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Abstract

We address the classical problem of construct-
ing confidence intervals (CIs) for the mean of a
distribution, given N i.i.d. samples, such that
the CI contains the true mean with probability
at least 1 — ¢, where ¢ € (0,1). We character-
ize three distinct learning regimes based on
the minimum achievable limiting width of any
CI as the sample size N5 — oo and § — 0.
In the first regime, where Njs grows slower
than log(1/6), the limiting width of any CI
equals the width of the distribution’s support,
precluding meaningful inference. In the sec-
ond regime, where Ny scales as log(1/4), we
precisely characterize the minimum limiting
width, which depends on the scaling constant.
In the third regime, where Ns grows faster
than log(1/4), complete learning is achievable,
and the limiting width of the CI collapses to
zero and CI converges to the true mean. We
demonstrate that Cls derived from concen-
tration inequalities based on Kullback-Leibler
(KL) divergences achieve asymptotically op-
timal performance, attaining the minimum
limiting width in both the sufficient and the
complete learning regimes for distributions
in three families: single-parameter exponen-
tial, bounded support and known bound on
(1 + €)' moment. Additionally, these results
extend to one-sided Cls, with the width no-
tion adjusted appropriately. Finally, we gen-
eralize our findings to settings with random
per-sample costs, motivated by practical ap-
plications such as stochastic simulators and
cloud service selection. Instead of a fixed
sample size, we consider a cost budget Cs,
identifying analogous learning regimes and
characterizing the optimal CI construction
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policy.

1 INTRODUCTION AND MAIN
CONTRIBUTION

The problem of constructing a confidence interval (CI)
for the mean of a distribution with a coverage guar-
antee, ensuring that the mean lies within the CI with
probability at least 1 — ¢ for a pre-specified ¢ € (0,1),
is well-studied in the statistics literature. This prob-
lem has significant applications in A/B testing, experi-
mentation, data analytics, and simulation. Typically,
this is achieved using concentration inequalities for
the mean, given a sample size of N i.i.d. observations
from a probability distribution (see Hoeffding (1994),
Waudby-Smith and Ramdas (2024), Maurer and Pontil
(2009), Audibert et al. (2009), Boucheron and Gassiat
(2009), Catoni (2012), Chen et al. (2021) and Bennett
(1962)). In this paper, we primarily aim to address an
important element absent from the literature on CI.
While there are various methods to construct a confi-
dence interval for the mean of a distribution, there are
no results characterizing the optimal CI with minimum
width. In this paper, we characterize three learning
regimes based on the minimum limiting width achiev-
able for any CI construction method/policy as N5 — oo
when § — 0, under a mild assumption of stability of
policies (as defined in Definition 2). We would like to
emphasize that we consider CI construction policies
that provide non-asymptotic coverage guarantees for
any fixed N and §. The only aspect where we rely on
asymptotics is in defining our notion of optimality. In
a nutshell, under this assumption, the limiting width
of CI of mean becomes a deterministic constant for
any CI construction method making analysis tractable.
The three regimes are defined as follows:

1) No learning regime: If lim;s_,q mgj(vﬁ — 0, the

limiting width of the CI is the length of the support of
the mean for any stable CI construction policies. This
implies that no learning is possible as the sample size
is not sufficient.

2) Sufficient learning regime: If lims_, logj(vﬁ —
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k for k € (0,00), we have a sharp characterization of
the lower bound on limiting width that involves terms
with KL divergences for any stable CI construction
policies. This lower bound on limiting width shrinks as
k increases. Further, we show that the method 7 (see
section 5) that constructs CI via inverting concentration
inequality based on KL divergences matches the lower
bound of the limiting width. Hence, this lower bound
result on the limiting width is tight as 6 — 0 and
N5 — 0Q.

3) Complete learning regime: If lims_, bg](\/% —
0o, the limiting CI width trivially converges to zero.
Furthermore, we prove that the method 7 has a zero
limiting width. In this regime, we further analyze the
rate at which the width converges to zero and demon-
strate that m achieves the fastest rate of convergence
under some technical assumptions.

Our results apply to both parametric and non-
parametric families of probability distributions. For
parametric cases, we consider a canonical single-
parameter exponential family, while for non-parametric
cases, we consider two such settings. The first one is
the family of probability distributions with bounded
support and the second one is the family of probability
distributions with (1 + €)*® moment bounded and the
bound is known. We assume only that the unknown
underlying distribution belongs to this known family.
If a CI construction method, that matches the lower
bound on the limiting width in the sufficient learning
regime and the complete learning regime, is called an
asymptotically optimal CI construction method. Next,
we state the recipe for asymptotically optimal CI con-
struction policies.

1.1 Recipe for asymptotically optimal CI
construction methods

To construct an asymptotically optimal CI construction
method, when the probability distribution belongs to
a canonical single-parametric exponential family, we
utilize existing concentration bound in the literature
on the deviation of the maximum likelihood estimator
(MLE) of the mean from the true mean, measured in
terms of the KL divergence (see Eq. (4)). Inverting
this concentration inequality to construct a CI for the
mean leads to an asymptotically optimal CI construc-
tion method. For the non-parametric setting, Agrawal
(2022) and Orabona and Jun (2023) provide a confi-
dence interval that is constructed via inverting a con-
centration inequality based on KL divergences. In this
setting, we prove the optimality of the CI provided by
them. In summary, we prove that the Cls constructed
via inverting concentration inequalities based on KL
divergences are the best Cls in a reasonable asymptotic

regime.

1.2 Random sampling cost

The above results assume that the cost of each sample
is fixed and equal to one. However, in many practical
situations, this assumption may not hold. For instance,
in simulation studies, the cost can represent the time re-
quired to simulate the performance of a system design,
which may vary depending on system complexity and
randomness (see Chick and Inoue (2001)). Similarly,
in real-world applications, online bidding optimization
in sponsored search (see Amin et al. (2012), Xia et al.
(2015) and Tran-Thanh et al. (2014)), the cost of ac-
quiring each sample can fluctuate due to factors such
as network delays, resource availability, or dynamic
market conditions. To include such cases, we extend
our results to a setting where each sample is associ-
ated with a random cost drawn from an i.i.d. cost
distribution. In this scenario, instead of having a fixed
sample size Ny, the constraint is a cost budget Cs. We
similarly identify three corresponding learning regimes
and characterize the asymptotically optimal method
for this setting as well. When both the rewards and
costs of obtaining samples are random, the large devia-
tions of the observed average reward for a given cost
budget typically depend on the distributions of both
variables (see Glynn and Juneja (2013)). However, in
our analysis, we find that the limiting width of the CI
depends only on the mean of the cost distribution and
is otherwise invariant to the cost distribution.

In summary, our main contributions are as follows:

o We characterize three distinct learning regimes: no
learning, sufficient learning, and complete learning,
based on the relative scaling of the sample size
Ns with respect to the desired accuracy 1 — 4.
These regimes lead to markedly different minimum
asymptotic limiting widths for any CI construction
method, under a mild policy stability assumption.

e We derive sharp lower bounds on the limiting
CI width in the sufficient learning regime and
demonstrate that Cls constructed by inverting
existing concentration inequalities involving KL
divergences achieve these bounds.This result ex-
tends to the complete learning regime, where the
CI width converges to zero, establishing that KL
divergence-based CI construction is asymptotically
optimal in our setting. In the complete learn-
ing regime, we further analyze the rate at which
the width converges to zero and show that our
proposed policy achieves the fastest rate of con-
vergence under some technical assumptions. We
emphasize that while Cls constructed by inverting
KL-based concentration bounds are known in the
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literature, their optimality was not established. A
key contribution of our work is demonstrating this
optimality.

e We extend our results to more general settings,
including random sampling costs, one-sided Cls,
and non-parametric distributions. In each of these
cases, we again characterize the three learning
regimes and an asymptotically optimal CI con-
struction policy. Intriguingly, in the random sam-
pling cost setting, we find that the limiting CI
width depends solely on the mean of the cost dis-
tribution.

2 LITERATURE REVIEW

There is a well-established duality between hypothe-
sis testing and the construction of confidence inter-
vals/regions (see Bickel and Doksum (2015)). In para-
metric settings, one can invert hypothesis tests to ob-
tain confidence intervals. Classical theory shows that
for a fixed sample size and a prescribed Type I error,
there exist UMP (uniformly most powerful) tests that
maximize power, often restricting attention to particu-
lar families (e.g., such as unbiased tests in exponential
families). This optimality, when translated to Cls, is
usually framed as minimizing expected width, subject
to some restriction on the class of CI, such as unbiased-
ness (See Definition 9.3.7 in Casella and Berger (2024)).
Further, Classic theory indicates that no CI can uni-
formly minimize random width at fixed N and ¢ (see
page 250 in Bickel and Doksum (2015)). To overcome
this negative result, we use asymptotic analysis. Our
framework adopts a stability assumption, ensuring that
the interval endpoints converge to deterministic values
as limg_,g N5 — oo. This makes the limiting width a
well-defined metric and allows us to show that no stable
policy can outperform our KL-based intervals, asymp-
totically. In the context of inverting a test statistic,
existing results often allow for thresholds that depend
intricately on sample size or distributional assumptions.
The classical literature, for the most part, focuses on
parametric families. In contrast, we show that a uni-
form threshold can be used in KL-divergence-based
constructions for both parametric and nonparametric
families with bounded support, yielding asymptotically
optimal intervals.

Additionally, there is a vast amount of literature on con-
structing Cls that proceeds by inverting finite-sample
concentration inequalities. For the probability distri-
butions with bounded support, one can use various
concentration inequalities such as the Hoeffding and
Bernstein inequalities (see Hoeffding (1994), Bennett
(1962), Boucheron and Gassiat (2009), Audibert et al.
(2009) and Maurer and Pontil (2009)). In general, us-

ing the Chernoff bound, one can construct a CI of
the mean if the upper bound on MGF is known. For
the heavy tail distributions, one can get a CI of the
mean using Markov’s inequality and Chebyshev’s in-
equality (see Catoni (2012) and Chen et al. (2021)).
Bootstrap methods (Efron and Tibshirani, 1994) are a
popular approach for constructing confidence intervals,
but their coverage guarantees are only asymptotically
valid as N — oo. In our setting, we require exact
finite-sample guarantees for any fixed N and §, which
standard bootstrap methods cannot provide.

Recently, Waudby-Smith and Ramdas (2024) trans-
form a CI construction problem into a betting problem
for the wealth maximization process for bounded prob-
ability distributions. A recent work Gupta et al. (2023)
utilizes a different notion of optimality (mini-max) for
the width of CI in location parameter families. We
compare our policy’s performance with some of these
relevant existing methods in Section 8.

There appears to be only one work in the literature that
aims to characterize a lower bound on the width of a CI
in terms of a distribution-dependent complexity term:
Shekhar and Ramdas (2023). As noted in Remark 4.4
in Shekhar and Ramdas (2023): “To the best of our
knowledge, this is the first result providing an explicit
characterization of the smallest achievable width of CI
in terms of a distribution-dependent complexity term.”

However, their bound is loose (in the sense that we
strengthen it by a multiplicative constant asymptot-
ically) and relies on the strong assumption that the
width of the CI is deterministically bounded by a spe-
cific function for any given sample size N. In contrast,
our lower bound on the limiting width is asymptotic
but remains tight (in the sense the proposed CI
construction policy matches the lower bound asymp-
totically), under a much milder assumption concerning
the stability of the policies (see Section 8).

The paper is organized as follows: In the next sec-
tion, we formally introduce the setup and notation
and focus on the single-parameter exponential family.
In Section 4, we present our results on the minimum
limiting width for CIs in the three learning regimes:
no learning, sufficient learning, and complete learning.
In Section 5, we provide a recipe for constructing Cls
using KL divergence-based concentration inequalities
(see (4)) that achieve the minimum limiting width in
the sufficient learning regime and zero limiting width in
the complete learning regime. In Section 6, we extend
our results to the setting when there is a random cost
associated with the sample collection. In Section 7, we
extend our results to the non-parametric distribution
families with bounded support and known bound on
(1 + €)' moment. We also discuss the asymptotic opti-
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mality of KL divergences-based CI construction policies
in these settings. In Section 8, we present our numer-
ical studies. In Section 9, we present our conclusions
and outline future research directions. In Appendix I,
we extend our results to the setting when we want to
construct a one-sided CI of the mean.

3 SETUP AND NOTATION

Let X1, Xo,... be i.i.d. copies of a random variable X
with distribution v and mean m(v) = E,[X] = p. For
n > 1, let F, denote the information contained in the
o-algebra generated by {Xx,k < n}. We now state a
formal definition of confidence intervals.

3.1 Description of the policy space for
construction of CI

Let II¢p denote the collection of methods/policies for
constructing CIs. Let [uf (N, 6), iR (N, 0)] denote the
estimated CI after observing X1, Xs,..., Xy under a
policy 7 for any given 6 € (0,1). For any policy 7 € Tl¢g
must satisfy the following for any given § € (0, 1),

Vn € N: P, (p € [ug(n,0), ix(n,6)]) 2 1—0.

Here, P, (-) denotes the probability measure induced by
the environment v. Importantly, the above coverage
requirement is non-asymptotic: it must hold for every
fixed NV and 4.

Recall that our objective is to characterize the width
of CI, i.e., iR (N,0) — LT (N,0). As stated in the Lit-
erature review section, for a given N and 4, a tight
characterization of the width of CI is analytically in-
tractable, and thus we consider the asymptotic regime
where N — 0o as § — 0 and aim to characterize the
limiting width of CIs. Henceforth, we denote N as
Ns. To start the analysis, we first make a stability
assumption over the space of policies which construct
CIs, enabling us to derive a lower bound on the limit-
ing width. Under this assumption, the limiting width
of CIs becomes a deterministic constant for any CI
construction policy. This assumption requires that
for a given environment v, the boundaries of the CI,
U7 (Ns,0), iR (Ns,d) converge in probability to deter-
ministic points as § approaches 0 and Ny approaches
infinity. In the Appendix, we show that many popular
policies for constructing CI are stable.

Definition 1 (Stability). Let Ns — co as 6 — 0. For
a given distribution v with mean u, a policy m € Iy
is called stable if the CI it constructs, denoted by

(27 (Ns,0), i (Ns,0)], satisfies: if
Ns

Shiog /) <o

then
1k (Ns, 6) = pR(v),

where pT(n) < p and pf(p) > p are deterministic
constants (with —oo and oo included).

A7 (N5,8) 25 j5(v)  and

We denote the collection of policies in the set I1¢; which
are stable as II§;. It is worth noting that u7%(v) —p7 (v)
denotes the limiting width of CI for 7= € IIg; in the
asymptotic regime where the sample size, i.e, Ny, scales
to oo as § — 0. We now assume that v belongs to
the canonical single-parameter exponential family S.
In Section 7, we later generalize our results to non-
parametric distributions.

Specifically, S is defined as: S =
{pg 10eBOC R,d’giéx) :exp(9~x—b(9))},
¢ is a fixed reference measure on R, and b(6) is a
known, twice-differentiable, strictly convex function.
The set © is: {6 €R: [, |z[exp(f - z)d(z) < oo} .
This condition ensures that py forms a well-defined
probability distribution with a finite mean. We assume
© = (0,0) is an open interval. Common distributions
in this family include Bernoulli, Poisson, Gaussian
(with known variance), and Gamma (with a known
shape parameter) (see Cappé et al. (2013) for more
details on single-parameter exponential family). For
v =pg € S, the mean y = E,[X] is unknown. It
is known that u(0) = b/(0), which, due to the strict
convexity of b(#), is a strictly increasing function.
This allows us to define the inverse function 6(u). We
assume that the support of the mean is denoted by

O = (7).

Divergence function: Let K L(pg, p;) denote the KL
divergence. We define:

where

d(p, 1) = K L(Po(uys Po(i))
=b(0(f1)) — b(O(p)) — ' (0(w)) (O(f2) — O(w))-

for u, i € O. Key properties of d(u, fi) include its strict
quasi-convexity in the second argument and the fact
that d(u,fn) > 0 for all i # p, with d(u,p) = 0. It
is worth noting that, since for v € S, the distribution
is uniquely determined by its mean u. Therefore, for
simplicity, we denote the limiting CI of a m € IIg,

(E ), pR ()], as [WF (1), pR(1)]-

4 MAIN RESULTS ON THE
MINIMUM LIMITING WIDTH OF
CONFIDENCE INTERVAL IN
DIFFERENT REGIMES

Recall that v, with mean u, represents the true dis-
tribution from which samples are generated. In other
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words, v is the true underlying but unknown environ-
ment. To start the analysis of the minimum limiting
width, we define an alternate environment 7 such that
E;[X] = @t # p. Using the data processing inequality
(see Cover and Thomas (1991)), it follows that for a
given 0 € (0,1) and any alternate environment o and
any event &, we have

N - d(u,ﬁ) > sup ¢(PV(86)7PD(€6))7 (1)

Es€F N

where ¢(p1,p2) = p1 log BL + (1 — p1)log (1:2;) for
p1,p2 € (0,1). To utilize the above result, consider any
policy m € II¢;. We now define the set of alternate envi-
ronments K (uf (1), pf () = Ki(p (1) U Ka (g (1)),
where Ki(u7(p) = {7 : v € S;i < pf(p)} and
Ko(pp(p) = {v : v € 8,0 > pfi(p)}. We uti-
lize (1) for 7 € K(uf(u), () and & = {i ¢
(4T (N5,0), iR (Ns,9)]}, where recall that i = m(v).
Using the fact that = € IIg;, we get that Py(E5) < 4.
Since v € K(uF (1), ui(w)), it implies that i > pf (1)
or i < uf(w). Further, as 7 is a stable policy and
hence it implies P, (&) ~ 1 for small ¢. Using (1) and
dividing both sides with log(1/4) and taking § — 0,
we get different lower bounds on the limiting width
depending upon the scaling of N5. We now present
the formal result and the rigorous proof is given in the
Appendix A.

Theorem 1. For a given v € S with mean p, and any
m € 11, the following holds:
a) No learning regime : Iflims_,o logj(v% — 0 then,
(R (1) — puf ()] = f—p. Further, lims_,o 47 (N5, 0) S
w and lims_,o 15 (N5, 9) N 0.

b) Sufficient learning regime : Iflims_, log](vﬁ —
k for k € (0,00), then we have,

R(p) — pL ()] = pr(p, k) — pr(p, k), (2)

where, py (k) < p and py(p, k) > p uniquely solve
the following system of equations,

1

d(p, g (p, k) = d(p, pg,(u, k) = o 3)

For the case when the sample size scales at the rate of
log(1/6), as 6 — 0, we obtain a lower bound on the lim-
iting width of the CI, given by ph (1, k) — p (p, k). It
follows from the quasi-convexity of d(u, ) in z, imply-
ing that ph (1, k) — 5 (1, k) decreases as k increases. In
the proof, we first demonstrate that p7,(1) > ph(u, k)
for any m € IIg;. We then show that p7 (1) < pj (i, k)
for any m € IIE;. The key idea of the proof is that
for u7 () > pi(p, k) and ph(p) < pp(p, k), we get
a contradiction with (1). Hence, [u} (1, k), ph (1, k)]

can be interpreted as a subset of the CI constructed
by any policy m € II¢; in the sufficient learning
regime. Later, we show that our proposed policy m; has
[y (1, ), 1 (12, k)] as the limiting CI in the sufficient
learning regime, proving that the above lower bound
on the limiting width is tight.

Our main novelty and contribution in the lower bound
proof lies in the introduction of the stability notion
for CI construction methods, and in further leveraging
this concept together with (1) (data processing inequal-
ity). This stability concept arises very naturally in the
asymptotic regime we study, which itself has not been
explored in the context of confidence interval width.
Importantly, the stability assumption is very mild, as it
is trivially satisfied by standard concentration bound-
based methods, such as those based on Hoeffding or
empirical Bernstein inequalities (see Appendix).

Further, due to the stability notion, we obtain a tighter
lower bound than that of Proposition 4.3 of Shekhar
and Ramdas (2023). To be precise, the authors in [4]
derive one-sided lower bounds on the width using a
similar argument to the data processing inequality, and
then take the maximum of the left and right deviations.
Ideally, one should be able to combine the lower bounds
on the width from the left and right deviations, but
unfortunately, it is not possible trivially. However, the
stability assumption allows us to consider joint elimi-
nation of hypotheses on both sides, leading to a tighter
bound that equals the total limiting width. This results
in a factor of two improvement in the Gaussian case
(as shown in Section 8). Thus, while our proof begins
with a known inequality, the strength of our result
comes from this careful asymptotic characterization
using stability, which leads to tighter bounds.

4.1 Complete learning regime

It is worth noting that for the case when
limg_.q k)g](vﬁ — 00, similar to the proof of above
theorem, we get a trivial lower bound on the limiting
width, i.e., [uF(p) — p7 ()] > 0 for any 7 € II,;. Fur-
ther, our proposed policy 71 (see Section 5) has zero
limiting width in this regime. Hence, we denote this
regime as the complete learning regime. Additionally,
in the complete learning regime, we characterize the
rate at which the CI width converges to zero. Under cer-
tain technical assumptions on CI construction policies,
we establish the fastest achievable convergence rate.
Furthermore, we demonstrate that the CI width under
our proposed policy 7 attains this optimal rate as it
approaches zero (see Appendix C for formal results).

Remark 1. [t is worth noting that, for any theoret-
ical optimality guarantee for a CI procedure, one can
think of four distinct formulations: (i) fited N and 6;
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(ii) fited N and 6 — 0; (iii) fixred § and N — oo; and
(iv) N = oo and 6 — 0 jointly. Since classical theory
shows that no CI can uniformly minimize random width
for fized N and § (see Section 2), formulation (i) does
not yield meaningful results. Formulations (1) and (iii)
are relatively trivial: if only § — 0 while N remains
fized, the results fall into the no-learning regime; if
only N — oo while 6 remains fized, the results corre-
spond to the complete learning regime, where the width
shrinks to zero. The substantive and non-trivial setting
is therefore formulation (iv), where N — 0o and § — 0
jointly. We find that if lims_, bgj(\[% =k €[0,00], the
three different regimes, no learning (k = 0), sufficient
learning (k € (0,00)), and complete learning (k = 00),
arise naturally, and our results precisely characterize
the minimum achievable limiting CI width in each case.

At last, we discuss the possible connections of our
lower bound result with the classical Cramér—Rao lower
bound in Appendix K

5 ASYMPTOTIC OPTIMALITY OF
KL DIVERGENCE BASED
CONSTRUCTION OF CI:
DESCRIPTION OF METHOD m

In this section, we describe the method/policy ;. It
is well known that for v € S, the sample average is the
MLE of the mean, [, = @ For v € S, we utilize
the concentration inequality based on KL divergences:

B, (nd(jin, 1) = B(5)) < 6. (4)

Here 5(6) = log(2/d) is a well-chosen function so the
above holds. This can be derived from Lemma 4 in
Ménard and Garivier (2017) or Theorem 4 in Busa-
Fekete et al. (2019) and the proof is based on applying
Markov’s inequality and the structure of d(-,-) func-
tion. To see, how we construct CI from the above
concentration inequality, we formally define p7" (n, 9)
and p7 (n,d) as follows:

Wit (n, 8) £ max{q > fi, : nd(fin,q) < B(6)} and (5)
pit(n,8) £ min{g < fi, : nd(fin,q) < 5(5)}.

Now we state the formal result related to the limiting
width of the CI construction under policy 7.

Theorem 2. The policy w1 has following properties:

a) m € IIgy.

b) If limgﬁolog](vﬁ — k for k € (0,00), then we
have, pp' (1) = wr(p, k) and pp' (1) = pg (s k), where,
wi (k) < poand wh(p, k) > p uniquely solve (3).

¢) If limgs_y mgj(\’% — 00, then we have, g (p) —
pr () =0.

The above theorem shows that 7; achieves the mini-
mum limiting width in the sufficient learning regime
and zero limiting width in the complete learning regime,
making it an asymptotically optimal policy for CI con-
struction of the mean. Next, we study the setting
where samples are costly.

6 RANDOM SAMPLING COST

Motivated by the applications discussed in Section 1,
this section focuses on the problem of constructing a
CI for the mean when there is a random cost associated
with obtaining samples. In this setting, instead of a
fixed sample size N, we assume a cost budget of C' units.
As in the previous setting, we will scale C' with §, and
henceforth denote the cost budget as Cs. Each sample
incurs a random cost ¢;, where ¢; for : =1,2,3,... are
ii.d. copies from an unknown cost distribution C with
positive support and mean ¢ > 0. We assume that the
distributions v and C are independent. Consequently,
X; and ¢; for i = 1,2,3, ... are also independent.

Our goal is to establish the lower bound on the limiting
width of any CI construction policy that ensures the
mean lies within the interval with probability (1 — 9)
given the budget Cs. To do this, we define a random
time, interpreted as the maximum number of samples
that can be collected within the given budget Cs: 75 =
sup{n € Z* : 31" | ¢; < Cs}.

Let [@7 (75,0), ik (7s5,0)] denote the estimated CI after
observing X1, Xs,...,X;, under a policy n for any
given & € (0,1). Let IIgr denote the collection of CI
construction policies such that the following holds for
any 7 € Ilgr and for any given § € (0,1), P, (u €
[ﬁf(ﬁiv 5)) ﬁE(TJ,é)D >1-6.

Definition 2. Let C5 — oo as § — 0. For a given
distribution v with mean u, for any w € e, 7 is called
a stable policy if following holds,

hmé—)O //’22(7—5a 6) £> ME(V)a 1im5—)0 ﬁﬁ(’rtsv 5) £> /’LE(V)a
where p7 (V) < p and p(v) > p are constants (co and
—o0 included).

We denote the collection of policies in the set Ilcp which
are stable as IT&;. It is worth noting that uf(v) —
u7 (v) denotes the limiting width of CI for 7 € II,;
in the asymptotic regime where the sample size, i.e,
Cs — oo as § — 0. We again assume that v belongs
to the canonical single-parameter exponential family
S. Hence, for simplicity, we denote u7(v) and p%(v)
as uf(p) and pf(p), respectively. In Section 7, we
generalize our results for non-parametric distributions.
Now we state our key result on the lower bound on the
limiting width of any 7w € ﬂfjI

Theorem 3. For a given v € S with mean u, a cost
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distribution C with mean 0 < ¢ < oo, and any ™ € ﬂsCI,
the following holds:

a) No learning regime : Iflims_, log?ﬁ — 0, then
(1) — pf ()] = — p. Further, lims_o 17 (75, 9) N
w and lims_o (15 (7s, 6) LN .
b) Sufficient learning regime : Iflims_ bg(cﬁ —
k for k € (0,00), then

[WR(1) = ()] = prp, k,2) — pr(p, k), (6)
where, pj(p,k, ) < p and ph(p, k,©) > p uniquely

solve the following system of equations,

d(p; pr(p, k) = d(p, pp (. k,0)) = . (7)

i e

The presence of an additional average sample collection
cost, ¢, in (7) differentiates the above result from The-
orem 1. Furthermore, the above result indicates that
the limiting width of the confidence interval is invariant
to the distribution of the cost and only depends on its
mean. Apart from the ideas in the proof of Theorem
1, three additional key ideas are required to prove the
above theorem. The first is the use of renewal theory
to study the scaling of 75 with Cs. The second is the
fact that (1) holds for a stopping time, and in this
setting, 75 + 1 is also a stopping time. The last idea is
to extend (1) to the joint distribution of v and C.

Remark 2. Analogous to Remark 1, here when
limg_,q Mg(cﬁ — 00, we have a trivial lower bound
on the limiting width, i.e., [puf(n) — p7(n)] > 0 for
any m € ﬂ‘él Further, our modified policy 71 (see be-
low) has zero limiting width in this regime. Again, we
denote this regime as the complete learning regime.

In this extended setting, we propose a modified method,
denoted as 71, which is identical to m;, except with a
modified 5(n,d) replacing 5(J) in (5). This modifica-
tion is necessary for the following reason: the number of
samples is random in this setting, and the concentration
inequality used for a fixed number of samples, as given
in (4), is no longer valid. To address this, we employ an
anytime-valid concentration inequality. Specifically, we
use B(n,d) from (14) in Kaufmann and Koolen (2021),
defined as: 3(n,d) = 3log(1 + log(n)) + T (log(1/4)).

Here, the function 7 (z) : Rt — R is given by:7 (z) =
243/ (M) , where ((2) = >"°7 , n™? and,

du /T @y (g) ifz > (1/Iny),
xTr) =
Y y(x — Inlny) otherwise,

for any y € [1,e] and « > 0. The function ¥(u) =
u — Inu has an inverse u = ¢~1(2) for z > 1. As

shown by Kaufmann and Koolen (2021), it holds that
limg, o @ = 1. Now we state the formal result that
the limiting width of the CI under policy 7; matches

the lower bound.

Theorem 4. The policy 771 has following properties:
a) T € ﬁél
b) If lims_, bg?% — k for k € (0,00), then we have,

PR () = pi(u, k,2), and pf (1) =} (u, k,T) where,
wi(p, k,e) < poand ph(p, k,€) > p uniquely solve (7).

c) If lim5—>010g?% — 0, then we have, uﬁRl () —
pr' (p) = 0.

7 GENERALIZATION TO
NON-PARAMETRIC
DISTRIBUTIONS

In this section, we generalize our results for the case
when the underlying distribution belongs to a non-
parametric family. In particular, we consider two such
settings. The first one is the family of probability
distributions with bounded support in [0, 1], we denote
it as B. The second one is the family of probability
distributions with (1 + €)*" moment bounded and the
bound is known and given by a constant I". We denote
this family as H. It is worth noting that K Li,¢(v, B, z)
is a well-studied in Honda and Takemura (2010) and
Jourdan et al. (2022) for v € B. Further, Agrawal
(2022) studies K Line(v, H,z) for v € H. A primer
on KLin(v,B,z) and KLiy(v,H,z) and how they
are computed is provided in the Appendix F,G. The
analysis in this section is similar to the setting where
v € S, with d(u,x) now replaced by K Lint(v, P, x)
(defined below).

Given a probability distribution family P, an outcome
distribution v € P and = € R, let,

inf KL(v,k),
KeP
m(k)>x

inf KL(v, k),
KEP
m(k)<z

if & >m(v)

KLinf(V7P7x) = fz< m(V)

(®)

K Lint (v, P, x) is the minimum amongst the KL diver-
gences between a given distribution v and all distribu-
tions in the same family P which have higher mean
than z if x > m(v). It is similarly defined for z < m(v).

7.1 Results on lower bound on limiting width
of CI

For the setting, when v € {B, H}, Theorem 3 extends
as follows.
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Theorem 5. For a given v € {B,H} with mean
m(v) =u, a cost distribution C with mean 0 <¢ < oo,
and any m € II¢y, the following holds:

a) No learning regime : If limgqobg({% — 0,
then (W (v) — i (v)] = 7i — .

Further, lims_,o 17 (75,0) L wand lims_o 1% (75, 0) N

1.
b) Sufficient learning regime : Iflims_, mg?% —
k for k € (0,00), then
[WR(vV) —pi (V)] 2 pR(v.k,€) — pp (v, k,2),  (9)
wi (v, k,e) < pand py(v, k,€) > p uniquely solve the
following system of equations,
KLint(v, P, pi (v, k,0)) = K Lint (v, P, u], (v, k,€)) =
(1

)

O ol
=

where, P=B ifv € B and P =H if v € H.

In this setting, when v € {B, H}, we denote the limit-
ing CI of a policy m € II§; as [} (v), uR(v)] as d — 0
and Cs — oo.

7.2 Asymptotic optimality of KLinf-based
construction of CI

We use the following concentration inequality for the
construction of the CI (see Agrawal (2022), Orabona
and Jun (2023), and Jourdan et al. (2022)),

P,(3n € N: nKLne(0n, B, p) > B(n,0)) <o, (11)

Uy, denotes the empirical distribution after n samples

and B(n,d) = 1+ log (2(1;")

Similar to the m;

and 7, we now utilize the above KLinf-based con-
centration inequality to get a CI construction method

denoted as 7). Let, ugf(n,é) £ max{q > m(?,) :
b

n K Lint (0, B, q) < B(n,6)}, and p7* (n,d) = min{q <

m(Pn) : nKLint(0r,B,q) < B(n,d)}. It follows that

b b

the reported CI is [u}! (n,d), ux (n,8)]. An equivalent
version of Theorem 2 and Theorem 4 hold for our policy
when v € B. The statements and proofs are given in
the Appendix E. A similar CI construction method
for v € H holds using concentration bound in Agrawal
(2022). Further, an equivalent version of Theorem 2
and Theorem 4 hold for the policy 72 when v € H(with
a minor technical assumption). See Appendix E.1 for
the description of the CI construction method, Theo-
rem statements and proofs. A numerical study for the
heavy tailed case, i.e., v € H is provided in Appendix
H as well.

Remark 3. We provide a non-asymptotic analysis of
the width of the CI for our policies under the cases
where v € S and B in Appendix J.

8 NUMERICAL EXPERIMENTS

Our numerical study has two objectives. First, to
demonstrate numerically that our asymptotic lower
bound is sharper and tighter than that of Shekhar and
Ramdas (2023) in our asymptotic regime. Second, to
demonstrate the performance of the CI construction
method 7 and compare it with existing methods.

Observe that Proposition 4.3 of Shekhar and Ramdas
(2023) presents a non-asymptotic lower bound on the
width of any CI for a given N and §. We first compare
our asymptotic lower bound with the one presented by
Shekhar and Ramdas (2023) in the asymptotic regime
where 6 — 0 and Ns — oo. In this regime, we plot
both lower bounds versus the scaling constant k, where
limgs_.q log](vﬁ = k, for the case when v = N(0,1)
with known variance. The results demonstrate that
our asymptotic lower bound is twice as high as that
of Shekhar and Ramdas (2023). This is shown as a
function of the scaling constant in Figure 1.

—— Asymptotic Lower Bound of Qur Paper
--- Asymptotic Lower Bound of Shekhar and Ramdas (2023)

Lower Bound Value

0 200 400 600 800 1000
Scaling Constant k

Figure 1: Comparison of our asymptotic lower bound
given in Theorem 1 as a function of k, with the lower
bound presented in Proposition 4.3 of Shekhar and
Ramdas (2023) when limg_,q logl(vﬁ = k. We assume
that v = N(0,1) with known variance.

The explanation for the result observed in Figure 1 is as
follows. For the Gaussian case with known variance o,
we have ph (1) = pu+o+/2/k and 1 (u) = p—o+/2/k.
Thus, our lower bound is 204/2/k, while the bound
from Shekhar and Ramdas (2023) is 04/2/k.

Hence, the factor of 2 applies in the Gaussian case. For
other distributions, this ratio may vary; however, our
bound remains asymptotically tighter. Moreover, recall
that we have proven that the policy m achieves the
limiting width in the sufficient learning regime, which
shows that our lower bound cannot be improved in the
regime when § — 0 and Ny — oo.

We now compare the performance of the method m
with three existing methods: the Hoeffding-based CI,
the Empirical Bernstein (EB) CI (see Maurer and
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Pontil (2009)), and the betting-based hedged CI (see
Waudby-Smith and Ramdas (2024)). Experiments
were conducted on Bernoulli distributions with means
of 0.6 and 0.9 and ¢ is set to be 1%. For the bet-
ting method, we vary the discretization parameter
m € {1000, 3000, 5000} (needed to discretize the [0,1]
space). For each configuration, we generated 1000
i.i.d. datasets of size N € {2000, 3000}, computed CI
widths, and report the average width (max 95% CI
width: 0.0001). Our method consistently yields nar-
rower Cls than both Hoeffding and EB across settings.
While betting-based hedged ClIs slightly outperform
ours at IV = 2000, performance equalizes by N = 3000.
Increasing discretization m offers diminishing returns
beyond m = 5000. Further, our method remains com-
putationally more efficient as compared to the betting-
based hedged CIs due to its ease of computation.

Table 1: Average CI width for Bernoulli distributions
with means 0.6 and 0.9 for § = 0.01

N m Betting (m=1000) Betting (m=3000) Betting (m=5000) Hoeffding  EB
Mean = 0.6
2000 0.0712 0.0603 0.0596 0.0595 0.0728 0.0898
3000 0.0582 0.0592 0.0585 0.0584 0.0594 0.0712
Mean = 0.9
2000  0.0436 0.0378 0.0371 0.0369 0.0728 0.0606
3000 0.0356 0.0370 0.0363 0.0361 0.0594 0.0473

9 CONCLUSION AND FUTURE
DIRECTIONS

In this paper, we explored the construction of con-
fidence intervals (CIs) for the mean of a probability
distribution, focusing on their minimum achievable lim-
iting width in three distinct learning regimes. By char-
acterizing these regimes, we provided a comprehensive
understanding of the inherent limitations and poten-
tial of CI construction methods in both parametric
and non-parametric settings. Finally, we demonstrated
the asymptotic optimality of KL-based CI construc-
tion methods and extended our results to practically
relevant scenarios where sample collection incurs ran-
dom costs. While non-asymptotic results can capture
more “granularity” and reveal finer structural proper-
ties, nonetheless, our asymptotic analysis offers more
concise and elegant insights that have independent
value. In particular, our stable policies assumption is
asymptotic, is true quite generally and greatly simplifies
the analysis. Future research directions could include
extending the framework to other statistical estimation
problems, such as variance and quantile estimation.
At last, extending our results to higher-dimensional
parameters, such as the mean of a multivariate distri-
bution, likewise represents a compelling and nontrivial
avenue for future research.
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Supplementary Material

Discussion on stable policies: Fix a distribution v with mean p. Recall a policy 7 is called stable if
lim 77 (N5, 8) B uZ(v), lim A%(N5,6) 2 ph(v),
6—0 6—0

where 7 (v) < p and pf(v) > p are constants (—oo and oo included). For instance, a policy using a symmetric
confidence interval based on the central limit theorem inherently meets this assumption. Furthermore, for bounded
outcome distributions, classical confidence interval approaches based on Hoeffding’s and Bernstein’s inequalities,
as well as Maurer and Pontil’s Empirical Bernstein (MP-EB) CI Maurer and Pontil (2009), also satisfy the
stability assumption. To verify this, we analyze the asymptotic behavior of the CI boundaries as Ns — oo and
& — 0 for three CI constructions. The key observation is that the CI boundaries converge almost surely to
constants depending on the relationship between N5 and log(1/4). Specifically, we consider three cases based on
limgs_.o bgj(\[% =k, where k € {0, (0, 00), c0}.

(H) (H N )
Hoeffding CL O\ = {u 4o } = {//JN S TN } where iy = 252" and wi) = 2/ 82/

a.

For Hoeffding’s CI, by the strong law of large numbers, fiy — p© as N — co. The width term satisfies:

o If k = oo: wSVH) =2 1og(2/5) — 0, thus u7 (v) = pkK(v) = p.

o If k € (0,00): wEVH) — /% (constant), thus u7 (v) = p — %\/> and p(v) = p+ %\/%

(H)

o If k=0: wy ' — o0, thus uf (v) = —oo and pf(v) = 4o0.

(B)

Bernstein CL. C{”) = {ﬁN + =y ] . where w(P) = 20,/ 2182/0) | 4108(2/9) For Bernstein’s CI (see Shekhar

and Ramdas (2023) for above formulation), the analysis is similar.

o If k =o0: wg\?) — 0, thus p7(v) = ug(v) = p.

o If k € (0,00): wg\?) — 20\/%—1— a (constant), thus p7 (v) = p — 0'\/% = and pf(v u—i—a\/»—k 35
o If k=0: wg\?) — 00, thus pf (v) = —oo and pf(v) = +o0.

MP-EB
o )

Maurer & Pontil’s Empirical Bernstein (MP-EB) CI. MP EB) — {ﬁN + NQ] , where wg\l;AP_EB) =

N i—N)> a.s.
20N/ 210%5,4/6) + 1@2015(,4{)‘”, and 72y = 22;155(7;1””) For the MP-EB CI, note that oy, — ¢ as N5 — oo.
Hence,

o If k =o0: wg\l,vﬂ) EB) 5 0, thus pr(v) = pg(v) = p.

o If k € (0,00): gvMP EB) 20\/%+ 1+ (constant), thus u7 (v) = pu — 0\/%, o and pf(v ,u+0\/>+ 3"

o If k=0: (MP BB) _, o0, thus pi(v) = —oco and ph(v) = +o0.

In all these cases, the CI boundaries converge almost surely to constants as N5y — oo and § — 0, confirming that
these Cl-based policies satisfy the stability assumption.
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A  Proofs of results in Section 4.

Proof of Theorem 1. Consider any m € II§;. As the policy 7 is stable, it follows that for a given distribution
v € S with mean u, we have,

lim /i (N5, 6) % pf (i) and lim iy (N5, 8) 5 iy (u). (12)
-0 6—0

We now define the set of alternate environments K (u7 (1), uf (1)) = K1 (uf (1) U Ko (pf (1)), Ki(pf(n) ={7:
v eS8, i <pp(n)} and Ko(pf(pn) ={v: v €8, > pp(p)}

Using the data processing inequality for a given 6 € (0,1) and any alternate environment 7 with mean fi, we have

Ns -d(p, 1) > sup ¢(P,(&),P5(Es)), (13)
Es€F N,

where ¢(p1, p2) = p1 log %; + (1 —p1)log (}:Z;) for p1,p2 € (0,1). One can use Lemma 0.1 in Kaufmann (2020)

to get (13) from the data processing inequality.

We first utilize (13) for v € K (u] (1)) and E = {i ¢ (1] (Ns, ), iR (Ns,0)]}. A similar approach would follow
for 7 € Ko(uR(p)).

Since 7 € IT, using the definition of CI, we get, P;(E5) < 0. Now observe that,

Py (&) = Pu{fi < u(Ns, 0)}.

Taking the limit of 6 — 0 on both sides and using (12), we get,
lim P, (&5) = 1
s By (&)
Hence using the definition of ¢(-), we get,

. 0(PL(E5),Pi(Es))
S e Y D (14)

Hence using (13) and (14) it follows that for all 7 € K (u] (@) with mean f, we have lim infs_,q logj(\f%d(u, ) > 1.
Using a similar analysis for 7 € Ko (uf, (1)) with mean fi, we have a similar result, i.e., liminfs_,q logj(vﬁ d(p, 1) >
1. Hence combining both, we get that for all 7 € K (u7 (1), uR (1)) with mean f following holds,

Ns

li f———— i) > 1.
T toa(1/5) U ) 2
It follows that,
liminf ——— Ns d(p, p7 () —n) > 1 and liminf ——— Ns d(p, pr(p) +1) >1 (15)
550 log(l/é) oy o, (1 n 550 10g(1/5) Hy i n =1

where 1 > 0 is any small positive number. Now we consider the case when lim infs_.( logj(vﬁ = 0. In this case,

(15) can not hold for any uf(u) € O or uR(u) € O. Hence, we can define uf (1) = p and p%(p) = 7 for any
policy 7 € II¢;. This completes the proof of part (a).

Now we consider the case when liminfs_,o —%~ = k for k € (0,00). In this case using (15) and taking n — 0,
; log(1/9)
we get,

?r\»—'

Ao 1 (1)) > 1 and d(, (1) >

Using the strict quasi-convexity of d(u, ), we get the desired result. This completes the proof.
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B Proofs of results in Section 5.

Proof of Theorem 2.
We first show that our policy m; € II§;. To prove this, we first show that,

V€ N: P, (u € [B] (n,6), A (n.6)]) > 1 - 4. (16)

Observe that, for any n € N, it suffices to show that

Py (u ¢ [BL! (1, 0), i (n,6)]) < Py (nd(fin, p) = () = Py (nd(fin, n) = 10g(2/0)) < 6

Using the result from Garivier and Cappé (2011), we know that for v € S,

d(fin, 1) = I(fin) = ilég Afly, — log EV[eAX}' (17)

Here I(-) is the good rate function used in large deviation. In the above, X is distributed according to v.

Observe that we need to show (this can be derived from Lemma 4 in Ménard and Garivier (2017) or Theorem 4
in Busa-Fekete et al. (2019) as well),

Py (nd(jin, ) > log(2/0)) < 8
It suffices to show that,
0 0
Py (nd(fin, p) = log(2/0) N fin < p1) < 3 and Py, (nd(fin, 1) > 10g(2/6) N fi, = p) < 9

Now we show that

Bu(nd(jn 1) > 108(2/0) M i < 1) < 1. (18)

Let z € (p, ) such that, I(z) = d(z,p) = 1Og(j/5) Using the property of good rate function we know that, for
z < i, there exists a A(z ) < 0 such that the following holds

I(z) = d(z, 1) = M2)z — log E,, [e**)X].

Now under the event {nd(fin, p) > log(2/6) N fi, < u}, we have,

fin < 2.
Hence using the fact that A\(z) < 0, we get,

{nd(fin, p) > 1og(2/6) N i, < p} = {/\(z)ﬂn —1log B, [*X] > d(z, p) = k’g@/‘s)}.

n

Observe that, fi, = Z?:nl Xi, to prove (18), it suffices to show that,

n ; 6
P, (A(z)ZXi — nlogR, [**X] > 1og(2/5>> <3

i=1

NORS!

Observe that |, [e}?) 2izy Xi—nlogEy[e ] = 1, hence using Markov’s inequality, we get the desired result.

Similarly, one can show that,

X ) b
Py (nd(fin, p) 2 10g(2/0) N fin 2 p) < 5.
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This completes the proof of (16).

Observe that from the definitions of fi7'(n,d), u% (n,0) and the strict quasi-convexity of d(u,-), we get,

log(2/6)

d(fins, iy (N5, 6)) = d(fins, iR (N5, 6)) = N,

Recall Ns — oo, lims_,o fin, — 1 almost surely from strong law of large numbers. Taking 6 — 0 and using the
joint-continuity of d(p, z) in (u, ), we get that m € II%; and part (b), (c) of this theorem holds. This completes
the proof.

O

C Results and proofs for the rate of convergence analysis in complete learning
regime.

We first introduce a set of policies, denoted by II; C II¢; for which the analybls is valid. For m € II%; and a
given v € S with mean u, we assume that the following holds as lims_,q W = 00:

= HL(Ns;0) e i PRN6:0) — 1
gl—rf}) oei/e) 01(n) and (%1—13(1) log(1/9) = Or(),
N Ns

where, 07 (1) and 0%, (u) are the non-negative constants.

It is worth noting that the above assumption can be interpreted as rate stability of policies under the complete
learning regime. The example of stable policies discussed at the start of the supplementary material also satisfies
this rate stability assumption.

We now state a lower bound on the rate of convergence of the width to zero.

Theorem 6. Fiz a v € S with mean p. If lims_o log](vf/é) 00, then for any m € IIE;, the following holds:

RH(N50) — AL (Ved) 5 e
lim — 5 q(p) > V8- o(p),

Ns

where o(w) is the standard deviation of the v. Further, q(u) is some non-negative function.

Proof of Theorem 6. Recall that from (13), for a given § € (0,1) and any alternate environment 7 with mean
i1, we have

Ns-d(p, i) = sup  @(Py,(E),Ps(Es)).
EsEF N,

Choose ji = p — (07 (1) + )4/ 1og(1/5) Since we know that d(u, x) is twice continuously differentiable in 2 and
%uzu = 0. Hence, using the Taylor series expansion of d(f,-) in the above equation, we get

C1 7 2 O
, HedOE) L) log(1/3) (S H(B(ES).Po(E5)

Here I(c) = %b:c and ¢; € (fi, i) is a constant. Now we choose & = {ft ¢ [U] (Ns,0), i%(Ns,0)]} and take
0 — 0, we get

) OF) +0) . OB (Es), Bo(£5) )
2

= 650 log(1/9)
Now consider the following:

P (&) = B (i & [L.(Ns, 0), ik (N5, 0)])-
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It follows that,
Py (&5) = Py (i < BT (Ns, ).

Substituting the definition of fi, we get,

P, (&) = P, | p— AL(N5,8) < (9 () + ) W

It can be re-written as,

p— iE(Ns,0) -

B PRV 0T (07 () +
%) (07 () + 1)
\V T N

%/%5’)5) 2 07 (1). Hence it follows that, for any 1 > 0,
5

lim P, (&) > lim P,
§—0 6—0

Now using the fact that m € II¢;, we know that, lims_,o

we have,

H = ZPLT, (N57 5)
loa(1/9)

Ns

lim P, (£5) > lim P, <OF () +n) | =1.
6—0 6—0

Observe that we get trivially, P5(Es) < 4. Substituting the value of P5(&s) and lims_,o P, (Es) in (19), we get that,

T 2 -
IGOOF) + 1) | o) Po(Es)) |
2 50 log(1/9)
Taking 7 — 0 and the fact that I'(u) = 0%(#)’ we get,
07 (1) > V3 - o).
Similarly, we get,
O5() > V2 o ().
Now observe that,

6—0 /log(1/4) 6—0 /log(1/6) 6—0 log(1/6)
N N Ns

Using the fact shown above that, 07 (1) > /2 - o(u) and 07,(u) > /2 - o (u), we get the desired result.
U

Now we state the result which shows that our policy m; has the fastest rate of convergence of width to zero in the
complete learning regime.

Theorem 7. The policy w1 has the following properties:
a) m € . b) If lims_,q bgj(\[% = 00, then we have,

~T1 _~m
lim MR (N576) K, (N575) £>
6—0 log(1/9)

Ns

8- o(p).
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Proof of the Theorem 7.
Observe that from the definition of 7' (n,0), i (n,6) and the strict quasi-convexity of d(u,-), we get,

AT T AT AT 1Og 2/6
d(/iN(wML (Ns,6)) = d(,uNs,,uR (Ns,0)) = % (20)

First, note that [f]{}s is the sample average based on Ns observations. Since Ng — oo as § — 0, the central limit
theorem applies. In particular,

VN5 (i3, — 1) 5 N(0,0%(n)),

This implies that

VN (i, — 1) = 0,(1).

Now consider

VNs(p — i) _omy). 1
W = (\/ﬁ&(ﬂ MN5)> \/W.

Since 6 — 0, we have log(1/d) — oo. Therefore, using Slutsky’s theorem (or equivalently, the fact that
0,(1) - 0(1) £ 0), we obtain

VNé(ﬂ*ﬂﬂNlé) 20

}ig%) log(1/6) @)

Now, to prove that m € IIg} and the (b) part of the Theorem, we perform a Taylor series expansion of d(ji}y, )
in (20), we get,

it — 17 (Ns, o iy (Ng,0) — iyt
1imMN“ AL (Ns )£> 2-o(p) and 1imMR( ,9) MN5£>\/§-U( ).
6—0 log(1/6) 6—0 log(1/6)

Ns Ns

Using (21) and the above, we get,

— 7t (Ns, 0 uE (Ns, o) —
lim =iy (Ns,9) 2 V2. 0(u) and lim A (N5, ) = p 5 V2 o). (22)
6—0 log(1/6) 6—0 log(1/6)
Ns N5

Using Theorem 2, we know that m; € II§;. Hence, using (22), we get that m; € II§;. Further, it follows that,

uE (Ns,6) — 7t (Ns, o iE (N5, 0) — — 7t (Ns, 0
lim PR No:0) = Ay (N6,0) AR No:O) =gty n= B (Ns20) gy
6—0 log(1/4) 6—0 log(1/6) 6—0 log(1/4)
Ns Ns Ns

This completes the proof.

D Proofs of results in Section 6.
Proof of Theorem 3.
Recall that,

Ts =sup{n € Z" : ZCZ' < Cs}.
i=1

Using elementary renewal theorem for the renewal process, as Cs — oo, we get,
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lim =
§—0 05

E 1
73] = almost surely. (23)

Consider any 7 € ﬁél As the policy 7 is stable, it follows that for a given distribution v € S with mean p and a
cost distribution C with mean ¢, we have,

lim A7 (75,8) = pf (1) and lim % (7s,6) = pfh(p).
§—0 §—0

We now define the set of alternate environments as K (u7 (1), p% (1)) = K1 (17 () U Ko (pR(1)), where

Ki(pp(w) ={v:v €S, p<pp(p)}
and
Ko(pp(p) ={v:v eS8 i> px(n}

It is worth noting that to define alternate environments, we also need to choose the cost distribution. We choose
the cost distribution to be the same as C, with mean ¢, in the alternate environments.

Observe that 75 + 1 is a stopping time. Using the data processing inequality and Wald’s lemma (see Lemma 0.1
in Kaufmann (2020)), for a given ¢ € (0,1) and any alternate environment  with mean fi, we have, using the
independence of v and 7 with respect to C, that:

Elrs +1]-d(u, 1) > sup (P, (Es), P (Es)-
Es€EFr5+1

It can be re-written as,

Cs Elrs +1] - SUPgs e, 41 (P, (E5),P3(Es))
~d(p, fi) >
og(1/5)  Cs log(1/9)
Choose & = {1 & [U] (75,9), 1 (7s5,0)]}. Observe that, & is a measurable event in Fr; C Fr41.

Using (23) and the arguments similar to the proof of Theorem 1, we get the desired result.

O
Proof of Theorem 4.
First, we show that A A
Py (p ¢ [17' (75,0), 1R (75,6)]) < 6. (24)
Using Kaufmann and Koolen (2021), we get,
P,(In € N: nd(jin, ) > B(n, 8)) <9, (25)

where (n, ) is defined in Section 6. Observe that,

(¢ (A7 (75,0), A (75, 0)]} € {75 (firs, 1) > B(75,0)}.

Further, the following holds as well,

{mod(firss 1) = B(75,0)} © {3n € N2 nd(fin, ) > B(n,0)}-

Using (25), we get that (24) holds.
Observe that from the definition of ﬁzl (15,9), ﬁgl (n,0) and the strict quasi-convexity of d(u, ), we get,
log(2/4)

Afirgs 17 (73,6)) = dlfiry i (73, 0)) = ==
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It can be re-written as,

log(2/6) G5

d(ﬂﬂs’ﬁ? (75,9)) = d(ﬂmﬁ% (15,0)) = G5 T

Taking § — 0 and using the joint-continuity of d(u,z) in (i, z) and (23), we get that m; € II¢; and part (b), (c)
of this theorem holds. This completes the proof.

O
E Proofs of results in Section 7.
Proof of Theorem 5.
We prove the result for v € B. A similar proof holds for the case when v € H.
Recall that,
s =sup{n € Z" : Zci < Cs}.
i=1

Again, using elementary renewal theorem for the renewal process, as C5 — 0o, we get,

. Elr] 1

élir(l) G, ~ @ almost surely. (26)

Consider any 7 € f[él As the policy 7 is stable, it follows that for a given distribution v € B with mean p and a
cost distribution C with mean ¢, we have,

lim A7 (75,8) © pf(v) and lim A% (75,8) = pf(v).
§—0 §—0

We now define the set of alternate environments as K (u7 (v), u%(v)) = K1 (p] (v)) U Ko(u5(v)), where

Ki(pg(v)) ={r:v e B,m(v) < pi(v)}
and
Ko(uf(v) = {7 : 7 € B,m(9) > ui(v)}.

It is worth noting that to define alternate environments, we also need to choose the cost distribution. We choose
the cost distribution to be the same as C, with mean ¢, in the alternate environments.

Observe that 75 + 1 is a stopping time. Using the data processing inequality and Wald’s lemma, for a given
0 € (0,1) and any alternate environment 7 with mean fi, we have, using the independence of v and ¥ with respect
to C:

E[rs +1]- KL(v,7) > sup ¢(P,(E),P5(E)).
EE€EFrs+1

First we choose 7 € K;(u7 (v)). Observe that infye s, (ur () KL(v,7) = K Lint(v, B, u7 (v)). Hence, it can be
re-written as,

Cs Efrs +1] supe e, ., O(P(Es), Po(E3))
log(1/6)  Cs log(1/4)
Choose & = {1 & [L] (75,9), 1 (75,0)]}. Observe that, & is a measurable event in Fr; C Fr 1.

: KLinf(V>B7M2(V)) Z

Using (26) and similar to those in the proof of Theorem 1, we get the desired result.
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Remark 4. Now we give an equivalent version of Theorem 4 that holds for the policy 7.
Theorem 8. For v € B and a cost distribution C with mean 0 < € < oo, the policy w> has following properties:
a) T € 118,

b
b) If lims_q mgﬁ — k for k € (0,00), then we have, ,ugf(y) = uh(v,k,e), and ;' (v) = pi(v,k,¢) where,
wi (v k,e) < pand ph(v, k,©) > p uniquely solve (10).

b b
¢) If lims_o log?% — 0, then we have, pg (v) — prt(v) = 0.

Proof of Theorem 8.

Recall that in the proof of Theorem 4, we need two properties of d(u, ) function. First is that, d(u,x) is a strictly
quasi-convex function in . The second one is the joint continuity of d(u, z) function in (u, z). Furthermore, we
require an equivalent concentration bound in this setting, as in (4). At last, we also needed the convergence of
ﬂNa to p.

b b
Observe that from the definitions of u7* (n,d), p7 (n,d) and the strict quasi-convexity of K Lins (P, B, ), we get,
5(N57 5)

P N 7P
KLinf(ﬁN(wBa N’Ll (’Il, 6)) = KLinf(VNgaBa /ule (TL, 6)) - Té

Using results in Appendix F below, we get that, K Li,(v, B, z) is a strictly convex function in = € (0,1) and
KLy (v, B, ) is a jointly continuous function in (v,z) for » € B and = € (0,1). We also know that, empirical
distribution ¥, weakly converges to v and Uy, € B. Further, using (11), we know that we get a valid CI in both
fixed sample size (N) and fixed cost budget (Cs) setting.

Now, using the arguments given in the proof of Theorem 4, we get the desired result. It is worth noting that one
can prove an equivalent version of Theorem 2 as well.

O

E.1 Asymptotic optimality of KLinf-based construction of CI for v ¢ H

We first define H formally. For a given € > 0 and I > 0. Let

H .= {n €P(R): Ex[|X['*] < P}.

Similar to the case of v € B, we utilize the CI constructed in Section 3.3.4 of Agrawal (2022). Let o,
denotes the empirical distribution after n samples and B(n,d) = 1 + log (M) We denote this method

as . Let, p;;]‘)(n,é) £ max{q > m(?,) : nKLin(Pn, H,q) < B(n,0)}, and uzi)(n,(s) £ min{q < m(%,) :
h

1 K Ling (0, H, q¢) < B(n,0)}. It follows that the reported CI is [uﬁ (n,8), ug (n,6)].

The underlying concentration bound for the above CI construction (see Section 3.3.4 of Agrawal (2022)) is

P,(3n € N: n K Lint (0, H, 1) > (n,9)) < 4. (27)
Remark 5. Now we give an equivalent version of Theorem 4 that holds for the policy .
Theorem 9. For v € H with Ex.,[|X|*°] < T, the policy ™ has following properties:
a) T € gy
wh _ b % _
b) If lims_q log?% — k for k € (0,00), then we have, pg (v) = pp(v,k,¢), and p;' (v) = pj (v, k,¢) where,

wi (v k,e) < pand ph(v, k,€) > p uniquely solve (10).

¢) If limg_yo log?% — 0, then we have, u:f(y) - u}:]f (v) =0.
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Proof of Theorem 9.

Using results in Appendix G, we get that K Liy¢ (v, H, ) is a strictly convex function in « € (0,1) and K Lint (v, H, )
is a jointly continuously function in (v, ) for v € H and x € (0,1). We also know that, empirical distribution
U, weakly converges to v. It is worth noting that the empirical distribution, denoted by 7,,, may not always
belong to H. However, since the theorem assumes that Ex ., [|X|'*¢] < T, along each sample path, 2, € H will
eventually hold.

To see this, observe that
n

g 1 €
Exna, [|IX]"H] = = 371X
i=1

By the strong law of large numbers, we have that, for almost every sample path,
1 n
=3 IXTE — Ex [ X[ < T
[t
Hence, for each sample path, there exists an N such that for all n > N,
Exns, [ X['*] <T.

Therefore, along every sample path, the empirical distribution #,, eventually lies in H. It is worth noting that the
above argument is needed because we only have continuity of K Liy¢(v, H, z) in v for v € H. Further, using (27),
we know that we get a valid CI in both fixed sample size (V) and fixed cost budget (Cs) setting.

Now using the arguments given in the proof of Theorem 4, we get the desired result. It is worth noting that one
can prove an equivalent version of Theorem 2 as well.

F Properties of K L,(v,B, z)

For v € B, we define

KL%f(V,B,LE) = inf KL(V, H), and
kEB:m(k)>x
KLill/lf(V7Ba$) - lnf [(L(l/7 K}).

kEB:m(k)<z
Recall that we had defined K Liy¢ (v, B, x) in Section 7. Since KLY (v, B,z) = 0if m(v) > z and KLE (v, B,z) =0
if m(v) <z, it follows that

KLint(v,B, ) = max{ KL, (v,B,z), KLY (v, B, )} (28)
We now state some properties of KLY (v,B,z) and KLL (v, B, ).

Dual Representation of KLY (v,B,z) and KLE, (v, B,z): In the literature, it is well established that dual
representations of KLY (v,B,z) and KLE

ine(v, B, ) are much more tractable. We now rewrite Theorem 3 of
Jourdan et al. (2022). For (A, v,z) € R x B x [0, 1], define

H* (A, v,2) = E, [log(1 — A(X — 2))],
where we define log(z) = —oo for z < 0. Similarly, define

H~(\v,z) =E,[log(1 + A\(X —))].
Theorem 10. For allv € B and z € (0,1), we have

KLY (v,B,x) = sup HY(\,v,x), and
A€[0,1/(1—x)]

KLiLnf(VaB7x) = sup H_()\, I/,CE).
A€[0,1/x]
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It is well-known in the literature that in the above dual representation, it is a univariate convex optimization
problem and can be computed efficiently by iterative methods such as Newton’s method (see Honda and Takemura
(2010)).

Now we re-write some properties of KLY (v, B,z) and KL%, (v,B,z) functions which are proven in Honda
and Takemura (2010) and Jourdan et al. (2022). It is worth noting that for continuity of KLY (v, B, z) and
KLE.(v,B, ) in B, we endow it with the topology of weak convergence.

F.1 Properties of KL .(v,B,z) and KL

inf

(v,B,x) :

1. The function KLV

inf

(v,B,z) (resp. KLL (v, B,x)) is continuous on B x [0,1) (resp. B x (0, 1]).

2. The function x — KLY (v, B, z) is strictly convex on (m(v),1]. Further, the function z — KLL (v, B, ) is

strictly convex on [0, m(v)).
The continuity in the above properties is in this topology on B.

G Properties of K Lj¢(v,H, x)

Let

M:=[-Tm=, I'te

For v € H, we define

KLglf(VvH?x) = inf KL(V, H), and
rEH:m(K) >z
KLE (v, H,2) = inf KL(v, k).

reEH:m(k)<z

Recall that we had defined K Lin¢ (v, H, z) in Section 7. Since KLY (v, H,z) = 0if m(v) > z and KLE (v, H,z) =
0 if m(v) < z, it follows that

KLin(v,H,z) = max{KLL (v,H,z), KLY (v,H,z)}. (29)

Dual functions. For x € M°, A = (A1, \2) € R?, v = (71,72) € R?, and X € R, define
gU(X A z) =1 — M(X —2) — A(D— |X|'),
g (X,y2) = 1+ (X —x) — (0 —[X]").

Feasible dual sets.

1+1
eA ©

SU(SC) = {)\120, )\2202 1+)\1(E—>\2’}/ - 1
(14e)t*= s

v
o
>

1+2
€N

11
(L+e)'Fen;

Y]
o
H./—/

Sh(z) = {mzo, 12>0: 1—pz— 727 —
We now re-write the Theorem 4.5 of Agrawal (2022).
Theorem 11. Let v € H and x € M°. Then

U _ U
KLinf(VvHaI) - )\En,ls;%}((x) Eu[log(g (Xa Aax))]’

KLil;lf(%Hvx) = ’yég%)((x) EV [IOg(gL(X77ax))]'
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Table 2: Average CI widths over 1000 i.i.d. datasets.

Cost Budget ¢ Avg. CI width

500 0.492
1000 0.355
2000 0.255
3000 0.199

The above dual representation is a bivariate convex optimization problem and can be computed efficiently by
iterative methods. We now restate the relevant parts of Lemma 4.9, Lemma 4.10 and Lemma 4.11 of Agrawal
(2022).

Lemma 1. Forn € H and x € M° such that x > m(n), KLY (n,H,z) is a strictly convex function of x.

inf

Lemma 2. Forn € H and x € M° such that x < m(n), KLE(n,H,z) is a strictly convex function of x.

Lemma 3. When restricted to H x M?, KLil{1f and KLiLnf are jointly continuous in their arguments.

The continuity in the above Lemma is in the topology of weak convergence on H.

H Numerical study for the case when v € H

We now simulate our policy m%. The experiment is conducted on Pareto distributions with the scale parameter
Zp, = 1 and the shape parameter a = 3. For the description of H, we have chosen ¢ =1 and I' = 4. We run the
experiment in the set-up where we have costly samples with cost budget C' € {500, 1000, 2000, 3000}. We assume
the cost distribution to be of uniform distributon in [0, 2], i.e., C = Unif[0,2] and § is set to be 5%.

We generated 1000 i.i.d. datasets of size C' € {2000, 3000}, computed CI widths, and report the average width
(max 95% CI width: 0.01) in Table 2.

I One-sided CI setting

Let II¢,;, denote the collection of stable policies for constructing one-sided CIs of the form [ii7 (N, d), 1) for the
mean after observing X1, Xo,..., Xy for any ¢ € (0,1). For any policy m € II¢,;, and a given distribution v
with mean g, the following condition must hold for any § € (0,1): Yn € N: P, (u € [T (n,6),7)) > 1 —§,and

lims 0 717 (N5, 0) 5 w7 (v), where p7 (v) < p is a constant. Here, we define y — u7 (v) as the “half-width” of the
one-sided CI of the mean. Now we state the result that characterizes the three learning regimes for this setting.

Corollary 1. For a given v € S with mean p, and any 7 € lIgy, , the following holds:

1. No learning regime: If lims_ . bg](\[% — 0, then lims o[ — 7 (N5, 8)] 2 pu— p.

2. Sufficient learning regime: If lims_, log](\’% — k for k € (0,00), then p— u7 (1) > p— pi (1, k), where

w3 (1 k) < g uniquely solves d(p, i (1, k) = -

The above results can similarly be applied to one-sided Cls where the goal is to ensure the upper bound of the
interval is below a threshold by replacing all occurrences of subscripts L with R in the definitions and results.

Proof of Corollary 1.
Proof of this corollary follows similar to the proof of Theorem 1.

Remark 6. [t is worth noting that w1 can be used to construct an asymptotically optimal one-sided CI. Observe
that the one-sided CI using w1 is given by [17' (N, ), 1), where i7* (N, 6) is defined in (5).

Remark 7. The results for one-sided CI can be extended for the non-parametric and costly sample cases as well
trivially.
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J Non-asymptotic analysis of CI Width for our policies

We provide a non-asymptotic analysis of CI width for our policies for both the canonical exponential-family case
and the non-parametric (bounded) distributional case.
Exponential family case. Fix v € S and let p be its mean. Let the variance function be ().

Recall, under policy 71, we have

log(2/6)

d(fin, fig (1,0)) = d(fin, fig}(n,8)) = —~

Using a Taylor-series expansion of d(u,x) around = = u, we get

(i (n,8) = fin)” _ (fn — oy (m, 5))° _ log(2/9)
202(cn,R) 202(cn7L) n

)

for some ¢,z € [fin, A (n,6)] and ¢, 1 € (AT (0, 0), fin].

Hence, we obtain the width

21og(2/0)

™ (n,8) — i (n, ) = (g(cn,R) +a(cn,L)).

Assume the mean space contains a compact interval I such that i7" (n,0), fi,, i3 (n,0) € I. Define omax =
sup,cy o(p) < co. Then the width is bounded by

fig (n,0) = 7' (n,0) < 20max

Non-parametric (bounded) case. Now, we perform a similar analysis for fixed v € B. Let m(v) denote the
mean of v. Recall, under policy 7%, we have

0K Lint (9, B, 5 (0,60)) = n K Lt (20, B, 4 (1,6)) = 5(n,0).
Using Proposition 1 in Orabona and Jun (2023), we have

KLinf(pa B7 (E) Z (b(m(p)’ LL'),

where ¢(p,z) = plog £ 4 (1 — p)log =2 1—- Using Pinsker’s inequality, we have
KLint(p, B, x) > ¢(m(p), ) > 2(m(p) — x)2v VpeB, z e [Oa 1]'

Applying this with p = 7, and = = ﬂg{ (n,d) yields
1 ) 2
- — . 7 AT
= B(n,0) = K Ling (yn, B, i (n, 5)) > 2 ( !(n,8) — ) .

b
A similar argument holds for = 7' (n,§). Hence,

b

i .0) = 17t (n.0) = (i3 (. 0) = ) + (i — i (n.0)) < /2200

n

Using B(n,d) =1+ log(2(1+")) we obtain the explicit bound

i (n,8) = iy (n,8) < 2<1+10g(2(15+n)>>.

n
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K Heuristic connections of Cramér—Rao lower bound to our lower bound

In this section, we draw a heuristic connection between the Cramér—Rao lower bound and our lower bound in
the canonical one-parameter exponential family setting. In a canonical one-parameter exponential family, i.e., S
parameterized by its mean p, the Fisher information equals

where o?(1) denotes the variance of the true distribution v with mean . Accordingly, the KL divergence admits
the local expansion

d(p, ') = %](W(M' —1)* +o((1 — p)?).
It follows that )
d(p, ') = W(u’ —1)* +o((1 — p)?).

In the sufficient learning regime, the optimal endpoints satisfy

* X 1
d(p, up(p, k) = dlp, pr(pk)) =+,
and the quadratic approximation yields

. . 202 (1)
g (s k) — pl = | — p (p, k)| ~ T

so that
20°(p)
e
A similar expression arises by combining the Cramér—Rao lower bound with the classical CLT. Let iy be any
regular estimator for which

pr(ps k) — pg (k) ~ 2

VN (i — 1) & N(0, v(p)).

By the Cramér-Rao lower bound, v(u) > 1/I(p) = 0?(u). In the sufficient learning regime with N = klog(1/9),
a CLT-based CI of half-width z;_s/2+/v(1)/N has limiting width

Jv(p) o [2log(1/6)v(k) . [2v(n) [20°(p)
252\ T N2 klog(1/6) =N 2 W T

with equality when v(u) = o2(u), i.e., when the estimator is efficient. This heuristically confirms that the
KL-based CI attains the Cramér—Rao optimal limiting width in the sufficient learning regime.




