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Abstract

Deep learning architectures across diverse
domains—including  language  modeling,
audio-visual processing, and temporal graph
modeling—fundamentally rely on feedforward
computational graphs. Consequently, optimising
these graph topologies is a major research
focus. Recent theoretical work evaluates the
efficacy of these graphs using two key metrics:
forward mixing time 7},q(G) (the speed
of information propagation) and normalised
minimax fidelity F'(G) (the sharpness of infor-
mation representation). In this work, we prove
that, surprisingly, minimax fidelity is tightly
upper-bounded by the backward mixing time
of computational graphs: F(G) < 8 - Tyua(G)
for all feedforward graphs with a unique source
and sink. Practically, this establishes a direct
tradeoff, F(G) < § - Tfua(G), for symmetric
graphs where Tt,q(G) = Tpwa(G). In the
uniform setting, because most common archi-
tectures—including fully-connected and sliding-
window graphs—are symmetric, this exposes an
unavoidable architectural limit: optimising for
rapid information mixing necessitates a degrada-
tion in fidelity, and vice versa. More generally,
ie. if Thwi(G) = f(Trwa(G)) and consequently
F(G) < f(Tfwd(G)) for some function f, we
show that f is well-behaved and at most an O(n)
factor of T't,q(G) for both uniform and non-
uniform graphs, where n is the number of nodes
in G. Our results, ultimately, establish backward
mixing time as a key metric for evaluating
information propagation in deep learning models.
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Figure 1. More generally, the normalised minimax fidelity F'(G)
is upper-bounded by a function of the mixing time T',q(G). This
implies that, across the design space dictated by minimax fidelity
and mixing time, feedforward computational graphs lie on or below
the red boundary.

1. Introduction

Many problems in deep learning necessitate the processing
of sequential inputs (Vitvitskyi et al., 2025). Language mod-
elling (Sutskever et al., 2014), audio and video processing
(Wiedemer et al., 2025; van den Oord et al., 2016), time-
series forecasting (Kim et al., 2025), and temporal graph
modelling (Huang et al., 2023) all employ causal process-
ing of their inputs, and at their core, the forward passes of
these sequence models can be abstracted as feedforward
computational graphs. Significant research effort has been
dedicated to optimising computational graph topologies to
facilitate information flow, albeit most of the effort has
happened in the undirected graph space. Notable examples
include rewiring strategies in graph neural networks (GNNs)
to avoid over-squashing and under-reaching (Attali et al.,
2024; Giovanni et al., 2023; Topping et al., 2022; Deac
et al., 2022; Wilson et al., 2024), and the development of dy-
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namic, data-dependent attentional masks (Xia et al., 2022)
for vision Transformers. In the feedforward case, several
works have designed static attentional masks for decoder-
only Transformers (Beltagy et al., 2020; Chen et al., 2025;
Child et al., 2019).

Given the ubiquity of computational feedforward graphs,
understanding the theoretical limits of their design is
paramount. To formally analyse this design space, (Vitvit-
skyi et al., 2025) introduced two metrics to quantify the
efficacy of information propagation: forward mixing time
(how rapidly information traverses the computational graph;
see Espuny Diaz et al. (2024)) and normalised minimax
fidelity (how distinctly information from any source node is
preserved at the sink). Intuitively, an ideal computational
graph would simultaneously achieve low mixing time (fast
global propagation) and high minimax fidelity (sharp, dis-
tinguishable representations).

In this paper, we prove that normalised minimax fidelity
is tightly upper-bounded by the backward mixing time of
computational graphs: F'(G) < 8 - Ty,,4(G) for all feedfor-
ward graphs with a unique source and a unique sink. Practi-
cally, this establishes a direct tradeoff, F(G) < §-Tj,a(G),
specifically for graphs that are both symmetric (equivalent
up to isomorphism when reversed; Section 5.2) and uni-
form (where edge weights are assigned uniformly based
on in-degree and out-degree). For symmetric uniform
graphs, which include fully-connected and sliding-window
graphs, this exposes an unavoidable architectural limit: op-
timising for rapid information mixing necessitates a degra-
dation in fidelity, and vice versa. In the more general
case, i.e. if Tpya(G) = f(Trwa(G)) and consequently
F(G) < f(Tjwd(G)) for some function f, we show that
Tywa(G) and Ty,q(G) diverge by at most an O(n) factor
for uniform graphs and O(n/c) for non-uniform graphs
whose weights are bounded away from zero by c. With
these findings, our results establish backward mixing time
as a key metric for evaluating information propagation. We
summarise our core contributions below:

¢ A Duality Between Fidelity and Backward Mixing.
We first establish an equivalence between the forward
diffusion of representations and a random walk on the
reversed computational graph.

Fidelity is Tightly Bounded by the Backward Mix-
ing Time. Using this duality, we prove our central re-
sult: minimax fidelity is tightly upper-bounded by the
graph’s worst-case backward mixing time for graphs
with a unique source and a unique sink. Furthermore,
we identify specific topologies (conjoined star graphs)
to demonstrate that this bound is tight.

Limits on Forward Mixing and Fidelity. We connect
our primary bound back to the forward mixing time

Ttwa(G). We make the observation that for symmet-
ric graphs—encompassing a wide range of practical
architectures—forward and backward mixing times
are identical, exposing a tight F(G) < § - Ty,a(G)
tradeoff. More generally, F'(G) < f(Tfwa(G)) holds,
where f(z) = O(n) - x and f(z) = O(n/c) - x for
uniform and non-uniform graphs respectively, where n
is the size of the graph G.

* Empirical Demonstration. We plot the worst-case
forward mixing time and minimax fidelity across a
wide range of standard attentional masks in the uni-
form graph setting, demonstrating that our bounds hold
empirically.

2. Related Work

The theoretical framing of information flow in deep learn-
ing architectures has gained traction as a means to explain
empirical bottlenecks. Our work mainly builds upon (Vitvit-
skyi et al., 2025), who introduced mixing time and mini-
max fidelity as rigorous metrics to quantify the propagation
characteristics of feedforward computational graphs. Build-
ing on this framework, (de Ocdriz Borde, 2025) employed
these metrics to analyse multi-head attention mechanisms in
transformers. Surprisingly, such frameworks are largely un-
studied in mathematics, aside from expander graphs (Csoka
& Grabowski, 2022) and the spectral analysis of Stankovié¢
et al. (2025). (Herasimchyk et al., 2026) and (Chowdhury,
2026) used an influence metric to analyse the Lost-In-The-
Middle effect in transformers, which is closely related to
the normalised minimax fidelity (Barbero et al., 2024).

3. Background

To formalise the study of architecture design in sequence
processing, we model the forward pass of a neural network
as a directed acyclic graph (DAG) augmented with self-
loops, referred to as a feedforward computational graph
G = (V,&). The nodes V store the feature representations
at various layers, and the directed edges £ dictate the flow
of computation. Further, we assume that the nodes in )V are
topologically sorted such that V = {1, ...,|V|} where node
1 is the unique source and node |V| is the unique sink n. If a
directed edge exists from ¢ to j, then 7 < j. The adjacency
matrix A is defined in the usual way: a;; = 1 < (j,1) € €
and a;; = 0 otherwise.

Following (Vitvitskyi et al., 2025), our analysis relies on
certain structural assumptions on G:

 Self-Loops. Every node possesses a self-loop, i.e.,
(i,1) € &€ forall i € V, representing the property that a
node can preserve its own state across computational
steps.



Feedforward Mixing is as Sharp as it is Slow in Reverse

* Unique Sink. There exists a unique sink node, denoted
as n € V, which is the only node with an out-degree
of one (its self-loop). This represents the final output
representation of the network.

* Unique Source. Unlike (Vitvitskyi et al., 2025), we
omit the self-similarity assumption and replace it with
arequirement that the graph has a defined starting point.
We assume there exists a unique source, representing
a unified starting point for the flow of information.
Consequently, due to the presence of self-loops, the
source is the only node with in-degree one.

Below, we recap the (averaged) mixing time and (nor-
malised) minimax fidelity framework introduced by (Vitvit-
skyi et al., 2025).

3.1. Quantifying Information Propagation Speed:
Mixing Time

Let W € R™ ™ be the column-normalised forward walk
matrix, where w,,, is the u-th row and v-th column entry
of W and represents the probability that a random walker
at node v transitions to node . Similarly, w!,, represents
that a random walker at node v transitions to node u in ¢
steps. The forward mixing time T't,,4(G) is defined as the
minimum number of steps ¢ from any starting probability
distribution x to converge sufficiently close to the stationary
distribution 7r, which in our case is one-hot in the unique
sink n:

1
Tfwi(G) = min {t > 0: max [|[[W'x — 7[|;] < 2}

We note that while (Vitvitskyi et al., 2025) analyse averaged
mixing times (Espuny Diaz et al., 2024)—averaging the
minimum steps ¢ required to reach the stationary distribution
across all starting nodes—our analysis adopts a worst-case
analysis. This worst-case formulation (represented by the

maximisation over x) establishes higher parity with standard
Markov chain literature.

3.2. Quantifying Information Sharpness: Normalised
Minimax Fidelity

Let A € R"*"™ be the row-normalised diffusion matrix,
where A;; corresponds to the proportion of influence a prior
node j exerts on node 7 during a single step of information
mixing. Over ¢ timesteps, the fidelity for a node ¢, Aﬁli,
quantifies the total accumulated portion of information from
a source node ¢ that successfully reaches the sink 7.

The maximal fidelity for a given node i, defined as ¢; =
max; Al represents the highest concentration of its fea-
tures captured at the sink over the entire duration of the
diffusion. To capture the robustness bottleneck of the entire

graph, the minimax fidelity computes the minimum of these
maximum fidelities across all nodes, normalised by the size
of the graph n:

F(G) = n - minmax At

(G) = - minmax Al

Intuitively, this metric identifies the “weakest link” in the
graph: the node whose best-case representation at the sink
is the most attenuated.

3.3. Edge Weighting Schemes: Uniform vs.
Non-Uniform Graphs

Having established the general metrics for evaluating a com-
putational graph, we distinguish between two classes of
graphs based on how nodes aggregate incoming informa-
tion. This categorisation defines how the diffusion matrix
A and the random walk matrix W are populated.

* Uniform Graphs: Every node assigns equal weight to
all of its incoming edges. Let d_,; denote the in-degree
of node 7, and let d;_, denote the out-degree of node
7. The diffusion matrix uniformly distributes incoming
influence, while the forward walk matrix distributes
outgoing transition probabilities equally. Formally, for
any edge (j,7) € &:

{1/@- if (j,i) € €

Ny = .

0 otherwise

e 1/d;— if (5,7) € €
700 otherwise

* Non-Uniform Graphs: Nodes can assign arbitrary,
data-dependent weights to their incoming connections
(e.g., standard attention mechanisms). In this set-
ting, the diffusion matrix A can be any arbitrary row-
stochastic matrix that respects the graph’s topology
(i.e., Ay; >0, and Zj A;; = 1). To maintain a consis-
tent theoretical duality between backward information
flow and the forward random walk, in this setting, we
define the non-uniform forward walk matrix W as the
column-normalisation of the diffusion matrix A:

" 0 otherwise

where C; = 3, Ay; acts as the normalising constant
for the outgoing transitions from node j.

Assumption: c-constrained non-uniform graphs. In line
with what was done in (Herasimchyk et al., 2026), we make
the assumption that non-uniform graphs are c-constrained.
We define a graph as c-constrained if every valid edge weight
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in the diffusion matrix satisfies A;; > ¢ for some small
constant ¢ > 0. In other words, we bound the graph away
from zero by c. This assumption is justified, as most edge
weights are derived from attention mechanisms that employ
a softmax function, and therefore no edge weight can ever
be strictly zero.

4. Equivalence of Fidelity and the ‘Backwards’
Random Walk

Before presenting our main theoretical bounds, we first
establish an equivalence between information diffusion in
a feedforward graph and a random walk on its reversed
counterpart. Importantly, the results in this section hold for
both uniform graphs and non-uniform graphs with arbitrary
edge weightings.

Definition 4.1. Let G = (V, £) be a computational feedfor-
ward graph. Define G = (V, €) to be its reversed counter-
part, where nodes are relabeled such that node 7 in G maps
tonode n — i 4+ 1in G. The edges are correspondingly
reversed: Vi, j : (i,j) € £ <= (n—j+1,n—i+1)€&.
Let W be the column-normalised random walk matrix of its
reversed counterpart G and (i) = n — i + 1. Then the edge
weights are defined such that, for all (j,7) € &, we have
A,;j = UN)r(j),r(i) and AU = 12)23/07 where éz = Zk ’quk

By reversing the graph, the unique forward sink of G (node
n) becomes the source node of é, and the unique source of
G (node 1) becomes the sink node of G. We now show that
computing the fidelity of G follows directly from computing
a random walk on G.

Theorem 4.2. For any number of steps t and any nodes 1, j,
we have:
t o ~t
Aij = V()i
Proof Sketch. The proof proceeds by straightforward induc-
tion on ¢. The base case (f = 1) holds by definition. For the
inductive step, we delegate the details to Section A. ]

Given this, we can arrive at the following straightforward
corollary:

Corollary 4.3. The last row of A of any computational
feedforward G evolves exactly like the first column of W.

5. The Backwards Mixing Time - Fidelity
Bound

Having established the duality between the forward diffu-
sion of information and the backward random walk, we now
present our main theoretical results. We first prove the cen-
tral result of this paper: the backwards mixing time forms
an upper bound over normalised minimax fidelity. We then
show that this bound is tight for a certain family of graphs
we call conjoined star graphs.

5.1. Fidelity is Bounded by Backward Mixing Time

We utilise our equivalence between the fidelity and the
backward random walk proven in the earlier section (Theo-
rem 4.2) to show that the backwards mixing time forms an
upper bound on the fidelity:

Theorem 5.1 (Fidelity-Backwards-Mixing Bound). Let G
be a feedforward graph with a unique source and a unique
sink with n > 2. Let F(G) be its minimax fidelity and
Tyowa(G) be the worst-case mixing time of its backward
random walk. Then, for both uniform and non-uniform
graphs:

Proof. We first recall the definition of the worst-case mixing
time T3,,4(G) to be the lowest ¢ such that for any starting
distribution x and stationary distribution 7:

- 1
[[Wix — 7| < 3

where W is the transition matrix of the reverse random
walk. Because there is a unique forward sink n (which
becomes the unique source node in the reverse graph), the
stationary distribution 7r is exactly 1 at the absorbing node
and 0 everywhere else.

By the definition of mixing time, after T},,4(G) steps, the
probability of the walker being at any node other than the
absorbing node is at most 1/4. More generally, after k -
Thwa(G) steps, this probability drops to at most (1/4)*.

In our case, since there is a unique source and sink, the
stationary distribution 7 for both the forward and reverse
random walk is 1 in the absorbing node and 0 everywhere
else. Let S be the absorbing set (a singleton) in the reverse
walk, and let P(X; ¢ S) be the probability that the walker
has not reached the absorbing node after ¢ steps. Recall
that ¢; = max; Al,. Because the maximum of any non-
negative sequence is bounded by its sum (¢; < >°,° AL,
we can bound the sum of fidelities for all non-sink nodes in
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Because all backward random walks must eventually cul-
minate at the unique sink, P(X; ¢ S) is monotonically
decreasing with t. Thus, P(X; ¢ S) > P(X¢41 ¢ 5),
allowing us to upper-bound the value of each block of size
Thwa(G) by its starting value:

Z@' < Zwad(G) “P(Xp1ypa(c) £ 5)
k=0

i¢Ss
9] 1 k
<2l ()

1 4
= Thuwa(G)

= Toal®) 777 = 3

Putting it all together (by bounding the minimum of the
maximum node fidelities by its average), we can bound the
minimax fidelity F'(G):
F(G) =n-minmax Al = n - min ¢,
i€Vt i€V

< n-min ¢;
i¢S¢z

IN

IN
wloo I

where the final inequality holds because ﬁ < 2forn > 2,
and thus 2 - % = % for any graph where n > 2. O

5.2. Tightness of the Tradeoff

We demonstrate that the above bound is tight. To establish
this, it is sufficient to identify a class of uniform graphs
where F'(G) and T't,,4(G) are equivalent up to constants.
Because uniform graphs represent a strict subset of non-
uniform graphs (specifically, the case where all edge weights

are constrained to be equal), proving tightness in the uniform
setting proves tightness for the non-uniform setting too —
guaranteeing that our tradeoff bounds cannot be improved
further.
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Figure 2. The conjoined star graph.

Theorem 5.2. The Fidelity-Backward-Mixing Bound is tight
up to asymptotic constants.

Proof. Define the class of conjoined star graphs as uniform
feedforward graphs where the unique source (node 1) is
connected to every other node, and every other node is
connected to the unique sink (node n). Intuitively, this is
a combination of two star graphs: an outward star centred
at node 1, and an inward star centred at node n (Figure 2).
Formally, assuming self-loops, the edge set £ is defined as:

E={(1,9)]ie (1,n]}
U{(i,n)|iel,n)}
U1 i € L]}

Because this graph is uniform, it is easy to see that
Ttwi(G) = Tpwa(G). For convenience, we will analyse
the forward mixing time. To bound T'f,,4(G), we note that
the random walk would be slowest if it started at node 1,
the source node. It has a probability of % of leaving the
source node at a single step, and hence will take ™+ steps
on average to leave the source node. Once it leaves the
source node, then any node except the source node will take
at most 2 steps in expectation to reach the sink, as all inter-
mediary nodes have do,; = 2. Since 75 < 2 forn > 2,
we have Tf,,q = O(1). Using Theorem 4.2, we note that
the fidelity of a node u evolves exactly like the first column
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of the reverse random walk matrix. Hence, the maximum
fidelity ¢,, is the maximum probability the random walker
starting from n is at node u during its course of the random
walk. The maximum probability for the random walker to
be at the node u is at the first step, which is % This means
that ¢,, = % for all intermediary nodes u, (1 < u < n), and
normalised minimax fidelity is equal to 1, which implies

F(G) = 0(1) = Trwa(G) = Thwa(G). 0

6. Relating Backwards and Forwards Mixing
Time

Despite having a simple proof, we note that the above result
is surprising, as it is not that obvious that the backwards
mixing time can be connected to fidelity at first glance.

6.1. A Fundamental Tradeoff for Symmetric Graphs

Using this bound, it follows that a fundamental tradeoff
bound between the forwards mixing time and the normalised
minimax fidelity exists for symmetric graphs in the uniform
setting, where T'y,q(G) = Thwa(G).

In the case where G is isomorphic to G, i.e. G is equivalent
to the reversed graph G up to node relabeling, we would
have an equivalence between the backwards mixing time
and forward mixing time (T4d(G) = Tfuwa(G)) and we
deem that the graph is symmetric. In the uniform setting,
this occurs for a wide range of attentional masks proposed
in the literature, i.e. fully-connected attention (Vaswani
et al., 2023), sliding window attention (Wang et al., 2019),
LogSparse (Li et al., 2020), strided attention (Child et al.,
2019), and FiboAttention (Rahimian et al., 2026). We also
note that the FunSearch graph proposed by (Vitvitskyi et al.,
2025) is symmetric. When the graph is symmetric, we will
have F(G) < % - Ttwa(G). Hence, for symmetric graphs,
this demonstrates a fundamental tradeoff: a computational
graph cannot simultaneously achieve optimal forward mix-
ing speed and maximal representation sharpness.

6.2. General Tradeoffs

More generally, for non-symmetric uniform graphs, e.g.
LongFormer (Beltagy et al., 2020), BigBird (Zaheer et al.,
2021), and non-uniform graphs, if Tp,q(G) is related to
Twa(G) by some f, then we arrive at the following general
corollary:

Corollary 6.1 (General Fidelity-Forward-Mixing Bound.).
If the backward mixing time can be bounded by the forward
mixing time via some function f, such that Tp,q(G) =
f(Trwa(G)), then the minimax fidelity is bottlenecked by
the forward mixing time:

F(G) < 5 - f(Trwa(G))

w| oo

This bound assumes that an f that relates T't,,q and Tpqq
must exist. For completeness, we next demonstrate that
such a bounding function f must exist for both uniform
and non-uniform graphs through a simple argument that
upper-bounds both Ty,,q(G) and Tpy,a(G).

Remark. From the definition of fidelity and from Theo-
rem 4.2, we can see that ¢; < 1 for every node ¢, as the
probability to be at node ¢ at the backward random walk is
at most 1 at any timestep ¢. Hence, we can arrive at a trivial
bound for normalised minimax fidelity: F/(G) < n forall G.
We acknowledge that the bounds that are presented below
imply a looser bound for F'(G) than the trivial O(n) bound.
The purpose of including these bounds is to show that a
bounding function f relating forward and backward must
exist and does not blow up.

6.3. Mixing Time Bounds for Uniform Graphs

For uniform graphs, we find that the forward and backward
mixing times are polynomially equivalent, scaling at most
linearly with each other with the sequence length n.

Theorem 6.2. For any uniform feedforward graph with
n > 2 nodes, self-loops, and unique source and sink, the
forward and backward mixing times linearly bound one
another:

Tywa(G) < 8n - Trypa(G)
wad(G) <8n- Tbu,d(G)

Proof Sketch. Because nodes in uniform graphs weight all
incoming edges equally, the maximal probability of a self-
loop is 1/2. This allows us to model leaving any state as a
geometric random variable. Applying Markov’s inequality
across all n nodes yields an absolute maximum bound of
T < 8n. The full derivation is provided in Section B.

O

6.4. Mixing Time Bounds for Non-Uniform Graphs

We now extend the above results for non-uniform graphs:

Theorem 6.3. For any c-constrained non-uniform feedfor-
ward graph with n > 2, we have

4n
c

4
Trwa(G) < 7”  Tha(G)

Towi(G) < — - Truwa(G)

Proof Sketch. We analyse the expected hitting times of the
random walks. Because the diffusion weights are lower-
bounded by c¢, the sum of fractional coefficients at any node
acts as a convex combination bounded by the maximum
previous term plus 1/c. Using Markov’s inequality on these
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Figure 3. Mixing time and normalised minimax fidelity for a range of attentional masks.

partial sums yields 7' < 4n/c. The complete proof is in
Section C. ]

Remark on the Bounding Function f. Using Theorem 6.2
and Theorem 6.3 and plugging it to Theorem 6.1, we can
arrive at general upper bounds for fidelity: F/(G) < % “n-
Tfwa(G) for uniform graphs and F(G) < 222 - Ty,q4(G)
for non-uniform graphs. It is crucial to emphasise that these
bounds do not serve as the “final say” on the tightness of
the tradeoff for all specific architectures.

For specific, well-structured classes of computational
graphs, the exact bounding function f can be significantly
tighter. For example, as discussed earlier, in any symmet-
ric computational graph, Try,q(G) = Tpwa(G), making the
bounding function the simple identity f(z) = z. In such
cases, the tradeoff collapses to a drastically tighter, constant-
factor bound: F(G) < § - Tyua(G). Thus, the general
bounds above establish a worst-case guarantee, while high-
lighting that the severity of the tradeoff is dictated by the
specific structure of the chosen feedforward graph.

7. Empirical Demonstration: Uniform Graphs

To demonstrate our bounds hold, in Figure 3, we plot the
worst-case forward mixing time T'f,,4(G) and the minimax
fidelity F'(G) for a range of attentional masks in the uni-
form graph setting. Specifically, we plot symmetric masks—
fully-connected attention, conjoined star, sliding window
attention, strided attention, LogSparse attention, and the
FunSearch mask—and non-symmetric masks—LongFormer
and BigBird. Each point in the graph corresponds to either
minimax fidelity or worst-case mixing time, with varying
graph sizes N € {16,32,64,...,2048}. We use a default
window size of 3 for masks with a sliding window compo-
nent. For strided attention, we use a stride size of 8, and for
LongFormer we use a dilation size of 3. For BigBird, we
add 5 random edges to each node.

From Figure 3, we can see for symmetric graphs, it is evident
that forward mixing time forms an upper bound on the
normalised minimax fidelity, because T4 (G) = Thwa(G).
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For non-symmetric graphs, we also observe the same effect
due to Theorem 6.2. We also note that in practice, the gap
between normalised minimax fidelity and forward mixing
time is significantly tighter than the bound in Theorem 6.2.
We defer the plotting of these masks in the non-uniform
setting for future work, as it is unclear how to aggregate the
large number of possible attentional masks in this setting
into a single plot.

8. Conclusion

In this work, we establish an equivalence between the for-
ward diffusion of representations and a random walk on
the reversed graph. Using this, we proved that the min-
imax fidelity of a computational graph is tightly upper-
bounded by its backward mixing time, F(G) < §-Tyua(G)-
establishing the backwards mixing time as a metric to anal-
yse the sharpness of information propagation.

Next, for symmetric graphs in the uniform setting, we
demonstrate a fundamental tradeoff: a computational graph
cannot simultaneously achieve optimal forward mixing
speed and maximal representation sharpness. In the more
general case, we proved that F'(G) < f(Tryqa(G)) where
f(Twa(G)) is bounded by O(n) - Tfyq(G) in the uniform
setting and O(n/c) - Tfwq(G) in the non-uniform setting.

We note limitations that present clear avenues for future
work:

* Worst-Case vs. Average-Case. To provide abso-
lute mathematical guarantees on minimax fidelity, our
proofs necessitate the use of worst-case mixing times.
Because sequence models often operate over distribu-
tions where average-case performance is sufficient, a
highly relevant extension would be to formally define
an averaged fidelity metric and investigate whether a
parallel tradeoff exists between averaged fidelity and
averaged mixing time.

¢ Analysing Graphs With Multiple Forward Sources.
Our results assume that feedforward graphs have a
unique source. Although this captures most masks in
practice, some masks have multiple sources, e.g. the
blockwise attention in BlockBERT (Qiu et al., 2020).
A natural next step would be to extend our analysis for
such graphs.

e Deriving Tighter Universal Bounds for Mixing
Times. While we proved that the bounding function
relating forward and backward mixing times scales at
most by O(n) and O(n/c), these are very loose univer-
sal bounds. Future work could incorporate additional
structural assumptions—such as bounded graph width,
specific sparsity patterns, or expansion properties—to

derive a tighter universal bound that more closely re-
alises practical constraints and demands.

Impact Statement

This paper proves the central result that normalised mini-
max fidelity is upper-bounded by backwards mixing time.
In isolation, this work does not present any direct societal
risks or negative ethical consequences. However, we pre-
dict that our work will inform researchers of this inherent
property in computational feedforward graphs and to inspire
the design of better models. Hence, any societal risks that
our work poses should be attributed to the consequences of
accelerating the design of such models.
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A. Proof of Theorem 4.2

Theorem 4.2. Let A be the row-stochastic diffusion matrix
of an arbitrary feedforward graph G, let W be the column-
normalized random walk matrix of its reversed counterpart
G, and let r(i) = |V| — i + 1. For any number of steps t
and any nodes i, j, we have Afj = zbi(j)7r(i).
Proof. We proceed by induction on t.

The base case holds by definition. For the inductive step,
assume that the theorem holds for some arbitrary step ¢ > 1.
That is, our inductive hypothesis states that for all ¢, j € V:

t it
Aij =y

(4)r (@)

P . t+1 _ ~t+1

‘We must show this implies Ai,j =W, 5 ey

Using the standard definition of matrix multiplication (and
the property that matrix powers commute), we can expand

Af;l by summing over all possible intermediate nodes k:

S OALL Ay

keVv

A = (1

Similarly, we expand w:zrjl) »(;) by summing over all possi-

ble intermediate nodes m € V:

Zwra)

meV

Bt
r(4),r(3)

Wy, r(z)

which is equivalent to:

@ttl
We(),r

Z Wr(j),r (k)

keV

“ Wy (k) () @)

We can now apply our previously established equivalencies
to Equation 2. By the base case, we know w,.(j) r(x) = Ak, ;-
By the inductive hypothesis, we know wﬁ(,c)m(i) = Al
Substituting these into the summation gives:

=) Apy- Al

keVv

= Z Af’,k : Ak,j

keVv
_ At
- Ai,j

B
Wr(4),r(5)

B. Proof of Theorem 6.2

To prove Theorem 6.2, we first establish global upper and
lower bounds on the mixing times for uniform graphs.

Lemma B.1. For any uniform feedforward graph with self-
loops and unique source and sink, the mixing times satisfy
wad(G) < 8n and Tpywa(G) < 8n.
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Proof. Because the graph is uniform, a node weights all
incoming edges equally. The presence of a self-loop means
the maximal probability of remaining at the current state is
1/2, as every non-sink node has an out-degree of at least 2
(a self-loop plus one outgoing edge). Thus, the probability
of leaving any state is at least 1/2. Consequently, leaving
a state can be modeled as a geometric random variable,
meaning the expected number of steps to leave a node is
at most 2. Summing this expectation across a maximum
path length of n nodes, the expected number of steps to
reach the target node is E[T] < 2n. By Markov’s inequality,
the probability of failing to reach the sink after 8n steps is
bounded by P(T" > 8n) < % = i. By the definition of
mixing time, Tf,q < 8n. This logic holds identically for
both the forward and backward random walks. O

Proof of Theorem 6.2. By Lemma B.1, T}, < 8n. Since
n > 2, we also have T'y,,q > 1 and Tj,,q = 1. Substituting
this inequality yields:

Thwa < 8n -1 < 8n-Tryg

The derivation for bounding T',q by Tpwa follows identi-
cally. ] O

C. Proof of Theorem 6.3

We define a graph as c-constrained if for any (7,5) € &,
then A;; > c for some constant ¢ > 0. We first bound the
absolute expected hitting times for these graphs.

Lemma C.1. For any c-constrained non-uniform graph,
Tywa < 2 and Typq < 2.

Proof. Let h; = E[Tpq | Xo = 7] be the expected time for
the backward walk to reach the source, with h; = 0. By
standard Markov chain properties:

hi =1+ A;:h; + Z A jh;

j<i
(1 — A271)]”Lz =1+ ZAi’jhj
7<i
1

2y

h = I

Z] <1 Z Zk<z
Because node ¢ is not the source, it must have at least
one backward edge to some j < 7. By the c-constraint,
> j<iAij > c. Because the summation of fractional coef-
ficients strictly equals 1, the second term is a convex com-
bination. Thus, it is bounded by the maximum previous
term:

1
h; < — 4+ maxh;

(& j<i
By unrolling the recursion, we have max; h; < % By
Markov’s Inequality, enforcing P(T > t) < 2 < 1/4

requires ¢ > %, and hence Tp,q < 2
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For the forward walk, let g; = E[Tf,q | Xo = j], with
gn = 0. Denote wj ;. for the j-th row and £-th column entry
in the forward walk matrix W. Applying identical algebraic

rearrangement using the column-normalised forward matrix
Ak .
Cj

Wg,j =

95 = ! + g 9k
;=
Zk>j Whj =5 Em>j W, j

1
< —=———— +maxg
Dsg Whyj o k>i

Because node j is not the sink, > 7, - Ay j > c. Substitut-
ing wad(.j — k):

1 C; C;
= <
Zk>j Wk, j Zk>j Ak, c

which implies that

Cj
g9; < — + max gi
c k>j
Recursively expanding this yields max;g; = g1 <
1 22_1 C. Because A is row-stochastic, the sum of all
column normalisation constants C}, cannot exceed the total
number of rows n. Thus, g1 < LCL Similar to our analysis
above, by Markov’s Inequality, Tf,,q < 42. O
f c

Hence, observe that for any n > 2, instantaneous mixing
is impossible. Therefore, both Ty,,q > 1 and Tf,,q > 1.
Utilising Lemma C.1, we can bound the backward time
linearly by the forward time:

4n 4
Thwa < —-1< j wad

We now apply this relation to our General Fidelity-Mixing
Bound (Corollary 6.1), substituting f(Tfwq) = 2 - Ty

F(G) < 2 (4" wad(cn) = 3;: T} 0a(G)

and we are done. O

11



