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Abstract

We study a two-sided market, wherein, price-sensitive heterogeneous customers
and servers arrive and join their respective queues. A compatible customer-server
pair can then be matched by the platform, at which point, they leave the system.
Our objective is to design pricing and matching algorithms that maximize the
platform’s profit, while maintaining reasonable queue lengths. As the demand
and supply curves governing the price-dependent arrival rates may not be known
in practice, we design a novel online-learning-based pricing policy and establish
its near-optimality. In particular, we prove a tradeoff among three performance
metrics: O(T"~7) regret, O(T7/?) average queue length, and O(T) maximum
queue length for v € (0,1/6], significantly improving over existing results [[T].
Moreover, barring the permissible range of 7, we show that this trade-off between
regret and average queue length is optimal up to logarithmic factors under a class of
policies, matching the optimal one as in [2] which assumes the demand and supply
curves to be known. Our proposed policy has two noteworthy features: a dynamic
component that optimizes the tradeoff between low regret and small queue lengths;
and a probabilistic component that resolves the tension between obtaining useful
samples for fast learning and maintaining small queue lengths.

1 Introduction

We study a two-sided market, wherein, heterogeneous customers and servers arrive into the system
and join their respective queues. Any compatible customer-server pair can then be matched, at which
point they leave the system instantaneously. More formally, the system is described by a bipartite
graph, where the vertices are customer and server queues while the edges represent compatibility
between them.
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Such a canonical two-sided/matching queueing model is useful in studying matching in emerging
applications like online marketplaces [2]]. For example, matching customers and drivers in ride-hailing
systems, customers and couriers in meal-delivery platforms, tasks and workers on crowdsourcing
platforms, etc. Furthermore, matching queues are a versatile tool for modeling diverse applications
beyond online marketplaces. In particular, different variants of matching queues are prevalent
in modeling applications like assemble-to-order systems [3]], payment channel networks [4], and
quantum switches [J5]].

Motivated by these applications, we study matching in a two-sided queueing model with an additional
lever of modulating the arrival rates via pricing. For example, a higher price offered to the customer
or a lower price offered to the server reduces their arrival rate. Our objective is to devise a joint
dynamic pricing and matching policy to maximize the profit for the system operator and minimize
the delay for customers and servers. Specifically, we focus on characterizing the Pareto frontier of
regret and average queue length, where regret is defined as the loss in profit compared to the so-called
fluid benchmark (see (B) for a precise definition).

This model was first introduced and studied in [2]. They proposed a dynamic pricing and matching
policy and established a ©(n'~7) regret and ©(17/2) queue length for € [0, 1] in the steady state,
where 7 is the system size. They also showed that such a trade-off between regret and queue length is
the best possible for a large class of policies. However, the proposed pricing policy of [2] is based on
the optimal solution of the so-called fluid problem which relies on knowing the demand and supply
curves. These curves are typically estimated using historical data. Thus, any estimation error leads to
an error in the optimal fluid solution, resulting in a ©(n) regret in the steady state. So, it is essential
to simultaneously estimate the demand and supply curves and optimize the pricing policy.

Building on [2]], the paper [1] proposed a learning-based pricing policy that iteratively updates the
price based on a zeroth-order stochastic projected gradient ascent on the fluid optimization problem.
They establish a ©(T"~7) regret and ©(T") average queue length bounds for € [0, 1/6], where T is
the time horizon (plays a similar role as 7 in [2]]). So, while this pricing scheme is parameter-agnostic,
it is not Pareto optimal as it does not achieve 1 — «y versus /2 tradeoff. One can understand this
sub-optimality by observing that their pricing scheme mimics a static policy as 7" — o0 as opposed
to a two-price policy as in [2].

To this end, we develop a pricing policy that achieves the best of both worlds: a parameter-agnostic
pricing scheme that mimics a two-price policy. We establish an improved é(T 1=7) regret and
O(T"/?) average queue length for vy € [0, 1/6]. We show that this trade-off, that is, 1 — -y versus 7,2
as in [2]), is optimal up to logarithmic factors under a class of policies. The only discrepancy is in the
permissible value of ~. In particular, we incur an additional learning error compared to [2] which
prevents us from improving the regret beyond (:)(T5/ 6). Nonetheless, we significantly improve over
[1]] and achieve a near-optimal trade-off between regret and average queue length. Additionally, our
policy also allows us to ensure ©(7"”) maximum queue length.

Our pricing scheme is a novel dynamic probabilistic policy that optimizes the tension between
obtaining useful samples for fast learning and maintaining small queue lengths while incurring low
regret. At the time ¢t € [T, let p(¢) be the price prescribed by the learning scheme for a fixed
customer type with queue length Q(¢) € Z.. Then, we are inclined to set a price p(t) to obtain useful
samples for learning, but that may increase the queue length. Our policy resolves this difficulty as
follows. If Q(t) = 0, set the price to be p(t) to prioritize learning when the queue length is empty.
Similarly, if Q(t) = ¢*", set the price to be the maximum price to prioritize high negative drift when
the queue length is large. For the in-between case of 0 < Q(t) < ¢'*, we set the price to be p(t)
with probability 1/2 and p(¢) + « otherwise. Such a probabilistic scheme ensures that half of the
collected samples is useful in learning. In addition, o € R is suitably picked to optimize the trade-off
between maintaining low queue lengths and incurring a small regret. In other words, we converge
to an optimal two-price policy as T — 0, as opposed to a static policy in [[1] which is known to be
sub-optimal.

1.1 Related Work

Contrary to the classical literature on online learning [6, [7, 18} [9,|10], learning in queueing systems
poses an additional challenge of strong correlations over time induced by maintaining a queue, in



addition to its countable state space invoking the curse of dimensionality. A recent surge of literature
(L1, 11511201130 [14]] has emerged to better understand online learning in queueing.

One line of work views the queueing system as a Markov decision process and uses reinforcement
learning methods in an attempt to learn a global optimal policy [[15}[16]. These methods are broadly
applicable to many types of queueing systems. Contrary to this, our focused approach allows us to
exploit the structural result that a two-price policy is near optimal [2]] to restrict our policy space,
resulting in a more efficient and practical learning scheme.

In line with our approach, another line of work exploits the structure of either the model [17], the
stationary distribution [[18]], or the (near) optimal policy [19,[13]. Closest to ours is the paper [[19]]
that learns to price for a queueing system with a single server and a single queue, where arrivals
follow a Poisson process and service times are independent and identically distributed with a general
distribution. However, they assume uniform stability of the queueing system, circumventing one of
the main challenges we tackle in this work. This assumption allows them to learn a static pricing
policy and show its optimality [20]. On the other hand, we focus on learning a dynamic pricing policy
and demonstrate its benefits, which we believe is novel in the literature on learning in queues.

2 Problem Formulation

We are using the model developed by [[1]]. We present the model in this section for completeness. We
study a discrete-time system that contains two sets (sides) of queues: one for customers and the other
for servers. Each side includes multiple queues to represent various types of customers or servers.
Customers can be seen as demand, and servers as supply. This system can be modeled using a
bipartite graph G(Z U J,E), where Z = {1, 2, ..., I} denotes customer types and J = {1,2,...,J}
denotes server types, with |Z| = I and | 7| = J. The set £ includes all compatible links, that is, a
type 7 customer can be served by a type j server if and only if (4, 5) € £. Figureillustrates this with
three customer types and two server types (I = 3, J = 2).
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Figure 1: The model, an example with 3 types of customers and 2 types of servers.

At the beginning of each time slot ¢, the platform observes Q). ;(t) and Qs ;(t) for all ¢ € Z and
j € J, where Q. ;(t) and Qs ;(t) represent the queue lengths of type ¢ customers and type j servers,
respectively. Assume that all queues are initially empty at ¢ = 1. Then the platform determines the
price for each queue, i.e., for each type of customer and server. Let p. ;(t) represent the price for a
type ¢ customer and ps ;(¢) the price for a type j server in time slot ¢. The price p. ;(t) means that a
type ¢ customer will be charged pc ;(¢) units of money by the platform when they join the queue. The
price ps ;(t) means that a type j server will receive ps_;(¢) units of money from the platform when
they join the queue. These prices will influence the arrivals of the customers and servers. In time
slot ¢, let A ;(t) represent the number of type ¢ customer arrivals, and A ;(¢) the number of type
Jj server arrivals. Assume A, ;(¢) and A ;(¢) are independently distributed according to Bernoulli
distributions. Define \;(t) := E[A.;(t)] and 1, (t) := E[As ;(¢)]. We use a demand function and a
supply function to model the relation between the price and the arrival rate for each customer and
each server. For a type i customer, the demand function, F; : [0, 1] = [Pc.i mins Pe.i,max > models the
relation between the arrival rate \;(¢) € [0, 1] and the price p. i () € [Pe,i,min, Pe,i,max)> With Pe ; min
and Dc ; max as the minimum and maximum prices, respectively. Similarly, the supply function
for a type j server, G, : [0,1] — [Ds j.min, Ps,j,max], models the relation between the arrival rate



i (t) € [0, 1] and the price ps ;(t) € [Ps,j,min, Ps,j,max ]|, Where ps j min and ps j max are the minimum
and maximum prices for a type j server. We make the following assumption on F; and G; as in [1]:

Assumption 1. For any customer type i, F; is strictly decreasing, bijective, and L, -Lipschitz. Its
inverse function Fi_1 is L p-1-Lipschitz. For any server type j, G is strictly increasing, bijective,

and Lg,-Lipschitz. Its inverse function Gj_1 is LG;l -Lipschitz.

Thus, the price p.. ;(t) determines the arrival rate \; (¢) through \;(t) = ;" (p.(t)) forall i € Z and
the price ps ;(¢) determines the arrival rate p;(t) through p;(t) = Gj_l(psyj (t)) forall j € J. After
arrivals in the time slot ¢, the platform matches customers and servers in the queues via compatible
links. Once a customer is matched with a server, both exit the system immediately.

Objectives: Consider a finite time horizon 7'. As in [1]], we consider three performance metrics,
profit, average queue length, and maximum queue length, as shown as follows:

Profit(T Z [Z Xi(6)Fi(Ni(t)) — Z 15 ()G (15 (t))]

T
AvgQLen(T =7 ; [Z Qc,i(t) + Z Qs (t ]

MaxQLen(T) = max max{max Qc,i(t), max Qsﬁj(t)}.
ST J

t=1,.

Our goal is to design an online pricing and matching algorithms to maximize the profit of the platform
without knowing the demand and supply functions, while maintaining reasonable maximum and
average queue lengths.

Baseline: We compare the profit of an online algorithm with the optimal value of a fluid-based
optimization problem [2] as follows:

maXZ)\ Fi(A Z/“LJ (1)

Apz
st A= >, wijforallieZ, p;= Y| a;foralljeJ, 2
J:(4,5)€€ i:(4,7)€€
z;; =0forall (i,5) €&, Aj,p;€[0,1]forallieZ, jeJ, 3)
where X = (\;)iez and p = (41;)jes can be viewed as steady-state arrival rates, and = =

(I@j)(i’j)eg can be viewed as steady-state matching rates. The constraints can be viewed as
balance equations. We adopt the following assumptions as in [1} 2]:

Assumption 2. The function \;F;(\;) is concave in \; for all i and the function 11;G;(j1;) is convex
in p; forall j.

Assumption 3. There exists a known positive number an;, € (0, 1) for which there exists an optimal
solution (N*, pu*, x*) to the optimization problem (I)-@), satisfying z}; >0, amin < A} < land
Gmin < ,u;‘ < 1joralliandj.

Assumptlonllmphes that the profit function \; F;(\;) — 1; G, (1) is concave and the optimization
problem defined by (I)-(3) is concave. This concav1ty assumption follows from the economic law of
diminishing marginal return: as the arrival rate increases, the marginal return, that is, the derivative of
the profit function, decreases, which implies that the profit function is concave. Assumption [3means
that there exists an optimal solution that resides in the interior of the feasible set. This means that no
links or queues are redundant and no queues reach maximum arrival rates in this optimal solution.
This is a mild assumption because:

* If any redundant links or queues exist, they can likely be easily identified in practice and removed
from the problem.

* Suppose each time slot is set to be sufficiently small when modeling real-world arrival rates. Then,
an arrival rate of 1 in this discrete-time model with Bernoulli arrivals corresponds to a sufficiently
large actual arrival rate. In this case, no queue would reach the maximum arrival rate in the optimal
solution due to the concavity of the profit function w.r.t. arrival rates.



We consider policies that make the queue mean rate stable [21]], i.e., under the policy, for all ¢, j,

o1 .1
A ZE[Qei(T)] =0, lim —E[Qs;(T)] = 0. @
As shown in [}, the optimal value of the fluid optimization problem (I)-(3) is an upper bound on the
asymptotic time-averaged expected profit under any mean rate stable policy. Therefore, we use the
optimal value of the fluid problem as baseline to define expected regret:

E[R(T)] = T(Z NF(O) =) u;-kcjw;)) N [Z MOFN(D) = X115 (1)C (15 (1)
J =1 i J s

Challenges: We face several challenges in addressing this problem:

* The first challenge is the unknown demand and supply functions F; and G;. The objective and
constraints of the optimization problem (I)-(3) are in terms of arrival rates but the platform can only
control the prices directly. If we choose to use prices as the control variable of the optimization
problem, then the problem becomes nonconcave due to nonlinear equations in the constraint set,
and the constraint set becomes unknown. This is the key challenge compared to the case of the
single-sided queue [19], where balance equations are not needed.

* We are considering an online learning setting where learning and decision making occur simul-
taneously. It is not acceptable to first estimate the demand and supply functions through running
the system with difference prices (e.g., nonparametric regression) and then solve the optimization
problem, because the queue lengths can grow linearly over time in the estimation process due to
imbalanced arrival rates. An example can be found in Appendix [A]

* It is challenging to characterize and achieve the optimal tradeoff between regret and queue length.
The paper [1]] obtain © (7T ~7) regret and © (1) average queue length bounds, but we know from
[2] that this tradeoff is not optimal. It is worth studying whether there exists an algorithm that
achieves a near-optimal tradeoff between regret and average queue length in this learning setting.

Definition of Pareto-optimal tradeoff: Let E, 4[R(T")] denote the expected profit regret under
policy 7 and problem instance d. The problem instance d specifies the bipartite graph G(Z u J, E)
and the demand and supply functions. Let AvgQLen, ,(T") denote the average queue length under
policy 7 and problem instance d. Let (x(7), y(m)) denote the exponents of the objective values under
the worst case, i.e.,
x(m) = limsuplogy (sup Ex ¢[R(T)])
T—o0 d
and
y(m) == limsup logs (sup AvgQLen . 4(T)).
T—0 d i
A point (z(71), y(m1)) is said to be better than another point (x(m3), y(m2)) if 2(71) < z(m2) and
y(m) < y(me) with at least one inequality strict. A point (z(7), y(7)) is Pareto-optimal if there is
no other policy 7’ that satisfies z(7’) < x(7) and y(7’) < y() with at least one inequality strict.
The set of all Pareto-optimal points forms the Pareto frontier.

Notation: Bold symbols denote vectors in RI€l, R or R7, such as @, A, . Subscript i or j refer
to individual elements of a vector; for example, \; represents the it element of A. Note that
x = (i) (,j)ee is treated as a vector in RI€l. The order of elements in 2 can be arbitrary, provided
it is consistent. Additionally, we use the subscript c for the customer side and s for the server side.

3 Main Results

In this section, we provide an overview of the main results in this paper. We use a longest-queue-first
matching algorithm and propose a novel learning-based pricing algorithm, which will be described in
Section[d]in detail. The new algorithm achieves the following profit-regret bound and queue-length
bounds:

E[R(T)] = O(Tlﬂ), AvgQLen(T) = O(T#), MaxQLen(T) = O(TV>,



for any « € [0, 1/6], where + is a hyperparameter in the proposed algorithm. The formal statements
of the results can be found in Appendix [B] As the allowable queue length increases, the achievable
regret bound improves. However, the regret bound cannot be further reduced below O(T5/ 6) in our
result. Compared to [[1], the average queue length in this tradeoff is significantly improved from
O(T") to O(T/?) while the regret and the maximum queue length remain the same.

Near-optimal tradeoff: This O(T"~7) versus O(T"/?) tradeoff between regret and average queue
length matches the ©(n'~7) regret and ©(1)7/?) queue length tradeoff in [2]] up to logarithmic factors,
where they show the tradeoff is optimal in their setting. The parameter 7 in [2] is the scaling of arrival
rates in their setting, which plays a similar role as the time horizon 7" in our setting because both
characterize the scaling of the number of arrivals to the system. We now establish that this trade-off
between regret and average queue length is nearly optimal. We restrict ourselves to a single-link
system, i.e., I = J = 1 and drop the subscripts 7 and j. Consider the matching policy that matches
all pairs whenever possible. Note that in a single-link system, there is no incentive to delay any
possible match, as doing so only results in increased queue lengths. Similar to AvgQLen(T"), define
AvgQ2Len(T) = + Zthl E[Q.(t)? + Qs(t)?]. Assuming an upper bound on AvgQ?Len(T), the
lemma below obtains a lower bound on the regret.

Lemma 1. Let Assumption and Assumptionhold. Assume that the functions —xF (x) (negative
revenue) and xG(x) (cost) are both strongly convex. Also assume the unique optimal solution to the
Sluid optimization problem \* = p* ¢ {0, 1} to avoid the trivial case.

Fix a~ € [0,1/2]. Then, for sufficiently large T, for any pricing policy for which A/AvgQ?Len(T) <
T2 and E[Q (T + 1)? + Q(T + 1)?] = o(T), we must have E[R(T)] = Q(T*~).

Proof of Lemma [I] can be found in Appendix J in [22]. Note that the above lemma assumes
AvgQ?Len(T) < T7/? which is slightly stronger than assuming AvgQLen(7) < T7/? as
AvgQ?Len(T) > AvgQLen(T) by Jensen’s inequality and the fact that Q.(t)? + Qs(t)? =

(Qc(t) + Qs(t))? (by Lemma 1 in [[]]). In particular, our proof strategy requires a handle on a higher

moment of the queue length to obtain the required bound on the regret. In Appendix K in [22], we

show that 1/ AvgQ?Len(T") = ©(AvgQLen(T)) for a large class of pricing policies that are a small
perturbation of a static pricing policy satisfying a natural negative drift condition. Such a class of
policies is ubiquitous in the literature [20, 2} 23] on dynamic pricing in queues.

To understand the 1 — v versus /2 trade-off, consider a general pricing policy given by
AMQc, Qs), 1(Qc, Qs) € [N — a,\* + «] for some o > 0. For any such policy, the average
queue length is at least ©(1/«) as the difference in the arrival rates is ©(«) [23]]. Also, denote the
regret as a function of the arrival rate for each time slot by r and note that (A*) = 0. By Taylor’s
expansion, the cumulative regret in time 7T for arrival rate \* & () is TO(ar’(A*) + a?r"(\*)/2),
where the first order term vanishes as r/(A\*) ~ 0 by the first order optimality conditions. Thus, in
summary, the queue length is of the order 1/a and the regret is T'a?. By substituting o« = T~7/2, we
obtain that the 1 — ~ versus «y/2 trade-off is fundamental.

Comparison with [1]]: The paper [[1]] employs a pricing policy with an admission control threshold
¢'". In such a setting, the queue length is of the order ©(¢'") as the underlying system dynamics is a
symmetric random walk between [0, ¢**]. In addition, the regret is equal to Zthl Pr[Q(t) = ¢**],
i.e., the proportion of the time we hit the boundary, which is approximately equal to 7'/¢*". Thus, by
picking ¢*® = T, it will result in a 1 — ~ versus ~y trade-off. This intuition shows that the approach
of [l1]] will not be able to result in the optimal 1 — ~ versus /2 trade-off-

Scaling with the number of customer/server types: The regret upper bound scales with the number
of customer types I and server types J as O(I*J*(I + J)T*~7). The average queue length upper

bound scales with I and J as O(I.J(I + J)T"/?). The maximum queue length does not scale with I
or J. We believe the dependencies on I and .J can be improved, as our analysis mainly focuses on
obtaining the correct dependence in terms of the time horizon 7T'.

4 Algorithm

In this section, we will describe the matching algorithm we use and propose a novel pricing algorithm,
under which we can achieve the results in the previous section.



Matching algorithm: We use the same matching algorithm proposed in [1]], which is a discretized
version of the MaxWeight algorithm in [2]. At each time slot, we iterate through all queues on both
the customer and server sides. For each queue, we first check for new arrivals. If a new arrival is
detected (either a customer or a server), the algorithm matches it with an entity from the longest
compatible queue on the opposite side.

Pricing algorithm: We propose a novel pricing algorithm that aims to achieve the optimal tradeoff
between regret and average queue length, while having a guarantee of anytime maximum queue
length. Same as [1]], we use the techniques of zero-order stochastic projected gradient ascent [9]
and bisection search in the pricing algorithm. The key innovation lies in how we implement the
a-perturbed two-price policy mentioned in the intuition in Section [3]in the learning setting. We
propose a novel probabilistic two-price policy, where we reduce the arrival rate by perturbing the
price with a constant probability for each queue when the queue is nonempty and the length is less
than a predefined threshold. This probabilistic two-price policy achieves a near-optimal tradeoff
between regret and average queue length, while having a guarantee of anytime maximum queue
length. The rest of this section provides a detailed explanation of our pricing algorithm.

4.1 Two-Point Zero-Order Method

Note that under Assumption[3] the fluid problem (T)-(3) can be equivalently rewritten as

st =3 8 )i ¥ o) -3 ST a) o

i \Jj€€e,i J€€c.i 7 €&, j €&, j
st Y g Elamin, 1] forallie Z, > a;; € [amin, 1] forall j € 7, (7
J€&c,i i€€s,
x; ; =0 forall (i, j) € £, 8)

where & ; == {j|(¢,7) € £} and & ; == {i|(4, j) € £}. Given that the demand and supply functions
F; and G are unknown, we cannot solve the problem (6)-(8) directly. Suppose we have zero-order
access to the objective function (6), i.e., the value of the objective function can be evaluated given any
input variable . Then, we can use the two-point zero-order method [9]. We will present the main
idea here. In the method, we begin with an initial feasible solution and perform projected gradient
ascent, estimating the gradient at each iteration using two points that are perturbed from the current
solution. Specifically, it can be described in the following steps:

(1) Initial feasible point: Let D denote the feasible set of the problem (6)-(8). Let D’ denote a
shrunk set of D with a parameter § > 0. The word “shrunk” means that & + du € D for any « € D’
and any vector u in the unit ball, which was proved in [1] with the definition of D’ under some mild
assumptions. The details about D’ are presented in Appendix [C|for completeness. The algorithm
begins with an initial feasible solution (1) € D’.

(2) Generate a random direction and two points: In each iteration k, we begin by sampling a
unit vector u(k) in a uniformly random direction. Next, we perturb the current solution (k) in
the direction of u(k) and the opposite direction of w(k), generating two points, x (k) + du(k) and
(k) — du(k). We know that if the current solution x(k) is in the shrunk set D’, then the two points
will be in the feasible set D and hence are feasible.

(3) Estimate the function values in the two points: If we have zero-order access of the objective
function f, we can obtain the function values f(xz(k) + du(k)) and f(x(k) — Ju(k)). However, we
do not have zero-order access to f since we do not even have zero-order access to the demand and
supply functions F; and G;. In this case, we need to estimate the values of F; and G; given some
known arrival rates as inputs. We will use a bisection search method similar to [1] to estimate the
values, which will be described later in Section [£.2]

(4) Gradient Calculation: With the estimation of the two function values f(x(k) + du(k)) and

f(x(k) — du(k)), the gradient g(k) = %[f(m(k) +du(k)) — f(z(k) — du(k))]u(k).

(5) Projected gradient ascent: With the estimated gradient g(k), we perform a step of projected
gradient ascent with a step size n: ©(k + 1) = Hp/ (z(k) + ng(k)).



Then the algorithm repeats Step (2)-(5) for the next iteration. This part of the pricing algorithm is
the same as the balanced pricing algorithm in [[1]] and the details of the algorithm can be found in
Appendix D] for completeness.

4.2 Bisection Search Method

In this section, we will illustrate the bisection search method that we mentioned in the previous
section. The bisection search takes the target arrival rates and the price searching intervals for
all queues as inputs and outputs the estimated prices corresponding to the input arrival rates with
accuracy €. The bisection search can be illustrated in the following steps:

(1) Calculate the midpoints: In each bisection iteration m (m = 1,2,..., M, M = [log,(1/€)]),
we first calculate the midpoint of the price searching interval for each queue. Note that the initial
price searching intervals when k = 1 and m = 1 are predetermined at the beginning of the pricing
algorithm, and the initial price searching intervals when k£ > 1 and m = 1 are calculated from the
output of the bisection search in the previous outer iteration k¥ — 1, which can be found in Line
in Algorithm([T] The underlying idea is that the price will not change too much since the corresponding
target arrival rate will not change too much due to the small step size 7.

(2) Run the system to collect samples: Next, we run the system with the midpoints for a certain
number of time slots to obtain /N samples of each arrival rate corresponding to each midpoint, where
N = [(8/€*)1In(1/€)] and B > 0 is a constant. How we run the system to collect samples is the key
difference between our proposed algorithm and that of [1]. We propose a probabilistic two-price
policy and will present it later in Section[4.3]

(3) Estimate the arrival rates and update the price searching intervals: Then, we can obtain an
estimate of the arrival rate for each queue by taking the average of NV samples. For each queue on the
customer side, if the estimated arrival rate is greater than the input arrival rate, we should increase
the price to reduce the arrival rate because the demand function is decreasing, so the price searching
interval should be updated to the upper half of the previous price searching interval. Otherwise, the
price searching interval should be updated to the lower half of the previous price searching interval.
For each queue on the server side, we should do the opposite since the supply function is increasing.

Then the algorithm repeats Step (1)-(3) for the next bisection iteration. The details of the algorithm
can be found in Appendix [F}

4.3 Probabilistic Two-Price Policy

In this section, we propose a novel pricing policy called probabilistic two-price policy for Step (2)
in Section .2] Recall that the goal of Step (2) is to collect samples to estimate the arrival rates
corresponding to the prices of the midpoints. For an estimate of accuracy €, we need N = O(1/€?)
number of samples according to the central limit theorem.

Challenges: The key challenge in setting prices in this sample collection process is that we need
to consider and balance three objectives. First, we need to set prices to be the midpoints to collect
samples for learning. Second, we need to control the average queue length and maximum queue
length during this sample collection process. Third, we need to minimize the regret. For fast learning,
we want to set the prices to be the midpoints as frequently as possible. However, simply using the
midpoints to run the system for IV time slots will not give us any way to control the queue lengths. To
control the maximum queue length, we use a threshold ¢*" as in [I]] — when the queue length exceeds
q'", we reject arrivals by setting the highest price pc i max for customer queue 7 or the lowest price
Ds,j,min for server queue j. However, this threshold policy cannot achieve an optimal tradeoff between
average queue length and regret. A challenging question is whether we can achieve a near-optimal
tradeoff.

We propose the probabilistic two-price policy, which resolves the tension between obtaining useful
samples for fast learning and maintaining small queue lengths, providing a positive answer to the
above question. The pseudo-code of the proposed policy can be found in Algorithm [3|in Appendix
The proposed policy can be explained in the following steps:

(1) At the beginning of the algorithm, we initialize counters to track the number of useful arrival rate
samples for each queue, as shown in Line|[T]in Algorithm 3]



(2) Control the maximum queue length: As in [, for each queue, we use a threshold ¢*" to control
the maximum queue length. If the queue length exceeds or equals the threshold, we will set the
price to the maximum (for customer queues) or the minimum (for server queues) to reject new
arrivals, as shown in Line ] and Line[I0]in Algorithm 3]

(3) Control the average queue length with a probabilistic approach: To control the average queue
length, we propose a probabilistic approach of adjusting the price, to reduce the arrival rate for
each queue when the queue is nonempty and the length is less than the threshold ¢'". Specifically,
for each customer queue, with a constant probability (set to 1/2 for simplicity), we increase
the price by a small amount « to reduce the arrival rate; for each server queue, with a constant
probability, we decrease the price by « to reduce the arrival rate, as shown in Line [5]and Line|TT]
in Algorithm 3] When the queue is empty, we keep the original prices of the midpoints, as shown
in Line[@l and Line[12]

(4) With the above prices, we run the system for one time slot. For each queue, we keep the arrival
sample only when the original price is used, discarding the sample when the price is adjusted, as
shown in Line [7)and Line [[3]in Algorithm[3] We repeat Step (2) and Step (3) and run the system
until the number of samples we keep is no less than IV for every queue. Finally, the algorithm
returns the samples we keep.

Difficulties introduced by learning and algorithmic innovations: The paper [2] proposed a two-
price policy (the a-perturbed policy mentioned in Section [3) — when the queue length exceeds a
predetermined threshold, they reduce the arrival rate by a small amount «.. The idea was to ensure
that we always have an « negative drift that reduces the queue lengths in expectation. However, in the
learning setting where the demand and supply functions are unknown, the objective of setting prices
is not only to induce a negative drift to control queue lengths, but also to yield useful samples for
learning. Note that every time we adjust the price by « to induce a negative drift, these arrival samples
become biased. These biases influence the value estimates of the two points, which in turn affect the
gradient estimates in the two-point gradient ascent method, ultimately impacting the regret. Using
these biased samples will lead to a regret of at least order ©(T'«). To achieve the optimal trade-off
between average queue length and regret, the regret must be ©(7T'a?) as mentioned in the intuition
in Section [3] Therefore, in our policy, we discard these biased samples, making them unusable
for learning. Hence, it is important to ensure that negative drift is enforced while not wasting too
many samples. The novel probabilistic approach enables us to obtain useful samples with a constant
fraction of time for fast learning, while also ensuring negative drift through reducing arrival rates by
©O(«) with a constant probability when the queue is nonempty . By setting «v we are able to achieve a
near-optimal tradeoff between average queue length and regret.

Technical innovations: The analysis related to the proposed probabilistic two-price policy is novel.
Specifically, the new technical challenges and the corresponding innovations include:

* One challenge in the analysis is to bound the number of useless samples that are collected at
the time of adjusting prices to reduce the arrival rate for queue-length control. The proposed
probabilistic approach controls the fraction of time spent adjusting prices, thereby bounding the
number of useless samples. This can be formally established using Wald’s lemma, as shown in
Appendix L.4.1 in [22].

* Another challenge in the analysis is to bound the regret induced by adjusting prices by .. The
regret induced by adjusting prices can be bounded by the first-order error and the second-order
error. The difficulty is to prove that the first-order error is no greater than the second-order error in
the learning setting. To show this, we combine the KKT condition (Appendix L.3 in [22]) and the
Lyapunov drift method (Lemma 5 in [22], proof in Appendix O in [22]).

4.4 Computational Complexity

The proposed pricing algorithm has computational complexity O(( + J)T' + IJT'~*7), along with
T1=%7 calls to a projection oracle. The projection can be implemented by solving a convex quadratic
program using interior point methods, which have a computational complexity of O((1.J)3-%) [24].
Hence, the overall computational complexity is O((I + J)T + (1.J)3-5T1=47).



5 Numerical Results

In this section, we present simulation results for the proposed algorithm and compare its performance
with the two-price policy (with known demand and supply functions) from [2] and the threshold
policy from [1]].

To compare the performance of these algorithms, we consider the following objective function:

Z(ZA ) (pe,i(T) — wE[We i Eﬂa ) (psg (7 +wE[W()]>), ©)

where W ;(7) denotes the waiting time of the customer arriving at queue ¢ at time slot 7 and W ;(7)
denotes the waiting time of the server arriving at queue j at time slot 7. The constant w > 0 can
be viewed as the compensation the platform pays for per unit time the customer/server wait. This
objective can be shown to be equivalent to maximizing the originally defined profit minus the sum of
the queue lengths multiplied by w (see Appendix [H). Therefore, the regret of the objective (9) can be
calculated by E[R(¢)] + wtAvgQLen(t).
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Figure 2: Comparison among the two-price policy (no learning, known demand and supply functions)
[2]], the threshold policy [l1]], and the proposed probabilistic two-price policy with w = 0.001. The
shaded area is 95% confidence interval with 10 independent runs.

Figure [2] presents the performance of the algorithms in a single-link system with w = 0.001 and
~ = 1/6. We can see that the proposed algorithm significantly improves upon the algorithm in [T]
by up to 22%. The two-price policy from [2] outperforms the other two algorithms because it is a
genie-aided policy that assumes full knowledge of the true demand and supply functions, thereby
bypassing the challenges associated with learning.

Details of the simulation are provided in Appendix [H], where we report the regret, average queue
length, and maximum queue length of these algorithms, and also compare their performance under
a different weight value w = 0.01. We also test sensitivity of the performance of the proposed
algorithm to parameter tuning. We conduct simulation for a multi-link system as well.

Comparison with recent methods for queueing control: Most of the work on reinforcement
learning for queueing in the literature [25} 26, |27} 28 |16] does not utilize the special structure of our
pricing and matching problem, and it is difficult to trade off between profit and queue length. When
facing the curse of dimensionality of queueing systems, the works [25,[26] 28] use deep reinforcement
learning, which does not have any theoretical guarantee on the performance. On the other hand, our
approach circumvents the curse of dimensionality by restricting to the set of probabilistic two-price
policies as opposed to a fully dynamic policy, as we know that a two-price policy is near-optimal.
Other adaptive optimization approaches, such as those that discretize the price space and apply
UCB-based methods, fail to balance matching rates and arrival rates on both sides, making it difficult
to control queue lengths.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: Please refer to Section[I]and Section[3
Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: Please refer to Section|[I] Section [3] and Appendix [B]
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: Please refer to Section[2]and Appendix [B]for the full set of assumptions. Please
refer to Appendix J, Appendix K, Appendix L, Appendix M, Appendix N, and Appendix O
in [22] for the complete proof.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: Please refer to Section[5]and Appendix [H]

Guidelines:

The answer NA means that the paper does not include experiments.

If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: Please refer to the supplementary material.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: Please refer to Section[5] Appendix [H] and the supplementary material.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: Please refer to Section[5] Appendix [H] and the supplementary material.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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8.

10.

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: Please refer to Appendix
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We have reviewed the Code of Ethics and the research in the paper conforms
with it.
Guidelines:
* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: Please refer to Appendix
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: The paper does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]
Justification: Please refer to the supplementary material for the code.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A An Estimate-Then-Optimize Algorithm

Consider the following estimate-then-optimize algorithm. First, we try prices uniformly in the price
space. For each queue, to obtain an accuracy of ( for the estimation of the demand/supply function,
we need to discretize the space into ©(1/¢) points, and for each point, we need at least ©(1/¢?)
samples according to the central limit theorem. In this process, the queue length will increase linearly
over time, up to ©(1/¢ 3) Using the estimated functions, we can obtain a solution with accuracy (,
and we can use this solution until the time horizon 7T'. Hence, the worst-case average queue length
will be ©(1/¢ + (T — 1/¢3)(). The lowest worst-case average queue length that this approach can
achieve is ©(7"%/*) with ¢ = T~'/4, while our approach can achieve a much smaller average queue

length ©(T"/12) with = 1/6 according to the results in Section

B Formal Statements of Theoretical Results

In this section, we will present formal theoretical results for the proposed algorithm described in
Section[d] and discuss the difficulties in the analysis.

B.1 Assumptions

To derive theoretical results, we impose the following additional assumptions.

We make the following assumption on the knowledge of the initial feasible point and the initial price
searching intervals as in [[1]].

Assumption 4 (Initial Balanced Arrival Rates). Assume that the initial point (1) € D’ and the
initial pricing searching intervals {[}3C i,ﬁc,i], [Qq j,ﬁs,j]}iel,jej satisfy

2 z; (1) G[Fi_l(ﬁc,i) —e+4/|&.ql9, Fi_l(gC Jte— 5071-(5] JJor all i

jegc,i

Z 371’73'(1) G[Gjl(ﬂs’j) —€+ |gs,j|6a Ggl(ﬁs,j) te— |gs,j|6:| Jor all j,

i€&s,5

pc,i _Bci <26c,iv ps,j _st < 2es,j7 for Clll 13.7

The small numbers e ; and e ; can be found in Appendix

Discussion on Assumption [ As in [I], we assume that a feasible point (1) € D’ and the
corresponding price bounds are known. We set the initial feasible point to be this point and use these
bounds as the initial price searching intervals. Note that this point «(1) and the prices are usually not
optimal. This assumption is mild, because in real application, we usually have some existing pricing
strategy that may not be optimal but usually has approximately balanced arrival rates.

We make the following assumption about the objective function f and an optimal solution.

Assumption 5 (Weaker Strong-Convexity). There exists a positive constant v such that there is an
optimal solution (N*, u*, x*) satisfying Assumptionand the following:

f@) - f(@) > 2o — 23, (10)
forallx e D'

Discussion on Assumption [5; The equation (I0) in Assumption [5|means that the optimal solution
satisfies a property that is weaker than strong convexity. In fact, it is a necessary condition for strong
convexity.

Under Assumption [3]and Assumption[5] without loss of generality, we can assume ai, satisfies

min 1 .
3 % — iy > 0 forall i (11
€€ 2
min 1 .
3 Gmin 1 >0 forall j (12)
4 2N,
zef,'s,j »J
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To see this, notice that (TT]) and (T2) hold as long as the constant a,y;, is sufficiently small. If (TT]) or
(T2) does not hold, we can always find another constant a/ ;  such that 0 < a ;. < amin and a/

min min min

satisfies (TT) and (I2). Then, we can use this a/,;, and all the results in this paper still hold.

min
We make the following assumption about the functions Fi_l, Gj_l, Fj, and Gj.

Assumption 6 (Smoothness & Nonzero Derivatives). We make the following assumptions on the
demand and supply functions.

(1) Assume for all customer type i and all server type j, the function F;l is p—1-smooth, the

function G;l is B-1-smooth, the function I; is B, -smooth, and the function G; is ng -smooth,
J

dp pP=p1 dp pP=p2
() ()

()., (8.,

< /Bpi—l‘pl _p2|7

< /Bcj—l|pl 7p2‘»

< Br | A1 — Az,

< Baylp — pe|

for all prices p1,p2 and all arrival rates \1, Ao, ji1, 2.

(2) Assume for all customer type i and all server type j, the derivatives of Fi_1 and Gj_1 are lower
bounded by a constant, i.e.,

dF, ;1 (p)
dp
4G5 (p)
dp

‘ >CLf0r allp € [pc,i,minapc,i,max]7

>CLf0r (lllp € [ps,j,minaps,j,max]a

where C, is a constant independent of T.

Discussion on Assumption |§|: Assumption Ek 1) means that the demand and supply functions F[l,
G;l, F;, and G; are smooth. The smoothness assumption is common in the optimization literature.
Assumption [6{2) means that the derivatives of these functions are bounded away from zero, which
is necessary to ensure that the arrival rate can be reduced through adjusting the price. Nonzero
derivatives is usually true in practice.

B.2 Theoretical Bounds

Suppose we use the proposed algorithm described in Section 4] Let the parameters 7, €, J, «, ¢*"
be functions of T". Let 7, €, 4, & be nonincreasing in 7" and qth be nondecreasing in 7". We have the
following theoretical bounds.

Theorem 1. Let Assumption[I| 2| Bl B 3} [l hold. Suppose € < §, T = 2M N, « is orderwise greater
than (% +n+ 0 +€), i.e, imp_o (' + 1+ 6 + €)/a = 0, then for sufficiently large T, we have

E[R(T)] =0<qfh+log2(i/e)+T(€+n+§) + a\/ilog(l/e) +Ta <\/ﬁ+\/§+\/g>

ne 1) NI
+Ta? + g™ + T2e5+! 4 Tez 1 1og(1/e)>, (13)
and the queue lengths
1 g™ 541 e th
AvgQLen(T) < © Sty <T62 + €2 10g(1/e)> . MaxQLen(T) < ¢ (14)
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Proof of Theorem can be found in Appendix L in [22]. In the regret bound (T3), the term 7'/¢*" is
caused by rejecting arrivals when queue lengths exceed ¢*". The term log?(1/€)/(ne?)+T (e/5+n+6)
is caused by the zero-order projected stochastic gradient ascent with biased gradient estimation. The
term /T log(1/€)/(ey/n) + Ta(y/1 + N R V0) 4+ Ta? + ¢ is caused by reducing arrival rates
through adjusting the prices by «.. The term T 2¢5+1 4 Tes—1 log(1/€) is caused by the estimation
error of the arrival rates.

In order to obtain the tradeoff among regret, average queue length, and maximum queue length, we
first set ¢*" = T for a fixed +. By first optimizing the order of the regret bound with respect to
the parameters €, 77, d, v, and then optimizing the order of the average queue length bound (T4) over
« without compromising the order of the regret bound, we can obtain the following corollary.

Corollary 1. Let all the assumptions in Theorem|l|hold. For any v € (0, %] setting parameters

qth =T7, ¢e=T"2, n=0=T" a= Tf”f/Q, B = 1/v — 1, for sufficiently large T, we can
achieve a sublinear regret as

E[R(T)] = O(T'™"),
and the queue lengths
AvgQLen(T) = O(T?), MaxQLen(T) < T7.

For any v € (é, 1), setting parameters ¢"* = TV, e = T3, n =6 =T"16, o = T~1/12, g = 5,
for sufficiently large T, we can achieve a sublinear regret as

E[R(T)] = O(T™"),
and the queue lengths

AvgQLen(T) = O(TY'2),  MaxQLen(T) < T".

We can see from Corollary [I] that compared to [}, the average queue length bound is significantly
improved from O(T") to O(T'%) with the use of the probabilistic two-price policy while the regret
bound remains the same order, . We remark that this tradeoff between regret and average queue
length, O(T"~7) versus O(T'% ), matches the optimal tradeoff in [2] up to logarithmic order, although
they do not consider learning in their setting. As the allowable maximum queue length increases (up
to T''/6), the achievable regret bound improves. However, increasing the maximum queue length
beyond 7'/6 does not further enhance the regret bound, which remains at O(TS/ 6) (after parameter
optimization). Hence, we will not let  increase over 1/6.

B.3 Discussion

Reason for choosing a probabilistic approach: The probabilistic pricing scheme adjusts the price
to reduce the arrival rate with a certain probability for each nonempty queue. Therefore, for each
nonempty queue, with a certain probability, the arrival rate will be strictly smaller than the sum of
the average matching rates over all the connected links. So the lengths of nonempty queues will
decrease, making the average queue length bounded. Other approaches, such as threshold policies in
[2]], can also control the average queue length, but they will induce a larger regret or do not have any
theoretical guarantee for the induced regret. The reason is that these threshold approaches introduce
strong correlation among price adjustment decisions across different time slots, making it difficult to
bound the number of useless samples. The proposed probabilistic pricing decouples this correlation,
providing theoretically guaranteed regret and average queue length, as well as a near-optimal tradeoff
between them.

Range of : One (possible) limitation of our result is the restricted range of € (0, 1/6]. First, note
that, in the learning setting, we cannot expect to have a better regret than +/7" as shown in [29]. Thus,
we should expect to have at best y € (0, 1/2]. In our setting, we incur an even larger regret of T5/6 as
the function we are maximizing is a concave function of the arrival rates but we cannot directly set
the arrival rates; we are only allowed to set the prices which in turn determines the arrival rates. This
extra dependency forces us to implement a line search to first try several different prices to set the
correct arrival rate, which in turn allows us to implement one iteration of the gradient algorithm. This
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additional step seems to be necessary due to the constraints imposed by the system and results in
an additional regret. Having said that, we are not sure what the best possible regret is (somewhere
between ﬁ and T/ 6), and it is an interesting future direction. We believe such a lower bound is
non-trivial due to the dual learning setup (using prices to learn the arrival rate and then using the
arrival rate to learn the optimal profit).

Possible Extension of the Probabilistic Approach: In problems of joint queueing, learning, and
optimization, the correlation among them is usually complicated. One of the fundamental trade-offs in
such problems is to optimize an objective while ensuring sustained low queue lengths. Thus, making
mistakes during online learning in queues has a sustained effect as queues build up, and so, one needs
to carefully select the actions (prices in our case) to determine the optimal action while keeping low
queue lengths. The idea of a probabilistic algorithm partially decouples these two phenomena: it
allows to exploration of the prices to optimize the profit while ensuring low queue lengths. This
decoupling allows for a tight analysis, resulting in characterizing the optimal trade-off between profit
and queue length. Thus, we believe that the idea of using such a probabilistic algorithm could be
widely applicable in the context of online learning in queues.
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C Definitions of the Shrunk Feasible Set D’

The definition of the shrunk set D’ is as follows.

D = {az

amin+1 ) amin+1
- T ) e |- (1-2 BT in )
2 (x N 2N 5 )e[ ( 7‘><Z 2N, )

jlegc,i J egc,’i

forall i, j,@; ; — —(———

) Gmin + 1
COIER ]| G

where N; ; := max{|&. |, |& ;|} denotes the maximum cardinality of the sets & ; and & ,

. 1 + Gmin 1 ( Qmin + 1) 1 ( Amin + 1)
7 i=min{ ———, 1-— —_ ), =1~ —_ ],
i { 2Nij €l J; 2Nij ) 1Esl 2 2N j

i'Egs‘j

1 ( Qmin + 1 ) 1 ( Qmin + 1 >
o  Omin |, 7o 7 “oar — Omin 3 (16)
|€C}i| j/ezgc,i 2Ni,j/ |€S,J| i/GZEs,j 2Ni,,j
and d € (0,7).

Under the conditions (TT) and (I2)), it can be shown that  + du € D for any « € D’ and any vector
w in the unit ball [1]].
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D Pricing Algorithm — Two-Point Zero-Order Projected Gradient Ascent

We present the details of the pricing algorithm — two-point zero-order projected gradient ascent in
Algorithm[1] which is the same as the balanced pricing algorithm in [T]. The index (k) denotes the
kI outer iteration (iteration of the gradient ascent) and (k,m) denotes the m*® bisection iteration in
the kM outer iteration.

Algorithm 1 Pricing algorithm

1: Initialize: Choose an exploration parameter § € (0, 7). Choose a step size n € (0,1). Choose

10:
11:
12:

13:

14:
15:

16:

17:
18:

19:
20:

21:

22:
23:

24

25:
26:
27:

an accuracy parameter € € (0, 1/e). Choose a queue length threshold ¢'"'. Choose a two-price
parameter «v. Choose (1) € D’ as the initial point. Choose some initial price searching intervals
P, .+ Pe,i] for customer type i, [p_ 0Ps ] for server type j. Define e. ; and e ; according to (I7)

and (I8) in Appendix@ Define N := V In(1/e) 1 and M := [log, 1], where 3 > 0 is a constant.

Time step counter ¢ « 1
Outer iteration counter k < 1
repeat
/] generate a random direction and two points
Choose a unit vector u(k) € RI€l uniformly at random, i.e., |u(k)|2 = 1
Let z; (k) := (x(k) + du(k)) ; and z; ;(k) = (x(k) — du(k))
Let \f(k) = Zjefc . xfj (k), A\ (k) = Z]‘eem z; ;(k), ,u;r(k) = Ziesw x:rj(k:)

H]_(k) = Ziegw xzj(k)

Let A" (k) be a vector of A (k),i=1...,
// bisection search to approximate F;(\;
mate the profits in the two points.

I. Define similarly A~ ( ), wt(k), and pu= (k)
(k)), Fi(A; (k) G5 (i) (K)), Gj(uj (k) to esti-

if £ = 1 then
For all 4, letp (k 1) = ,ﬁr’i(h 1) = Pe,i
For all j, letp (k 1) = p j»?;fjuf’ 1) = Ps,j
else

For all 4, let p* (k,1) = p:”L(k —1,M) - ecyi,ﬁ:i(k, 1) = p:i(k —1, M) +ec,;
For all j, letp (k 1) = p;fj(k -1, M) — esyj,ﬁ;j(k;, 1) = p;j(k —1,M)+es;

end if
Let p*(k,1) be a vector ofp Sk, 1),i = 1....1. Define similarly p7 (k, 1), p* (%, 1),
pJ (k. 1).
t,pi(k,M),p:(k,M) =

Bisection ()\+ (k),

DoLmefor)\ (k),
pe (k, M), p_(k,1), pg (

// gradient calculatlon

Letg(k) = Ey[(z:i_lAr<knz;<k,A4>——zzj_lu;<k>p;;<k7ﬂf>)

~ (S O D) = S5 (B (5. 00) [
// gradient ascent update
Projected Gradient Ascent: x(k + 1) = IIp/(x(k) + ng(k));
k—k+1;

(k). (6,1, B¢ (R, 1), pF (k. 1), BF (k, 1), 0, g™, 4, M, N, €)

7
p~ (k). Denote the counterparts of the prices by p_ (k, 1), p; (k, 1),
k,1), ps (k, M).

28: untilt > T
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E Definitions of ¢ ; and ¢, ;

The definitions of e ; and e ; are shown as follows:

_2elE Ly, [ y

€c,i 5 Z LFi/ (1 + LF_71 (pc,i’,max - po,ﬂ,min))
=1 ¢
J
+ Z LGj/ (1 + Lg;l (ps,j’,max _ps,j’,min)) + 26LF¢ (1 + LF;1 (pc,i,max - pc,i,min))
j'=1 !

I J
+ e L, <Z (et |(Lry + Peirmax) + Y 1€yl (La,, +ps7j,,max>> +20|€|V2 L,

i'=1 jr=1

(a7

o (T grate).

es,j 5 2 LF,/ <1 + LF,-71 (pc,i/,max - pc,i/,min))

/=1

_ 2nel€]3/% L, [ !

J
+ Z LGj/ (1 + LGf/l (ps,j’,max - ps,j’,min)>‘| + 2€LG]. (1 + LG;1 (ps,j,max - ps,j,min))
i'=1 ’

I J
+ 77|5|3/2ng (2 ‘gc,i/‘(LFi/ +pc,i’,max) + Z |5s,j’|(LGj/ +ps,j’,max)> + 26‘5|1/2LGj
i/ =1 3'=1

(18)

=®(%+n+5+e).
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F Bisection Search

We present the details of the bisection search method in Algorithm [2] which is similar to that
in [1]]. The key difference over [1] is how we run the system to collect samples. The inputs to

the bisection search include the arrival rates A\™/~ (k) and /= (k), the price searching intervals
/= (k, 1),13?/7 (k, 1),B:/_ (k, 1),135“7 (k, 1), the two-price parameter v, the threshold parameter
th  the number of bisection iterations M, and the number of samples for each queue in each
bisection iteration N. The bisection search will output the prices pc o= (k, M) and ps - (k, M) such
that )\+/ (k) ~ F (pCz (k,M)) and /l+/ (k) ~ Gy 1(psj (k,M)) for all 4, j.

Algorithm 2 Bisection (Ar/*(k),,ﬁ/*(k),g (ke 1), B (R, 1), p T (R, 1), BT (R, 1), @, g™ t, M, N, e)
1: for m = 1to M do
2./ Calculate the mldpomts
3: Letp “(k,m) =3 ( +/ (k,m) +pc/ (k,m)) for all 4

7

4: Letp “(k,m) =3 ( = (k, m)+ps/ (k, m)) for all j

J
/ Run the system to collect N samples with the midpoints
Let t” (k,m, n) denote the time slot when the price p+/ (k,m) is run for the n** time for

+/ (k,m,n) denote the time slot when the price p:/f (k,m) is

the customer queue 7; Let ¢ p

run for the n*" time for the server queue j
7t (A6 (k) nei, s (A £ (kym, 1)) e e

= ProbTwoPrice(pC/ (k,m),p (k: m),a, ¢, N, t) // Key innovation over [[1]
where p;r/_ (k, m) denotes a vector ofpw/_ (k, M),i € Z and similarly for p;r/_ (k,m).
8: fori=1to]do
9: // Estimate the arrival rates
10: Let ), = (k,m) = NZn L Aci(te / (k,m,n)) // sample average
11: / Update the price searching mtervals
122 if A7 (k,m) > AF/7(k) then
13: P (km+ 1) = ptl = (kym), pEL (kom + 1) = ) (k,m)
14: else
15: P (kom 4 1) = p/= (kym), plL (kym o+ 1) = pll~ (ko)
16: end if '
17:  end for
18: forj=1toJdo
19: /I Estimate the arrival rates
20: Let ﬂ;/_(k’,m) =+ ZnN:1 As (L) ¢ (k,m,n)) // sample average
21: // Update the price searching intervals
220 if i/ (k,m) > 1}/ (k) then
23: 7S’j “(k,m+1) —Q’/‘(k,m) pS] “(k,m+1) = pS] “(k,m)
24: else - e e
25: Q:J/_(k,m +1) =p.; (k,m), po; (k,m+1) =p.; (k,m)
26: end if
27:  end for
28: end for

29: Return , po’ = (k, M), p3/~ (k, M)

27



G Probabilistic Two-Price Policy

The pseudo-code of the proposed probabilistic two-price policy is presented in Algorithm [3] where

t:f ~(k,m,n) denotes the time slot in which the price of the midpoint is run for the n'! time for the

. 4/— .
customer queue ¢ and ¢ J/ (k, m,n) for server queue j.

Algorithm 3 ProbTwoPrice (p”/~ (k, m), p}/~ (k, m), o, ¢, N, t)

1: Let nc;(k,m) = 0 and ns ;(k,m) = 0 for all 4, j.

2: repeat

3: fori=1toldo

4 if Qci(t) = qth then set price P ; max for queue 4 // to control the maximum queue length
5 else if 0 < Q. ;(t) < ¢ then for queue i, set price: // to control the average queue length

min{p:f(k,m) + &, Deimax}, W.p. 1/2
Py (km), wp. 1/2

6: else set price p:f ~(k, m) for queue i.
7: if price=pc+’l/»7(k‘, m) then ng ;(k,m) < n¢;(k,m) + 1// the number of useful samples
8: end for
9: forj=1toJdo
10: if Qs ;(t) = ¢ then set price ps j min for queue j // to control the maximum queue length
11: elseif 0 < Qs ;(t) < ¢*" then for queue j, set price: // to control the average queue length
max{p. ;" (K, m) = @, psjmin}, Wp- 1/2
pey (kym), wp. 1/2
12: else set price p::/_ (k, m) for queue j.
13: if price:p;f]/_ (k,m) then ng ;(k,m) < ng ;(k,m) + 1 // the number of useful samples
14:  end for
15:  Run the system with the above set of prices for one time slot.
16: t<—t+1

17:  Terminate the algorithm when ¢ > T'
18: until for all queues i, n. ;(k,m) = N, i.e., the price p:ﬂ/_ (k,m) is run for at least N times and
for all queues j, ng j(k,m) = N, i.e., the price p:/_(k, m) is run for at least IV times

19: Return t, (Ac;(t7] ™ (k,m,n)))ne(n]iez- (As,j(t:,]/'_(/fam?n)))ne[zv],jej
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H Details of the Simulation and Additional Numerical Results

H.1 Single-Link System

We present details of the simulation and additional simulation results in a single-link system in the
following.

H.1.1 Setting

Consider a system with / = 1 customer queue and J = 1 server queue. The demand function of the
customer queue is F'(A) = 2(1 — X), where A € [0, 1] is the arrival rate of the customer queue. The
supply function of the server queue is G(u) = 2u, where p € [0, 1] is the arrival rate of the server
queue. We compare the performances among three algorithms:

* Two-price policy [2]: This policy assumes that the demand and supply functions are known. To
balance queue length and regret, this policy uses the following two-price method. If the queue
length is empty, it uses the prices corresponding to the optimal solution of the fluid optimization
problem. If the queue is nonempty, it uses a slightly-perturbed version of the optimal prices to
reduce the arrival rates.

* Threshold policy [1]]: This policy does not know the demand and supply functions and uses a
learning-based pricing algorithm. To balance queue length and regret, this policy uses a threshold
method, rejecting arrivals when the queue length reaches or exceeds a threshold.

* Probabilistic two-price policy (proposed): This policy does not know the demand and supply
functions. It uses a novel probabilistic method, which adjusts the prices to reduce the queue length
with a prefixed probability when the queue is nonempty.

H.1.2 Comparison

For the proposed algorithm, we set v = 1/6, and q““ = {7, e =t n=4=02xt7,
a=02xt"28=10,e = es = 6.0 x max{J, 1, €}, amin = 0.01, which are of the same order as
in Corollary [T} The common parameters of the three algorithm are set to be equal for fair comparison.

To compare the performance of these algorithms, we consider an objective function defined as
t

<ZMAﬂ(EMAﬂ)wEW®mﬂD

—Ewm«mmewHMAﬂQ, 19)

where W ;(7) denotes the waiting time of the customer arriving at queue ¢ at time slot 7 and W _;(7)
denotes the waiting time of the server arriving at queue 5 at time slot 7. The constant w > 0 can
be viewed as the compensation the platform pays for per unit time the customer/server wait. This
objective (I9) is equivalent to

Profit(t) — w (Z DIEWeir(®)]+ )] E[Ws,j,k(t)]> , (20)
ik ik

where W, ; 1,(t) denotes the total waiting time up to time ¢ for the Ekth customer arriving at queue 7 ,
W ;.1 (t) denotes the total waiting time up to time ¢ for the Ekth server arriving at queue 7, and w is a
constant. A similar objective is also used in [2]]. Note that the sum of waiting times of all customers
and servers is equal to the sum of the queue lengths over time, which counts every customer and
server present at each time slot. Hence, the objective (20) is equal to

Profit(t) — w Z E lz Qei(T) + ZQSJ(T)] :

Then, the regret of this objective is given by:

f(x*)t — Profit(t) + w Z E lz Qc,i(T) + Z Qs (7')1
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=E[R(t)] +w 31 E | D] Qeilr) + 25 Qus(7)

=E[R(t)] + wtAvgQLen(t),
which is the sum of the profit regret and the holding cost.
In the simulation, we test two different w, w = 0.001 and w = 0.01. Note that the optimal profit
at each time slot is f(x*) = 0.25 in the fluid solution. Therefore, choosing a even larger w is not

reasonable because further increasing w will cause a negative utility even for the case where the
demand and supply functions are known.

Figure [2]in Section[5]shows the performance of these algorithms and the percentage improvement of
the proposed probabilistic two-price policy over the threshold policy (1] with w = 0.001.

The shaded areas in all figures in this paper represent 95% confidence intervals, calculated from 10
independent runs using the Python function seaborn.relplot.

Figure [3] present the comparison results with a different weight, w = 0.01, on the holding cost. We
observe that the proposed probabilistic two-price policy significantly improves upon the threshold
policy by up to 25%.
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Figure 3: Comparison among the two-price policy (no learning, known demand and supply functions)
[2]], the threshold policy [1]], and the proposed probabilistic two-price policy with w = 0.01, in a
single-link system.

The regret, the average queue length, and the maximum queue length of the algorithms are shown
in Figure ] Note that the X-axis and Y-axis of Figure @ are in log-scale. The regret performance
of the proposed probabilistic two-price policy is similar to the threshold policy [1]. However, we
can see that the average queue length of the proposed probabilistic two-price policy is significantly
better than the threshold policy because we use a novel probabilistic two-price method to reduce the
average queue length without hurting the regret performance. The slope of the proposed probabilistic
two-price policy is significantly smaller than that of the threshold policy [1l], which is consistent
with our theoretical results. As for the maximum queue length, the performance of the proposed
probabilistic two-price policy and that of the threshold policy are the same, because both uses a
threshold to reject the arrivals when the queue length exceeds the threshold. The two-price policy has
a larger maximum queue length because it does not use such a hard threshold.

H.1.3 Tradeoff Between Regret and Queue Length

Figure [5]shows the tradeoff between profit regret and average queue length for the proposed prob-
abilistic two-price policy as we change the parameter -y from 1/12 to 1/6. Each point in the blue

curve (regret) is generated by first computing the ratio lolgcngEt),
2

regret with respect to time, for each time slot ¢ € [10°, 10%], and then averaging over these time slots.
log, AvgQLen(t)
log, t

which represents the growth order of

Similarly, each point in the red curve (average queue length) is obtained by computing
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Figure 4: Comparison of regret, average queue length, and maximum queue length among the
two-price policy (no learning, known demand and supply functions) [2l], the threshold policy (1], and
the proposed probabilistic two-price policy, in a single-link system.

and averaging over the same time slots. We observe that as ~ increases, the growth order of regret
decreases while the growth order of average queue length increases, confirming the tradeoff predicted
by our theoretical results. By a simple least square fitting, we can obtain the slopes of the curves
in Figure[5] The fitted function of the blue curve (regret) is y = —1.484x + 0.927 and the fitted
function of the red curve (average queue length) is y = 0.615x — 0.011, which implies that the regret
is T70-927—1-4847 and the average queue length is 70-6157=0-011 " AJthough they are not exactly equal
to 71— and T°-%7, —1.484/0.615 ~ —2.4, which is similar to —1/0.5 = —2. This result confirms
the near-optimal tradeoff, O(T'~7) versus O(T7/2), in Corollary

H.1.4 Sensitivity to Parameter Tuning

We test the sensitivity of the performance of the proposed probabilistic two-price policy to parameter
tuning. We test the multiplicative constant of the parameters ¢, d, and 7). Figure [6] shows the
performances for different multiplicative constants in the parameter ¢, i.e., the constant C' for
e = Ct~27. We can see that the performances are almost the same. Figure shows the performances
for different multiplicative constants in the parameter 9, i.e., the constant C' for § = Ct~". Figure
shows the performances for different multiplicative constants in the parameter 7, i.e., the constant C'
forn = Ct™7.

H.2 Multi-Link System

We present simulation results in a multi-link system in the following.
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Figure 6: Sensitivity testing for different e for the proposed probabilistic two-price policy.

H.2.1 Setting

Consider a system with three types of customers and three types of servers (I = 3,J = 3). The
compatibility graph £ is € = {(1,1), (1,2), (1, 3),(2,1),(2,2), (3,2), (3,3)}. The demand functions
are F;(X\;) = 2(1 — \;) forall ¢ = 1,2, 3. The supply functions are G, (p;) = 2u; forall j = 1,2, 3.
We compare the same three algorithms as in the single-link simulation, i.e., the two-price policy [2]],
the threshold policy (11|, and the proposed probabilistic two-price policy.
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Figure 7: Sensitivity testing for different § for the proposed probabilistic two-price policy.

H.2.2 Comparison

For the proposed algorithm, we set v = 1/6, and q“rl =tV e=1t"27,6=02x1t", n=0.1xt"77,
a=02xt"28=10,e = es = 8.0x max{J, 7, €}, amin = 0.01, which are of the same order as
in Corollary [T} The common parameters of the three algorithm are set to be equal for fair comparison.

Consider the same objective as that in the single-link simulation.

Figure [0 present the comparison results with w = 0.01, on the holding cost. We observe that the
proposed probabilistic two-price policy significantly improves upon the threshold policy [1] by up to
34% for large t. Figurepresent the comparison results with a different weight, w = 0.005. We
observe that the proposed probabilistic two-price policy significantly improves upon the threshold
policy by up to 12% for large ¢. We observe that in the multi-link system, initially for small ¢,
the proposed probabilistic two-price policy may not perform as good as the threshold policy. As
t increases, our proposed policy quickly outperforms the threshold policy. This is because, as ¢
increases, the improvement in queue length performance under our proposed algorithm becomes
more significant. Figure [TT|shows the performance of these algorithms with a much smaller weight,
w = 0.001. In this case, although our proposed policy does not perform as good as the threshold
policy, it improves as t increases. The comparison depends on the weight w on the holding cost and
the time horizon.

The regret, the average queue length, and the maximum queue length of the algorithms are shown in
Figure[I2] The observations are similar to the single-link simulation. The regret performance of the
proposed probabilistic two-price policy is similar to the threshold policy [[1]. However, the average
queue length of the proposed probabilistic two-price policy is significantly better than the threshold
policy. As for the maximum queue length, the performance of the proposed probabilistic two-price
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Figure 8: Sensitivity testing for different ) for the proposed probabilistic two-price policy.

policy and that of the threshold policy are the same. The two-price policy has a larger maximum

queue length.

H.3 Compute Resources

All the simulations are not compute-intensive, and all results can be reproduced on a standard personal
computer. On a personal computer with Intel Core 15-9400 CPU @2.90GHz, 10 runs of the simulation
of the single-link system (7" = 109) for all three algorithms take approximately 20 minutes, and 10
runs of the simulation of the multi-link system (7" = 107) for all three algorithms take approximately

6 hours.
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Figure 9: Comparison among the two-price policy (no learning, known demand and supply functions)
[2l], the threshold policy [1]], and the proposed probabilistic two-price policy with w = 0.01, in a
multi-link system.
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Figure 10: Comparison among the two-price policy (no learning, known demand and supply functions)
[2l], the threshold policy [1], and the proposed probabilistic two-price policy with w = 0.005, in a
multi-link system.
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Figure 11: Comparison among the two-price policy (no learning, known demand and supply functions)
[2]], the threshold policy [1], and the proposed probabilistic two-price policy with w = 0.001, in a
multi-link system.
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Figure 12: Comparison of regret, average queue length, and maximum queue length among the
two-price policy (no learning, known demand and supply functions) [2]], the threshold policy [1], and
the proposed probabilistic two-price policy, in a multi-link system.
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I Societal Impacts

This paper presents work whose goal is to advance the fields of online learning in queueing systems.
There are potential positive societal impacts, including improving efficiency and promoting prof-
itability in applications like ride-hailing, meal-delivery, and crowdsourcing. We are not aware of any
negative societal impacts of this work.
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