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ABSTRACT

Despite the successes of deep learning in computer vision, difficulties persist in
recognizing objects that have undergone group-symmetric transformations rarely
seen during training—for example objects seen in unusual poses, scales, positions,
or combinations thereof. Equivariant neural networks are a solution to the prob-
lem of generalizing across symmetric transformations, but require knowledge of
transformations a priori. An alternative family of architectures proposes to learn
equivariant operators in a latent space, from examples of symmetric transforma-
tions. Here, using simple datasets of rotated and translated noisy MNIST, we illus-
trate how such architectures can successfully be harnessed for out-of-distribution
classification, thus overcoming the limitations of both traditional and equivariant
networks. While conceptually enticing, we discuss challenges ahead on the path
of scaling these architectures to more complex datasets. Our code is available at
https://github.com/BRAIN-Aalto/equivariant_operator.

1 INTRODUCTION

Deep networks have progressed to match or even outperform humans on many image recognition
benchmarks (He et al., 2015} [Vasudevan et al.| 2022} [Dehghani et al.l |2023). However, deep net-
works mostly excel on testing sets which are identically distributed (iid) to the training set. This high
performance on iid benchmarks is not necessarily indicative of their performance in scenarios that
have rarely been visited during training, in the so-called out-of-distribution domain. For example,
state-of-the-art deep networks have shown to be brittle on tasks of recognizing objects in unusual
poses, scales, or positions (Alcorn et al., 2019; [Madan et al., 2021} |Ibrahim et al., 2022; Madan
et al., 2022} |Abbas & Denyl 2023 |Ollikka et al., 2025). Such scenarios can often be described in
the language of group theory: changes of pose, scale, and position are indeed the result of group
transformations acting on visual objects.

Several approaches have been proposed to increase robustness of deep networks to group trans-
formations that are absent or only partially present in the training dataset. First, equivariant neu-
ral networks offer guarantees of robustness to target group transformations (Cohen et al., 2019
Bekkers| 2019). However, such approaches require complete a priori knowledge of the transfor-
mation. In particular, the transformation group structure (e.g., cyclic group of a certain order) and
its specific representation (e.g., rotations or translations) must be specified mathematically to con-
struct the relevant architecture. Second, data augmentations schemes, used in combination with
either supervised or self-supervised learning objectives (e.g., [Benton et al., |2020; |Zbontar et al.,
2021; Brehmer et al., [2024), can ensure some level of invariance to pre-specified transformations.
However, for optimal results, transformations need to be sampled uniformly across the entire range
of parameters seen at test time (Gerken & Kessel, |2024; [Perin & Deny| [2025). This is not always
possible, in particular when one is only given examples of transformations in a limited range. In
a third line of work, methods have been proposed that learn group transformations from examples,
hereafter referred to as latent equivariant operator methods (Culpepper & Olshausen, 2009} Sohl-
Dickstein et al.,[2017; |Connor & Rozell,|2020; [Dupont et al.|[2020; Bouchacourt et al., 2021} [Keller
& Welling, 2021} [LeCunl [2022; |Connor et al., 2024). These methods learn an encoder jointly with a
latent space operator, such that after training the latent space operator produces transformations that
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are approximately equivariant to the transformations present in the dataset. These methods offer a
promising alternative for out-of-distribution object recognition[]_-]

Here, we illustrate how equivariant latent operator methods can successfully be applied
to out-of-distribution classification problems. For simplicity, we strip down the complexity of
the datasets and models to their minimal components necessary to establish the superiority of these
methods over others. On rotated and translated noisy MNIST, we train a neural encoder jointly
with a latent operator to learn equivariance over a limited range of transformations. At the same
time, we train a classifier taking as input the latent space, on the same range of transformations. At
inference time, we test our model over a range of transformations that were not seen during training,
assessing its extrapolation and composition abilities. We use a K-nearest-neighbour strategy to
select the operator action most likely to revert the object back to its canonical pose. We establish
the superiority of our method over comparable architectures on classifying input samples outside
the training range. Although our work builds on previous work—e.g., [Bouchacourt et al.| (2021);
Connor & Rozell| (2020)—we extend this prior work in several ways: (1) we demonstrate that latent
equivariant operator methods can be used for classification outside the range of transformations
seen during training, (2) while not specifying transformation parameters at test time, (3) and with a
learnable operator necessitating only the specification of a weak periodicity prior. We conclude with
a discussion on the challenges ahead on the path of scaling these methods to real world images and
more complex datasets.

2 METHODS

Dataset We present experiments on a task of MNIST digit classification (LeCun et al., [2010).
We extract the digit by thresholding pixel intensities above 128, recolor the digit in blue, and place
it onto a random black-and-white checkerboard background, acting as noise to be ignored by the
classifier. The digit is transformed by either a rotation or X-Y translations. Rotations are discretized
in steps of 36°, yielding 10 distinct elements. Translations use a stride of 2 pixels along each axis
on the 28 x 28 grid (with periodic boundary condition), resulting in a translation group of order 14
per axis. Variants of the same digit share the same noise background. To avoid confusion with class
‘6’ when rotating, we exclude class ‘9’ from the dataset.

Architecture We use a simple feed-forward architecture. The encoder consists of a single linear
layer that maps the flattened input into a latent representation to be transformed with the shift op-
erator. When there are a combination of transformations, we use stacked encoders and operators
for each transformation. We set the latent dimensionality to 70 to accommodate the orders of the
transformation groups considered. The pre-defined latent operator follows the discrete construction
of [Bouchacourt et al.| (2021)): each block is a shift matrix with a size equal to the order of the corre-
sponding transformation group and is repeated along the diagonal to match the latent dimensionality.
To evaluate whether equivariance can be learned from scratch, we also consider a learnable operator
variant initialized as the orthogonal factor ) of a QR decompositiorE] of a randomly sampled matrix.
A classifier, stacked after the encoder, is a two-layer MLP with a sigmoid nonlinearity in the hidden
layer, producing class logits from the transformed latent features. Further details are provided in

Appendix [A]

Training Given a training sample (z, y), we generate two views by applying discrete transforma-
tions parameterized by k; and ky: 21 = T% (x), 2o = T"2(x), where T denotes a group transfor-
mation family and k1, ko are sampled transformation parameters. As illustrated in Figure |1} each
transformed view is first mapped to a canonical representation using the corresponding inverse shift
operator. Specifically, the two views’ canonicalized embeddings are obtained as

Zy =0 M fp(x1), Zo=¢ " fp(x).

'Latent equivariant operator methods should be distinguished from disentanglement methods; the latter can
be seen as special cases of the former, where the latent operator is confined to a subspace (Higgins et al.|
2018)—but see topological defects induced by subspace disentanglement in|Bouchacourt et al.[(2021).

“QR initialization offers a stable orthogonal starting point for optimization; simpler initializations such as
zero or unconstrained random matrices led to less reliable convergence in our experiments.
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Figure 1: Pipeline for handling single transformation. Two transformed views of the same input
are encoded by a shared encoder fr and mapped to a canonical representation using inverse shift
operators ¢ ¥t and p~*2, yielding embeddings Z; and Z5. The embedding Z; is used for classifica-
tion via a MLP fcrp optimized with the cross-entropy loss Lcg, while a representation consistency
loss L. encourages alignment between Z; and Z, that both correspond to the canonical pose.
When the operator is learned, we add an extra term Ly, to the loss.

We encourage consistency between the learned representations by minimizing the distance between
these canonical embeddings:

Lyeg = 121 = Za]). (1
The canonicalized representation of the first view is fed to the classifier head:
Lcg = CrossEntropy(fp(Z1),y) .
The final training objective is
L= ACCE + )\Crcga )

where A\ controls the strength of the regularization. When using a learnable operator, we aim to
preserve the periodic properties of the operator by adding to the objective in Equation [2| another
term that encourages the periodicity of the operator group:

Lop = 0" — 1|2, 3)

where N is the order (number of unique elements) of the group represented by the operator.
Throughout all experiments, the order of our learnable operator was set to 70, equal to the latent
dimensionality, which is substantially larger and did not need to be tailored to the true period of the
underlying transformation (e.g., 10 for rotations or 7 for translations).

Inference In the absence of explicit transformation labels at inference time, we infer the pose of
an input via a K -nearest neighbor (k-NN) search over a reference set of canonical embeddings. We
first construct a class-agnostic reference database by collecting /V validation samples x; with known
transformation indices ¢; and mapping them back to a canonical pose using the inverse operator:

e N
R={rj=¢""f(zj)},_,-
Given a test input x, we evaluate its embedding under each candidate transformation operator {¢; }:

2= flpe(2)), L€,

where G denotes the set of discrete transformation indices. We compute Euclidean distances between
each transformed embedding z, and all reference embeddings r; € R. The predicted transforma-
tion index is obtained by majority voting over the indices associated with the K nearest reference
matches: R

¢ = mode(TopK ({||z¢e — rjll2}e;)) 4

where Top K (+) returns the transformation indices corresponding to the K smallest distances among
all reference comparisons. The embedding z; is then selected and passed to the classifier.

3 RESULTS

All implementation details are provided in Appendix
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Figure 2: Classification accuracy as a function of transformations on MNIST. The shaded region
denotes the range of translations observed during training.

Performance on unseen degrees of a single transformation We designate a subset of transfor-
mations as in-domain during training. For rotations, we use angles of {—72° — 36°,0°,36°,72°}.
For translations, we use shifts by {—4, —2, 0, 2, 4} pixels. Figureillustrates classification accuracy
as a function of horizontal translation, vertical translation, and rotation. For the baseline model—a
model with the same encoder-classifier architecture but in which no operator was applied during
training or inference—accuracy peaks within the training range and decreases sharply as inputs
move further into unseen transformations, forming a pronounced bell-shaped curve. In contrast,
models equipped with latent operators exhibit nearly flat accuracy profiles across the entire trans-
formation range, indicating stable extrapolation. The learned-operator variants show similar trends,
with slightly increased variance in accuracy across degrees of transformation, suggesting that equiv-
ariant structure can be recovered even when the operator is learned rather than fixed. We report the
exact numerical results in Appendix [C.T} and an ablation on the k-NN method in Appendix [C.2}
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Figure 3: Test accuracy heatmaps under joint horizontal (rows) and vertical (columns) trans-
lations. The bordered cross indicates transformations observed during training.

Performance on unseen combination of transformations ~ Figure[3|shows classification accuracy
under joint horizontal and vertical translations, using the stacked operator version of our model.
When no shift operator is used (Figure[3a), accuracy deteriorates rapidly outside the training region,
indicating poor generalization to unseen translation combinations. In contrast, both the pre-defined
(Figure [3b) and learned (Figure[3c) shift operators generalize well beyond the training cross, main-
taining high accuracy across most unseen combinations. Notably, the learned shift operator attains
comparable, and in some corner regions slightly higher accuracy than the pre-defined operator, sug-

gesting that data-driven operator learning can recover effective equivariant structure without explicit
specification.

4 DISCUSSION

Here we demonstrated, in a minimal setup, that latent equivariant operators can be leveraged to clas-
sify out-of-distribution samples—by means of extrapolation and combination of symmetric trans-
formations. Unlike in equivariant neural networks, the symmetries did not need to be mathemat-
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ically pre-specified. Unlike in data augmentation schemes, the method did not require coverage
of the full range of transformation parameters during training. Intuitively, this is because the re-
cursive application of operators in latent space allows the extrapolation of transformations beyond
the training range, and in unseen combinations. Furthermore, the method does not require knowl-
edge of the transformation parameter at inference time, as the latent transformation can be estimated
through canonicalization in representation space. Latent equivariant operator methods thus offer
a promising avenue for robust, human-likeﬂ object recognition, and warrant further investiga-
tion.

To date, latent equivariant operator methods have not been shown to scale to large and complex
datasets in the out-of-distribution domain. In this work, our experiments use a minimal controlled
setup (MNIST with synthetic noisy backgrounds) and focus on invariant classification. Evaluating
these methods on more realistic noise sources, broader transformation families, and more complex
datasets, therefore, remains an important direction for future work. At the same time, several the-
oretical and implementation challenges remain. First, we do not know theoretically the certainty
with which we can expect operators to remain equivariant beyond the training range of transforma-
tion parameters. Empirically, we find classification performance to degrade somewhat outside the
training range. Second, we do not know at what layer of an architecture such operators should be
situated. For the affine transformations explored in this minimal study, a single linear layer suffices
to recast the representation in a way suitable to the operator (whether learned or fixed), as described
in previous theory (Bouchacourt et al.,2021)). For more complex transformations, for example trans-
formations happening in a latent space not directly accessible from pixel space (e.g., in-depth 3D
rotation), it is unclear how many layers would be required. Empirically, latent equivariant operators
have been shown to successfully emulate in-depth 3D rotations (Dupont et al., 2020). Finally, the
choice of the functional form of latent operators is another open question, involving fundamental
notions in representation theory and topology. The resolution of these theoretical questions should
provide guidance for the successful implementation of latent equivariant operator approaches at
scale.
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A METHODOLOGY DETAILS

A.1 PRELIMINARY ON SHIFT OPERATOR

Model components. We decompose the model into an encoder fr : X — Z, which maps an
input x € X to a latent representation, and a classifier fcrr : 2 — Y, which predicts the output
label from the representation. Unless otherwise stated, all encoders are linear in this study.

We consider a family of discrete affine transformations that form a cyclic group, such as trans-
lations or rotations. Our goal is to learn an equivariant representation with respect to this group
action.

Formally, let T* denote a transformation applied in the input space, parameterized by &, and let
T* denote the corresponding transformation acting on the representation space. We seek an encoder
fE such that
fe(T*z) = T" fp(2), 5)
or equivalently,

Thy = f5 (Tk fE(x)> : 6)

where fg ! denotes a (possibly implicit) decoder. Although 7% and T* are parameterized by the
same group element, they need not share the same functional form.

One approach to achieving equivariance is to explicitly map representations to a canonical pose,
thereby factoring out the effect of the transformation. This perspective motivates the use of a shift
operator|Bouchacourt et al., 2021, which models the group action in the representation space. Con-
cretely, the shift operator, which has the same dimensionality as the latent embedding, is constructed
in Kronecker product form using the building block M:

o o ... 11F

The matrix M corresponds to the elementary generator of the transformation group and has size
equal to the order of the group. For a shift of degree n, the corresponding shift operator is obtained
by applying the elementary shift n times, which is equivalent to using the matrix power M" as the
building block along the diagonal.

Under this formulation, sequential transformations compose additively in the representation
space. In particular, for two transformations T*1 and T*2, we have

TR = f (MR MR () = f5! (MM fo(@)) (®)
which reflects the underlying group structure.

Importantly, the shift operator formulation does not require explicit knowledge of the transfor-
mation parameter applied to each input. Instead, it only assumes knowledge of the cycle order of
the transformation group, making it well suited to scenarios with limited or missing transformation
supervision.
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Figure 4: Pipeline of operator-based classification under compound transformations. Top
(Training): A canonical input is transformed along individual axes to generate augmented views.
Shared encoders map each view into a representation space, where inverse operators ¢~ align em-
beddings back to a canonical pose. Bottom (Inference): Given an input undergoing a compound
transformation 7T}, ,, (k1, k2), the model encodes the input and applies the corresponding inverse op-
erators to recover a canonical representation for classification.

A.2 EXTRAPOLATION WITH SHIFT OPERATOR

Extrapolation refers to making predictions on regions of the input domain that lie outside the range
observed during training, in contrast to interpolation, which concerns predictions within the training
domain. To study extrapolation under controlled conditions, we restrict the range of shift transfor-
mations observed during training in two ways.

Firstly, Section discusses transformations along a single degree of freedom (e.g., rotation
or translation along one axis). In this case, although the full transformation group contains N dis-
crete degrees, we train the model using only a subset of Ny, < N transformation degrees and
evaluate on the remaining unseen degrees.

Secondly, Section [A.2.T] elaborates on transformations along multiple dimensions (compound
transformation), for which we restrict the set of transformation pairs to a strict subset of the full
Cartesian product: KCuain C Ky X KCy. Evaluation is then performed on unseen compositions (/Cj X
ICy) \ Kirain, Which tests the model’s ability to generalize to novel combinations of transformations.

A.2.1 SINGLE TRANSFORMATION

We first study extrapolation under a single transformation dimension. During training, the model
is exposed to only a restricted subset of transformation degrees, while evaluation is performed on
unseen degrees outside this range. This setting directly tests whether the learned operator captures
the underlying transformation structure rather than merely interpolating within the observed range.

From the perspective of group theory, many transformation families form a cyclic group whose
elements are generated by repeated application of an elementary operator. Because group actions are
closed under composition, transformations outside the training range can be expressed as composi-
tions of transformations seen during training. Consequently, if the model learns the correct group
action for a subset of elements, it can extrapolate to unseen transformations via recursive application
of the same operator.

A.2.2 COMPOUND TRANSFORMATION

In many practical settings, inputs undergo transformations that are compositional rather than sep-
arate, such as simultaneous translations along multiple axes. We refer to such cases as compound
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transformations, where the overall transformation can be expressed as the composition of multiple
elementary operators.

A direct approach would be to learn a distinct operator for every possible combination of trans-
formations. However, this quickly becomes impractical: if there are M transformation types, each
with NV discrete variants, exhaustively observing all compound transformations requires O(N?)
transformation instances. This not only leads to a combinatorial explosion in the number of opera-
tors, but also substantially increases the dimensionality of the latent representation.

Compound transformations can instead be decomposed into elementary components. Prior latent
operator approaches Bouchacourt et al.| (2021) employ stacked shift operators to sequentially undo
each transformation, ensuring that the number of operators scales with the order of each elementary
group. However, the method proposed in |Bouchacourt et al.| (2021) was trained on all possible
compound poses, which incurs the same quadratic data requirement: observing all compositions
requires O(NM) samples.

In contrast, our approach trains the model using only single-axis transformations, as denoted in
Figure [ During training, we expose the model only to individually transformed views along each
axis. For a training sample x and two transformation T’,, T},, we generate

xx:Tfl(x), zy:T;Q(x)7
and obtain their canonicalized embeddings by applying the corresponding inverse operators:

Zy :99;k1.fE(l”x)7 Zy:%;kaE(xy)-

Consistency is enforced between these canonical representations using the same regularization ob-
jective as in the single-transformation case:

Lreg = 122 = 2,13, ©)
while classification is performed on the canonicalized embedding.

This encourages the encoder to learn representations that are aligned under each elementary
transformation. Although this separate transformation was technically compatible with [Boucha-
court et al.| (2021), the feasibility of learning compound transformations via exposure to single
transformations during training exclusively was not explored.

At inference time, when the input is subject to a known compound transformation, similar to
(Bouchacourt et al., 2021), we sequentially apply the corresponding inverse operators to recover
a canonical representation before classification. By exploiting the compositional reuse of operator
blocks, our method reduces both the size of the operator space and the number of required transfor-
mation observations from O(N*) to O(N M), while handling compound transformations without
introducing additional parameters or retraining.

A.3 LEARNED OPERATOR

The hard-coded constructions presented in Section[A.T|demonstrate the existence of a valid operator
that satisfies the desired transformation behavior for this task. While these fixed operators provide
a constructive proof of feasibility, they are not necessarily optimal when integrated into a larger
learning pipeline. To allow the operator to adapt to the data and interact with other learned compo-
nents, we parameterize the operator and optimize it jointly with the rest of the model. In practice,
the operator is initialized using the orthogonal factor of a QR decomposition of a random matrix to
provide a stable starting point for optimization.

In this setting, the true order of the transformation group may be unknown. We therefore fix
the size of the operator building block to match the latent dimensionality, which serves as an upper
bound on the transformation order. This design allows the learned operator to represent transforma-
tions of varying effective orders within a fixed-dimensional latent space.

B IMPLEMENTATION DETAILS

We use the standard train/test split of the MNIST dataset (LeCun et al.,|2010), further partitioning
the training set into training and validation subsets with an 80/20 split. For background generation,
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Table 1: Classification accuracy (%) under translation extrapolation. Results for horizontal
(x-axis) and vertical (y-axis) shifts. “Degree given” indicates whether the true translation degree is
provided at test time. Blue-shaded columns denote degrees seen during training; unshaded columns
are unseen.

Degree
Degree
Operator  given

=~

-12 -10 -8 -6 -4 -2 0 2 4 6 8 10 12 14

Translation on y-axis

X 18.151  18.519 21.299 45.145 78.490 83.016 83294 83.072 79.613 | 51.129 23.357 13.602 15.182 16.717

Fixed v — | 95885 95985 95996 95952 96.018 96.185 96.063 96.074 95751 | 96.018 95.807 95.707 95.629 95.707
Fixed X 1 193816 93.872 93816 93.849 94.061 94.216 94.094 94.183 93.894 | 93.861 93.638 93.616 93.872 93.683
Fixed X 3 93594 93849 93938 93.861 94.150 94.261 94.606 93.894 93.282 | 93.582 93.427 93.638 93.538 93.293
Fixed X 10 | 93.605 93.727 93916 93916 94.061 94.194 94.161 94372 93.816 | 93.705 93.516 93.571 93.438 93.582
Learned v — | 94.628 95329 95429 96.185 96.274 95840 95985 96.040 96.263 | 96.118 95373 95.106 94.951 94.773
Learned X 1 91347 91.736  91.758 92.626 92782 92.025 91914 94.061 93.838 | 93.082 92.137 92.148 91.425 91.425
Learned x 3 | 74964 78.167 87.543 92.726 93749 93.193 92.626 93.594 92.871 | 91.970 89.245 83.172 73.540 70.626
Learned X 10 | 74.830 79.324 88.233 92.715 93.182 91.758 91.380 94.150 93.449 | 92.237 88.311 81.771 72506 69.614
Translation on x-axis

X 33.556  44.144 61.628 78.501 87.543 89.323 89.456 89.345 88.166 | 80.080 59.426 38.805 29.619 28.262

Fixed v — 193582 94595 95262 95.863 95907 95918 95.718 96.018 95.974 | 95974 95596 94.862 93.827 92.270
Fixed x 1 | 91.158 92.548 93.360 94.116 94.305 94.150 94.127 94.450 94.394 | 94305 94.038 92.670 91.247 89.578
Fixed x 3 | 91.859 92.014 92.048 92.526 93.160 92.615 93.204 93.638 93.071 | 92.771 92.070 92.159 91.603 91.580
Fixed X 10 | 90.869 91.469 91.414 91.792 92.148 91.336 91.647 94.272 93.160 | 92.626 91.603 91.614 91.002 91.625
Learned v — | 86.498 86.865 92.159 95462 96.029 95707 95.618 95762 95.685 | 94.684 93.004 89.634 83.628 83.684
Learned X 1 76543 79391 88377 93.004 93.627 92492 92.181 94.150 93.616 | 92.370 89.434 82.894 74.063 71.716
Learned x 3 | 74964 78.167 87.543 92726 93.749 93.193 92.626 93.594 92.871 | 91.970 89.245 83.172 73.540 70.626
Learned X 10 | 74.830 79.324 88233 1 92.715 93.182 91.758 91.380 94.150 93.449 | 92.237 88311 81.771 72506 69.614

we sample an independent random checkerboard for each image by uniformly assigning each cell
in the 28 x 28 grid to either black or white. Rotations are applied to the digit mask using nearest-
neighbor resampling with zero padding to preserve discrete pixel structure. For translations, we
use circular shifts implemented via array rolling, thereby pixels shifted beyond the image boundary
reappear on the opposite side rather than being clipped. The transformed digit mask is then overlaid
onto the random background.

Upon loading, images are normalized to the range [0,1] and flattened from 3 x 28 x 28 into a
2,352-dimensional feature vector. A linear encoder then maps this vector to a latent representation
of dimension 70, which is also the dimensionality of the transformation operators. In the presence of
transformations, the latent embedding is manipulated with the linear operator in the representation
space. For compound transformations, the second encoder is a linear mapping of size 70 x 70 to
adapt the canonical representation to the second transformation before canonicalizing.

All models are trained using the Adam optimizer with a learning rate of 0.001 and a batch size
of 512 for 20 epochs and temperature A = 1 in Eq[2] All experiments are conducted on a single
NVIDIA RTX 5090 desktop GPU.

In the evaluation reported in Figure 2] the approriate operator was chosen by our k-NN methods.
To that end, we shuffle the validation set using a fixed random seed (42), select 2,000 samples as the
reference set, and perform nearest-neighbor classification with k = 1.

C ADDITIONAL RESULTS

C.1 EXTRAPOLATION RESULTS

We report the absolute numerical accuracy for the extrapolation test visualized in Figure2]in Table[T]
and Table 2| The shaded columns indicate transformation degrees observed during training, while
unshaded columns correspond to unseen (out-of-distribution) transformations.

We observe that the baseline model without operators experiences a severe accuracy degradation
as the amount of distortion deviates substantially from the learned set. Although its performance is
moderate within the observed region, accuracy drops sharply for larger unseen shifts and rotations,
in some cases approaching near-random levels. This behavior indicates that the baseline fails to
generalize beyond the transformation degrees encountered during training and must implicitly ab-
sorb transformation variability into its representation. For example, under vertical translation (along
y-axis), baseline accuracy drops from 78.5-83.3% within the observed region to 13.6% at a shift
of +10 and 15.2% at +12. Under rotation, the degradation is also pronounced: accuracy falls from
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Table 2: Classification accuracy (%) under rotation extrapolation. “Degree given” indicates
whether the true rotation degree is provided at test time. Blue-shaded columns denote degrees seen
during training; unshaded columns are unseen.

Degree
Degree
Operator  given k -144 -108 -72 -36 0 36 72 108 144 180
X - — | 25.170  30.620 | 74.497 78.456 77.322 79.001 75.075 | 31.721 26.148 25.648
Fixed v — 195707 95.751 | 95.785 95.963 95918 95.707 95.607 | 95.696 95.618 95.840
Fixed X 1 | 86.042 85.841 | 86.753 86.965 86.842 86976 86.720 | 85.975 85.875 86.564
Fixed X 3 1 86920 87.521 | 88.644 89.523 89.890 86.831 84.763 | 84.051 84.740 85.864
Fixed X 10 | 87.298 87.443 | 87.721 88.099 88.511 89.834 88.377 | 87.821 87.843 87.810
Learned v — | 95.774 96.052 | 96.185 96.129 96.118 96.018 96.285 | 95.762 95.284 95.718
Learned X 1 | 86.242 85.586 | 85.853 85.452 85.363 89.256 88.655 | 87.443 86.753 86.742
Learned X 3 | 87.321 87.554 | 88.032 88.121 88.544 89.078 87.588 | 86.709 85.797 86.553
Learned X 10 | 86.609 85.719 | 86.609 86.119 86.865 91.180 90.023 | 88.967 87.866 87.588
—&— Pre-Defined Operator —&— Learned Operator
--@®--- Pre-Defined Operator (auto) --®--- Learned Operator (auto)

~1.0 ~1.0 =1.0
X 3 S —
g g > L T it ot (LR
20.8 20.8 £0.8

© © g

o o

= = 8

80.6 80.6 306
< < <
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Figure 5: Extrapolation behavior of operator-based models on MNIST. Solid lines use ground-
truth transformation degrees; dashed lines “(auto)” use k-NN pose inference. Shaded regions denote
training degrees.

78-79% in-domain to 25-31% at extreme angles (+144°, 180°). This sharp decline indicates poor
extrapolation beyond the transformation degrees seen during training.

In contrast, operator-based models maintain stable performance across the full transformation
range. When the true transformation is provided at test time (“Degree given” v'), both fixed and
learned operators achieve near-constant accuracy of 95-96% across all translation and rotation de-
grees, including unseen ones. Even when the transformation must be inferred (“Degree given” x),
performance remains high. For example, under rotation with automatic inference (k=1), accuracy
remains around 85-87% across all angles—dramatically outperforming the baseline at extreme ro-
tations. Similar stability is observed for translations, where operator models consistently remain
above 90% even far outside the training range.

Figure [5illustrates the accuracy behavior of operator-based models as a function of transforma-
tion magnitude. The results show that strong out-of-distribution performance is consistent for both
pre-defined (blue) and learned (red) operators. The flat accuracy curves outside the shaded training
region indicate that the operator formulation successfully generalizes beyond the observed transfor-
mation range. The similarity between pre-defined and learned operators suggests that the robustness
stems from the operator-based factorization itself rather than a particular parameterization.

C.2 ABLATION: HYPERPARAMETERS FOR K-NN SEARCH

We conduct an ablation to study the impact of reference set size N and neighborhood size k£ on
k-NN search accuracy. For each N € 100, 200, 500, 1000, 2000, 5000, we randomly sample a ref-
erence set and extract canonicalized embeddings using the optimized model. Test samples at each
discrete transformation degree are classified via kNN search over the reference embeddings, with
k < N. The results reported in Tables and [5] are averaged across multiple random seeds
{0, 10, 20, 30,42} and all possible transformation degrees.
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Table 3: k-NN performance on rotated MNIST. Accpos (1) and Accgs (1) denote pose prediction
and downstream classification accuracy, respectively. GT reports the reference performance when
ground-truth poses were given. The highest score for each IV is shown in bold.

N

k 100 200 500 1000 2000 5000
AcCpose  AcCers | AcCpose  AcCas | AcCpoe  AcCes | Accpose  Acces | AcCpoe  AcCas | AcCpose  Acces
GT ‘ 100.000 95.759 ‘ 100.000 95.759 ‘ 100.000 95.759 ‘ 100.000 95.759 ‘ 100.000 95.759 ‘ 100.000 95.759
1 54.196 76.136 | 60.339 80.185 | 65.292 83.375 | 68912 85473 | 71.543 87.029 | 74.159 88.726
3 51.829  73.990 | 59.669 79.097 | 66.285 83.136 | 70.421 85.512 | 73.273 87.171 | 75.949 88.940
10 53.287 75.149 | 61.767 80.054 | 68.687 84.356 | 72.950 86.649 | 75.746 88.117 | 78.735 89.771
30 49.344 72227 | 58294 77425 | 66.211 82.657 | 71.258 85480 | 74.676 87.288 | 78.143  89.172
100 | 40.792 66.761 50.160 72.366 | 59.804 78.436 | 65.642 82.134 | 70.056 84.612 | 74.985 87.326
300 - - - - 51.437  73.311 | 58.320 77.275 | 63.375 80.187 | 69.657 84.169

Table 4: k-NN performance on x-translated MNIST. Accpose (1) and Accgs (1) denote pose pre-
diction and downstream classification accuracy, respectively. GT reports the reference performance
when ground-truth poses were given. The highest score for each N is shown in bold.

N

k 100 200 500 1000 2000 5000
Accpose  Accus | Accpose  Accas | AcCpose  Accas | Accpose  AcCas | AcCpose  Accas | AcCpose  AcCes
GT | 100.000 95.097 | 100.000 95.097 | 100.000 95.097 | 100.000 95.097 | 100.000 95.097 | 100.000 95.097
1 65.661 86.931 | 71.705 89.458 | 76.762 91.406 | 79.852 92.351 | 82.816 93.049 | 85.395 93.652
3 61.803 84.460 | 69.530 88.018 | 76.752 90.774 | 80.566 91.964 | 83.767 92.776 | 86.307 93.501
10 59.041 82.852 | 68.694 87.245 | 77.251 90.438 | 81.514 91.884 84.657 92.752 87.464 93.488
30 49978 77.833 | 62.427 83.570 | 73.384 88.400 | 79.318 90.649 | 83.263 91.986 | 86.501 92.973
100 | 35.470 69.169 | 44.566 75.132 | 62.005 83.197 | 71.753 87.313 | 77.801 89.653 | 83.078 91.734
300 - - - 44389 74927 | 58.429 81.770 | 68.581 85.535 | 76.887 89.191

Table 5: k-NN performance on y-translated MNIST. Accpose (1) and Accgs (1) denote pose pre-
diction and downstream classification accuracy, respectively. GT reports the reference performance
when ground-truth poses were given. The highest score for each N is shown in bold.

N

k 100 200 500 1000 2000 5000

Accpose ACCCIS ‘ Accpose Acccls ‘ Accpuse ACCcls ‘ Accpose Acccls ‘ Accpoae Accc]s ‘ Accpose Accc]s
GT | 100.000 95913 | 100.000 95.913 | 100.000 95913 | 100.000 95.913 | 100.000 95.913 | 100.000 95.913
1 66.732  87.442 | 72.056 90.092 | 77.052 92.161 | 79.872 93.020 | 82.513 93.792 | 85342 94.532
3 63.211 84416 | 71428 838.416 | 77.668 91.441 | 80.967 92.725 | 83.756 93.651 | 86.227 94.502
10 | 62.334 84.603 | 71.036 88.648 | 78.322 91.380 | 82.019 92.753 | 84.673 93.655 | 87.319 94.521
30 | 57.436  83.192 | 66.505 86.956 | 76.085 90.423 | 80.460 91.934 | 83.504 93.067 | 86.603 94.138
100 | 47.862 78.718 | 55.208 82.766 | 67.933  87.820 | 75.309 90.169 | 80.057 91.618 | 83.930  93.080
300 - - - - 56.196  83.258 | 64.537 86.892 | 73.189 89.365 | 79.839  91.525

Effect of reference set size. Across all transformations, both pose prediction accuracy (AcCposc)
and downstream MNIST classification accuracy (Acc.s) improve consistently as the reference set
size N increases, since larger reference sets provide denser coverage of the canonical embedding
space, and hence more reliable nearest-neighbor retrieval. However, performance gains begin to
saturate between N = 2000 and N = 5000.

Effect of neighborhood size k. There appears to be a clear non-monotonic effect on performance
in terms of k. The performance exhibits a clear non-monotonic dependence on k. Indeed, large
neighborhoods (k£ > 100) dilute pose-specific information. Interestingly, even very small neighbor-
hoods (e.g., £ = 1) can often infer the correct pose, indicating that nearest matches in the embed-
ding space are reliably informative. Across all transformations, a moderate value of %k, most notably
k = 10, consistently achieves the highest Accpose and Acceys, potentially thanks to its robustness
against noisy outliers and local pose structure.

Comparison across transformations. Despite the larger group order, translation-based tasks are
generally easier than rotation, achieving higher pose and classification accuracy under identical
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(N, k) configurations. Nevertheless, we chose N = 2000 as the accuracy for finding the correct
pose is typically around 70-80% and leads to negligible degradation in the downstream score.

Using ground-truth transformations as labels. We performed an ablation where the ground-
truth transformation was provided at test time, and used as transformation label instead of the au-
tomatic k-NN pose inference label. As illustrated in Figure E], automatic inference (dashed lines)
yields slightly lower accuracy than the supervised inference with the ground-truth operator (solid
lines), yet the performance gap remains modest across most transformation degrees. This result
suggests that the model learns a well-structured latent space in which samples are correctly mapped
to their canonical version through application of the latent operator, leading to robust pose estima-
tion, disentanglement, and extrapolation.

Future work. Overall, predicted poses were not entirely correct, but the degradation remained
small for several choices of hyperparameters. Notwithstanding this empirical success, our current
pose prediction procedure does not scale well, as it relies on an exhaustive search over transformation
candidates and distance comparisons against a selected reference set. This results in complexity that
grows with both the number of transformation degrees and the size of the reference database. Future
work could alleviate this limitation by developing more structured inference mechanisms—such
as learning transformation-aware embeddings/classifiers or exploiting spectral decompositions—so
that the pose can be inferred in linear time with respect to the embedding dimension rather than the
transformation space.
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