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Abstract

Meta-learning methods leverage data from previous tasks to learn a new task in a
sample-efficient manner. In particular, model-agnostic methods look for initialisa-
tion points from which gradient descent quickly adapts to any new task. Although
it has been empirically suggested that such methods learns shared representations
during pretraining, there is limited theoretical evidence of such behavior. In this
direction, this work shows, in the limit of infinite tasks, first-order ANIL with a lin-
ear two-layer network successfully learns linear shared representations. This result
even holds under overparametrisation; having a width larger than the dimension of
the shared representations results in an asymptotically low-rank solution.

1 Introduction

Supervised learning usually requires a large amount of data. To overcome the limited number of
available training samples for a single task, multi-task learning estimates a model across multiple
tasks [Ando et al., 2005, |Cheng et al., | 2011f]. Closely related, meta-learning aims to quickly adapt to
any new task, by leveraging the knowledge gained from previous tasks.

Meta-learning has been mostly popularised by the success of Model-Agnostic Meta-Learning
(MAML) for few-shot image classification and reinforcement learning [Finn et al., [2017]. MAML
searches for an initialisation point such that only a few task-specific gradient descent iterations yield
good performance on new tasks. It is model-agnostic as the objective is applicable to any architecture
that is trainable with a gradient procedure, without modifications. Raghu et al.|[2020]] empirically
claim that MAML implicitly learns a shared representation across the tasks, since its intermediate
layers do not significantly change during task-specific finetuning. Consequently, they propose Almost-
No-Inner-Loop (ANIL), which only updates the last layer during task-specific updates and performs
similarly to MAML. However, practitioners generally use first-order approximations FO-MAML or
FO-ANIL that achieve comparable performances at a cheaper cost [Nichol and Schulman, 2018]].

Despite the empirical success of model-agnostic methods, little is known about their behaviors in
theory. To this end, our work considers learning of shared representations in few-shot settings with
the pretraining of FO-ANIL. Proving positive optimisation results on the pretraining of meta-learning
models is out of reach in general, complex settings in practice. Hence, to allow a tractable analysis,
we study FO-ANIL in the canonical multi-task model of a linear shared representation; and consider a
linear two-layer network [Rohde and Tsybakov} 2011}, [Tripuraneni et al.| 2021} Boursier et al., 2022].

For meta-learning in this canonical multi-task model, [Saunshi et al.| [2020] has shown the first
result under overparametrisation by considering a unidimensional shared representation, infinite
samples per task, and an idealised algorithm. More recently, [Collins et al.| [2022]] has provided a
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multi-dimensional analysis for MAML and ANIL in which the hidden layer recovers the ground-truth
low-dimensional subspace at an exponential rate. Similar to multi-task methods, the latter result
relies on well-specification of the network width, i.e., it has to coincide with the hidden dimension of
the shared structure. Moreover, it requires a weak alignment between the hidden layer and the ground
truth at initialisation, which is not satisfied in high-dimensional settings.

The power of MAML and ANIL, however, comes from their good performance despite mismatches
between the architecture and the problem, and in few-shot settings. In this direction, we prove a
learning result under finite samples and infinite tasks that is better suited for practical scenarios.
Specifically, we show that FO-ANIL successfully learns multidimensional linear shared structures
with an overparametrised network width and without initial weak alignment. Our setting admits novel
behaviors unobserved in previous works: FO-ANIL not only /earns the low-dimensional subspace,
but it also unlearns its orthogonal complement. This unlearning does not happen with infinite samples
and is crucial during task-specific finetuning. Overall, our result provides the first guarantee under
misspecifications, and shows the benefits of model-agnostic meta-learning over multi-task learning.

2 Problem setting

In the following, tasks are indexed by i 2 N. Each task corresponds to a d-dimensional linear
regression task with parameter ».; 2 RY and m observation samples. For each task i, we have
observations (Xi;yi) 2 R™ 9 R™ such that y; = X; »:j + zj where z; 2 R™ is some random
noise. The multi-task linear representation learning setting assumes that the regression parameters
»-i all lie in the same small k-dimensional linear subspace, with k < d. Equivalently, there is an
orthogonal matrix B> 2 RY ¥ and representation parameters Wo.j 2 RK such that 2:i = BoWo.j for
any task i. To derive a proper analysis of this setting, we assume a random design of the different
quantities of interest, summarised in Assumptionm
Assumption 1 (random design). Each row of Xj is drawn i.i.d. according to N (0; lg) and the
coordinates of Zi are i.i.d., centered random variables of variance 2. Moreover, the task parameters
Wo.j are drawn i.i.d with E[W»-i] = 0 and covariance matrix o ‘= E[W?;iw?>;i] =clgwithc>0.

2.1 FO-ANIL algorithm

The ANIL algorithm aims at minimising the test loss on a new task, after a small number of gradient
steps on the last layer of the neural network. For the sake of simplicity, we here consider a single

gradient step and a linear two-layer network architecture, parametrised by = (B;w) 2 RY K RK
withk k? d. ANIL then aims at minimisizﬁg over the quantity i
Lani( ) = EW?;i;Xi;yi L; r-WII—\i( X Yi) €))

where L is the (expected) test loss on the task i, which depends on W»-j; I/_\.( ; Xi; Vi) is the empirical
loss on the observations (Xj;Yi); and is the gradient step size.

Following Saunshi et al.|[2021]], we split the observations of each task as (X{";yI") 2 RMin d  RMin
the My, first rows of (Xj;yi); and (XPUt, yPut) 2 RMour d  RMout the My, last rows of (Xi; Yi).
While training, ANIL alternates at each step t 2 N between an inner and an outer loop to update the
parameter ¢. In the inner loop, the last layer of the network is adapted to each task i following

wei o we o rwliC e XNy @
In the outer loop, ANIL then takes a gradient step (with learning rate ) on the validation loss
obtained for the observations (XUt; yPUt) after this inner loop. With .j := (B¢; Wy:i), it updates

1t w e P O Gl i XUt you); 3)
where the matrix Iqt;i accounts for the derivative of the function ¢ @ ;. FO-ANIL, which is
considered in the remaining of this work, replaces Iqt;i by the identity matrix in Equation .

2.2 Infinite task idealisation

In our regression setting, the empirical squared error is used and the Equation (2) reads:

BE (Xi")”X{"(Biwe  Bowsyi) + —BF (X{")7zj™ )

Wi = Wi
Min Min




Following multi-task learning literature that considers a large number of tasks [Thekumparampil
et al|,[2021] Boursier et al., 2022], we study FO-ANIL in the limit of an in nite humber of tasks
N = 1 . The rst-order outer loop updates of Equatipf (3) then simplify with Assumption 1 to

Wi+ = Wi (IkO B I>Bt)Bt> BtWt; (5)

Bi+1 = By B (EW;wg;]+ B » »B;By: (6)

Moreover, Lemma 15 with Assumption 1 allows computation of the exact expresskfwgfwy; :

Ewy wii1=(lee B {Boww; (Ike B [By)+ 2B B, »B;By
2 (7)

+ B Biwyw; B] + Bs ,B> + kBywk®+Tr( )+ 2 lg By

n
3 Learning a good representation

Given the complexity of its iterates, FO-ANIL is very intricate to analyse even in this simpli ed
setting of in nite tasks. The objective function is non-convex in its arguments and the iterations
involve high-order terms in botiv; andBy, as seen in Equations (5) and (6).

Theorem 1. LetBy andwg be initialized such thaB3 B is full rank,

. 1 m;
n

kwok3 = O ( min( 2));
where min ( ») is the smallest eigenvalue of,, =2 := Tr( ,)+ 2 and theO notation hides
universal constants. Let also the step sizes satisfy and = O (=).

Then under Assumption 1, FO-ANIL (given by Equati@@snd (6)) with initial parametersBo; wo,
asymptotically satis es the following

H > —_ . H —_ .
tIlllm B3, By =0; tllllm Biw; =0;

} Min | Min +1 + ! . (8)
min 1 k - ? k )

tI!ilm B5BB;Bro= =
whereB,.» 2 RY (@ K) js an orthogonal matrix spanning the orthogonalol(B-), i.e.,
B5,B2> = lg «x; and B; B, =0:
Theorem 1 yet characterizes convergence towards some xed point (of the iterates) satisfying:

1. B; isrank-de cient, i.e., FO-ANIL learns to ignore the enttte k dimensional orthogonal
subspace given bB,., , as expressed by the rst limit in Equation (8).

2. The learnt initialisation yields the zero function, as given by the second limit in Equation (8).
Note thatw; does not necessarily convergedtdhowever, it converges to the null space of
B, thanks to the third property. Although intuitive, showing tBatv; converges to the
mean task parameter (assunfdakere) is very challenging when starting away from it, as
discussed in Appendix A. This property is crucial for fast adaptation on a new task.

3. B3 B;1 B B> is proportional to identity. Along with the rst property, this fact implies that
the learnt matriB; exactly spansol(B-). Moreover, its squared singular values scale as
1, allowing to perform rapid learning with a single gradient step of size

These three properties allow to obtain a good performance on a new task after a single gradient
descent step, as quanti ed by Proposition 1 in Section 3.1. In addition, the limit points characterised
by Theorem 1 are shown to be global minima of the ANIL objective in Equation (1) in Appendix F.

Interestingly, Theorem 1 holds for quite large step sizes and the limit points only depend on
these parameters by the ! scaling of . Also note that »! %I, whenmj, 1 . Yet, there is
some shrinkage of , for nite number of samples, that is signi cant when;, is of order of the
inverse eigenvalues at, . This shrinkage mitigates the variance of the estimator returned after a
single gradient step, while this estimator is unbiased with no shrinkagex 1 ).



Although the limiting behavior of FO-ANIL holds for any niten;, , the convergence rate can be
arbitrarily slow for largem;, . In particular, FO-ANIL becomes very slow to unlearn the orthogonal
complement otol(B,) whenmj, is large, as highlighted by Equation (13) in Appendix B. At the
limit of in nite samplesm;, = 1 , FO-ANIL thus does not unlearn the orthogonal complement and
the rst limit of Equation (8) in Theorem 1 does not hold anymore. This unlearning is yet crucial at
test time, since it reduces the dependency of the excess riskfttnk (see Proposition 1).

3.1 Fast adaptation to a new task

Thanks to Theorem 1, FO-ANIL learns the shared representation during pretraining. It is yet unclear
how this result enhances the learning of new tasks, often referretbaming in the literature.

Consider having learnt paramet¢g; w) 2 RY ¥° R’ following Theorem 1,

B5,B8=0, Bw=0;, B5BB B,= o (9)
We then observe a new regression task wiih; observationgX;y) 2 RMest 4 RMest gnd
parametew, 2 RK such thaty = XB ,w, + z, where the entries of are i.i.d. centered sub-
Gaussian random variables and the entrieX ddre i.i.d. standard Gaussian variables following

Assumption 1. The learner then estimates the regression parameter of the new task doing one step of
gradient descent:

Wieest = W r wli\((ﬁa W), Xiy) = v+

B> X~ XB ow, + B> X~ z; (10)
test Miest

As in the inner loop of ANIL, a single gradient step is processed here. When estimating the regression
parameter witlBBw st , the excess risk on this task is exad(@wtest B,w-k3. Proposition 1
below allows to bound the risk on any new observed task.

Proposition 1. LetB; Wiest Satisfy Equation$9) and (10) for a new task de ned bws,. If megt K,

then with probability at least  4e %, r r
+ T ”
KBWiest  Bowokz = O wkw?k+ kw-k k K :

+
Min Miest Miest

where we recall? = Tr( )+ 2.

The rst two terms come from the error due to proceeding a single gradient step, instead of converging
towards the ERM weights: the rst one is the bias of this error, while the second one is due to its
variance. The last term is the typical error of linear regressionlodimensional space. Note this
bound does not depend on the feature dimengigror k%, but only on the hidden dimensidn

When learning a new task without prior knowledge, €.0q with a simple linear regression on the
d-dimensional space of the features, the error instead scales ﬁi{? [Hsu et al., 2012]. FO-ANIL

thus leads to improved estimations on new tasks, when it beforehand learnt the shared representation.
Such a learning is guaranteed thanks to Theorem 1. Surprisingly, FO-ANIL might only need a single
gradient step to outperform linear regression ondttmensional feature space, as empirically

con rmed in Appendix . As explained, this quick adaptation is made possible by tRescaling of

B, which leads to considerable updates in the model parameter after a single gradient step.

Additional material. The proofs of Theorem 1 and Proposition 1 are deferred to Appendices C
and D. An extensive discussion on the implications of these results and their limitations in compari-
son with existing literature can be found in Appendix A. Numerical experiments are presented in
Appendix | and con rm these results on more general assumptions than Assumption 1.

4 Conclusion

This work studies rst-order ANIL in the shared linear representation model with a linear two-layer ar-
chitecture. Under in nite tasks idealisation, FO-ANIL successfully learns the shared, low-dimensional
representation despite overparametrisation in the hidden layer. More crucially for performance during
task-speci ¢ netuning, the iterates of FO-ANIL not only learn the low-dimensional subspace but
also forget its orthogonal complement. As a consequence, our work suggests that model-agnostic
methods are alsmodel-agnostiin the sense that they successfully learn the shared representation,
although their architecture is not adapted to the problem parameters.
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A Discussion

No prior structure knowledge. Previous works on model-agnostic methods and matrix factorisa-
tion consider a well-speci ed learning architecture, ikf.= k [Tripuraneni et al., 2021, Thekumpara-

mpil et al., 2021, Collins et al., 2022]. In practical settings, the true dimensisrhidden, and
estimating it is part of learning the representation. Theorem 1 instead states that FO-ANIL recovers
this hidden true dimensiok asymptotically when misspeci ekf > k ) and still learns good shared
representation despite overparametrisation (%, d). Theorem 1 thus illustrates the adaptivity

of model-agnostic methods, which we believe contributes to their empirical success. In addition,
Theorem 1 answers the conjecture of Saunshi et al. [2020].

Proving good convergence of FO-ANIL despite misspeci cation in network width is the main
technical challenge of this work. When correctly speci ed, it is suf cient to prove that FO-ANIL
learns the subspace spanned3y which is simply measured by the principal angle distance by
Collins et al. [2022]. When largely misspeci e#t{= d), this measure is alwaysand poorly

re ects how good is the learnt representation. Instead of a single measure, two phenomena are
quanti ed here. FO-ANIL indeed not only learns the low-dimensional subspace, but it also unlearns
its orthogonal complementMore precisely, misspeci cation sets additional dif culties in controlling
simultaneously the variableg andB; through iterations. Whek®= k, this control is possible by
lower bounding the singular values Bf. A similar argument is however not possible whé k ,

as the matrixB, is now rank de cient (at least asymptotically). To overcome this challenge, we use a
different initialisation regime and analysis techniques with respect to Saunshi et al. [2020], Collins
et al. [2022]. These advanced techniques allow to prove convergence of FO-ANIL with different
assumptions on both the model and the initialisation regime, as explained below.

Superiority of agnostic methods. When correctly speci edK® = k), model-agnostic methods do
not outperform traditional multi-task learning methods. For example, the Burer-Monteiro factorisation
minimises the non-convex problem

P :
min A N GBWO: Xy, (11)

whereW () stands for thé-th column of the matrixV. Tripuraneni et al. [2021] show that any
local minimum of Equation (11) correctly learns the shared representationkfisek. However

when misspeci ed (e.g., taking® = d), there is no such guarantee. In that case, the optnal
need to be full rank (e.gB = |l4) to perfectly t the training data of all tasks, when there is label
noise. This setting then resembles running independielithensional linear regressions for each
task and directly leads to a suboptimal performance of Burer-Monteiro factorisations, as illustrated
in Appendix I. This is another argument in favor of model-agnostic methods in practice: while they
provably work despite overparametrisation, traditional multi-task methgatri do not.

Although Burer-Monteiro performs worse than FO-ANIL in the experiments of Appendix I, it still
largely outperforms the single-task baseline. We believe this good performance despite overparametri-
sation might be due to the implicit bias of matrix factorisation towards low-rank solutions. This
phenomenon remains largely misunderstood in theory, even after being extensively studied [Gu-
nasekar et al., 2017, Arora et al., 2019, Razin and Cohen, 2020, Li et al., 2020]. Explaining the
surprisingly good performance of Burer-Monteiro thus remains a major open problem.

In nite tasks model. A main assumption in Theorem 1 is the in nite tasks model, where updates
are given by the exact ( rst-order) gradient of the objective function in Equation (1). Theoretical
works often assume a large number of tasks to allow a tractable analysis [Thekumparampil et al.,
2021, Boursier et al., 2022]. The in nite tasks model idealises this type of assumption and leads to
simpli ed parameters' updates. Note these updates, given by Equations (5) and (6), remain intricate
to analyse. Saunshi et al. [2020], Collins et al. [2022] instead consider an in nite number of samples
per task, i.e.m;j;, = 1 . This assumption leads to even simpler updates, and their analysis can be
extended to the misspeci ed setting with some extra work, as explained in Appendix G. Collins et al.
[2022] also extend their result to a nite number of samples in nite-time horizon, using concentration

Although Saunshi et al. [2020] consider a misspeci ed setting, the orthogonal complement is not unlearnt in
their case, since they assume an in nite number of samples per task (siée tasks modeparagraph).



bounds on the updates to their in nite samples counterparts when suf ciently many samples are
available.

More importantly, the in nite samples idealisation does not re ect the initial motivation of meta-
learning, which is to learn tasks with a few samples. Interesting phenomena are thus not observed
in this simpli ed setting. First, the superiority of model-agnostic methods is not apparent with an
in nite number of samples per task. In that case, matr@emnly spanningol(B-) also minimise

the problem of Equation (11), potentially making Burer-Monteiro optimal despite misspeci cation.
Second, a nite number of samples is required to unlearn the orthogooal &-). Whenm;, = 1 ,
FO-ANIL does not unlearn this subspace, which hurts the performance at test time fokdarge
as observed in Appendix |. Indeed, there is no risk of over tting (and hence no need to unlearn
the orthogonal space) with an in nite number of samples. On the contrary with a nite number of
samples, FO-ANIL tends to over t during its inner loop. This over tting is yet penalised by the outer
loss and is then mitigated by unlearning the orthogonal space.

Extending Theorem 1 to a nite number of tasks is left open for future work. Appendix | empirically
supports that a similar result should hold. An analysis similar to Collins et al. [2022] ( nite tasks and
samples) is not desirable, as mimicking the in nite samples case through concentration would omit
the unlearning part, as explained above. With misspeci cation, we believe that extending Theorem 1
to a nite number of tasks is directly linked to relaxing Assumption 1. Indeed, the empirical task
mean and covariance are not exa€tignd the identity matrix in that case. Obtaining a convergence
result with general task mean and covariance would then help in understanding the nite tasks case.

Initialisation regime. Theorem 1 requires a bounded initialisation to ensure the dynamics of
FO-ANIL stay bounded. Roughly, we need the squared norBi;of Bo to beO (m i) ! to

guarante&B ko L for anyt. We believe then;, dependency is an artifact of the analysis and it
is empirically not needed. Additionally, we bound to control the scale dE[wy; wy; ] that appears
in the update oB;. A similar inductive condition is used by Collins et al. [2022].

More importantly, our analysis only needs a full reBk B, which holds almost surely for usual
initialisations. Collins et al. [2022] instead require that the smallest eigenvalég Bf, is bounded
strictly away from0, which does not hold whed  k° This indicates that their analysis covers only
the tail end of training and not the initial alignment phase.

Rate of convergence. In contrast with the convergence result of Collins et al. [2022], Theorem 1
does not provide any convergence rate for FO-ANIL but only states asymptotic results. Appendix H
provides an analogous rate for the rst limit of TheoremkB?., Bik3 = O zmiHZt . Due to

misspeci cation, this rate is slower than the one by Collins et al. [2022] (exponential vs. polynomial).
A similar slow down due to overparametrisation has been recently shown when learning a single
ReLU neuron [Xu and Du, 2023]. In our setting, rates are more dif cult to obtain for the second and
third limits, as the decay of quantities of interest depends on other terms in complex ways. Remark
that rates for these two limits are not studied by Collins et al. [2022]. In the in nite samples limit, a
rate for the third limit can yet be derived whirs K°.

Limitations. Assumption 1 assumes zero mean task parameters, E[w».;] = 0. Considering
non-zero task mean adds two dif culties to the existing analysis. First, controlling the dynamics
of w; is much harder, as there is an extra tersnn its update, but also becauBgw; should not
converge td anymore buB, - instead. Moreover, updates Bf have an extra asymmetric rafk

term depending on,. Experiments in Appendix | yet support that both FO-ANIL and FO-MAML
succeed when- is non zero.

In addition, we assume that the task covarianeeés identity. The condition number of, is related

to thetask diversityand the problem hardness [Tripuraneni et al., 2020, Thekumparampil et al., 2021,
Collins et al., 2022]. Under Assumption 1, the task diversity is perfect (i.e., the condition number
is 1), which simpli es the problem. The main challenge in dealing with general task covariances is
that the updates involve non-commutative terms. Consequently, the main updateBgl8d8; B

no longer preserves the monotonicity used to derive upper and lower bounds on its iterates. However,
experimental results in Appendix | suggest that Theorem 1 still holds with any diagonal covariance.
Hence, we believe our analysis can be extended to any diagonal task covariance. The sriaging
diagonal is not restrictive, as it is always the case for a properly ct®sen



Lastly, the featureX; follow a standard Gaussian distribution here. It is needed to derive an exact
expression oE[wy; w; ] with Lemma 15, which can be easily extended to any spherically symmetric
distribution. Whether Theorem 1 holds for general feature distributions yet remains open.

B Sketch of proof

The challenging part of Theorem 1 is tHa¢ 2 RY k* involves two separate components with
different dynamics:
B: = B’)B; B: + B?;? B;;? B::

The rsttermB3 B, eventually scales in 1=2 \whereas the second term;? B: converges t®,
resulting in a nearly rank-de cier®;. The dynamics of these two terms andare interdependent,
which makes it challenging to bound any of them.

Regularity conditions. The rst part of the proof consists in bounding all the quantities of interest.
Precisely, we show by induction that the three following properties hold fot,any

1. kB; Btkg k ?kz; 2. kWtkz k Wokz; 3. kB;¢ Btkz k B;;? Bokzi (12)
Importantly, the rst and third conditions, along with the initialisation conditions, inkiyk3

1. The monotonicity of the functiohV described below leads tB5 B« k3 k -k». Also,
using the inductive assumptions with the update equatiorBE)‘grBt andw; allows us to show that
both the second and third properties hold at timel .

Now that the three different quantities of interest have been properly bounded, we can show the three
limiting results of Theorem 1.

Unlearning the orthogonal complement. We rst show thatlim; B;;? B: = 0. Equation (6)
directly yieldsB3., Bi+1 = B3, By o E[wyi wg; 1 . The previous bounding conditions
guarantee for a well chosen that KE[wy; we; k2 1. Moreover thanks to Equation (7),
Efwei wi; ] Z%B;? B¢B; B».» , which nally yields

-2
kB3, Bk 1 2 —kB3,Biki kB3, Biks: (13)

mln

Learning the task mean. We can now proceed to the second limit in TheorenBdw; can be
decomposed into two parts, givik@;wik, k B3 Biwiky + kB;? Biwiky. As kw;k; is bounded

andkB?., Btk, converges td®, the second term vanishes. A detailed analysis on the updates of
B3 Biw; gives

kB Bsg Wesr ka1 Tt Kok kB3 Bywiko + O KB3., Bik3kwiky ;

which implies thatim;; B{w; = 0 for properly chosen

Feature learning. We now focus on the limit of the matrix; = B3 B;B{ B, 2 Rk k. The
recursion on ; induced by Equations (5) and (6) is as follows,

t+1 =(lk+ R () t(k+ R (1)

14
2 Sym (Ik+ R ¢( 1)) B5B{UB; B, + 2B3B;U?B; B>: (14)

whereSym(A) = 3 A+ A> [ Ri( ) = I, e, — 24 kBwk} and
U, is some noise term de ned in Appendix C. From there, we can de ne funcfidpnandf Y
approximating the updates given in Equation (14) such that

fo( ) o FUC )
Moreover, these functions preserve the Loewner matrix order for commuting matrices of interest.
Thanks to that, we can construct bounding sequences of matri€gs( ) such that

Lo =f0( o) 2.t =f9C ) I
Using the rst two points, we can then show that both sequen¢es ! are non-decreasing and
converge to , under the conditions of Theorem 1. The third point then concludes the proof.




C Proof of Theorem 1

The full version of Theorem 1 is given by Theorem 2. In particular, it gives more precise conditions
on the required initialisation and step sizes.
Theorem 2. Assume that; < 1;c, are small enough positive constants verifying
min+1+ Cy C2+72 <
Min 2mi (Min + 1)
and ; are selected such that the following conditions hold:

min ( 2);

1. ;
2. iz 4k 7k2;
1 Min +2 ac 272 mp +1 4 myp
3. —_— C; + P k k + - :
> i 2Min (Min +1) My Min 2T 3(min +1)2
1 G+ 2
4, — 6 k ko + 2

mip, +1

Furthermore, suppose that parametdg and wgp are initialized such that the following three
conditions hold:

1. B3 By is full rank,

1 C1
2. kBokd = :
072 mi, + 1

3. kWok% C o

Then, FO-ANIL (given by EquatioifS) and (6)) with initial parametersB; wg, inner step size,
outer step size, asymptotically satis es the following

Jim B>, B¢ =0; (15)
Jlim Byw =0; (16)

1 mm mm + 1
— I + 1 : 17
mo+1 K —— 2+ 1) 17)

. > > _ _
tl||1m B? BtBt B,= »=

The main tools for the proof are presented and discussed in the following subsections. Section C.1
proves monotonic decay in noise terms provided Byais bounded by above. Section C.2 provides
bounds for iterates and describes the monotonicity between updates. Section C.3 constructs sequences
that bound the iterates from above and below. Section C.4 presents the full proof using the tools
developed in previous sections. In the following, common recursions on relevant objects are derived.
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The recursion oB; de ned in Equation (6) leads to the following recursions@n:= B3 B; 2
R¢ " andD, = B3, B 2 R ¥

Min +1 2
Civ1 = I+ |k MCtC? ? kBtWtk2+Tr( ?)+ 2 tht> Ci
" Min Min
2
C: | o B t>Bt WtWt> | o B t>Bt + 7Bt> BtWtWt> Bt> Bt
in
) #
+ — kBtWtk2+Tr( ?)+ 2 Dt> D: ; (18)
in
2
Dt+1 = Dt |k0 |k0 B t>Bt WtWt> |k0 B t>Bt 7BI> BtWtWt> BI> Bt
in
2 2 #
mi, +1
ﬁcﬁ -Gy kBiwik? +Tr( 2)+ 2 BBy : (19)
Min Min

For ease of notation, e .= Tr( »)+ 2, { = kByw; k% + ~2 and de ne the following objects,

(min +1) -2 2
R( ;)= 1 _ ; + . R = R( ;kBiwik5);
() k m i t() ( tWik3)
2
Wi = lgo B t>Bt WtWt> I o B t>Bt + Bt> BtWtWt> Bt> By;
in
2
Ut = Wt+ tDt>Dt1
in
2 m +1 2
Vi = W + MC? 2Ct + — B; By: (20)
min min

Then, the recursion for; = C;C; is

1 =(lk+ R (1) t(k+ R () + 2CUEC]

. (22)
(lk+ R (( ) CUCT CUCT (Ik+ R () :

C.1 Regularity conditions

Lemmas 1 and 2 contrddw; k, andkDk, across iterations, respectively. Lemma 3 shows that
kCiwiks is decaying with a noise term that vanishekBsk, gets small. Corollary 1 combines all
three results and yields the rst two claims of Theorem 1,

lim B»>B{=0; lim Byw; =0;
th1 til

under the assumption that conditions of Lemmas 2 and 3 are satis ed forlafimmas 4 and 5
boundkU, k, andkW,k,, ensuring that the recursions of are well-behaved in later sections.

Lemma 1. Assume that

Imp, + ¢
> in 1 .
Colke By By *m'kox
forconstant® ¢y;0<cy < 1lsuchthatco(l ¢) mj, +1. Then,
Co(l ) .
kWt+]_ k2 1 m kWt k2.
Proof. From the assumption,
1 ¢
mo + 1 I o I o B t>Bt (l C 0)|k0;
and a )
Co C1
B; B(l B/ B —
¢ Bi(lko ¢ Bt) mo 1

11



Recalling the recursion fok; de ned in Equation (5),
Co(l 1)

kwi+1 ko 1 o1 kwiko:
O
Lemma 2. Assume that
1
kBiks = kwiki c;
foraconstant Oand; satisfy
1 Mip + 2 1 -2
- + — in +1k ok + : 22
Min Min (mm ) ?R2 ) ( )
1 272
il : 23
m (23)

Then,
2

KDt+1 Diyp Ko 1 ~2kD{D; ky kDD; ky:

mII"I

Proof. The recursion oD; is given by

Di+1Diyy = Di(lee  V4)?Dy;
where we recalV; is de ned in Equation (20). First step istoshdw V. 0 by proving
kVik, 1. By the de nition of \,

2 ) 2
KVikz Kk Wekp + —min 1)

ka 2Ciko + mi th; Biks:

n n

Term (A) is bounded by Lemma 5. For the term (B), usi@k, = kB3 Bik, k Biko,

1
kCt> ?Ctkg —k ?k2:

Term (C) is bounded as

1 1
¢ = kBywek3 + 72 Z“kwik3+ "2 c+ 7%, kB; Bik, k Biks =
Combining three bounds and using the condition in Equation (22),

Mip +1 1

kVik (Min +1)k 2ko+ 72 + ¢

c +
in Min

Therefore, it is possible to upper boubg,; D7,; as follows,

Dis1 D{yy = Di(leo V)?Dy
D¢(Iko Vt)Dt>

2
—~?D; Dy Dy

n

= o -2D,D; DD;:

in
LetD(D;y = (St { bethe SVD decomposition &;D; in this proof. Then,
2
Dt+1 Dy ¢ S —7°s T
Min

Note thatt < —Tu_; by Equation (23) and forangs s, < & < Do,

2 2

: “?s)  si(1 _
n n

S2(1 ~2s1);

12



by monotonicity ofx 7! x(1 %*Zx). Hence, ifs is the largest eigenvalue &, s(1 sz*ZS)

is the largest eigenvalue (S, mZT’ZSf) and

2
kKDi+1 Diyp ka1 - ~2kD{D; ky kDD; ky:
in
O
Lemma 3. Suppose that and the following conditions hold,
1 1 mj
kBik3 =k k3 = O kwk3
tRo ’ tRo min +11 tRho )
wherec 0is a constant such that

c :
mi, +1 Min +1  (mj, +1)2
Then,

kCt+1 Wi +1 ko 1 ? + k oko kCtWtkz + M thk%kWtkz;

for a constantM depending only on.
Proof. Let  := C{ C;. Expanding the recursion fav;.; ,

Ci+1 Wier = Crar o ¢+

2
t Wi

+ C ¢y DDy 2D{D: °D;D{: 2 D;D;y 2D;D:D;D;{ w:

SincekBk3 1, there is some constakts depending only on such that
Mg kDikskwiks k (B)ka:
Expanding term (A),

Min +1

Cir1 lxo t+ tZWt— I t 2Ct ko t+ tZWt
Min
2 2
Ct Iyo m (I D)WWy (Io t) m WeW, ¢ o ¢+
+ C Dt> DtWtWt> (|ko - t)+(|k° - t)WtWt> Dt> D¢ D t>DtWtWt> Dt> D¢ ;
where™ = mm—” Similarly to term (B), there is a constaite depending only on such that
Me kD kakwik3 k (E)ko:
Bounding term (C),
mp +1
k(C)kz = | - t 2 Ik t+ t2 Cewy
Min 2
. +1
k1 M T2k skekly o+ 2kokCowgk
in
mp, +1
=k -kz 1 - k(1) 1 k( 1)+ k()% KCewiko:

in

13



Re-writing term (D),

2 2
D)= Ik Ik + z d1(lg ) d> ¢ Ciw
( ) Min tt t t t Min
whered; andd, are de ned as
di = (lko t) We; |k°h t+ i tz Wy ;o = gwe; i t+ tz Wi
i H -1 in
As all eigenvalues of ; are in 0; = mm o
1 47 I kO I kO t + t2 I kO,
and
1 2
_ + i
p—— 1 7 (ko t) lko t i I o;
1 m;
0 | + LU
t k t t M, + 1
Therefored; andd, are non-negative and bounded from above as follows,
c 1 -
4 CMmin
—  d c; 0 d :
Mi, + 1 ! 2 Miy + 1
By assumptions,
2 c+ 2
t ot lk t+ tz t ;
Min 2 Min +1 Mmip +1
and combining all the negative terms in (F),
2 2 -2
c+ m;
2 in
t ot lk ¢+ +.d g (lko )+ da ¢ +cC+
Min ! Min Mmi, + 1 (min + 1) 2
Hence, (F) is bounded by below and above,
0 (F) e o+ 2

Thus, the norm of (F) is bounded by above,
k(F)kz 1 e
Combining all the bounds,

kCuawiiky 1 =+ Kk oko KCrwiks + M kD kakwko;

whereM is a constant depending only on O

Corollary 1. Assume that conditions of Lemma 2 are satis ed for a xed O for all timest.
Then, Lemma 2 directly implies that

. N . o
Jim B3 Be= i D. =0:
Further, assume that conditions of Lemma 3 is satis ed for all tiinasd

1
2
Then, Lemmas 2 and 3 together imply that

4k 2 kz: (24)

tI!|1m kBiwiks =0

14



Proof. The rst result directly follows as by Lemma 2,
tI!ilm kDk, = 0:
Hence, for any > 0, there exist a such that
8t>t ; kDtky < %:
Observe that for any,

KBt+1 Wi+1 Ko kK BoCrag Wiag Ko + KB oo Divg Wiag Ko = KCiag Wetq Ko + KDpag Wiag Ko
Therefore, by Lemma 3, for arty>t

M
KB i1 Wisq Ko 1 YRl k -k, kCiwiky + 2%+

1 =+ Kkooke KBiwiko + 21g»'\i'::+:
By Equation (24),
1 4—+ k -k, < 1;
andkB;w;k; is decaying fot >t as long as
1+ pNé:
= k ok :

Hence, for any®> 0, it is possible to ndt o >t such that foralt >t o,

kBtWt k2

e
kB wi ko + =
tVVt 4% k ?k2

As and Care arbitrary,
tIlilm kBiwik, = 0:

O
Lemma 4. Assume thakD k3 iz(mfﬁ, kBik3 1, kwk3 c,forconstantg;;c; 2 Ry .
Then, I
mip +1 L G+ 2
kUt k2 C in 1 L2

Min 2min (Mjy + 1)

Proof. By de nition of U,
2

kUiko k Wiko + m tth> Dko:

in

Term (A) is bounded by Lemma 5. For the term (B), boundingy conditions orB; andw,
t = kBtWtkg + -2 C + 72;

one has the following bound

2 Ci G+ -2
— (kD; D¢k —_—
Min ‘ ! 2 2min (min + 1)

Combining the two bounds yields the result,

mip +1 + L G+ 72
Min 2min (M, + 1)

kUt kz C2

15



Lemma 5. Assume thakB:k3 % andkw:k3 c foraconstant 2 R.: . Then,
mi, +1

KWk -
n

Proof. By usingd B By Llyo,
k(leo B {B)ww; (Ike B [ Byka=Kk(lke B [ By)wks k wki c;
1
KB Boww] B] Biko = kBY Biwkd  —kwikd <,

and the result follows by

2 Mmi, +1
kWiko k (Io B 7 Bowewy (Ixo B [ By)ka + m—ka Biwiw; B; Bik, ¢ 'r:n
in in

C.2 Bounds on iterates and monotonicity

The recursion for ¢ given in Equation (21) has the following main term:

(lk+ R (1) (k+ R ()7
Lemma 6 bounds .1 from above by this term, i.e., terms involvitgy are negative. On the other
hand, Lemma 7 bounds;.; from below with the expression

(lk+ R ¢( 1) the) e+ R (1) i)™ (25)
where { 2 R is a scalar such th&t; ko t. Lastly, Lemma 9 shows that updates of the form
of Equation (25) enjoy a monotonicity property which allows the controlobver time from above
and below by constructing sequences of matrices, as described in Appendix C.3.

Lemma 6. Suppose thatUk, 1. Then,
1 (k+ R () t(k+ R () :
Proof. AskUik, 1,
CiUC; CUZC] = C(U, UHC o
Using Appendix C.2,
w1 =(lk+ R (1) ¢ CUC (Ik+ R (1) CUC+ 2CUZC]
(Ik+ R (1) ¢ CUC (k+ R (o)
(lk+ R (1) «(k+ R ()7 :

Lemma 7. Let { be a scalar such tha&U;k, t Zi Then,
(lk+ R (1) th) t(lk+ R () the)” t+1

Proof. By usingkU; k» t

it CUC = Ci( Ik U)CT O

Moreover, as

X7'x  x?2

is an increasing function if9; --], the maximal eigenvalue of

2
U U
iss s?2 ¢ 2 2 wheres is the maximal eigenvalue; . Hence,
¢ 2 2l U UZ O

16



Therefore, the following expression is positive semi-de nite,

2Sym (Ik+ R (1)) ¢ CUC/ (2% cUicy)
=(lk+ R (1) 1t CUC (Ik+ R ()
+ t v CUCo 22 cquUic

Ct ¢ 2 2l U UZ C:
The result follows by
w1 =(lk+ R () t(k+ R ()7 28Sym (Ix+ R (( 1) CUC ’cuecy
(Ik+ R () e+ R () 2 Sym(x+ R () ) 222,

=(lk+ R (1) the) t(k+ R ¢( v) the)™:
O

Lemma8. LetC; = S; ; be the (thin) SVD decomposition@f and let ; be a scalar such that
k 1>Ut tk2 t ZA Then,

(lk+ R () the) e+ R (1) the)” t+1 -

Proof. It is suf cient to observe that
t ot CtUth = S tlko t>Ut t St t> 0;
and use the same argument as in the proof of Lemma 7. O

Lemma 9. For non-negative scalars , letf(;; ): Sym(R) ! Sym(R) be de ned as
follows,

f(; 5 )=+ R (;) ) (lk+ R (5) )™
Thenf (; ; ) preserves the partial order between any °that commutes with each other and,
ie.,

} Min 0 _ .. 0 . .
M + 10 0=) (¢ ) fC55 )
when the following condition holds,
1 5 (k ako + e— )

Proof. The result follows if and only if

(1 )2( % (1 NRC %) % R( ;)]
+ (1 N RC%). R(; )
+ 22R( %) RC%) R(;) R(; (26)

By Lemma 16,

2 @220 0+ 9e (¢ 99
ko+ % ) &Kook O

Bounding term (A) by using commutativity of; °with ,and ; °© 1_Min

. -2
R(S) © R(i)= TR T,
(mr:;i:l) 0 ?+mi2n++1|k o 0
% K okp+ mi2n++1 (2 o



The term (B) is equal to the term (A) and thus bounded by the same expression. By Lemma 17,

3 ® o
Bounding term (C), using the commutativity of °with ,and ; © & Mo,
. +1) -2 +
R( ® ) OR( © R(-)YR(:)=2 (Min 2, 2 @
(5 ) RCS) () RC:) o mm+17( )
(mip +1) ? 2+ ? 3 ®
—~n = +
2( 9 - — 7o Tl ( )
-2
4k -k k ok + :
ke Kooko+ Co Ty ( 9
Therefore, Equation (26) is satis ed if
2 2+ 2 2 2+
(1 ) 4 (1 ) k?k2+min+1 +4 k -k k?k2+min+l ;
which holds by the given condition. O

Remark 1. Let ; bescalarssuchthdi< and0< < in( 2). Dene »(; ) asfollows,
|
!

1 mpj 24 -2 4
o)== | + + I : 27
2(5) Min +1 k min +1 ? min+1k (27)
( »;; )isa xed point of the functio as
R( (5 )= I
Corollary 2. Let be a symmetric p.s.d. matrix which commutes withand satisfy
205 )

forsome scalar < and0< < in( »). Then, assuming that conditions of Lemma 9 are
satis ed,
£ ) 20 )

Proof. For the left-hand side, note that
R(C:: ) Tk 2(5 )
Hence, by the given assumption and commutativity,
(Ik+ R () ) (le+ R (5) )™ =1 5 )
For the right-hand side, note that by Lemma 9
fGos ) FC200 )% )= =05 )
O

Lemma 10. Let ; and { be non-negative, non-increasing scalar sequences suchghat min ( 2),
and be a symmetric p.s.d. matrix that commutes withsuch that

2( 0} 0);
where ,(; ) isde ned in Equation27). Furthermore, suppose thatand satisfy
1 24+
— S, +

Then, the sequence of matrices that are de ned recursively as

O=5 =100 5
satisfy

lim ® = lim ¢ lim ):
til ?(t!l tt!l t)
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Proof. By the monotone convergence theoremand ; are convergent. Let; and ; denote the
limits, i.e.,

1= tIﬁn t 1 = Ilrtr!11|nf t
As © and , are commuting normal matrices, they are simultaneously diagonalisable, i.e., there
exists an orthogonal matr@ 2 Rk ¥ and diagonal matrices with positive entr@€” ; D» such that

©=qQp®Q; ,=QD.Q:
Then, applying to any matrix of from = QDQ~, whereD is a diagonal matrix with positive
entries, yields

min +1 24 2
f(: * Y=0O 1.+ D 2 7D Do+ | DQ”:
(3 )=0Q Ik ? - 2t Lk Q
Observe that operates entry-wise on diagonal element®of.e., for any diagonal elemestof D,
the output in the corresponding entryfofs given by the following mag( ;s,; ; ): R! R,
2

) S,

-2
2 Mip + +

1 s(s, +

Min ? Min +1

wheres; is the corresponding diagonal entryld$. Hence, Lemma 10 holds if
Jmsg=s1 (15 1)

wheres; is de ned recursively from an initial valusy for anyt 1 as follows,

St+1 = O(St:S2; th t);

g(s;sz;; )= 1+ s 5

ands; (; )isdenedas

1 mi 2+ 2+
s1 (s = — 1 + S, +
1 ( ) mpp +1 mpp +1 ? mpp +1
Observe that ) L
et Min
s1 (; S, + = — S ;
1) s min, +1 min+1(? )
and !
-2 + 1
St S7; ¢, = 1+ s1 (; S, + St:
o(st; 82 tr t) (s1 (5 ) st) s —— t
Hence, ]
,2+ 1
S ; S =(s ; 1 S, +
1 (15 t) 1 =(S1 (5 1) St) ? — ;

and in each iteratios; takes a step towards ( ¢; (). By assumptionsyg s; ( o; o) and as
1 Lt

—_— S
? Mmi, + 1

for allt, st+1 never overshoots; ( ¢; ), i.e.,

St Stv1 St (1) St (w1 ta1)
Therefores; is an increasing sequence bounded abov&bfy 1 ; 1 ) and by invoking the monotone
convergence theorers, is convergent. Assume that convergences tosf <si; (1 ; 1 ). Then,
there existd suchthas; (¢ ; ¢ ) >s$ + . By analysing the sequence,

S =St Sus= (S es 135% 1 1)
it is easy to show that
Stvs Stusr and  lm sP g =5 (5 ()>s];
which leads to a contradiction. Hende¢; St =1 (15 1)- O

Remark 2. Assume the setup of Lemma 10 and that the sequenaesl ; converge td. Then, as
t!1 , convergencesto,,
o=
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C.3 Sequence of bounds

Lemma 11 constructs a sequence of matriceghat upper bounds iterates of. The idea is to use
the monotonicity property described in Lemma 9, together with the upper bound in Lemma 6, to

control ; from above. Lemma 10 with Remark 2 then allow to conclliag; Y= .. For
this purpose, Lemma 11 assume a suf ciently small initialisation that leads to a dynamics where
kB k> 172 andkw; k,, kDk, are monotonically decreasing.

In a similar spirit, Lemma 12 construct a sequence of lower bound matrfcggven that it is possible
to select two scalar sequencesand ;. At each step, the lower bound$ takes a step towards

»( t; t) described by Remark 1. For ensuring thatdoes not decay, the sequenceand ; are
chosen to be non-increasing, which results in increasi(@:; () and t.Inthelimitt!1 ,
convergences to the xed-point;(limyy ¢;limys 1), which serves as the asymptotic lower
bound. Finally, Corollary 3 shows that it is possible to construct these sequences with ttge limit

under some conditions.
Lemma 11. Assume thaBgo andwg are initialized such that

C 1
kBok% imin +1 ;

for constant<c; < 1;0<cpand; satisfy the following conditions:

kWok% C o;

1 Min +2 1 P 272

1. — + in Tk ok, + ;
max ¢ - e (min + 1)k -kz e
|

1 mp, +1 Ci C+ -2

2. — 2 ¢ + :
> i 2min (Mjp + 1)

1 -2

3. — 5k -k, + :
(k okot )

4.

The series { de ned recursively as
8 =k okalk;
ba = k(e R (D) Y+ R (P)kelis
upper bounds the iterates, i.e., for allt, P +. Moreover, - J for all t.

Proof. The result follows by induction. It is easy to check that the given assumptions satisfy the
conditions of Lemmas 2 and 9 for all time steps. Assume that for tjrtte following assumptions
hold.

1. kDsD? k; is a non-increasing sequence for t.
2. kwgksy is a non-increasing sequence for t.

3. J >foralls t.

Then, for timet + 1, the following conditions holds:

1. Byusing «  » ‘i andDDf  BoBy %oty
1mipp + ¢ 1
BB ———=; kBiky
tBy Min 1 tR2

Therefore, by Lemma 1, and Lemma 2,

kWt+1 k2 k Wtkz; th+1 Dt>+1 k2 k DtDt> k2:

20



2. By applying Lemma 4,

min+1+ C1 Cz+72 l‘
Min 2mip (Mjy +1) 2

kUt k2 Co

Therefore, by Lemma 6,
t+1 (lk+ R 1) (lk+ R )7
3. By applying Lemma 9 with = P and %= .,
(l+ R (i RO =1( 00 f( {000 gy

4. By applying Lemma 9 with == , %= U,

f( Y00 f( 00)= »
Therefore, &, k okolk = .

5. Combining all the results,

t+1 t+1 7!
O
Lemma 12. Let ; and ; be non-increasing scalar sequences such that
1
kBtWtkg t; kUiko t ?;

and o C2; 0< min( 2). Assume that all the assumptions of Lemma 11 hold with constants
andc,. and ;  satisfy the following extra conditions

1 Cz"'i2
— 5k 2k +
( "2 min, +1

) *  min ( ?):
Then, the series} de ned as follows

S=min( min ( 0); min ( 2Co0; o)) lk;
i = min (Ik+ R (50 i) Fe+ R (50 ) T

lower bounds the iteratesy, i.e., forallt, t. Moreover, t L, forallt.

Proof. The result follows by induction. It is easy to check that given assumptions satisfy the
conditions of Lemmas 2 and 9 for all time steps. Suppose that for allgime,

s s 2, 5 2( 5 t):
Then, for timet + 1, the following conditions hold:

1. By Lemma 7,

t+1 (lk+ R (1) the) t(lk+ R «( 1) the)™
2. ByLemma9,
(Ik+ R (1) tha) t(k+ R «( 1) the)”
(le+ R« 1) ) v+ R () i)
3. Using commutativity of » and |,
(le*+ R« 7) ) v+ R «( t) i)’
(Ile+ R (t50) ) ce+ R (£ v) the)”
1
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4. By Corollary 2,

{' I{+1 2( 6 1)
AS 41 rand 41 t
I{+1 20t 1) 2( 15 t41):
5. Combining all the results,
{'+1 t+1 5 {'+1 2t t) 2(t+15 t+1):

O

Remark 3. The condition on in Lemma 12 can be relaxed by the condition used in Lemma 8.
Corollary 3. Assume that Lemma 12 holds with constants,, and constant sequences
!

min+1+ G C+ 2

Min 2mi, (i + 1) min {2);

= G, = &

Furthermore, suppose  satisfy the following extra properties,
1

— 4k kg
1 4 -2 c mi, +2 Mip .
min+1 2min+1 (min+1)2.
LetC, = (St ;{ be the (thin) SVD decomposition®f. Then, there exist non-increasing scalar
sequences; and ¢ such that
1
kBtWtkg t G kU sz t 7;
with the limit
lim {=0; lim =0:
til th

Proof. All the assumptions of Corollary 1 are satis ed with constart c,. Hence,
tI!ilm kDk, = 0; tI!ilm kBiwik, = 0: (28)
Moreover, the sequend®w;k, is upper bounded above,
kBiwik, k Bikokwiky  Cp:

Take any sequend® 0 ¢, that monotonically decays @ Set o = {ands; = 0. Recursively
de ne . as follows: for eachh> 0, nd the smallests; such that

kBswsks tO;
foralls s;. Then, sets, = Jandforalls; 1 s<si,setg= to 1. Itis easy to check that
this procedure yields a non-increasing scalar sequgnwéh the desired limit.
By Lemma 12 with ; == ,  is hon-decaying, and its lowest eigenvalue is bounded from below.
Using the limits in Equation (28),
t|I|1m Ci U'[Ct> =0;

which implies thatim¢; k (U; 7k, = 0. A similar argument yields a non-increasing scalar
sequence; with the desired limit. O
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C.4 Proof of Theorem 2

By Lemma 11, tU »andkDi.1 ko k Dik; for all t. Using the initialisation condition,
1
kBik3 = KCik3 + kDik3 k (ko+ kDok3 k oko+ kBoks =:
Now, the conditions of Corollary 1 are satis ed with= c,. By Corollary 1,
lim D: =0; lim Biw; =0:
til ti1
Moreover, by Corollary 3, there exist non-increasing sequencand ; that are decaying. By
Lemma 12 with these sequences yield t, for all t. Finally, by Lemma 10,
im t! - and lm J1 5
ti1 til
which concludes Theorem 2.

D Proof of Proposition 1

Proposition 2 below gives a more complete version of Proposition 1, stating an upper bound holding
with probability at leasti forany > 0.

Proposition 2. LetB; wies satisfy Equation$9) and (10) for a new task de ned b§?. For any
> 0 with probability at leastl
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where we recall® = Tr( )+ 2.
Using Equation (10), it comes

B\Wtest B?W? = §§> testB? B? Wop +

BB>X>z

Miest
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B? ?B;X>Z:

Miest

The rest of the proof aims at individually bounding the norms of the terms (A), (B) and (C). First
note that by de nition of -,
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This directly implies that
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Moreover, the concentration inequalities of Lemmas 13 and 14 claim that with prolbability dt least
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These two bounds along with Equation (29) then allow to bound the terms (A), (B) and (C) as follows

-2

1+ —
min 2)t =m
k k2 my + 1 kW’)k
L ~ 1 Op_ a—— p_d — 21
R k+ 2log(®) k+ 2log(?)
KBk, 3@1 K rket "nin A max : X kwok
2 mip +1 % mtest Miest ?
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Tk e A K Iog( ) log(*)
k(C)k, 16@1 K okt "=min A 1+ 1+ ;
2 Mip + 1 Miest ( )( 2mtest )
1+ 72,2
where we used in the two last bounds that -k, 1 kmki—ﬂ““ Summing these three
bounds nally yields Proposition 2, and Proposition 1 with the particular chorel e 5. O
Lemma 13. Forany > O, with probability at leastl. 5,
0 p_ 9 p_ 4d 21
k+ 2log(%) k+ 2log(?)
KB B> Ik 3maxi : %

;
m test Miest

P s pzlog( 1)
497

M test

andkB3 X~ k; pmtest 1+

Proof. Note thatB; X > is a matrix inRK Mest whose entries are independent standard Gaussian
vari@lbles. From there, applying Corollary 5.35 and Lemma 5.36 from Vershynin [2010] with

t= 2 Iog(4i) directly leads to Lemma 13. O

Lemma 14.
s 1

s P —— log(4 log(%
P@KB; X~ zk, 16 Mgk (1+ gl(())(u 2ﬁt(est))A

I\).‘.

Proof. Let A = B3 X~ in this proof. Recall tha@ has independent entries following a standard
normal distributionA andz are independent, which implies thatZ. N (0;1x). Typical bounds

on Gaussian variables then give [see e.g. Rigollet and Hiitter, 2017, Remark 2.2.2]

0 S 1
kAzk  P- log(*)
@ + A .
P zk 4 kd 2k ) 4
A similar bound holds on the sub-Gaussian vectar, which is of dimensiomeg; :
0 s 1
_— IO 4 ™M test
P@zk P+ 9O A o m
2Myest
Combining these two bounds then yields Lemma 14. O
E Technical lemmas
Lemma 15. Let = %X > X whereX 2 R" 9 s such that each row is composed of i.i.d. samples
X N(0;l4). For any unit vectow,
1 n+1

E[ w 1= Zlg+
[ w] Sl
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Proof. Letx;x® N (O;14). By expanding covariance and i.i.d. assumption,

1 . .
E hx;vihx®vixx? :

1 .
E[ w” ]= _E hovizx + 2

For the term (A), " #

E hx;vi?xx” « = E ( Xi Vi) 2Xj X«
i=1
Any term with an odd-order power cancels out as the data is symmetric around the origin, and
E hvizxx™ =2w + lg;
by the following computations,

X X
E hvixx”™ . = VZE[x}+  VPE[x?xZ]=3v?+  vZ=2vZ+1;
i i E1X| i EXiX i i i
i6] i6]
E hvixx” =2V WEXXE] = 2V) V!

jk
For the term (B), by i.i.d. assumption,
E hx;vihx®vixx® = E[hx; vix]E[h; vix]:
With a similar argument, it is easy to see
E[hx;vix] = Ex?vi]= vi; and E[;vix]= v:
Combining the two terms yields Lemma 15. O

Lemma 16. LetA andB be positive semi-de nite symmetric matrices of shlapek andAB = BA.
Then,
AB k Ak;B:

Proof. As A andB are normal matrices that commute, there exist an orthog@nsiich that
A=Q AQ> andB = Q gQ” where A and g are diagonal. Then,

AB=Q o gQ k AkQ gQ7;
as for any vectov 2 RK,

X X
VABY = (a)i( )i (Qvi)? k Akz  ( 8)i (Qvi)? = kAkzB:
i=1 i=1
O

Lemma 17. Let A andB be positive semi-de nite symmetric matrices of shiepek such that
AB = BA andA B. Then, foranyk 2 N,

Ak Bk (30)
Proof. As A andB are normal matrices that commute, there exist an orthog@nsiich that

A=Q AQ> andB = Q gQ” where A and g are diagonal. Then,

BY A¥=Q(§ AQ O
asB  Aimplies 3 A- O
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F Fixed points characterized by Theorem 1 are global minima

The ANIL loss withm samples in the inner loop reads,
h i

1
Lani (B;w;m) = EEW?;i Xy KBW(W;Xijyi) Bows; K ; (31)

where is the updated head after a step of gradient descent, i.e.,
w(W; X yi) = w aB>Xi>(XiBW yi) - (32)

Whenever the context is clear, we will wrige or w(w) instead ofw(w; X;;y;) for brevity. Theo-

rem 1 proves that minimising objective in Equation (31) with FO-ANIL algorithm asymptotically
convergences to a set of xed points, under some conditions. In Proposition 3, we show that these
points are global minima of the Equation (31).

Proposition 3. Fix any(l§; W) that satisfy the three limiting conditions of Theorem 1,

B5,B =0;
Bw=0;
B5BB B, = o

Then,(B; W) is the minimiser of the Equatiai31), i.e.,
(B; W) 2 argminLani (B;W;min):
B;w

Proof. The strategy of proof is to iteratively show that modifying points to satisfy these three limits
reduce the ANIL loss. Lemmas 18 to 20 demonstrates how to modify each point such that the
resulting point obeys a particular limit and has better generalisation.

For any(B;w), de ne the following points,

(Buwi)= B B3,B3,Bw |

(B2;wp) = Bi;w;  BI BiB7 1B1W1
Then, Lemmas 18 to 20 show that

Lane (B;w;min) L oanie (B1;wiimin) L oanie (B2swa;min) Loan (B Wi min):
Since(B; w) is arbitrary,
(B; W) 2 argminLanie (B;W; min):
B;w
O

Lemma 18. Consider any parametef®;w) 2 RY ¥ R’ LetB°= B B, B3, B. Then,
foranym > 0, we have
Lanie (B;w;m) L anw (BSw;m):

Proof. Decomposing the loss into two orthogonal terms yields the desired result,

1 h 2! 1 h 2i
Lani (B;w;m) = 5w Xy, BZBw wy © 4 SExii B>, Bw
1 h 2i
EEW?;i Xy BIBwW  way
= Lani (B%w;m):

O

Lemma 19. Consider any parameterd;w) 2 R? k” Rk’ such thatB>,B = 0. Letw? =
w B> BB> 'Bw. Then, for anym > 0, we have

Lanie (B;w;m) L oan (B;w%m);
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Proof. Expanding the square,
h i

1 2 2
Lanie (B;w;m) L ane (B;wOm) = EEW?;i Xy, BaBw(w)  wey B Bw(W) Wy
h i
1 .
= EEW?:i Xisyi kBW(W)k2 k BW(WO)kZ Bwai X1y [MB2Woii s Bw(w) Bw(w9i] :
First, expanding#(w) andw(w® by Equation (32),
Bw(w)= |Igq aBB>Xi> Xi Bw+ EBB X7y, Bw(wd = EBB>Xi> yi:
For the rstterm,
2 2 hD Ei
(A) = Ex, lg aBB>Xi>Xi Bw  + HEW-’?‘ X lg HBB>Xi>Xi Bw; BB ~ X X;B,w,

2
= Ex, g EE;B>xi>xi Bw 0;
where we have used that the tasks and the noise are centered @réamdhe second term,

(B)= Ew, [B-wy];Ex, l¢ ——BB>X’X; Bw =0;

n

where we have again used that the tasks are centered aBouRditting two results together
yields Lemma 19. O

Lemma 20. Consider any paramete(8;w) 2 R¢ ¥* Rk’ such thaB3,B =0;Bw =0. Let
(B%w9 2 RY ¥ R’ suchthaB}.,B°=0;B%W°=0 andB3 BB®B,= . Then, we have

Lanie (B;w;min) L anie (BG WO min):

Proof. Let = B3 BB~ B in this proof. UsingB7., B = 0, we have
1 h i
Lanie (B;w;miy) = EEW?;i Xy BsBwW  wy; :

Plugging in the de nition ofw,
2 1 h 2i
Lanie (Byw;min) = ?mTEwm Xiyi B2BB Xy
n
1
Min

. 1
EW?:l XiYi hN?;i;B;BB>Xi>in +§tr( ?):

Using that the label noise is centered,
h | h |
(A) = Ew,; x B>BB” iBow; + Ex,z, B3BB” X[z ;

where ; = ﬁxr X;. By the independence of»; ; X; and Lemma 15,

(C):tr B;BB>EW,_,;i X |B’)W9W;B; i BB>B?
=1r B;BB>EXi iB» ')B; i BB>B?

in+1 1
= Min tr B BB°B, -B>BB”B, + tr BoBB°BB” B>
Min ' ) Min )
Min +1

1
=0 + —tr tr 2
m ( 2) e ()
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For the term (D), we have
1
(D)= m—_tr B>BB”Ex,.,, X zz X; BB”B»,
in
= 2r BSBB”Ex,[ i]BB” B>
= %r B;BB”BB”B,
= %tr 2
Lastly, for the term (B), we have
1 .
(B): FEW?;i X }'W?;i;B; BB>Xi>XiB7W?;i|
n

= Ew?;i hN?;i X B; BB > B?W?;i i
=tr( 2):

Putting everything together using; is scaled identity,
2

Lanie (B;w;miy) = me (Mip +)tr( 5)+tr( o)tr 2 tr( o)+ %tr( ?)

2
1
= 2mn (min +l) k ?kz + 2 tr 2 k ?kztr()+ Etr( ?):
Hence, the loss depends Bnonly through = B3 BB~ B for all (B;w) such thaB7., B =
0; Bw = 0. Taking the derivative w.r.t. yields that is a minimiser if and only if

(min+1)k '.7k2+72 max( ?)I =0:
in
This quantity is minimised for , as
Mip +1 2
—_— 2 2t 2 = 9
Min mip +1

G Extending Collins et al. [2022] analysis to the misspeci ed setting

We show that the dynamics for in nite samples in the misspeci ed setirgk ©  d is reducible

to a well-speci ed case studied in Collins et al. [2022]. The idea is to show that the dynamics is
restricted to &-dimensional subspace via a time-independent bijection between misspeci ed and
well-speci ed iterates.

In the in nite samples limitm;, = 1 ;mg = 1 , the outer loop updates of Equation (3) simplify
with Assumption 1 to

z

7

&
[

= W B (Btwy B2 9);
>
Bis1 =By B¢ w¢ W+ B B> o (33)
+ lg B(B{ By o( W) + 5B3B

where , and -, respectively are the empirical task mean and covariance, and I B [ B;.
This leads to following updates @ = B3 By,

>

Cie1 = I+ [k thf 2 G Ct W (W + Ct> ?

+ Ik thi ’_)( tWI)> .

A key observation of this recursion is that all the terms end Witror . This observation is
suf cient to deduce tha€; is xed in its row space.

Assume thaBg is initialised such that
ker(Co) ker( o):
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This condition is always satis able by a choice Bf that guaranteeBg Bo =  Io, similarly
to Collins et al. [2022]. With this assumption, there is no dynamics in the kernel sp&e bfore
precisely, we show that for all timig ker(Cp)  ker(C;) \ ker( ). Then, it is easy to conclude
thatB; has simpli ed rank-de cient dynamics.

Assume the following inductive hypothesis at titpe

ker(Co) ker(Cy)\ ker( :):

For time step + 1, we have for alv 2 ker(C;) \ ker( ), Ci+1 v =0. As aresult, the next step
contains the kernel space of the previous step, kex(Co)  ker(C;) \ ker( ) ker(Ci+1).
Similarly, inspecting the expression for.; , we have for alv 2 ker(C;) \ ker( ), +1v=0
andker(Cy) ker(Ci)\ ker( ) ker( t+1). Therefore, the induction hypothesis at time step
t+1 holds.

Now, using thaker(C;) = col( C;)?, row spaces o€, are con ned in the samk-dimensional
subspace;ol(C”)  col(C3). LetR 2 Rk ¥*andR, 2 R’ k) &’ be two orthogonal matrices
that sparcol(C3 ) andcol(C )?, respectively. That iR andR, satisfyRR> = Iy, col(R) =

col(C5) andR» R5 = lo , col(R,) = col(C3)? . Itis easy to show that updatesBe andw;
are orthogonal teol(R- ), i.e.,

B:R5 = BoR5; andR,w; = R, wo:
With this result, we can prove that there ikalimensional parametrisation of the misspeci ed
dynamics. Let, 2 R¥; By 2 R? ¥ de ned as
By = BoR”:; Wy = Rwy:

Running FO-ANIL in the in nite samples limit, initialized witE, andwo, mirrors the dynamics of
the original misspeci ed iterations, i.e8; andw; satisfy,

Bi = B{R™; W = Rw;; BW = Bywy  BoR3 RoWo:

This given bijection proves that iterates are xed throughout training orkthe k-dimensional
subspaceol(R» ). Hence, as argued in Appendix A, the in nite samples dynamics do not capture
unlearning behavior observed in Appendix I. In contrast, the in nite tasks idealisation exhibits both
learning and unlearning dynamics.

H Convergence rate for unlearning

In Proposition 4, we derive the rak8&>., Bik?=0 2”‘7,“ .

Proposition 4. Under the conditions of Theorem 2,

1
B3,Bi , — R — (34)
M~ kB3, Bok
52 Bok;

forany timet 0.

Proof. Recall that Lemma 2 holds for all time steps by Theorem 2. That is, for=al0,

2 2 2
B5,Bta , 1 B5,Bt , B3,Bt ,; (35)
where = %*2 for brevity. Now, assume the inductive hypothesis in Equation (34) holds for time
t. Observe that the function 7! (1  x )x is increasing ofi0; 2] and
1 1 1
kB,Bik3 k B>,Boki ————
2,2 BtKy 2,7 BoKy mn+1 2
by the assumptions of Theorem 2. Then, by Equation (35) and monotonicity'lof1  x )x,
|
- 1
S 2 1 (t 1)+ kB3 , Bok3
ka;"; Bt+1 kz 1 1 T = 2, ? .
R =Py -7y SN PPy t !

+ kB o, 2 Bok3
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Using the inequality of arithmetic and geometric means,

1 1
, , O D' grwg (4D e
kB')") Bt+]_ k2 2 t+1 + 1
t + ﬁz ( ) kB’?;’? BOkg
2% ? 2
1
(t+1)+ 7“3?;?1301@
Hence, the induction hypothesis at time stepl holds. O

| Experiments

This section empirically studies the behavior of model-agnostic methods on a toy example. We
consider a setup with a large but nite number of tadks= 5000, feature dimensiod = 50, a
limited number of samples per task = 30, small hidden dimensiok = 5 and Gaussian label
noise with variance 2 = 2. We study a largely misspeci ed problem whéd®= d. To demonstrate

that Theorem 1 holds more generally, we consider a non-identity covarianpeoportional to
diagl; ;k). The complete experimental details are given in Appendix I.1.

Figure 1: Evolution of smallestdft) and largestright) squared singular value &3 B during
training. The shaded area represents the standard deviation observ&@ aues.

To observe the differences between the idealised models and the true algorithm, FO-ANIL with nite
samples and tasks is compared with both its in nite tasks and in nite samples versions. It is also
compared with FO-MAML and Burer-Monteiro factorisation.

Figure 1 rstillustrates how the different methods learn the ground truth subspace gigh bjore
precisely, it shows the evolution of the largest and smallest squared singular v&lg&ef

Figure 2 on the other hand illustrates how different methods unlearn the orthogonal complement of
col(B-), by showing the evolution of the largest and averaged squared singular vadyJe & .

Figure 2: Evolution of averagéeft) and largestright) squared singular value &7., By during
training. The shaded area represents the standard deviation observé&@ nues.

Finally, Table 1 compares the excess risks achieved by these methods on a new task v¢th both

and 30 samples. The parameter is estimated by a ridge regressi¢X Bny), whereB is the
representation learnt while training. Additionally, we report the loss obtained for model-agnostic
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methods after a single gradient descent update. These methods are also compared with the single-task
baseline that performs ridge regression ondttdmensional feature space, and the oracle baseline

that directly performs ridge regression on the ground tkatiimensional parameter space. Ridge
regression is used for all methods, since regularising the objective largely improves the test loss here
(over tting might occur otherwise). For each method, the regularisation parameter is tuned using a
grid-search over multiple values.

Table 1: Excess risk evaluated ©8000testing tasks. The number afteris the standard deviation
over 10 independent training runs. For model-agnostic methdd3sDrefers to a single gradient
descent step at test timRjdge refers to ridge estimator with respect to the learnt representation.

Miest = 20 Miest = 30
Single-task ridge 1:84 0:03 163 0:02
Oracle ridge 0:50 001 034 0:.01
Burer-Monteiro 1:23 0:.03 103 002
1-GD Ridge 1-GD Ridge
FO-ANIL 0:81 001 @73 003 064 001 057 002
FO-MAML 0:81 001 G073 0:04 063 001 058 001

FO-ANIL in nite tasks 0:77 0.01 067 003 060 001 052 001
FO-ANIL in nite samples 1:78 0:02 104 0:02 1219 001 084 0.02

As predicted by Theorem 1, FO-ANIL with in nite tasks exactly convergestoMore precisely,

it quickly learns the ground truth subspace. Moreover, it unlearns its orthogonal complement as
the singular values d87., B, decrease t0, yet at the slow rate given in Appendix H. FO-ANIL

and FO-MAML with a nite number of tasks almost coincide. Although very close to in nite tasks
FO-ANIL, they seem to unlearn the orthogonal spaceadfB-,) even more slowly. In particular,

there are a few directions (given by the maximal singular value) that are unlearnt either very slowly
or up to a small error. However on average, the unlearning happens at a comparable rate, and the
effect of the few extreme directions is negligible. These methods thus learn a good representation
and reach an excess risk approaching the oracle baseline when doing either ridge regression or just a
single gradient step.

On the other hand, as predicted in Appendix A, FO-ANIL with an in nite humber of samples
quickly learnscol(B-), but it does not unlearn the orthogonal complement. The singular values
along the orthogonal complement stay constant. A similar behavior is observed for Burer-Monteiro
factorisation: the ground truth subspace is quickly learnt, but the orthogonal complement is not
unlearnt. Actually, the singular values along the orthogonal complement even increase during the
rst steps of training. For both methods, the inability of unlearning the orthogonal complement
signi cantly hurts the performance at test time. Note however that they still outperform the single-task
baseline. The singular values aloogj(B ) are indeed larger than along its orthogonal complement.
More weight is then put on the ground truth subspace when estimating a new task.

These experiments con rm the phenomena described in Section 3 and Appendix A. Model-agnostic
methods not only learn the good subspace, but also unlearn its orthogonal complement. This
unlearning yet happens slowly and many iterations are required to completely ignore the orthogonal
space.

I.1 Experimental details

In the experiments considered in Appendix |, samples are split into two subset®mwith20 and
Moyt = 10 for model-agnostic methods. The task parametersare (yawn i.i.d. fronN (0; »),
where , = cdiag(l;:::;k) andcis a constant chosen so that,kg = = k. Moreover, the features
are drawn i.i.d. following a standard Gaussian distribution. All the curves are averagetiOover
training runs.

Model-agnostic methods are all trained using step sizes = 0:025 For the in nite tasks model,
the iterates are computed using the close form formulas given by Equations (5) andn(g) fo20.
For the in nite samples model, it is computed using the closed form formula of Collins et al. [2022,
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Figure 3: Evolution of the excess risk (evaluatedl®00tasks withms; = 30) with respect to
the number of gradient descent steps processed, averagetddraning runs.

Equation (3)] withN = 5000 tasks. The matriBy is initialised randomly as an orthogonal matrix
such thaBj Bg = ALI ko. The vectomw is initialised uniformly at random on the-dimensional
sphere with squared radi01k° .

For training Burer-Monteiro method, we initialigy, is initialised randomly as an orthogonal matrix

such thatB; Bo = 135!k and each column ddV is initialised uniformly at random on thie*

dimensional sphere with squared rad@1k°® . 2 Also, similarly to Tripuraneni et al. [2021], we
add a%ka B: W;W,; kZ regularising term to the training loss to ensure training stability. The
matricesB; andW; are simultaneously trained with LBFGS using the default parametessijmf .

For Table 1, we consider ridge regression for each learnt representation. For example, if we learnt the
. . 0 . . . .
representation given by the maté2 R? ¥, theRidge estimator is given by

argmin Cest (Bw; X;y) +  kwk3:
w2 RK®

The regularisation parameteris tuned for each method using a grid search over multiple values.

I.2 Additional experiments
[.2.1 Impact of noise and number of samples in inner updates

In this section, we run additional experiments to illustrate the impact of label noise and the number of
samples on the decay of the orthogonal complement of the ground-truth subspace. The experimental
setup is the same as Appendix | for FO-ANIL with nite tasks, except for the changes in the number
of samples per task and the variance of label noise.

Figure 4 illustrates the decay of squared singular valug2f B; during training. As predicted
by Appendix H, the unlearning is fastest wher, = 10 and slowest whem;, = 30. Figure 5 plots
the decay with respect to different noise levels. The rate derived for the in nite tasks model suggests
that the decay is faster for larger noise. However, experimental evidence with a nite number of
tasks is more nuanced. The decay is indeed fastesffer4 and slowest for 2 = 0 on average.
However, the decay of the largest singular value slows down4ar 4 in a second time, while the
decay still goes on with? = 0, and the largest singular value eventually becomes smaller than in the

2 = 4 case. This observation might indicate the intricate dynamics of FO-ANIL with nite tasks.

I.2.2 General task distribution

In this section, we run similar experiments to Appendix |, but with a more dif cult task distribution and
3training runs per method. In particular the task parameterspare now generatgd ad ( 7; »),
where , is chosen uniformly at random on thespﬂwere of radius k. Also, - is chosen proportional

to diag(e'; :::;; €), so that its Frobenius-norm % k and its condition number i 1.

Similarly to Appendix I, Figures 6 and 7 show the evolution of the squared singular values on the
good subspace and its orthogonal component during the training. Similarly to the well-behaved case

2We choose a small initialisation regime for Burer-Monteiro to be in the good implicit bias regime. Note that
Burer-Monteiro yields worse performance when using a larger initialisation scale.
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