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Abstract
Large language models (LLM) based on the Transformer architecture (Vaswani et al., 2017) have
demonstrated the extraordinary ability to perform in-context learning (ICL) (Brown et al., 2020;
Wei et al., 2022; Min et al., 2022), where a model adapts to new tasks at inference time through a
prompt containing a few examples, without requiring updates to its parameters. Formally, given a
prompt composed of input-label pairs and a query, (x1, f(x1), x2, f(x2), . . . , xn, f(xn), xquery), a
Transformer model is said to learn a function class F in context if it can accurately predict f(xquery)
for previously unseen functions f ∈ F .

The study of in-context learning has attracted significant attention in recent literature. Em-
pirical studies by Garg et al. (2022) demonstrated that Transformers can perform ICL for various
function classes, including linear functions, decision trees, and ReLU neural networks. Building
on these insights, Akyürek et al. (2023) and Von Oswald et al. (2023) showed theoretically that
Transformers can learn linear functions in context by implicitly implementing gradient descent
over a linear regression objective using only the attention mechanism. Notably, this mechanism
can be facilitated by a simple parameter configuration of linear self-attention (LSA), which is a
variant of self-attention that omits the softmax activation function. Subsequent analysis by Ahn
et al. (2024); Zhang et al. (2024); Mahankali et al. (2024) showed that under suitable distributions,
the optimal single-layer LSA can effectively implement one step of gradient descent, providing
strong theoretical justification for linear ICL.

Despite these advances, the theoretical understanding of nonlinear in-context learning remains
underdeveloped. A key bottleneck lies in the expressive power of linear self-attention, where
we prove that LSA is inherently incapable of outperforming linear predictors on nonlinear tasks,
thereby highlighting a hard expressivity barrier for attention-only models. To overcome this limita-
tion, we demonstrate that feed-forward layers — a core component of Transformer blocks — play
a crucial and previously underappreciated role in enabling nonlinear ICL.

To illustrate this, we analyze a Transformer block consisting of LSA and feed-forward layers
inspired by the gated linear units (GLU), which is a standard component in modern Transformer ar-
chitectures. We show that such a block achieves nonlinear ICL by implementing kernel regression,
where the feed-forward layers compute a kernel function that generates nonlinear features, while
the attention mechanism performs gradient updates over this feature space. Furthermore, our anal-
ysis reveals that the expressivity of a single such block is inherently limited by its dimensions. We
then show that a deep Transformer can overcome this bottleneck by distributing the computation of
richer kernel functions across multiple blocks, effectively performing block-coordinate descent in a
high-dimensional feature space that cannot be represented by just one Transformer block. Our find-
ings highlight that the feed-forward layers provide a crucial, scalable, and interpretable mechanism
by which Transformers can express nonlinear representations for in-context learning.
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Our Contributions

The key contributions of this work are organized as follows:

■ We establish the essential role of feed-forward layers in enabling nonlinear ICL. We prove that
for nonlinear target functions, no deep linear self-attention (LSA) network can achieve lower in-
context learning loss than a linear least-squares predictor. Then, we draw inspiration from modern
Transformer architectures and show that a Transformer block consisting of a feed-forward layer
similar to the gated linear unit (GLU) and an LSA layer can implement one step of gradient
descent with respect to a quadratic kernel.

■ Next, we analyze the Transformer model featuring this LSA-GLU mechanism. We derive op-
timal conditions for the weights within these layers. In particular, we show that the optimal
feed-forward layer must compute all possible quadratic features — effectively implementing a
quadratic kernel. And the optimal attention layer implements gradient descent in the feature
space with a preconditioner approximately equal to the negative inverse of the features’ covari-
ance matrix. This confirms the optimality of our construction.

■ Finally, we identify several challenges with the initial two-layer construction and study a deeper
Transformer model that can effectively perform complex nonlinear ICL tasks, including learning
higher-order polynomial functions in context, by distributing the computation of kernel func-
tions across multiple feed-forward layers. Crucially, our analysis extends to other forms of feed-
forward layers: similar results hold for other feed-forward architectures provided they can ex-
press the required nonlinear feature mappings. These results illustrate the expressive power of
deep Transformer architectures, where their ICL capabilities scale with depth.
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