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Abstract

The rapid proliferation of domain-specialized machine learning models presents a
challenge: while individual models excel in specific domains, their performance
varies significantly across diverse applications. This makes selecting the optimal
model for new tasks, especially with limited or no domain-specific data, a difficult
problem. We address this challenge by formulating it as a multiple-source domain
adaptation (MSA) problem. We introduce a novel, scalable algorithm that effec-
tively routes each input to the best-suited model from a pool of available models.
Our approach provides a key performance guarantee: for any new domain that lies
within the convex hull of the source domains, the accuracy achieved by the best
source model is maintained. This guarantee is formally established through a theo-
retical bound on the regret for new domains, expressed as a convex combination of
the best regrets in the source domains, plus a concentration term that diminishes as
the amount of source data increases.

1 Introduction

Fine-tuning is a key step in adapting large language models (LLMs) to specialized tasks or domains
after their general pre-training. In this process, an LLM trained on vast datasets is further trained
on smaller, task-specific datasets. As organizations and researchers fine-tune LLMs for tasks like
summarization, translation, or customer service, the result is a growing collection of models, each
optimized for different tasks but based on the same underlying architecture.

Routing algorithms are crucial for efficiently managing this diversity of specialized models, by
determining which model best fits a given input. Recently, various routing algorithms have been
proposed (Chen et al., 2023; Wang et al., 2023; Hu et al., 2024; Madaan et al., 2023; Yue et al.,
2023; Lee et al., 2023; Shnitzer et al., 2023; Narayanan Hari and Thomson, 2023; Lu et al., 2023),
including some with strong theoretical guarantees (Mao et al., 2023, 2024a,b). While these routing
solutions can be effective for inputs drawn from each specific task distributions, they provide no
guarantees for inputs drawn from a mixture of tasks. Building a fine-tuned model for every possible
task combination is impractical, so how can routing be designed to handle such mixed-task inputs?

To address this problem, this paper frames model routing as a multiple-source domain adaptation
(MSA) problem (Mansour et al., 2008) and derives a principled solution for enhancing robustness
and adaptability across diverse and dynamic task distributions. Our approach grounded in strong
MSA theory (Mansour et al., 2008, 2012; Hoffman et al., 2021; Cortes et al., 2021b) ensures that
our routing model system performs as well as the best individual expert model across any task
mixture. Furthermore, our solution is easily implemented and compatible with existing router training
approaches. It enhances existing router training by strategically adjusting task domain weights.
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Section 3 introduces our novel algorithm, which is supported by strong theoretical results (Section 4)
and validated through extensive experimentation (Section 5). Related work in routing and multiple-
source adaptation is reviewed in Appendix A. We begin by outlining our problem formulation.

2 Problem Formulation

We first introduce the model routing problem and then cast it as an MSA problem.

2.1 Model Routing

We consider a finite set of generative models, denoted by II, where each model m: X — A()Y)
maps inputs X to probability distributions over outputs ). For example, if II consists of generative
language models, X would represent prompts and Y their corresponding generations. Additionally,
we assume there are k£ benchmark tasks, D1, ..., Dy, where each D; is a distribution over inputs.
Typically, access to D; is limited to a finite dataset. We will denote by D; the empirical distribution
consisting of n; i.i.d. samples drawn from D;. Let r*: X x J) - [0, 1] represent a scoring function
that evaluates the quality of a generation y € ) for a given input = € X. For example, r* could
indicate the probability that human evaluators prefer y over the output of a reference model. Although
r* may be unknown, we assume access to a scoring oracle R that provides unbiased estimates of r*
for any input-output pair («, y). For simplicity, we assume that the scoring function r* is uniform
across all benchmark tasks, though this assumption can be relaxed. The value of a model 7 € II on an
input z or distribution over inputs D is defined as follows:
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Goal of predictive model routing. Given access to II, R, and the datasets 51, e Bk, our goal is to
select a high-quality probabilistic routing function f: X — A(II) from a family F of such functions.
Each routing function maps an input x € X to a probability distribution over the models in II. For
any input , a model 7 € II is selected by sampling from the distribution f(x).

Forany m: X — A(Y) and (z,y) € Xx Y, let w(y|z) denote the probability of y under the distribution
m(x). Given a routing function f € F, we define the induced distribution 7 ¢ (-|) over outputs ) as:

V(z,y) e X x Y, mp(yle) = 3 f(al)m(yle).
mell
The objective is for f to route inputs x, drawn from an unknown test domain D € A(X), to models in
II that yield high scores according to the oracle R. Specifically, we aim to find an f that maximizes
the expected score v(m¢, D), without prior knowledge of D. The performance of a routing function
f is evaluated by the regret of its induced policy 7 on the test domain D, defined as:

reg(my, D) = Igeariw(ﬂ,D)—v(ﬂ'f,D), (1

that is the gap between the performance of the best model in IT and that of the model selected by f.

Why is the test domain unknown? The test distribution D, representing the real-world data an
application will encounter, is typically unknown during development. This is particularly true for new
applications, where we lack sufficient data to accurately assess how the model will be used. Even for
existing applications, the distribution D can change as user behavior evolves in response to model
updates. For example, if a model demonstrates unexpected proficiency in a specific task, users might
shift their usage patterns accordingly.

2.2 Predictive Model Routing as Multiple-Source Domain Adaptation.

Multiple-source domain adaptation (MSA) is a closely related problem that has been extensively
studied, particularly in classification and regression problems (Mansour et al., 2008, 2012; Hoffman
et al., 2021; Cortes et al., 2021b). In MSA, the task involves multiple source domains, Dy, ..., Dg,
each associated with a near-optimal model hq, ..., hy (Mansour et al., 2008). The target domain, D},
is defined as a A-mixture of the source domains, D)y = % YF \iD;, where A € A([k]) represents
unknown mixture weights. The objective is to devise a combination rule for the models h; such that
the resulting model performs well on any target domain D).



We can formulate the predictive model routing problem as a multiple-source domain adaptation task
by first selecting an appropriate model, 7;, for each dataset, which we refer to as the expert model
for domain D;. In many applications, natural choices for 7; arise, such as when a model 7 has
been fine-tuned to perform well on a specific domain D;. More generally, we can define 7; as the
model in the set II that achieves the highest value estimate for D;. Next, we augment the empirical
distributions D1, ..., Dy, with score samples from each expert model. For each input z in the support

of DiZ We compute SCOTes 71, . . ., T by generating responses y; ~ m;(-|z) from each expert 7; and
querying the reward oracle, which returns scores 7; ~ R(x,y;). These scores, r;, serve as unbiased

estimates of the value v(7;, ). We denote the augmented version of D; as D;.

With the score-augmented distributions (Di)ie[ %] in hand, the objective is to find a routing function
(or combination rule) f: X - A([k]) that maps inputs to a distribution over expert models. This
routing function induces a mixed generation policy 7 ¢ (y|x) = Y& | filz)m; (y|x), which is evaluated
based on its performance across any target domain D,. The quality of the routing function f is
measured by its regret relative to the full policy set I1, as defined in (1). For the remainder of the
paper, we adopt this domain adaptation perspective on predictive model routing, assuming that we
are provided with a score-augmented empirical distribution D; for each domain D, and that the goal
is to learn an effective routing function to the expert models.

3 Proposed Algorithm

To ensure robustness in model routing across test domains, we draw on two key areas of research:
multiple-source domain adaptation (Mansour et al., 2008; Cortes et al., 2021b) and minimax-regret
optimization (Alaiz-Rodriguez et al., 2007; Rigter et al., 2021; Mohri et al., 2019; Agarwal and
Zhang, 2022). Our approach is particularly aligned with the approaches of Cortes et al. (2021b) and
Mohri et al. (2019); Agarwal and Zhang (2022). Specifically, we adopt the mixture over test domains
and the associated theoretical guarantees from (Cortes et al., 2021b), while the objective formulation
and optimization strategy are inspired by (Mohri et al., 2019; Agarwal and Zhang, 2022).

To design our algorithm, we begin by considering the idealized infinite-data setting and then introduce
finite-sample approximations. Rather than minimizing regret under a fixed distribution, as defined in
(1), we adopt a more robust objective inspired by the minimax regret optimization literature (Alaiz-
Rodriguez et al., 2007; Rigter et al., 2021; Mohri et al., 2019; Agarwal et al., 2017). Specifically, we
aim to minimize the worst-case regret over all possible test domains:
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However, solving this optimization problem during training is challenging due to the maximization
over 7’ € II. To address this challenge, we propose and explore two practical variants that avoid
optimization over 7’. Each variant minimizes regret relative to a specific policy, denoted as 7% or 77;.

Option A: Pointwise Comparator. In this first variant, we aim to compete against a policy 7 that,
for each input context x, achieves the performance of the best expert model. Formally, v(7, ) =
max;e v(m;, ) for all z. This leads to the following objective:
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In the finite-sample setting, this min-max objective becomes:
min max LA(f, ) :=min max E m[axrj Zf(l|m) e )
J¢€
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z,r1,...,7, )~D;

where the maximum is taken over expert scores for each sample. While being easy to implement, this
approach introduces additional bias when there is high variance in the expert scores for a given input.

Option B: Domain Comparator. To limit bias in the finite-sample objective, we leverage the
structure of the model routing problem by using 77 as the comparator in the regret calculation. This
policy, m5: X x [k] = A(Y), takes both the input  and the domain label 7, following the expert
model ; for samples from domain D;; that is, 7 (x, ) = m;(2). As we will demonstrate later, this



fixed comparator provides strong regret guarantees without requiring an additional inner optimization
over policies. This leads to the following optimization objective:

L(f,8) = D 5
rjgl;lkrgg[x]) B(f.0) I}gglkrgg[g])v(@,@x) v(my, Di) (5)

with the finite-sample counterpart:
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Note that 7 and 7} coincide when domain experts are perfect, producing the best score for each
individual x from their respective domain. However, in practice, even even 7; that are well-tuned for
their domain D, typically do not achieve this, which distinguishes 7’ from 7 in general.

Algorithm. We follow the standard approach and tackle the saddle-point problems in Equation 4 or 6
as a two-player game, which can be solved by dueling two no-regret learners (see Mohri et al. (2019)
for a general Mirror descent solution). Our algorithm is shown in Algorithm 1. The max-player can
be solved efficiently with Hedge (Littlestone and Warmuth, 1994). For the min-player, we do not
prescribe the exact update for f; as we do not wish to prescribe a specific function class F. Instead,
we follow prior work (e.g. Cheng et al., 2022) and rely on an online learning oracle with we refer
to as OLO. We assume that this oracle is a no-regret learner, which we formalize in Definition 1 in
Appendix B. For finite context spaces, OLO can be instantiated as one Hedge instance per context

with regret bound O (\/ kT|X|1n k;) In general, there is a large family of online-learning algorithms
available with appropriate guarantees (Cesa-Bianchi and Lugosi, 2006).

Practical Implementation. Algorithm 1 can be seamlessly integrated into existing model training
frameworks. For instance, in the case of language model routing, the class F can be a moderate-sized
language model architecture, where the initial policy f; is a pre-trained model with its final layer
replaced by a randomly initialized linear layer. At each round ¢ € [T'], a batch of samples is drawn
from the augmented datasets, with equal proportions from each. The Hedge update of domain weights
¢ can be efficiently computed in closed form with minimal computational cost.

The update of f; is handled using standard gradient-based optimizers on the objectives in (4) or (6),
augmented with a KL-regularization, similar to RLHF training objectives (Christiano et al., 2017),
such as regularization toward a uniform domain distribution or a given domain prior. Alternatively,
the model can be optimized with a logistic proxy loss, similar to standard supervised fine-tuning
objectives, which we explore further in Appendix B.3. Finally, Algorithm 1 returns an averaged model
[, where f(ilz) = % LT fi(i|z) for all 2 € X and i € [k]. While exact output averaging might not
always be feasible, we can adopt a "model souping" approach by averagmg the parameters 6; of the
models f; across iterations. The final model is then represented by 6 = T Zt 1 B¢, a technique that
has proven effective in practice (Wortsman et al., 2022; Ramé et al., 2024).

4 Theoretical Guarantees

We derive performance guarantees for 7 7 returned by Algorithm 1 under both options and for different
online learning oracles used for f; updates in the appendix. We here present the following corollary
for Option B as we find it most informative for the types of theoretical guarantees which we derive in
the appendix.

Corollary 1. Let F be a convex set. Then, with probability at least 1 — O(9) the regret of the function
f returned by Algorithm 1 with Option B satisfies for all \ € A(k) the following inequality:

reg(my, D) <reg(mp, Dy) + O

: . . . _ X D; (z)
provided that F contains f, p for every A € Ay, where f, 5 is defined as fiaGiz) = oD, @)
Recall that reg(7y, D) is the regret of the policy, 75, which assigns any 2 ~ D to its domain
expert, m;. Choosing A as the i-th corner of the simplex, that is A\; = 1,A;.; = 0, we see that
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Algorithm 1: Domain adaptation for model routing algorithm

Input: Score-augmented distributions D; for i € [k] of size n;. Each sample is of the form
(z,71,...,7) wWhere z is the context and r; is a reward estimate for expert policy ;;

Output: Routing policy f: X — Ag;

Initialize A\; = [%, e %]T and f; in F arbitrarily;

fort=1,2,...,Tdo

Sample (mil),ryl), e ,rt(zlz) ~ D; for each i € [k];

Determine benchmark scores with option A cgi) = maX ek rt(zj) or option B ¢

Max-player: Hedge

Update A4 o< Ay exp(—74;) with losses £, : £y ; = CE” - Z§=1 Tf’z}ft (j|l’§z))~

Min-player: no-regret online learning update

Update f;,1 with contexts ;vgi) and losses Kgi) : 65? =M (ng') - rf?) ;

@ _ .9
t

—_ 1/ .
=T

return f = + YL f

reg(my, D)) is just the regret of the i-th domain expert on D; and so we can bound reg(ny;, D)
by the worst case regret of the domain experts on their respective domains. The term containing A
comes from relating the empirical game played only on n; samples from each D; to the population
game over D;. This term indicates that, in the worst case, we have to pay for the domain from which
we observe the least amount of data. Finally, the term O(1/v/T') comes from the regret of the OLO
and concentration of other terms in the 7T-round empirical game solved by Algorithm 1. Overall,
Corollary 1 shows that the regret of 77 is not much worse compared to the regret of the domain
experts, up to concentration and terms related to solving the empirical game.

5 Empirical Evaluation

To demonstrate the effectiveness of Algorithm 1 in generating robust routing functions, we compare
it against non-robust baselines on the MixInstruct benchmark by Jiang et al. (2023). This benchmark
consists of 5 individual datasets. Each dataset corresponds to a domain D; and contains samples
with prompts and various metrics for the generations of 11 open-source LLMs. For our analysis, we
focus exclusively on the BLEU score and select the model with the highest average BLEU score per
domain from the training split to serve as the domain expert 7;. The routing function f is initialized
using a pre-trained Gemma 2B model (Team et al., 2024), with the final layer replaced by a fully
connected, randomly initialized layer.

Several prior studies have explored optimal strategies for learning a routing function tailored to
specific data distributions (Jiang et al., 2023; Hu et al., 2024)—among others. We view our algorithm
as a framework that can enhance these approaches through the OLO oracle. Thus, our experiments
aim not to compare different learning methodologies but to assess the impact of robust routing by
adjusting the domain weights during training. Specifically, we compare Algorithm 1 with and without
updates to \; (i.e., v = 0 vs. v # 0), while keeping all other parameters constant.

regret vs best expert | regret vs domain expert
Loss for f | Option | Baseline | Alg 1 Baseline Alg 1
linear A 4.60 4.28 1.65 0.49
linear B 4.60 7.09 1.64 1.08
log A 2.70 2.37 -0.06 -0.39
log B 7.90 7.84 0.58 0.23

Table 1: Overview of regret in the worst-case test domain comparing the routing function produced
by Algorithm 1 against a routing function produced by training with uniform and fixed domain
weights. Results are averages across 5 seeds. Algorithm 1 consistently reduces the regret against the
competitor targeted by the selected option.



6 Conclusion

We presented a novel approach for combining multiple domain expert algorithms using online
learning oracles, achieving regret bounds that are tied to the performance of these oracles. Our
method leverages theoretical guarantees, ensuring robustness in a variety of settings. Additionally,
we validated the effectiveness of our approach through experiments on the MixInstruct dataset, where
the results highlight the practical benefits of our model routing strategy.
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A Related Work

The multiple-source adaptation (MSA) problem was theoretically studied by Mansour et al. (2008,
2012). Later, Hoffman et al. (2021) introduced an efficient algorithm based on domain density
estimation. This approach was subsequently improved by Cortes et al. (2021b), who replaced density
estimation with a domain classifier. However, despite this simplification, their method still requires
solving a difference of convex (DC) programming problem, which may not be well-suited for modern
LLM inference scenarios.

More recently, various types of routing problems in LLMs have been investigated. Post-hoc routing
(Chen et al., 2023; Wang et al., 2023; Hu et al., 2024; Madaan et al., 2023; Yue et al., 2023; Lee et al.,
2023) involves processing inputs with multiple expert LLMs and selecting the best output based
on a scoring rule. A specific form of post-hoc routing, known as cascading routing, was studied
by Chen et al. (2023); Wang et al. (2023); Yue et al. (2023); Hu et al. (2024), where inputs are
processed sequentially by experts until a sufficiently high-quality response is obtained. Theoretical
investigations of cascading ideas in classification have been conducted by DeSalvo et al. (2015).

Predictive routing (Shnitzer et al., 2023; Narayanan Hari and Thomson, 2023; Lu et al., 2023) offers
an alternative, where an input is directed to a single expert LLM, which alone processes it. Mixture
of Experts (MoEs) (Shazeer et al., 2017; Zhou et al., 2022) can also be seen as a form of predictive
routing, where only a subset of an LLM’s parameters is activated for processing each token. Mao
et al. (2023, 2024a,b) have introduced deferral algorithms, which can be used in particular for routing
applications, together with an extensive theoretical guarantees. Recent efforts by Hu et al. (2024)
and Jiang et al. (2023) have proposed benchmarks for evaluating mixtures of LLMs. For a more
comprehensive review of this literature, we refer readers to Hu et al. (2024). Our work focuses
exclusively on the predictive routing setting.

B Theoretical Analysis

We first provide a definition that formalizes the notion of online-learning we assume for the updates
of f:

Definition 1 (Online learning oracle). An algorithm OLO is referred to as an online learning oracle
for a class F ¢ X — Ay if it satisfies the following condition. Given an arbitrary, potentially
adversarial sequence of context-loss pairs (x1,¢1,...,x7,¢1), OLO observes each context x;
sequentially and maintains a sequence of policies fi.1 € F, updating the policy after observing each
loss sample {;. The regret of OLO is given by:

T
Rexr(T) = 1y SX(f () ~ fl(r), () = o(T),

and is sublinear with probability at least 1 — 6.

We note that in Algorithm 1 the losses required by Definition 1, ¢;, for each round ¢ € [T'] are the
sum over the per-domain losses, that is £; = ¥~ | zg” =3k )\m‘(cgz) - rilj))

Using an OLO we show the following regret guarantee for Algorithm 1.

Theorem 1. Let F be a convex set. Then, with probability at least 1 — O(0), the regret of the function

[ returned by Algorithm 1 with Option A satisfies for all \ € A(k) the following inequality:

. —~, Regr(T logk +C, kAZCs AiC
reg(ﬂf-,D,\)Sreg(ﬂA,D,\)+VA+g;()+0(\/gT§)+O \ Z; —— +max n-6 ,
1= T T

where V; = maxyen, inf fer L(f, \) is the optimal value of the objective in Equation 4, Reg (T =

o(T) is the regret of the OLO oracle, Cs = log(@), and 1’ is the competitor policy for option A.
The same guarantee holds for Option B with 1, is replaced by 75 and ‘7;{ by Vg

The performance guarantee for both options is the same up to the first two terms. By construction,
7, is a stronger competitor than 73, since the inequality v(7 3, z) < maX;er) v(ms, ) = v(7y, x)

10



holds for all z € X. Option A may therefore seem preferable as the first term in the guarantee is
always more favorable than for B. However, we expect that in most cases V5 < V1 since V3 is small
under much weaker conditions than V5.

We prove Theorem 1 by deriving two separate guarantees for the different options in Algorithm 1 in

Theorem 2 for Option B and in Theorem 3 for Option A. Recall the definitions of the objectives used
by our algorithms as

La(f,A)= E $£ED N ;E(w) maxv(mmx) v(wj,x)] @)
ﬁA(f,)\) = N/\ - ]Efm) 5 - ;E(w)[maxrm—r]] (8)
La(fN=E E B [u(m2)-o(m;0)] ©)
ﬁB(f,/\)— E E [7“1‘—7“]']. (10)

i~ (z,r1,..ey "‘k)"ﬁq‘, j~f(z)

In the following, we refer by £ jointly to £ 4 or £ and L to L4 or L 5 respectively.
Lemma 1. The objectives L 4,Lp, ZA, L g are bilinear in fand \. If F ¢ X - Ay, is convex, then

chn]f__maxﬁA(fJ\) max 1nf EA(f,)\) (11)

and analogously for L, L and L.

Proof. We see directly from (7) that all objectives are linear in both arguments. The second part
follows from Sion’s minimax theorem, since both Ay and F are convex and Ay is compact. O

The following lemma shows that the costs and rewards concentrate around their expectations.
Lemma 2. The following hold

k .
(sup ZZA( Z £l () - [rt(f}]))ZQ\/Tlog(k/(S))gé
k
1-2.1

AeA(k) t=11i=1

feF t=14=1

T k .
P(supZZAt,i(cS’— £l () ~ B[ >]>)>2 Tlog(|f|/6>)

Proof. We start by showing the first inequality. First note that for every i € [k], {cgi) - E[cgi)] -
Z;ll fi(4 |x§1) ) (rf? [rt ; ])},5E is a martingale difference sequence with respect to the filtration
created by the online oracle. Azuma—Hoeffding’s inequality and a union bound implies that

T ) k X i
P(S?BZ(cg’)— Z (j|x ))(rgzj)—IE[rg?]))22 Tlog(k’/&))éé
1€ t=1 :

Next, we have

T k . .
sip A z( -3 y|mt>><r§?}—E[r§f;J>)

AeA(k) 4=1 t=1

= sup Z (E[Cgl)] Z ft |1,t ))(E :| Tt(:])))y

ie[k] t=1

since Y7, A\ YL, c(z) E[cgi)] - Z;Zl i (j|:vt ))(r(z) [rt(zj)])) is linear in \ and the supremum
will be achieved at one of the corners of the probability simplex.

The second inequality holds in a similar way by using Azuma-Hoeffding’s inequality and a union
bound over F. O

11



We note that the notation log(|F]|) is overloaded to mean the metric entropy for function classes
which have infinite cardinality. For the rest of the paper we consider log(|F|) to be the metric entropy
with respect to the following distance d( f, f') = sup,ex | f(2) = f'(z)]1.

Lemma 3. Let f = % ZtT=1 fe, A= % Zthl i be the average iterates of Algorithm 1. Then

Regx(T) [log (k| F|/9)
o max [Z(f,\)-L(f, )] < ;+o( T) (12)

with high probability at least 1 — O(9), where Reg.z(T') is the regret of the online learning oracle
Jfrom Definition 1.

Proof. We begin by noting that

o k . T k k
B = Eon -, [ S 00 =750 |- £ 3 S0 B101- 3 ) £1580)
— = lk’ _ , , 1T lk k

B3 = Er oo, [ S0 = (10| = 1 3 3w BL?1- 3 08 200

Further, using Lemma 2 we have that w.p. 1 — ¢ for all f € F and all A € A(k)
E(.fa A) - Z(f75\)

k k N T k @By & @) )
NN 1- 3, Al B AR EEUE WITEDEEY)

%) Ai(ci” -y ﬁ(ﬂxi”)rif}) LY z(c?’ > f(y|x§i>)r<;>) 40 (\ [ loslki71/0) 5))
T == j=1 T =i g=1 T
RS N LS o (D) () log(k|F|/5)
T;(A—)\t,ét)+?;;(€ fi(xy?) = f(z7))+ O - 7
_ Rega(T) | Rege(T) | O( log (k|71/9) )
T T T

Since Reg, (T) = O (\ /Tlog(k|F| /5)) with probability at least 1 — O(5) the result follows.  [J

Lemma 4. Let V* = inf ey maxyen, £(f,\) be the optimal value of the saddle-point. Then
Algorithm I converges to that value with high probability at least 1 — O(9), that is,

maxZ(f,)\)SV*+RGgf(T)+O( 10g(k|.7-'|/5))
AeAy T T

This statement is true for either option A and option B.
Proof. By Lemma 1, the following chain of inequalities holds
inf £(f,\) < inf £(f,\) = V" = inf max £(f,\) < max Z(f,\).
LA < e L L0 0) = V7= inf e £ 4) < quap £(7. )
Rearranging terms yields

L(fA) <V + r;;g»;f(f, A) - ;g;Z(f,X)

SV*+1’~<%g;(if)+0(,/k’g(’f|Tf|/5))_ (Lemma 3)

O
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B.1 Analysis for Option B

Lemma 5 (Concentration for option B). For a fixed X and f € F, we have with probability at least
1-0(9)

a ko A2log(1/6 Aqilog(1/0

!EB(f,A)—ﬁg(f,A)|go( s 2 080 g(/) max i(/))

i=1 7 i

(3

and

|/~:B(f A) - ['B(f,/\)|<0( >\ log(l/(S))

i=1 g

Proof. Consider a fixed )\, f and i € [k]. Order D; arbitrarily and denote (z4,7¢1,...,7ek) the
t-th datapoint in D;. Then Y, = Eij(wt)[rm - r¢ ;] are i.i.d. random variables with mean
EY;: = v(m;, D;) —v(my, D;). Since scores are bounded, Y; ; centered to its mean is sub-Gaussian
and we can bound with probability at least 1 — ¢

k

L(f,A) - Le(f\) =

i=1

Uz

LS [EYi.-

t=1

>

3 \

Uz

k 22
<0 —log(1/0) + max
(\ ;t:l n; W/

%

by log(l/é))

i=1 v i

I
Q
—_——
/

£ log 1/5) et 1og(1/5))

O

Lemma 6 (Value of the game for option B). Let V}; = inf ;e maxyea, La(f, \) be the optimal
value of the saddle-point. Assume that the function class F contains f for every X € Ay, where fx p

is defined as f(i|z) = AiDi(x)

. [P . o
SN D, @) Then the value of the game is non-positive, i.e., Vg < 0.

S A D (x) We then have

Proof. Let A € Ay, be arbitrary and consider f(i|z) =
EB(fv )‘) = (7Tdoma Q)\) - U(ﬂ-fv D)\)

Ai 3 Di(@)(Taom (1), 7" (x)) - Z Dx(@)(mp (@), 7" (2))

M?r-

Zl reX
;)\ Z;YD i () (Taom (z,1), 7" (2)) - Z;Yz;/\ iDi(x){m(z), 7" (x))
“ e e (definition of f)
k
= Zl)\z z;vDi(x)(Wdom(xvi) —Wi(l')77'*($)>
=0 (Taom (2,1) = 7 (x))
O

Theorem 2 (Regret bound for Option B). Assume that the function class F is convex. Then the
solution f returned by Algorithm 1 with Option B satisfies with probability at least 1 — O(9) for any
fixed A

k
reg(ﬂf-,D,\)SZ/\ireg(m,Di)+17§+Reg:j;m+O(\/k%(kz|;7:|/6)) (13)
i=1

13



k
Z ﬁ }—‘ + max |}—|

14
—n ni 5 (14)

Further, if the function class F contains fy p for every A € Ay, where f, p is defined as fx(ilr) =

%, then Vé < 0. If this only holds on a population level, i.e., F < {fx.p : A € Ay}, then
j=1 N T ’

we can still bound V', = O (\ / %(lnm)
Proof. We can decompose the regret of f on D) as

reg(7y, D)) = I?g%U(WaD,\) —u(m", Qx) +v(m",Qx) —v(7f, Dy)
= r?gﬁ(v(ﬂaD)\) - U(ﬂ-*aQ)\) + ‘CB(.f_7)‘)

E oy ,
<maxv(m,Dy) —v(7*,Qx\) + Lp(f,\) +O > il log 7 + max& log@
mell i=1 N ) PNy 1)
(Lemma 5)

where the last inequality follows from a union bound over f € F and holds with probability at least
1-0(4). The first two terms can be upper-bounded by the regret of each expert policy 7; on its own
dataset, weighted by A, i.e.,

k k
I}rlgﬁw(ﬂ,D,\) (7", Q\) = 17?3&(; Ai (v(m, D;) = v(m;, D;)) < 3" A reg(mi, D).

i=1

We now bound Lz (f, \) further by Lemma 4 with probability at least 1 — O() as

EBu,msvgﬁeg;(Tho( ungfi/cs))

Plugging both bounds in the previous decomposition yields the desired bound. For the bound on Vg,
we apply Lemma 6 on D directly or on D and apply Lemma 5 with a union bound over Ay. O

B.2 Analysis for Option A

Lemma 7 (Concentration for option A). For a fixed A and f € F, we have with probability at least
1-6

A2log(1/6 ;
Plog(1/9) | Alos(1/9)

-

La(f; ) =La(f,A) <O

\ i=1 ng i n;
. k. X2log(1/6 Ailog(1/6 .
Za(f.0) — La(f.0) <O \Z og(1/9) max %(/) + |3 A bias A (i)
i=1 n; g % i=1
where
1 ng [ .
biasa (i) = — . max v(m,, V) - E . )[maxrm]].
T t=1 | m Tl Tml|e=zy m
Proof Consider and ordering of the samples in each augmented dataset and denote by
(:vt ,’I”t 1, (Z) /) the t-th sample in D;. Further define
1w ;
biasa (i) = — . maxv(ﬂm,xg )) - E (_)[maxrm]]
ni | ™ T1yeTml|z=2;" m

14



and

()m

Yii= ]E [max 7, ] - max rt( 7)n v(my, xil)) + Z rt(fr)nf(m|x§l))
m=1
Then we can decompose the dlfference in losses as

»CA(fu/\) ‘CA(f7>‘)—Z)‘ blaSA Z ZY;t

i=1 TV ¢=1
Since Y ; are all independent from each other, we can bound the second term using concentration
arguments as

i k A2log(1 ,
Z)\ ZYit<O ZAZ og(1/6) + max i log(1/6)

i=1 T ¢=1 i=1 i v i

with probability at least 1 — O(J). Note that we can bound the negative, — .}, ¥; ; analogously.
Further, by Jensen’s inequality, bias4 (¢) < 0 for all <. Combining these bounds yields the desired
statement. O

Theorem 3 (Regret bound for Option A). Assume that the function class F is convex. Then the
solution f returned by Algorithm 1 with Option A satisfies with probability at least 1 — O(6)

reg(ms, D) Sreg(wpt,DA)+V2+Reg;m+O(\/ WW) (15)

A log(|F|/6 Ailog(|F|/é
Z 8(F1) | - Ailog(1F/0)

ng @ n;
Further, if there exists an [ € F which perfectly predicts the maximum score per sample,
. k k T+ .
e, Y1 B myen 03X Tm] = i1 By royeDs Bjnpa) 7, then Vi < 0. If this
only holds on a population level and for expected scores, i.e., Z,]le E.-p, maXy, v(mm,x) =

K Buep, v(7y, ), then we can still bound V; < max; |biasa(i)| + O (%)

(16)

Proof. We can decompose the regret of f on D) as

reg(ms, Dy) = maxv(w Dy)- E maxv(wm,x) + E [maxv(wm,x)]—v(WﬁDA)

Dy z~Dy
—maﬁ(v(w Dy)- E 5 maxv(ﬂm,f) +£A(JF’)\)
<maxv(7r D)\)— D maX’U(ﬂ'm,l') +ZA(.]Fa/\)

Nlog(F|/8) | Alog(F1/9)

n; % N,

Z

To obtain a bound on £ A( f, ), we apply the game-theoretic arguments from Lemma 4

ZA(f‘,A)gv,;J%g;(T)m( ug(k|Tf|m))

and it only remains to control the optimal value of the game \72.

(Lemma 7)

Vi = max inf E E [maxr,, -r;
AT XeAy feF (z,r1,...,7)~Da jN(f(fD)[ mo " ]]

N log(IF1/0) | A log(11/6)

7 N,

k
> i biasa (i)

i=1

<V} + max
AeAy

+0 Z

1og(|f|/5))

’L

<V} + max|biass (1) + O(
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B.3 Alternate Oracles

In this section we consider replacing the linear losses, 41)’ from Algorithm 1 with a log-loss. Such
a choice is natural whenever we consider F to be some family of Transformer networks for which
modern ML packages use optimizers tailored to the cross-entropy loss. The losses constructed by
Algorithm 1 are log-losses and so we need a different version of the Online Learning Oracle which
we defined below.

Definition 2 (Online learning logistic oracle). An algorithm OLLO is called a online learning oracle
foraclass F ¢ X - Ay if the following holds. Let (x1,£1,...,x1,{1) be an arbitrary, possibly
adversarial sequence of contexts and loss pairs. OLLO observes x; sequentially and maintains a
sequence of policies f; which it updates by observing the loss vector {;. The total regret of OLLO

Ree249(T) - S log £ (22) ~log fi(),£) = o(T).
t=1

is sublinear with high probability, at least 1 — 0.

The problem of Online Logistic Regression has been extensively studied in the online learning
literature (Kakade and Ng, 2004; Xiao, 2009; McMahan and Streeter, 2012; Hazan et al., 2014; Foster
et al., 2018; Shamir, 2020). Using OLLO we can instantiate a new version of Algorithm 1 with the

following losses for the min-player éﬁi)’ = A€, ® where y ) e {j € [k]: 7";]) = ¢ )} Option A

and Option B then correspond to the following two choices of yt

y(i) _ jargmax; rt(zj) Option A
‘ rgfi) Option B.

Next, we prove the counterpart to Lemma 4 for the classifier setting.
Lemma 8. For any A € A(k) it holds that

> Zk; ( o —i ﬁ(ﬂxi“)rff})

<r;u}_;12 5 ~Neslog(f(u1e?) + Reg@LO(T) + O(/FTTog(RETT9)),
&7 t=14=1
with probability 1 - O(9).

Proof. The definition of OLLO together with the standard analysis for the regret of the max-player
imply the following holds with probability 1 — O(¢)

T k o
ZZ—At,,-(log(ft(yt(“mi”)) 1og<f<y§)|x§”>>) Reg3*"'(7)
T ;c k

%50 gttt

T k k
-2 3 (- 2 Al ) < O/ AT R I

And so for any fixed A € A(k) we have

( Z fi (]|33 Tt . )
s Z(ct ;ft(mt Myl ) + O(\/kT log(k|F|/5))
uir O (1- A1) ) + O RT oa RIS

M?r

y
3

=
Il
—_

3

M=

—

<.
I

—

IN
-
i
.
L=
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k . ) .
2 2 Mwary o 1og(fu(w o) + O(/RT og (KIF[/5)):

for any ¢, where the last inequality uses 1 — < —log(z), « € [0, 1]. The min-player regret guarantee
together with the fact that riz)(i) € [0,1] imply
Y

HMQ

T . k ) .
) (cﬁ” -2 ﬂ(ﬂxi“)rt‘f})

k

2

T k

min 37 5 ~Avilog(f (v} o) + RegO(T) + O(VAT log (KIF1/5)):

i=1

O

We need the following assumption to guarantee boundedness of the log-loss for the concentration
argument.

Assumption 1. V f € F and for any (y,x) € Y x X it holds that f(y|z) > %

Lemma 9. Under Assumption 1 it holds that

(ZZ “Mvi (log(f(y{”12{")) - Ellog(f (5" |{"))]) > /210g(T) 1og(|f|/6>) <d

t=14=1

Proof. Directly follows from Azuma-Hoeffding and the boundedness of the log-loss under the
assumption. O

In Appendix D we present a concentration bound for unbounded losses with bounded second moment
which can be applied instead of Lemma 9. Combining the two lemmas gives us the following result.

Theorem 4. Under Assumption 1 with probability 1 — ¢ it holds that for any X € A(k) and f € F
Eioro-n, [ = (F,rO)] <Ey 5 s p, [~ log(f(y@[2D))]

RegOLLO(T) log(|F|/0) log(k/d)
T +O(\/ T +\/ T )

Zx\zlog(k|}"|T/6) - Adlog(kIFIT/S)

N, % n;

Proof. We begin by arguing that

Eix b, [ ~(For)] <Ei 5 por.p, [-log(f(yP]a))]

, Re Lo () log(|F]/8) log(k/5)
- T +O(\/ - T +\/ gT

This holds as follows. We combine the regret bound from Lemma 8 together with the concentration
of Lemma 2 and Lemma 9.

Finally, we convert the LHS of the above lemma to a concentration over the population
Eiwx.eep, [¢D = (f,7(?)] as follows. First note that for any fixed f € F:

k .
i i Ai 5 G @
Ei~)\,x~Di[C()_<faT()>]:Z ch)—<f77"; )>

We can then argue as in Lemma 2 that for all A\ € A(k) uniformly it holds that

2 Bt o $ 2 8- 100 <o\ § D M)

i=1 n; g n;
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w.p. 1 — O(9), where we use Bernstein’s inequality instead of Hoeffding’s inequality. An additional
union bound over F now implies

k >\i n; (z) k
P sup > = E[c;” - Z

A
XeA(k), feF i=1 Ti j=1 1T

AN

n; i n;

Z

Finally, we note that f € F by convexity of . and thus we need an extra union bound over 7'. This
completes the proof of the theorem. O

‘We can now show counterparts to Theorem 3 and Theorem 2.

Corollary 2. For any convex F for which Assumption 1 holds we have that for all X € A(k) with
probability 1 -

reg(ﬂf’, D)\) < I}leinEid,m(i)N@ [_log(f(y(i)|x(i)))]

RegOLLO(T) log(|F|/0) log(k/d)
T +O(\/ T +\/ T )

NAog(HFITS) | Ailog(HFIT/)) )

Z

n; % n;
where for Option A we have y(*) = = argmax, ) r*(y, A )) and for Option B we have y*) = i.

Proof. The definition of regret for Option A implies that
reg(ms, Dx) = v(my, Dx) = v(f, Dx) = Eiux 2D, [nel[%v(wﬁx(i)) —v(f,2)]
J

< Ei~/\,w~Di [argmaxr* (ya x(z)) - (fv T* ('7 x(z) ))]
ye[k]

= ]Ei~)\,z~D7‘, [C(l) - (fﬂn(%))]

The bound now follows from Theorem 4. For Option B we have a similar derivation with

reg(mz, Dx) = v(my, Dx) = v(7f, Dx) = Eiox z~p, [v(7i, m(i)) ~v(7y, m(i))]

= Eixampyjoms@y |7 (G2 D) =20 3 F(sla)ms (1 @)r (1,29)
1=1s=1

= ]Ei~)\,z~Di i (2(D) [C(Z) - (f7 r(l)>]

The bound again follows from Theorem 4. O
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Figure 1: Comparison of Algorithm 1 with Option B (right) against non-robust version (left).

C Experimental results

In Figure 1, we present the results for Algorithm 1 under Option A. The online game runs for 1000
iterations, with each iteration mini-batched using a size of 256. The first row of the figure illustrates
the regret of our algorithm compared to a competitor that always selects the best expert for each
domain. The regret for domain D; is defined as the difference between the reward of m;(z(*)) and
the reward obtained by our domain classifier, which integrates all 7; for i € [k]. Notably, the domain
adaptation approach (on the right) consistently outperforms or maintains performance equivalent to
the best domain expert model across all five domains.

In the second row, we show the regret against the pointwise best policy for each input x, represented
as the regret relative to max ey, ril]) Again, our method surpasses the simple domain classifier. Lastly,
the third row displays the domain weights returned by the two approaches: while the domain classifier
does not update the domain weights, the max-player in Algorithm 1 significantly increases the weight
of domain Dy.

D Unbounded loss bound

The following generalization bound follows directly Theorem 3 of (Cortes et al., 2021a). It holds for
any unbounded loss function with bounded second-moment. In particular, it can be applied to the log
loss when the second-moment is bounded.

Theorem 5. Fix ¢ € (0,1). Then, for any hypothesis set H such that E,.[¢?(h,x)] < +oo for all
h € H, the following holds with probably at least 1 — § over the draw of a sample of size m from D:

xINED[g(]Lx)] B xI?S[g(h’ ZC)] : ,7\/9(:I~E®|:€2(h7 m)]% +e,

where Ap, = log E[No (£(3), 5,27™)] +log 5, 7 = FO(\/AW"L") = O(logm), and To(p) = 5 +
V1+ % log ifor any j1 > 0. Noo (£(3), 5, 22™) represents the {o-covering number of the {-losses
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Figure 2: Comparison of Algorithm 1 with Option A (right) against non-robust version (left).

associated with the hypotheses in H based on a sample of size 2m, denote by x3™, with a precision
of £.
2

In particular, we can choose € = # in the bound. The result generalizes to the case where only a
higher-order moment of the loss (higher than 2) is bounded.
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