low-quality 257

questions with a threshold α (in this paper, α = 258

0.7), and also validate the generated verifier (e.g., 259

parsable and executable for code tests). Only can- 260

didates that satisfy both criteria are added to D. 261

Moreover, for sq < α, we suppress the difficulty 262

term to avoid rewarding “hard” but ill-posed tasks 263

and use 264

rc(q, v) =
1
2sq(q) +

1
2rf (oc). (6) 265

This stabilizes long-horizon self-training and miti- 266

gates reward collapse. 267

4.3 Planner Agent Training 268

The Planner πp generates a structured plan p for a 269

given question q, encapsulated in <plan></plan> 270

tags. The Critic evaluates the plan quality to pro- 271

duce a normalized score sp ∈ [0, 1]. 272

p ∼ πp(· | q; θ), sp = Norm
(
Critic(q, p)

)
.
(7) 273

If sp meets a gating threshold (in this paper, β = 274

0.3), the plan is provided to the Solver; otherwise, 275

the Solver answers directly. 276

For optimizing the Planner, we use a compos- 277

ite reward that combines plan quality and format 278
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compliance:279

rp = λplan sp + λf rf (op), (8)280

where λplan and λf are weighting coefficients (we281

use λplan = λf = 0.5 by default).282

4.4 Solver Agent Training283

The Solver agent is tasked with generating final284

answers based on the given question q and the plan285

p (if the plan passes Critic gating). The Solver286

policy πs produces an answer a, typically wrapped287

in <answer></answer> tags or Markdown blocks:288

a ∼ πs(· | q, p̃; θ), p̃ =

{
p, sp ≥ β,

∅, sp < β.
(9)289

Verifier-based composite reward (plan, cor-290

rectness, format). Solver correctness is com-291

puted by automatic verification in the target do-292

main (symbolic/metric-based grading for math, or293

execution-/test-based validation for code), yielding294

sgt ∈ [0, 1]. We combine plan quality, verified295

correctness, and format adherence as296

s̃p =

{
sp, sp ≥ β,

0, sp < β,
(10)297

298
rs = wp s̃p + wc sgt + wf rf (os),

wp + wc + wf = 1.
(11)299

In this paper, we use (wp, wc, wf ) = (0.2, 0.6, 0.2)300

as the default setting. If the plan score is unavail-301

able (e.g., when the planning module is disabled),302

we fall back to a simpler mixture of verified cor-303

rectness and format (e.g., 1
2sgt +

1
2rf ) to maintain304

robustness.305

In adversarial interaction with the Challenger,306

Solver failures under ground-truth verification con-307

tribute to the Challenger’s difficulty reward (Eq. 5),308

forming a co-evolutionary loop that progressively309

pushes the curriculum toward harder yet solvable310

problems.311

4.5 Critic: Scoring and Format Calibration312

The Critic provides two types of signals: (1) soft313

format rewards rf ∈ [0, 1] by checking required314

tags, and (2) quality scores for Challenger ques-315

tions (sq) and Planner plans (sp), normalized via316

Eq. 2. Importantly, in the verifiable setting, cor-317

rectness is determined by the external verifier Vgt318

rather than the Critic.319

The Critic policy πcr outputs a scalar score de- 320

terministically: 321

s ∼ πcr(· | x; θ), (12) 322

where x ∈ {(q, ·), (q, p)} denotes the evaluation 323

context (either a question alone or a question-plan 324

pair). Optionally, we calibrate the Critic with a 325

lightweight format-consistency objective 326

rcr = rf (ocr), (13) 327

which reduces parsing failures and improves stabil- 328

ity of downstream reward computation. 329

4.6 Multi-Agent Co-Training 330

A training step in SAGE comprises: (1) Challenger 331

Phase to generate verifiable candidate tasks and 332

expand D with quality-and-verifier filtering; (2) 333

Plan–Solve Phase where the Planner generates a 334

single plan scored by the Critic and the Solver is 335

optimized using the verifier-based reward in Eq. 10; 336

(3) Critic Phase (optional) for format calibration; 337

and (4) Synchronized Update that jointly updates 338

the shared backbone using Task-Relative REIN- 339

FORCE++ with per-role advantage normalization 340

(see Section 3). 341

5 Experiments 342

5.1 Experimental Setup 343

Training details Our framework is implemented 344

based on VeRL(Sheng et al., 2025), and we evalu- 345

ate it using the Qwen2.5-3B-Instruct, Qwen2.5-7B- 346

Instruct, and Qwen3-4B-Base models(Yang et al., 347

2025b,a). All agents are initialized from their corre- 348

sponding base models. We apply LoRA (Hu et al., 349

2021) with rank 128 and a learning rate of 3e-6. 350

Additional hyperparameter settings are provided in 351

Table 4. 352

Baseline Methods. To comprehensively assess 353

the effectiveness of the proposed SAGE frame- 354

work, we conduct experiments on several repre- 355

sentative foundation models, including Qwen2.5- 356

3B-Instruct, Qwen2.5-7B-Instruct, and Qwen3- 357

4B-Base. For each model, we report results for 358

both the original checkpoint and the correspond- 359

ing variant fine-tuned with SAGE. In addition, we 360

include Absolute-Zero-Reasoning (AZR) (Zhao 361

et al., 2025a) and Multi-Agent Evolve (MAE) 362

(Chen et al., 2025) as alternative training baselines. 363

Specifically, each model is trained for 200 steps 364

under AZR. For MAE, we adopt the half-reference 365

setting and train each model for 200 steps. 366
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Method HEval+ MBPP+ LCBv1−5 GSM8K Math AI24 AI25 AMC Olympiad C Avg. M Avg. O Avg.

Qwen-2.5-3B-Instruct

Base Model 68.3 60.6 12.0 84.6 60.4 3.3 6.7 40.0 28.0 46.9 37.2 40.4
AZR 68.9 61.4 15.0 81.2 62.4 3.3 3.3 35.0 28.9 48.4 35.7 39.9
MAE 68.3 61.1 15.9 82.2 65.8 3.3 3.3 32.5 32.5 48.4 36.6 40.5
SAGE 68.9 62.4 16.9 85.5 66.2 6.7 6.7 35.0 29.8 49.4 38.3 42.0

Qwen-2.5-7B-Instruct

Base Model 73.2 65.3 17.5 91.7 75.1 13.3 6.7 57.5 28.0 52.0 45.4 47.6
AZR 71.3 69.1 25.3 92.8 76.2 10.0 13.3 50.0 38.5 55.2 46.8 49.6
MAE 76.2 65.3 23.3 91.7 76.2 13.3 13.3 42.5 32.7 54.9 45.0 48.3
SAGE 76.2 64.0 26.4 92.2 74.7 13.3 13.3 52.5 38.7 55.5 47.5 50.1

Qwen-3-4B-Base

Base Model 76.8 65.3 21.5 94.5 87.0 16.7 13.3 77.5 49.0 54.5 56.3 55.7
AZR 74.4 65.0 26.1 89.3 76.2 10.0 13.3 50.0 41.5 55.2 46.7 49.5
MAE 76.2 65.3 24.2 94.5 92.0 13.3 10.0 70.0 43.7 55.2 53.9 54.4
SAGE 75.6 62.4 30.6 94.3 91.0 16.7 10.0 75.0 47.9 56.2 55.8 55.9

Table 1: Main results on reasoning benchmarks. Comparison of post-training methods across three model scales.
We report pass@1 accuracy (%) on code generation (HumanEval+, MBPP+, LiveCodeBench) and mathematical
reasoning (GSM8K, MATH, AIME 2024, AIME 2025, AMC, and OlympiadBench). C Avg., M Avg., and O Avg.
denote the mean scores over code, math, and all benchmarks. SAGE achieves the best overall performance across
all three model backbones. Bold indicates best per LLM backbone.

Training and Evaluation Datasets. Our training367

set comprises 500 instances sampled from MATH368

(Hendrycks et al., 2021a), GSM8K (Cobbe et al.,369

2021), HumanEval (Chen et al., 2021), and MBPP370

(Austin et al., 2021), with detailed statistics in371

Appendix B. We evaluate on two domains: (1)372

Mathematical Reasoning: GSM8K and MATH (in-373

distribution, ID), along with four competition-level374

benchmarks—AIME’24, AIME’25, Olympiad-375

Bench (He et al., 2024), and AMC’23 (Hendrycks376

et al., 2021b)—as out-of-distribution (OOD) tests.377

(2) Code Generation: HumanEval+ and MBPP+378

evaluated via Evalplus (Liu et al., 2023) (ID), and379

LiveCodeBench (Jain et al., 2024) v1–v5 (May380

2023–February 2025) for OOD assessment. We381

report the accuracy (pass@1) based on greedy de-382

coding across all benchmarks.383

5.2 Main Results384

Table 1 presents the performance of SAGE and385

baseline methods across code generation and math-386

ematical reasoning benchmarks on three model387

backbones.388

Consistent Improvements Across Model Scales.389

SAGE achieves the highest Overall Avg. on both390

Qwen-2.5-3B-Instruct (42.0%) and Qwen-2.5-7B-391

Instruct (50.1%), outperforming all baselines in-392

cluding AZR and MAE. On the 3B model, SAGE393

improves upon the base model by 1.6% overall,394

with notable gains on in-distribution benchmarks395

Backbone Method ID Avg. OOD Avg.

Qwen-2.5-3B

Base Model 68.4 18.0
AZR 68.5 17.1
MAE 69.4 17.5
SAGE 70.8 19.0

Qwen-2.5-7B

Base Model 76.3 24.6
AZR 77.4 27.4
MAE 76.8 25.0
SAGE 77.4 28.8

Qwen-3-4B

Base Model 80.9 35.6
AZR 76.2 28.2
MAE 82.0 32.2
SAGE 80.8 36.0

Table 2: ID and OOD generalization comparison.
SAGE consistently improves OOD performance (+4.2%
on 7B) without sacrificing in-distribution accuracy.

(GSM8K: 84.6% → 85.5%; MATH: 60.4% → 396

66.2%). Similarly, on the 7B model, SAGE yields a 397

2.5% improvement over the base model in Overall 398

Avg., demonstrating consistent effectiveness across 399

model scales. 400

Strong Out-of-Distribution Generalization. A 401

key strength of SAGE lies in its generalization 402

to out-of-distribution benchmarks. As shown in 403

Table 2, SAGE achieves the best or near-best 404

OOD Avg. across all three backbones (19.0%, 405

28.8%, and 36.0% respectively), while maintain- 406

ing competitive ID Avg. scores. This balanced 407

improvement is particularly evident on Qwen-2.5- 408

7B, where SAGE improves OOD Avg. by 4.2% 409
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Method HEval+ MBPP+ LCBv1−5 GSM8K Math AI24 AI25 AMC Olympiad C Avg. M Avg. O Avg.

SAGE(full implementation) 68.9 62.4 16.9 85.5 66.2 6.7 6.7 35.0 29.8 49.4 38.3 42.0
SAGE(w/o challenger training) 66.5 61.3 9.0 86.7 65.5 0.0 3.3 35.0 28.0 45.6 36.4 39.5
SAGE(w/o solver training) 67.7 64.3 9.0 81.2 60.4 3.3 0.0 30.0 28.0 47.0 33.8 38.2
SAGE(w/o critic training) 66.5 53.7 14.1 86.0 65.9 3.3 6.7 40.0 27.4 44.8 38.2 40.4

Table 3: Ablation study of SAGE components on Qwen-2.5-3B. We evaluate the impact of removing individual
agent training while keeping other components active.

over the base model while preserving strong in-410

distribution performance. On LiveCodeBench411

specifically, SAGE achieves the best performance412

across all three backbones (16.9%, 26.4%, and413

30.6%), substantially outperforming both base414

models and other post-training methods. For415

mathematical reasoning, SAGE maintains competi-416

tive performance on competition-level benchmarks417

such as OlympiadBench, where it achieves 38.7%418

(+10.7% over base) on Qwen-2.5-7B.419

Comparison with Baselines. While AZR and420

MAE show improvements on certain individual421

benchmarks, they exhibit inconsistent gains and422

occasional performance degradation. For instance,423

AZR on Qwen-3-4B-Base leads to a significant424

drop in Math Avg. (56.3% → 46.7%). In con-425

trast, SAGE maintains more balanced improve-426

ments across both domains without sacrificing per-427

formance on any benchmark group.428

Results on Qwen-3-4B. On this stronger back-429

bone, the base model already achieves high per-430

formance (Overall Avg. 55.7%). Nevertheless,431

SAGE attains the highest Code Avg. (56.2%) and432

remains competitive overall (55.9%), with partic-433

ularly strong gains on LiveCodeBench (21.5% →434

30.6%, +9.1%). This suggests that SAGE continues435

to provide meaningful improvements even when436

applied to capable base models.437

5.3 Ablations Studies and Analyses438

Ablation Study. To understand the contribution439

of each agent, we conduct ablation experiments by440

selectively disabling the training of individual roles441

while keeping the remaining components active.442

As shown in Table 3, the full SAGE implementation443

achieves the highest overall average (42.0%), and444

removing any single agent leads to performance445

degradation.446

Disabling Challenger training results in a no-447

table drop in code benchmarks, particularly on448

LiveCodeBench (16.9% → 9.0%), indicating that449

curriculum generation is essential for out-of-450

distribution generalization. Similarly, removing451

Solver training causes the largest overall decline 452

(O Avg. 38.2%), with substantial drops on both 453

GSM8K (85.5% → 81.2%) and MATH (66.2% 454

→ 60.4%), confirming that the Solver is the pri- 455

mary driver of reasoning capability. Interestingly, 456

excluding Critic training yields competitive math 457

performance (M Avg. 38.2%) but degrades code 458

benchmarks (C Avg. 44.8%), suggesting that the 459

Critic’s quality filtering is more critical for code 460

generation where output format and correctness are 461

tightly coupled. 462

These results validate that all three trainable 463

agents contribute complementarily to SAGE’s over- 464

all effectiveness, with the Challenger–Solver inter- 465

action forming the core co-evolutionary loop and 466

the Critic providing essential quality control. 467
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Figure 3: Training dynamics on Qwen-2.5-3B. The
Challenger steadily expands the question pool (bars)
throughout training, while validation accuracy (line)
reaches peak performance around step 100–120 before
gradual decline, suggesting potential over-specialization
on the self-generated curriculum.

Training Dynamics Analysis. To gain deeper in- 468

sights into the self-evolution process, we analyze 469

the training dynamics of SAGE on Qwen-2.5-3B- 470

Instruct, as shown in Figure 3. 471

The validation accuracy (line) exhibits a charac- 472

7



Question Judged by Critic Agent

Challenger

Solver

Planner

The hospital has 11 doctors and 18 nurses. If 5 doctors and 2 nurses quit,
how many doctors and nurses are left?

1. Determine the initial number of doctors and nurses.
2. Calculate the remaining doctors after the doctors quit.
3. Calculate the remaining nurses after the nurses quit.
4. Sum the remaining doctors and nurses to get the total number left.

1. Let's determine the initial numbers:
- Initial number of doctors: 11

- Initial number of nurses: 18

2. Now, let's account for the doctors who quit:
- Number of doctors who quit: 5

- Remaining doctors: 11 - 5 = 6

3. Next, let's account for the nurses who quit:
- Number of nurses who quit: 2

- Remaining nurses: 18 - 2 = 16

4. Finally, we need to find the total number remaining:
- Total remaining doctors and nurses: 6 doctors + 16 nurses = 22

people. So, after 5 doctors and 2 nurses quit, the hospital has 22

people left (6 doctors and 16 nurses).
So the answer is \boxed{22}.

<score>7</score>

Let's evaluate the proposed plan step-by-step against the given rubric:

1. **Clarity**: The plan is clear and well-structured. Each step is

straightforward and easy to understand.

2. **Completeness**: The plan covers all necessary steps to solve the

problem. It correctly identifies the initial numbers, calculates the

reductions, and sums the remaining personnel.

3. **Correctness**: The reasoning and approach are logically sound.

Subtracting the number of doctors and nurses who quit from their

initial counts will indeed give the correct remaining numbers.

4. **Feasibility**: Following this plan will lead to a correct solution.

The calculations are straightforward and do not involve any logical

errors.

5. **Efficiency**: The approach is reasonably efficient as it avoids

unnecessary steps. Only the relevant arithmetic operations are

performed.

Given these evaluations, the plan meets all the criteria effectively and

efficiently.

<score>8</score>

Question Generated by Challenger Agent

Plan Generated by Planner Agent

Answer Output by Solver Agent

Plan Judged by Critic Agent

Figure 4: Qualitative case study. The Challenger generates a math word problem, the Planner decomposes it into
structured steps, the Solver executes the plan to produce the final answer, and the Critic provides quality scores for
both the question and the plan.

teristic learning curve. During the initial phase473

(steps 0–80), the model demonstrates rapid im-474

provement from 29.1% to 65.8%, reflecting effi-475

cient knowledge acquisition from the multi-agent476

co-evolutionary training. The accuracy reaches477

its peak of 69.5% around step 100–140, repre-478

senting the optimal balance between task diffi-479

culty and model capability. Beyond this point,480

we observe a gradual decline to 61.6% by step481

240, suggesting that prolonged training may lead482

to over-specialization on the self-generated curricu-483

lum. This motivates our choice of reporting results484

around step 100 in the main experiments.485

Meanwhile, the cumulative number of valid486

questions (bars) grows steadily throughout training,487

expanding from 1,136 to 20,532 by step 250, an488

18-fold increase from the seed set. Notably, the489

growth rate accelerates around step 120–130, co-490

inciding with peak validation accuracy, suggesting491

that a well-trained Challenger produces questions492

that pass the quality threshold α = 0.7 at an in-493

creasing rate. The continued growth of the question494

pool despite declining accuracy after step 120 sug-495

gests that increased quantity alone does not ensure496

better performance, highlighting the importance497

of curriculum diversity and difficulty calibration.498

Nevertheless, this trend demonstrates SAGE’s abil-499

ity to autonomously scale its training data without500

human intervention.501

Qualitative Analysis. Figure 4 illustrates the col-502

laborative reasoning process of SAGE. The Chal-503

lenger generates a well-formed arithmetic problem 504

involving subtraction across two categories. The 505

Planner decomposes this into four sequential steps, 506

progressing from initial value identification to final 507

summation. Guided by this structured plan, the 508

Solver executes each step systematically and ar- 509

rives at the correct answer. The Critic evaluates 510

both outputs, assigning scores of 7 and 8 based 511

on clarity, completeness, and logical soundness. 512

This example highlights how role specialization 513

enables effective division of labor: task generation, 514

strategic planning, solution execution, and qual- 515

ity assessment operate as distinct yet coordinated 516

functions within a unified training loop. 517

6 Conclusion 518

We introduce SAGE, a multi-agent self-evolution 519

framework where four specialized agents: Chal- 520

lenger, Planner, Solver, and Critic, co-evolve 521

through adversarial yet collaborative dynamics. 522

Starting from minimal seed examples, SAGE au- 523

tonomously expands its training curriculum while 524

maintaining quality via critic-based filtering. Ex- 525

periments demonstrate consistent improvements 526

across model scales, with strong out-of-distribution 527

generalization on competition-level benchmarks. 528

These results highlight a scalable and effective path- 529

way for evolving capable reasoning agents while 530

reducing dependency on human-curated supervi- 531

sion. 532
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7 Limitations533

Among the limitations of our work, firstly, SAGE534

operates in verifiable domains where correctness535

can be automatically determined through ground-536

truth answers or executable tests. Extending the537

framework to open-ended tasks with subjective538

evaluation criteria, potentially through learned re-539

ward models, remains an interesting direction for540

future work. Secondly, although SAGE signifi-541

cantly reduces reliance on large-scale annotations,542

it still requires a small seed set (500 examples)543

to bootstrap the self-evolution process. Investi-544

gating strategies to further minimize seed require-545

ments could broaden applicability to extremely low-546

resource scenarios. Thirdly, our evaluation focuses547

on mathematical reasoning and code generation548

benchmarks. Future exploration of other structured549

reasoning domains, such as logical reasoning or550

scientific problem solving, could offer valuable in-551

sights and validate the generalizability of our multi-552

agent architecture. Additionally, as with standard553

self-training approaches, monitoring training dy-554

namics and applying early stopping is advisable to555

ensure optimal performance.556
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A Hyperparameter Settings 796

Table 4: Training Hyperparameters of our experiments.

Hyperparameter Value

Training Configuration
Batch Size 128
Learning Rate 3× 10−6

Training Steps 200

Generation Settings
Maximum Prompt Length 8192
Maximum Response Length 8192
Challenger Temperature 0.6
Planner Temperature 0.6
Solver Temperature 0.6
Critic Temperature 0.1

Algorithm Settings
Learning Algorithm Task-Relative

REINFORCE++
KL Regularization Disabled

LoRA Configuration
LoRA Rank 128
LoRA Alpha 256
LoRA Dropout 0.95
Target Modules qproj , kproj , vproj ,

oproj , gateproj ,
upproj , downproj

B Training Data Composition 797

Table 5 presents the composition of the 500 training 798

instances sampled from four benchmark datasets. 799

These samples are drawn from the official training 800

splits and serve as the foundation for our training 801

procedure. 802

Table 5: Distribution of Training Samples Across Bench-
marks

Benchmark Count

MATH (Hendrycks et al., 2021a) 156
GSM8K (Cobbe et al., 2021) 148
HumanEval (Chen et al., 2021) 87
MBPP (Austin et al., 2021) 109

Total 500
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C Prompts for Agents803

Here, we list the prompt of each agent as follows.804

Challenger Agent Prompt

Role: Task Designer Agent

Description:

You are a task generation specialist. Your goal is to create a single, high-quality evaluation task that challenges complex reasoning abilities.

Design Constraints:

- Self-contained with clear problem statement

- Non-trivial: requires multiple reasoning steps or constraint satisfaction

- Deterministic or tightly bounded (avoid subjective judgment)

- Culturally neutral, no real-time data dependency

- Difficult but solvable

Avoid:

- Trivia or opinion-based prompts

- Ambiguous success criteria

- Web-dependent or time-sensitive content

- Unsolvable or ill-defined problems

Respond using:

<question>

[Your generated task here]

</question>

Figure 5: The prompt of the Challenger Agent.

Planner Agent Prompt

Role: Planner Agent

Description:

You will review the user problem and propose a concise plan that a solver can follow.

Problem:{question}

Respond using:

<plan>

1. ...

2. ...

</plan>

Figure 6: The prompt of the planner Agent.

12



Solver Agent Prompt

Role: Solver Agent

Description:

You will solve the problem by following the verified plan and prioritizing correct, well-reasoned content over formatting tricks.

Input:

- Problem: {question}

- Verified Plan: {plan}

Instructions:

- Explain the key reasoning steps clearly

- Follow the answer-format instruction in the problem statement exactly

- Do not introduce additional wrappers/tags unless explicitly required

Figure 7: The prompt of the Solver Agent.

Critic Agent Prompt(Question)

Role: Question Quality Critic Agent

Description:

You are an expert evaluator. Your task is to assess the quality of a generated question for reasoning benchmarks.

Input:

- Question to evaluate:{question}

Evaluate the question based on the following criteria:

<think>

Evaluation Criteria:

- Solvability: Is the question solvable with sufficient information? No internal contradictions?

- Logical Soundness: Is the question logically coherent and does not violate common sense?

- Clarity: Is the wording unambiguous with clear objectives and constraints?

- Appropriateness: Is it safe, relevant, and actually in the form of a question?

- Conciseness: Is it free from redundant repetition or unnecessary complexity?

Scoring Guidelines:

- 8-10: Excellent question - fully clear, logically sound, solvable, self-contained, and concise. Appropriate for evaluation purposes.

- 4-7: Acceptable question - has some ambiguity or missing details but no fatal flaws in solvability or logic.

- 1-3: Poor question - unsolvable, contradictory, violates common sense, unsafe, too open-ended, or not a valid question.

Critical Rule:

If any unsolvability or commonsense violation exists, score must be [1-3].

[Write your detailed analysis here, addressing each criterion.]

<\think>

Provide your final score.

Important:

Output only one tag like <score>7</score> (replace 7 with your integer score 1-10).

Figure 8: The prompt of the Critic Agent(question).
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Critic Agent Prompt(Plan)

Role: Plan Critic Agent

Description:

You are an expert evaluator. Your task is to assess the quality of a proposed plan for solving a problem.

Input:

- Problem: {question}

- Proposed Plan: {plan}

Evaluate the plan based on the following criteria:

<think>

Evaluation Criteria:

- Clarity: Is the plan clear, structured, and easy to follow?

- Completeness: Does it cover all necessary steps to solve the problem?

- Correctness: Is the reasoning and approach logically sound?

- Feasibility: Can following this plan lead to a correct solution?

- Efficiency: Is the approach reasonably efficient, avoiding unnecessary steps?

Scoring Guidelines:

- 8-10: Excellent plan - clear, complete, logically sound, and feasible. Following it should lead to a correct solution.

- 4-7: Acceptable plan - has some gaps or minor issues but the general direction is correct.

- 1-3: Poor plan - unclear, incomplete, logically flawed, or unlikely to lead to a correct solution.

[Write your detailed analysis here, addressing each criterion.]

</think>

Provide your final score.

Important:

Output only one tag like <score>7</score> (replace 7 with your integer score 1-10).

Figure 9: The prompt of the Critic Agent(plan).
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Critic Agent Prompt(Answer)

Role: Solution Quality Critic Agent

Description:

You are an expert evaluator. Your task is to assess the quality of a generated solution to a given question or problem.

Input:

- Question: {question}

- Generated Solution: {answer}

Evaluate the solution based on the following criteria:

<think>

Evaluation Criteria:

- Accuracy: Is the solution factually correct with no errors in reasoning, arithmetic, units, or assumptions?

- Completeness: Does it fully address the question with all necessary steps and derivations?

- Coherence: Is the reasoning logical and free from contradictions or hallucinations?

- Conciseness: Is the answer direct without meaningless repetition, rambling, or filler?

- Instruction Following: Does the solution follow any explicit formatting or structural requirements?

Scoring Guidelines:

- 8-10: Excellent solution - entirely correct, complete, logically sound, concise, and follows all instructions.

- 4-7: Acceptable solution - generally on-topic and partially correct, but has omissions or clarity issues (no factual errors).

- 1-3: Poor solution - contains any factual/logic/calculation error, hallucinated content, excessive repetition, or severe irrelevance.

Critical Rules:

- Any factual error (arithmetic, reasoning, common sense, units, invalid assumptions) → score must be [1-3]

- Hallucinated references, fabricated data, or unsupported claims → score must be [1-3]

- Meaningless repetition or excessive rambling → score must be [1-3]

[Write your detailed analysis here, addressing each criterion. If any critical issue exists, note that the score must be [1-3].]

<\think>

Provide your final score.

Important:

Output only one tag like <score>7</score> (replace 7 with your integer score 1-10).

Figure 10: The prompt of the Critic Agent(answer).
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