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Abstract

Inverse Reinforcement Learning (IRL) deals with the problem of deducing a
reward function that explains the behavior of an expert agent who is assumed to
act optimally in an underlying unknown task. Recent works have studied the IRL
problem from the perspective of recovering the feasible reward set, i.e., the class
of reward functions that are compatible with a unique optimal expert. However,
in several problems of interest it is possible to observe the behavior of multiple
experts with different degree of optimality (e.g., racing drivers whose skills ranges
from amateurs to professionals). For this reason, in this work, we focus on the
reconstruction of the feasible reward set when, in addition to demonstrations from
the optimal expert, we observe the behavior of multiple sub-optimal experts. Given
this problem, we first study the theoretical properties showing that the presence
of multiple sub-optimal experts, in addition to the optimal one, can significantly
shrink the set of compatible rewards, ultimately mitigating the inherent ambiguity
of IRL. Furthermore, we study the statistical complexity of estimating the feasible
reward set with a generative model and analyze a uniform sampling algorithm that
turns out to be minimax optimal whenever the sub-optimal experts’ performance
level is sufficiently close to that of the optimal expert.

1 Introduction

Inverse Reinforcement Learning [IRL,[26] deals with the problem of recovering a reward function
that explains the behavior of an expert agent who is assumed to act optimally in an underlying
unknown task. Over the years, the IRL problem has consistently captured the attention of the research
community (see, for instance, [4] and [1] for in-depth surveys). Indeed, this general scenario, where
the reward function needs to be learned, emerges in numerous real-world applications. A example
arises from human-in-the-loop settings [25]], where the expert is a human solving a task, and an
explicit specification of the human’s goal in the form of a reward function is often unavailable.
Notably, humans encounter difficulty in expressing their intentions in a numerical form, preferring
instead to demonstrate what they perceive as the correct behavior. Once we retrieve a reward function,
(i) we obtain explicit information for understanding the expert’s choices, and, furthermore, (ii) we
can utilize it to train reinforcement learning agents, even under shifts in the underlying system.
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Since the seminal work [26]], IRL has emerged as a significantly complex task. One of its primary
challenges lies in the intrinsic ill-posed nature of the problem, as multiple reward functions compatible
with the expert’s behavior exist. Recently, a promising avenue of research [24, (19, [22]] has tackled
this ambiguity issue from an intriguing perspective. Specifically, this strand of works focuses on
estimating all the reward functions that are compatible with the observed demonstration, thereby
postponing the selection of the reward and directing their focus solely on the expert’s intentions.

Nevertheless, these approaches based on recovering the feasible set [24} 19} [22]] fall short in modeling
more articulated situations that arise in the real world. In several problems of interest, it is possible to
observe the behavior of multiple agents with different degrees of expertise. As an illustrative example,
consider the human-in-the-loop settings, mentioned above, in which we are interested in recovering
reward functions that explain the intent behind racing drivers. In this scenario, racing car companies
typically have access to a variety of drivers with diverse skills, including professionals, test drivers,
and emerging talents from developmental programs. In this context, while the focus is typically on
the reward function of professional drivers, we expect a proficient IRL method to effectively leverage
demonstrations provided by drivers with lower expertise. From an intuitive perspective, if we have
some information on the degree of expertise of other drivers, we expect that, by exploiting their
demonstrations, we can reduce the ambiguity of IRL problem.

With these motivations, in this work, we extend the IRL formulation as the reconstruction of the
feasible reward set to settings where, in addition to demonstrations from an optimal expert, we observe
the behavior of multiple sub-optimal experts, of which we know a bound on their sub-optimality.
More specifically, we will primarily focus in answering the following theoretical questions:

(Q1) How does the presence of sub-optimal experts affect the set of reward functions that are
compatible with the observed behaviors? Can they mitigate the intrinsic ambiguity of IRL?

(Q2) What is the statistical complexity of estimating the set of reward functions that are compatible
with the given experts? How does it compare against the one of single-experts IRL problems?

Contributions and Outline. After providing the necessary background, we introduce the novel
problem of Inverse Reinforcement Learning with multiple and sub-optimal experts (IRL-SE, Section
[2). We then proceed by studying the theoretical properties of the class of reward functions that are
compatible with a given set of experts under the assumption that an upper bound on the performance
between a sub-optimal expert and the optimal expert is available to the designer of the IRL system
(Section[3). Our findings indicate that having multiple sub-optimal experts can significantly shrink
the set of compatible rewards, thereby mitigating the ambiguity issue that affects IRL. Leveraging
our previous results, we continue by studying the statistical complexity of estimating the feasible
reward set with a generative model (Section[d). To this end, after formally introducing a Probabilistic
Approximately Correct [PAC, 9] framework, we derive a novel lower bound on the number of samples
that are required to obtain an accurate estimate of the feasible reward set. Then, we present a uniform
sampling algorithm and analyze its theoretical guarantees. Our results show that (i) the IRL problem
with sub-optimal experts is statistically harder than the single expert IRL setting, and (ii) that the
uniform sampling algorithm is minimax optimal whenever the sub-optimal experts’ performance
level is sufficiently close to the one of the optimal expert. Finally, we conclude with a discussion on
existing works (Section [5) and by highlighting potential avenues for future research (Section [6).

2 Preliminaries

In this section, we provide the notation and essential concepts employed throughout this document.
Appendix [A] contains tables of symbols and a summary of the notation.

Notation. Let X be a finite set, we denote with A% the set of probability measures over X.
Let Y be a set, we denote with Af the set of functions f : ¥ — A¥. Given f € R", we

denote with || f]|o the infinite norm of f. Let X and X’ be two non-empty subsets of a met-
ric space (Y,d), we define the Hausdorff distance [31]] between X and X’ as Hy(X,X') =
max{sup,cy infyrexr d(z,2"),sup, c v infrex d(z,2')}. The Hausdorff distance directly de-

pends on the metric d. We denote with 1,, the n-dimensional vector given by (1, ..., l)T.

Markov Decision Processes. A Markov Decision Process without a reward function (MDP\R)
is a tuple M = (S, A, p,7), where S is the set of states, A is the set of actions, p € Ang is



the transition probability kernel, and y € [0, 1) is the discount factor. We consider finite state and
action spaces, namely |S| = S and |A| = A. A Markov Decision Process [MDP, 27] is obtained by
combining an MDP\R M with a reward function r € RS*A, Without loss of generality, we assume
reward functions bounded in [0, 1]. We denote with M U r the resulting MDP. The behavior of an
agent is described by a policy 7 € Aé, that, for each state, prescribes a distribution over actions.

Operators. Let f € RS and g € RS*A. We denote with P and 7 the operators induced by the
transition model p and the policy 7 respectively Specifically, Pf(s,a) = > .sp(s'|s,a)f(s'),
and mg(s) = > ,c47(als)g(s,a). Moreover, we introduce the operators E' and B™ defined as:
Ef(s,a) = f(s) and (B7g) (s,a) = 1{n(a|s) = 0} g(s, a). Finally, we define d™ f as the expecta-
tion of f under the discounted occupancy measure: d™ f = (Is — yaP)™' f = Z;Og(’yﬂP)t I

Value Functions and Optimality. Given an MDP M U r and a policy m, the Q-function Q7 4,
represents the expected discounted sum of rewards collected in M U r starting from (s, a) and
following policy 7. Formally:

“+o0

Qur(s,a) =E ZWtT(St,at”So =S50 =af,
t=0

where the expectation is taken w.r.t. the stochasticity of the policy and the environment, i.e., sy41 ~
p(|s¢,ar) and ay ~ w(-|s). The V-function V{, . is the expectation of the Q-function over the
action space, namely Vi, = 7Q} .. The advantage function A%, = Q) — EViyy, is the
immediate gain of taking a given action, rather than following policy 7. A policy 7* is optimal if it
has non-positive advantage in each-state action pair; namely A7, . < 0 holds element-wise.

Inverse Reinforcement Learning. An Inverse Reinforcement Learning [IRL, 26] problem is a
tuple B = (M, 7f), where M is an MDP\R and 77 € A% is the expert policy. Given a reward
function € RS*A, we say that r is feasible for B if it is compatible with the behavior of the expert,
namely 7 is an optimal policy for the MDP M U r. We denote with Ry the set of feasible reward
functions:

Ry = {re[0,1]5%4: A% <0}. (1)

The set Ros is named feasible reward set [241 19, 22]]. To characterize the set Ry, [24]] have shown
that a reward function 7 belongs to R if and only if there exists ( € R‘ggA and V € R such that:

r=—B"?( + (E —~P)V. )

Thus, each reward function in R, is the sum of two components. The first one, —B™#(, which is
non-zero only when 7 (a|s) = 0, can be interpreted as the advantage function A} ,,. The second
one, (E —vP)V, instead, can be interpreted as a reward-shaping via function V', which maintains the
optimality of the expert’s policy [26]]. It follows that || V]| < (1 —7) ! and ||([l < (1 —7)7 %

3 Sub-Optimal Experts and the Feasible Reward Set

In this section, we extend the IRL formulation to problems where, in addition to demonstrations
from an optimal expert, we observe the behaviors of multiple and sub-optimal experts. After having
formulated and motivated the problem (Section [3.1)), we delve into the theoretical properties of the
induced feasible reward set, by providing both an implicit (Section [3.2)) and explicit (Section[3.3)
descriptions. Our results indicate that the presence of sub-optimal experts can significantly shrink the
feasible set of compatible rewards, thus, mitigating the ambiguity issue of IRL.

3.1 Problem Formulation

We define the Inverse Reinforcement Learning problem with multiple and Sub-optimal Experts (IRL-
SE) as a tuple B = (M, 7g,, (75,)]"5, (&)175), where M is an MDP\R, 7, is the policy of an

"We use the symbol 7 to indicate both the operator and the policy. In the following, the intended meaning
will be clear from the context.



optimal expert (ﬂEi)Z’:; are a collection of n sub-optimal experts policies, and (51-)?;21 are the

corresponding sub-optimality bounds. More concretely, £; represents a known upper bound on the

performance gap between the optimal expert and the i-th sub-optimal expert. Consequently, a reward

function r € R¥* is feasible for 9B if 7, is an optimal policy for the MDP M U r and if:
Vie{2,...,n+1}: Vi = Vel < & 3)

|OO_

Thus, a feasible reward r must make the value function VLELjT(s) of the ¢-th expert smaller than
that of the optimal expert V(%) (s) = Vji(,,.(s) by no more than the threshold &;, uniformly over
s € §. We denote by Rg; the set of feasible rewards for B, i.e., r € [0, 1]‘5X“4 belongs to R if (1)

AﬂMEbT < 0 and (ii) Equation (3) holds. Notice that, whenever no sub-optimal expert is present, we
recover the definition of the feasible set for single-expert IRL problems, i.e., Rz in Equation ().

We remark that £; can even be a crude overestimate (i.e., an upper bound) of the sub-optimality of
expert ¢. Nevertheless, as we shall see, the ability of the sub-optimal policy 7, in mitigating the
IRL ambiguity, i.e., shrinking the feasible reward set, will be tightly connected on the magnitude of
&;. The following examples illustrate how an expression &; can be obtained in common scenarios with
no knowledge of the (possible) reward function optimized by the expert policy 7, . Formal proof for
these statements are reported in Appendix [C]

Example 3.1. Suppose that the i-th sub-optimal expert 7, is optimal for the same reward function
that 7, is optimizing for, but under different transition model P;. In this case, ||V} — Vgt lloo <
(137%2 max (s q)esxa || P(|s,a) — Pi(+|s,a)||1 =: & holds for all rewards 7.

Example 3.2. Suppose that the i-th sub-optimal expert 7, is optimal for the same reward function
that 7, is optimizing for, but using a different discount factor 4. In this case, VLEJT — VLEJT loo <

2% =: &; holds for all rewards 7.

Example 3.3. Suppose that the -th sub-optimal expert 7, is sufficiently close to the optimal policy
TE,, namely that max,es |75, (-|s)—7g, (-]s)[1 < e Inthiscase, |V~ Vi loo < me=6&
holds for all rewards 7.

3.2 Implicit Formulation of Ry

In this section, we analyze the implicit description of the feasible reward set R . From its definition
(Equations (I and (3)), a reward function r € [0, 1] belongs to R if and only if the following
conditions are satisfied:

A Qi (s,a) = Vi, (s) V(s,a) € S x A:mpg, (als) > 0,
(ii) QWMEDT(S, a) < VLEJT(S) V(s,a) € S x A:mpg, (als) =0,
(iil) Vi (s) S Vi (s)+& VseS, Vie{2,...,n+1}
Specifically, conditions (i) and (ii) directly encode the optimality of policy 7, for M U r, i.e., the
advantage function AﬂMEbT is non-positive. Condition (iii), on the other hand, arises from the presence
of sub-optimal experts, and directly follows from Equation (3)). At this point, by closely examining

these conditions, it is possible to gain insight into the advantages and limitations associated with the
presence of multiple and sub-optimal experts. Consider, the following illustrative examples.

Example 3.4. Suppose that 75, = 7g, holds forall ¢ € {2,...,n + 1}. Condition (iii) is clearly
satisfied for any reward function r. Thus, the feasible reward set R is determined by the requirement
that the advantage function of 7, is non-negative, and, as a consequence, the set R coincides with
the one of the single-expert IRL problem, namely R4 = Res. Analogously, if &; > (1 — «)~! holds
for all sub-optimal experts, condition (iii) is vacuous, and, similarly, R reduces to Rs.

Example 3.5. Consider the MDP with 2 states depicted in Figure |1} and suppose that only one
additional sub-optimal expert is present. The optimal and the sub-optimal experts follow different
policies in Sy. From the definition of R, we can see that, in addition to the constraint r(Sg, A1) >
r(So, A2) (i.e., mg, is optimal), condition (iii) enforces a further relationship between r(Sp, A1) and
r(So, Az), i.e., 7(So, A1) — (S0, A2) < &;. If & is sufficiently small (i.e., {; < 1), the presence of
the sub-optimal experts significantly reduces the set of compatible rewards (Figure 2)).

2For the sake of exposition, we consider a single optimal expert. The extension to cases where multiple
optimal policies are available is straightforward. For further details on this point see Appendix@
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Figure 2: Visualization of the feasible reward set
Figure 1: MDP example, with 2 states and 2 ex-  (i.e., shaded red area) for the problems described
perts, that highlights the benefits of sub-optimal  in Example[3:3] On the left, the feasible reward
experts (Example 3.5). In S; both 7, and 7g,  set for the single-expert IRL problem and on the
are identical, i.e., g, (A[S1) = 7, (A|S1) = 1. right the feasible reward set for the multiple and
sub-optimal setting when using &; = 0.5.

Abstracting away from the examples, we deduce that whenever (a) the sub-optimal experts exhibit
behavior significantly different from that of the optimal expert and (b) their performance level is
sufficiently close to being optimal, R can notably shrink compared to Res. In the next section,
through an explicit formulation of the feasible set, we analyze this phenomenon quantitatively.

3.3 Explicit Formulation of Ry

In this section, we continue by providing an explicit formulation of the feasible set R . The following
result (proof in Appendix [D) summarizes our findings.

Theorem 3.6. Let B be an IRL problem with sub-optimal experts. Let v € [0, 1]5*A. Then, r € R
if and only if there exists ( € R‘;é““ andV € RS such that the following conditions are satisfied:

— B,
r=—B""C+ (E—yP)V, )

and, foralli € {2,...,n+1}:
d™imp, B™1( < 1. &)

Theorem [3.6] deserves some comments. First, from Equation (), we see that a necessary condition

for having » € R is that it can be expressed as the sum of two components, namely —B™ ¢ and
(E —~«P)V. This result is a direct consequence of the fact that 7, is an optimal policy for M U r,
and, in this sense, it recovers the existing condition of single expert IRL settings (Equation [24]E]

Sub-optimal experts constrain the sub-optimality gaps. The role of the sub-optimal experts is
apparent in Equation (3) enforcing a set of linear constraints on the values that ¢ can take['| Since,
as discussed in Section [2| —B™=1 ( represents the advantage function of the optimal policy 7 g, ,
Equation (3)) limits how much sub-optimal the values of actions not played by 7, can be. Indeed,

the resulting @Q-function of the optimal expert can be expressed as Q;,Elbr = —B7™5i1( + EV [24].

Sub-optimal experts affect only states in which they behave sub-optimally. The linear constraints
in Equation (3)) are expressed in terms of mg, B™#1(. As a consequence, they will only affect state-
action pairs (s,a) € S x A that are played by the sub-optimal experts (i.e., 7, (a|s) > 0) and
that are not played by the optimal expert (i.e., g, (a|s) = 0). Therefore, as previously highlighted
with the implicit formulation of R, a sub-optimal expert 7, should behave differently w.r.t. the
optimal expert 7, in order to provide meaningful information and reduce the feasible reward set.
Furthermore, the constraints over ¢ are expressed w.r.t. expected discounted occupancy of 7g;.

3Contrary to single-experts IRL problems, now Equation (@) is only a necessary condition for having r € R.
Moreover, whenever n = 1 (i.e., we have the optimal expert mg, only), Theorem reduces to Equation (@),
and, thus, it smoothly generalizes existing results for the classical IRL problem.

“Thanks to the linearity, testing whether a given ( satisfies Equation () is computationally efficient.



Therefore, Equation (5) has provided a precise mathematical description (i.e., if and only if conditions)
of the effect produced by the presence of sub-optimal experts on the feasible rewards 7.

While in classical IRL problems, we have |||/ < (1 —~)~!, the maximum value ¢ can take in
the sub-optimal experts case may be smaller. Let us fix a state s’ € S and a sub-optimal expert
i €{2,...,n+ 1}; then, the constraint associated to state s’ in Equation (5) can be written as:

dods) Y, wml(als)(s,a) <&, 6)

s€ES a€A:img, (a|ls)=0

where d:,E"' (s) is the discounted expected number of times that policy 7, visits state s € S starting
from state s’. From Equation (6), we obtain necessary conditions on the values of (. More specifically,
let X(s,a) C {2,...,n + 1} be the subset of sub-optimal experts such that 7, (a|s) > 0. Then, for
each state-action pair (s,a) € S x A such that 7, (a|s) = 0 and 7, (als) > 0, we have that:

&i

Y
i€X(s,a),s'ES ds’ ° (S)TI'EI (a|s)

¢(s,a) < min {k(&a), 1i7} = g(s,a), where k(s,a):= . (7

The term k(s, a) directly follows from Equation (6), while (1 — ~)~! is the maximum value that any
(s, a) can take, and arises, as in the classical IRL setting, from the fact that advantage functions are
bounded by (1 —+)~! for any reward function. Thus, confirming our previous observations, Equation
implies a significant potential reduction in the maximum values that the advantage function can
take, i.e., how much sub-optimal an action not played by 7z, can be in terms of ()-function values. E]

Example 3.7. Consider an IRL problem with only one additional sub-optimal expert. Suppose that
7, and g, are deterministic. For all state-action pairs in which 7, (a|s) = 0 and 7g, (a|s) = 1,
Equation (7) implies that {(s,a) < min {&;, (1 —v)~*}. If & is significantly smaller than (1—~)~?,
we obtain a notable restriction on the set of feasible reward functions.

Remark 3.8 (About alternative Sub-optimality Formulations). We have described the sub-optimal
experts by means of upper bounds on the value functions gaps; i.e., VJ;EJT — VLEJT < 1g&. In

principle, we may consider lower bounds on the value functions gaps; i.e., V.;\T/IEL}T — VLEJT > 15&;.
Intuitively, in the former case, we know that an expert is sub-optimal at most &;, whereas, in the latter,
that an expert is sub-optimal at least &;. Our theory smoothly generalizes to these latter scenario
obtaining an analogous of Theorem [3.6| where the constraints of Equation (3)) are replaced with

d™Eimp, B™51( > 15&;. We refer the reader to Theoremfor a formal statement.

4 Learning the Feasible Set with Sub-Optimal Experts

In this section, we address the statistical complexity of estimating R with a generative model.
Specifically, we first introduce a Probabilistic Approximately Correct (PAC) framework (Section[4.T)).
Then, we study the statistical complexity of the problem by presenting lower bounds on the sample
complexity any algorithm requires in order to correctly identify the feasible set (Section 4. 1). Finally,
we propose a uniform sampling algorithm and analyze its theoretical guarantees (Section |4.3)) E]

4.1 PAC Framework

We define a learning algorithm for an IRL-SE problem B as a tuple 21 = (7,v) where 7 is a

stopping and ¥ = (14):en is a history-dependent sampling strategy, i.e., v; € A%ff}, where

Dy = (S x Ax S x (A)"F1)! is the set of samples collected up to time step ¢ € N. At each time
step t, the algorithm selects a state-action pair (s¢, a;) ~ 14, and observes a sample s} ~ p(-|s, at)

from the environment, together with actions sampled from the experts’ policy, namely (agz))?:f,

where agi) ~ 7w, (+|st). The observed realizations D; are then used to update the sampling strategy
1, and the process goes on until the stopping rule 7 is satisfied. Then, the algorithm leverages the

In Appendixm we also provide some simple numerical experiments that aim at visualizing the reduction of
the feasible reward set.

SFor the sake of presentation, all results are presented under the assumption that 7, is deterministic. The
extension to the case in which g, is stochastic is presented in Appendix@



collected data D, to output the estimate of the feasible reward set ﬁr. We are interested in designing
algorithms that, for any desired accuracy € € (0, 1) and any risk parameter § € (0, 1), guarantee that:

Py.g(Heo(Rg, R,) > €) <4 (8)

We refer to these algorithms as (¢, §)-correct identification strategies and we define their sample
complexity as the total number of interactions with the generative model before stopping, i.e., 7.

4.2 Lower Bound
In this section, we present lower bounds on the sample complexity that any (¢, §)-correct algorithm
needs to perform to learn R . The following theorem (proof in Appendix [E)) reports our result.

Theorem 4.1. Let 2 be a (e, §)-correct algorithm for the IRL problem with sub-optimal experts.
There exists a problem instance B such that the expected sample complexity is lower bounded by:

SRS )

where Q(+) hides constant dependencies. Let Ty, > 0 be:

Tin = min min 7, (als), 10
i i€{2,..n+1... } (s,a)€Sx A, (a|s)>0 Ei( ‘ ) (10)
and let qy = ﬂ;iimaxie{gﬁ_”’nﬂ} &;. Then, there exists an instance B’ in which qo < 1 such that:
2 1
) 955 10g (5)

Theorem | 1| provides two distinct lower bounds (i.e., Equations[9]and [T T) for IRL problems with sub-
optimal experts. Whenever go < 1 holds, the lower bound for the IRL-SE setting can be expressed as
the maximum between Equation (9) and (TT). We now comment in-depth on these two equations.

Sub-optimal experts do not reduce the statistical complexity of IRL. Concerning Equation (9)),
as our analysis reveals, it directly arises from the problem of estimating rewards functions that
are compatible with 7p, (i.e., with Equation () in Theorem [3.6). In this sense, it represents the
complexity of single-expert IRL problems[] As a consequence of the structure of the feasible set
we derived in Theorem [3.6] this leads to a lower bound also for the multiple sub-optimal experts
setting. Therefore, Equation (9) formally shows that the sub-optimal expert setting is always at least
as difficult as the single expert IRL problem.

Sub-optimal experts have introduce further statistical complexities. Equation (TI), on the other
hand, is tightly related to the presence of sub-optimal experts. More precisely, under the assumption
that go < 1 (e.g., for sufficiently small values of &;), it shows a dependency in the lower bound of a
factor W;i}l, where i, is the minimum probability with which sub-optimal experts plays their actions.
From an intuitive perspective, its presence is related to the difficulty in estimating reward functions
that are compatible with Equation (3) in Theorem[3.6] As we have shown in Section[3} the presence
of sub-optimal experts can limit the value of { with a relationship that involves ﬂ;iﬁ (i.e., Equation
(). As our analysis will reveal, the proof of Equation is directly related to these worst-case
upper-bounds on . We remark that, according to the value of 7y, Equation (IT)) can be significantly
larger than Equation (), thus showing an increased difficulty in the statistical complexity that is

related to the stochasticity of sub-optimal experts.

We remark that 7 represents the number of calls to the generative model and that each call, in our
setting, provides demonstrations from each (sub-)optimal expert. It can be shown that, by slightly
modifying the learning formalism, Equation (1)) actually represents a lower bound to the number
of samples that should be gathered from each sub-optimal expertE] In this sense, the statistical
complexity increases significantly in the sub-optimal expert setting compared to the single expert one.

"We notice that similar results were presented in [22]] for the finite-horizon single expert IRL problem. In
this work, we extend their analysis to the infinite-horizon IRL setting.
8For further details, we refer the reader to Appendix



Therefore, to conclude, we notice that, in order to gain the reduction in the feasible reward set that we
discussed in Section[5] we need to gather additional sampled demonstrations from the sub-optimal
experts. This unavoidable trade-off is a direct consequence of the structure of the feasible set R
that we derived in Theorem [3.6] and, it arises from the statistical complexity of estimating reward
functions that are compatible with the linear constraints of Equation (3).

4.3 Uniform Sampling Algorithm

In this section, we present the Uniform Sam-

pling algorithm for Inverse RL with Suboptimal ~ Algorithm 1 US-IRL-SE Algorithm
Experts (US-IRL-SE).

Require: Number of samples for each (s, a) pair

Algorithm. The pseudo-code can l?e found . Z)Lrt c{1,...,m} do
in Algorithm [T] US-IRL-SE takes as input the 1 (i) \ntl ,

; . 2:  Collect (s', (a'V)7}") where s’ ~ p(-|s, a)
number of samples m that will be queried ) v
to the generative model in each state-action and ' ~ 7, (+|s) from each (s,a) € S x
pair. Then, it uniformly gathers data across Aand i EA {r... 7?‘*‘ 17}L+1 _
the entire state-action space, and it updates 3:  Update p; and (7 p,),—, according to
the empirical estimates p; and (7 g, )/ of Equation (12)
the transition model and expert’s policies. Let ~ 4: end for
D; be a dataset of t € {1,...,m} tuples 35 returnRg

Dy = {(s5, a5, 5}, (ay));fll) ‘1, where s/ ~

p(-|s;j,a;), and ay) ~ g, (-|s;). Given Dy, we
define the empirical transition model p; and the empirical experts’ policy 7 g, as follows:

m

Ny (s,a,s’) . Nt("’)(s@) .
ﬁt(Sl‘S, Cl) — 1Nt(s,a) if Nt($.7 a) >0 ’ ﬁ_t’Ei (CL|S) _ 1Nt(s) if Nt(S) >0 ’ (12)
3 otherwise s otherwise

where N;(s,a,s’) = Z;zl ]l{(sj,aj,s;) = (s,a,8")}, Ni(s,a) = Zs/ES Ni(s,a,s"), Ni(s) =

2 (aseaxs Ni(s,a,s'), and Nt(i)(s7 a) = 1{(s;, agi)) = (s,a)}. Then, we denote with %t the

empirical IRL problem induced by p; and (7, EZ)?jll Finally, the algorithm returns the feasible set

R n+1

corresponding to the estimated IRL-SE problem B,,, defined in terms of p,,, and (7,5, )iy -

B
Sample Complexity Upper Bound The following theorem (proof in Appendix [E), describes the
theoretical guarantees of US-IRL-SE.

Theorem 4.2. Let g; = min {7‘(‘;&1 max;ega, . nt1} &ir (1 — ’y)_l}, and g2 = max{1,q1}. Then,

with a total budget of:
~ 2Slog (%) ¢3SA(S +log (£
O(max{ql Og((S) q2 ( + Og(ﬁ))}>’ (13)

ETmin e2(1 —~)?
US-IRL-SE is (e, 8)-correct and O (-) hides constant and logarithmic dependencies.

Theorem@] deserves some comments. First of all, it shows that when the total number of queries to
the generative is sufficiently large, US-IRL-SE is (¢, §)-correct, and its sample complexity is provided
in Equation (T3). Since m represents the number of calls to the generative model in each state-action
pair, its expression can simply be calculated dividing Equation by SAH As a consequence, we
remark that, in order to compute the value of m, the algorithm requires knowledge of the minimum
probability 7, with which the sub-optimal experts play their actions.

US-IRL-SE is minimax optimal when 7| ¢, < 1. Equation is the maximum between two
terms whose expressions closely resemble the lower bound of Theorem.1] The only difference arises
in the definition of qg, ¢1 and go. We remark that, whenever the sub-optimal expert’s performance
level is sufficiently close to the one of the optimal expert, i.e., w;i;fi <lforallie€{2,...,n+ 1},

The exact expression of m (i.e., constants and hidden logarithmic factors) is provided in Appendix



Equation (T3) exactly recovers the lower bound that we presented in Theorem [.1] Indeed, under this
condition, it holds that ¢y = ¢1, and g» = 1. We recall that, according to Theorem@ as the values
of &;’s decrease, the feasible reward set is substantially reduced. In this sense, US-IRL-SE enjoys
minimax optimality in the most interesting scenarios where the presence of sub-optimal experts is
particularly useful for mitigating the intrinsic ambiguity that affects IRL problems.

Technical challenges of Theorem We highlight that the proof of Theorem[4.2] poses notable
technical challenges beyond the ones of the analysis for standard IRL [24]. In our setting, studying
how the Hausdorff distance between R and R% decreases as we collect more samples requires

t
taking into account that these feasible reward sets are subject to the peculiar structure identified in
Theorem [3.6] namely the set of constraints of Equation (3)) arising from the presence of sub-optimal
experts. We study, with probabilistic arguments, error terms of the form ||¢ — projﬁtc |loos Where ¢

is feasible for the exact problem B, (Alt denotes the set of ¢ that are compatible with the empirical

problem B, and proj(-) denotes the infinite norm projection. Analyzing these terms to obtain
nearly optimal rates requires careful considerations on the geometry of feasible reward set that the
sub-optimal experts induce. For further details, we refer the interested reader to Appendix [E]

5 Related Works

In this section, we survey the works about IRL and the presence of multiple (sub-optimal) experts
that are related to our proposal.

Inverse Reinforcement Learning. Historically, solving an IRL problem [[1] involves determining
a reward function that is compatible with the behavior of an optimal expert. Since the seminal work
of [26], the problem has been recognized as ill-posed, as multiple reward functions that satisfies
this requirement exists [34]]. For this reason, over the years, several algorithmic criteria have been
introduced to address this ambiguity issue. These criteria includes maximum margin [30], Bayesian
approaches [28]], maximum entropy [37]], and many others [e.g., 21, 23] 36]]. More recently, a new
line of works have circumvented the ambiguity issue by redefining the IRL task as the problem of
estimating the entire feasible reward set [24} [19,122]]. In our work, we take this novel perspective, and,
in this sense, this recent research strand is the most related to our document. Specifically, of particular
interests is the work of [22]]. In their work, the authors study, for the first time, lower bounds for the
single-expert IRL problem in finite horizon settings. Furthermore, they show that uniform sampling
algorithm is minimax optimal for this task. Nevertheless, it has to remarked that this recent strand of
research focuses entirely on single expert problems. As we have shown, however, the extension to
the multiple and sub-optimal experts setting requires non-trivial effort. The reason is that the feasible
reward set significantly differ (see, e.g., Theorem [3.6)), and the problem is harder from a statistical
perspective (see, e.g., Theorem [.T)).

Multiple and/or Sub-optimal Experts. The presence of multiple/sub-optimal experts has garnered
attention in the Imitation Learning [IL, [11] community. In IL problems, contrary to IRL, the goal
lies in directly leveraging demonstrations of optimal behavior to accelerate the training process
of reinforcement learning algorithms. In this context, works that are close in spirit to ours are
[17,113,16, 20]. Here, the authors extend the IL formulation to account for the fact that demonstrations
are provided from multiple and/or sub-optimal experts. However, unlike our specific focus, their
emphasis is on understanding how to effectively exploit imperfect demonstrations to improve training
of RL agents. In our work, instead, we exploit the presence of sub-optimal experts to reduce the
intrinsic ambiguity that affects the IRL formulation. In this sense, our work is complementary
to several studies that analyzed how to improve the identifiability of the reward function in IRL
problems by making additional structural assumptions. These include the possibility of observing
an optimal expert interacting with several MDPs [e.g., |30} 3} 2] and focusing on peculiar types of
MDPs that allows for strong theoretical guarantees [e.g., [8, [15, 5]. Along this line of work, the
most related to ours is [32]. Here, the authors study how the presence of multiple experts impact
the identifiability of the reward function. Contrary to our work, however, the authors assume each
expert to follow an entropy regularized objective and, furthermore, they focus on the case in which
all experts act optimally in the underlying environment. In this sense, our work encompasses a wider
spectrum of applications, as we do not require optimality for each of the expert, nor an entropy



regularized objective. Furthermore, it has to be remarked that the multiple expert setting and IRL
have been studied in [[L8] with the goal of providing practical algorithms that can be used in real-
world applications. Also in this scenario, each expert is assumed to act optimally in the underlying
domain. Finally, our work is related to approaches that aimed at extracting a single reward function
by leveraging possibly sub-optimal demonstrations [e.g., (35 [16} [12, [29]]. In our work, instead, we
take a different theoretical perspective, and focus on the set of reward functions that are compatible
with multiple sub-optimal experts.

6 Conclusions

In this work, we studied the novel problem of Inverse RL where, in addition to demonstrations from
an optimal expert, we can observe the behavior of multiple and sub-optimal experts. More precisely,
we first investigated the theoretical properties of the class of reward functions that are compatible with
a given set of experts, i.e., the feasible reward set. Our results formally show that, by exploiting this
additional structure, it is possible to significantly reduce the intrinsic ambiguity that affects the IRL
formulation. Secondly, we have tackled the statistical complexity of estimating the feasible reward
set from a generative model. More precisely, we have shown that a uniform sampling algorithm is
minimax optimal whenever the performance level of the sub-optimal expert is sufficiently close to
the one of the optimal expert.

Our research opens up intriguing avenues for future studies. In the following, we highlight several
possibilities.

Closing the Theoretical Gap The results that we presented in Section ] do not completely match.
When the performance of the sub-optimal experts are not sufficiently close to the one of the optimal
agent, the upper bound differs from the lower bound. Closing this gap, either by (i) developing
tighter lower bounds or (ii) proposing novel algorithms and/or refining the analysis of US-IRL to
achieve tighter upper bounds, is an interesting future direction. This would allow for a complete
understanding of the statistical complexity of the problem.

Offline IRL with Sub-Optimal Experts Secondly, we note that this work leverages the presence
of a generative model in the algorithm design. In the future, it would be interesting to remove this
assumption by considering an offline setting where only a dataset of collected demonstrations is
available to the learning system. This formulation is more practical since, in several real-world IRL
applications [18]], only a dataset of pre-collected demonstrations is available to the designer of the
IRL system. We also note that this setting is, in principle, more challenging, as the data coverage of
the dataset is not under the control of the IRL system.

Large State-Action Spaces For instance, since we have shown that sub-optimal experts can
improve the identifiability of the reward function, future research should focus on building practical
algorithms that can exploit this additional structure. To this end, as an intermediate step, it might
be interesting to extend our results to the case in which the reward function is expressed as a linear
combination of features. This approach would enable addressing infinite state-spaces [e.g., 26l
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The structure of the supplementary materials is organized as follows:

Appendix [A] provide tables that summaries the main symbols used in this document.
Appendix [B]describes how to extend our result to the multiple optimal expert setting.

Appendix [C] provides proof of Examples [3.1}{3.3]

Appendix [D] provides formal proofs of the theoretical claims of Section 3] together with
discussions on alternative formulations of the IRL-SE problem.

Appendix [E] provides formal proofs of the theoretical claims of Section [4]
Appendix [F]discusses how to extend our result to the setting in which 7, is stochastic.

Appendix [G] discusses how to change the learning formalism to derive a lower-bound that
directly depends on the number of samples that are needed from each sub-optimal expert.

Appendix [H] provides additional details on US-IRL-SE (i.e., exact description of m) and
computational complexity analysis.

Appendix [[ presents a simple numerical experiments that highlights the reduction of the
feasible reward set due to the presence of multiple and sub-optimal experts.

A Symbols and Notation

To begin, we provide tables that summaries the main symbols used in this document. Table|l|reports
a summary on the notation used throughout the paper. Table 2] reports a precise definition of the
operators used.

Table 1: Notation

SYMBOL  MEANING

B Inverse RL problem with a single optimal agent.

B Inverse RL problem with multiple and sub-optimal experts.

n Number of sub-optimal experts, n € N+ .

TR, Policy of the i-th expert. If 7 = 1, the expert is optimal.

& Sub-optimality of the i-th expert, where i € {2,...,n+ 1}.

TR, Empirical estimates of the ¢-th expert policy g, .

D Empirical estimate of the transition model p.

Dy Dataset of ¢ tuples from the generative model.

Ni(s,a) Number of samples gathered at state-action pair (s, a) in D;.
N¢(s) Number of samples gathered at state s in D,.

B Empirical estimate of the IRL-SE problem induced by p and 7, .
Res Feasible reward set of a single-agent IRL problem.

Ry Feasible reward set of a IRL-SE problem.

R% Feasible reward set of the IRL-SE problem induced by p and 7z, .

H..(X,X') Hausdorff distance between set X and X”.

Learning algorithm for the US-IRL-SE problem.

Sampling strategy of a learning algorithm 2.

Stopping time (i.e., sample complexity) of a learning algorithm (.

Desired level of accuracy when estimating the feasible reward set.

Maximum risk tolerated when estimating the feasible reward set.

Number of samples that the US-IRL-SE algorithm gathers in each state-action pair.

B Additional Multiple Optimal Expert Setting

In this section, we discuss the extension of the IRL-SE setting to the case in which multi-
ple optimal policies are available. More specifically, we define this IRL-SE setting as a tuple
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Table 2: Operators

SYMBOL SIGNATURE DEFINITION

p RS — RS*4 (Pf)(s,a) =3 g csp(s]s,a)f(s")
™ R5*4 — RS (mf)(s) = > peam(als)f(s,a)

E RS — RSx4 (Ef)(s,a) = f(s)

B~ RSXA 5 RSXA (B™ f)(s,a) = 1 {n(a|s) = 0} f(s,a)
BT RSXA 5 RSXA (B f)(s,a) = 1 {n(a|s) > 0} f(s,a)
dr RS — RS (d™f)(s) = 325 (ywP)'f) (s)

Is RS — RY (Isf)(s) = f(s)

B = (M, (”El)j:ll TE )2, (51)121) where (WEL)?; is a set of ny optimal policies, (75, )},
is a set of ny sub-optimal policies with known degree of sub-optimality (&;)’2, .

At this point, one can verify that the shape of the feasible set R, is exactly the one of Theorem
where Equations @) an (9) are obtained by replacing 7, with each optimal policy T, With

ie{l,...,nl}.

Concerning learning the feasible reward set, it is sufficient to extend the generative model so that
samples are gathered from all optimal and sub-optimal experts. The proof of Section[dholds almost
unchanged.

C Proof of Examples 3.13.3
We now give formal proofs of Examples [3.1}3.3]

Proof of Example Consider two MDPs \R M and M, that differs only in the transition kernel,
which we denote by p; and ps. Suppose that 7z, and 7g, are optimal for M, and M, respectively.
For any state s, it holds that:

VLEllUr(s) - VEQUT(S) S VEIUT(S) - VLE;UT(S) + VLE;UT(S) - VEQUT(S)v

where we added and subtracted VE Ur» and we used VE Ur < szw due to the optimality of 7g,

in M. Then, focus on VE Ue(s) — VEIUT(S) (but an identical reasoning can be applied for the
second difference as well):

VREL, (s) = Vaes, (s) = v S, (als) 3 pa(s']s, a) (VIE (') — Ve (s))+

+ (p1(8/|8, a) - p2(8/|8, a))VLb;l (S/)>

which, in turn, can be further bounded by:

%Ilm —palli 7Y me(als) Y pa(sls,a) (Vi () = Vit (s7)

Unrolling the summation to iterate the aforementioned argument, and using the fact that Z;"g =

ﬁ concludes the proof. O

Proof of Example[3.2] In this proof, we explicit the relationship of the value function V' with the
discount factor «y by writing V7, . Then, it holds that:

Vil (8) = Vi, (8) S Vi (s) = Vil () + Vi (s) = Vs, (9),
where we added and subtracted VE&;’Y (s), and we used VEUIT"Y (s) < VLEU?T’V (s) due to the

optimality of 7g, for the discount factor «’. Then, focus on Vﬁd;v (s) — V&EL};’Y (s). By the
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definition of the value function, together with the fact that rewards are bounded in [0, 1], we can
rewrite this difference as:

+o00 +oo /
Y=
EDY (v =" r(sear)lso =s] < DAt = = —
; o ; T-ma-7)
An identical argument holds for the second difference, thus concluding the proof. O

Proof of Example[3.3] By using the definition of value function, we can rewrite Vﬁdr (s)— VE 3 (5)

as Y (mg, (als)—7r, (als))r(s,a)+v > . p(s']s, a)(Vﬁdr(s’) - Vﬁjr(s’))). At this point, since
rewards are bounded in [0, 1] and by the policy similarity assumption, we have that the difference in
TE, TEy

value functions can be upper bounded by € + v >, p(s'|s, a) (Vi ,.(s") — Vi 3,.(s")). Unrolling

the summation to iterate the aforementioned argument, and using the fact that Z:fg =1

1—
concludes the proof.

=

D Proofs and Derivations of Section 3

In this section, we provide formal proofs of the theoretical results of Section[3] We begin by reporting
for completeness some results from [24] that will be used in our analysis.

Lemma D.1. Let B = (M, 7g) be a single-agent IRL problem. Let r € [0,1]5*4, then r is a
feasible reward if and only if for all (s, a) € (S, A) it holds that:

(1) QMiur(s,0) = VI, (s) =0 if me(als) >0,
(i4) QiU (8,a) =V, (s) <0 if mg(als) = 0.
Lemma D.2. Let B = (M, wg) be a single-agent IRL problem. A Q-function satisfies condition of
Lemma if and only if there exist ( € Rié‘q and V€ RS such that:
Qmur = —B™(+ EV

Lemma D.3. LetB = (M, 7g) be a single-agent IRL problem. Let r € RS*4, then r is a feasible
reward, if and only if there exist ( € RiéA and V € RS such that:

r=-B"®(+ (E —-~yP)V

At this point, we proceed by proving a Lemma that implicitly describes the set of reward functions
that are compatible with a IRL-SE problem.

Lemma D.4. Let B be an IRL problem with sub-optimal experts. Let v € [0,1]5*A. Then, r € Ry
if and only if the following conditions are satisfied:

(i) QN3 (s,a) = Vi (s) Y(s,a) : g, (als) > 0,
(ii) Q\4L, (s,a) < Vi (s) Y(s,a) : g, (als) =0,
(i) Qtlr < Vg + 1s& Vie{2,...,n+1}.
Proof. Condition (i) and (ii) are necessary conditions for the claim to hold. This directly follows by

the definition of R and from Lemma[D.1] At this point, what remains to be proven is condition (iii).

We begin by showing that, if » € R then condition (iii) is satisfied. Since (i) and (ii) holds, it
sufficies to plug VLEJT. — VLEQ,. < &, within (i) and (ii) to obtain the desired result.

We conclude by showing that if (i)-(iii) are satisfied, then » € Rg. Since (i) and (ii) holds, then, by
Lemma we know that 7 g, is optimal for M Ur. It remains to be proven that VLEJT — V/:lELjT <&

holds as well. However, since (i) holds, (iii) implies that VLEJT(S) — VL%T(S) < &;(s) holds for all
s € S, thus concluding the proof. O

We continue by proving Theorem
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Theorem 3.6. Let B be an IRL problem with sub-optimal experts. Let v € [0,1]5*A. Then, r € Ry
if and only if there exists ( € R‘;g““ andV € RS such that the following conditions are satisfied:
— By
r=-B" (+(E-7P)V, 4)
and, foralli € {2,...,n+ 1}:
d"*imp, BT ( < 1s&;. (5)
Proof. First of all, Equation (@) is a necessary condition for the claim to hold. Indeed, from Lemma

[D3]and Lemma[D-4] Equation () is a necessary and sufficient condition to make 7, optimal in
MUr.

At this point, we proceed conditioning on the fact that Equation (@) holds. We need to show that, if
r € R, then Equation (5)) holds, and if Equation (3] holds, then r € R.

From Lemma|D.4] we know that a necessary and sufficient condition for the previous statements to
hold is that:

Qb (s,a) S Vi (s) + &,

holds for any state-action pair (s, a) and for all experts i € {2,...,n + 1}. Given Equation (@) and
Lemma[D.2] the previous equation can be conveniently written as:

—B™"' ¢+ EV < EV,., + E1s&;. (14)
At this point, consider (s, a) such that 7g, (a|s) > 0. Then, Equation (T4) reduces to:
V(s) < Vil (s) + & (15)
Conversely, consider (s, a) such that 7, (a|s) = 0, then Equation (T4) reduces to:
—((s,a) + V(s) < Vi (s) + & (16)

Since ¢(s,a) > 0 by assumption, Equation (I6) is directly implied by Equation (T3). Therefore, it
suffices to study:

V(s) < Vi (s) + &,
which can be rewritten as:

V =156 < V% = (Is — yrg, P) " mp,r.

At this point, we can plug Equation (@) within the previous Equation. More specifically, we obtain:
V= 1s& < (Is = ymp,P) "' wp, (B¢ + (E—4P)V). a7
We now proceed by rewriting the right hand side of Equation (T7). More precisely, we notice that:
(Is = ymg,P) " g, (E = vP)V) = (Is — yrg,P) 'V — 7 (Is = y7p,P) "' 75, PV

= (Is =g, P)~" (Is = v7, P)V

=V
Plugging this result within Equation (T7), we arrive at:

(Is — vymp,P) ' 75, (B™1() < 1g&;,

which concludes the proof. O

D.1 Other Assumptions on the Behavior of the Sub-optimal Experts

In this section, we investigate the generality of the results presented in Theorem[3.6] Specifically, we
remark that all the results that we derived in Section [3]can be easily extended to other assumptions on
the sub-optimal experts. More specifically, the results of Theorem [3.6]can easily be extended to the
following cases:

Ve = Vit = 1s&i, (18)
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or
Viisr = Vil = 156 (19)

Equation (I8) encodes the fact that that a given sub-optimal expert 7 is at least &; sub-optimal w.r.t.
the optimal policy g, , while Equation (I9) encodes the the fact that the sub-optimal expert ¢ is
exactly &; sub-optimal w.r.t. the optimal agent. In these cases, it is possible to derive the following
generalizations of Theorem 3.6}

B,

Theorem D.5. Let B be an IRL problem with sub-optimal experts where VLEJT — VLJT > 1s¢;

holds for all sub-optimal experts i. Let v € [0,1]5*4. Then, r € Ry if and only if there exists
(e R‘;(X)A and V € RS such that the following conditions are satisfied:

— B,
r=—B""C+ (E—~P)V, (20)
and, foralli € {2,...,n+ 1}:
d™Ping, B™P1( > 1g&;. 1)

Theorem D.6. Let B be an IRL problem with sub-optimal experts where VLEJT — VLELjT =1s&;
holds for all sub-optimal experts i. Let r € [0,1]5*4. Then, r € Ry if and only if there exists
(e R‘;X)A and V' € RS such that the following conditions are satisfied:

— B,
r=—B" (+(E—-~P)V, (22)
and, foralli € {2,...,n+ 1}:
dTrEi’]TEiBﬂ—Elg = lsfi. 23)

The proofs of Theorem [D.5]and [D.6| are identical to the one of Theorem In terms of results,
the only difference lies in the fact that the set of linear constraints introduces a different type of
relationship between ¢ and &Pj]

At this point, we remark that Theorem [D.5] follows a very similar interpretation of the one we
presented in Section[3] In other words, the sub-optimal experts introduces lower bounds on the values
of the advantage function that are played by the sub-optimal experts 7, and that are not played by
the optimal expert This result is as expected. Indeed, if we know that a given policy is sub-optimal
at least by a given quantity &;, then, intuitively, we can extrapolate knowledge, expressed as lower
bounds, on how sub-optimal certain actions are.

Concerning Theorem instead, we notice that the result is much more stronger w.r.t. to the
case in which inequalities are involved in the problem (i.e., Theorem [3.6|and Theorem[D.5)). More
specifically, we notice that in this case, starting from Equation (23), it is possible to obtain the
following result on the values of (:

WEiBWE1<: (IS 7’y7rEiP)lsfi. (24)
Developing this constraint for a specific state s, we obtain the following linear constraint:
Y. walals)i(s,a) = &(1 7). (25)

a:mg, (als)=0

In other words, it provides a set of hard constraints that the values of { should satisfy. At this point,
we remark on two important observations. The first one is that Equation might not be satisfied
for any choice of ¢ € R®*4. In particular, suppose that there is only one sub-optimal expert. In this
case, if 7, = mpg,, Equation @]) reduces to:

10As a consequence of these results, we notice that it is direct to extend the properties of the feasible reward
. . . s n . .
set to the case in which, e.g., for some experts it holds that VLEJT — VM’fj'T < &;, while for other experts it holds

TR TE;
thalthMUlr —Vuir =&
As a consequence, highly sub-optimal experts with different behaviors leads to the most effective reduction

of the feasible reward set R . This is opposed to the results of Section|3.3] where close-to-optimal experts with
different behaviors lead to the most effective reduction.
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which is clearly false for any strictly positive value of £;. We notice that this result is as expected. If
the two policies are identical, then there should be no gap in the performance of g, and 7g,. As
a consequence, the feasible reward set of this IRL problem is emptyE] Secondly, instead, suppose
that all the experts are deterministic, and suppose that they all behave differently to 7, in each
state-action pair (so that the feasible reward set is non-empty). Then, focus on the ¢-th expert and
consider a state-action pair (s, a) such that wg, (a|s) = 1. Then, Equation (23] reduces to:

((s,0) = &(1=7),

In this sense, the presence of the sub-optimal expert implies a unique value that {(s, a) can ta.ke
It follows that, is for each state-action pair (s,a) such that 7z, (a]s) = 0, there exists a single
sub-optimal expert ¢ such that 7, (a|s) = 1, we are able to recover entirely a unique vector ¢ that is
compatible with the underlying IRL problem. In other words, in this scenario, we are able to exactly
recover the values of the advantage function that express the sub-optimality gaps of actions that are
not played by the optimal agent.

D.2 Measuring Volumes of the Feasible Values of

Finally, we conclude this section by reporting an additional analysis that quantitatively measure the
reduction in the feasible values of ( that are compatible with the presence of the sub-optimal experts.

To begin, we first introduce some notation. Let A’ be a measurable subset of R”, we denote with
Vol(X) the Lebesgue measure of X' [[7]]. In other words, Vol(X') represents the n-dimensional volume
of X.

At this point, from Theorem [3.6] we know that the presence of sub-optimal experts can effectively
limit the values that { can assume. Consequently, in order to measure the reduction of the feasible
reward set, we will compute upper bounds on the volume of the region of ( that induces at least one
feasible reward function in R. In the remainder of this section, for a generic IRL problem ‘B, we
will denote with Z(8) such set. More specifically, we define:

Z(B) :{g eRIGA:Ir e Ry : IV ERY:
r=—B"P1({ 4+ (E —~vP)V and {(s,a) = 0Y(s,a) : mg, (a|s) = O}.

Notice that, we are directly restricting the analysis to state-action pairs for which 7 g, (als) = 0 holds.
Indeed, fix (s, a) such that 7g, (a|s) = 0 holds. Then, changing the value of (s, a) does not affect
class of compatible reward functions.

At this point, the following proposition provides upper bounds on the volume of the feasible values
of ¢ for IRL and IRL-SE problems.

Proposition D.7. Let B and B be an IRL and an IRL-SE problem. Let (s, a) be defined as follows:

o(s,a) = {min {k(s,a), ﬁ} if (s,a) : mg, (als) = 0 and ‘X(&a)‘ >0

. otherwise
—

)

where k(s, a) is defined as in Equation (1), and X (s, a) denotes the subset of sub-optimal experts
such that 7, (a|s) > 0. Then, it holds that:

1
Vol(Z(B8)) < 11 — (26)
(s,a):mE, (5,0)=0

vol(z®B) < [  9sa) 27)

(s,a):mE, (5,a)=0

2Notice that, to obtain an empty feasible region, it is sufficient that the two experts behave identically in a
single state-action pair. This is a direct consequence of the fact that the sub-optimality constraint is imposed
with equality for each state-action pair.

BNotice, in this sense, that, if any other deterministic sub-optimal expert j is present, if it holds that
7g;(als) = mg; (als) = 1, then we should have &; = ¢; to avoid obtaining an empty reward set.
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Proof. The proof of Equation (26)) follows directly by noticing that ||¢||s < (1 — 7). Therefore,
as a consequence:

(1-y~"
Vol(Z(B8)) < 11 /O ldz = 11 L

1—
(s,a):mE, (a|s)=0 (s,a):7E, (5,0)=0 v

Equation (27), instead, follows from worst-case upper bounds on ¢(s, a) that arise from Equation (3).
Specifically, as discussed in Section[3.3] it is possible to show that:
((s,a) < g(s,a).

As a consequence, we have that:

g(s,a)
Vol(Z(%B)) < H /0 ldx = H g(s,a),

(s,a):mE, (als)=0 (s,a):m g, (5,a)=0

which concludes the proof. O

At this point, we recall that k(s, a) is given by:

§i

k(s,a) == min .
i€X(s,a),s’E€S ds, K (S)ﬂ-Ei (CL|S)

Therefore, Proposition [D.7] highlights that, for sufficiently small values of ;, we obtain a notable
reduction in the upper bounds of Vol(Z(‘B)).

E Proofs and Derivations of Section 4|

In this section, we provide formal proofs for the statements of Section[d] We first proceed with
the proof of the lower bound (Theorem @, and then we continue with the analysis US-IRL-SE
(Theorem[4.2)).

E.1 Proof of Theorem[d.1]

In this section, we prove Theorem [d.1] We recall that Theorem [.1]is composed of two parts. The
first one is related to learning reward functions that are compatible with the behavior of the optimal
expert (i.e., Equation (9)), while the second one directly arises from the structure of the sub-optimal
experts (i.e., Equation (TT)).

We begin by proving Equation (@). As we have anticipated in Section[d.2] Equation (9) is directly
connected with the problem of learning reward functions that are compatible with the behavior of the
optimal expert 7, . In this sense, we recall that, recently, [22] have provided lower bounds for the
single-agent IRL problem in finite-horizon MDPs. In our work, we provide an extension of these
results for the infinite-horizon IRL formulation.

Theorem E.1. Let 2 be a (¢, 0)-correct algorithm for the IRL problem with sub-optimal experts.
There exists a problem instance B such that the expected sample complexity is lower bounded by:

Eq 0] > 0 (62(15:)2 (log (;) + s)) . 28)

Proof. Similarly to [22], this results follows from two different lower bounds (i.e., Theorem@]and
Theorem , and by assuming to observe instances like the ones of Theorem with probability %

and instances like the ones of Theorem with probability % O

As discussed, Theorem follows from two intermediate results that leverage two different con-
structions (i.e., Theorem [E.2]and Theorem [E.3). We now delve into the proofs of these intermediate
theorems.
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Figure 3: Representation of the IRL-SE problem for the instances used in Theorem[E.2]

Theorem E.2. Let 2 be a (¢, 0)-correct algorithm for the IRL problem with sub-optimal experts.
There exists a problem instance B such that the expected sample complexity is lower bounded by:

Ey sl7] > © (62(1‘%7)2 log (;)) . (29)

Proof. The proof is split into several steps. Since most of the arguments are borrowed from the proof
of Theorem B.2 in [22]], we only provide a short sketch that involves the main differences between
the finite-horizon and the infinite horizon IRL model.

Step 1: Base Instance and Alternative Instances We consider MDP\R instances that are pre-
sented in Figure More specifically, the state space is given by S = {Sot, S1, - - - ; S5, S—, S |, the
action space is composed of k actions A = {ay,as, ..., a;}, the transition model is described below,
and vy € (0,1).

In state s, all actions have the same effect, and they lead, with probability % to a state in
{s1,...,8g}. Similarly, in state s_ and s all actions have deterministic effect, and they all lead to
s_ and sy respectively. All the experts are deterministic and take action a; with probability 1 in all
states. We then consider a base instance, where, in each state s; € {s1,...,55}, all actions lead,
with probability £ to s_ and s.

We then consider a set of S x A alternative instances by varying the behavior of the transition model
in state-action pairs (s;,ar) € {s1,...sg} x A. Specifically, by taking ay, the agent will end up,
with probability  + €’ in s, and, with probability 3 — ¢ in s_.

Step 2: Feasible Reward Set and Hausdorff Distance lower bound At this point, we study the
structure of the feasible reward set that is compatible with the instances we described. Specifically, we
are interested in the behavior of the reward function related to actions taken in states s; € {s1,...sg}-

Specifically, for the base instance, we have:

1 1 1 1
r(s;,a1) + ﬁ ir(s,,al) + §r(s+,a1) >r(sj,ar) + ﬁ §r(s,,a1) + ir(s+,a1) ,
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which can be rewritten as:
r(sj,a1) > r(sj,ax).

For the alternative instance in which we varied the behavior of the state-action pair (s;, ax), instead,
we obtain:

1 1
r(sj,a1) + ﬁ {27”(3,@1) + 27’(5+7a1)} >

r(s7, ax) + % K; - e’> r(s_,a1) + (; + 6'> T(S+,a1)] :

thus leading to:

r(sj,a1) > r(sj,ax) — € [r(s—,a1) —r(sy,a1)],

-~
Given this construction, we can lower bound the Hausdorff distance between the feasible reward set of
the base and the alternative instance. Specifically, we first pick a reward function r’ compatible with
the alternative instance as follows: r/(s_,a1) = 1,7'(s4,a1) = 0,7'(s;,ar) = 1 and 1’(s;,a1) =

1-— f_”,y. Then, we study which reward function compatible with the base instance minimizes the
infinite norm w.r.t. /. Given these choices, similarly to [22], it is possible to obtain the following
lower-bound to the Hausdorff distance:

!/

€y
1—7’
where R denotes the feasible reward set of the base instance, while R’ denotes the feasible reward
set of the alternative instance. We enforce the following constraint on the previous equation:

HOO(Ra R/) 2

€'y
L=y
which, in turns, leads to the following requirement on ¢’:
¢ > 2¢(1 — ) )
gl

> 2,

Step 3: Lower bounding the sample complexity At this point, the rest of the proof follows
identical to Theorem B.2 in [22]], and leads to the desired result.

O

We now continue with the proof of second intermidiate result that is needed for the proof of Theorem

EI

Theorem E.3. Let 2 be a (¢, 0)-correct algorithm for the IRL problem with sub-optimal experts.
There exists a problem instance B such that the expected sample complexity is lower bounded by:

S2A

Proof. The proof is split into several steps. Since most of the arguments are borrowed from the proof
of Theorem B.3 in [22]], we only provide a short sketch that involves the main differences between
the finite-horizon and the infinite horizon IRL model.

Step 1: Base Instance and Alternative Instances We consider MDP\R instances that are pre-
sented in Figure@ More specifically, the state space is given by S = {srom, S1yev385, 81y, s’g},
the action space is composed of k actions A = {a1, az, ..., ax}, the transition model is described
below, and v € (0, 1). In the following, we will assume S to be divisible by 16.

In state s;or all actions have the same effect, and they lead, with probability % to a state in

{s1,...,s5}. Instate s € {s},..., s} all actions have deterministic effect, and they all lead
to the same state in which the action is taken. All the experts are deterministic and take action a;
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Figure 4: Representation of the IRL-SE problem for the instances used in Theorem [E.3]

with probability 1 in all states. Finally, in all states s € {s,...sg}, action a; leads w.p.
state in sy € {s],..., 5% }.

L to any

0’)\\

We then consider a class of instances by varying the behavior of the transition model in state-action
pairs (s;, ak) € {s1,...85} x A\ {a1}. Specifically, for each triplet (s;, s}, ax), p(s;|s;, ar) =

SR PQj Si,aj S S
Lt where v(%i) = (vis“ 2 v(g " ’)) eV,andV = {{—1,1}5 3, = 0} and

€ e [O, %] .

Step 2: Feasible Reward Set and Hausdorff Distance lower bound  We now proceed with lower
bounding the Hausdorff distance between the feasible reward set that is induced by two instances
that belongs to V, namely R%v and R@w. To this end, first of all, we notice that our class of reward
functions admits elements that are bounded in [0, 1]. Let us denote with R , the class of compatible
rewards functions that are bounded in [—1, 1]. Then, we have that:

1 _ _
H (R%v,ng) > 7Hoo (R%U,R%w). 31
The proof of Equation (3T) follows by the following reasonings. First of all, we can see that, for any

v, T € R, holds if and only if ’”H € R, holds{"”| Then, with simple algebraic manipulations, we
have that:

|
)
=
T
=]
=

sup inf [z~ ylloo =
TERg, Y ¥By TER g YER S,

Hx+1 y+1H

sup inf ||z — Yoo,

from which it follows Equation (3T).

At this point, our analysis follows by lower bounding the Hausdorff distance using reward functions
that are bounded in [—1,1]. To this end, first of all, we analyze the feasible reward set for a single
instance ‘B,,. In this case, since a; is played by the optimal expert, we have that:

1
r(sj,a1) + Slj rU(s) > r(s;,ak) —l——iz 1+ €'v)rv(sh),

!
Si

“Notice that we are considering single-experts IRL problems. Indeed, in the considered IRL-SE problem, all
sub-optimal experts behave identically to the optimal agent, and the constraints of Equation (3)) are vacuous.
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regardless the action w.p.

Figure 5: Representation of the IRL-SE problem for the instances used in Theorem [E.4]

which, in turns, leads to:

At this point, following the same steps of [22]], we obtain:

1 _ _ € y
Hx (Rg, Rs,) 2 5Hx (Re,.R,) 2 G177
on which we enforce the following constraint:
€ v
— Y >2
641~ = °©

that is ¢ > 12861*77.

Step 3: Lower-bounding the sample complexity At this point, the rest of the proof follows

identical to Theorem B.3 in [22]], and leads to the desired result.

We continue by proving the novel statement related to Equation (TT)), which captures the role of the

estimating reward functions that are compatible with the behavior of the sub-optimal experts.

Theorem E.4. Let A be a (e, 6)-correct algorithm for the IRL problem with sub-optimal experts.
For sufficiently small values of ¢, there exists an instance B in which qo < 1 such that the expected

sample complexity is lower bounded by:

2 1
Egalr] > 0 <qoSlog(5)> . (32)

2
€ T'min
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Proof. The proof follows as the combination of several steps. We first describe the construction
considering the case in which there is a single sub-optimal expert. Then, the results will follow by
iterating the procedure for each sub-optimal expert in the given set.

Step 1: Base Instance and Alternative Instance We consider MDP\R instances that are presented
in Figure|5| More specifically, the state space is given by S = {Sot, 51, - - - 5 S, Ssink }» the action
space is composed of two actions A = {aj, a2}, the transition model is described below, and
v € (0,1).

In state s;o0r all actions have the same effect, and they lead, with probability % to a state in

{s1,...,85}. In each state s; € {s1,...,sg}, again, all actions have the same effect, and they
lead, deterministically to state Sgink. In state Sgink all actions are deterministic and they all lead to Sjnk.

We then consider a base instance, where, in states s, and state sqnx all experts take action a; with
probability 1. In each state s; € {s1,...,sg}, instead, 7g, (a1|s;) = 1, while 75, (a1]s;) = 1 —Tmin
and 7, (a2|s;) = Tmin for the sub-optimal expert.

We then consider a set of S alternative instances by varying the behavior of the sub-optimal expert
in state s; € {s1,...sg}. Specifically, the sub-optimal expert will act accordingly to the following
policy: mg, (a1]s;) =1 — ammin, and 7, (a2|s;) = ammin for some a > 1 (to be defined later). We
will denote our set of instances as M = {wg) 1€ 9] } and O denotes the behavior of the base
instance we described above.

Step 2: Feasible Reward Set At this point, we study the structure of the feasible reward set that is
compatible with the each instance we described. Specifically, we are interested in the properties of

feasible reward functions in states s; € {s1,..., 55}
For the base instance, in each state s; € {s1,...,85}, we have that, since a; is the action taken by
the optimal expert:
Y B
r(sj,a1) + ——7(Ssnk, a1) > 7(85, a2) + ——7(Ssink; @1),
1—7 1—x

which reduces to:

r(s;,a1) > r(s;,az). (33)

70 _
Moreover, due to the presence of the sub-optimal expert, we have that Vi (55) S Vil (s5) + &,
which results in:

Y
r(sjaal) + _,yr(ssink»al) <

1
(1 — Timin) <r(sj,a1) +

which can be rewritten as:

1j,yr(3sink7al)) + Tmin <7‘(Sj7a2) + 1_7W7’(8smk7a1)) + &,

r(s;,a1) —r(sj,a2) < S . (34)
Tmin
Similarly, for each alternative instance in M, we obtain:
r(sj,a1) > r(sj,a2) (35)
r(ai,s;) —r(s;,a2) < & : (36)

Step 3: Lower-bounding the Hausdorff Distance At this point, we proceed by lower bounding
the Hausdorff distance between the feasible reward set of the base instance, namely R0y, and that
of alternative instance j in which the policy of the sub-optimal expert is modified in state s;, namely
Rog i) -

To this end, we notice that it is sufficient to pick any 7 € R0, and then study the following
optimization problem:

inf — 7|0 37
T’G%I?,l%(j) ||T r ”OO ( )
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75:_“. Instead, for all

the other state-action pair, we pick 7(-,:) = OE] In this case, one can verify that the optimization
problem in (37) can be rewritten as follows:

inf max — x|,y
T'min

z,y
st. z,y€0,1]

We pick the following choice for r. For action a; in state s; we pick r(s;,a1) =

(38)

where x corresponds to r’(s;,a1), and y to r’(s;,az2). The optimization problem in (38) can be
further lower-bounded by:
‘ &

T'min

inf
.y
st. z,y€[0,1]

&

_x‘

r—y < (39)
QT min
x>y
&i _ x‘ >y
Tmin

We study the optimization problem in @]} by cases (i.e., EiMmin~+ < 2, and & Tmin~* > ). First,
we suppose that &mmin~+ < 2. However, in this case, we would have y < = — &mmin ', that is
x>y + &Tmin . Chaining this inequality with x < y + &; (Olﬂ'min)_l yields:
Y+ i <z<y+ i7
Tmin QTmin
which is impossible since o > 1. Concerning the case in which &Tmin ' > x, instead, we have that
y < &EMmin " — . It follows that, since z < fﬂrgii + y, the maximum value of x will be attained for
the maximum value of y. Therefore, we obtain:
v < S, & .,
QTmin T'min

1 & 1
ngg (+1).
2 Tmin \ &

Plugging this result into the objective function, we obtain the solution to optimization problem (39),
which in turn provides a lower bound to the Hausdorff distance. More specifically, we have that:

Thus leading to:

1 & 1
Heo (Royco, Repes) > 3= (1) (40)

T'min «

We enforce the following constraint on this quantity, that is:

1& (1—1) = 2. (41)
2’/Tmin «

We notice that in this sense, we need to impose o = &; (&; — 4e7rmin)_1, which results being greater
than 1 for all values of §; > 4empy,. Furthermore, since amy;, < 1)'°| we obtain the following
condition on the values of € which guarantes that the construction is valid:

. & 1-¢&
< , )
€ min { 47Tmin 4

SNotice that in this step we have used the assumption that go < 1.
!6This condition directly arises from the fact that cvmmi, represents the probability with which the sub-optimal
expert takes a certain action.
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Step 4: Lower-bounding Probability At this point, consider an (e, §)-correct algorithm 2 that
outputs the correct feasible set R% for each IRL-SE problem 5. For 2l it holds that:

5> sup Pg o (H (Rg,R%) > e) (42)
2 gasPoa (1 (Ra R5) 2 ) “)

where Pg o denotes the joint probability distribution of all events realized by the execution of
algorithm 2 in the IRL-SE problem B, that is:

T n+1
Py o = [ [ 71 (s, ae/ Do) p(slse ar) ] me(af |s:)
t=1 =1

At this point, following the same reasonings of, e.g., Theorem B.2 in [22], one can see that, for all the
alternative instances in [ € M, the previous equation can be further lower-bounded to obtain:

1
§> 7P (—KL (P@w),m,P%(l),m)) ) “4)

Step 5: KL-divergence As a final step, we will proceed by analyzing Equation (@6). We will start
by analyzing the KL divergence between P 0) o and Pg0) o Specifically, we have that:

iKL (wg)(_|st)’ﬂgz(.|st))1

2
TV (7 (1s;). 742 ()
T'min

)] (aﬂ-min - 7rmin)

KL (]P%(O)’g‘, P%(U,Q&) = ]EsB(O)’Ql

< Eg o [N-(55)]

)

< Egw o [N-(5;

Tmin
where TV(p1, p2) represents the total variation distance between distribution p; and py. The first
inequality step follows from the reverse Pinkser’s inequality [33], and the second one, instead, from
the definition of the total variation distance.
At this point, however, from Equation (T]), we obtain that:
2

dams. €
ATmin — Tmin = —,-
&i
thus leading to:
160273, €2
KL (Pg 0 20 Pao a) < Ego o [N-(55)] —e (45)

Plugging this result into Equation (#6)), and rearranging the terms, we obtain:

log (35) € _ €los (1)

B u [Nr(s;)] 2 16273, o — 16€373. (46)
Finally, to conclude, we notice that:
Eg o [7] > Z Eg0) o [N-(5)] (47)
s€{s1,...,85}
2

> ﬁ;?%iz log (415) (48)

Iterating this procedure over all the possible experts yields the desired result.
O
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Finally, we are now ready to prove Theorem[d.1]

Theorem 4.1. Let A be a (¢, 0)-correct algorithm for the IRL problem with sub-optimal experts.
There exists a problem instance B such that the expected sample complexity is lower bounded by:

w20 (e (1))

where Q(-) hides constant dependencies. Let Ty, > 0 be:

g, (als), (10)

Tmin ‘= min min
1€{2,..n+1... } (s,a)€SX A, (a|s)>0

and let qp = Wr;iimaxie{g’“.’n+1 } &i- Then, there exists an instance B in which qo < 1 such that:

2 1
a¢Slog (%)
Ey g/ [7] > Q| ——24 . 11
2.8 (7] > < T (11)
Proof. The proof follows directly by combining Theorem [E.T|and Theorem[E.4] O

E.2 Proof of Theorem4d.2]

In this section, we provide a formal proof for Theorem 4.2]

First of all, we begin by defining a good event £ that holds with probability at least 1 — §. To this
end, we begin by reporting, for the sake of completeness, the concentration tools that are used in
controlling the probability with which £ holds.

Lemma E.5 (Multiplicative Chernoff bound [10]). Consider t independent random variables
X1,...,X; taking values in [0,1]. Suppose that E[X;] = u holds for all i € {1,...,t}. Con-
sider a € (0, 1). Then, we have that:

P (Zt: X; > tu(l+ a)) < exp <;tua2> .

i=1
Lemma E.6 (Proposition 1 in [14]). Let p be a categorical distribution over the simplex of dimension

y, and let p be the maximum likelihood estimate of p obtained with t > 1 independent samples. Then,
forall 6 € (0,1) it holds that:

IP’(EItZ 1:tKL (p,p) > log (;) + (y—1)log <e (1+yi1>>) <4,

where KL(q1, g2) denotes the Kullback—Leibler divergence between distributions q1 and gs.

At this point, we proceed by defining our good event. In the following, the subscript ¢ is used to
denote the iteration number of the US-IRL-SE algorithm.

Lemma E.7 (Good event). Consider t such that:

3log (*5)
7, (als) Ni(s)

holds forall i € {2,...,n+ 1} and for all (s,a) € S x A such that g, (als) > 0. Let us define the
following events:

&= {Nt(sva)KL(ﬁt('\SaG):P('\Saa))Slog(gs;n)+(Sfl)log(e(1+]\;i(i’f)>)}

(s,a)ESxA

&= (1 [ {Nt(s)KL(frEi,z(ls),wEi(.|s)) < log (35(;4”) (A 1)log (e (1 . %))}

i€{2,...,n+1} s€S

B ) 3log (*55)
En = ﬂ ﬂ {ﬂ'E“t(a‘S) < g, (als) (1 + 75, (als)Ne(s)

i€4{2,...,n+1} (s,a)eSx A:mg, (a|s)>0

<1 (49)

Consider € = E, N Ex N Ex,,.- Then, it holds that P(E) > 1 — 4.
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Proof. The proof follows by controlling the probability of the complementary event £¢. More
specifically, we have that:

P(E) =P(EUEUEL,) <P (&) +P(E) +P(EL,,),

T'min

where in the last passage we have used Boole’s inequality. At this point, we will use Lemma[E.5]and
Lemmato control P (£5) + P (£2) + P (¢, ). More specifically, concerning £5, we have that:
. 35An
Pl < 3 PNl KL (s a)pts,a) > dox ()
(s,a)eSx.A
res(c (1551
(5
< Z
- Z 3S An 3’
(s,a)eSxA
where, in the first step we have applied Boole’s inequality, and in the second one Lemma[E.6] From
identical reasoning, we can upper bound IP (£¢), thus obtaining:
)
P& < -.
( 7T‘) — 3
Finally, concerning £, we have that:

3 log (SSAn)

P < Y. D, P fmulals) > meals) | 1+ s

i€{2,...,n+2} (s,a):7g, (a|s)>0

5 5
= Z Z 354n = 3

i€{2,...,n+2} (s,a):7E, (a|s)>0

where, in the first step we have used Boole’s inequality, and in the second one Lemma [E.5|together
with Equation (@9). At this point, combining these results, we obtain IP (£¢) < 4, thus concluding the
proof. O

At this point, it has to be remarked that Lemma[E.7|holds whenever:

3 IOg (35’An)

Nt(S)

7Tmm
We remark that this term is due to the requirement that Lemmarequires ain (0, 1). As we shall
see, however, this will be sufficient to carry out the theoretical analysis of US-IRL-SE.

We now proceed by presenting error propagation results that study the Hausdorff distance between
R and R Before diving into the details, we introduce the following notation. We denote with ¥

the set of (’s that are compatible with the linear constraints of Equation (5). More specifically:
B {CGREE)(A Vi€ {2,,n+1} dﬂ—Elﬂ-Eigﬂ-Elcg 1551} (50)
Similarly, we denote with U, the set of (’s that are compatible with the linear constraints of Equation
(B) that are induced by the empirical IRL problem 3. More precisely:
{g ERSXA Vie{2,... ,n+1} diig B (< 1Sgi}, (51)
where d™ denotes the discounted expected occupancy of policy 7 under the transition model p.
At this point, we provide a preliminary Lemma that will be used to study the Hausdorff distance.

Lemma E.8 (Error Propagation). Let % be an IRL-SE problem and let % be its empirical estimate.
Then, for any r € R such thatr = —B™#1( + (E — yP)V, and (I — yrg, P) " tng, B™51( < &,
there exists 7 € R% such that element-wise it holds that:

Ir — #| < B™P1 B¥F1( + +|(P — P)V| + B*™1 B™1||¢ — projg () [lso1sx.4, (52)
where projg () denotes the infinite norm projection on the set T. More formally, for ¢ € RS*A;
proj; (¢) = argmin [l — ([l

zew
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Proof. From Theorem 3.6] we know that we can express the reward functions as:
r=—B""1( + (E —~yP)V,
# = —BTE{ + (E —yP)V,
where V and V belongs to RS, and ¢, é € R‘;é““ satisfies the following equations for all ¢ €
{2,...,n+1}:
(I =g, P) " 'rp, B™1( < &,
(I — vitg, P)'7p, B™1( < &
At this point, we recall that, for any r € R, we are interested in a specific reward function 7 € R%

that is sufficiently close to r. For this reason, we pick V =V, and é = B™m projg (¢ ) Plugging
these choices within |r — |, and applying the triangular inequality, we obtain:

r—r

< ‘—(B”E1<+Bﬁ’f1§)’+v’(P—P)V‘. (53)
Let us focus now on | — (B™51¢ + BE é)|
— (B¢ + B B projg (O))| = | = (B¢ + B™1 B projg (€)) & B B™1(|

<| - BrE+ B Bra 4 BT - B BT

= ‘ _ BTE: B%EIC‘ + ‘BfrEl B”Elproj@(g“)) _ Bfm B”EIC‘,
where in the last step we have used B™ + B™ = Isy APEI We now focus on the last term:
B B projg (()) — B*#1 B (| = B B™#1|¢ — projg(C)|

< B B {|¢ — projg ()| Lsx.a-
Plugging these results within Equation (53)) concludes the proof. O

Before providing some interpretation to Lemma [E-8] we recall the definition of the Hausdorff
distannce we are interested in:

HW(R@,R%) = max{ sup Air71zf0 |7 = 7| cos sup é%f [lr — f||oo} . (54)
reERg T B T'ER%\ r B

Given this definition, we can appreciate how Lemma|E.§|can be used to upper-bound the error of the

first component of the Hausdorff distance, namely:

Nevertheless, it is possible to obtain a symmetric version of Lemma [E.8]that analyzes the existence
of an r € R that is sufficiently close to any 7 € R%. At this point, we notice that Lemma W
decomposes the error on the recovered reward set as the sum of three different components. The
first one is related to the error in the estimation of the optimal policy 7, , and, to zero it out, it is
sufficient to estimate for each state one action that is played by the optimal expert. The second one,
instead, is related to the errors in the estimation of the transition model, and, finally, the last one is
related to the presence of multiple and sub-optimal experts. More precisely, we notice that the first
two components are present also for the single-agent setting [24], and, in this sense, they arise from
the difficulty of estimating reward functions that are compatible with Equation (d). The last term,
instead, is related to the presence of sub-optimal experts, and it denotes the infinite norm between

any ¢ € U and its infinite-norm projection to the set U. As one can imagine, and as our proofs will
reveal, studying how this last source of error decreases with the iterations of US-IRL-SE introduces
significant challenges in the analysis w.r.t. the single agent setting. Precisely, this complexity will
be tackled within the proof of the following Lemma, which analyzes how the error of Equation (52)
decreases with the number of iterations of US-IRL.

"Notice that, if z € \TJ B™E1g belongs to T as well.
8Consider RS>, then B™ is the operator defined as (B™g)(s,a) = 1 {n(als) > 0} g(s, a).
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Lemma E.9 (High-Probability Error Propagation). Let t be the iteration of US-IRL. Suppose that
Ni(s,a) > 1 forall (s,a) € S x Aand, furthermore, suppose that t is such that:

- 3log (35An6‘1)

> Ar (55)

8~?2 3SAn
2 (57 o

2
64~4 3SAn

+ (S —1)log e log( 5 )+( )(xf—&-\/ 1) ] (57)

8+2 3SAn
tZA(lv)?[bg( ) 9

4 n 2
+ (A—1)log (16i7,y)4 log (35;1 > (A-1) <\f+ ﬁ) ] (59)

Then let B be an IRL-SE problem and let % be its empirical estimate after t iteration of US-IRL.
Then, with probability at least 1 — 6, for any r € R, there exists i € R% such that:

Ir = #lo < i‘@ﬁﬁ ( pe+ \q (e +Bt)> min{ i X &, (1 —7)_1}’ (60)

where:

log (35‘4”) +(S—1)log (e (1 + %))

Bt = ; (61)
log (384n) 4+ (A — 1)1 1+ A
ap = (352) + (4~ tog (e ) (62)
tA
_ 310g (dSAn)
Pt = m (63)

Proof. The proof follows by analyzing in greater detail the result of Lemma Indeed, from
Lemma m we know that there exists 7 € R% such that:

Ir = #loe < 1B B*1(|loc + (P = P)V]|oo + [IC = projg (¢) ||oo ©4)

We split the analysis of Equation (64) into two three parts. First of all, we will focus on the two first
terms, that are || B™#1 B™#1 (||, and ¥||(P — P)V | s, and then we will tackle the most challenging
aspect, that is || — projg (¢) |[co-

Concerning || B™#1 B*#1 (||, we notice that, whenever Ny (s,a) > 1 holds, we have that:
BT BTEL( =0,
for any possible value of (. This is a direct consequence of the fact that 7, is deterministic.

Secondly, let us focus on |/(P — P)V|ls. First of all, we notice that, since Ny(s) >
3log (SSAn(S*l) Tmin holds for all s € S, then £ holds with probability at least 1 — ¢ (Lemma .
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At this point, conditioning on £, we have that:

S (pls']s, @) — (|5, @)V (s')

(P = P)V|s = ymax

s'eS
< max| 3" (p(s')s,0) — ('], )
T e s’eS
< o maxp(ls @) = (15, )l
2v/2y =
———max \/KL(p(:|s,a),p(-|s,a
Ty e VRG], ), p( s, )
§ 22y log ( SA") +(S—1)log (e (1 + Nt(s a)))
— ma.
e Ni(s, ) ’

where the first inequality follows the fact that ||V]|o < ﬁ, the third one by Pinksker’s inequality,

and the last one from Lemmal[E.7} At this point, since US-IRL gathers samples uniformly from each
state-action pair, we have that N;(s,a) = ¢ for all (s,a) € S x A. Thus leading to:

log (384n S—1log(e(l1+ <
NP = PV < 22 i ! 2 (rss)) 22,
v v

Finally, we focus on [|¢ — projg (¢) ||oc- To upper-bound this last term we proceed in several steps.

Step 1: Relatlonshlp between ¥ and U First of all, we begin by ﬁndmg a more explicit relation-
ship between W and 0. To this end, we recall that e RSXA belongs to U if the following condition
is satisfied foralli € {2,...,n+ 1}:

Ciﬁ-Ei ﬁ'EiBﬁElg < 15&.

Under the assumption that Ny(s,a) > 1, since the expert policy 7, is deterministic, the previous
Equation can be equivalently rewritten as:

d*®iitp, B™1 ¢ < 156;.

At this point, we proceed with some algebraic manipulations of the left-hand side of the previous
Equation. Specifically:

A7, BT = (5 £ 45 ) o, B
= (% — a= ) e, BTG A, BRI C
_ (szrEz —dme ) fp, BT+ d"Fi (R, £ mp,) BT (
(dw - dw) #p, BTELC + d7Fi (R, — ) B¢ 4 d7 i, BTRC
At this point, focus on d*Z: — i
d™e: — d™Pi = (Is — i, P) ‘s — (Is — yrp, P) ‘s
= (Is =y, P) ™" [(Is = ym, P) — (Is — viw, P)] d7
= yd™* |fp, P — g, P| A5
At this point, plugging this result into the previous Equation, we obtain that ¢ belongs to U if and
only if the following holds for all experts i € {2,...,n+ 1}:

A7 1. B™51 ( + ~d™ s {frEiP 7, P} A7 B™1 ¢ + A7 (7, — 7)) B™1¢ < 1€,
(65)
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As we can appreciate, Equation (63) relates the sets ¥ and T by an explicit relationship. Indeed,
by renaming €;(¢) = yd™ [ﬁ'Ep — ﬂEiP} d™ 7, B™1C and €5(C) = d"7i (=g, — wg,) B™1¢,
Equation (63) can be rewritten as:

d™Fing, BT ¢+ e1(() + €2(¢) < 1s&i,
which closely resambles the definition of W.

Step 2: Restricting the set U We continue our proof by defining a new set U such that ¥ C T
with probability at least 1 — §. Indeed, by definition of the projection according to the infinite norm,

this allows to upper-bound || — projg (¢) || More specifically, for any ¥ C U, we have that:
1€ = projg (¢) llee < I = projg () lloo- (66)

More specifically, in order to define ¥, we will first proceed by upper bounding ¢; (¢) and e2(Q).
Precisely, consider ¢ € . For ¢;({) we have that:

€1(¢) = yd™" [WEP — 7, P| d"®i 7, B™1(

— [d’rEi (7p, —75,) 15] A B™1 ¢ + [dw g, (P — P)} d7F: g, BT

s 7}E7 - ’R—E”p} dﬁEi ﬁEiBﬂ—Elg + [dﬂEl TE; P —

| d*eip B,

where, given f € R®, and g € R5*4, }fr — 7T‘ denotes the operator defined as ’fr — W‘g(s,a) =
. |7 (als) — w(als ’g (s,a), and, similarly ‘P P’f =Y |p(s']s,a) — p(s'|s, a) ‘f

this point, we notice that, since, for all { € U, it holds that d”EmrE BmEr < 1551 Therefore, we can
further upper bound the previous equation to obtain:

05

g, — 7TEH l1sxa&il| 1s +7H [d”Eini‘P - PH 1s&;

1s. (67)

At this point, let us focus on 7‘ ‘ {d’”ﬂi

] 1S><A§i
oo

ﬁ'Ei —TE;

o

B OMAC)Y 75, (als) — 7, (als)
—V&maxzd )17 e, (|s) = me, (-[s) |1

g, — 7TE,iH 1sxaéi

2 1
= 1@g < v/KL(7E, (), 75, (5 5))
s Tos(55) + (4 Dlog (e (14 447
S max
1—’7 s Nt(S)
P S AT
T 1y tA
_ 2\/§7§i
WG
1—v

where in the third step we have used Pinkser’s inequality, in the fourth we have used Lemma|[E.7] and
in the fifth one we have used the fact that, in US-IRL-SE, Ny(s) = > . 4 Ni(s,a) = tA. At this
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point, focus on the second term of Equation (67), namely 'y‘ ’ |:d7TE71 TE, ’]5 — PH 1s5¢;

1s:
o0

el - 2] s

_<aGmax Y (9) Y ma (als)pCls,a) — B, o)l

< BB s LG ) (T, )

Jovmg () + (S - Dles (e (14 347))

l—7 sa Ni(s)
_ 2vig, |l () (5 - Dos (¢ (14 515))
-~ 1l-y t
_ 2\f7§l/3t7

where in the second step we have used Pinkser’s inequality, in the third one Lemma|E7] and in the
fourth one we have used the fact that, in US-IRL-SE, N;(s) = t for all states s € S. Therefore,
plugging these results within Equation (67), we obtain an high-probability upper bound on € (¢), that
is:

Z\f vfz
le1(Ollo <

(o + Bt) - (68)

We now proceed with similar reasoning to obtain an upper bound on €2 ((). Nevertheless, contrary
to €1(¢), here we proceed with an element-wise upper bound on €3 ({). Specifically, for each state
s es:

s) = Zd:,E(s) Z

a:mg, (als)=0

=Y a6 X i, (als) = 7, (als)| ¢ (5. )

e, (a]s)=0,

5, (als) = 7z (als) [ (s, 0)

g, (als)>0
_ Zd:’E7(S) Z ‘ﬁ-EL(als) _WEi(als)‘wEi(a|s)§(s7a)
s a:mg, (a|s)=0, TE; (a|5)

7, (als)>0
//|8//

g, (a"]s") — g, ( T8,
< m ’ : g d, g g, (als)((s,a
(a” a//) g, (a |5 )>0 ﬂ—Ei(aN‘sﬂ EL( | )C( )
aﬂ'El(a\s):O
310g dSAn
N E :d § : WEi(a|5)§(Saa)
T'min t _
aTrEl(a|s)70
310g(3SAn

A Zd” ST (als)C(s, a),

a:m g, (als)=0

where the third step follows from the fact that, since N(s) > 1, g, (als) = 0 for all (s, a) such that
g, (a|s) = 0, the fifth one, instead, from Lemma and the last one from the fact that, in US-IRL-
SE, N¢(s) =Y, Ne(s,a) = tAE| Therefore, we have obtained an element-wise upper-bound on
€2(() of the following form:

3 lOg (SSAn

() < )d”El 7, B™P1( = pyd™Pimp, B (. (69)
'/TmmtA

Notice that Equation (33) guarantees that we can apply Lemma
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We are finally ready to define the set U. More specifically:

{ca@“?(+mmeEF%gg@_ﬁ@f%m+@%. (70)

As one can verify, the definition of ¥ follows from upper-bounding €; (¢) and €;(¢) with Equations
(68) and (69). As a direct consequence, whenever ¢ € ¥, we have that ¢ belongs to ¥ as well.

Step 3: Ensuring that the feasible region of U is non-empty At this point, one might be tempted
to directly study the projection of || — projg (¢) |l Nevertheless, we notice that, for sufficiently

large values of a; and 3;, ¥ might be empty.

Sufficient conditions to guarantee that U is not empty are the following ones:

ot 5 (71)
2V/2E;
fv& i< 5 (72)

Using Lemma 12 in [14], it is possible to verify that Equations (56)) and (58)) are sufficient conditions
for Equations (71)-(72)) to hold.

Step 4: Picking ( € T to upper-bound ||{ —projg (¢) ||o At this point, we are ready to conclude

our proof. As we have previously verified, the set U is non-empty. We can now study ||¢ —
projg (¢) [|oc- More precisely, we have that:

1€ = projg (€) [[ee < [IC — projg (¢) [loo-

To further upper bound this Equation, we notice that we can always pick, by definition of the infinite
norm projection, any ¢ € W. In other words, we have that:

1€ = projg (¢) llee < 1€ = projg (€) [loo < 1€ = Clloo-

More specifically, we choose  in the following way. If for all i € {2,...,n+ 1}, 7g, (a]s) = 0,
then we pick ((s,a) = (s, a)otherwise, we pick ((s, a) in the following way:

- 1—21_@(04:&-5-@)
((s,a) = s
1+Pt

¢(s,a). (73)

First of all, we verify that this choice of 5 belongs to 0. Plugging Equation (73)) into the definition of
VU we obtain that:

1+t

However, since ¢ € ¥, we have that d"7i 7, Bmg < &;, thus leading to:

2¢W£ 2v/27¢;
§i— S+ )| <&— “ (s + ),
L—vy L=y
which is always true, and, consequently f cVv.
P Notice that, if for all i € {2,...,n 4 1}, g, (als) = 0, {(s, a) does not contribute to any of the linear

constraints that introduced by Equation (3).
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To conclude the proof, it remains to analyze || — {||oo. At this point, we notice that:

1— 221 (o + 3y)
L+p

I¢=Clow = max _c(s,0)
(5,0):T B, (a]s)=0,
Ji:m g, (als)>0

<(87 a) )

Indeed, for a state-action pair (s, a) such that 7, (a|s) = 0, we can notice that any value ((s, a) will
not affect the resulting reward functionE] Furthermore, whenever there is no sub-optimal expert such
that 7z, (als) > 0, then (s, a) = ((s,a) holds by definition. To conclude, with simple algebraic
manipulations we can obtain the following result:

2f7
(o m)) ((s,0)]

I¢=Cle < max (L4 p)c(s,a)— (1=
8,0):T g (a]s)=0,
Jiimp, (a|s)>0

= max ’ <pt + 2\f”: (oq + ﬂt)) C(s, a)‘

(8,a):T B, (a]s)=0,
Jirmp, (a]s)>0

2f
pt + 7 (¢ + Br) ‘C(S, a)‘
1 (6 a) ﬂ-El(”‘ ) O

i ‘n'E

2V/2 -
(Pt+1 2 Oét+5t>m mmmasz’(l—V) 1};
where in the last step we have upper-bounded ¢ (s, a) with an upper bound that follows directly from
Equation (7)), thus concluding the proof. O

We can appreciate as Lemma [E.9] provides, under certain conditions on the time-step ¢, a high-
probability upper bound on the difference inf;er || — 7|0 for any choice of r € Rg. Furthermore,
as we can see, the proof is fairly involved due to the necessity of upper bounding the error term
| — projg (€) ||so- At this point, by deriving symmetric results (i.e., Lemma and Lemma E.9), it
is possible to derive an identical upper-bound for inf,cr , || — || for any choice of 7 € R =. As
a consequence, Lemma[E.9| provides the following high-probability upper-bound on the Hausdorff
distance between Rz and Rg:

(R%,R ) < ?\f'y Be + ( pe + \[’Z (at+5t)> min{ mlﬁmaxgﬂ(l— )_1}. (74)

Theorem 4.2. Let g = min {7,
with a total budget of:

max;e (2, a1} &, (1—7)7'}, and g = max {1,q,}. Then,

min

2 1 2 1
5 (max{qls;log(é) qQSA(SJrlogQ(é)) }) ’ (13)

EMmin e2(1—7)
US-IRL-SE is (¢, 8)-correct and O (-) hides constant and logarithmic dependencies.

Proof. Let us start from Lemmal[E.9]and consider ¢ such that the condition of Lemma [E.9]are satisfied.
As previously discussed, due to Lemma@], we have that, at time ¢, the algorithm US-IRL-SE
induces an estimated feasible reward set such that the following holds with high-probability:

Ho (R@,R%) < 1\[7 Bt + ( Pt + \f’Y

'In other words, if (s, a) is such that 7, (a|s) = 0, we can add the following constraint to any of the set we
defined: (s, a) = 0. The resulting feasible reward set is left unchanged.

(at + ﬂt)> min{ il max&, (1- )*1} .
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To conclude the proof, we need to find a sufficiently large ¢ such that the following holds:

2\f7 <t f7

e (o g) < 2

for any e € (0,1). To this end, it is sufficient to find the smallest ¢ that satisfies the following
conditions:

(Oét + 6t)> min{ -l max@, (1-— 7)*1} <,

pemin {mol maxg;, (1-7) 7} < 5 (75)
(Q\M)ﬂt < (76)
2\[7 j min {wml max g, (1-7)” 1}@5 gi 77
2\[7 j min {wml max g, (1 —7)—1}% <§ (78)

At this point, let us focus on p; min {7rmm max; &, (1 — 7)_1} < 7. By simple algebraic manipula-
tions we obtain the following sufficient condition for ¢:

48q log (35’4")

tA > _
7Tl’\’llﬂe

For 21‘[77) B < §, instead, we obtain the following condition on tl

> 128+ ) 3S5An
“—ee |8\

4 n 2
(5 - 1t | 2B bg(%;) csen(vinf55) )|

Similarly, for (2 ‘[J) min {ﬂ'mm max; &;, (1 1} B: < £, we need at least the following number

of samples:

128¢3~2 3S5An
> -
oy |\

4.4 n 2
+(S—1)log 7?3_8?)14’:4 log <3S(;4 ) +(S-1) (x/g-i- \/ Sil> ]

Finally, for (2 ‘[7) min {ﬂ'

mmmax; &, (1—~)7 oy < £, we obtain:

128¢2~? 35 An
>l
4 (1—7>“l10g< )

+(A—-1)log 7?3_8?;2:4 10g<35(;4n)+( )(\[—f—\/ 11> ]

At this point, we notice that the total number of samples gathered from the generative at step ¢ is
given by tSA. Therefore, from the previous equations, together with the conditions of Lemma[E.9]
we obtian the following sufficient condition to guarantee that US-IRL-SE is (e, §)-correct.

2 1 2 1 1
B qiSlog (3) g5SA (S—l—log (3)) S'log (3)
540 (gD, BTG D)

2This follows by applying Lemma 12 in [14].
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where the first term is due to Equation , the second one comes from Equations -, and the
last term arises from Equation (33)), and is independent w.r.t. the desired accuracyq% Specifically,
we notice that for sufficiently small values of € (i.e., € < q1), the last term is always dominated by the
first one, which concludes the proof.

O

F Stochastic Optimal Expert

In this section, we discuss how to extend our analysis to the case in which the optimal expert plays a
stochastic policy. First of all, let us define 7y g, as the minimum probability with which the optimal

expert plays its actionsEf]

At this point, we notice that, for obtaining sample-complexity guarantees of the US-IRL-SE algorithm,
Lemma [E.§| implies that we are interested in learning which are the actions that are played with
positive probability by the optimal expert. In other words, for any non-zero vector x € R%*4, we
want the following to hold with high-probability:

| (B — B ) a| =0, (80)

To this end, one can apply Lemma D.3 of [22], which implies that with a number of samples that is:

log (5)
¢ (Slog(l/(l - 7Tmm,El))> ’ (81)

Equation (80) holds w.p. at least 1 — §. Once this condition is verified, the rest of the proof of
the complexity of US-IRL-SE follows identically to the one of Theorem We notice that this
introduces an additional maximum in the result of the sample-complexity. However, it is also possible
to extend the proof of the lower bound of [22]] (see Theorem D.1 in [22]), to show that the dependency
resulting from (8T} is unavoidable. In this sense, US-IRL-SE remains minimax optimal whenever the
performance of the sub-optimal experts are sufficiently close to the ones of the optimal agent.

G Per-expert Complexity of IRL-SE

In this section, we provide a description of how to change the PAC learning formalism to show that
Equation (IT)) actually represents a lower bound to the number of data that is necessary to gather
from each of the different sub-optimal experts.

Specifically, we define a learning algorithm for an IRL problem B as a tuple 2 = (7, v), where 7
is a stopping time that controls the end of the data acquisition phase, and v = (1), is a history-

SxAx(S)"+!
€ ADt

dependent sampling strategy over S x A x (S )”H. More precisely, 4 , where

t
D, = ((8 X A)"+2 X S) . At each time step ¢ € N, the algorithm selects, by means of v;:

(i) a state-action pair (S;, A;) and observes a sample .S} ~ p(-|St, A¢) from the environment
(ii) a state St(i) for each expert i € {1,...,n + 1} and observes a sample Al(f) ~ TR, (|St(l))

The observed realizations are then used to update the sampling strategy v, and the process goes on
until the stopping rule is satisfied. At the end of the data acquisition phase, the algorithm leverages the
collected data to output the estimate of the feasible reward set R% that is induced by the resulting

empirical IRL problem %T. Given this formalism, we are interested in designing learning algorithms
that, for any desired accuracy € € (0, 1) and any risk parameter 6 € (0, 1), guarantee that:

Py 5 (HOO(R%,R%T) > e) <6 (82)

2 All the other equations introduce negligible terms in the O(+) notation.

**Notice that, in principle, min, 2, # Tmin that we defined for the sub-optimal experts.

B Notice, indeed, that we can apply Lemmaas—is, but introducing the further constraints that ¢ should be
sufficiently large so that Equation holds.
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Figure 6: Experiment Results. Visualization of the maximum value that { can assume (using perfect
knowledge of the underlying MDP) (left). Visualization of the empirical maximum value that { can
assume (the results report the mean over 20 runs) (right).

We refer to these algorithms as (e, §)-correct identification strategies. For (e, §)-correct strategies,
we define their sample complexity as the sum of the number of unitary samples gathered from the
generative model. In other words, let us denote with N;(s, a) the number of samples gathered, at

step ¢, from the environment, and let Nt(i) (s) denotes the number of samples gathered at step ¢ from
the i-th expert at state s. Then, the sample complexity is given by:

IRACOES 3) SRYLIE)
(87[]’) Z s

Given this learning formalism, it is straightforward to extend the results of Theorem[4.T]to this setting.

More specifically, Theoremcan be used to lower bound E {ZS N (s)} for each sub-optimal

expert, thus showing a significant increase in the sample complexity (i.e., linear in the number of
sub-optimal experts).

H Further details on US-IRL-SE

In this section, we provide further details on US-IRL-SE. More precisely, we specify the exact
expression of the parameter m that is used to provide (¢, d)-correc

Expression of m  From the proof of Theorem[4.2] it is possible to derive an exact expression of m
that can be used in US-IRL-SE. More specifically, since t = N¢(s, a)°|it is sufficient to take m as
the minimum ¢ that satisfies Equations (73)-(78) and Equations (33)-(53).

Computational Complexity of US-IRL-SE At each iteration, US-IRL-SE will query the genera-
tive model in all state-action pair (s,a) € S x A. Notice that the generative model samples (i) the
environment (ii) all the expert’s policy. Assuming a unitary cost for generating each sample, a single
query to the generative model results in a computational complexity of O (n). Therefore, the total
computational complexity of US-IRL-SE is given O (S Amn).

I Numerical Validation

We designed an experiment that aims at visualizing the reduction of the feasible reward set.

*This is a direct consequence of the uniform sampling strategy.
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Computing Resources The experiments have been run on a laptop with 8 Intel(R) Core(TM)
15-8250U CPU @ 1.60GHz and 8GB of RAM. Total time to gather the results is less then a few
hours.

Experiment Setup We considered as environment the forest management scenarios with 10 states
and 2 actions that is available in the "pymdptoolbox" libraryE] We considered a discount factor
~v = 0.9. We have run policy iteration on this domain to recover a set of expert policies (i.e., the
policy returned at each iteration by the policy iteration algorithm is a sub-optimal expert), and we
have considered as ¢ the infinite norm between the value functions of the optimal policy and the
sub-optimal ones computed using the true reward function.

Results To appreciate the reduction in the feasible set that is introduced by the sub-optimal experts,
we have plotted the maximum value that {(s, a) can achieve according to the theoretical bound of
Eq. (notice that this is way easier to visualize rather than an entire set of reward functions).
For the sake of visualization, we have flattened the matrix that contained upper bounds on (, and
we plotted the result in Figure 6] (left). As one can notice, the presence of the sub-optimal experts
can significantly limit the value of the advantage function in many state-action pairs (notice that
the maximum value for ¢ is given by (1 — v)~! ~ 10; this theoretical threshold represents the
upper-bound on that was derived in [24] for the single-agent problem).

We have then run our algorithm for 20 times using € = 0.1 and § = 0.1, and computed the (empirical)
theoretical upper bound on (. The reviewer can find the empirical value of the upper bounds on in the
Figure [6] (right). We have reported only the empirical mean, as the 95% confidence intervals are in
the order of le-5. As one can verify, the results are almost identical to the exact case.

*Code can be found at https://github. com/sawcordwell/pymdptoolbox. License is BSD 3-Clause
"New" or "Revised" License. Master branch at commit 7¢96789¢cc80e280437005¢12065¢f70266¢11636 was
used.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: The abstract and the introduction reflect the original contribution of the paper.
Guidelines:
* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: Limitations are noted as future directions in the conclusion section.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: All the statements are correlated with proofs. The definitions and the quantity
used are clearly presented.

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.

The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Appendix [I| provides detail on how to reproduce the experiments. We will also
make the code public for reproducibility.

Guidelines:

The answer NA means that the paper does not include experiments.

If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: The codebase to reproduce the results will be public.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: Experiment details are reported in Appendix|[l]
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: Figure E]reports only the mean as the 95% confidence intervals are in the
interval of le-5.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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10.

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: Experiment results and details are provided in Appendix [I}
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]
Justification: We checked the guidelines and we are compliant with them.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: As a theoretical research paper, the authors do not see any negative societal
impact.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We rely on the pymdptoolbox library, and we make an explicit reference to it
in Appendix [I}
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

44



13.

14.

15.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA|
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

45


paperswithcode.com/datasets

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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