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Abstract

This work extends analytical foundations for kernel methods beyond the usual Euclidean
manifold. Specifically, we characterise the smoothness of the native spaces (reproducing
kernel Hilbert spaces) that are reproduced by geodesically isotropic kernels in the hyper-
spherical context. Our results have direct consequences for kernel cubature, determining
the rate of convergence of the worst case error, and expanding the applicability of cuba-
ture algorithms based on Stein’s method. First, we introduce a characterisation of Sobolev
spaces on the d-dimensional sphere based on the Fourier—Schoenberg sequences associated
with a given kernel. Such sequences are hard (if not impossible) to compute analytically on
d-dimensional spheres, but often feasible over Hilbert spheres, where d = oco. Second, we
circumvent this problem by finding a projection operator that allows us to map from Hilbert
spheres to finite-dimensional spheres. Our findings are illustrated for selected parametric
families of kernel.

1 Introduction

This paper precisely characterises the Hilbert spaces reproduced by certain kernels defined over the hyper-
sphere S, the d-dimensional sphere embedded in R?*!. A kernel K : S? x S* — R is said to be geodesically
isotropic if it depends only on the geodesic distance (denoted 6 throughout) between any pair of points
located over the spherical shell. Hence, under geodesic isotropy, there exists a mapping ¢ : [0, 7] — R such
that, for all £,m € S, K(&,m) = ¥ (0(&,m)). Is there a suitable spectral characterisation of Sobolev-type
kernels, K, under the assumption of geodesic isotropy? The literature is elusive on this aspect. Several con-
tributions refer to isotropic kernels in R4*! and claim that the restriction of those kernels to S? retains the
same Sobolev properties. The statement is correct, albeit quite unnatural: constructive criticism in [Porcu
et al| (2018) and [Porcu et al.| (2021)) show that direct constructions on the sphere would be preferable. To
do so, it becomes necessary to properly define Sobolev spaces for geodesically isotropic kernels over spheres.

1.1 Motivation: Kernels, Cubature and Discrepancies

The applications of reproducing kernels are myriad, but the principal motivation for this work is to provide
theoretical foundations for the related computational tools of kernel cubature and kernel discrepancy beyond
the usual Euclidean manifold. The simplest and perhaps most useful important of a non-Euclidean manifold
is the hypersphere S%, which is the focus of our discussion, but aspects of the methods developed in this
paper are more generally applicable - we return to this point in Section [}  For a geodesically isotropic
kernel K : S% x S — R with isotropic part ¢, we denote Ay the reproducing kernel Hilbert space associated
with K through .

Let 0(z) denote a unit mass at z € X. Given a probability distribution P on X and a set of locations
{z1,...,2,} C X, kernel cubature associates to each location z; a scalar weight w;, such that the kernel
discrepancy

Dy, (Zwﬁ(mﬁ,P) = sup Zwlf(xl) —/fdP (1)
i=1 i=1

£y, <15
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is minimised. These topics have received considerable recent interest in statistics, machine learning, and
numerical analysis, where kernel cubature has been applied to such tasks as sampling (Teymur et al., [2021)),
experimental design (Pronzato and Zhigljavsky, 2020]), model selection (Briol et al., 2019)), and numerical
integration (Jagadeeswaran and Hickernell, |2019)). The increasing popularity of kernel cubature is due in
part to a closed-form expressions for the cubature weights w; and to the fact that their error decay is rate-
optimal among all cubature methods for Ak, even when the locations x; are randomly sampled. Further,
these tools have received attention in connection with Stein’s method from applied probability (Steinl, [1972),
where |Chwialkowski et al.| (2016); [Liu et al.| (2016) introduced a kernel discrepancy that can be computed
even when P is implicitly defined up to a normalisation constant, addressing a problem that is routinely
encountered in the Bayesian context.

Specialising the discussion to X = S?, kernel cubature appears in rendering algorithms for glossy surfaces
(Marques et al., 2013} |2022)) and as a criterion by which the performance of rendering algorithms is mea-
sured (Marques et al., 2019), while kernel cubature has been used in combination with Stein’s method to
numerically approximate posterior expectations in directional statistics (Barp et al., 2022)). The theory of
kernel cubature on is well-developed (e.g. as a special case of the general theory of Novak and WozZniakowski,
2008)), and optimality properties of kernel cubature have been established in the case where the Hilbert space
reproduced by the kernel is equivalent to a Sobolev space on S? (Krieg and Sonnleitner, [2021). However,
applications of kernel cubature on S¢ are limited by the availability of kernels that satisfy theoretical as-
sumptions and are computationally practical. For example, the methodology of |Barp et al.| (2022) requires
K to reproduce a Hilbert space equivalent to an order-8 Sobolev space and to admit computable expressions
for its derivatives in order for Stein’s method to be applied. Further, it is desirable from the perspective
of empirical performance for the kernel to be intrinsically defined on S?, to properly reflect the geometry
of §%. If such kernels can be found, then the Riemann—Stein kernel method of Barp et al| (2022) facilitates
approximation of posterior expectations with error O(n_ﬂ/ 4), improving on the conventional O(n~!) error
of Markov chain Monte Carlo whenever g > d/2 (i.e. when the Sobolev—Hélder embedding is well-defined).
An improved understanding of Sobolev-type kernels therefore has the potential to eliminate the gap between
the theory and practice of kernel cubature and kernel discrepancy on S%, and to drive the improvement of
methodologies in application areas such as graphics rendering and directional statistics where kernel cubature
and kernel discrepancies are used.

1.2 Contribution

The present article contributes to mathematical understanding of Sobolev-type kernels on S%, making in
particular the following relevant contributions:

Native and Sobolev Spaces: We start with the native spaces (reproducing kernel Hilbert spaces) as-
sociated with kernels that are geodesically isotropic over d-dimensional spheres. We then define suitable
Sobolev spaces with exponent (8 for the case of d-dimensional spheres. Using Fourier analysis over spheres,
we prove that a given kernel, K, belongs to a given Sobolev space with exponent § if and only if the related
Fourier-Schoenberg sequences (see subsequent sections) have a precise rate of decay.

Hilbert Spheres and Projections: For d and K given, attaining the Fourier—Schoenberg sequence is
extremely difficult. After noting that such sequences are more easily attainable on the (infinite dimensional)
Hilbert sphere, we prove that there exists a projection operator that relates those sequences on the Hilbert
sphere with their analogue on finite dimensional sphere.

Euclidean Kernels and Their Restriction: One potential source of geodesically isotropic kernels, as
alluded to above, is to simply restrict a radially isotropic kernel in the ambient Euclidean space R4t! to
the d—dimensional sphere. If one knows in advance the Fourier transform of the radial kernel then one
can employ a formula due to |[Narcowich and Ward| (2002)) to derive the corresponding Fourier—Schoenberg
sequence of its restriction to the sphere.

Some Parametric Classes of Kernels: The above ingredients will allow us to prove that celebrated
classes of kernels for d-dimensional spheres are actually Sobolev kernels, and can be used within the kernel
cubature and kernel discrepancy machinery as previously described.
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The paper proceeds as follows: Section [2 provides a succinct mathematical background. Section [3|starts with
expository material on native spaces and then propose a definition of Sobolev space with given exponent.
We prove that the Fourier—-Schoenberg sequences determine the Sobolev space where the kernel sits. Section
[4] sets out a framework which delivers closed form expressions for Fourier-Schoenberg sequences derived via
the two routes described above, i.e., by projection from the Hilbert sphere and also by restricting a Euclidean
radial function to the sphere. We conclude in Section [f] by presenting three explicit parametric cases. Using
the tools developed in Section 4] we give closed form expressions for the Fourier—Schoenberg coefficients, we
also provide their asymptotic rates of decay and hence conclude by specifying their corresponding Sobolev
spaces. A short discussion in Section [6] closes the paper.

2 Background

Let d be a positive integer. We consider the d-dimensional unit sphere S = {& € R¥*! ||£|| = 1}, embedded
in R4! with || - || denoting Euclidean norm. We shall also refer to the Hilbert bphere S* = {¢ € RY :
||| = 1}. We equip S¢ with the great circle (geodesic) distance, defined as (¢, n) = arccos(¢'n) € [0, 7],
for &, m € S, where T denotes transpose. A mapping K : S? x S¢ % R is called a kernel if it is positive
definite, that is ZU 1 a;aiK(&;,€5) > 0, for all finite system {51 v, C S% and constants aq,...ay € R.
This paper works with geodesically isotropic kernels, so that K(&, 1) = o2 (0(¢,n) for some continuous
function v : [0, 7] — R with ¥(0) = 1, and for 02 > 0. We define ¥, as the class of continuous functions v
being the isotropic part of a kernel K in S?. We also define ¥, = N, ¥4, with the inclusion relation

Uy DUy D---DUyD--- DV, (2)

being strict. |Schoenberg| (1942)) showed that a continuous mapping ¢ : [0, 7] — R belongs to the class ¥y if
and only if it can be uniquely written as

(d=1/2( 08
medw, 0 (0.7, 3)

where P} denotes the \-Gegenbauer polynomial of degree m (Abramowitz and Stegun, 1965, 22.2.3), and
{bm,a}22 is a probability mass sequence. |Schoenberg| (1942) also showed that 1 belongs to the class U, if
and only if

Z by (cos( 6 € [0, 7], (4)
m=0

with {b,,}5°_, being again a probability mass sequence. We follow Daley and Porcu| (2013) and call the
sequence {by,.a}>_, in a d-Schoenberg sequence. Analogously, we call {b,, }5°_, a Schoenberg sequence.
Throughout, for a given d and a given element ¢ € ¥y, C ¥y, we call ({b,,}20_, %) and ({bm.a}re—g,¥) a
Schoenberg and a d-Schoenberg pair, respectively. Section [4] proves that these pairs are related through an
operator defined therein.

For d =1, it is true that (see |Gneiting}, |2013)

by — / G009 and by =~ / cos(m@)(6)d, for m > 1, (5)
0 ™ Jo

while for d > 2 we have

2m+d—1 1

23—dg

bm,d -

/ () PL=D/2(cos(6)) (sin )" de. (6)

where I'(-) denotes the gamma function (Abramowitz and Stegun| 1965, 6.1.1).

The property of strict positive definiteness is described here through the members v of the classes V4. By
strict we mean that the inequality in the definition positive definiteness becomes strict provided the real
numbers ¢y, ..., c, are not all zero; we let \If:{ C W, denote the class of continuous functions 1) associated
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with a strictly positive definite kernel on S%. Arguments in Schoenberg| (1942) prove that if the elements of
the d-Schoenberg sequence {by, ¢4}20_, in are positive for all m > 0 then ¢ € U. This simple condition
is sufficient for our purposes but the reader may consult (D. Chen and Sun| |2003)) for a careful investigation
of the necessary and sufficient conditions.

2.1 Harmonic Analysis on Spheres

We now consider members ¢ from \Il;; and invoke arguments in[Hubbert et al.| (2015)) to dig into an alternative
view of the expansion . Specifically, we resort to Fourier expansion through spherical harmonics, that is

= Z Z ymn ym,n('r]), €7n S Sd, (7)

where {Vi,n :n=1,...,N,, q} is a real orthonormal basis for the space of spherical harmonics of degree m
and the collection {Vnn :n = 1,..., Ny 4,m > 0} forms a real orthonormal basis for L(S?). In addition,
{@m}%’zo is referred to as the sequence of spherical Fourier coefficients for ¢ € \Ilé|r and these are related to
the aforementioned d-Schoenberg coefficients via the formula (cf Hubbert et all 2015, Equation 1.33)

r gfl 7 d{D\
bn.d = w’ (8)
2w =2

where NN, 4 denotes the dimension of the space of spherical harmonics of degree m given by

9)

d—1 d—2)!
Nog=1 and Ny q=2 <m > (m + )

2 (d—1)Im! ~
Remark 2.1. The identity (@ proves that the d-Schoenberg {by, a}°_y and the Fourier {1, }2°_, sequences

are linearly related. This justify the vague terminology Fourier—Schoenberg sequences used in the introduction
to this paper.

The positive spherical Fourier coefficients of ¢ € \I/;l" decay at a polynomial rate if there exist positive
constants Ay, As and v such that
Ay
1+ m)a

~ A
< W m > 0. (10)

Using Stirling’s formula (Abramowitz and Stegunl [1965| 6.1.39), that is
T(az +b) ~ v 27Tefaz(az)az+b7%, (11)

d—1
we deduce that Ny, g ~ %, from which one can also show that there are positive constants C7, Cs,

independent of m, such that Cy(m + 1)‘71_1 < Nppa < Co(m+ 1)‘1_17 m > 0. Thus, in view of , we note
that the decay condition on the spherical Fourier coefficients can be recast in terms of the d—Schoenberg
sequence; specifically, there exist constants A7, A5 such that

Al -A2

2.2 Special Functions

Hypergeometric functions will feature heavily in the course of this work and so we briefly remind the reader
that a general hypergeometric function is defined by

N B W o e 03
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where
I'(c+n)

I'(c) -
denotes the Pochhammer symbol, with (¢)g := 1. Throughout, B denotes the Beta function, defined for
x>0and y >0 by

(@) i=clc+1)---(c+n—-1)= for n > 1, (14)

L(x)I'(y)

1
B(:c,y):/o t* N1 —t)vldt = Tty

(15)

3 Native Spaces on Spheres

For a given ¢ € \I/d+, whose spherical Fourier coefficients we assume to be positive, we define the following
subspace of Ly(S?) :

oo Nn N
Ny = {1 € La(s) ||f||¢=;; ol < ), (16)

where f,, , denote the expansion coeflicients associated to the spherical Fourier series representation

[ee) Nnd

Z fm nym NoR) where fm n — s f(é)ym,n(s)dwd(g)

m=0

We observe that || - ||, is a norm induced by the inner-product

Z’”" 17
w (17)

We shall call Ny the Native space induced by 1. We observe that if we consider the function ¢ whose
spherical Fourier coefficients are given by
1

Y 1= ma

then the corresponding Native space coincides with the Sobolev space of order v, that is

oo Nn,a

W37 = {f € La($"™) [y = D2 D0 (L4 m)? | Fonnl? < o0}

m=0 n=1

More generally, if the spherical Fourier coefficients of ¢ € \IJ:[ satisfy the decay condition , or equivalently,
if its d—Scohenberg sequence satisfies , then the induced Native space Ny, is norm equivalent to the

Sobolev space Wf (S?) where 8 = (d + )/2. That is the two spaces agree as sets and the norms are equivalent

since
VAl < 1 llwp < VA2l flle-

In particular, if N, and Ny are norm-equivalent, then their kernel discrepancies equation |I| define the
same topology on the space of probability distributions on S?. We observe that since 3 > d/2 then, as a
consequence of the Sobolev embedding theorem, the Native space of Ny, is continuously embedded in C(S%),
the space of continuous functions on S?, and this implies that Ny is a reproducing kernel Hilbert space. The
following result concerning Native spaces is adapted from [Levesley and Sun| (2005) Proposition 3.1.

Lemma 3.1. Let ¥(&,1) = ¢ (£"n) denote a kernel induced by 1) € \I/;l", having expansion @ according to
a Fourier sequence {1y, }5°_ of strictly positive coefficients. The corresponding Native space Ny (@ is a
reproducing kernel Hilbert space with reproducing kernel W.

Remark 3.1. Let ¢ € \Ilj induce a kernel ¥ as in Lemma , If the spherical Fourier coefficients of W

satisfy (@, then ¥ is a reproducing kernel for a space that is norm equivalent to the Sobolev space WQ’B (S%)
where 8 = d;"*.
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For two mappings f, ¢ : Ng — R, we say that f(n) ~ g(n) if and only if

im 1) (18)

n=oo g(n)
A direct implication of is that there exists positive constants A; and A, such that

A1g(n) < f(n) < Asg(n), n>0.

In view of Remark [3.1] we observe that by establishing asymptotic decay rates for various classes of covariance
function we will be able to establish which order Sobolev space the covariance kernels are reproducing for.

4 Quantifying Smoothness on d-dimensional Spheres

In this paper we consider parametric classes of members 1) of the class U1 . We access these via the two
approaches described in Section [1} Specifically we will either take ¢ € UL as a starting point and consider
its projection to S, or we will take a positive definite radial kernel in R%+! as a starting point, and consider
its restriction to S?. In both cases we will derive closed form expressions for the associated d—Schoenberg
sequences and by examining their asymptotic decay we can quantify the smoothness properties which, in
turn, determines whether the induced Native space is norm equivalent to a Sobolev space of a certain order.

4.1 Projecting U} to U},

Many of the well known parametric classes in numerical analysis and statistics are defined through members
of the class W}, i.e., the Schoenberg sequence (b, )_, is known for the representation . This is an obstacle
in the case where one wants employ such functions on a finite dimensional sphere, where one requires the
d—Schoenberg sequence in order to quantify the smoothness of the kernel and consequently to state whether
the induced Native space is norm equivalent to a Sobolev space of a certain order. In order to circumvent this
we consider the following projection operator which we will show maps the Schoenberg sequence of ¥ € U,
to its unique d—Schoenberg sequence when viewed as a member of ¥,.

Remark 4.1 (The Projection Operator). For a Schoenberg sequence {by, }2,, we define the operator Yg:

oo

B T F'm+d—1) (m + 2j)!
vaNO, Td (bWL) - gm+d—2 (%) m'l" m+ d 1 Z m+2j |22J m+ d+l) (19)

J

where (z); = T'(x + j)/T(x) denotes the Pochhammer symbol (Abramowitz and Stequn, |1965, 6.1.22).

Proposition 4.1 (Projection Operator). Let T4 be as defined through @ Then, T4 maps Yoo (VL) into
Uy (UF). That is, let by, q be defined as by, g = Ya(by,), form € N and for {b,,}5°_ a Schoenberg sequence.
Then, the sequence {by, a}5°— is a d-Schoenberg sequence.

Proof. According to Bingham)| (1973) Lemma 1, the following identity holds

(cos8)™ mil (451) 5 (m — 2k + 41) (m — 2k + d — 2)! P70/ (cos(6)) 20)
Cos = —= 2
2m(d72)log2kgm kl(m — 2k)IT" (m — k + 442) psj 21]2/2( 1)
This allows us to deduce that
$(0) =D bm(cos(0))"
(21)

m=0
T S bt g 2k S 26+ d ) P es(0)
- Hm — 20 (m— F + 1) PP

" m=0 0<2k<m
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P~V (cos(0))

By inspection, the coefficient of P(d D72 )

is given by

- LR a1 (m +2)
md = 2m ml(d—2)! "R 22T (m+ j + L)
L) (m+9) 1 (m+d 2)! Z (m + 2j)! (22)
d m m+2j d
M- DT (v 35 27 ml 2" 508 (s 451,
N D(m+d—1) & (m + 2j)!
= Smtd—2r (d d m+2j o0 d ’
2m+d=21 (4) mIT" (m + 21)j = 51227 (m-i-%l)j
where the final line follows from I'(x + 1) = 2I'(z) and an application the Gamma function identity
(Abramowitz and Stegun| [1965| 6.1.18),
r(2z) 221 1
= ——7 = . 23
T~ vr o T2 (23)

4.2 Restricting radial kernels to the sphere

An alternative source of members of \Il:{ can be accessed by choosing a radial kernel ¢ that is known to be
positive definite on R%*t! and then defining its restriction to the sphere. Specifically, we suppose that d is a
fixed space dimension and we take a parametric family {¢(-,X), A € © C RP} of radial functions that are
positive definite on R%*1. The chordal distance on S is connected to the geodesic distance via

den(€,m) =€ —nll = V2 —2cos(0(6,m)  €&meS?. (24)

Using this we define
DO, = b ( 2~ 2cos (0), A) , (25)

and, by construction, this restricted family belongs to \Il:l'. A crucial ingredient for computing the
d—Schoenberg coefficients of the restricted family is prior knowledge of the d—dimensional radial Fourier
transform of ¢.

Definition 4.1. Let ¢(-) denote a continuous real valued function on [0,00). The d—dimensional radial
Fourier transform of ¢ is defined by |Stein (1999)

o(r) = Fad(r —*/ o(t) tsz 2 (rt)dt, r >0, (26)

where J,(-) denotes the Bessel function of the first kind with order v. We note that a sufficient condition for
é(r) to be well-defined is that ¢(t)t?~! is absolutely integrable.

In this framework the d—Schoenberg coefficients associated to members of \Il:lr that are defined via is
given by the following formula (cf. Narcowich and Ward| (2002) Theorem 4.1)

b = (27) 5 d/o tJfH%(t)gg(t)dt,

(%) @2m+d—1)(m+d-2)!
215 T(d) m!

(27)

where Kp.q =

In the next section we use the results presented here on Hilbert space projections and on spherical restrictions
to derive closed form expressions for the d—Schoenberg coefficients for different classes of parameterised
families belonging to \IJ;;.
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5 Parameterised families and Native Sobolev spaces
For each of the families of geodesically isotropic kernels presented in this section we will provide:

1. A closed form expression of their d—Schoenberg sequence.
2. The asymptotic rate of decay of their d—Schoenberg sequence.

3. The Native Sobolev space for which the kernels are reproducing for.

5.1 The Matérn Class of functions

For v, > 0, the Matérn class of functions are well-known positive definite radial kernels defined as (Stein,

1999)
2LV v r
v, - — K:,/ (*) s > O7
Moa(r) I'(v) (a) ! re
with IC, a modified Bessel function of the second kind of order v (Abramowitz and Stegunl, [1965)[9.6.22]. The
Matérn class has been especially popular in spatial statistics after |Stein| (1999). We consider the restriction
of this family to the sphere which we define as

Ya(0,X) := My, o (/2 —2cos(h)), for A= (v,a)" €[0,00)%. (28)

In order to apply and derive the d—Schoenberg coefficients associated to the family 1 r¢(6, A) we require
prior knowledge of the radial Fourier transform of M, o (r). This is given in the following result.

Lemma 5.1. Let « and v be positive real numbers. The d—dimensional radial Fourier transform of the
Matérn kernel M, o (1) is given by

Mv,a(r) = fdMy,a(T) = 0421’(1_‘ (I/>2) L il (29)
(Gz+72) 77
Proof. Using the d—dimensional radial Fourier transform of M, ,(r) is given by
— _(d—2 o0 d
Mu,a(r) =T ( 2 )/ Mu,a(t)tEsz;z(Tt)df
0
1 2t=v 1 [ 2 t
== 77/ K, (=) Jase (rt)dt.
r= W) av Jy o 2
The following identity is taken from [Prudnikov et al.|(1981b) eq 2.16.21.1
/ P71, (ct) J,(bt)dt
0
1\Ae T (6+g+”> r (’”‘2‘_”) Btutv Bp—v b\ 2
() [T
c I(p+1) p+1 c
Setting the following parameters:
1 d+2 d—2
b=r, c=_ le/—l—% MZT%ﬁ—‘rM—FVZZV-i—d, and S+ p—v=d,
leads us to deduce that 4
— a 4T (1/ + é) v+5 g
y — 923 d 2 F 2 2, 2.2
Mo (r) 2 ) oFy g ar (30)
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The following identity is taken from (Abramowitz and Stegun| |1965, 15.1.8) 2Fi(a,b;b;2) = (1 — z)~%.
Inserting this into the above leads to

as required. O

Equipped with the expression for m(r) we can now employ to derive the d—Schoenberg coefficients
and investigate their asymptotic decay rate. This leads us to the following result.

Proposition 5.2. Let A = (v,a)" € [0,00)2 and consider the spherical Matérn family ¥ (0, X) given by
(@. Then we have that

1. The d—Schoenberg coefficients are given by

dQ%F(V"‘d)F(m—V)K/ d v+ 4 1
b, A) = (2m)2 2 md o 2 L
am(A) = (2m)? Pw)a? T(m+v+d) ! 2L/Jrlm m+u+d’a2] (31)
L (=)™ Fma F[ m+ g .1]
T(v) T(m+1- )L (m+ 50) 2a)m ' *[m—v+1 2m+d a2
2. Further,
2 T(v+4) 1
b A) ~ 2 .
m,d,M( ) a2V T (I/ T (g) mlt+2v

3. The native space Ny, associated with the Matérn kernel is a reproducing kernel Hilbert space with
reproducing kernel W aq(x,y) = Y (xTy; X). Furthermore, Ny, is norm equivalent to the Sobolev
space WQ’B(Sd) where B=v + 4.

Proof. See Appendix [A] O

5.2 The F-Class of functions
Recently, |Alegria et al. (2021)) have proposed the F family by

B(a,v+ 1)

. ; _ T 3
Blov) oF (T, + v+ T1;c08(0)), A= (1,a,v) € (0,00)°, (32)

where 6 € [0, 7], B is the Beta function defined by and o Fy is defined through (I3).
Proposition 5.3. Let A =€ (1,a,v) € R3 denote the parameter vector associated with . The corre-
sponding Schoenberg sequence is given by

Bla,v+71)  (T)m(a)m
B(a,v) (a+v+T1),mm!

b, 7(X) = >0 m2>0, (33)
and consequently (0, ) belongs to the class WT.

Proof. This follows from the definition of the hypergeometric oF} . The coefficients are positive since
the parameters of A are positive. O

Equipped with the expression for b,, () we can now employ the projection operator to derive the
d—Schoenberg coefficients and investigate their asymptotic decay rate. This leads us to the following result.
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Proposition 5.4. Let
{({bmr N}z, ¥5(0,2); A =€ (r,0,0)7 € RL |
be the Schoenberg pair for the F—family as given in Proposition[5.3 Then,

1. The d-Schoenberg sequence {bm 4, 7(X)}50_q s uniquely determined through

atm atm+l 7+m T+m+l
bm,d,}'()‘) — Cm,d(Ta «, I/)4F3 a+u+2-r+m cx2+u+7—+72n+1 m2+ d+1 ; 1] ; (34)
2 2 2

where b (T,0,v) T (m+d—1) /7

m\T, &, — T
Cm,d(Tv Q, V) = Qm+d=2 T (m + %) r ((21) . (35)

2. It is true that §

by () o LT ) 2T (S 1) 1 (36)

T'(a)T'(v)T(7) r (g) mit2v’

3. The native space Nw;(x) associated with Fr o, € \Ild+ is a reproducing kernel Hilbert space with re-
producing kernel Fy o, (xTy). Furthermore, Ny (x) is norm equivalent to the Sobolev space WQﬁ (8%
where = v + g.

Proof. See Appendix [B] O

5.3 The Generalised Wendland family

The Generalised Wendland family of radial functions are defined as

1 ! 2 oya—1
Wi ae(r) = m /ET Wooa(t)t (t — (er) ) dt

B(a,v+1) (87)

vt+a 1
- 1 ayvte pl 2 2 2 2
2”+1B(205, v 1) ( (ET) ) 2471 |:l/ 1, (67") :| re |:0, €:| s

where v > 0, @ > 0 and the constant multiplier is chosen to ensure ¢,,,c(0) = 1. Here, W, o.c(r) := (1 —er)%,
with (a)4+ denoting the positive part of the real number a. We note that the functions in this family are
compactly supported, where the parameter € controls the size of the supporting interval.

Arguments in (Chernih and Hubbert| (2014) show that W, o (r) is positive definite on R4*! provided that
v > d—;Z + « and so, under these conditions, we can define their restriction to the sphere S¢ via

Yw (0, ) =W, q.(/2 — 2cos(0)), A= (v,a,e)" €R3, (38)

where 6 € [0,]. By construction 1y (6, A) belong to ¥ provided v > % + a. The properties of these
restricted functions have been investigated in detail in [Hubbert and Jéager| (2021) and these findings are
summarised in the following result.

Theorem 5.5. Let
{{bmaw N e vw(B,2); A= (a,,0)7 R}

be the d—Schoenberg pair for the generalised Wendland family @ Then,
1. It is true that

2I'(2a+v+1) 1
Fa+v+1+d)B(a+i,9)e

bin,aw(A) =

39
ey mad-2) [med) med i 1]
m! e T
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2. There exist two positive constants A; < Ao such that

2a+1 2a+1
./416 .A2€

< <
(1 T m)2+2a > b’rn,d,W(A) = (

1+ m)2+2a : (40)

3. The native space Ny,,, associated to 1y is a reproducing kernel Hilbert space with reproducing kernel
Yw (xTy, A). Purthermore, Ny, is norm equivalent to the Sobolev space Wéﬁ (S%) where B = oz—|—%—|—%.

Proof. The expression for the d—Schoenberg coefficients of the generalised Wendland functions can be derived
from the closed form expression of their spherical Fourier coefficients as computed in [Hubbert and Jager
(2021) (Theorem 4.7), together with . The tight asymptotic bounds follow from Hubbert and Jager
(2021) (Theorem 5.8). Lemma shows that the native space Ny, possesses the stated reproducing kernel
properties. The norm equivalence of Ny, to the Sobolev space of order o + % + % follows from Remark
and the decay condition on by aw (). O

6 Discussion

This paper provides new tools that allow for a precise identification of the Sobolev space associated with
a given kernel defined over a d-dimensional hypersphere. An immediate consequence of our results is an
improved understanding of kernel cubature, since once a Sobolev space associated to a kernel has been
identified one can determine the rate of convergence of the associated discrepancy (i.e. the worst-case
cubature error), using for example the techniques described in Krieg and Sonnleitner|(2021) and the references
therein. Our results also extend the applicability of the Riemann—Stein cubature method of Barp et al.[(2022),
used to accelerate posterior computation in the Bayesian context, since this method requires the Sobolev
space associated with a kernel to be precisely identified.

Some further extensions of our results might be possible at the expense of additional effort. For instance, we
are confident that the extension of the present work to the case of compact two-point homogeneous spaces
would apply mutatis mutandis by replacing the Gegenbauer polynomials in the Schoenberg expansion with
Jacobi polynomials. Some other extensions might be more challenging. For instance, we are unaware at
the moment of how to characterise Sobolev cases on hyperspheres when the kernels is not isotropic, but
axially symmetric only (Jones, [1963). Another interesting case would be that of product spaces involing the
hypersphere with any locally compact group. Finally, we would like to mention that the recent tour de force
by |[Wynne et al.|(2022) opens for considering the present work in the direction of operator valued kernels.

A Results associated to the Matérn kernel

Here we present the proof of the 3 statements of Proposition [5.2] associated to the Matérn kernel.

Proposition [5.2] Statement 1.

Proof. Using and we can write

oo

bma (X)) = (20) T K | T2 acs () Fai Mo a(t)dt
0

i, PR 8) [ s
I'(v) o (1+a22)+5°
s, 20T ) 2 s (1)
o

dt (41)

dt.

=T 2 Rm,d T (V) OzQV )VJF d42r1

=+t
The following formula is adapted from |Prudnikov et al.|(1981b) 2.12.32.10

11
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oo t671J2 t
/ 7“( )dt
0

(22 +t2)P
1 F(u—p+§>F(1+2p—ﬁ) p+ 18 ) 2]
T 92p+1-8 2 253 _,_8 _B8 _8~
2 I‘(erlfg) I‘(,u+p+lf§) prl—p—gptltp—5ltp—3
2u+B-2p I’ p—,u—é I u—l—ﬁ 18
ol 2 2 M+§ §+,Lt 2
BTy 2 Fy B8 2
22u T(p)T(p+1) l—p+5+pp+12u+1

and holds for 5+ 2u > 0, and f — 2p < 1. Setting § = 2, z = 57 ,u:m—i—% and p = u—&-% (where
v ¢ Z,) yields

1 L(m — )T (2v + d) v+ 4 1
_22”+d1“(y+%)21"(m+u+d)1 Q{V—i—l—m m—l—u—&-d’oﬂ]
L1 oa¥ I(v —m) 1F2[ mt g .1]_
(20)2m ZdF(V—F%)F(mﬁ-%) m—v+12m+d o?

We remark that the 5 F5 hypergeometric functions from the formula collapse to 1 F» hypergeometric functions
in the application above, this is due to a repeated parameter appearing in both case; v + d—;l in the first
instance and m + d—;l in the second. With this integral computed we can conclude that

d+1

22 F'2v+d) T'(m—v)kna v+ ¢ 1
bm,d,Mm(A) = ~ 112 2 i
o T¥)(20)> T (v + EL) T(m + v +d) v+l—-mm+v+d a?
or F'v—m) Emd m+ ¢ 1
T(v) T (m+ 42) 2a)""? m—v+12m+d 2|

Applying we can write this as

2%1"(1/4-4) L(m —v)km.a v+ ¢ 1
bm A) = (2m)% 2 L 2 L
am(X) = (2m)2 F(W)o2r T(m+v—+d) ' 2[1/+1—m m—i—l/—f—d’a?}
L (=1)" . " [ m+d 1]
T(v) T(m+1—v)T (m+ L) 2a)m " ?m—v+12m+d o2
as required. O

Proposition [5.2] Statements 2 and 3.

Proof. The following result provides the large parameter asymptotic behaviour of a 1 F5 of the same style as
the first term in (31)), it is adapted from [Luke| (1969) 7.3(11)

oy S ()

Jj=1

where m—b # 0,1,2.... The next result is adapted from Luke| (1969)) 7.3(8) and provides the large parameter
asymptotic behaviour of a ; F, of the same style as the second term in

12
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a+m = (a+m);z 1
F: izl =1 ol— ). 43
284 m 2m+>\+1’z] +;(ﬂ+m)j(2m+)\+1)jjl+ (m”) (43)

Applying Stirling’s formula we can deduce that the constant x,, 4 grows asymptotically as

mdfl

prem et (44)

Rm,d ™~

In addition, Stirling’s formula also gives the following asymptotics for the Gamma functions involving m
appearing in

I'(m—v) 1 1 1 1 e\ 2m
I‘(m +v+d ~ m2v+d and dt1 (7> : (45)

L(m+1—v)T (m+ L) T

Using these asymptotic components in we can deduce that, for large m, we have
2 T'(v+4) 1 1 VT (—D)™mmrmE (e \™ 1

b dm(A) ~ —— 2 1+0(—5]] 1+o(-)]
am(A) a? T (v)T (4) mi+2v + <m2> T 5d-1 I (4) 2am2 - m

Clearly the second component of the above asymptotic decays at an exponentially fast rate and so, to leading
order, we have

2 T'(v+%) 1
a?v r (V) r (g) mlt2v '
Lemma @ shows that the native space Ny, possesses the stated reproducing kernel properties. The norm
equivalence of Ny,, to the Sobolev space of order v + g follows from Remark and the established

asymptotic decay rate of by, g am(N).

bm,d,/\/l (A) ~

B Results associated to the F family

Here we present the proof of the 3 statements of Proposition [5.4] associated to the F family.

Proof of Proposition [6.4] Statement 1

Proof. For brevity we shall write b, 4 for b, #(A) in this proof. Applying we have

o0

B(a,v+ 1) VT I'm+d—-1) Z (T)mt2i (@) m2;

B(a,v) 2m+d=2T (4) mIl" (m + 41) (@ + v+ T)im42512% (m + %)j.

bm,d =
j=0

The following identities are taken from |Prudnikov et al.| (1981a) Appendix 1.6

@ =2 (3) (57) 4 @l = @l (40

Applying these we can show that

22j (a-gm) . (a+12n+1) ) (T-‘gm) . (T-‘rZH-l) .
bm (T’ @, V) (a+5+‘r+m) (i+y+7+'rrz+1) :
2 j 2

Bla,v+7) (Nmy2ij(@mro;
B(a,v) (a+v+T)mygym!

J

and so

S

_bp(r, o) (m+d—1) Z 2 2 2 2

) (o (e (st (m+ 451, 5!

bm.a =
7 e T (o ) T

> (o), (), (), (7,

e,

at+m at+m+1l 7+m T+m+1
7bm(7—70‘7’/)r(m+d71) F 2 2 2 2 -1
- _ — 4143

om+d—2 r (m + d21) r ( ) a+u-§7’+m a+1/+‘;+m+l m+ d—;l ) )

S

vla.
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where, in the final line, we recognise the infinite series as the 4F3 hypergeometric function. O

Proposition [5.4] Statements 2 and 3.

Proof. We begin by examining the asymptotic decay of the multiple of the 4 F3 hypergeometric function from

, i.e., we consider
Con a0, ) = e 'm+d-1)Bla,v+71) (T)m(@)m
AT T D (@) omtd2 T (m+ S1) T Bla,v)  (at v+ 7)mml
 Tw+a)l(v+7) T Lim+d—1) L(m+ 7)T(m+ «)
F(a)I'(W)(r) T (%) 2m+d=2 T (m + %) I'm+a+v+7)l(im+1)

In the case where m is large we can apply Stirling’s asymptotic formula to deduce that

d—1

Fv+a)l(v+7) N n=

a0 ™ TR T (8) 2 2 mie

(47)

We now move on to the asymptotic decay of the 4F3 hypergeometric function from (34). The following
formula is taken from |Prudnikov et al.| (1983) 7.2.3(9)

By 1 TB+o) (M5 o1 [
| PR s e R et

Applying this to the 4F3 hypergeometric function from , withz=1, 8= %’”“ and 0 = %‘i_“, (such
that 8+ o = m + 451 we have that

2
4 d+1 a+u+‘r+m a+1/+T+m+1’

r dtl b ta m—atd—2
= m+a(-i7-73 - %n-?—d—oz / t +2 (1 - t) ;d
r ( 2 ) r ( 2 ) 0

4F3

a+m+1 (x+m T+m T+m+1
1

The following identity is taken from [Luke| (1969)) 7.3(3)

apt1+7 dit dk 1
p+1Fp[ . ;t} (1—1) [1+—+Z . }
p
p+1 p+1

where &= Zb —Zaj T, = (E+7)? Z Zaj, (49)

dkzz,ﬁkvsts, (2<k<m), and |arg(l —¢t)| < 7.

The quantities 5 s above depend only on the parameters of ap+1 and b,. For p = 2 we can use . ) to write
the 3F» hypergeometric function appearing in the integral (48)) as follows

+u[1+ +521t+522t2+0(1)]

m ) m?’

7+m1+m T+1+m

atv+T m atv4T+1 m’
2 + 2 2 + 2

=(1-1)"

We can use the above to write
at+m+1l a+m 7+m T+m+1
1

2 2 2 2 .
d+1 atv414+m adv4T4+m41’?
m+ 5 2 2

I (m+ 41 di | 4812 4B 2 1
= - pagny 7 (kg [t (4 ) )+ 2 8 a2) +0 (5 )]

43

m m?
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where

1
Im,d,u,a(j) :/ tm+§7 +j(]. *t) +th
0
ot1 4N Tt T (dey)
=B + + )= m a+1+d . )
2 I g+ +j+v)

=20,1,2.
2 2 J »

In the case where m is large we can apply Stirling’s asymptotic formula to deduce that

(4 +0)28
g

Pnrtp) o=
T (m+20t+1) T (eréi*oc) \/ﬂ

These two results allow us to deduce that, when n is large, we have the following asymptotic formula

atm+l a+m 74+m T4+m+1l d m+d+v 2
2 2 2 2 1 NF(2+V)2 <1+ (521t+522f ))

d+1 +rv+7+ trvt+T+m+1" d—1 2 :
m+ : @ 1/27' m oa+v 2 m 2\/,7.(. m% +v m

Im,d,l/,a(j) ~ ) .] = 07 17 27 a’nd

4F3

Bringing and together, we can conclude that

e Fv+a)l(v+7)2" T (2+v) 1
"4 T (@)D (v)D(7) r(g)  mt

Lemma shows that the native space Ny, possesses the stated reproducing kernel properties. The norm
equivalence of Ny, to the Sobolev space of order u—i—% follows from Remarkand the established asymptotic
decay rate of by, g, 7 (\). O
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