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Abstract

Meta-learning methods leverage data from previous tasks to learn a new task in a
sample-efficient manner. In particular, model-agnostic methods look for initialisa-
tion points from which gradient descent quickly adapts to any new task. Although
it has been empirically suggested that such methods learns shared representations
during pretraining, there is limited theoretical evidence of such behavior. In this
direction, this work shows, in the limit of infinite tasks, first-order ANIL with a lin-
ear two-layer network successfully learns linear shared representations. This result
even holds under overparametrisation; having a width larger than the dimension of
the shared representations results in an asymptotically low-rank solution.

1 Introduction

Supervised learning usually requires a large amount of data. To overcome the limited number of
available training samples for a single task, multi-task learning estimates a model across multiple
tasks [Ando et al., 2005, |Cheng et al., | 2011f]. Closely related, meta-learning aims to quickly adapt to
any new task, by leveraging the knowledge gained from previous tasks.

Meta-learning has been mostly popularised by the success of Model-Agnostic Meta-Learning
(MAML) for few-shot image classification and reinforcement learning [Finn et al., [2017]. MAML
searches for an initialisation point such that only a few task-specific gradient descent iterations yield
good performance on new tasks. It is model-agnostic as the objective is applicable to any architecture
that is trainable with a gradient procedure, without modifications. Raghu et al.|[2020]] empirically
claim that MAML implicitly learns a shared representation across the tasks, since its intermediate
layers do not significantly change during task-specific finetuning. Consequently, they propose Almost-
No-Inner-Loop (ANIL), which only updates the last layer during task-specific updates and performs
similarly to MAML. However, practitioners generally use first-order approximations FO-MAML or
FO-ANIL that achieve comparable performances at a cheaper cost [Nichol and Schulman, 2018]].

Despite the empirical success of model-agnostic methods, little is known about their behaviors in
theory. To this end, our work considers learning of shared representations in few-shot settings with
the pretraining of FO-ANIL. Proving positive optimisation results on the pretraining of meta-learning
models is out of reach in general, complex settings in practice. Hence, to allow a tractable analysis,
we study FO-ANIL in the canonical multi-task model of a linear shared representation; and consider a
linear two-layer network [Rohde and Tsybakov} 2011}, [Tripuraneni et al.| 2021} Boursier et al., 2022].

For meta-learning in this canonical multi-task model, [Saunshi et al.| [2020] has shown the first
result under overparametrisation by considering a unidimensional shared representation, infinite
samples per task, and an idealised algorithm. More recently, [Collins et al.| [2022]] has provided a
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multi-dimensional analysis for MAML and ANIL in which the hidden layer recovers the ground-truth
low-dimensional subspace at an exponential rate. Similar to multi-task methods, the latter result
relies on well-specification of the network width, i.e., it has to coincide with the hidden dimension of
the shared structure. Moreover, it requires a weak alignment between the hidden layer and the ground
truth at initialisation, which is not satisfied in high-dimensional settings.

The power of MAML and ANIL, however, comes from their good performance despite mismatches
between the architecture and the problem, and in few-shot settings. In this direction, we prove a
learning result under finite samples and infinite tasks that is better suited for practical scenarios.
Specifically, we show that FO-ANIL successfully learns multidimensional linear shared structures
with an overparametrised network width and without initial weak alignment. Our setting admits novel
behaviors unobserved in previous works: FO-ANIL not only /earns the low-dimensional subspace,
but it also unlearns its orthogonal complement. This unlearning does not happen with infinite samples
and is crucial during task-specific finetuning. Overall, our result provides the first guarantee under
misspecifications, and shows the benefits of model-agnostic meta-learning over multi-task learning.

2 Problem setting

In the following, tasks are indexed by ¢ € N. Each task corresponds to a d-dimensional linear
regression task with parameter 6, ; € R? and m observation samples. For each task i, we have
observations (X;,y;) € R™*4 x R™ such that y; = X;0, ; + 2; where z; € R™ is some random
noise. The multi-task linear representation learning setting assumes that the regression parameters
0. all lie in the same small k-dimensional linear subspace, with k < d. Equivalently, there is an
orthogonal matrix B, € R4** and representation parameters w, ; € R* such that 6, ; = B,w,; for
any task ¢. To derive a proper analysis of this setting, we assume a random design of the different
quantities of interest, summarised in Assumptionm

Assumption 1 (random design). Each row of X; is drawn i.i.d. according to N'(0,14) and the
coordinates of z; are i.i.d., centered random variables of variance 0. Moreover, the task parameters
W, ; are drawn i.i.d with E[w*L] = 0 and covariance matrix >, ‘= E[wﬂwjz] = cI withc > 0.

2.1 FO-ANIL algorithm

The ANIL algorithm aims at minimising the test loss on a new task, after a small number of gradient
steps on the last layer of the neural network. For the sake of simplicity, we here consider a single

gradient step and a linear two-layer network architecture, parametrised by 6 := (B, w) € R4 Ko« RF
with k¥ < k’ < d. ANIL then aims at minimising over 6 the quantity

LaniL(0) = Euw, .. X, y: {ﬁz‘ (9 - an»’ji(@;Xi,yi)ﬂ ) (D

where £; is the (expected) test loss on the task ¢, which depends on wy ;; £;(0; X, y;) is the empirical
loss on the observations (X, y;); and « is the gradient step size.

Following|Saunshi et al.|[2021], we split the observations of each task as (X7, yi*) € R™in*d x R™Min
the m, first rows of (X, y;); and (XU, yout) € R™MoueXd x R™Mout the my,; last rows of (X;, ;).

K2
While training, ANIL alternates at each step ¢ € N between an inner and an outer loop to update the

parameter 6. In the inner loop, the last layer of the network is adapted to each task ¢ following

Wi wy — oV, Li(0 X, y). )
In the outer loop, ANIL then takes a gradient step (with learning rate 3) on the validation loss
obtained for the observations (X", y9u') after this inner loop. With 6; ; := (B, wy ;), it updates

Orpr < Op — & ST H, i(0) Vo L0 X9, 50"), 3)
where the matrix ﬁ“ accounts for the derivative of the function 6; — 6, ;. FO-ANIL, which is
considered in the remaining of this work, replaces H; ; by the identity matrix in Equation .

2.2 Infinite task idealisation

In our regression setting, the empirical squared error is used and the Equation (2) reads:

(0% : : (6] . .
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Following multi-task learning literature that considers a large number of tasks [Thekumparampil

et al., 2021, Boursier et al., [2022]], we study FO-ANIL in the limit of an infinite number of tasks

N = oo. The first-order outer loop updates of Equation (3)) then simplify with Assumption [T]to
wesr = wy — B(Ly — aB) By) B/ Bywy, ®)
Biy1 = By — BBE[wy,w/ ] + afB, . B/ B. (6)

Moreover, Lemma with Assumption EI allows computation of the exact expression of IE[wt,iw;r A

Elwy,w,,] = (Iy — aB/ By)waw, (Iy — aB/ By) + o* B/ B,$. B/ B,

o? @)

+ —B/ (Byww, B + B2, B[ + (|Bow|? + Tr(Z,) + 02) 1) By.

3 Learning a good representation

Given the complexity of its iterates, FO-ANIL is very intricate to analyse even in this simplified
setting of infinite tasks. The objective function is non-convex in its arguments and the iterations
involve high-order terms in both w; and B, as seen in Equations (3] and (6).

Theorem 1. Let By and wq be initialized such that B*TBO is full rank,

_ . 1 Min
|Boll3 = O(a " min (miuf 52 )), [woll3 = O (@Amin(4)) »

where Amin(2,) is the smallest eigenvalue of ¥, 52 = Tr(X,) + o2 and the O notation hides
universal constants. Let also the step sizes satisfy « > 8 and o = O (1/7).

Then under Assumption[I} FO-ANIL (given by Equations (3) and (6)) with initial parameters By, wy,
asymptotically satisfies the following

tlinolo B*T’LBt =0, tlggo Biwi =0,
. 1 min Min + 1 -1 (3)
Jim B! BB/ B, = A, = p— (Ik - ( =3 et Ik) )

where B, | € R (=) is an orthogonal matrix spanning the orthogonal of col(By), Le.,
B! B, =14, and B]B,, =0.
Theorem [I] yet characterizes convergence towards some fixed point (of the iterates) satisfying:

1. B is rank-deficient, i.e., FO-ANIL learns to ignore the entire d — k dimensional orthogonal
subspace given by B, |, as expressed by the first limit in Equation (8]

2. The learnt initialisation yields the zero function, as given by the second limit in Equation (8).
Note that w; does not necessarily converge to 0; however, it converges to the null space of
B,, thanks to the third property. Although intuitive, showing that B;w; converges to the
mean task parameter (assumed 0 here) is very challenging when starting away from it, as
discussed in Appendix|Al This property is crucial for fast adaptation on a new task.

3. B, B, Bl B, is proportional to identity. Along with the first property, this fact implies that
the learnt matrix B, exactly spans col(B, ). Moreover, its squared singular values scale as
a1, allowing to perform rapid learning with a single gradient step of size a.

These three properties allow to obtain a good performance on a new task after a single gradient
descent step, as quantified by Proposition[T]in Section[3.1] In addition, the limit points characterised
by Theorem [I] are shown to be global minima of the ANIL objective in Equation (I]) in Appendix [F]

Interestingly, Theorem [I| holds for quite large step sizes «, 8 and the limit points only depend on
these parameters by the a~ ! scaling of A,. Also note that A, — éIk when m;, — oo. Yet, there is
some shrinkage of A, for finite number of samples, that is significant when my, is of order of the
inverse eigenvalues of %Z*. This shrinkage mitigates the variance of the estimator returned after a
single gradient step, while this estimator is unbiased with no shrinkage (mi, = o0).



Although the limiting behavior of FO-ANIL holds for any finite m;,, the convergence rate can be
arbitrarily slow for large m;,. In particular, FO-ANIL becomes very slow to unlearn the orthogonal
complement of col(B,) when my, is large, as highlighted by Equation in Appendix [B] At the
limit of infinite samples m;, = oo, FO-ANIL thus does not unlearn the orthogonal complement and
the first limit of Equation () in Theorem[I]does not hold anymore. This unlearning is yet crucial at
test time, since it reduces the dependency of the excess risk from &’ to k (see Proposition [I)).

3.1 Fast adaptation to a new task

Thanks to Theorem [I] FO-ANIL learns the shared representation during pretraining. It is yet unclear
how this result enhances the learning of new tasks, often referred as finetuning in the literature.

Consider having learnt parameters (B, %) € R¥* x R* following Theorem
Bl B=0; Bw=0; B]BB'B,=A.. 9)
We then observe a new regression task with my.s; observations (X, y) € R™westXd x R™test and
parameter w, € R* such that y = X B,w,« + z, where the entries of z are i.i.d. centered o sub-
Gaussian random variables and the entries of X are i.i.d. standard Gaussian variables following
Assumption [I] The learner then estimates the regression parameter of the new task doing one step of
gradient descent:
P a - o -
Wiest = W — Vo, L((B,0); X,y) =+ ——B' X ' XBow, + —B"X"z,  (10)
Mtest Mtest
As in the inner loop of ANIL, a single gradient step is processed here. When estimating the regression

parameter with Bwiest, the excess risk on this task is exactly ||Bwtest — B,w,||3. Proposition
below allows to bound the risk on any new observed task.

Proposition 1. Let B , Wiest Satisfy Equations @) and for a new task defined by w. If Miest > K,

then with probability at least 1 — 4e~ 5

—I—o

140 /Amm(z >
| Buress — Bow 12 = ( fwull + e |

tcst
where we recall 5° = Tr(3,) + o2

The first two terms come from the error due to proceeding a single gradient step, instead of converging
towards the ERM weights: the first one is the bias of this error, while the second one is due to its
variance. The last term is the typical error of linear regression on a k dimensional space. Note this
bound does not depend on the feature dimension d (nor &), but only on the hidden dimension k.

When learning a new task without prior knowledge, e.g., with a simple linear regression on the

d-dimensional space of the features, the error instead scales as ¢ / ﬁ [Hsu et al.,[2012]. FO-ANIL

thus leads to improved estimations on new tasks, when it beforehand learnt the shared representation.
Such a learning is guaranteed thanks to Theorem [T} Surprisingly, FO-ANIL might only need a single
gradient step to outperform linear regression on the d-dimensional feature space, as emplrlcally
confirmed in Append1xl I As explained, this quick adaptation is made possible by the a~! scaling of

B, which leads to considerable updates in the model parameter after a single gradient step.

Additional material. The proofs of Theorem[I]and Proposition [I]are deferred to Appendices
and[D] An extensive discussion on the implications of these results and their limitations in compari-
son with existing literature can be found in Appendix [A] Numerical experiments are presented in
Appendix [ and confirm these results on more general assumptions than Assumption|[I]

4 Conclusion

This work studies first-order ANIL in the shared linear representation model with a linear two-layer ar-
chitecture. Under infinite tasks idealisation, FO-ANIL successfully learns the shared, low-dimensional
representation despite overparametrisation in the hidden layer. More crucially for performance during
task-specific finetuning, the iterates of FO-ANIL not only learn the low-dimensional subspace but
also forget its orthogonal complement. As a consequence, our work suggests that model-agnostic
methods are also model-agnostic in the sense that they successfully learn the shared representation,
although their architecture is not adapted to the problem parameters.
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A Discussion

No prior structure knowledge. Previous works on model-agnostic methods and matrix factorisa-
tion consider a well-specified learning architecture, i.e., ¥’ = k [Tripuraneni et al., 2021} Thekumpara{
mpil et al., 2021} |Collins et al., 2022]. In practical settings, the true dimension £ is hidden, and
estimating it is part of learning the representation. Theorem |I]instead states that FO-ANIL recovers
this hidden true dimension k asymptotically when misspecified (k' > k) and still learns good shared
representation despite overparametrisation (e.g., k' = d). Theorem [l thus illustrates the adaptivity
of model-agnostic methods, which we believe contributes to their empirical success. In addition,
Theoremﬂ] answers the conjecture of Saunshi et al.|[2020].

Proving good convergence of FO-ANIL despite misspecification in network width is the main
technical challenge of this work. When correctly specified, it is sufficient to prove that FO-ANIL
learns the subspace spanned by B,, which is simply measured by the principal angle distance by
Collins et al.|[2022]. When largely misspecified (K = d), this measure is always 1 and poorly
reflects how good is the learnt representation. Instead of a single measure, two phenomena are
quantified here. FO-ANIL indeed not only learns the low-dimensional subspace, but it also unlearns
its orthogonal complementE] More precisely, misspecification sets additional difficulties in controlling
simultaneously the variables w; and B; through iterations. When k' = k, this control is possible by
lower bounding the singular values of B;. A similar argument is however not possible when &’ > k,
as the matrix B; is now rank deficient (at least asymptotically). To overcome this challenge, we use a
different initialisation regime and analysis techniques with respect toSaunshi et al.| [2020], Collins
et al.| [2022]. These advanced techniques allow to prove convergence of FO-ANIL with different
assumptions on both the model and the initialisation regime, as explained below.

Superiority of agnostic methods. When correctly specified (k' = k), model-agnostic methods do
not outperform traditional multi-task learning methods. For example, the Burer-Monteiro factorisation
minimises the non-convex problem

BeR%*

where W) stands for the i-th column of the matrix W. Tripuraneni et al. [2021]] show that any
local minimum of Equation correctly learns the shared representation when k' = k. However
when misspecified (e.g., taking k' = d), there is no such guarantee. In that case, the optimal B
need to be full rank (e.g., B = 1) to perfectly fit the training data of all tasks, when there is label
noise. This setting then resembles running independent d-dimensional linear regressions for each
task and directly leads to a suboptimal performance of Burer-Monteiro factorisations, as illustrated
in Appendix [} This is another argument in favor of model-agnostic methods in practice: while they
provably work despite overparametrisation, traditional multi-task methods a priori do not.

Although Burer-Monteiro performs worse than FO-ANIL in the experiments of Appendix [I} it still
largely outperforms the single-task baseline. We believe this good performance despite overparametri-
sation might be due to the implicit bias of matrix factorisation towards low-rank solutions. This
phenomenon remains largely misunderstood in theory, even after being extensively studied [|Gu-
nasekar et al.l 2017, |Arora et al, 2019, Razin and Cohen| 2020} [Li et al., 2020]. Explaining the
surprisingly good performance of Burer-Monteiro thus remains a major open problem.

Infinite tasks model. A main assumption in Theorem|l|is the infinite tasks model, where updates
are given by the exact (first-order) gradient of the objective function in Equation (I)). Theoretical
works often assume a large number of tasks to allow a tractable analysis [Thekumparampil et al.,
2021, [Boursier et al.,[2022]. The infinite tasks model idealises this type of assumption and leads to
simplified parameters’ updates. Note these updates, given by Equations (5) and (6), remain intricate
to analyse. [Saunshi et al.| [2020], |Collins et al|[2022] instead consider an infinite number of samples
per task, i.e., mj, = oco. This assumption leads to even simpler updates, and their analysis can be
extended to the misspecified setting with some extra work, as explained in Appendix [G] [Collins et al.
[2022] also extend their result to a finite number of samples in finite-time horizon, using concentration

! Although |Saunshi et al.| [2020] consider a misspecified setting, the orthogonal complement is not unlearnt in
their case, since they assume an infinite number of samples per task (see Infinite tasks model paragraph).



bounds on the updates to their infinite samples counterparts when sufficiently many samples are
available.

More importantly, the infinite samples idealisation does not reflect the initial motivation of meta-
learning, which is to learn tasks with a few samples. Interesting phenomena are thus not observed
in this simplified setting. First, the superiority of model-agnostic methods is not apparent with an
infinite number of samples per task. In that case, matrices B only spanning col(B, ) also minimise
the problem of Equation (TT), potentially making Burer-Monteiro optimal despite misspecification.
Second, a finite number of samples is required to unlearn the orthogonal of col(B, ). When m;, = oo,
FO-ANIL does not unlearn this subspace, which hurts the performance at test time for large &/,
as observed in Appendix [I] Indeed, there is no risk of overfitting (and hence no need to unlearn
the orthogonal space) with an infinite number of samples. On the contrary with a finite number of
samples, FO-ANIL tends to overfit during its inner loop. This overfitting is yet penalised by the outer
loss and is then mitigated by unlearning the orthogonal space.

Extending Theorem [I]to a finite number of tasks is left open for future work. Appendix [[]empirically
supports that a similar result should hold. An analysis similar to|Collins et al.|[2022] (finite tasks and
samples) is not desirable, as mimicking the infinite samples case through concentration would omit
the unlearning part, as explained above. With misspecification, we believe that extending Theorem I
to a finite number of tasks is directly linked to relaxing Assumption[l} Indeed, the empirical task
mean and covariance are not exactly 0 and the identity matrix in that case. Obtaining a convergence
result with general task mean and covariance would then help in understanding the finite tasks case.

Initialisation regime. Theorem [I| requires a bounded initialisation to ensure the dynamics of
FO-ANIL stay bounded. Roughly, we need the squared norm of B,] | By to be O ((amin) ') to

guarantee || B;||2 < a~! for any t. We believe the m;, dependency is an artifact of the analysis and it

is empirically not needed. Additionally, we bound wq to control the scale of E[’LULZ‘U)Z ;] that appears
in the update of B;. A similar inductive condition is used by |Collins et al.[[2022].

More importantly, our analysis only needs a full rank B, By, which holds almost surely for usual
initialisations. Collins et al.| [2022] instead require that the smallest eigenvalue of B,” By is bounded
strictly away from 0, which does not hold when d >> k’. This indicates that their analysis covers only
the tail end of training and not the initial alignment phase.

Rate of convergence. In contrast with the convergence result of |Collins et al.[[2022], Theorem E]
does not provide any convergence rate for FO-ANIL but only states asymptotic results. Appendix [H]
provides an analogous rate for the first limit of Theorem |1 ||BI B3 = O(a;;ig? t). Due to
misspecification, this rate is slower than the one by |Collins et al.[[2022] (exponential vs. polynomial).
A similar slow down due to overparametrisation has been recently shown when learning a single
ReLU neuron [Xu and Du, 2023]]. In our setting, rates are more difficult to obtain for the second and
third limits, as the decay of quantities of interest depends on other terms in complex ways. Remark
that rates for these two limits are not studied by (Collins et al.|[2022]. In the infinite samples limit, a
rate for the third limit can yet be derived when k = £'.

Limitations. Assumptionassumes zero mean task parameters, p, = E[w, ;] = 0. Considering
non-zero task mean adds two difficulties to the existing analysis. First, controlling the dynamics
of w; is much harder, as there is an extra term p, in its update, but also because B;w; should not
converge to 0 anymore but B, /i, instead. Moreover, updates of B; have an extra asymmetric rank 1
term depending on .. Experiments in Appendix [[yet support that both FO-ANIL and FO-MAML
succeed when i, is non zero.

In addition, we assume that the task covariance ¥, is identity. The condition number of ¥, is related
to the task diversity and the problem hardness [Tripuraneni et al.l 2020, Thekumparampil et al., 2021}
Collins et al.,[2022]]. Under Assumption|[I] the task diversity is perfect (i.e., the condition number
is 1), which simplifies the problem. The main challenge in dealing with general task covariances is
that the updates involve non-commutative terms. Consequently, the main update rule of B B;B,’ B,
no longer preserves the monotonicity used to derive upper and lower bounds on its iterates. However,
experimental results in Appendix [[| suggest that Theorem [I] still holds with any diagonal covariance.
Hence, we believe our analysis can be extended to any diagonal task covariance. The matrix X, being
diagonal is not restrictive, as it is always the case for a properly chosen B,.



Lastly, the features X; follow a standard Gaussian distribution here. It is needed to derive an exact
expression of Efw, ; th ;] with Lemma , which can be easily extended to any spherically symmetric
distribution. Whether Theorem [T|holds for general feature distributions yet remains open.

B Sketch of proof

The challenging part of Theorem |1|is that B; &€ R4 involves two separate components with
different dynamics:

By = B.B! B+ B, 1B] | B
The first term B, B; eventually scales in o~ /2 whereas the second term BI | By converges to 0,

resulting in a nearly rank-deficient B;. The dynamics of these two terms and w; are interdependent,
which makes it challenging to bound any of them.

Regularity conditions. The first part of the proof consists in bounding all the quantities of interest.
Precisely, we show by induction that the three following properties hold for any ¢,

L 1B} Bel3 < [|As]l2, 2. [lwell2 < Jwoll2, 3. B, L Billz < |IB/] L Boll2- (12)
Importantly, the first and third conditions, along with the initialisation conditions, imply || B||3 <
a~!. The monotonicity of the function fU described below leads to || B B; 1|2 < ||A4|l2. Also,
using the inductive assumptions with the update equations for B: | B, and w; allows us to show that
both the second and third properties hold at time ¢ + 1.

Now that the three different quantities of interest have been properly bounded, we can show the three
limiting results of Theorem I}

Unlearning the orthogonal complement. We first show that lim;_, BI | Bt = 0. Equation @
directly yields B] | Biy1 = B, | By (Is — BE[w; w,;]). The previous bounding conditions
guarantee for a well chosen f8 that |[E[w; w,]llo < S~'. Moreover thanks to Equation ,
Elwy jw/;] = 0427[;7—2BIJ_B,EB;B*7L, which finally yields

o
|BILBenl < (1-a?8

2
—|BL L B/I3) B! L Bil3. (13)

Learning the task mean. We can now proceed to the second limit in Theorem B;w; can be
decomposed into two parts, giving || Byw||2 < [|B] Bywi|l2 + || B, | Biw||2. As |lw;]|2 is bounded

and | B, | B;||2 converges to 0, the second term vanishes. A detailed analysis on the updates of
B Byw, gives

B

18] Bl < (1 4+ aBlIS e ) 187 Bl + O (18] BilBllwdla)

which implies that lim;_, ., Byw; = 0 for properly chosen «, (.
Feature learning. We now focus on the limit of the matrix A; := B] B;B,’ B, € R¥**_ The
recursion on A; induced by Equations @) and @) is as follows,
Ay = (I + aBRi(Ay)) Ay (T + aBRi(Ay))
14
—28Sym ((I + aBR:(Ay) B, B.U:B/ B,) + 8*B] B,U?B|' B,. 19
where Sym(A) == 1 (A+ A7), Ry(A) = (L — 222HDA )8, — 2 (52 4+ [|Baw,[3) and

Uy is some noise term defined in Appendix |C| From there, we can define functions f and fY
approximating the updates given in Equation (14)) such that

L U

S (M) 2 Appr =27 (Ay).
Moreover, these functions preserve the Loewner matrix order for commuting matrices of interest.
Thanks to that, we can construct bounding sequences of matrices (A%), (AY) such that

Using the first two points, we can then show that both sequences A, AV are non-decreasing and
converge to A, under the conditions of Theorem[I] The third point then concludes the proof.



C Proof of Theorem

The full version of Theorem[I]is given by Theorem[2] In particular, it gives more precise conditions
on the required initialisation and step sizes.

Theorem 2. Assume that ¢y < 1, co are small enough positive constants verifying

min+1 ¢ (c2+35?)
Min 2Tnin@”in + 1)

< Ami]ﬂ(zﬁ)v

and «, B are selected such that the following conditions hold:

C2

1. < q,

1
2. el > 41242,

1 Min + 2 cic 262 mi, +1 4 Min
3. — > <02 + 172 + — + Z*||2—|—>,

af — Min 2min (Min +1)  min Min 3 (min + 1)
1 co + 52

4. — >6|(|Z, .
af — (” 2+min+1>

Furthermore, suppose that parameters By and wq are initialized such that the following three
conditions hold:

1. B/ By is full rank,

1 C1

2. |Bol} < =————,

B0l < -~
3. Jlwol|3 < acs.

Then, FO-ANIL (given by Equations (3) and (6)) with initial parameters By, wo, inner step size c,

outer step size 3, asymptotically satisfies the following

Jim B! B, =0, (15)
lim Byw; = 0, (16)
t—o0
1 my Min + 1 -t
. T T o _ - in _ in
tgr&B* BtBt B, =A, = o mim + 1 (Ik < 72 Yy + Ik)) > . (I7)

The main tools for the proof are presented and discussed in the following subsections. Section[C.I|
proves monotonic decay in noise terms provided that By is bounded by above. Section [C.2] provides
bounds for iterates and describes the monotonicity between updates. Section[C.3|constructs sequences
that bound the iterates from above and below. Section [C.4] presents the full proof using the tools
developed in previous sections. In the following, common recursions on relevant objects are derived.
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The recursion on B; defined in Equation @ leads to the following recursions on C; := B] B; €
kak’ and D; == BIJ_Bt c R(dfk)xk/’

a(mi, +1 o?
Ct+1 = <Ik —+ Oéﬁ (Ik — ()tht—r> Z* — B (HBtthQ —|— TI‘(E*) —+ 0'2) CtCtT> Ct
2
—8Cy| (Lv — aB] B wyw, (L — aB By) + —— B/ Bjwyw, B/ B,
a’ 2 2y pT
+ —— (I Bawdl* + Te(2,) + 0%) Dy Dy |, (18)
T T T o?f o TpT
Diy1 =Dy |Iy — 8 (Ik' —aB, Bt) W Wy (Ik’ —aB, Bt) . B, Bywyw; By By
a?B(miy, + 1 o?
- %Cf&@ - m'ﬁ ([ Bewe||? + Tr(24) + 0?) B] By |. (19)
For ease of notation, let 52 := Tr(X,) + 02, §; == || Byw;||3 + &2 and define the following objects,
a(miy, +1 a
R(A,T) = <Ik - (m)A) T — (32 +7)A,  Ri(A) = R(A, | Bav|3),
2
Wt = (Ik’ — O[B;rBt) ’lUt’U_)tT (Ik’ — O[BtTBt) + Oé‘ B;BtwtthBtTBt,
Ut = Wt + ] 6tDt Dta
o?(my, + 1 a?
Vi =W, + QC}TZ*C& + —6,B, By. (20)
Min Min
Then, the recursion for A; := C;C," is
Arpr = (T + aBR(A) At (Tx + aBRy(Ar)) T + B2CURC (21)

— B (I + aBR(Ar) CULCY — BCUC, (I + aBRy(Ay)) " .

C.1 Regularity conditions

Lemmas [1| and [2| control ||w¢||2 and || D;||2 across iterations, respectively. Lemma |3| shows that
[|Cywy||2 is decaying with a noise term that vanishes as || D;||2 gets small. Corollary [I|combines all
three results and yields the first two claims of Theorem [I]

lim B, | B, =0, lim Byw, =0,
t—o0 t—o00
under the assumption that conditions of Lemmas [2] and [3] are satisfied for all ¢. Lemmas [4] and [3]
bound ||U||2 and ||WW;||2, ensuring that the recursions of A, are well-behaved in later sections.
Lemma 1. Assume that 1 n
Miy + ¢
coly < Bl By < ——"— Ty,

a Mip + 1

Jor constants 0 < ¢p,0 < ¢1 < 1 such that fco(1 — ¢1) < miy + 1. Then,

Co(]. —Cl)
<({l-pf——= .
[lwig]l2 < ( B o + 1 ) llwe2

Proof. From the assumption,

1—01

T+ 1Ik/ j Ik/ — CEBtTBt j (1 — acO)Ik/,
and

o(1—c1)

B B,(I. — aB  B,) = ¢ 1.
tt(k att)_ min‘i‘lk

11



Recalling the recursion for w; defined in Equation (3)),

co(l —c
el < (1 —/30(1)) el

Min + 1
O
Lemma 2. Assume that
1
1Billz < — w3 < o,

for a constant ¢ > 0 and «, B satisfy

1 Min + 2 =2

- > w+ DX , 22

B> o e ((min + DIEs ]2 +7%) (22)

1 _ 252

- > (23)

Ckﬂ Min

Then,

a?B_
IDuaDT ke < (1= S 21007 ) 10T o

mn

Proof. The recursion on D; D, is given by

Dy D)y = DIy — BV;)?D/

where we recall V; is defined in Equation (20). First step is to show I, — 8V; = 0 by proving
[Vill2 < 3. By the definition of V%,

«

2(min + 1)

2
oY
[Vill2 < [[Well2 + 1G24 Chlla + —6:|| B/ B2

mln ml

Term[(A)]is bounded by Lemmal5} For the term|(B)] using ||C4||2 = || B Bel|2 < || B]l2,

1
ICT.Cillz < <112l
Term [(C)|is bounded as
_ 1 _ _ 1
0= |Bawn|3 +5* < —will3 +7* < c+7% 1B Billa < | Bill < .
Combining three bounds and using the condition in Equation (22)),

Min + 1
[Vill2 <

ac +

mn mn

((min + 1)[|Zsll2 + %) + ac <

| =

Therefore, it is possible to upper bound Dt+1DtT+1 as follows,
Di1D/,, = DIy — BV;)?D,
< Di(I;y — BV,) D/
a?B

mm

< D, {Ik/ — 7°D/} Dt] D}

2
_ {Ik/ _@ 502DtDtT] D.D; .

Min
Let D; D] = ;59 be the SVD decomposition of D;D," in this proof. Then,

mm

T @B 300\ T
Dt+1Dt+1 j Qt St - g St Qt .

Note that é < i by Equation lb and for any s1 < s9 < é < —n

202302 202302°
2 2
(6% o
B5'282) >51(1— B72

g°s1),
Min Min

52(1 —

12



by monotonicity of  — z(1 — Q’Q x). Hence, if s is the largest eigenvalue of S;, s(1 — = 5023)

is the largest eigenvalue of (S; — 70282) and

a?p_
IDaDTal < (1= 220ID0] 2 ) 10:D] o

mn

O]
Lemma 3. Suppose that 8 < « and the following conditions hold,
1 miy

1B < A < o= ] <
where ¢ > 0 is a constant such that

(1 B 70‘) o2 Min + 2 Min

> +c 5+
ap Min +1  min+1 (M +1)

Then,

54
[Crr1weyl2 < (1 “1a T aB|Sill2 ) ICwel2 + M||Dy|3[we 2,

for a constant M depending only on a.

Proof. Let Q; :== C' C;. Expanding the recursion for w1,

Crrrwis1 = Cepr (L — B + o) wy
+ aBCyy1 (D] Dy — 2aD; Dy — o*D/ Dy — o*Q D/ Dy — o> D! D;D/ Dy) w

Since || B||3 < =, there is some constant M p depending only on « such that

Mg Dell3llwell2 > |[B]l2-
Expanding term [(A)]

min+1

in

Cir1 (I — B + afQ}) wy = af <I -« At) 2,0 (L — B + aBQ}) w

a?B a?p T )
— Ct Ik/ — m 5tQt — B (Ik/ — O[Qt) wtwt (Ik/ — O[Qt) Qtwtwt Qt (Ik/ — 6975 —|— Oé,BQt) w

in Min
+ aBCy (D] Dywyw] (L — @) + (L — a) wew, D Dy — @D, Dywyaw, D[ Dy),

where & = ™1 Similarly to term|(B)} there is a constant M depending only on « such that

M| De|l3]lwe 13 > [

Bounding term[(C)]

mn +]-
[l = ” oA > Sy (I — BA¢ + aBA?) Cow,

Mip + 1

2

<M -« Aell2[Eull2) Tk — BA: + aBAT[l2]| Crwe |2

in

=12l (1= 0”200 00 ) (1= B8 + 4B (4) [ Crla

11n

13



Re-writing term (D)}

2 2
(D)= ((Ik - B@At) (T — BA, + aBA?) — Bdy (T — aly) — = ﬁdgAt>tht

Min Min

where d; and d are defined as

d1 = < (Ik/ — aQt) Wy, (Ik/ — BQt + OlBQ%) wt>, d2 = <Qtwt7 (Ik — ﬂQt + OéﬁQ?) wt>.

As all eigenvalues of €2; are in {O, ém’_’“ﬁrl} ,

<1 - f) Iy < Iy — B + afQf < I,
a

and
1 1-— E = (Ik/ - OéQt) (Ik/ - ﬂQt + Oé,@Q?) = Ik-/
Min + 1 4o ) -
1 my
0=<Q (I — BQ 02 < ——=_
- t( k= P+ ap t) T amiy +1
Therefore, d; and ds are non-negative and bounded from above as follows,
ac (1 — %) s
— < < 0<dy < z
min+]~ =0 =96 - 2_min+1

By assumptions,

o2 af af (c+a?)
p— S¢|| A (T — BA: + aBAT) H2 < min+16t < e 1
and combining all the negative terms in [(F)]

a2f a?p c+5° Min
g 00 (T = B+ aBAT) +5dy (T — ahe)+ 0oy < 0f <min 1 T+ 1)2> e

Hence, [(F)|is bounded by below and above,

0 X[[F)] = (Ix — BAL + aBAT) .
Thus, the norm of [(F)]is bounded by above,

Y < (1_ 4’;)

Combining all the bounds,

[Crvrwisalle < (1= 12 + aE. Iz ) [Cacdla + MIDA url
where M is a constant depending only on . O

Corollary 1. Assume that conditions of Lemma 2] are satisfied for a fixed ¢ > 0 for all times t.
Then, Lemma 2\ directly implies that

. T _ . _
tliglo B B = tlggo Dy =0.

Further, assume that conditions of Lemma 3)is satisfied for all times t and

1
—5 = 4 Z ]2 (24)
a
Then, Lemmas 2)and 3| together imply that

lim ||Btwt||2 =0.
t—o0

14



Proof. The first result directly follows as by Lemma[2]
Jim D, 2 = 0.
Hence, for any € > 0, there exist a ¢, such that

€
Vit > te, ||DtH2 < 7

Jea

Observe that for any ¢,

| Biv1witill2 < | BuCrirwitallz + || Be L Div1wisrllz = [Crprwipa|lz + ([ Deyrwesa|l2-
Therefore, by Lemrna@ forany ¢t > ¢,

M

IBerwisls < (1= 2 +aBlIS.la) [Cunla + & 50 +
M

< (1- £ +aslsle) IBasda + €+

By Equation (24),
(1 _5 —|—a6||2*||2> <1,
%Y

and || Byw:||2 is decaying for ¢ > t. as long as

€ (1 + e\%%)
af (12 — [Z4ll2)”

Hence, for any € > 0, it is possible to find t., > ¢, such that for all ¢ > ¢/,

(14 e )
)
af (12 — [1Z4l2)

| Brwe|l2 >

| Brw |2 <

As € and €’ are arbitrary,
lim ||Btwt||2 =0.
t—o0

O
Lemma 4. Assume that | D;||3 < ém B3 < L, [lwi|l3 < ey for constants c1, ¢y € Ry
Then,
Min + 1 c1 (02 + 52)
U2 < af e +
|| t” < Min 2'rnin(nlin + ]-)
Proof. By definition of U,,
o2

1Uell2 < Well2 + ——06:[|D] Dl

m

Term[(A)]is bounded by Lemmal5] For the term[(B)] bounding d; by conditions on B, and wy,

6 = || Bawe||3 + 7° < o + 57,
one has the following bound

a? acy (e + 02
DT Dl < 2o (2t 7T)

Min 2min (min + 1)
Combining the two bounds yields the result,

Min 2min (Min + 1)

min + 1 c1 (co + 2
[Utll2 < o <C2 + ( ) )

15



Lemma 5. Assume that | B,||3 < L and ||w,||3 < ac for a constant ¢ € Ry. Then,

: 1
Wills < acintL
m

Proof. By using 0 = B;Bt = %Ik/,
|(Le — aB] Bwiw] (L — aB Bl = | (L — aB] Bwi[3 < [[wi]3 < ac,
1 c
I B, Bywyw, B Billa = || B} Biw||5 < @Hwtﬂg <=
and the result follows by

OéQ Min + 1

| B, Biwsw, B, Bi||2 < ac .
Min Min

IWell2 < |(Te — @B/ Boywyw, (I — aBy By)ll2 +
O

C.2 Bounds on iterates and monotonicity

The recursion for A; given in Equation (ZI) has the following main term:

(T, + aBR: (M) Ae (T + aBRy(Ay)) T

Lemma@bounds A1 from above by this term, i.e., terms involving U, are negative. On the other
hand, Lemma [7]bounds A;,; from below with the expression

(Ix + aBRy(Ay) — aByeli) Ae(TIi + afRy(Ar) — afyli) T, (25)
where v, € R, is a scalar such that ||U;[|2 < a-y,. Lastly, Lemma 9] shows that updates of the form
of Equation (23) enjoy a monotonicity property which allows the control of A; over time from above
and below by constructing sequences of matrices, as described in Appendix [C.3}

Lemma 6. Suppose that |Uy |2 < %. Then,
Avr1 = (L + aBR(A)) Ay (T + aBRy(A))

Proof. As U]z < 4,
CUC] — BC,URC = C(U, — BURC] = 0.
Using Appendix [C.2}
Avpr = (Ip + aBRy(A)) (A — BCULCT) (Ix + aBRy(Ay)) | — BCULCT + B2 CUEC,
< (I + aBR(Ay)) (A — BCULC]T) (L + aBRy(Ay))
< (I + aBRy(Ae)) Ay (T + aBR:(Ay)) "

Lemma 7. Let ~y; be a scalar such that ||Uy|ls < ay < ﬁ Then,
(I + aBR(Ar) — Byl ) A (T + aBRi(Ar) — Oéﬂ’YtIk)T = Apyre

Proof. By using |U;||2 < avyy,
Oé’)/tAt — CtUtCtT = C’t(a%Ik — Ut)CtT i 0.

Moreover, as
z — x — B2,

is an increasing function in [0, %], the maximal eigenvalue of

U, — BU?
is s — Bs% < ay; — a?By? where s is the maximal eigenvalue U;. Hence,

(oryt — a257tz) I — (Ut — BUtZ) = 0.

16



Therefore, the following expression is positive semi-definite,
2Sym (I + aBR(Ay)) (ayeAy — CtUtCtT)) — B(a®yP Ay — CUECY)
= (L + aBR(Ay)) (aehe — CULCT) (I + afRy (M)
+ ((aveAs — CUC) — B (47 Ay — CLUEC)))

= Cy [(ave — o?B}) Ly — (U — »BUE)} c,
The result follows by

A1 = (I, + aBRy(A)) Ay (I + aBRy(Ay)) T — 268Sym (I, + aBR(Ay)) CiUCY) — B2CURCT
= (I + afRi(As)) Ar (T + OéﬁRt(At))T — 2aBv:Sym (I, + aBR:(Ay)) Ay) — &?B22A

= (Ik -+ aﬂRt(At) — aﬂ’}/tlk)At(Ik -+ aﬂRt(At) — Oéﬂ’yt]:k)—r.
O

Lemma 8. Ler Uy = \IjtStFtT be the (thin) SVD decomposition of C, and let ~y, be a scalar such that
DS UTe]l2 < aye < % Then,

(I + aBR(Ar) — aBy i) Ay (T + aBRy(Ay) — Oéﬂ’YtIk)T <At

Proof. 1Tt is sufficient to observe that
ayi Ay — CUC, = 0,8, (ayLyy — T UTy) Sy ¥/ = 0,

and use the same argument as in the proof of Lemmal(7] O
Lemma 9. For non-negative scalars 1,7, let f(-;7,7) : Symy(R) — Sym,(R) be defined as
follows,
FAs7,7y) = (I + aBR(A, 7) — afyLe) Ay + aBR(A, 7) — afyIy) .
Then, f(-;T,v) preserves the partial order between any A, N’ that commutes with each other and %,
ie.,
L M g MmN =0 = f(Aimq) = f(N7)
amin+1k_ - - TY) = 3T )s
when the following condition holds,
i+
1-— >5 b .
0By = 50B(1% |2 + 2—7)

Proof. The result follows if and only if
(1 —apfy)*(A = A') = af(l — aBy)[R(A', 7)A" — R(A, 7)A]

+aB(1 — aBfy)[ANR(A,7) — AR(A, T)]
+a?BYR(N, )N R(N , 7) — R(A, 7)AR(A, 7). (26)

By Lemma(I6]
A2 A2 = %(A CA)A A+ %(A+A’)(A Y

A+ A2(A = A7) 2 2] Adl2(A = A).
Bounding term [(A)|by using commutativity of A, A’ with ¥, and A, A’ <

. —2
RN, 7)AN — R(A,7)A = MA [Z*JF o +TI,€} A
min min+1
(i +1) {2 Ty }A’ S.(A - A)
Min 1
a(miy + 1) G247
<X ——||Z
- Min |:| *H2+ 1n“i’1



The term[(B)]is equal to the term [(A)| and thus bounded by the same expression. By Lemma|[I7]
A® — A% = 0.
Bounding term using the commutativity of A, A’ with X, and A, A’ <

l Min
o min+1°

a(miy, +1 g2+ 7
RO AR, 7) = R ARG, 1) =220 [y ZE s 42 )
2 —2 2
; 1
LS (A AN, - (0‘(”%“) {E* + 2 —:TII,C} (A3 — A)
Min Min
Fr+T
=< 4%, DI A —A).
<Al [+ 2] (4 - )
Therefore, Equation (26) is satisfied if
oi+T g +T
(1= ap)? 2 031 - ap) 122+ 20|+ 402 [l + 250 ).
which holds by the given condition. O

Remark 1. Let 7,y be scalars such that 0 < 7 and 0 < v < Apin(24). Define A, (7,7) as follows,

. =2 -2 -1
A, (1,7) = 1 miy (Ik B (cr +7 +7) <2*+0+71k> ) Q27)

amiy, +1 Min + 1 Min + 1

(As, T,7) is a fixed point of the function f as
R(A(7,7)) = 7Tk
Corollary 2. Let A be a symmetric p.s.d. matrix which commutes with 3, and satisfy
A j A* (7—7 ’Y)a
Sor some scalars 0 < 7 and 0 < v < Apin(X+). Then, assuming that conditions of Lemma @are
satisfied,
A= f(A7y) 2 AT y)-
Proof. For the left-hand side, note that
R(A,7,7) = 71 <= A< Ai(7,7).
Hence, by the given assumption and commutativity,
A =X (L + aBR(A,7) — afyLe) A (I + aBR(A, 7) — aByLy) " = f(A;7,7).
For the right-hand side, note that by Lemma 9]

f(A7 T, 7) j f(A*(T>'7)§Ta '7) = A*(Ta ’Y)-
O

Lemma 10. Let 7, and ~y; be non-negative, non-increasing scalar sequences such that vo < Amin(Zx),
and A\ be a symmetric p.s.d. matrix that commutes with ., such that

A = A*(T07 ’YO)?
where A, (7,7) is defined in Equation . Furthermore, suppose that o and B satisfy
1 =2
0 Z Sx + 7 + 7 .
af My + 1
Then, the sequence of matrices that are defined recursively as

AO = A ACHD = f(AD: 1, ),

satisfy
lim A® = A, (lim Tt,tlim Vt)-
— 00

t—o0 t—o0
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Proof. By the monotone convergence theorem, 7, and ~y; are convergent. Let 7o, and 7., denote the
limits, i.e.,
Too = M Ty, Yoo = liminf ;.
t—o00 t—o0
As A and ¥, are commuting normal matrices, they are simultaneously diagonalisable, i.e., there
exists an orthogonal matrix Q € R*** and diagonal matrices with positive entries D(?), D, such that

A(O) = QD(O)QTv Y= QD*QT~

Then, applying f to any matrix of from A = QDQ ", where D is a diagonal matrix with positive
entries, yields

in Min + 1
Observe that f operates entry-wise on diagonal elements of D, i.e., for any diagonal element s of D,
the output in the corresponding entry of f is given by the following map g(-, s«,7,7) : R = R,

_ 2
fNT,y) =@ (Ik +afD, — azﬁm;iHD (D* + UQJ”Ik) - aﬁv) DQ'.

Min + 1 G247
Vo L

2
; =11 —a? -
st = (14 ass, - g™ (e T o)

where s, is the corresponding diagonal entry of D,. Hence, Lemma[I0|holds if
I s; = 800 (Too, Yoo )
where s; is defined recursively from an initial value sq for any ¢ > 1 as follows,

St4+1 = g(st; Sues Tty ’Yt)v
and s (7,7) is defined as

1 myy G247 247\ "
o)== T (6 T ),
S00 (T,7) aminJrl( (’Y-l—minJrl) (S +min+1

Observe that
G247 . 1 min
Min + 1 N a Mip + 1

Soo(T,7) (S* + (5« =)

and

247\ "
5 Sxy ) = 1 [ele] ) - * - 7 .
9(5¢5 84, T, V) ( + af (8o (T,7) — 5t) (5 +min+1) St
Hence,

247\ "
oo (Tt, V) — St41 = (oo (T2, Vt) — 5¢) <1 —af (S* + ) ) )

Min + 1

and in each iteration s; takes a step towards s (¢, V). By assumptions sg < so0(70,70) and as

1o T
af Min + 1

for all ¢, s¢11 never overshoots s, (7¢,Vt), i-€.,

5t < 8p41 < Soo (T, V1) < Soo(Teg1, Ver1)-
Therefore, s; is an increasing sequence bounded above by S, (7o0, Yoo ) and by invoking the monotone
convergence theorem, s; is convergent. Assume that s; convergences to a s., < Soo(Too, Yoo )- Then,
there exist a t. such that s (7¢.,7:.) > s, + €. By analysing the sequence,

/o / o /
Ste = Sty Sto4s = g($t€+s—17 Sy Ttes Ve )
it is easy to show that

/ . / _ 1
Ste+s > Sto+so and SILII;O Stets = SOO(Ttea'Vte) > Soos

which leads to a contradiction. Hence, lim;—; o $t = Soo (Too, Yoo )- O

Remark 2. Assume the setup of Lemma[l0land that the sequences T, and ~; converge to 0. Then, as
t — 00, At convergences to A,

lim At = A*.

t—o0
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C.3 Sequence of bounds

Lemma constructs a sequence of matrices A that upper bounds iterates of A;. The idea is to use
the monotonicity property described in Lemma [9] together with the upper bound in Lemma [6] to
control A, from above. Lemma with Remark then allow to conclude lim; o, AV = A,. For
this purpose, Lemma [TT] assume a sufficiently small initialisation that leads to a dynamics where
| Bt|l2 < a~1/2 and |Jw;||2, || D¢ |2 are monotonically decreasing.

In a similar spirit, Lemma construct a sequence of lower bound matrices A7 given that it is possible
to select two scalar sequences 7; and 7;. At each step, the lower bounds A takes a step towards
A, (7¢,7:) described by Remark For ensuring that A; does not decay, the sequences 7; and 7, are
chosen to be non-increasing, which results in increasing A, (7, ;) and AL. In the limit ¢ — oo, AL
convergences to the fixed-point A, (lim;_, oo 7¢, lim;—, o ¢ ), Which serves as the asymptotic lower
bound. Finally, Corollary [3|shows that it is possible to construct these sequences with the limit 0
under some conditions.

Lemma 11. Assume that By and wq are initialized such that

C1 1
1Boll3 = St ol < aca
m

Sor constants 0 < ¢1 < 1,0 < ¢9 and «, B satisfy the following conditions:

1 in + 2 1 252
1. of > max <62m;r + p— ((min + 1)[[S]|2 + 77), mam) ,
) —2
2 Lsofgmntl, aletd) )
af Min 2min (Mmin + 1)
1 o
3. —_— > 5 Z* 1)
of 2 (Il H2+min+1)
4. < a.

The series AV defined recursively as
AG = [ Aol
Afyr = (e + aBR(AY))AY (Ix + aBR(AY))||2Lk,
upper bounds the iterates My, i.e., for all t, AV = A;. Moreover, A, = AV forall t.

Proof. The result follows by induction. It is easy to check that the given assumptions satisfy the
conditions of Lemmas [2]and [9] for all time steps. Assume that for time ¢, the following assumptions
hold.

1. ||[DsD/] || is a non-increasing sequence for s < .
2. ||ws||2 is a non-increasing sequence for s < ¢.

3. Ay < AV < A, forall s < t.

Then, for time ¢ + 1, the following conditions holds:

. 1 bin T T g 1
1. Byusing Ay < A, < E(mmi-s-l) and D;D, < ByB, = %mm-s-l’

1 mip + 1 1

BtBtT = ”BtHQ < a

o myp+1°
Therefore, by Lemma|I] and Lemma[2]

lwesillz < Jwellz, 1 Der1D/ iy llz < 1DeD; .
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2. By applying Lemmaf]

min+1 1 (c2+35?) _ 1
Min 2Tnin (min + 1) - 25 .

Utz < a <C2
Therefore, by Lemma 6}
Apy1 = (T + aBR)A (I, + aBRy)
3. By applying Lemma|§|with A=AV and A := Ay,
(Ir + aBR)A Ly + aBR) T = f(A;0,0) < f(AY;0,0) < AZ, .
4. By applying Lemma@with A=A, = A =AY,
F(AY;0,0) = f(A4;0,0) = A,
Therefore, Ay, | = [|A,|l2I; = A,
5. Combining all the results,

At+1 j Agﬂ j A*~

Lemma 12. Let 1, and v; be non-increasing scalar sequences such that

1
||Btwt||§ <7, U2 <on < —

28’
and 19 < 2,70 < Amin(Xx). Assume that all the assumptions of Lemmahold with constants ¢
and co. and ., B satisfy the following extra conditions

co + 72
— >5(||Z
5 2 5%+ 2
Then, the series AL defined as follows
A(% = min ()\min (AO) 7)\min (A* (TO; ’VO))) Ik7
Ay = Amin ((Ie + aBR(AL, 72) — aByd) AL Iy + aBR(AL, 7)) — aByy) ') I,
lower bounds the iterates Ay, i.e., for all t, A\F < Ay. Moreover, Af < A, for all t.

) + Amin(z*)~

Proof. The result follows by induction. It is easy to check that given assumptions satisfy the
conditions of Lemmas[2]and [9] for all time steps. Suppose that for all time s < ¢,

AL A=A, AL = A7)
Then, for time ¢ + 1, the following conditions hold:
1. By Lemmal/}
Appr = (Tp + aBRe(Ar) — aBvelie) As(XI + afR(Ay) — aﬂ’YtIk)T~
2. By Lemmal[9]
(Ix + aBRy(Ay) — By i) A (T + aBRy(Ay) — aByedi) "
= (Ik + aBRy(A]) — afyeli)Af (I + aBRy(A}) — afyedy)

3. Using commutativity of ¥, and AL,

(Ix + aBRy(AF) — aBydi) A (I, + aBR(AL) — aByli) T
= (I + OéﬁR(AtLth) - aﬁ%Ik)AtL(Ik + aﬂR(AtLaTt) - aﬂ%lk)—r

L
= Ay
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4. By Corollary[2] 5 5
Ay = At+1 = A*(Tt,%)~

As i1 < 7 and y41 < v,
Afpy 2 A (T, 7)) = A (Teg, Vi)
5. Combining all the results,
Afyy 2 A, AP <A () = A (Tegr, Yeg)-

O

Remark 3. The condition on ~; in Lemma(I2]can be relaxed by the condition used in Lemma

Corollary 3. Assume that Lemmal[I2) holds with constants c1, ¢a, and constant sequences

in +1 c1 (co + 52
Ti=cCo, 7= (sz + + 1(2 )><)\min(E*).

Min 2min (min + 1)

Furthermore, suppose ., (3 satisfy the following extra properties,

1
pol > 4|12,
B
(1 - E) 5’2 Min + 2 Min
> + ca .
af My + 1 Min + 1 (min + 1)2

Let Cy = \I/tStF; be the (thin) SVD decomposition of Cy. Then, there exist non-increasing scalar
sequences T; and ~y; such that

1
HBtth% <7 < cg, ||FtUtFtTH2 <ay < %7

with the limit
lim 7 =0, lim ~ =0.
t—o0 t—o0
Proof. All the assumptions of Corollary [T]are satisfied with constant ¢ := c,. Hence,
lim ||D¢]|]2 =0, lim ||Bywi|l2 = 0. (28)
t—o0 t—o0
Moreover, the sequence || Byw||2 is upper bounded above,
[ Bewllz < [|Bell2]well2 < ca.
Take any sequence 0 < 7; < ¢o that monotonically decays to 0. Set 7o = 7 and s; = 0. Recursively
define 7; as follows: for each ¢ > 0, find the smallest s; such that

| Bswsl2 < Tt,a

forall s > s;. Then, set 75, = 74 and for all s;_1 < s < sy, set 7, = 7/_;. It is easy to check that
this procedure yields a non-increasing scalar sequence 7 with the desired limit.
By Lemma|[I2] with 7 := ~, A is non-decaying, and its lowest eigenvalue is bounded from below.
Using the limits in Equation (28,

lim CtUtC;r = 0,

t—o00
which implies that lim; . [|T:U;I'} |2 = 0. A similar argument yields a non-increasing scalar
sequence ; with the desired limit. [
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C.4 Proof of Theorem
By Lemma Ay = AV < A, and || Dyy 1|2 < ||D¢|2 for all t. Using the initialisation condition,
1
1BulIz = ICe2 + 1D:3 < [1Acll + [[1Dollz < [[Axll2 + [1Bollz <
Now, the conditions of Corollary [T]are satisfied with ¢ := co. By Corollary T}
lim Dt = 0, lim Btwt =0.
t—o0 t—o0

Moreover, by Corollary [3] there exist non-increasing sequences 7 and -y, that are decaying. By
Lemmawith these sequences yield AtL =< Ay, for all ¢. Finally, by Lemma

lim A¥ — A, and lim AY — A,,

t—oo t— o0

which concludes Theorem 2

D Proof of Proposition

Proposition 2] below gives a more complete version of Proposition [I] stating an upper bound holding
with probability at least 1 — ¢ for any § > 0.

Proposition 2. Let B, wyest satisfy Equations (EI) and for a new task defined by ??. For any
0 > 0 with probability at least 1 — 6,

VE+/log(5) &+ log(%)

L+ 0nin (=)

B est — B* =0 * 3
Bt — B ( e R B I
k log(5 log(%
e 14 Og([s) 14 Og((s) 7
Miest k Mtest
where we recall 5* = Tr(X,) + o2
Using Equation (T0), it comes
Buiess = Bow, = (aBBT SiewB. — B.)w. + ——BBTX 2
Mtest
_ _ T _ o TyT
= B, (A, — 1) we + aB, Ay (B* Ytest By Ik) w, + - B,AB, X'z
test

The rest of the proof aims at individually bounding the norms of the terms [(A)} [(B)]and [(C)] First
note that by definition of A,

AT Log et [ 7 ]
Qi) — - — - * -
* Min + 1 F (min + 1)2 Min + 1 :
This directly implies that
1 min52 1
”aA*_IkH?: + 2" 72
min +1 0 (min +1)% A0 (80) + 25
1+—0
)\tx)ix)(z*)+o—2/7n3n
< . 29
< P | (29)

Moreover, the concentration inequalities of Lemmas|[13]and[T4]claim that with probability at least 1—4:

2
VE+[2108(3) (VE+/210g(}))
\/mtcst ’ Mtest ’

| B, test Bx — Ii|l2 < 3max

log(3 log(4
IBT X z||s < 160y/mgestk (1 + 229)(“ le
test
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These two bounds along with Equation (29) then allow to bound the terms[(A)} [B)]and[(C)] as follows

140>
Amin (Z4)+02/my,
()l < — R T
_ 2
o 4 ( 4 )
I <3(1- 152402 mrn . VEk + 21og(5)’ VEk + 2log(5) o
Min + 1 vV Mtest Mtest
TN iﬁ/ k log(%) log(%)
<16|1-— (2T Min 1 92y (1 AV EA
|| H2 - Min + ]- 7 Miest ( + Qk )( + 2Tntest)7
where we used in the two last bounds that a||A, |2 < 1 — % Summing these three

k

bounds finally yields Proposition [2} and Propositionwith the particular choice § = 4e™z. O
Lemma 13. For any § > 0, with probability at least 1 — g,

2
VE+ 1 /2108(3) (VE+/210g(}))
\/mtest ’ Mtest

| B Stest Bx — Ii|l2 < 3max

\/E 2log( A
and | BT X |2 < /e (1 + Liyreta) m”)

Proof. Note that B] X T is a matrix in R¥*™test whose entries are independent standard Gaussian
variables. From there, applying Corollary 5.35 and Lemma 5.36 from |Vershynin| [2010]] with

t = 1/2log(45) directly leads to Lemma O

Lemma 14.

log(4 log(3 §
B (187X 5lls > 160 /muk (14 1] 2860y 1 4 o[ 108G)) | 20
2k 2mtest 2

Proof. Let A = B] X7 in this proof. Recall that A has independent entries following a standard
normal distribution. A and z are independent, which implies that A”—;‘ ~ N(0,1). Typical bounds

on Gaussian variables then give [see e.g.|[Rigollet and Hiitter, [2017, Remark 2.2.2]

[|Az]]
Izl

log(5)
2%

P

>4VEk (14 ) gg.

A similar bound holds on the ¢ sub-Gaussian vector z, which is of dimension et :

lo 4 Mtest
B 12l > s (14 2508)) | < o=
2Migest
Combining these two bounds then yields Lemma [14] O

E Technical lemmas

Lemma 15. Let ¥ = %XTX where X € R"*? s such that each row is composed of i.i.d. samples
x ~ N(0,14). For any unit vector v,

1 1
E[Xov' %] = =1, + n !
n
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Proof. Letz,a’ ~ N(0,1;). By expanding covariance ¥ and i.i.d. assumption,

n—1

E[Xvv %] = lIE [(z,0)?zz "] +

- - E [(z,v) (2, v)zz'T].

For the term[(A)]
d
E [<x7v>2xx—r]jk =E l(z xivi)Qmj:Ek] .
i=1
Any term with an odd-order power cancels out as the data is symmetric around the origin, and
E [<JC,’U>2.I‘ZCT] =2u" 1,
by the following computations,
E [(I,U>2x9:T]jj = va[x;l] + ZU?E[:E,ZQS?] = 31}? + va = 21)]2 +1,
1#] i#]
E [<x7v>2xx—r]jk = 2UjvkE[m?xi] = 2u;vg.
For the term[(B)] by i.i.d. assumption,
E [(z,v)(z/,v)z2’"| = E[(z, v)2|E[(z,v)z] .
With a similar argument, it is easy to see
E[(z,v)z]; = Elz?v;] = v;, and E[(z,v)z] = v.
Combining the two terms yields Lemma|[T3] O

Lemma 16. Let A and B be positive semi-definite symmetric matrices of shape k X k and AB = BA.
Then,
AB < ||A||2B.

Proof. As A and B are normal matrices that commute, there exist an orthogonal () such that
A=QAAQ" and B = QApQ " where A4 and A are diagonal. Then,

AB = QAaARQ"T < |AlQABQT,
as for any vector v € R¥,

k

k
v ABY = (A)ii(Ap)ii(Qui)® < [|All2 Y (Ap)is(Qui)® = [|All2B.
=1 i=1

O

Lemma 17. Let A and B be positive semi-definite symmetric matrices of shape k x k such that
AB = BAand A < B. Then, forany k € N,

Ak < B, (30)

Proof. As A and B are normal matrices that commute, there exist an orthogonal () such that
A=QAAQ" and B = QAQ " where A4 and A are diagonal. Then,

B — A" = QA - ARQT -0,
as B > Aimplies Ap = Ay. O
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F Fixed points characterized by Theorem (1| are global minima

The ANIL loss with m samples in the inner loop reads,

1 -
EANIL(B,U);T)’L) = iE'w*,thyi [”Bw(w; Xl'ayi) - B*w*,i |2:| y (31)
where is the updated head after a step of gradient descent, i.e.,
w(w; X, y;) = (w ~ YBTX(X;Bw — yi)) . (32)
m

Whenever the context is clear, we will write @ or w(w) instead of w(w; X;,y;) for brevity. Theo-
rem|I] proves that minimising objective in Equation (31) with FO-ANIL algorithm asymptotically
convergences to a set of fixed points, under some conditions. In Proposition 3| we show that these
points are global minima of the Equation (3T).

Proposition 3. Fix any (B , W) that satisfy the three limiting conditions of Theorem
Bl B=0,
B =0,
BIBB'B, = A,.
Then, (B , W) is the minimiser of the Equation , ie.,

(B, w) € argmin Lani, (B, w; mip ).
B,w

Proof. The strategy of proof is to iteratively show that modifying points to satisfy these three limits
reduce the ANIL loss. Lemmas [I§] to 20| demonstrates how to modify each point such that the
resulting point obeys a particular limit and has better generalisation.

For any (B, w), define the following points,
(By,w1) = (B- B/ B! B,w),
(Ba,ws) = (Bl,wl ~ B (BB]) " Blwl) .
Then, Lemmas[18]to[20] show that
Lani(B, wimin) > Laniw(Br, wi;min) > LaniL(Ba, wa; min) > LaniL (B, &; miun).

Since (B, w) is arbitrary,

(3, w) € argmin LanNiy (B, w; mip).
B,w

O

Lemma 18. Consider any parameters (B,w) € R** x R¥. Let B' = B — B, | B] | B. Then,
for any m > 0, we have
LaNiL(B,w;m) > LaniL(B', w;m).

Proof. Decomposing the loss into two orthogonal terms yields the desired result,

1
LANIL(va;m) = ]Ew*,iaxiayi {HB*TBQD - w*,iHQ] + iEX'hyi [HBIJ_BQI)HQ}

1

2

1 - 2
< iEw*,i;Xiayi {HB*TBUJ - w*»iH ]

L

= LaniL(B', w;m).
O

Lemma 19. Consider any parameters (B,w) € RYF % R¥ such that BIJ_B =0. Letw' =
w— BT (BBT)71 Bw. Then, for any m > 0, we have

LaniL(B,w;m) > LaniL(B,w';m),
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Proof. Expanding the square,

1
KANIL(B,w;m) — EANIL(B,w/;m) = iEw*,i,Xi,yi |:HB;|—B’U~J(’UJ) — w*’iH2 — ||BIBH~)(U)I) — w*,i||2}

1 . - 2 . -
= 3Bu. X [1BE@)]° = |Bo@)|*] = Eu, ,x,, [(Betwe i, Bib(w) = Bio(w)] -

First, expanding @(w) and @w(w’) by Equation (32),
Bio(w) = (Id ~YBBTX] Xi> Bw+ 2BB Xy, Bow)= BB X] y.
m m m
For the first term,

[@) = Ex, [H (- %BBTXin) Bw”g] + %O‘Ew*,i,xi [{(1a- %BBTXin) Bu, BBTX] X,B.w, )|

2
— Ex, [H (u-2BBTX[ X)) BwH ] >0,
m

where we have used that the tasks and the noise are centered around 0. For the second term,

(B)|= <Ew*,i [Baw, i), Ex, Kld ~ 2 BB X/ Xi) BwD =0,

mll’l

where we have again used that the tasks are centered around 0. Putting two results together
yields Lemma([T9] O
Lemma 20. Consider any parameters (B, w) € RYK 5 RY such that BIJ_B =0,Bw = 0. Let
(B',w') € R*F x R such that B] | B' = 0, B'w' = 0 and B] B'B'" B, = A,. Then, we have

LaniL(B, w;miy) > Lanin (B, w'; miy ).

Proof. Let A := B] BB B, in this proof. Using B, | B = 0, we have

1
»CANIL(va?min) = i]E’UJ*,i,Xiyyi [HB:B'[Z) - w*viH2] .

Plugging in the definition of w,

1
LaNiL(B, w;min) = %migE’w*,uthi [HB:BBTX;%HQ}

in

1

Min

1
-« Ew*,i:thi [<w*7i’ B*TBBTXzTylﬂ + §tI‘ (2*) .

Using that the label noise is centered,

(@)= Ew. ..x. [|BI BB S:Bow,|*] + Ex. .. [| BT BBTX] =],

where ¥J; = X ZT X;. By the independence of w, ;, X; and Lemma

1
(C)|=tr (B] BB'E., , x, [ZiB.w,w, B] ;] BB'B,)

tr (B BB'Ey, [£;B.X.B/]%;| BB' B,)

m:,ll.+ Lo (B BB'B,S.B] BB'B,) + ml tr (B BB'BB'B,)

in 1 1
= M (ASLA) + ——tr (S,) tr (A2).

Min Min
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For the term[(D)] we have
1
(D)= —tr (B! BB'Ex, ., [X; 22} X;] BB" B,)

=o’tr (B] BB'Ex, [¥;] BB B,)

=o’tr (B BBTBB'B,)

= o2tr (AQ) .
Lastly, for the term |(B)} we have

1
[(B)= — B, ., X; [(w.;, B BBT X' X;B,w, ;)]

=E,, , [(ws;, Bl BB Bw, ;)]
=tr(AX,).
Putting everything together using ¥, is scaled identity,

Ot2

1
LaniL (B, w;miy) = o ((min + 1) tr (AZA) + tr (X)) tr (AQ)) — atr (AX,) + itr ()

a? 1
= o ((min + 1) [Zul2 +72) tr (A) = al|Z.lotr(A) + St (S.).

Hence, the loss depends on B only through A := B BB B, for all (B, w) such that B | B =
0, Bw = 0. Taking the derivative w.r.t. A yields that A is a minimiser if and only if

((min + 1) ||Z*||2 + 62) A — )\max (Z*) I=0.

mn

This quantity is minimised for A, as

in 1 52
Q&A* (2* + 7 A*> -y,
Min Min + 1

G Extending Collins et al./[2022] analysis to the misspecified setting

We show that the dynamics for infinite samples in the misspecified setting & < k' < d is reducible
to a well-specified case studied in |Collins et al.|[2022]. The idea is to show that the dynamics is
restricted to a k-dimensional subspace via a time-independent bijection between misspecified and
well-specified iterates.

In the infinite samples limit, mi, = 00, Moyt = 00, the outer loop updates of Equation (3) simplify
with Assumption I]to

W1 = Wt — BAtBtT (Btwt - B*,u*) ,
.
Biy1 = By — BB Aywy (Aywy + aBtTB*,u*) (33)
+B(1,— aB,B]) B, (u* (Agwy) | + aZ*B*TBt) .

where 11, and X, respectively are the empirical task mean and covariance, and A; == Iy, — aB, B;.
This leads to following updates on C; := B By,

Cip1= Ix+ap (I — CtOtT) ¥.) Cy — BC Aywy (Agw, + OzC'tT,u*)T

+ B (Ik — aCiCy ) i (Aguwy)

A key observation of this recursion is that all the terms end with C; or A;. This observation is
sufficient to deduce that C} is fixed in its row space.

Assume that By is initialised such that

ker(C’o) - keI‘(Ao).

28



This condition is always satisfiable by a choice of By that guarantees BJ By = alj/, similarly
to|Collins et al.|[2022]. With this assumption, there is no dynamics in the kernel space of Cjy. More
precisely, we show that for all time ¢, ker(Cy) C ker(Cy) Nker(A;). Then, it is easy to conclude
that B, has simplified rank-deficient dynamics.

Assume the following inductive hypothesis at time ¢,

ker(Cp) C ker(Cy) Nker(Ay).

For time step ¢ + 1, we have for all v € ker(Cy) Nker(A;), Ci41v = 0. As a result, the next step
contains the kernel space of the previous step, i.e., ker(Cp) C ker(Cy) Nker(A;) C ker(Ciiq).
Similarly, inspecting the expression for A;;1, we have for all v € ker(C;) Nker(Ay), Ay =0
and ker(Cp) C ker(Ct) Nker(A¢) C ker(Ayy1). Therefore, the induction hypothesis at time step
t + 1 holds.

Now, using that ker(C;) = col(C,")*, row spaces of C; are confined in the same k-dimensional
subspace, col(C;7) D col(Cy ). Let R € R¥*¥ and R, e R ~F)*k" be two orthogonal matrices
that span col(C, ) and col(C, )+, respectively. That is, R and R, satisfy RRT = I, col(R) =
col(Cy ) and Ry R] = Iy, col(Ry) = col(Cy )*. Itis easy to show that updates to B; and w;
are orthogonal to col(R, ), i.e.,

B,R| = BoR], and Ryw, = R, wy.
With this result, we can prove that there is a k-dimensional parametrisation of the misspecified
dynamics. Let g € R¥, By € R¥*F defined as
Bo = B()RT, UA}O = Rwo.
Running FO-ANIL in the infinite samples limit, initialized with BO and g, mirrors the dynamics of
the original misspecified iterations, i.e., B; and w; satisfy,

B, = B,R", ;= Rw;, By = Byw; — ByR] R wo.

This given bijection proves that iterates are fixed throughout training on the &’ — k-dimensional
subspace col(R ). Hence, as argued in Appendix [A] the infinite samples dynamics do not capture
unlearning behavior observed in Appendix[I] In contrast, the infinite tasks idealisation exhibits both
learning and unlearning dynamics.

H Convergence rate for unlearning

In Proposition we derive the rate HBIJ_Bt 12 =0( azngici;?t).

Proposition 4. Under the conditions of Theorem

2 1
B LB, < T —, (34)
min 1B Boll;
for any time t > 0.
Proof. Recall that Lemma 2] holds for all time steps by Theorem 2} That is, for all ¢t > 0,
2 2 2
|BIBially < (L= w|BLLBS) | BLL B (35)

2
where k = 2852
Min

for brevity. Now, assume the inductive hypothesis in Equation li holds for time

t. Observe that the function & — (1 — kx)x is increasing on [0, 5-] and

1 1 1
BT B2 < |IBT Byl? < =
IBLL BB < BT, Bol < 2t < L

by the assumptions of Theorem Then, by Equation and monotonicity of x — (1 — kx)x,

1
K ) 1 K=+ Brin

T 2
B, | Bit1llz < <1 i i e i p
1B.,1Boll3 B.,1Boll3 (lﬁ:t + m)
* 3
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Using the inequality of arithmetic and geometric means,
1
H(t—l)er H(t+1)+\|5@%
2 — 1
(’“ + m) A1)+ 155
1

T .
£+ + EER
Hence, the induction hypothesis at time step ¢ + 1 holds. O

IB! | Biall3 <

I Experiments

This section empirically studies the behavior of model-agnostic methods on a toy example. We
consider a setup with a large but finite number of tasks N = 5000, feature dimension d = 50, a
limited number of samples per task m = 30, small hidden dimension £ = 5 and Gaussian label
noise with variance o2 = 2. We study a largely misspecified problem where k' = d. To demonstrate
that Theorem [T] holds more generally, we consider a non-identity covariance X, proportional to
diag(1,- - -, k). The complete experimental details are given in Appendix

== FO-ANIL (inf tasks) FO-ANIL (inf samples) — - FO-ANIL === FO-MAML = Burer-Monteiro

Amax(A)

(B/By)
N

T
1
\ !
N
1
1
1
1
1
1
I
i
=)
-
1

1

~N

T T T T T T T T T T T T
0 2000 1000 6000 8000 10000 0 2000 4000 6000 8000 10000
Iterations Iterations

Figure 1: Evolution of smallest (left) and largest (right) squared singular value of B, B; during
training. The shaded area represents the standard deviation observed over 10 runs.

To observe the differences between the idealised models and the true algorithm, FO-ANIL with finite
samples and tasks is compared with both its infinite tasks and infinite samples versions. It is also
compared with FO-MAML and Burer-Monteiro factorisation.

Flguremﬁrst illustrates how the different methods learn the ground truth subspace given by B,. More
precisely, it shows the evolution of the largest and smallest squared singular value of B/ B;.

Figure 2 on the other hand illustrates how different methods unlearn the orthogonal complement of
col(B,), by showing the evolution of the largest and averaged squared singular value of B* 1 By

==+ FO-ANIL (inf tasks) FO-ANIL (inf samples) — - FO-ANIL === FO-MAML = Burer-Monteiro
15 -1
5 5
F 104 P
B 21 K==
I ~ g S T ———
o ~ o ~. TTmre——
5 e 1 S~<
it T S L R N E R et P A
it s T N et b
04 A

T T T T T T T T T T T T
0 5000 10000 15000 20000 25000 0 5000 10000 15000 20000 25000
Iterations Iterations

Figure 2: Evolution of average (left) and largest (right) squared singular value of B*T’ | B; during
training. The shaded area represents the standard deviation observed over 10 runs.

Finally, Table [I|compares the excess risks achieved by these methods on a new task with both 20

and 30 samples. The parameter is estimated by a ridge regression on (X B, y), where B is the
representation learnt while training. Additionally, we report the loss obtained for model-agnostic
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methods after a single gradient descent update. These methods are also compared with the single-task
baseline that performs ridge regression on the d-dimensional feature space, and the oracle baseline
that directly performs ridge regression on the ground truth k-dimensional parameter space. Ridge
regression is used for all methods, since regularising the objective largely improves the test loss here
(overfitting might occur otherwise). For each method, the regularisation parameter is tuned using a
grid-search over multiple values.

Table 1: Excess risk evaluated on 10000 testing tasks. The number after + is the standard deviation
over 10 independent training runs. For model-agnostic methods, 1-GD refers to a single gradient
descent step at test time; Ridge refers to ridge estimator with respect to the learnt representation.

Miest = 20 Miest = 30
Single-task ridge 1.84 £ 0.03 1.63 £ 0.02
Oracle ridge 0.50 +0.01 0.34 £0.01
Burer-Monteiro 1.23 +0.03 1.03 £ 0.02
1-GD Ridge 1-GD Ridge
FO-ANIL 0.81+0.01 0.73£0.03 0.64+0.01 0.57+0.02
FO-MAML 0.81+0.01 0.73+£0.04 0.63+0.01 0.58+0.01

FO-ANIL infinite tasks 0.77£0.01 0.67£0.03 0.60+0.01 0.52+0.01
FO-ANIL infinite samples 1.78 £0.02 1.044+0.02 1.194+0.01 0.84 £ 0.02

As predicted by Theorem [T} FO-ANIL with infinite tasks exactly converges to A,. More precisely,
it quickly learns the ground truth subspace. Moreover, it unlearns its orthogonal complement as
the singular values of B, | B, decrease to 0, yet at the slow rate given in Appendix [H| FO-ANIL
and FO-MAML with a finite number of tasks almost coincide. Although very close to infinite tasks
FO-ANIL, they seem to unlearn the orthogonal space of col(B,) even more slowly. In particular,
there are a few directions (given by the maximal singular value) that are unlearnt either very slowly
or up to a small error. However on average, the unlearning happens at a comparable rate, and the
effect of the few extreme directions is negligible. These methods thus learn a good representation
and reach an excess risk approaching the oracle baseline when doing either ridge regression or just a
single gradient step.

On the other hand, as predicted in Appendix [A] FO-ANIL with an infinite number of samples
quickly learns col(By), but it does not unlearn the orthogonal complement. The singular values
along the orthogonal complement stay constant. A similar behavior is observed for Burer-Monteiro
factorisation: the ground truth subspace is quickly learnt, but the orthogonal complement is not
unlearnt. Actually, the singular values along the orthogonal complement even increase during the
first steps of training. For both methods, the inability of unlearning the orthogonal complement
significantly hurts the performance at test time. Note however that they still outperform the single-task
baseline. The singular values along col(B,) are indeed larger than along its orthogonal complement.
More weight is then put on the ground truth subspace when estimating a new task.

These experiments confirm the phenomena described in Section [3]and Appendix [A] Model-agnostic
methods not only learn the good subspace, but also unlearn its orthogonal complement. This
unlearning yet happens slowly and many iterations are required to completely ignore the orthogonal
space.

I.1 Experimental details

In the experiments considered in Appendix [[ samples are split into two subsets with m;,, = 20 and
Moy, = 10 for model-agnostic methods. The task parameters w, ; are drawn i.i.d. from N(0,%,),
where ¥, = cdiag(1, ..., k) and c is a constant chosen so that ||X, || = v/k. Moreover, the features
are drawn i.i.d. following a standard Gaussian distribution. All the curves are averaged over 10
training runs.

Model-agnostic methods are all trained using step sizes « = 8 = 0.025. For the infinite tasks model,
the iterates are computed using the close form formulas given by Equations (5) and (6) for m;, = 20.
For the infinite samples model, it is computed using the closed form formula of |Collins et al.|[2022]
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Figure 3: Evolution of the excess risk (evaluated on 10000 tasks with myes; = 30) with respect to
the number of gradient descent steps processed, averaged over 10 training runs.

Equation (3)] with N = 5000 tasks. The matrix By is initialised randomly as an orthogonal matrix
such that BOT By = ﬁlk/. The vector wy is initialised uniformly at random on the k’-dimensional
sphere with squared radius 0.01%’ .

For training Burer-Monteiro method, we initialise By is initialised randomly as an orthogonal matrix
such that BOT By = ﬁlk/ and each column of W is initialised uniformly at random on the k’-
dimensional sphere with squared radius 0.01%’c. E] Also, similarly to Tripuraneni et al.|[2021]], we
add a §|| B B, — W, W,"||% regularising term to the training loss to ensure training stability. The
matrices By and W are simultaneously trained with LBFGS using the default parameters of scipy.

For Table[I| we consider ridge regression for each learnt representation. For example, if we learnt the
representation given by the matrix B € R%**", the Ridge estimator is given by

argmin ﬁtest(Bw; Xa y) + )\HU)”%
weRK

The regularisation parameter \ is tuned for each method using a grid search over multiple values.

LI.2 Additional experiments

L.2.1 Impact of noise and number of samples in inner updates

In this section, we run additional experiments to illustrate the impact of label noise and the number of
samples on the decay of the orthogonal complement of the ground-truth subspace. The experimental
setup is the same as Appendix [[| for FO-ANIL with finite tasks, except for the changes in the number
of samples per task and the variance of label noise.

Figure EI illustrates the decay of squared singular value of BI | B: during training. As predicted
by Appendix [H] the unlearning is fastest when m;, = 10 and slowest when m;, = 30. Figure 5] plots
the decay with respect to different noise levels. The rate derived for the infinite tasks model suggests
that the decay is faster for larger noise. However, experimental evidence with a finite number of
tasks is more nuanced. The decay is indeed fastest for 02 = 4 and slowest for o2 = 0 on average.
However, the decay of the largest singular value slows down for 02 = 4 in a second time, while the
decay still goes on with o = 0, and the largest singular value eventually becomes smaller than in the
02 = 4 case. This observation might indicate the intricate dynamics of FO-ANIL with finite tasks.

1.2.2 General task distribution

In this section, we run similar experiments to Appendix|[I| but with a more difficult task distribution and
3 training runs per method. In particular the task parameters are now generated as w, ; ~ N (ft,, X4),
where 1, is chosen uniformly at random on the k-sphere of radius v/k. Also, ¥, is chosen proportional
to diag(e', ..., €*), so that its Frobenius-norm is 2v/k and its condition number is e*~.

Similarly to Appendix [l Figures[6]and[7]show the evolution of the squared singular values on the
good subspace and its orthogonal component during the training. Similarly to the well-behaved case

*We choose a small initialisation regime for Burer-Monteiro to be in the good implicit bias regime. Note that
Burer-Monteiro yields worse performance when using a larger initialisation scale.
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Figure 4: Evolution of average (leff) and largest (right) squared singular value of BI | B: during
training. The shaded area represents the standard deviation observed over 5 runs.
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Figure 5: Evolution of average (left) and largest (right) squared singular value of B*T) | By during
training. The shaded area represents the standard deviation observed over 5 runs.
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Figure 6: Evolution of largest (leff) and smallest (right) squared singular values of B B; during
training. The shaded area represents the standard deviation observed over 3 runs.
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Figure 7: Evolution of average (left) and largest (right) squared singular value of B: | B¢ during
training. The shaded area represents the standard deviation observed over 3 runs.
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of Appendix [ model-agnostic methods seem to correctly learn the good subspace and unlearn its
orthogonal complement, still at a very slow rate. The main difference is that the matrix towards
which B B; B, B, converges does not exactly correspond to the A, matrix defined in Theorem
We believe this is due to an additional term that should appear in the presence of a non-zero task
mean. We yet do not fully understand what this term should be.
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Figure 8: Evolution of || Byw; — Byfi4||3 during training. The shaded area represents the standard
deviation observed over 3 runs.

Figure |8 on the other hand shows the evolution of || Byw; — By 14 || while training. This value quickly
decreases to 0. This decay implies that model-agnostic methods learn not only the low-dimensional
space on which the task parameters lie, but also their mean value. It then chooses this mean value
as the initial point, and consequentially, the task adaptation happens quickly at test time. Overall,
the experiments in this section suggest that model-agnostic methods still learn a good representation
when facing more general task distributions.

1.2.3 Number of gradient steps at test time

This section studies what should be done at test time for the different methods. Figure [3|illustrates
how the excess risk evolves when running gradient descent over the head parameters w, for the
methods trained in Appendix [[} For all results, gradient descent is run with step size 0.01, which is
actually smaller than the o used while training FO-ANIL.

Keeping the step size equal to « leads to optimisation complications when running gradient descent:
the objective loss diverges, since the step size is chosen too large. This divergence is due to the fact
that FO-ANIL chooses a large scale B; while training: this ensures a quick adaptation after a single
gradient step but also leads to divergence of gradient descent after many steps.

The excess risk first decreases for all the methods while running gradient descent. However, after
some critical threshold, it increases again for all methods except the Oracle. It is due to the fact
that at some point in the task adaptation, the methods start overfitting the noise using components
along the orthogonal complement of the ground-truth space. Even though the representation learnt
by FO-ANIL is nearly rank-deficient, it is still full rank. As can be seen in the difference between
FO-ANIL and Oracle, this tiny difference between rank-deficient and full rank actually leads to a
huge performance gap when running gradient descent until convergence.

Additionally, Figure [3|nicely illustrates how early stopping plays some regularising role here. Overall,
this suggests it is far from obvious how the methods should adapt at test time, despite having learnt a
good representation.
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