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Abstract

The recent theoretical analysis of deep neural net-
works in their infinite-width limits has deepened
our understanding of initialisation, feature learn-
ing, and training of those networks, and brought
new practical techniques for finding appropriate
hyperparameters, learning network weights, and
performing inference. In this paper, we broaden
this line of research by showing that this infinite-
width analysis can be extended to the Jacobian of
a deep neural network. We show that a multilayer
perceptron (MLP) and its Jacobian at initialisa-
tion jointly converge to a Gaussian process (GP)
as the widths of the MLP’s hidden layers go to
infinity and characterise this GP. We also prove
that in the infinite-width limit, the evolution of
the MLP under the so-called robust training (i.e.,
training with a regulariser on the Jacobian) is de-
scribed by a linear first-order ordinary differential
equation that is determined by a variant of the
Neural Tangent Kernel. We experimentally show
the relevance of our theoretical claims to wide
finite networks, and empirically analyse the prop-
erties of kernel regression solution to obtain an
insight into Jacobian regularisation.

1. Introduction

The recent theoretical analysis of deep neural networks in
their infinite-width limits has substantially deepened our
understanding of initialisation (Neal, 1996; Lee et al., 2018;
Matthews et al., 2018; Yang, 2019; Peluchetti et al., 2020;
Lee et al., 2022), feature learning (Yang and Hu, 2021),
hyperparameter turning (Yang et al., 2021), and training of
those networks (Jacot et al., 2018; Lee et al., 2019; Yang
and Littwin, 2021). Seemingly impossible questions, such
as whether the gradient descent achieves the zero training

!School of Computing, KAIST, Daejeon, South Korea. Corre-
spondence to: Hongseok Yang <hongseok.yang@kaist.ac.kr>.

Proceedings of the 41°% International Conference on Machine
Learning, Vienna, Austria. PMLR 235, 2024. Copyright 2024 by
the author(s).

Hongseok Yang '

error and where it converges eventually, are answered (Jacot
et al., 2018), and new techniques for scaling hyperparam-
eters (Yang and Hu, 2021) or finding appropriate hyperpa-
rameters (Yang et al., 2021) have been developed. Also, the
tools used in the analysis, such as Neural Tangent Kernel,
turn out to be useful for analysing pruning and other optimi-
sations for deep neural networks (Liu and Zenke, 2020).

Our goal is to extend this infinite-width analysis to the Ja-
cobian of a deep neural network. By Jacobian, we mean
the input-output Jacobian of a network’s output. This Jaco-
bian has information about the smoothness of the network’s
output and has been used to measure the robustness of a
trained network against noise (Peck et al., 2017) or to learn
a network that achieves high accuracy on a test dataset even
when examples in the dataset are corrupted with noise. The
Jacobian of a neural network also features in the work on
network testing, verification, and adversarial attack (Good-
fellow et al., 2015; Zhang et al., 2019; Wang et al., 2021).

We show that at initialisation, a multilayer perceptron (MLP)
and its Jacobian jointly converge to a zero-mean Gaussian
process (GP) as the widths of the MLP’s hidden layers
go to infinity, and characterise this GP by describing its
kernel inductively. Our result can be used to compute an-
alytically the posterior of the MLP (viewed as a random
function) conditioned on not just usual input-output pairs
(™ 4y (™), y(V)) in the training set, but also
derivatives at some inputs, in the infinite-width setting.

We also analyse the training dynamics of an MLP under
the so-called robust-training objective, which contains a
regulariser on the Jacobians of the MLP at each training in-
put, in addition to the standard loss over input-output pairs
in the training set. As in the case of the standard training
without the Jacobian regulariser, we show that the training
can be characterised by a kernel that is defined in terms
of the derivatives of the MLP output and its Jacobian with
respect to the MLP parameters. We call this kernel Jacobian
Neural Tangent Kernel (JNTK) due to its similarity with
the standard Neural Tangent Kernel (NTK) and show that
it becomes independent of the MLP parameters at initiali-
sation, as the widths of the MLP go to infinity. Thus, the
JNTK at initialisation is deterministic in the infinite-width
limit. Then, we show the JNTK of the infinitely-wide MLP
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stays constant during the robust training. We identify a
linear first-order ordinary differential equation (ODE) that
characterises the evolution of this infinitely-wide MLP dur-
ing robust training and describe the analytic solution of the
ODE. We experimentally confirm that the conclusions of
our theoretical analysis apply to finite MLPs with large but
realistic widths. We also include empirical analysis of the
ODE solution obtained and empirically check when our
assumption is satisfied.

The rest of the paper is organised as follows. In Section 2,
we describe the MLPs and robust-learning objective used
in the paper. We then present our theoretical results for
initialisation in Section 3 and for training dynamics in Sec-
tion 4, and describe preliminary experimental observations
in Section 5. We conclude our paper with related works in
Section 6. The missing proofs and additional experiments
can be found in the supplementary material.

2. Setup

We use the following convention and notation. For any
n € N, [n] means the set {1,...,n}. We write ()
to denote the set {z"), ..., (")}, We count the indices
of vectors and matrices from 0O, not 1. For instance, for
a, B € [dy], a vector x € R%, we write x,_ for the a-th
component of z, and for the matrix M of size dy X dy, we
write M,_1 51 for the (v, 8)-th entry of z. Note that we
often use matrix of size (1 + dy) x (1 + do), where M, g
denotes the (a + 1, 8 + 1)-th entry of M for «, 5 € [dy].

We use multilayer perceptrons (MLPs) f : R% — Rz+1,
which are defined as follows: for all inputs = € R% and all
layersl =2,...,L,

RV (z) € RM pW(z) = p(W D),
WV (z) € R4 hO (2) = ¢(1

W(wh(z—l)(x))’
di—q

dry1 — P ey

fz) e REH, f(x) N (z).
Here the weights W) € R%*d-1 are initialised with in-
dependent samples from A(0,1). Note that due to this
randomness of W the MLP f is a random function at
initialisation. Following (Arora et al., 2019), we introduce a
fixed non-trainable x > 0, which controls the scale of the
output of f and thus the randomness (or variance) of f at
initialisation. Suppressing the initial randomness is known
to improve the performance of a neural network in prac-
tice (Hu et al., 2020), and simplify the theoretical analysis
of the network.

To simplify the presentation, we do not include the bias
terms in our definition. We also assume that d = d; =
...=dgand dp; = 1. We also include some assumptions
on the activation function ¢ as

Assumption 2.1 (Activation Assumption). (1) All of ¢
and its first and second derivatives gb and gzﬁ are Lipschitz
continuous with the Lipschitz coefficient M7, M, and M3,
respectively. (2) The activation ¢ is normalised such that

E.nno,1) [¢(2)%] = 1.

We denote the set of all trainable parameters by 6 :=
{Wi(;) }i,i,5» and write 8, for ¢ > 0 to refer to the parameters
trained by the gradient flow until time ¢t. We sometimes
make the dependency on the width d and the parameters 6
explicit in the MLP, and write fq, or fg6.

Throughout the paper, we study the training of an
MLP f; that regularises the Jacobian of f;. Formally,
this means that the training optimises the following
robust-training objective for a given training set D =

N

L(0) = % > ((fd’g(x(n) g2
i=1

A (a0 @Dan)?) )

a€ldo]

where J(f) : R% — R9% is the Jacobian of f defined as
J(f)(@)a-1 = 2L and A € (0,1] is a hyperparameter

OT o

determining the impolrtance of the Jacobian regulariser. By
including the Jacobian regulariser, this objective encourages
fa,0 to change little at each training input () when the
input is perturbed, so that when a new input x is close to the
input (%) of a training example, the learnt predictor tends to
return an output close to (") of the example. This encour-
agement has often been used to learn a robust predictor in
the literature (Hoffman et al., 2019).

To establish our results, we need assumptions for the training
dataset D and a future input z* € R%,

Assumption 2.2 (Dataset Assumption). (1) The inputs have
the unit norm: ||z(|| = 1 for all i € [N], and ||z*| = 1.
(2) The outputs are bounded: || < 1 forall i € [N].

This dataset assumption is used in our theoretical analysis,
but the use of unit norm or unit bound is not essential. We
can weaken the assumption to the boundedness of input
norms and outpus by a fixed constant C', without invalidating
the theoretical results in the paper.

3. Infinite-width Limit at Initialisation

We start by describing our results on the infinite-width limit
of the Jacobian of an MLP f; ¢ at initialisation. Recall
that due to the random initialisation of the parameters 6,
both the MLP and its Jacobian are random functions at
initialisation. It is well-known that as d tends to infinity,
fa,6 at initialisation converges to a zero-mean Gaussian
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process (Lee et al., 2018; Matthews et al., 2018). The kernel
of this GP is commonly called NNGP kernel and has an
inductive characterisation over the depth of the MLP. What
concerns us here is to answer whether these results extend
to the Jacobian of f; 9. Does the Jacobian also converge to
a GP? If so, how is the limiting GP of the Jacobian related
to the limiting GP of the network output? Also, in that case,
can we characterise the kernel of the limiting GP of the
Jacobian?

The next theorem summarises our answers to these ques-
tions.

Theorem 3.1 (GP Convergence at Initialisation). Suppose
that Assumptions 2.1 and 2.2 holds. As d goes to infinity, the
function x — (fa(x), J(fa)(z)o, ..., J(fa)(z)ao—1)T
from R% to R%+! converges weakly in finite marginal
U to a zero-mean GP with the kernel k2% (L), which we
call Jacobian NNGP kernel, where S(5) : R x Rdo —
R(do+1)x(do+1) s defined inductively as follows: for all
inputs x, 2’ € R%, layers | € L], and indices o, 3 € [dy],

SO (z, 20 = (x,2'), X (z,2")op = w51,
SO @, 2 Y00 =2, TO(x,2")0p = Io=g],
5O (2,200 = ]gl[gb(g(x)o) ~o(g(z")o)],

SO (@, 2)ap = IgE[fz'ﬁ(g(m)o)g(fv)a - (g(2)0)g(z") ),
2O (z,2)op = IgE[¢(g($)o) - (g(2)0)g(z") 5],

(@, a")a0 = IgE[q'ﬁ(g(fC)o)g(fv)a - d(g(2")o)];

where I is the indicator function, the subscript [—] , de-
notes the (o + 1)-th component of a vector, and the random
variable g in the expectations is a zero-mean GP with the

kernel R(U—1),

The (1,1)-th entry of the kernel x?%(")(z,2’), denoted
by k25(F) (x, ") oo, specifies the covariance between the
outputs of the limiting MLP at = and . It is precisely the
standard NNPG kernel. The other entries describe how the
components of the Jacobian of the limiting MLP are related
between themselves and also with the MLP output.

We prove this theorem using the tensor-program frame-
work (Yang, 2019). Our proof translates our convergence
question into the one on a tensor program and uses the
so-called Master theorem for tensor programs to derive an
answer to the question. See the supplementary material for
the details.

The entries of the Jacobian NNGP kernel can be derived
from the (1, 1)-th entry x2%(5) (2, 2") oo via differentiation:

'A random function f converges weakly in finite marginal,

if every finite evaluation {f(z¥)}X; converges weakly for any

N < co.

Theorem 3.2. Suppose that Assumption 2.1 holds. For the
kernel X\) in Theorem 3.1, the following equalities hold
forall o, B € [do):

L
E(L)(z,x’)oﬁ = 782( )(x7x/)007

8x%71
ox ) (z,2)
Z(L) / 0 = ) 00
(QZ‘,]} ) 0 &Ta,l
9?2 (")
E(L) / B = ) 00 )
(I,IL‘) B 39&171396/5,1

Thus, the standard result on GPs (Section 9.4 of (Rasmussen
and Williams, 2005)) implies that the realisation of the lim-
iting GP defines a differentiable function in the first com-
ponent of its output with probability one, and the Jacobian
of this function is also a GP with a kernel induced from
NEAD (2, 2")go via differentiation.

4. Jacobian Neural Tangent Kernel

We next analyse the training dynamics of an MLP under
the robust-training objective in (1), which regularises the
Jacobian of the MLP. As in the case of the standard objective
without the Jacobian regulariser, the training dynamics of
a finite MLP is described by a kernel induced by the MLP.
The next definition describes this kernel.

Definition 4.1 (Finite Jacobian NTK). The finite Jacobian
Neural Tangent Kernel (finite JNTK) of a finite MLP f
with parameters 6 is a function ©g4¢ : R x Rdo —y
R(do+1)x(do+1) defined as follows: for all z, 2’ € R% and
a, B € [do],

Ounte = (5% 2557

Oup(,2")ag = <3J(fd)(w)a-1 DT (fa) ()51 >

o0 ’ 90
Od0(z, 2" )op = <8fgéx)’ 8J(fd()9(033/)571 >’
Oa,0(r,2")a0 = <3J(fd;(9$)a1’ 3fgéxl)>.

The finite INTK includes the standard NTK of an MLP in
the (1,1)-th entry, as expected. In addition, it computes
the relationship between the gradients of the « and S-th
components of the Jacobian of the MLP, and also between
the gradient of a component of the Jacobian and the gradient
of the MLP itself.

The next lemma shows that the finite JNTK determines the
robust training with the objective in (1).

Lemma 4.2. Assume that the parameters of the MLP f,
evolve by the continuous version of the gradient update
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formalised by the ODE de* = 8L(9’) . Then for o € [dy],

dfae, ()
dt

3)

where ©Ogg,(z,29)g is the (dy + 1)-dimensional
vector (©g., (z, oo, ..., ©4.0,(z, 2)oq,)T obtained
from the first row of the kernel output ©g4g,(z,z"),
Oup, (,2D), is defined similarly but from the (a + 1)-
th row as (©gg, (v,2D)a0,...,040, (x,2)0q,)T, and
U(fa0,,rD,y@)) is the below vector in R4+ constructed
as:

(fd,@t (@) =y,

J(Fa0) @), mm<m“)

We note that a similar result holds for gradient descent as
well; see Appendix L of the supplementary material for
details. Each summand in the ODEs in (2) and (3) is the
inner product of two vectors of size dy + 1, where only the
second vector depends on the input z and this dependency is
via the kernel ©4 ¢,. A similar form appears in the analysis
of the standard training via the usual NTK. There it is also
proved that if a loss function has a subgradient (Chen et al.,
2021), as the widths of the MLP involved increase, the
equation simplifies greatly: the kernel used in the input-
dependent vector stops depending on the initial values of the
parameters (i.e., 6y) and stays constant over time ¢, and so,
the ODE on the MLP becomes a simple linear ODE that can
be solved analytically. We prove that a similar simplification
is possible for the robust training with Jacobian regulariser
in the infinite-width limit.

First, we show that the finite JNTK at initialisation becomes
deterministic (i.e., it does not depend on the initial parameter
values ) in the infinite-width limit.

Theorem 4.3 (Convergence of Finite JNTK at Initialisation).
Suppose that Assumptions 2.1 and 2.2 holds. As d goes to
infinity, © 4., almost surely converges to a function £*© in
finite marginal, called limiting INTK, that does not depend
on 0. Here © is a (deterministic) function of type R% x
R — Ro+D)x(do+1) " gnd has the following form: for

1 €[L], z,2' € R%, and o, 3 € [do),

L
Z SOz, 2" )00 x AV (2, 2 "),
1=0

(’9@(3:,30 )00
O(z,2")op = 5’717;37
/
O, #)og 1= P00,
82@(3’ .13/)00
! . bl
02,8 )ap = 02,07

where =) is the kernel defined inductively in Theo-
rem 3.1, and AW is defined with a zero-mean GP g(*)
with the kernel ¥ (x,x")oo as follows: AW (z,z') =
1= Egon [6(9) (2)d(9™ (")), The explicit form of
JNTK can be found in the supplementary material.

Next, we show that the finite JNTK stays constant during
training in the infinite-width limit, under the following as-
sumption:

Assumption 4.4 (Full Rank of the Limiting JNTK). The
minimum eigenvalue of the N (do + 1) x N (dy + 1) matrix
Oz z(1:N)) is greater than 0.

Note that the assumption is stated with ©, which is inde-
pendent of the random initialisation of parameters 6 and,
thus, deterministic. In practice, we can test this assumption
computationally, as we did in our experiments shown later.

The following result is a counterpart of the standard result
on the change of the NTK (Jacot et al., 2018; Lee et al.,
2019) during training without our Jacobian regulariser. It
lets us solve the ODEs (2) and (3) and derive their analytic
solutions in the infinite-width limit.

Theorem 4.5 (Constancy of Finite INTK during Training).
Suppose that Assumptions 2.1, 2.2, and 4.4 hold. Let 0,
be the parameter of the MLP at time t, trained with gra-
dient flow. Assume that a dataset D = (Jc(LN),y(l:N))
is used for training. Then, there exists a function F not
depending on the width and the parameters of the MLP,
such that for all €,6 € (0,1), if the MLP width satisfies
d > F(zWN) L e, 6), then with probability at least 1 — §
over the randomness of the MLP initialisation, the finite
JNTK stays near the corresponding limiting JNTK during
training: forallt > 0 and all i, j € [N],

H(l/’i )©a,0,(zD, z1)) — @(:c(i),:c(j))" <e.

F

We note that a similar theorem holds for gradient descent;
see Appendix L of the supplementary material for details.

We prove Theorem 4.5 in the supplementary material. The
structure of the proof is similar to that of the standard results.
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We first show that if the parameters at time ¢ stay close to
their initialisation, then the finite JNTK also does. Then, we
prove that the gradient flow does not move the parameters
far away from their initialisation. Unlike in the proof of
the standard results, when we upper-bound the movement

of the parameter matrix Wt(l) at each layer [ and time ¢
from its initialisation Wo(l), we consider all of 1, 2, and
oo matrix norms; the standard proof considers only the 2
norm. This more precise bookkeeping is needed because of
the Jacobian regulariser in our setting. Now, Theorem 4.5
makes the ODEs in (2) and (3) the linear first-order ODEs,
which allow us to derive their analytic solutions at t = oo
for a given initial condition.

We describe the solution of the ODE in (2) at time ¢t =
oo. Recall that )\ is the coefficient of the gradient regu-
lariser in the robust-training objective (Equation (1)). Let
Oy : R x Rl — Rdo+1)x(do+1) pe the following
function: for all 7,2’ € R%, ©,(z,2') = AO(z,z’)A,
where A is the (dg + 1) x (dp + 1) diagonal matrix with
Ao = 1and A;; = V) for all 4 # 0. Using O, we de-
fine key players in our theorem on the ODE solution. The
first is the matrix O (x(1:V) | p(1:N)) ¢ RN (do+1)xN(do+1)
that is constructed by including every Oy (z(), z()) ¢
R(do+1)x(do+1) g the (i, j)-th submatrix. The next players
are the vectors y(1'N) € RN(do+1) and @, (x, 21V, €
RN(do+1) defined by stacking the below vectors: for all
i € [N]and x € R%,

y @ = (y;,0,...,0)T € RiTdo,
Ox(z, 20 = (Ox(z*,2)g0, ..., Ox(x*, D) og,)T.

The last player is the following real-valued function fy¢ on
R%  which solves the infinite-width version of the ODE in
(2) at time ¢ = oo: for z € R%,

Fate(z) = Ox(z, 2N TO) (21N g (1N)) =1y, (1:N),

“4)

Using what we have defined, we present our result on the
solution of the ODE in (2) at time ¢ = oo.

Theorem 4.6 (MLPs Learnt by Robust Training). Assume
that Assumptions 2.1, 2.2 and 4.4 hold. Then, there ex-
ist functions F and G such that for all €¢,6 > 0 and
¥ € R% with ||z*|| = 1, and also for all d and , if
d > F(xM"N) 2 L.6,€) and k < G(zN) 2* L, 6,¢€)
holds, the following statement holds with probability at
least 1 —8: if fao_ (x*) is the solution of the ODE in (2) at
time t = oo, we have |fqo__(x*) — fax(z*)] < € and the
training loss converges to 0 exponentially with respect to t.

Again, we note that a similar theorem holds for gradient
descent; see Appendix L of the supplementary material for
details. This theorem shows that in the infinite-width limit,

the fully-trained MLP converges to fyx, which has the form
of the standard kernel regressor.

For the implicit functions F' and G appearing in the state-
ment of the theorems, they are employed to quantify lim-
iting arguments. The function F' makes the width d of
the network large enough to give infinite-width limit be-
haviour. We do not have an explicit formula for F' due
to the dependency of our proof on the Tensor-Program
framework, which only states convergence without rate.
But if we ignore this dependency and estimate F', we have
F(zMN) 2 L,5,n) = O(N?*(log N)'2L), and the result-
ing lower bound on d coincides with the standard result on
the required network width from the standard NTK theory,
up to the logarithm factor. The function G makes the scal-
ing x of a network small enough that we can control the
initial randomness of the network. We do have the explicit
representation of GG, which can be found in the statement of
Theorem J.3 in the supplementary material,

5. Experiments

We experimentally checked our results using finite MLPs
with varying widths and depths and simple datasets, anal-
ysed the robustness of the kernel regression solution ob-
tained, and empirically investigated the validity of Assump-
tion 4.4. In this section, we report our findings from those
experiments. We repeated the experiments 10 times and
plotted their results with 95% bootstrap confidence inter-
vals.

5.1. Validation of Main Results

We tested our three results: (i) an MLP and its Jacobian
jointly converge to a GP (Theorem 3.1); (ii) the finite INTK
of an MLP converges to a deterministic kernel at initialisa-
tion (Theorem 4.3); (iii) the finite JNTK of an MLP stays
constant throughout robust training with high probability,
which grows to 1 as the MLP gets wider (Theorem 4.5).

For the first two convergence results (Theorems 3.1 and 4.3),
we used the simple synthetic dataset in R* of size 256, which
approximates the optimal e-net of the S* where y(*) is cho-
sen arbitrarily since it does not matter for these results. In
these tests, we tried MLPs with all the width-depth combi-
nations in {2}13 5 x {1, 2, 3}. This dataset is constructed to
cover the possible angles between two inputs, and the stan-
dard basis. For the third result regarding the evolution of a
JNTK during robust training (Theorem 4.5), we used the Al-
gerian forest fire dataset (Abid and Izeboudjen, 2020) from
the UCI Machine Learning repository, which contains 224
data points with input dimension 11. We fixed the depth of
the network as 11 which was the smallest depth that satisfies
Assumption 4.4 with GeLU activation, for varying width
{Zi}}iﬁ. In all of these tests, we set  to 0.1, the value that
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Figure 1. max-norm distance between the Jacobian NNGP kernel
and the estimate of its finite counterpart. The z-axis represents the
width of an MLP, and the y-axis the max-norm distance.

matters only for the third test, and made the training of the
test achieve reasonable performance. In the experiments,
we used the normalised versions of the activation functions
(namely, GeLU and erf) via the multiplication of appropriate
constants, in order to satisfy Assumption 2.1. More details
on the experiments can be found in the supplementary mate-
rial.

For the validation of Theorem 3.1, we focused on the con-
vergence to ¥ (L) the Jacobian NNGP kernel scaled down
by x2. This does not directly validate the theorem since it
does not verify the Gaussianity of the output. But this is
an effective proxy and the convergence to ¥(%) is critical
in the proof of Theorem 4.3. We estimated the finite-width
counterpart of the Jacobian NNGP kernel of an MLP f 4
written simply as f below: for all 4, j € [N],

S @) 0 a= ( FED)  f@D) )
50260, = 8o 15y sl
where Cov means a Monte-Carlo estimate of covariance
with one million samples. Then, we measured the max-
norm distance between the Gram matrix of the (a, §)-th
component of the Jacobian NNGP kernel and that of its
finite estimated counterpart with 1/x2 scaling, for all o, 3 €
{0,1,2,3,4}. We denote the measured quantity by AE((XLB),
which is formally defined as shown below:

1 ~ , , , ,
LSW0 0 - w0 0 |
Jnax | (@, zY)ap (@, 2)ap

ABqg ABOg

- L=l
10! L=2 | { o
fffff L=3
5 N
G o100 S = S
107! <
ol () © Q7 N e ©o 7 > o o Q2 > ) o v
< W 5 i Qv > ) S < Q7 5] g Q& Nl J o
vy e g8 §s ARSI S
ABgs ABOjy
104 |
g
w1009 B =5 -
‘\‘\\ \'\\.\_
107! Sy .
S
> ) =3 S > G o v > o o Q2 > ) o v
FFEITFFESETE T FFES
Width Width

Figure 2. max-norm distance between the (1/x7)-scaled finite
INTK (1/k%)@4,0, and the similarly-scaled limiting JINTK ©
at initialisation. The x-axis represents the width of an MLP, and
the y-axis the max-norm distance.

Figure 1 visualises AZEXLB) for four choices of («, /3) repre-
senting four types of covariance: between the outputs (00),
between the Jacobians with respect to a fixed input coordi-
nate (22), between the output and the Jacobian (02), and
between the Jacobians with respect to different input coordi-
nates (12). Note that as the width of the network increases,

AEEXLB) decreases as predicted by our convergence result. In

the figure, however, AEEXLB) stays slightly above 0. We think
that this is due to the non-negligible Monte-Carlo error in
the computation of (%), which will decrease if we increase
the number of samples.

The validation of the next Theorem 4.3 similarly focused
on the convergence to ©, the limiting JNTK scaled down
by k2. We computed the max-norm distance between the
Gram matrix of the («, 3)-th component of the (1/x?)-
scaled finite JNTK and that of the limiting JNTK for o, 5 €
{0,1,2,3,4}:

1 . ) ) ,
max O4,0, (x(z),x(]))aﬁ - @(33(1)737(]))04,@ .

i,je[64] | K2
Figure 2 shows the results of these computations. We can
see that as the network width increases, the (1/x2)-scaled
finite NTK converges to O at initialisation, which confirms
Theorem 4.3. Note that Ay, is much larger than ABGgq’s.
This is because while both the former and the latter are
defined as sums of terms, the former has four times more
summands than the latter.
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Finally, we checked the claim of Theorem 4.5 that the INTK
stays constant during robust training. We used a binary
classification dataset but regarded it as a regression dataset
with targets in {+1,—1}, and trained the network under
the regression loss with Jacobian regularisation coefficient
A = 0.01. We mimicked the gradient flow in the theorem
with gradient descent with learning rate 1, and measured the
following max-norm distance A© g ; at the training steps
t=202t .. 2% fora,8€{0,1,...,11},

1 L L
max | —0g4, (zW,2)) 5 — O™, 29)) 5] .

Figure 3 shows the measured max-norm distance for the
four cases of (a, 3) € {(2,2),(0,2),(0,0),(1,2)}. Note
that as the network gets wider, the distance gets smaller at
all training steps ¢ checked, which is consistent with the
prediction of Theorem 4.5. While the distance at the largest
width in the figure is still above the smallest eigenvalue of
the Gram matrix of the limiting NTK and does not directly
validate Theorem 4.5, its decreasing tendency along the
width suggests that better empirical justifications of the the-
orem would be obtained in wider networks (which we could
not try due to limitations of our computational resources).
Note that as the training step ¢ increases, the distance also in-
creases, but the increment becomes smaller, which indicates
that the JNTK changes less as the training progresses.
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Figure 4. Pairplot of test accuracy, test accuracy after 0.01 per-
turbation, test accuracy after 0.1 perturbation of eigenfeatures of
robust training. The colours denote the coefficient of Jacobian
regularisation.

5.2. Analysis of Kernel Regression

As stated in Theorem 4.6, in the regime of large width and
small learning rate, the neural network under robust train-
ing converges to the solution f,; of a kernel-regression
problem, as the training time goes to infinity. Follow-
ing (Tsilivis and Kempe, 2022), we analysed the preci-
sion and robustness of this kernel-regression solution by
looking at the eigenvalues and eigenvectors of the matrix
O (z(N) 2(1:N)) in the solution. We used an 11-layer
neural network with the GeLU activation, where the depth
is chosen to be the smallest among those that satisfy the As-
sumption 4.4 in our experiments. For each i € [N (do + 1)],
let fi(x) = Ox(z, 2N IN o0l y(1Y) | where \; and
v; are the i-th eigenvalue (ordered from the largest) and the
corresponding eigenvector of the matrix @ (z(1V),| z(1:N)),
Call f; eigenfeature. Then, by Equation 4, fyu(z) =
2ie(N(do+1)) Ji(z). We interpret this as foy being a linear
combination of eigenfeatures f;, and analyse the precision
and robustness of these eigenfeatures.

Figure 4 shows the pairplot of the following three measures
on these eigenfeatures f;: test accuracy of f;, test accu-
racy of f; after the 0.01 perturbation of the training inputs,
and test accuracy of f; with respect to the 0.1 perturbation.
The perturbation was obtained by changing the inputs via
one-step projected gradient descent on the analytic solution
without Jacobian regularisation, and 0.01 and 0.1 refer to
learning rates. The 0.1 perturbation was enough to change
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Figure 5. Pairplot of test accuracy, test accuracy after 0.01 per-
turbation, test accuracy after 0.1 perturbation of eigenfeatures of
standard training. The ellipses correspond to 4o confidence region
of multivariate Gaussian distribution fitting points, to show the
correlation clearly.

the labels of some inputs, while for the 0.01 perturbation,
there exists a classifier that classifies all the inputs perfectly
even after this perturbation. In the plot, we denote eigenfea-
tures by their eigenvalues and use the colours to represent
the Jacobian-regularisation coefficient from A = 1 (Pur-
ple) to A = 1073 (Red). The result on standard training in
Figure 5 shows a distinct result, where it shows less or no
correlation between accuracy and robustness.

While the empirical analysis of NTK (Tsilivis and Kempe,
2022) found, in the setting of standard training without Ja-
cobian regularisation, eigenfeatures that are highly accurate
but less robust, or highly robust but less accurate, we could
not find such eigenfeatures in our setting. We observed that
adding Jacobian regularisation promotes alignment between
accuracy and robustness so that achieving high test accu-
racy implies satisfying robustness. We point out that Figure
2 (Right) of Tsilivis and Kempe (2022) shows a different
result from our Figure 5. This is due to the different setups
of these two empirical analyses. Our analysis is based on
the analytic solution of the kernel regression problem with
the limiting JNTK, while the analysis of Tsilivis and Kempe
(2022) is based on the empirical NTK at finite width.

Assumption 4.4 is a standard assumption in the NTK anal-
ysis; it is known that the standard NTK O(z, ') has its
smallest eigenvalue bounded away from zero if no inputs
are parallel and the activation function is smooth (Du et al.,

2019a). However, for our JNTK, it is not known to be true
theoretically. Our empirical analysis suggests that whether
the assumption holds or not depends on activation function,
depth, and even the dataset itself.

To check when Assumption 4.4 holds, we empirically anal-
ysed the smallest eigenvalue of the INTK Gram matrix for
different depths and activation functions. The results are
summarised in Figure 6. The blue-dot curves show the
smallest eigenvalues of the NTK Gram matrices, which are
the matrices built by only using ©(z, x’)oo terms. Note
that the plot is always positive. The green curves show the
smallest eigenvalues of the JNTK Gram matrices. Note
that the smallest eigenvalues in the INTK case are much
smaller than those in the NTK case. Also, to be greater
than 0, it requires deeper networks, for example, 11 in the
GeLU-activation case and 6 in the erf-activation case. We
conjecture that this requirement on depth comes from the
expanded size of our Gram matrix (that is, (N (do + 1))?
instead of N2), and also from Jacobian regularisation’s forc-
ing the network to be flat around training examples and
thereby reducing its flexibility. This conjecture is consistent
with the finding of (Poole et al., 2016) that the complexity of
the network increases exponentially as the depth increases.

6. Related Works and Conclusion

Jacobian regularisation was introduced in several forms in-
cluding Hoffman et al. (2019) and Jakubovitz and Giryes
(2018), with different functions being differentiated. While
being simple, it has been a strong baseline for defence
against adversarial attacks (Jakubovitz and Giryes, 2018;
Liu et al., 2024), with multiple extensions. Also, on the
theory side, the smoothness of the learnt neural network
with respect to the input was shown to guarantee a small
generalisation error, which partially explains the success of
Jacobian regularisation (Ma and Ying, 2021). The reason
for the success of Jacobian regularisation has not been well
understood theoretically. Only recently the implicit bias
of the finite difference version of Jacobian regularisation
was studied for linear models (Karakida et al., 2023), which
favours an L1 regularisation solution.

In this paper, we provided a theoretical analysis of robust
training with Jacobian regularisation from the perspective of
infinite-width limits. We characterised the limiting NNGP
and NTK kernels of feed-forward neural networks trained
under Jacobian regularisation and showed that with high
probability, such networks converge to solutions of certain
kernel regression problems, as the widths of those networks
are large enough. We used these theoretical results to anal-
yse the precision and robustness of the networks trained with
Jacobian regularisation, and also experimentally demon-
strated the validity of these results.
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A. Experiment Details

For the GP convergence and convergence of finite JNTK at initialisation, we utilised a synthetic dataset generated using
the Fibonacci Lattice algorithm extended to the hypersphere, which approximates the 0.5 e-net of the S3. Regarding the
evolution of the finite JNTK during robust training, we set the values of A to 0.01,  to 0.1, and the learning rate to 1. These
specific values were selected to ensure that the test accuracy approached 100% by the end of 2048 epochs.

All the natural datasets first have their entries scaled to be contained in [-1, 1], then normalised to have a unit norm to match
our assumption. We include two additional datasets in the appendix, the banknote authentication dataset (Lohweg, 2013)
which is 4-dimensional data with 1372 data points, and the connectionist bench dataset (Sejnowski and Gorman, 2017)
which is 60-dimensional data with 208 data points. The banknote authentication dataset (Lohweg, 2013) contains several
data points that are nearly parallel, so the standard NTK kernel becomes nearly singular, making the comparison impossible.
To mitigate this, we filtered out some data points that are nearly parallel. In specific, for GeLU activation, we removed data
points (") such that [(z("), 2())| > 0.99 for some j < 4, and 0.995 for erf activation, each resulting 186, 320 data points
respectively.

For our experiments, we utilised 3 NVIDIA RTX 6000 GPUs to validate the convergence of the GP over three days.
Additionally, we employed 3 NVIDIA RTX A5000 GPUs to verify the constancy of finite JINTK during training for one day.
All other experiments were performed on CPUs, each completed in under an hour.

B. Additional Experiments

In this section, we describe additional experiments on the minimum eigenvalue assumption and also on the kernel regression
solution analysis. We repeat the same experiments in Figures 4 and 6 but with different datasets (Lohweg, 2013; Sejnowski
and Gorman, 2017).
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Figure B7. The minimum eigenvalues of the standard NTK kernel and the JNTK kernel under the GeLU and erf activation functions on
the banknote authentication dataset. The x-axis is the depth of the network, and the y-axis is the minimum eigenvalue. The o-marks
indicate that the nonzero minimum eigenvalue assumption is satisfied, and the x-marks indicate that the assumption is violated. We do not
mark the points for the standard NTK kernel because the assumption is always satisfied for the standard NTK kernel.

Figures B7 and B8 show the minimum eigenvalues of the standard NTK kernel and the INTK kernel under the GeLU and
erf activation functions on the banknote authentication dataset and the connectionist bench dataset, respectively. Both plots
show a similar tendency as Figure 6 in the main paper. Note that in the connectionist bench dataset, the assumption is
satisfied for lower-depth networks, being invalidated only for shallow GeLU networks. This can be explained by the fact
that the connectionist bench dataset has higher dimensions than the banknote authentication and forest fire datasets.

We give the kernel regression analysis results for varying datasets and activations in Figures B9, B10, B11, B12, and B13.
We use the smallest depth network that satisfies the minimum eigenvalue assumption for each dataset and activation, which
can be found in Figures B7 and B8, and also in Figure 6 in the main text.
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Figure B8. The minimum eigenvalues of the standard NTK kernel and the JNTK kernel under the GeLU and erf activation functions on
the connectionist bench dataset. The x-axis is the depth of the network, and the y-axis is the minimum eigenvalue. The o-marks indicate
that the nonzero minimum eigenvalue assumption is satisfied, and the x-marks indicate that the assumption is violated. We do not mark
the points for the standard NTK kernel because the assumption is always satisfied for the standard NTK kernel.
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Figure B10. Kernel regression analysis on the banknote authentication dataset under the GeLU activation. The left figure is the result
without Jacobian regularisation, and the right figure is the result with Jacobian regularisation.
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Figure B11. Kernel regression analysis on the banknote authentication dataset under the erf activation. The left figure is the result without
Jacobian regularisation, and the right figure is the result with Jacobian regularisation.
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Figure B12. Kernel regression analysis on the connectionist bench dataset under the GeLU activation. The left figure is the result without
Jacobian regularisation, and the right figure is the result with Jacobian regularisation.
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Figure B13. Kernel regression analysis on the connectionist bench dataset under the erf activation. The left figure is the result without
Jacobian regularisation, and the right figure is the result with Jacobian regularisation.

C. Additional Notations

We introduce symbols 2(?) (z) and g (z) for I = 1,...,L + 1 and € R%, and let them denote the input = and the
pre-activation values at layers . Thus, the MLP f : R% — R9.+1 is defined as follows: for all inputs = € R% and all

15



An Infinite-Width Analysis on the Jacobian-Regularised Training of a Neural Network

layersl =2,..., L,

hO(z) € R%, O (z) = g,
g(l)(m) c R4 g(l)(a:) =WWyg,
Y (z) e R%, D (z) = ¢(gM (),
1

O () e R% D) = —WORED) (4 ,
9" (z) 9" (z) 7 (z)
h(z) € RY, h (@) = p(gM (),

1

(L+D) () € Réz+1, LD () = —WEADRE) (1),
9" (2) 9" () 7 (z)
f(z) € RIv+, f(@) = rg" D ().

Recall our assumption thatd = d; = ... =dp anddy41 = 1.

We use the following constant ', especially for simplifying the multipliers in the neural network:

1 =
O = =0,
d 1>1.

We write G (n) for the sum of the geometric series C°, C*, ..., C",i.e.,

n

Ge(n) = Z c.

In the Appendix, we consider norms on random variables, such as the sub-Gaussian norm || - ||s¢ and the sub-exponential
norm || - |lsg.

For the sums 3"°__ and products [T’

i=a’

we use empty sum / product convention when a > b,

b b

Z(...)zo, H("'):l'

i=a 1=a

D. Review of the Tensor-Program Framework

We quickly review the tensor-program framework by Greg Yang (Yang, 2019; 2020). To simplify the presentation, our
review describes only a simplified version of the framework where all the hidden layers have the same width n. For the
full version where the hidden layers have different widths (but these widths are sent to infinity with a fixed ratio), see the
original papers of the framework (Yang, 2019; 2020).

Tensor programs are a particular type of straight-line programs that represent computations involving neural networks, such
as forward computation and backpropagation. Each tensor program consists of three parts, namely, initialisation, main body,
and output, each of which we will explain next.

The initialisation part declares R%-valued input variables x1, . . ., 2, each being initialised with i.i.d. Gaussian entries, and
also d x d matrices My, ..., M, where each matrix is initialised with i.i.d. Gaussian entries and independent with all the
other matrices and the input variables. That is, for i € [p], i’ € [¢], and k, k" € [d] — 1,

z; € RY, (i)k b N(0,02),
M; € R™4, (M) =N (0’ T;) '

The input variables can be correlated. This correlation is described by a covariance matrix (C i), i/ ¢[p) that is assumed
given: for i,7’ € [p] and k, k' € [d] — 1,

Ciﬂ;/, if k = k/;

0, otherwise.

Cov (@), (7)) = {
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The main body of a tensor program is a sequence of two types of assignments such that no input variables are assigned and
the other variables are assigned once. The two types of assignments are as follows:

MatMul h = Mz or h = MTx where M is one of the matrices declared in the initialisation part, and x is a variable
assigned by the next NonLin-type assignment before the current MatMul-type assignment.

NonLin = = ¢(hq,..., h,,) where hq, ..., h,, are input variables or those assigned by the first MatMul-type assignment

before the current assignment = ¢(hq, ..., hy), the ¢ : R™ — R is a function, and this function is applied to the
vectors hy, ..., h,, pointwise in this assignment.

The last output part of a tensor program has the form:

d—1
1 1 1
- ¢((h1)k77(hm)]€) or <7)Th1,...,’UThm)
d kZ:O Vd vd
where ) is a function of type R™ — R, hq, ..., h,, are variables, and v is an input variable.

Every variable v (which can be = or h) in a tensor program has an associated real-valued random variable Z", which is
defined inductively. For input variables 1, . . ., z,, we have real-valued random variables Z%1, ..., Z*» € R that are jointly
distributed by the zero-mean multivariate Gaussian with the following covariance:

COV(Z“ R A ) = Ciﬂ'/ .

For assigned variables, their random variables are defined as follows.

MatMul For the assignment & = Mz or h = MTa, the corresponding Z” is the zero-mean Gaussian random variable that
is independent with Z"" previously-defined by induction whenever the matrix M’ in b’ = M’z’ (including MT) is not
the same as M, and is correlated with Z" with h”" = Mz" for the same M as follows:

Cov(z", Z2"") = o3, B[Z2* Z*"]
where 0%, is the variance of the entries of the matrix M.

NonLin For the assignment x = ¢(hq,..., k), the corresponding random variable Z* is defined by the following
equation:

Z% =¢(ZM, ..., Z"m).

Note that A1, ..., h,, are assigned before the assignment for z so that the random variables Z"1 ... Z"m are defined
by the inductive construction.

The main reason for using the tensor-program framework is the master theorem which states that as n goes to infinity, the
k-th components of variables in a tensor program jointly converge the random variables that we have just defined inductively.

Theorem D.1 (Master Theorem). If a tensor program uses only polynomially-bounded nonlinear functions ¢ in NonLin (i.e.,
there are some C, ¢y, ¢ > 0 such that for any u € R™, ¢(u) < C||u||®t + c2) and it satisfies the so-called BP-likeness (see
(Yang, 2019; 2020) for the definition), then for all polymonially-bounded 1), we have the following almost-sure convergence:

S Bk (o)) 5 BLH(Z™ . 2],

as d tends to infinity.

Using this Master theorem and Proposition G.4 from (Yang, 2019), we can show that the output distribution converges to a
Gaussian random variable.
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Corollary D.2 (GP Convergence). Assume that a tensor program uses only polynomially-bounded nonlinear functions ¢ in
NonLin and it satisfies the so-called BP-likeness. Also, assume that the output of the tensor program is

1 1
—vThy,...,—vThy,
<¢a BV >

for the input random vector v such that its entries are initialised with N'(0, 02), the vector is not used anywhere else in the
program, and it is independent of all other input variables in the program. Then, as n tends to infinity, the output of the
program converges in distribution to the following Gaussian distribution:

1 1 dist.
—0Thy, ..., —=vThy | 5 N(0, K
(e oo ggehe) 5 0.5
where
Ki; = oy B[Z" ZM].
E. Proof of Theorem 3.1

We express the computation of the network’s outputs and Jacobians on all the training inputs as a tensor program and use the
Master theorem D.2 to show that these outputs and Jacobians jointly converge to Gaussian random variables.

We first define the input vectors and matrices. We have the following (1 + dy)N-many input vectors, which correspond to
the values of the preactivation on the training inputs and the Jacobians of these preactivation:

g§1)a R g](\f)7 (Jlg(l))7 . (Jdo (1)) eRd

These input vectors are initialised as follows: for k € [d] — 1, 4,7 € [N], and o, 8 € [dp],

Var ((g")x) = 1, Var(uagf”)k) L
Cov ((98)es (9520 ) = (2,200, Cov ((ag!M s (08)e) = (ea-1,29).
Cov (9" )k: (Jagi")e) = (2 e5-1) Cov ((Jag )i (TS i) = (ea-tres-1).

where e, _1 is the unit vector with its a-th component being 1 and the others being 0. Note that this initialisation corresponds

to having a random matrix (1) intialised with i.i.d. samples from A/(0, 1), and setting g!*) to Wz and J,g'" to
o)A
OZo—1 ‘w:x(i)'

We also have an input vector V(X1 € R? whose entries are set to the i.i.d. samples from N(0,x%). The vector is
independent of the previously defined input vectors.

For the input matrices, we have V() for each layer I = 2, ..., L. The entries of V() are initialised with i.i.d. samples from
N(0,1/4d).

Note that we use V' instead of W as opposed to the main text. This is to match the syntax of the Tensor program while
keeping the computation equivalent to the main text. In specific, the computation of matrix multiplication

h(l)(x) — W(l)h(l_l)(x)>

1
| ——
Vdi—1
is modelled by setting V() = 1/,/d;_; W " satisfies the requirement of the Tensor program. Similarly, the output vector

WA js implemented by V(X1 = W L+ | where we absorb the scaling factor « into the initialisation of V' (X+1) and
the normalisation factor 1/+/d is absorbed in the result form of Corollary D.2.

Next, we define the body of the program that computes the network’s outputs on all the training inputs as well as the
corresponding Jacobians. This body uses the following variables:

O B R er?,
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g§2), ey gg\?), R ggL), ce gj(\,L) €Rd,
(RM), L Jah\), L (e, L (Ja b)) e RY,
(g™, o (Jaog'D)s o, (gt L (Jagl) e R
It is defined as follows:
ni = ¢><g£”); hy = as(g“))-
¢ =y @pH g =veRY
h(12 = ¢(9§2)); - hﬁ) = ¢(9§3));
D= V(L)h(lL_l); gj(\f) = V(L)hg\f_l);
L L L L
ni" = é(gt"); hy = olay);
(LhY) = d(gt) © (1gV); (JahW) = d(g'V) © (Jap g W)
(h9i”) = VO AR, (Jangl) = VO i)
(1hY) = d(gt?) © (J1gi™); (Janh$) =S98 © (Jap0i);
(ig{") = VB (Y, (Jaog\) = VB (Jgohly ™);
(JihS") = d(gt") @ (g™ (Jah¥)) = d(90) ® (Jang¥);

Finally, we make the program output the following (1 4 dy)N-dimensional vector:

1 1
<\/g(V(L+1))Tth)7 o ﬁ (V(LH))ThE\l})
1
SLVEDTARE), L ST
1 L 1 L
(VT (b, ﬁ<v<L“>>T<JdOh§V>>>.

Now Corollary D.2 implies that these random variables jointly converge in distribution to a zero-mean multivariate Gaussian
distribution as d tends to infinity. Furthermore, the Master theorem (i.e., Theorem D.1) gives the following inductive formula
for computing the expectation in the definition of the covariance matrix in the corollary:

Cov (2272 ) = o (27 7)o (22 )]

e {4.29) < o) 254 )

Cov (27" ZJB"“))=E (2277) ¢ ( 2 1))2%9“ i
o (27)

B(7) 2007 g (257 st

Cov (ZM(” ZJMS”) —F

By definition, the random vectors (Zgz(l),ZJlgil),...,ZJdoggl)) € Rt for i € [N] have the covariance given by
»(0) (2 20)) in the statement of Theorem 3.1. Note that the inductive definition that we have just given is identical to the
inductive definition of (=1 (2, £()) in Theorem 3.1. Thus, the random vectors (29, 219! . 719" ) € Rl+do

19



An Infinite-Width Analysis on the Jacobian-Regularised Training of a Neural Network

for i € [N] have the covariance given by X(=1) (2() 2())). As a result, the covariance of the limiting distribution of the
network output and its Jacobian is given by

Cov( f(z9) ) @) (0, 00y,
Cov (J(f)( o £ <a>) RO
Cov (f( OV J(f)(29)s ) = k28D (2 2D,

Cov (SN @ D)ot (@ P)51) = 22D @, 20)g

So far, we implemented the forward computation of our network as a tensor program. To apply the Master theorem, we need
to check that (1) the nonlinear functions we applied are polynomially bounded and (2) the program satisfies the BP-likeness
property. The polynomial boundedness is immediate since the function we use is either ¢ or ¢(a) - b, and the assumption
that ¢ is Lipschitz implies that both ¢ and d)(a) - b are polynomially bounded. For the BP-likeness, the simple GIA check
(Condition 1 of (Yang, 2020)) applies to our program, since V(“*1) is not used in any other part of the program, except
when we compute the output.

This proves Theorem 3.1.

We use this theorem to show that if we take x small enough and d large enough, both outputs and Jacobians at initialisation
are close to zero.

Remark E.1. By the definition of % and the assumption on the activiation function ¢, for all z € R% with ||z|| = 1, the
diagonal entries of x2X(5) (z, x) are at most x2 (M7 + 1). Thus, using the tail bound for the standard normal distribution
and also union bound, we can show that for all ¢ > 0 and = € R% with ||z|| = 1, if g ~ GP(0, x?2(1)), then

62
P(llg(x)ll o > €) < 2(1+do)exp <W12L+1)) :

Since every training input z(¥) satisfies ||2(*)|| = 1 by assumption, we can instantiate the above bound on those inputs and
get, by union bound, that

62
<) 2 1-2N(1 +do)exp () . (5)

P (W € [N Hg(x( : 2:2(MZE + 1)

HOO

By Theorem 3.1, there exists a function F} that if

d>Fy (2N L6, ———— |,
K/ M+ 1

‘P (\ﬁ e [N], a € [do]. (fd(xm),J(fd)(x(“)a,l € [—e,e])) _P (Hg(ac(i))Hoo < e)‘ < g ©6)

From the bounds in (5) and (6) it follows that for all § € (0, 1), if « is sufficiently small and d is sufficiently large, then with
probability at least 1 — 4,

then

Fa(@D), J(fa)(@)ar € [~e.€]

foralli € [N] and o € [do].

F. Proof of Theorem 3.2

We start with one general result that allows us to move the derivative from the outside of an expectation to the inside when
the expectation is taken over a GP.

Theorem F.1. Let K : R% x R% — R be a symmetric kernel. Consider functions ¢ : R — R and ¢ : R?> — R such that

e i and ¢ are polynomially bounded; and
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« there exists a polynomially-bounded function v : R — R that satisfies Iy Y(t)dt = (z) — (0) for all = € R.

Let v,2' € R%, o, 3 € [dy), and

Kz Kz 2 OK(zy") OK(z.y)
( ) ) ( ) ) oyl _, yi=z Oyp_, pa—
OK (¢ ,y") 0K (¢ ,y")
K(,{C/,Q',‘) K(Jf/’x/) ay/_l , 8y2371 .,
F - ’ 2 C: y=a 2 ’ y=e
OK(y,x) 0K (y,z") 0 K(y,g ) o K(y@; )
Ot lymg et ymg OariOWacil(yy)=(a.a) o151 l(yy)=(aa)
OK (y,x) OK(y,w')‘ 0 K(y’z//) 0 K(yﬁg’)
Wt lymar OVt Nymor O0p1Oacil(yy)=(ara) PP 1%51l(yy)=(a0)
Then,
0 .
o B ()l )= B [i(a) -z e(o)] ™
Lg_1 z~N(OT) z~N(0,T")

Proof. Fix z,2' € R% and o, 8 € [dp]. Let I be the matrix in the statement of the theorem, and ¥ = T'_3 _3 € R3*3 the
submatrix of I' without the last column and row. Let I35 and I, be the 3 x 3 and 4 x 4 identity matrices, respectively.

We will first introduce a function H (u) which gives the reparameterisation of X for z;, defined as

o — 20,1
0 — )
V20,0
Y190 —30,1%0,2/X0,0
az = 5 )
V22,2 = 5 2/Z00
_ 2 2
a; = 2171 — Qy — ay,

H(u) = agup + ajuy + asus.
This gives the reparameterisation as

2
0,2
uo+ Yo,

V6> 0,0 ?

dist

(20,21,22) = Yo,0u0, H(u

where z ~ N (0,%) and u ~ N(0, I3).

Applying this reparameterisation to our expectations allows us to remove the dependency of distribution on the inputs,

E _[$(z1)e(20,22)]

z~N(0,T)

= E _ [U(x1)p(20,2)]

z~N(0,%)

=5 |e)e [ Ve 2ty [5an — 202y,
N O1) V0.0 20,0

Taking the derivative w.r.t. x,’g_l, gives

0

3T/3—1 ZNAI[[%M) [¥(21)p(20, 22)]

Yo,2 25,2
= E H(u Y0.0Up, ———=1Ug + {[ D22 — =—U
830’671 u~N0.13) Y(H (u))p \/T,o 0 00 0 2,2 S0.0 2
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0 20,2 2,
= E a7 1/J(H(u))<,o EU’()’LLO7 g + 22’2 — 2
: Voo V20,0

u~N(0,13) | 0Ty 20,0

3

i ) 2
B ¥ H'(u)(H (u))¢ | /Zo.0uo, %2 o+ Yoo — %2uy | |,

u~N(0,14) V20,0 Yo0,0

using the fact that ¥ 0, ¥o,2, ¥2,2 do not involve 2’, and H'(u) is defined by differentiating H (u) by x;_, and adding
additional bzug, giving

H/(U) = bo’LL() —+ blul + b2u2 =+ b3U3,

1 82071
bO = 7 ’
A/ 2070 axﬁ_l
) 1 (321,2 Yo,2 0301 )
2 = - )
V222 — E52/Z0,0 0% Foo 0y

1 0%
by = — (a /1’1 — 2agby — 20,2()2) s
Tl 4

bs = /T3 — b3 — b — 3.

Now if u ~ A(0, I4), the 4-dimensional random vector

Y0,2 / X35 /
v/ 2o oo, H(u), g + [ 2o — =——us, H' (u
0,0U0 ()\/mo 2,2 20’02 (u)

has the distribution N'(0,T"). This can be verified by computing the covariance,

Yo,1
3@3_1’
10%1: _ OK(z',y)
2 6%%71 8y’B71

0,2 / ¥ , 0%
Cov ug+ 4/ 2 —uo, H'(u) | = ——=,
v/ 20,0 0 22 20,0 2, H'(u) dxly

K (y,y) )
Y10y )= )’

COV(\/ 2070U0, H’(u)) =

Cov(H (u), H' (1)) =

)
y' =z’

Var(H'(u)) =

where the second equality comes from the symmetry of K:

0 0 0 0
I ) — K / K o —9 K /o )
690’371 b (395—1 (v, @ )|y:x' 39,'371 (@.v) yl_x/) 81/2971 @y )}y/:x/

The last equality uses the independence between w3 and ug, u1, ue and the zero mean property of us.
From what we have just shown, the final result follows:

_9 g
Oly_ 1 2~N(0,3)

= E h(H (u V110, =2 + 4 [ Do — —22u
u~N(0,14) v A \/7 0 22 20,0 2

22
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= B [0(n) 2 olz0, )]

z~N(0,I)
O

Using Theorem F.1, we prove Theorem 3.2. Pick «, 8 € [dp], and | € [L] U {0}. We have to show that for all z, 2’ € R%,

0
YO (z,2") 00 = I O (z, )0, ¥
a—1
SO (g 4 9 Wy o
(x,2")op = B YW (x, 2")oo, &)
wh
Y, 0? W
5 = W a0 10
('r) x ) B axailax%_l ('r x )00 ( )

The proof is given by induction on I. When [ = 0, all the three desired equations hold for all 2, 2’ € R, since differentiation
of (x, a’) gives LHS. For the induction step, assume that the three equations (8), (9), and (10) hold for all z, 2’ € R% for
the I-th layer. We need to show that the equations also hold for all z, 2’ € R% for the (I 4 1)-th layer. First, we prove that
the equation (9) holds for all z, ' € R%; the equation (8) can be proved similarly. We define the 4 x 4 matrix I" as in
Theorem F.1, with the kernel (z, 2’) — £ (z, 2') oo, where following equality can be proven with the induction hypothesis,

YOz, 2)00 W (z,2)00 ZW(z,2)00 ZO(x,2")0ps
x 20(a’,2")oo E(l)( @)oo B(2',2)op

YO (z,2)00 2O (z,2") a0 l)(x,x) »®

S0(z, 0oy SO, 2Ns SO0 )ws SO, )35

Using this equality and Theorem F.1 with ¢)(z1) = ¢(21) and (20, 22) = ¢(z0),
£ (@205 = E [0(a(2))d(9(x') (a) (a")

= E {¢(U0)¢3(u1)u3}

u~N(0,I")

=2 B [b(un)s(ur)

6%71 u~N(0,T)

= ) Elb(g(@)og(a")
B—1

g

0

— 72([%»1) /

8:10’{3 » (z,2")oo
We can prove the equation (10) with a similar method. This time, we define the matrix = which is a matrix defined by
permutation of the rows and columns of I" by the bijection that maps (1,2, 3, 4) to (2, 1, 4, 3), so that the following holds:

dist
(uo, ur,uz,u3) = (w1, wo, w3, w)

where u ~ A(0,T) and w ~ A(0, Z). Then with Theorem F.1 with the choice of 1(z1) = $(z1) and ©(z0, 22) = ¢(20)72
and the second equality (9) just proven, the third equality can be shown as

S (0005 = B [blo@)i0la )i

ww/\I/E(O,E) [Qg(wﬂws(ﬁ(wo)wz}
0

{sb(wl)éf;(wo)wz]

= E
0T a1 waN(0,2)

E [ #(g(x)d(g(x)g(a")]

0Ta—1 g
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0
= Prai s @ s
82
- ama,lax’/j71

»+ (z,2")ap-

G. Remark on Assumption 4.4

In this section, we illustrate the difficulty of finding a sufficient condition for Assumption 4.4 by proving that one of the
standard conditions for the positive definiteness of the NTK kernel does not work for the JNTK kernel. We provide a
counterexample for the condition. To simplify the presentation, we do not impose the assumptions in Assumption 2.1. The
result for the normalised case can be obtained by scaling every matrix by %

We first review two results that guarantee the positive definiteness of the NTK kernel.

Theorem G.1 (Proposition F.1 of (Du et al., 2019b)). Suppose activation is analytic and non-polynomial. Then, the standard
NTK kernel
@($(1:N)’ x(l:N))OO

has positive eigenvalues as long as no two data satisfy =9 = cx9) for some ¢ € R.

Theorem G.2 (Adapted from Theorem 3.2 of (Nguyen et al., 2021)). Suppose the Hermite expansion of activation
o(r) = —— iu (0)H, () exp(—a?/2)
V2 = " "

has infinitely many nonzero (o). Then, the standard NTK kernel
@(x(l:N)’ m(l:N))OO
has positive eigenvalues as long as no two data satisfy V) = cz9) for some ¢ € R.

Proof. We use the following inequality stated in the proof of Theorem 3.2 of (Nguyen et al., 2021):
o, Mine(n) ||1'(i)H2T — (N — 1) max;x; |<x(i),w(j)>|r

)\min(g(x(l:N)vx(LN))OO) Z N’T(O—) |2(r71)

max;e|n] (||

Then, we can choose 7 large enough such that y,-(0') # 0 and max; 2, [(z(), 20))|" < 7 which guarantees the positive
definiteness of the NTK kernel. O

Our counterexample is related to Theorem G.2. Consider neural networks with the activation function o(x) = 22, which is
a polynomial function. This activation satisfies the condition of Theorem G.2, which requires that the Hermite coefficients
of the activation be non-zero for infinitely many r. It is because otherwise, the summation would include exp(—z2/2) term,
which is not a polynomial.

Theorem G.3. For any input dimension dy and square activation o(x) = x2, there exists dataset {x}N | such that
Ammin (6($(1:N)7$(1:N))) -0

but
Ammin (@(1,(1:N)’x(1:N))OO) >0

for shallow neural networks, i.e., L = 1.

Proof. We first give the analytic form of the INTK kernel in this case, which can be computed via Isserlis’ theorem.

@(I,y) = E(.I, y) + E(;E, y)v
S(2,9)00 = Bumnr0,10) [(w, ) (w, y)?]
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= 2Cov((w, ), (w,y))* + Var((w, z)) Var((w, y))
= 2(z,y)* + [l=l[ly],

2(2,Y)a0 = o lz(x,y)oo
= 4(*757 y>ya71 + 255(171”3/”27
0
Y(x, = Y(x,
( y)oﬂ st (7, )00
= Az, y)ap_1 + 2ypllz]?,
82
by g = ————3(x,
($7y) B 32604713,@;371 (.13 y)OO

=4zg_1Ya—1 +4za—1ys—1 + Xz, y)la=p,

E((E, y)OO = EU)NN(O,Id) [4<wa £U> <'U}, y>]
= 4<x’ Z—,I>,

E(m7y)a0 2($7y)00

- az(x—l
= 4ya—17
E($7y)05 = 8y5 12(1.73/)00
= 41}[3717

. 82 .
E(xvy)aﬁ E(xay)OO

B 8»’10(1—183/,6—1
=4l,—p.

In matrix form, we have

S y) = (2002 T I2lPlyl> Az y)aT +2)al?yT
7 Az, yyy +2lyllPr deyT +dyaT + Az, y) 1)

s = (Y50 ).
We will show the result by showing
rank O (x| (V) < rank B (zEN) 8Ny 4 rank $(z8N) 283N < N(dg 4 1).
We can bound the rank of individual matrices as
rank S (z0V) 2 EN)Y < N(dy +1) — 2N 41,
rank 3 (z(3N) 2 (IN)) < g,

for some () which will be proven in the next two lemmas that follow. So, setting N > (do + 1)/2 shows that
O(x(1N) z(1:N)Y s singular, therefore Ay, (O (x(3Y) | 2 (1:N))) = 0, O

(:N) such that no 9 is zero vector, we have at least 2N — 1 linearly independent vectors that

Z(Z‘(l:N),Jf(l:N))’U =0,

Lemma G.4. Forany x

so that rank X (z(3NV) 21Ny < N(dy + 1) — N.
Proof. Let’s first define the following vectors:

vi=( 0,...,0 ,—2,2 2P 0.0 )
—— ——
(t—1)-(do+1) (N=1i)-(do+1)
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fori =1,..., N. Then these vectors are linearly independent, and for i € [NV],

(E(x(lzN), $(1;N))Uj) 2 Hm(i)’ 2@ Hz

? (x(j))Tx<j>7

= 4z, 202 9 qu)

+ 4z 20 (x@))T "

i(do+1)+a

+ 420 (xm)T 2 1 459 (xm)T 2D 1 4(zD, D)z

i(do+1)

showing that they all lies in the null space of X (21N, z(1:N)),

We then define the following vectors:

, , . )
w; = (0,—28, ...~ 0.0 02,2l 0,0 )T
(i=2):(do+1) (N—i)-(do+1)
fori=2,...,N.
Similarly for i € [IV],
(g(xu:m,x(w))w.) — 4z 2Oy (2 ) x(jLQHz() 2<x<1))Tx<j>
1) i(do+1)

) (=

w0 (20" a0 20 (a0

(Z(x(LN)7:L‘(1:N))wj)‘(d . — 4zl ( >)Tx‘ 42V (xm) 29— 4(zD, (M)z0)
1(do «a

+ 420 ( m)T 2™ 4 420) ( @ ))T 2D 4 4(zD, )z

showing that these vectors also lie in the null space of X (z(3N) z(1:N)),

It is clear that all vectors {v; }¥; U {w,} §V:2 are linearly independent. These show that the null space is at least N + N — 1

dimension, therefore the rank of
SN EN)) < N(dy +1) — 2N + 1.

(1:N)

Lemma G.5. Forany x , we have

rank 3 (x| 2 (WN)) < gy,
Proof. Instead of giving the eigendecomposition, we show that there exists dy vectors that

do—1

( (lN lN) Z A()/U(y

for A, > 0 and v, € RN (do+1),

We define these vectors as

ve = (z(1,0,...,0,1,0,...,0,22,0,...,0,1,0,...,0,...,2%,0,...,0,1,0,...,0)7
d 1 d 1 d 1
o 0o—a— (e 0—Q— o 0—Q—

Then, we have

(1) .(5)
(UV T)z(d0+1),j(d0+l) wyas,
(4)
(293 it dg 1y 4oty = T3 La=r:
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(U‘YU'Ty)i(dOH),j(doH)Jrﬁ =25 lg=y,

(0) g 1) 405 do 41748 = TamrTo=
which shows that taking A, = 4 proves the identity. O

Remark G.6. We note that the bound of Lemma G.4 is not tight. If we computationally test this rank condition, the rank of
(2N (1N follows

NQ@do—N+1)  if gy > N
rank B(a, 2 (0) Z max(do = 1,0) = {do<do+1> ity < N
- 95 0 >

for non-parallel inputs (™).

Conversely, the bound of Lemma G.5 is tight, i.e.,

rank 3 (x| 1Ny = g,

for non-parallel inputs ().

H. Proof of Theorem 4.3

Before giving the proof, we first state the complete form of © in Theorem 4.3, which is the 1/x2-scaled version of the
limiting INTK:

L L—1

O(x, 2 )0 = Z (Z( ) (2, 2" )00 H 'z, z )00> ,
=0 u=l
L L—1

O(z, 2 )0 = Z (E( ), 2") a0 H ™ (2, 2")g0
=0 u=l

L-1 L-1

+ 2Oz, 2") 00 Z ) (2, 2") 00 H F(“)(:mx')o())
u=l

UFEUg,

L L-1
O(x,7')os = Z <Z(l)(l‘,$/)oﬁ H F(U)(Jj)xl)oo

=0

Uq =l

u=l

L-1 L-1
+ 2Oz, 2")00 Z ) (2, 2) 05 H I‘(“)(x,x’)o())

ug=l u=l
s uFug

u=l

L L-1
02,7 )ap = Z <Z(l)(l',$/)aﬁ H F(u)(l’,l‘/)oo

=0

L-1 L-1
+ 2O (2, 2") a0 Z ) (2, 2) 05 H T (2, 2")g0
u=l

ug=l B
L-1 L—1
+20(z, 205 Z ) (2, 2") 40 H (2" )00
Ua =1 uzé_ula
L-1 L-1
+ 2Oz, 2")00 Z TWed) (2,2 0 H ™ (2, 2")00
L-1 L—1
+ 2O (z,2")00 Z D) (2, ") 0 T (2, 2") o8 H F(“)(x,x')m),
U ,ug=l u=l
Ua FUB UFU

uFug
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where I'(®) : R x R — R(1+do)x(1+do) jg defined as follows: for g(*) ~ GP(0, £(W),

P (@,a)oo = E |9 <o:>o>¢'><g<“><z’>o>] :

g(w)

PO (@,2)a0 = E [30") @)0)d(g™ (2)0)g™ ()a]

g(w

|
PO (@00 = B[99 @)0)d(g™ ()o)g™ (@)s]
|

(2,2 0p = E é(g(“)(w)o)é(g(“)(iﬂ’)o)g(“)(ﬂf)ag(“)(iﬂ/)ﬁ}-

We prove Theorem 4.3 by using the proof strategy for Theorem 3.1 in Appendix E again. That is, we express the computation
of backpropagated gradient as a tensor program, and apply Theorem D.1 to show the claimed convergence in Theorem 4.3.

Recall the definition of the finite INTK: for o, 3 € [d] and 2,2’ € R%,

Oa,0(x,2" )00 = <8J(;(9 )78]:;5’)>7

(00

<5f($) 0J(f)(=")p—1 > ’

Oa,0(z,2") a0

Oua0(z,2")os 50 20

Oup (2,2 )y — <8J(f)8(;)a17 8J(f)§; )51 > |

We rephrase this finite JNTK such that the contribution of each layer is explicit:

/ L+1 3f T af !
Ou0(z, )00 = ) <5W£(zg’ am(/(l))> ’

=1
<8J(f>(ar>a 1 Of(x ’)>
oW ow®

~
=

(]

Ou0(z,2 )00 =
=1

1<0f( z) J(f)(x’)5—1>
oww’  aw® ’

~

(]

Oua0(z,2")os =
=1

(2)a-1 0J(f)(@")p-1
< an> oW > an

Mi

@dg Qj x =
=1

By the definitions of the MLP f and its components ¢() and A(") in Appendix C, for every [ = 2,..., L + 1, we have
8f(;v) _ i af(x) (h(l_l)(x))T
oW \/dogW®(x) ’

OI(f)@acs _ 1 DI @t (1any, \T . L 0T @as (9D @)\
o = 7 e (@) i (o)

The derivatives with respect to (1) have similar forms shown below:

af(l‘) 8f(.%‘) T
' @),

ow @ — 99 (z)
oJ(f)(x) _ 0J(f )(w)a 1T 9J(f)(@)a—1 T
W~ ag@) O T 3@y () 0w ) o)
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We plug in these characterisations of the derivatives in the layer-wise description of the finite JNTK in (11), and simplify the

results using (vyw], vawl) = (v1,ve) - (w1, we). Recall that C; = difl =2,...,L+1and C, = 1.

Oa,0(z,2 )00
L+1

i e
-1

of(x) f(z")

P00 B0

O4(z,x )aO
L+1

_ Z <h(l (e AJ(f)(x)a—1 Of(z')
C’z 1 g(l) (x) T 9gO(a")
+LZH L (M@ ey (TN @an 0F@)
Ci_1 8xa_1 (09 (x)/0x0_1) gD (2') /)’

5f($ a—1 &J(f)( /)ﬁ1>
g dgD (")

29
Of(x)  9J(f)=)p
99 (z)" (99 D(a')/0x}s_y) |

AJ(f)(®)a—1 5J(f)($’)ﬂ—1>
ogW(x) 7 AgD(a")

s DTN
(09 (2)/0x0_1)" Og®(z")

Ghl D(x OJ(f)(x)a- iy J(f)(@")p-
dgW o( g(l (»T)/a% 1)

5'175 1

)

(¥

)

R

z 1<w " >
s

“)s

>

5 1 <8h(ll)(x) Ah=1) Jc’)> < AJ(f)(x)ar dJ(f)(")p-1
C, a1 = Ol (09D (x)/020-1)" 0(0gW (2") /0]y

12)

13)

(14)

5)

(16)

So it is enough to show that all the inner products here converge to constants. Then, we have the convergence of the finite
JNTK at initialisation. The tensor program in Appendix E already computes both components of the first inner product of
each summand. Applying the Master theorem to these inner products normalised by C;_; gives the almost-sure convergence
of these normalised inner products to (=Y (z, 2") g0, 21 (2, 2") 00, 2V (2, 2") 05, 2" (2, 2") o5. Now it remains to
show the convergence of the second inner product of each summand. We do this by expressing the backpropagated gradients

in a tensor program.

We first include a new random vector for the initialisation, V£+1) € R?, which is independent of all other vectors, and its
entries are i.i.d. A/(0, k). The body of this program first includes the variables that appeared in Section E, and additionally

the following variables:

pr®, . phY, . DR D e RY,
Dgi",....Dg\,...,Dgi", ... D) e RY,

Dodoh(?, .. DadohV, ... DadublP) .. Dy h'E) e RY,
DaJagl yeeoy Dy JagN yevyDadag (L)7,,.7Daja (L)eRd
Dahgl),...,Dahg\l,),...,Dah(L) . Db e Y,

Dag, ... DagV. ... Dag!®, ... Dagll) e RY.
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These variables are defined as follows:

D) =y, DRE) o (D)
Dgi" = ¢( (L)) ® Dh{P, D) = § (QJ(VL)) o Dh®),
T
Dhglﬁl) = (V(L)) DggL), - Dh%il) — (V(L)) Dg](\%)7
)= (gg)) ® DhY, Dg<1) - <9§V1>) © DR,

These random vectors correspond to the backpropagated gradient, but we need the scaling as

W _ 7. 01@) W _ 7. 0f@)
Dh; _ﬂah<l>(z(i>)’ Dg;” = Vi3 b0y 3O ()

where this v/d scaling comes from the scaling at output 7 (VEAD)T 8,

Similarly, we define the backpropagation of the Jacobian gradient, defined as

Do Joh{" = v B+, DoJoh'l) = v+,
D ']Oz (L) = ¢ (g%L)) O] DaJath)7 e DaJagg\%) = ¢)< (L)> ®D J hg\% ’
T
DoJahF™Y = (V<L>) Dadugt®, DadohSE™ = (V(L)> DaoJug'l,
Dadagi? =6 (") © Daduh{”, Dadagy = (9§') © Daduhy,
and
D h{" =0,
DAY =0,

Dog\™ =6 ( (L)) ® Jogt® © DaJubH + ¢ (gﬁL)) ® DD,

Dag{ = & (o) @ Jagl’ © Daduh{) +6 (4§) © Dahly,
_ T
Dath 1) ._ (V(L)) DaggL)’

Dah%_l).:: (V) Dagld,
Dagg).—(b( <1>) © JogV © Do JuhiY +¢( )@D niy.

Dag](\})'—qb( (”) © Jag\V © Do o by +¢5( )@Dahgy.
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Again, these random vectors correspond to the backpropagated gradient with scaling, as

DJg(l):fm Djh(l):fm
¢ 99V () T AR (2D

8<gax((>1 )> 8<hax((>1 ))

o _ & o0 — 727D ED)ams

To apply the Master theorem, we need to check that (1) the nonlinear functions we applied are polynomially bounded and
(2) the program satisfies the BP-likeness property. We have three non-linear functions to check for polynomial boundedness:
¢, ¢(a) - b,and $(a) - b- ¢ + d(a) + d. All of these functions are polynomially bounded, since they are linear combinations
of products of ¢, qB, qS to the linear functions, where ¢, qlﬁ, ¢ is Lipschitz by assumption. For the BP-likeness, the simple GIA
check (Condition 1 of (Yang, 2020)) again applies to our program, since V(“*1) is not used in any other part of the program,
except when we compute the output.

The outputs of the program whose convergence is guaranteed by Theorem D.1 are followings: for i, j € [N], «, 8 € [dp]

and [ € [N],
af (=) 5‘f(:z:(j) [ ~>Dg® Dg®V
<8g<z>(x()) By ) TEETZT J: a7
&](f)(:v(l))a 1 af( z(ﬂ r Dy
(7) (J) r
AJ(f)(x')a—1 afzx R | ZzPada g ng} (19)
(gD (x0)/0x) )" 99V (x) -
8f(:v( Ja—1 OJ(f x(J) [ D9 ,Dsg®
<ag<l o o) B2 2], 0
(Z ( ) r
of (z OJ(f)(«\ P mZDBJBgu)} 21
990 (z z) ) /ax(] L ’
x(l) Oz 1 8J x(]) r D D g(l)
< 8g(l) @) 7 g(l) aj(]) > —E _Z “ Z ’ ] ’ (22)
< AJ(f)(zD)q (1) ’a‘]a v ) — E [ ZzDa s ZDBQ(Z):|7 (23)
(agﬂ <x< /0el) ) gD (al :
( ) r .
oJ(f a1 oJ(f)(«\ L g [7Pes! )ZDﬁJﬁg§l)] (24)
0g(l " 9(9g " (2 ) /ax@ : ’
(1'( ))a 1 7 aJ(f)(.’E(]))g,1 — _ZDaJagEL)ZD/aJ/ig;Z)} . (25)
a(@gﬂ () /0x),) 0(0gW (2) /05 ) :

Our final computation is evaluating these nine expectations, which can be done recursively. Before proceeding further, let’s

focus on two variables, D, J, gi(l) and Dggl). Their initialisation D, J, hEL) and Dhl(-L) are the same, and the recursive

definition also matches, so they are equal always. This implies that

Dy = DaJag", Dy = DyJsg)’,
Dh{" = Do Joh, DL = DgJsh{".

This implies that most of the expectations are equal, thereby we only need to compute three expectations, (17), (18), and
(22). All other expectations can be reduced to these three expectations, by equivalence we just shown or symmetry.

Before giving the proof of all equations, we first handle simple cases. Equation (17) is a term that also appears in the
standard NTK, and can be computed with the following recurrence relation,

E [2PM7 2PM"] = 2, (26)
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E (200" 2P| =g [6(227) 227§ (297) 2P|
=E[6(22")d(25")] x & [220" 27"], @7
B[z 7P| =g 200" 7P | (28)

where we used the independency of Z-variables Z 9" and ZPm" , this gives

E {ZDg(l)ZDg(l):| = TOED 20 E [ZDgumZDg;m) ’

and resolving recurrence relations shows
0 0
E [ZDg 7Dy} } 42 H F(u (i) ) 00

Now we can extend this approach to all the variables. The first steps for (26) are
E |:ZDh7(:L)ZDh;L)_ 2

E [ZDQ Jah{" ZDth): 2

E [ZDWEL)ZDMP} —0,

(L) )7
E [ZDaJahi gDsdsh{] _ 2.

For the recursion step for the activation application corresponding to (27), we have
E [ZDQU)ZDQ(Z)}
—E[d(227) 220" (297 z2m |
=i )o
=T Oz, 500|220 277 (29)
E 2P ZDQU)}
E [( ( ) 770" gDadon? ( Zggw) . ZDahg”) é ( Zg;.w) th;”]
—F [ (Zgl ) 7Jag" ¢ (ngl))} E [ZDuJahE” ZDhgl)}
e o () () [z 20
IO (@@, 200 0 [ZDaJahi”ZDhi-”] +TO D 200 B {ZDahE”ZDh;.”} 7
0)
E 2P 205"

=F [(¢ (Zgﬁl)) X ZJagEU .ZDaJahEl) I ¢ (Z-‘?E”) .ZDahil))

x (628" 27 gPeon 1§ (") - gPan") }
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s () 2 () [ |
a[f (1) 2046 (1) a2
+E {q'ﬁ (295”) é (Zgi”) ZJﬁg”)] & [Zoahgw ZDﬁJﬁh;w]
a[o (o) () el 20
S O ELONCN I ) [ZDaJahE”ZDﬂJﬂhy)} +TO (D, D) 0 E [ZDaJahy)ZDBh;n}

+TO D 20, R {ZpahgnZDﬂJﬁh;l)} +TO D, D)0 E {Zpahngpﬁh;z)} .

Finally for the recursion step corresponding to matrix multiplication (28), we have
E {ZDhg“”ZDhY*”] —E |:ZDg(l)ZDg(l)]
B[z 2P0 = g [7Pe0" 2097
B2 7Pt | = g [7Pel” 7200l
Our final task is solving the recurrence relations,

[ZD g, ZDq(l)}

=r2T O (3 2 H T (20, 20))50 + TO (2D x(j))OOE[ZDQhEUZDh](_l)
u=Il+1
L-1 L—1
=% 30 T @, a)og TT 10 (@, 2oy
U =1 u=l
U U,

and
E [ZD «9; ZD59< )}
= F(”(x(i),x(j))aﬁ E {ZDaJah,El)ZDBJBh;l)} + F(l)(x(i),x(j))aoE [ZDaJahg”ZDﬂhy}

+TO D 20, R {ZDQhEUZDﬁJﬁh;l)} +TO (D, D)0 E {Zpahgw Zpﬁh;w}

— 200 (300, 20, H P (20 2000
u=Il+1
L—-1
+ 1200 (20 200, Z P (50 5 @)os T[ T (@®, )
ug=Il+1 1;:1
uFug
+ RO, 20)gs 3 T (@O, @) TT T, 20
Uq=I+1 =
UFUq,
+ F(l)(aj( i) 0 ))OOE |:ZDmg(l+1)ZD69](_l+1):|
_,,Uzzp (@D, 20)o H ) (20, 2000
o
K2 Z F(ua)(x(i)yxu)) F(“ﬁ) () )os H r(u) )
U=l u=l
ug=l UFUq
Ua FUB uFug
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Together with some trivial computations:

<h<o>(x<z‘>), (0 (m<j>)> = () 20y,
0 [
AR (D)) © (20) Y = (e0_1,29)
PRGN e
o
PO e
B—1
Oh© () 9RO ()
< <(z'> 2 <(j> D) = fenmrepma)
0z, Oxg’,

of(x)  Of(x) \ _
99 (z) Dg T () ) ~ "

we can show the convergence of every inner product in the layer-wise description of the finite JINTK, which proves the
desired convergence of the finite JNTK.

To utilise this theorem, we need a version that gives a convergence rate. Since the Tensor Program framework does not give
an explicit convergence rate, we will use an implicit function to give a convergence rate.
Remark H.1. There exists function F5(-, -, -, -), so that if the width of network d is large enough,

d>F, (x(lzN),L,(S, e) ,
then the finite JNTK and the limiting INTK satisfy

H@MO (@@, 2@ = ,_;2@(51')73;(]'))“ < K2e

F
for all 4, j € [N], with probability at least 1 — 4.

I. Finite JNTK After Perturbation
Theorem L.1. Let 6y = {Wél)}f;ll be the weights of the L-layer neural network, initialised with N'(0,1).

Let w be small enough so that it satisfies
w <O ((logd)™2").

We also assume that the width is large enough to satisfy
d > Q(exp(L)Ndy/9).
Now let 0 4 = {VVX)}Zle1 be the ‘trained’ network, which is close to the initialisation:
o -] <o
wlogd ifl =1,

HWX) - Wé’)H <{wvdlogd if2<1<1L,
I ifl=1L+1,
00 ifl=1,

IN

wVdlogd if2<1<L,
wlogd ifl=L+1.

l l
[ —wa?]

Then with probability at least 1 — § over the randomness of 0y, for any choice of 6 4 satisfying the assumption, the entries of
the finite JNTK satisfy

H@d’ao (x(i), x(j)) — O, (x(i)7 x(j))H < k2w exp(O(L))logd.
foralli,j € [N].
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In the statement of this Theorem, we introduced two weights I/V(gl) and Wﬁ) each representing the initialised weight at time

0 and the Adversarially perturbated weights. Using these matrices defines two separate forward computations, which we
write as

gél)(:v) = Wo(l)x, gfj)(gc) = Wﬁll)x,
1 (@) = (g (@), (@) =0 (64 (@),
o) @) = =W n ) w), o @)= =W @),
B (@) = o ( P@)., B (@) = ¢ ( V@),
folw) = =W h" (), fa@) = =W @).

NS

We often omit function argument = when it is clear from the context.

v

Before stating the required lemmas and proofs, we first give the brief proof idea of Theoerm 9. By the layer-wise
decomposition of the finite JINTK in (16), it is enough to show that each layer-wise part of the finite JNTK is close to its
initialisation. To show this, we can show it by showing that the inner products appearing in each summand are close to their
initialisation after perturbation, and at initialisation, the inner products are bounded with high probability. Again, to show
that the inner products after perturbation stay constant, we need to show at initialisation the norm of vectors are bounded
with high probability, and their difference after perturbation is small. Overall, we need to show the following informal
lemmas, the activations and their norms are bounded with high probability:

, U=1) () .
L k00| A= |2 < o), (32)
VCi—1 Ci1 oz,

the backpropagated gradients of pre-activations are bounded with high probability:

the activations stay close to their initialisation:

8f0 .’E(Z
(l)

oJ fo JU( -1
890

< xO(1), (33)

] (I-1) =1) /. .(3) ~
14 0) — G0, A= 20 @) TN o), (34)
,/Cl ) G102l ozt |
and the backpropagated gradients stay close to their initialisation:
0o ™) _ 9£a) | (|01 ars _ 0TUNE 0| o). )
dgy (=) 09 (=) ||| 99y (=) e UCRI

Here we used O(l) to denote that there is implicit dependency over the logarithmic factor of d.

I.1. Bounds at initialisation

In this section, we will prove bounds holding at initialisation, especially the lemmas formalising Equation 32 and 33. All the
lemmas here are stated for single data x, but we can apply the Union-bound to data indices, showing that the results hold for
all (¥ with probability at least 1 — NV - §. Similarly for those applied to the Jacobian values, we can apply the Union-bound
to the input dimension indices, showing equivalent results with probability at least 1 — Nd0.

Lemma L2. Fix the fail probability § > 0, and the network depth L. If the network width satisfies both d > Q(log(1/4))
and d > exp(Q(L)), then

lo°@| <2vd,  [p@)|| <2V,

holds for all | € [L] with probability at least 1 — 0.

35



An Infinite-Width Analysis on the Jacobian-Regularised Training of a Neural Network

Proof. We prove this lemma by induction on the conditioned activations. Our inductive assumption is

Gl(ﬁ)
- QGL(ﬂ)

l
112

-1
d

l-9
with probability at least 1 — I

for some 5 > 0 that will be computed later.
To prove the induction step for this assumption, we will use the following claim:

Claim: Ifv € RY satisfy
llolI* — 1] < e

with € < 1/2, then for W € R™% and Wi ~N(0,1),

‘||¢><Wv>||2_1‘< L

d - 2G B (L)
for some (3, with probability at least 1 — %
For the proof of claim, we first apply the triangle inequality to decompose the difference as

-1

|||¢<Wv>|2
d

lp(Wo)||”

T —E[s(lv12)*]| + [E [¢(v]2)*] - 1|

where we can rewrite the first term as concentration inequality,

1 d
EZ (lvllZ:)* = [6(llv]|12)?] -

The random variable here is sub-exponential, whose sub-exponential norm is bounded as

o0l 2)?Ise < llo(lv]2) 15
< Mi|||vl 2l
< M7 |ol*[1 23
4M1
~ In2°

where Z ~ N(0,1). By Bernstein’s inequality (Corollary 2.8.3 of (Vershynin, 2018)), we have

(36)

1 d
E.Z (Ilv1Z:)* - B [¢(Ilv]2)?]

= 2G4 (L)

with a probability of at least

1 1
1-2 - -d
o ( o <4K20ﬁ<L>2’ 2KG/3<L>) )
where K is the sub-exponential norm computed in (36).

For the second term, we can observe that this is similar to local Lipschitz-ness, which is clearer if we rewrite it as
E [8(|v[|2)*] = 1] = |E [¢(lv]|2)*] - E [¢(1 - 2)?]|.
Which can be bounded as
|E [o(l[v]12)?] —E[¢(2)*]|
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< |E[¢(Ivll2)* = 6(2)*]]
<E|¢(Ivl|12)* - ¢(2)?|
<E|o([v]|2) = 6(2)] |¢([[0]|Z) + ¢(Z)]
<Ml[oll = 1 E|¢(|v]|2) + ¢(2)]
<Myl[|v]] = 1 E|$(0) + (¢([[0]]Z) — ¢(0)) + ¢(0) + (¢(Z) — ¢(0))]
<Mil[lv] = 1[E [2¢(0) + M ([|v[| + 1) Z]

=My|||v]| = 1] <2¢(0) + M ([Jvf| + 1)\/2)

<M, <2¢(0) + M -1

=) llor?

where we used the assumption that % <] < % in the last inequality. Combining these two inequalities, we prove the
claim

1
= 2G4(D) + Be
with 8 = M, (2¢( )+ Mlm).
At layer one, we can show that
2
(R ! el 2G51(L)

with probability at least 1 — 6/ L, which proves the inductive assumption’s base case [ = 1.

The inductive step is similar, inductive assumption implies the condition of the claim, which then gives

l
K12
d

1

= w6,m

+ 8

Ing V12 | _ 148G -1) _ Gs)
d - 2Gg(L)  2Gs(L)

with probability at least 1 — 1§/ L by Union-bound on the previous layer’s inductive assumption and the claim’s event. [J

Lemma L.3. Fix the fail probability § > 0, and the network depth L. If the network width satisfies d > Q(log(L/4)), then

ony (z)

Ta—1

ag (x)

001

< C'MITW, < (CMy)'V4d,

holds for all l € [L] and o € [dy] with probability at least 1 — 0.

Proof. Let’s recall the recursive definition of Jacobian first:

o (x) (1 a1y, a1 (-1 OnS V()
81’0471 _¢(\/EWO I'LO (J:)) ® \/EWO TH .

Since ¢ is M;-Lipschitz, we can bound as

ohy () L] 9h6 @)
0%a—_1 - d 0 0% —1

To bound the operator norm of the random matrix, we use the standard result (Theorem 4.4.5 of (Vershynin, 2018)) which

shows that
t
<Cl(24—
( \/E>
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with probability at least 1 — 2 exp(—t?). Plugging in ¢ = /d, we need to set 1 — 2exp(—d) > 1 — §/L, which is achieved
by our assumption on d.

We have
with probability at least 1 — §/L in a similar way as the recursive step. Then applying the recursive steps proves the
result. O

ony” (z)

< 3CM;Vd
axafl

We can derive similar bounds for the backpropagated gradients.
Lemma L.4. Fix the fail probability 6 > 0, and the network depth L. If the network width satisfy d > Q(log(L/9)), then
dfo(z)

‘ gy (x)

holds for all | € [L] with probability at least 1 — 0.

dfo(x)

L+4+1-1
=~ K,(CMl) ) ah(()l) (1.)

S HCL71M111+1_I7

Proof. The proof idea of this lemma is similar to the proof of Lemma I.3. Here we can recursively bound the backpropagated
gradients,

dfo(x) (o =1) (-1 1 \T  Ofo(x)
| | = |6 (W @) @ Vi (W) s
995" (x) dgy ()
<M 1) dfo(z)
- v dgy " (a)
Similar to the Lemma 1.3, we obtain
(141)
W, <3C
|72
with probability at least 1 — 2exp(—d) > 1 —6/L.
For the initial case, we have
0
{gg 2 | < w3anC
995 " (x)
with probability at least 1 — 6/ L, and applying the recursive steps proves our result. O

Lemma L5. Fix the fail probability 6 > 0, and the network depth L. If the network width satisfy d > Q(log(L/d)), then

L—1
Qo @arl o rrycrenny =1 (O,
gO 1=0
2J(fo) )
0 a—1 - ‘
T e | < RM OO S (O
aho (:c) i=0

holds for alll € [L] and o € [dy] with probability at least 1 — 0.

Proof. Let’s first unfold the definition,

< @ams _ g (0)) o 200@) o Oo(a)

; dJ(fo)(@)a—1
wo () e =
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. 1 8h(l_1)(az) 1 W T Jfo(z)
- ¢ (g(()l)(x)) © <\/a él) 8096(14 ) © (ﬁ ( O(H_l)) ag[()lil)(l,)

. 1 T0J

¢ (gél)) © <\/& ( Ol“ ) 6‘({()?1(1)() ) )

To bound this vector’s norm, we will analyse each term,

1 l)8h ( ) 1 @+)\T  9fo(z)
H(w ) = (73 (58 a<>>H

7 (W) O

0J(fo)(x)
595”

For the first term, we use Lemma 1.3 and 1.4, which allow us to argue that

with probability at least 1 — §/2. Recall that these two lemmas assume the conditioning on the event

[w3°]] < ova

ohy (@)

8xa71

- dfo(x)
S (CMl)l 1\/& Hagé“(:l)(x)

L—1
< kMyC'(CMy)P =1y (CMy)
=0

foralll =1,...,L 4+ 1. We can implement this conditioning via multiplying additional random variable o; < 1, whose
existence is guaranteed by stochastic dominance of HWO(Z) || over conditioned random variable ||W0(l) | < V.

)

. .. N dist.
where X|F is the conditional distribution of X on the event F, and " means that these two random vectors are
distributionally equal. The formal proof of this argument is given in 1.6.

1w dhi V()
\/g 0 81704—1

®

dist oh,
s gyt (242

Now to bound the first term, we can proceed as
1w @) L (T _2hola)
Vd 0 0Ta—1 Vd 0 8gél+1)($)
(1-1)
a0 [ Ohg (2) L O < ova
(\/gwo ( T LW | < oV
g1 ()T [ 9fo(x) )
® W, 02 LWy < eVd
<ﬁ< o) (agé”%) ol
_ aq l %)} 1
i () (2 (02 )|

Ld (Wél)v) ( W(l+1) H

where v and w follows uniform distribution over S¢—!.

) < oV

d

SFL(OMl)L71

So to bound this vector’s norm, we should bound the following quantity,

1 d
g2 Ziws
i=1
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where Z;, W; S (0, 1). This distribution is known to be sub-Weibull with parameter ¢ = 1/2, (Zhang and Wei, 2022)

with the concentration bound (Proposition 3 of (Zhang and Wei, 2022))
1
P Z ZIW? < Crajp+Caipo
i=1
for some absolute constants C'y 1 /2, Ca,1/2 > 0, with probability at least 1 — exp(—d).

In summary, we obtain

y Oy~ ”( ) 1 . dfo(x)
(o) o (G O iy

with probability at least 1 — exp(—d)/(2L).

< KC'(OM;)E 1

The second term can be bounded as

- ey )

) < eV

1 a+)\T 9J(fo)(T)a—1 O
<M, (\/g (Wo ) 39(()l+1)(33)> ‘Vl'HWO I <cvd
9J(fo)(x)a—1 0

Summing up, including the fact that

9J(fo)(x)a—1
dgs” ()
with probability at least 1 — exp(—d)/(2L), we result

| 0J(fo) (a1

1
dgy ()
Lemma 1.6. Suppose some random variable X with X > 0 almost surely. For any M > 0, there exists some random
variable Z < 1 that satisfies

< kC

L—1
< KMyC'(CMy)E=1 Y (CMy)'.
1=0

O

Z-XLX|X<M.

Proof. We prove this via stochastic dominance.
We can show that X (first order) stochastically dominates X|X < M, by showing that for any non-decreasing u,
E[u(X)] = P(X > M) E[u(X)|X > M|+ P(X < M)E[u(X)|X < M]
> P(X > M)u(M) + P(X < M)E[u(X)|X < M]
> P(X > M)E[u(X)|X <M]+P(X <M)E[uX)|X < M)
= E[u(X)[X < M].
Now from the property of stochastic dominance, this implies that there exists some random variable W > 0 such that
X=XIX<M)+W

which then after rearranging, we obtain
a X —-W

with Z = (X — W)/X < 1 which is guaranteed by X > 0 and W > 0. O
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We also include a corollary that proves similar results for co-norms. These results are in general not required for standard
NTK analysis, but for INTK, we need to have a tight bound of element-wise product ||v ® w||. Without such a bound, we
end up with an additional v/d factor.

Corollary L.7. Fix the fail probability 6 > 0, and the network depth L. If the network depth satisfy both d > 2(1/0) and
d > exp(2(L)), then

|96 @)||_ < 2ogd
U]
aago () < O(exp(L)+/log d),
To—1
9fo() <F long L
P, = va T
07 (fo)(@)a1 || _ KvIogd
ond || = va o)

holds for all | € [L] and o € [do] with probability at least 1 — 4.

Proof. Note that all these three random vectors are generated by matrix multiplication with Gaussian matrix,

o9’ (x) 1 __onl TV (x)

axafl - ﬁWO axafl
Ofo(x) 1 (W(l+1)>T O fo(x)
dhol(z) — a\ " 8gél+1) (x) 7

I (fo)(@)a—1 _ 1 T 0J(f0)(%) a1
ol va ) i

This allows us to argue that each coordinate of the vectors we are curious about is conditionally Gaussian, where their
variance is given by the norm of the vectors in RHS.

As we’ve done in the proof of Lemma 1.5, the boundedness of the vector norms requires the conditioning of weight matrices,

to HWO(I) | < CV/d for some C > 0, and applying Lemma 1.6 similarly show that this conditioning makes the norm smaller,
so we can safely ignore them.

So, all three problems collapse to the following probabilistic bound,
P (m_ax|Zi| < \/logd—i—t) > 1 — 2exp(—t?)
where Z; ~ N (0, 1). Plugging ¢t = y/log d, we obtain probability bound 1 — %. O

Before ending this section, we will give intuitive big-O notation-based results, which say that if the network width satisfy

d = Q(log(Ldo/0))

<o ] <
]agif? < Ofexp(L))VA, \8;50 < Oexp(L))Va, a8

| aag ];(1))(2) < kO(exp(L)), | 8ah];§)(2) < KkO(exp(L)), (39)

W < wexp(O(L), |% < wexp(O(L), w0

()
foralll € [L] and o € [dp] simultaneously, with probability at least 1 — 4.
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L.2. Bounds after perturbation

We now prove that the vectors that appeared in previous sections are stable after perturbation of the weight matrices. We
consider v/dw perturbation over the network weights, which models the perturbation due to the gradient. We additionally

assume the w+/d log d perturbation over the HWX) - Wél) |lo and ||Wﬁ) - Wél) |l1, which are the maximum of column
sum and row sums, respectively.

We will later let the perturbation w be small enough to prove the global convergence, so throughout this section, we will
assume that w < 1 to write w? < w.

Since it is hard to interpret the order of quantifiers in the lemmas, we will mention here explicitly, which applies to all
lemmas in Section 1.2. We first specify the fail probability and network depth. Then there exists a bound on w and d, which

implies that the results hold for all choices of Wﬁt) satisfying the condition on w, for all [ € [L] and « € [dy] simultaneously,
with probability at least 1 — §. This result holds for any choice of z, so to extend this proof to all training data z"'N), we
can apply the Union-bound to results weakened fail probability guarantee 1 — N¢.

Lemma L.8. Fix the fail probability 6 > 0, and the network depth L. Suppose that HWX) - Wo(l) | < wVdforalll € [L+1].
Ifw < 1, and the network width satisfies both d > Q(log(1/9)) and d > exp(Q2(L)), then

-1
1Y — hP | < 23 ((C + 1)My)'wVd = Ofexp(L)wVd).

=0

holds for all | € [L] with probability at least 1 — 0.

Proof. This is proven by recursive stability analysis, at layer [ = 1,
|9 = 6| < wlle) = wva,

and for the latter layers,

)

[P = 7] < om0 —95”|

1 l ! 1 1 l l 1
ot ) < o - g« [t -
H\FWAZ) ‘hu D _ - 1)H+ TG

< (C+w) [ =m0 + 20V

where we applied Lemma 1.2 which holds with probability at least 1 — §, and norm bound on the Wo(l) as we’ve done in the
proof of Lemma 1.4.

Summing up, we results

-1
[h = || < ((C+ DAY Va4 Y 2l C + 1) v
=1

We also prove a similar version for the L ,-norm.

Lemma 1.9. Fix the fail probability § > 0, and the network depth L. Suppose that HWX) - Wo(l) | < wVdforalll € [L41]
and HWX) — Wél)Hoo < wVdlogd forall2 <1< L and ||WJE‘1) — I/VO(I)HOO <wlogd. Ifw < 1, and the network width
satisfies d > L/J, then

IhS = 1§l < wexp(O(L)) (log )"

holds for all | € [L] with probability at least 1 — 0.
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Proof. This has a similar recursive analysis, as
Hg&l) - gél)H < wlogd,
(o)
l l l l
L R i
1
W;”’

0 (l)H <H
o = 7] < Nz

< Clogd thfl) — th)H + Cwlogd.

-1 -1 1 ! ! -1
[ =g w2 w6

O

Lemma L.10. Fix the fail probability § > 0 and the network depth L. Suppose that HWX) — Wél) | < wVd for all
l € [L+1]. Ifw <1, and the network width satisfy both d > Q(log(1/6)) and d > exp((L)), then

oy ony
8xa,1 axafl

< (C+1)M) twy/dlogd +Z (14 C) M oMy wVd

holds for alll € [L + 1] and o € [do] with probability at least 1 — 4.

Proof. By using Lemma 1.3 and probabilistic bounds on W(l), we obtain

8xa71 8$a,1

290 (@) 99t (@) |

< w\/aHea_lH = wV/d,
on(z)  on (x)

axa—l axa—l
o (49 )) o (4@ o9 (@)
O0rq_1 O0rq_1
e ore
ag 8g ) + Mz’ ( (l)

(
9a
(l) )
8ma 1 6$a 1
l) (l)
< M, (89 ) + My H((l) (l) )HOexp V1og d)

oo (@) - (a2 >>@85§ZE?

(l)

< M, ©——

8xa 1

8$a 1 8Ia 1

< M,

O 00
994 ) + MO <exp s/dlogd)

8$a 1 Gxa 1

99 (@) 098 (x)

Here, we applied Lemma 1.7 to handle the bound for the Hadamard product, which requires d > Q(L/¢) assumption.

aﬁafl amafl
(1-1) (I-1)

< (C+w) Ohy (@) Oho () + (CMy) "t wVd.
a$a71 8xa71

Summing up, we have

onl)  ond)
8$a71 8Ia,1
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Lemma L11. Fix the fail probability § > 0 and the network depth L. Suppose that |W (l) él) | < wVd forall I,
HWX - Wol)Hoo < wVdlogd forall2 <1 < L and ||WA1) - 01)||OO < wlogd. Ifw < 1, and the network width
satisfies d > L /6, then

on)  onYy

0Tq—1 3Ia 1

< wexp(O(L))(log d)**

o0

holds for all | and o € [dy] with probability at least 1 — 6.

Proof. We can prove this by simple analysis,

09 (x) 998" (x)
0Ta—1 0Tq—1
<wlogd,

o) (x) _ ony (x)
8ma71 axafl

L a 99 (z) _ 9g ()
(o) o (- Gt

<
(1)
() 0 99 ()
(0 (@) o (@) o T
999 (x) 09 () O 0 998 ()
< _ _ ZJ0 \*J
- Ml 8$a_1 6xa_1 +M2 Hg'A (l’) 90 (x)Hoo 6xa_1
994 (x) 99 (=)
< M 8A - =2 + Mow exp(O(L))(log d) ¥ \/log d
La—1 8xa,1
99y (x) g ()
axafl amafl
(1—1) (1—1) ( -1
WAZ) Ohy “(x) Ohy (x) HW«(‘\Z WOZ)H (x)
Vd OZo—1 O%o—1 axa 1
(1—1) (1=1)
< Clogd 8hA (x) _Oho (@) + w(log d)*? exp(O(L))
8xa—1 8xa—1

O

Lemma L.12. Fix the fail probability 6 > 0 and the network depth L. Suppose that HWJ(L‘Z) — Wo(l) | < wVd for all
I €[L+1] Ifw < 1, and the network width satisfies both d > 2(1/8) and d > exp(L), then

Ofa(x)  fo(x)
99y o4

< kwexp(O(L))O(y/logd)

holds for all | € [L] with probability at least 1 — 0.

Proof. We prove this by a similar approach to Lemma 1.10,
Ofalz)  Ofo(x)
onY (@) oniH ()

8fA($) __8jb(x)(x)
99 (x) oy

< Kw,

44



An Infinite-Width Analysis on the Jacobian-Regularised Training of a Neural Network

H(f% (@) ;h@)(éj)) 06 (s9@) |+ (¢ (o4 @) = (3@ ) 25

ohg ()
Ofa(z)  fo(x) i}
D) | e |8 e @ 750 (expit vied)

_|_

> 1

8fA($) 8f0(37) K w ex (0]
<M, ‘ah oo R CONMED
Ofalx) 5fo(:v)( )

@) ond

0fa() _ 0folx)

<ot - b

O

Lemma L.13. Fix the fail probability 6 > 0 and the network depth L. Suppose that HWJ(;) — Wo(l) | < wVd for all
le[L+1], ||W£f) — Wo(l)||1 < wVdlogdfor2 <1< L,and ||W£‘L+1) — WO(LH)Hl <wlogd. Ifw < 1 and the network
width satisfies d > Q(L/6), then
(log d)**

Vd

Ofalz)  0fo(x)
oy o

holds for all | € [L] with probability at least 1 — 0.

< kwexp(O(L))

oo

Proof.
Ofa(z)  Ofo(x) log d
an'(x)  an§P (x| Vd'’

Ofalz) afo< )
a9 (x) 99y ()|,

Ofa(z) dfo(x) .
<8h§)(m) - ahg>(x)> o (1)

oo

. . dfo(z)
+ (U (g%(@) U<g((’l)(x))>®8h§)(m) .
Alz)  9fo(x) Oy oD (g d fo(x)
(h%c) ahé”(x>> R CURE N o
falz)  Ofox) e ooy V108
(ah?(x) on( )) oG Gord g5
Ofa(r)  9fo(x)
on D) ond ()| _
1 1) D\T af ((E)
< S llwe w5
H D ofalz)  0Ofo(z)
Vi 5@ T o ) .
Viogd Ofa(x) dfo(x)
< kwlogd 7 exp(O(L)) + C'logd agfﬁf”(z) _agglﬁ%) )
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O

Lemma 1.14. Fix the fail probability § > 0 and the network depth L. Suppose that HWﬁ) — Wél) | < wvd for all
le[L+1] ||Wﬁ4l) - VV(EZ)HOO < wVdlogdforall2 <1< L, and HWE) - Wo(l)Hoo <wlogd. Ifw < (logd)~2L and
the network width satisfies both d > Q(1/6) and d > exp(Q2(L)), then

holds for all | € [L] and o € [do] with probability at least 1 — 4.

0J(fa)(@)a—1  OJ(fo)(@)a—1

1 1
8954) 3g(() )

< kwexp(O(L))logd

Proof. We first unroll the definitions,

aJ(fA)(iE)a—l o 3J(f0)($)a—1

oh () Ohs" ()
=0,
AJ(fa)(@)a—1  0J(fo)(z)a-1
oh (@) ohy (x)
_ 1 (1+1) a+D)\T 0J(fa)(T)a-1
-7 (WA+ A ) i
1 a+D\T [ 0T (fa)(@)a—1  OJ(fo)(T)a—1
- W _
7 () ( 090 (@) ol V() )
9J(fa)(@)a—1  0J(fo)(@)a-1
997 (x) 9y ()
_ 8fA(x)oz—1 (9f0($) 89(1)(90) . 0
_< Q@) ahg”(g:)> Do o (o) S
Ofa(x)ar  Ofolx) a9% (@) 99 (@)\ ./ o
+< oDy 8h(()l)(x)> N ( ety el LA CY 42)
dfo(z) 893)(33) ag(l)(a:) a0
- 8h(()l)(x) © ( 01 - 31(7)(1—1 ©o (gA) “3)
0fox) 99 (@) (.0 o\ (W
T © g @ (5 (o) o (o)) @9
aJ(f.A)(x)af aJ(f )(;E)a, . )
+< on® - ;hgw 1) @4 (44) 43)
# R0 (0 (o) o (). 4o
0

Then we can derive

|(41)]| £ Mykwexp(O(L))logd,

1(42)]| < Morw? exp(O(L))(log d)*#+1/2,

|(43)]| < Marwexp(O(L))logd,

|(44)|| < M3kwO(exp(L))logd,

OJ(fa)(@)az1 0T (fo)(@)a1
Ong) on)

1(45)]] < My

)
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|(46)|| < MarwO(exp(L))+/logd.

Summing up the results gives our final result. O

Lemma 1.15. Fix the fail probability § > 0 and the network depth L. Suppose that HW,%) — Wél) | < wvd for all
Le [L+1], W =W < wvdlogd for2 <1< L, and |W{Y — W), < wlogd. Ifw < (logd)~* and
the network width satisfies d > Q(L/0), then

holds for all | € [L] and « € [do] with probability at least 1 — §.

aJ(f.A)(x)oz—l _ 3J(f0)($)a—1

a9y dg5”

(log d)3L+1

< rwexp(O(L)) 7

o0

Proof. We have a similar decomposition as the previous lemma, which shows

9J(fa)(@)a—1  9J(fo)(@)a—1

oD@y  onD(x)
(log d)*/2

< an exp(O(L)) + Clogd

J41]l, < Marwexp(O(L)

o0

aJ(fA)(x)a—l 3J(f0)($)a71

aghitt (@) ags ™ (@)

Y

o0

(log d)2L+1/2
7@ )
(log d)*F
7& )

exp(O(L)),

42]|, < Moke? exp(O(L))

(log d)2L+1/2

Vd
o L+1
WED exp(0(L),
OJ(fa)(®)a—1 B 9J(fo)(x)a—1
ony ony’
(log d)L+1/2
Vd

143]l, < Mokw

44|, < Mskw

145][o < M

o0

46|, < Makw exp(O(L)).

O

As we’ve done in the previous section, we also give an asymptotic summary of the results. If the width d > Q(Llog(dy)/9),
and the weights after perturbation satisfy ||Wﬁ) - Wél) | < wv/dand ||WX) - Wél) lloo < wlogd, we have

Hh&? — 29| < wVdO(exp(L)), 47)

8;2(? - g‘(i )a(ml) < wy/dlogdexp(O(L)), (48)
R I

‘ ag;é,;m()g) _oJ ;Jjé)l)(z)a—l < rwlog dexp(O(L)) (50)

foralll € [L] and o € [dp] simultaneously, with probability at least 1 — 4.
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1.3. Proof of Theorem 1.1

Now we are ready to prove Theorem I.1.

Proof. We first recall the decomposition of finite JNTK to its layer-wise contributions,

Ou,0,(, 2" )00
L+1

(1-1) () 0D (7 dfo(x) Ofo(x')
*ch 1<" @)1~ <agé?><x>’agé%<xf>>’

Ouo(x, 2" )00

LZH <h(z Dz h(z Dy AJ(f0)(x)a—1 Ofo(z’)
=t 095 (@) 0" (a)
L+l ORI P P
s o (%) B (4 fo Jo(z') 7
= Ci-1\ 0zas >x gy’ (a)
@dg(x,ll?)oﬁ
:LH L /pa-1) (-1 (z) 9J(fo)(')s-1
a Vo ki ) 09l ()
=1 - 9 90
+LX:+1L <h(l 1)( ah(l 1) > < O fol x) Jfo(x") >
Pt Ci_1 0 81‘6 1 (l)(x 3g(l)( )
O40(x,2")ap
_3R L 0 Y aJ(fo Ja1 (fo)(@')s-
N Z Ci1 <h0 (@) h a ’ 8g(l)(x’)
=1
P L 6fo m) 0J(fo)(a')s1
= Ci-1\ 0ta— 9 ()’ ag (a7
+LZ+1—1 <h§fl>( O D ><3J Jo)(#)a1. 8fo( >>
= G %1 a9 (x) 09y (a")

+LZH 1 Jon{ V(@) oni V() 3f0( ) fo(a’)

C oz R gy /-

= Cia a1 B-1 995" (x) 095" (")

We need to bound its difference ©4 ¢, (x, ') where 4 = {W(l) }! assuming that weights are close to their initialisation.

We will bound each summand in the above decomposition, which adds x (L + 1) multiplicative coefficient to the bound of
finite INTK difference. By triangle inequality, we can bound each summands in the first term.

1 =1y ;0D (7 dfo(x) Ofo(x’)
C <h0 ( )7h0 ( )><3g(l)($) ag(l)( )>

_ 1 (l_l)x (1-1) 2 afA(x) 6fA(x’)
oy (@) ()><agﬁ)<x>’agﬁ)<xf>>‘

1 (i-1) (i-1), dfo(z) Ofo(a’)
< o <ho (), hy (x)><6'g(l)(x) o )>

L 0 p0 ) { Do) o)
Cl,1 <hA ( )7h0 ( )> <ag(()l)(a;‘)7 6gél)(m/)> ‘
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L osan ey [ Ofolx)  Ofe(a’)
+ lel <hA (33)3 ho (1' )> <8g(()l)(;p)7 agél)(x’)>
1 (i-1) (i-1), dfo(z)  Ofo(a’)
~ o (V@A @) <aggl> o) o) (I,)>‘
1 = -1y, dfo(x) Ofo(x’)
*fo (@ (“><agé”<x>’agé”<x'>>
L e a-1,.n\ / 0falz) 0Ofo(a’)
Cr-1 <hA () ha e )> <39£4l1)($)7 598l)(1:')> ‘
- Dy b0 (! Ofalz) Ofo(x)
1 (i-1) (-1, Ofu(x) Ofa(x)
Cl_l <h.A (.’E),h_A (1' )> <ag(l)(x)7 agﬁ)($’)> ‘
(1) = -1y, nllll Ofolx) ||| Ofo(z")
_Cl 1 Hh () =Ny (x)H Hho (@) 89(()”(;5) ag(()l)(x/)
1 _ n,, n,, 3] Afo(x’
o P @) re V) - ri ) 3;:?)(( )) {?f(x,))
1 (i-1) -1, nllll 9fo(x) afA( ) || 9fo(a")
Fam @ ag O @ 3)@:')
1 (1—1) (I=1), 4 (33) Afo(2’)  dfa(a’)
+ Crs hA (33) hA (JU) (x) ‘agél)( N g g)( )
which rewrites the difference by the terms we’ve bounded in Appendices 1.1 and 1.2.
We can bound the rest of the terms as follows:
1 (1) -1y, 0J(fo)(x)a—1 Ofo()
’Cz—l (e )>< 995" (x) ’agé”<x/>>
1 (1-1) (I=1), 4 AJ(fa)(®)a—1 Ofalz’)
— h ,h )
Cl—1< Aokl (x)>< 99y () 89ﬁ)(x’)>’
hl 1) =1 =D 0J(fo)(x)a—1]| || Ofo(x")
*Cl 1 H () =N (x)H H 0o (@) @g(()l)(x) 89(()”(55’)
1 (i-1) (1-1) (i-1) J(fo)(@)a—1] || Ofo(x")
P M @l e 95" (@) |00 (")
1 (-1 (-1, aJ( fo x)a—1 _J(fa)(@)a=1] | Ofo(2')
h hy
+ Ly A (z) (:E (l)(x) | ag(()l)(x/) |
1y, a-) BV (g dJ( fA (@)a=1]||| Ofo(@")  Ifala’)
Fon %) | 09 (@) 093 (@)
1 [on{ Vi ) +) dfo(x 3f0 )
Ci—1 O0Tq_1 (l) (l) (2')

_ L[ @) e afAu) fala’)
Ci1 0o A 8gfi)(x)7agfi)(x’)
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L [omg™" @) oGV =ty | 2ote. || 21
—Ci1 0%a—1 0%a—1 39(()”(%) ag[()l)(x/)
1 onlT @ 1 amn, o amn, | 85o@) ||| 8fe(a)
ey e | LR IR | Pvecre | pwore
1 on @ | 1 amn, a || 2@ afA<> dfola)
T | | I 95" (@) 09 (@) || | 99 (2)
L |lonS @) |y aon || 27a@) 0fo( ) Ofal@)
ez e LRl P <x> % ”( ) 09w
_ _ 0
oy () ><89f(l))(( f >
1 (1-1) (1-1), s Ofa(x) 8J(fA z')g-
O <h"ll 1 (x),hj‘ 1 (@ )> <ag(l)( ) 3g(l (2') 1>
(1-1)( (-1 (i-1), 4 Afo(z) || ||0J(fo)(z")p-1
_Cl 1 Hh () =P (I)H Hho (@) ag(()l)(x) 39(()1)@/)
1 (1-1) (1=1), (1=1), 8f() 3J(f)()
e P @) @) - A ) 59&() a;m( )
1 (1-1) -1y, ||l Ofo(x)  Ofalz) ||||0J(fo)
+ Crs h,éll ' (1‘) h_,éll ' (1’) ((l))(x) 3g(l) ) 0(1) )
1 (i-1) (i—-1) fa(x) 8J(fo)( -1 0J(fa)(@)s-
+ Cr_y h_A (I) h_A (l‘) ag(l (x) a 0 x/ 8g(l)( /) s
L[ 0-0 g, 200V [ Ofola Ol
Cro1 \ ° Ty, 009 (z) 990 )
1 /ey, onlT V@) afA<> dfa(a’)
B Cl—l <hfl‘ 1 ($), gx'ﬂ 1 .Z') l)<.’17/
< 2 |0 - 1Y @ 8/1“ ”< [ 2ot | 250127
Cl 1 Oy gy () || || 098 (")
1 aen, | [ond V@) onlTP @ ||| ofet@) | || afoa)
N S | iz | ot | vy
o L || 2@ || 2fote) _ o2at) | | 24t
Cra 1174 0u, (l)(x) " 990 @) || |99 @)
L Laen, ) | opi V@) <a:> Ofola’)  Ofale))
+le1 ha (@) ax% (as) (l) ) agA( ) ’
1 _ _ oJ a1 OJ !
- <hél 1)(x)’hgl 1)(x/)>< ;J;oé)l)(( )) 1 (foa)(zcx?)ﬂ 1>
1 (1-1) (I=1), 4 AJ(fa)(®)a—1 OJ(fa)(z)s-
_ﬁ@*‘ (ol (x>>< 20 | 00 >
(-1 (i1-1) -1y, 9 (fo)(@)a—1 || 0J(fo)(z")s-1
<o Cl 1 Hh (@) = hy (x)H Hho (@) 89(()[)(1‘) agél)(a?’)
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1 B 0, “, lles aJ
el L [ R | v | v
1 (i-1) (-1, aJ(fo)(ﬂf)a 1 0J(fa)(@)a=1]| || 9J(fo)(@")s-
i | | vy 297 (2) 00 (@'
Lo a1 (I-1), ( A)(T)a—1 8J(fo)( N1 9J(fa)(@)p-1
h h
e R | S| 9% () )33’) 99l (')
1 Jon{ V@) afo< 0J(fo)(x
Ol—1< Oa—1 ho ) g (x) 89“
_ Lo 7@) e [ 00a@) aJ(fA (@')p-1
Cl—l Bxa_l VA ag(l (1.)’ (m/
1 ||onf V(@) onf7Y ‘ p0D(a) afo< ) |[{[or o) (=) 5-
-~ Ci1 OTo—1 3$a 1 ( ) ag(l)( 2
1 |lonS @ |10 amn, afo<> 07 (fo)(a')5—
+ Cis Ty hO (I)*h_A (17) 89(1)( ) ag(l)( )
1 [on5 @) | 1 aen a1 || 0fol@)  0fal@) || || 8700 ()5
+ Ci1 O0To_1 ha (@) (l)(:c) 8g(l)( ) ag(l)( B
1 |lonl V@) |y, a- A<a:> 8J(fo)( Vo1 0J(fa)(@)5-
N Ci—1 O0rq_1 hA (x) )(x) l) /) 39(1)( /) ’
1 (i-1) 8hél71)(33/) 8J(f0 (T)a— 1 5’f0
Ci1 <h° o dg5” ()
_ 1 [ ons @)\ [ 0T (fa)(@)ar afA< )
G\ T O 209 (x) 09 (")
< L W@ -l ony V(@) || |07 (fo)(@)a—s 0fo(a’)
= 0 905 (@) ||| 995 @)
PRI TSI oh§ V(@) on V@) | |07 (fo)@)acr || || 2fala")
G % Oy 09" (x) || 1| 095 )
Loy, a-) only Y )a—l 3J(fA)($)a—1 dfo(a’)
h
HCELE % () 093 @) || [|0gg )
L | ) onl Y 0J( fA a1 || || Ofola’)  Ofala))
Ci_y 8:5[3 (l)(x ag(l)( " 3g(l)( )
1 8h(l 1) (z) 8h(l 1) Afolx 3fo
Cioi \ 021 Oxly_, 060 (z) 9g0 (
1 JonfT @) an V@) 6fA 8fA
lel 5$a 1 ’ 8356 1 x
1 |ond V@) oV (@) 8h(l 1 ) () afo ac) dfo(z’)
- O 0Ta—_1 0Tq—_1 axﬁ 3% (z) 89(()”(1")
L onl V(@) || [ond V@) on§V @) ||| afo(x) ||| afola’)
Cror ]| rams 0 o |lllogt” @) | l|ogd )
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P LG H oGV @)|| | ofo(@) _ 0fat@) ‘Wo(x’)
Ci_y O0%a_1 ;j (l)(x) (l)(x) (l)(:r’)
PR LG H oG V@) ||| 9fat@) ‘Wo(x’) dfa(@)
Crr ]| o O “’(z) 0@ 09l w)

We will use the norm bounds for the activations and gradients after perturbation, which is asymptotically the same as norms
before perturbations with assumptions on w.

Hh&? < 2Vd + wVdO(exp(L))
< O(exp(L)) V4,

)
%ﬁ? < O(exp(L))Vd + wvVdO(exp(L))
< O(exp(L))Vd,
dfa(x) < kO(exp(L)) + kwexp(O(L))y/log d
ag(l)(w)

< kexp(O(L)),

< kexp(O(L)) + kwlog dexp(O(L)) + k2w? exp(O(L))(log d)*/?

< kexp(O(L)).

Combining these with Equation (37)-(40) and (47)-(50), we obtain
1940, (2,2")ij — Oapy(x,7")ij| < K2wexp(O(L))logd
for any ¢, j € {0} U [do]. We finally compute the bound on Frobenius norm as follows:

1,64 (x,2") — Oap,(x,2")||p < w2wdg exp(O(L)) log d.

J. Proof of Theorem 4.5

We now prove that the finite INTK stays constant during the gradient flow. We consider the weight to evolve along the
gradient flow of the objective L,
OL(0:)

0, = —
t 0,

where we write each layer’s weights as 8, = {IW () (t) lL:+11.

As stated in Assumption 4.4, we will assume that the smallest eigenvalue of the matrix © (z(*'N), (1:N)) is greater than 0,
with its value \g. The proof of this theorem is based on two lemmas, whose condition and the results are reversed.

Lemma J.1. First, assume that the width network d is large enough to satisfy
a2 F (20, 0,6,5) d > Py (0, L,5,e)
K

where F1 is defined in Remark E.I and the F5 is defined in Remark H.1.

Further assume that the network width d and w satisfy

d > Q(Ndyexp(L)/§),
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Ao
<
wsO (Nexp(Q(L)) logd) :
w < (logd)~**

Then with probability at least 1 — § over the random initialisation, the following holds for all t. If all of the matrices do not
change a lot for all 0 < t < t, i.e.,

[ - wh)| <wva,

o ifl=L+1,
WO -wo)| < {wdlogd ir2<i<L,
wlogd ifl =1,
o ifl=1
(WO -who)| <{wvdlogd i2<i<L,

1
wlogd ifl=L+1,

then we have linear convergence for 0 <t < ty, i.e.,

L(6)) < L(8) exp (— "?\?“) .

Proof. By the assumption on d, with Theorem 4.3, we can assume that the finite JNTK at initialisation is close to its limit,
ie.,
2\
0 (LiN) L (LN)Y _ 2@ (LN)_ p(1:N) H < Ao
@0, (@1, 08)) — 2o (M) g 1:M)| < E220
with probability at least 1 — §/2.

Also from our assumption and Theorem 4.5, we can show that the finite JNTK stays close to its initialisation,

(1:N) . (1:N) (1:N) ,(1:N) K2 Ao

H@d,et(ﬁv ;e ) = Oa gy (e @ )HF <=

with probability at least 1 — §/2.

Combining these two, we can show that the finite JNTK during training is close to its limit,
< I$2>\>\0

2= 2

H@d 0, (I(I:N)’x(lzN)) _ ,{2@(35(1:1\[)@(1:1\1))”

with probability at least 1 — §. From the assumption A < 1, this also applies to the INTK with multipliers,

< Ii2 )\)\0 .

"A®N6d,et (@) N ASN “29A($(1:N)’x(1:N))H2 -2

Now using the bound on the smallest eigenvalue, the INTK with A multiplier has the smallest eigenvalue bounded below as

2
Amin (HQG)\(x(l:N)yx(l:N))> > H2 (le[l\?&lcll(r)arl)] A?Al],zl> )\min (@(1‘(1:N),$(1:N))) — ’432)\)\07

using the fact that for two PSD matrix P, Q) € R"*", the following inequality holds:

Amin(F) ®© Q) Z Hel[ln] Pi—l,i—1>\min(Q)'

This allows the application of Weyl’s inequality to show that the minimum eigenvalue during the training is also bounded
from below,

2
Amin (A@N@d,et (x(l:N),x(liN))A@N) > %
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Now let’s define a vector u; € RV (40+1) which is defined by stacking

[£2.0,@ D) VAT Fa0)@ D)o, -+ VAT (Fa0) @)y

Then, the loss function can be written in terms of £(6;) = 55 |ju; — y**™)||3. Now the time derivative of the objective

function can be written as

d d 1 ) 2 1 ' '
Now from Lemma 4.2, the time derivative of a function is written by i, = — A%V Oy, (z1N) 21N (g, — y(1:N)) 50
substituting this in (51) gives
d 1 | | |
%ﬁ(et) N2 <u — y(l N) A@N@d 0, ( (1.N), x(l'N))A@N(ut _ y(l.N))>
1 _ , . |
- _ﬁ(ut B y(l.N))T (A@N@daet (x(l'N)am(l'N))AQBN) (up — y(lN))
K 2o s (1 N)||2
- 2N?
2N
< L2020,

Then by Gronwall’s inequality, we prove the linear convergence,

L£(0,) < L(8o) exp (— “2M0t> .

N

Lemma J.2. Fix the fail probability § > 0 and network depth L. Suppose that the network width d and w satisfies
d > Q(Ndgexp(L)/9),
d>Qw™?),

Ao
w=0 <Nexp<Q<L>><logd>3L) ’
w < (logd)~*F

Also suppose that at initialisation, all outputs and their Jacobian are bounded by 1, i.e., for all i € [N],

’fd,eo(;c(i))’7HJ(fd’90)(x(i))H <1

oo

With probability at least 1 — § over the random initialisation, the following holds for all ty and for any I, if for all 0 < t < 1,

* Linear convergence happens:

X\ ot
£(6,) < £(60) exp (—“ 0 ) |
N
* All other matrices stay close to their initialisation:
W@ - w )| <wvd

00 ifll =L+1,
HW(l/)(t) - W(”(O)H <{wVdlogd if2<U <1,

“ wlogd il =

00 ifll =
HWW(t) - W”’>(0)H <{wVdlogd if2<l<I,

1
wlogd ifll =L+1,

foralll’ € [L+ 1]\ {I}.
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then the chosen layer’s weight also stays close to its initialisation,

(WO - wO)| <wva,

ifl="L+1,

HW(Z)(t)fW(l)(O)H < QwVdlogd if2<1<L,
Oo wlogd ifl =1,

HW(l)(t)—W(l)(O)H < QwVdlogd if2<i<1L,

1
wlogd ifl=L+1.

Proof. We will first prove the bound for the Frobenius norm.

Let Cy, C1, C5 be some constant.

W (to) = w0
to [0

_ / dW ( ) dtH

_ / ocit 2200
0

8W(l> (t)

; )\ Ofae, ()
< fd 9t ( ) )W

dt

OW W (¢

a=1

@)y
g i

We can define matrix M € R(%-14)xN(do+1) by stacking all flattened gradients w.r.t. matrix W (). Then the Frobenius
norm can be rewritten and bounded as

1 (1:N) 1 vy~ Ily®M Rl

_ N < _ : < s n 2
[ 3y || < Syt < B IV
Iy i dy

ST\/N(l +do) max || M-, ||* = max 12—l ly )

VN

and the last term has the following form when written with the original notations,

1+ do dfa,(x9,6,) 8J (fap)(@)as
Ve {H oW || awia £
a€ldo]
and using A < 1, we can finally bound this by
dfa, 9t NN 10T (fao)(@D)as

Then we can bound the integral using this as

(Z)
\/l—l—do/ max{Hﬁfda <

8J(fd 0, )(.Z‘(Z)

}\/Ttdt

6W(l ’ ow®
dfae.( xU aJ(fd,eT)(x“)afl
< 1+d0 max {H oW || W) /0 L(6;)dt

55



An Infinite-Width Analysis on the Jacobian-Regularised Training of a Neural Network

O0fae, x(” I (fa,0.) (D)o RPNt
1+ do max {H BTG l) , 8W(l / v L(6) exp o dt
1 (=) @y
<2 (1+ do) Ofap, (x OJ (fae,)(x ) 1 (52)
N/<;2>\)\0 1 oW O (r oW (

so it is enough to bound each term at maximum. To use our previous analysis, let’s instead bound these terms:

dfap. (V) O0fae, 13(1 O0fae, T/(z) B O fa,6,(x)

W(l) ow (0 ow W (r ow ) ||’
9J(fae,) 0J(fae,) )
aw(l) 8W(l)
n 6J(fd,97)($(i))a—1 9 (fa0,) (@ )an
aw () aw (0)
For the gradients at initialisation, we can bound them as
dfae, (z@) H (-1 Ofa,6,(x™)
hy 2 =20 7| < kO(exp(L)).
H aw W ) H H 2gD @y || = (exp(L))

from Lemma 1.2 and 1.4. Similarly, we can bound the gradient of the directional derivative as

Haj(fd,eo)(l"(i))al

oW W (0)
1 ||ond=" @Dy || || 0fa.0, (D)
Gt || oef, ‘ Agy (x9) ‘
1 aJ( _
N o= Hh(l 1) H‘ fd(i(l)))(( ())) —1
< kexp(O(L)), (53)

using Lemma 1.3 and L.5.

We can do similar analysis for the p-norm for p = 1, oo, as

[w® o) - o)

to
</
0

p
N

1 i iy a6, (m(i))
N Z ((fd,et(x( )) - l/( ))W

i=1

d .
> ; 9J(fa,0,)(xD)a1
FAD T (fae) (@) 0t dt,
and applying the following inequality
N .
oy Ofae. ()
(z (2) )0t
; ( Jao ) =) G
- I (fa0,)(x@)
A Z Ta0)&)as (fg,%})(g)(t)) 1)
P

N
1 Ofae, (v
Nz <|fd 91 ‘ H 8W(l) Hp

=1
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)

3 i (1)
+)\Z‘J(fd,9t)(x(l))a_l‘ ‘8J(fd,9,,)(x Ja1

oW () (t)
< max Ofa.0.( x(l) , aJ(fd,Ot)(x(i))Ot—l .
W(l) » aw(l) (t) )

Again, we will decompose these matrix p-norms with triangle inequality, which requires us to bound the following four
quantities,

Hafd o :c(> Ofae, (V) Ofap,(x?)
oww() || owd(r) aw(o) ||,
izl <fd7eo><w“>a—1 07 (fa0,)@N)acr 0T (fa0,)(@D)acr
oW D(0) . oW O (r) oW ®(0) ,

This time, the bounds need to consider the corner cases, ! = L 4+ 1 forp = 1 and [ = 1 for p = oco. We will first bound the
bounds at initialisations forp = 1,for 1 <[ < L,

8 fa,60(x) 1 O fa0,(x) Hh(zq)H
oW (0) ool o || 1M Tl
a0 (x") Hh(zfl)H
N 69(()[) 0 00
< m/logdexp(O(L)),
a0 x“ _ 1 [0fap (= (L)H
aw (0|, = Va 8<L+1
logd

< kexp(O(1)y) 5

The p = oo case is similar, for 2 < [ < L + 1,

O fap,(x") (h(lﬂ))T
vCio1 39(()1) 0

1 afdygo (x(i))
Cia agl

< H Qfdﬁo ()

O fa0,(x?)
oW O0)

oo

-1
[~

o0

=

<2vd. “Vj%gdmexp@»
<
] <

rk/log dexp(O(L)),
<K

Ofa0,(x?)
aw(l)

6fd,90 ('T(l)) ‘ 20

995"
exp(O(L)).

logd
d

and similarly, the gradient of Jacobians w.r.t weights can be bounded as

H 8J (fa,00)(@D)a1
oW @ (0)

o
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<kO((log d)*/? exp(L)).

For the second term, we will apply a contradiction argument. To apply Theorem 4.5, we require the W) to be close to its
initialisation also, but the assumptions do not contain it. To address this problem, let’s define the first violation time ¢’ as

HW(”(t) _ W(l)(O)H > wVd,

0 ifl=L+1,
HWm(t) _ W<l>(o)H > dwVdlogd if2<1<L,

t' = argmin = wlogd ifl =1,

0<t<to

00 ifl =1,
(WO -wO)| =Swdiogd if2<i<L,
Yo |wlogd  ifl=L+1,

Let’s suppose that the first condition is violated.

Then we can see that for all times 0 < 7 < ¢, all weights stay close to their initialisation: for all [ € [L + 1],
Hw<l>(t) - W(l)(O)H < wVd,

HW(n(t)_W(z)(O)H - wVdlogd ifl> 2,
o~ |wlogd ifl =1,

HW(Z)“)_W(”(O)H _ JwVdlogd ifi> L,
~ |wlogd ifl=1L4+1.

By Lemma 1.8, 1.12, 1.10 .14, we can show that for all i € [N], « € [dp], and [ € [L + 1],

dfap, (D) afd,eo(ﬂﬂ(i)) ( (lfl)(x(i)))T
m onD @) onD (@) )\

L 9o (=) (o871 @) — V@)

Ofa0, (@) Ofap,(x
oW (t) 8W(l)

[
VCi—1 ol (2®) !
"0 || ol (2 ah<>( ()
1 O f a0 (D) NN -1y, iy (=1, ()
e | ond ey | e e )
<kwexp(O(L)),
I (fao, )@ )amr 0T (fa0,)(@D)a 1
oW (@) oW (0)
1 0J(fa,6,) (@) o 1, aN\T 0T (fae,) (@) 0, T
J( (l) ) 1(gt(g 1)(36())) B (fd,e(l))( ,) 1(9(()1 1)(33()))
Cia on (x®) Ohy (z()
1| 0fa0, @) (095 V@D Ofan, =) (098 V)
T | oD o oz | o (@ ozl
o (@) pod o () as1
<kwexp(O(L))logd.
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By our assumption on w, we can show that all these terms are also k exp(O(L)), thereby bounding the entire term by

W) - wi)| <o (W) exp(O(L)).

From our assumption that all outputs of the function and their Jacobian are in [—1, 1] with high probability, we can assume
that £(0o) < 2(1 + dp).

However, from our assumption of d > O(1/w?), by increasing d large enough, the entire term becomes smaller than w+/d.
This contradicts our assumption, which is the existence of the violation point ¢’, showing that such a violation never happens.

Therefore for every 0 <t < g,
HW(”(t) - W(l)(O)H < Viuw.

Now let’s suppose that the second condition is violated. We will similarly prove this as we’ve done for the operator norm.

Using a similar approach as the operator norm, we obtain the following bounds for 2 <[ < L,

5fd9f,($()) 5fd,90(33(i)) (( )(()))
W ony) (z) o (x) ) VT

oWy awd(o)

dfan, (D) Ofag, (D) ‘

1 0fae (D) ¢ a-ny, (EPNONY
+ ’ ’ x -9 x
’@ahé%w)(t R
1 det,(CU(i)) fa.a, () ‘ -1, ()
0) 0) gir (@)
Cioa ||on (@) o (z0) || 1
1 8fdeo x( (-1, -1, ()
A= | e - e,
<kwexp(O(L ))(logd) +ﬁwexp(O(L))\/10gd,
dfap, (&) 0fag,(x?)
OW () oW M) (0)
- dfae, () afdgo(l' ) (x )>T
gmexpm(m)(bgfcg,
3J (fa,0,)(@D)az1 0 (fap,)(@D)as
oW O (1) aw 0(0)
1 [9fa0, @) (058" P @)\ 9fas(@?) (058 V@)
Civ || on? (z0) oz, onS) () 0z, .
1 0J(fap, )@ D)a=1 ( 11y, \\T 0 (fa60)(@Dac1 1 @1y, @)y\T
Ca || onD(a0) Ca) on) (1) (57" ) N

<kw exp(O(L))(log d)** + kwexp(O(L))(log d)*+,

I (fa,0,)(@D)a1 0T (fa0,) (@ )ar
oW ) oW (0)
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| (a0, @) 0faan(=)
[\ orPey  anOmy ) !

+ |

oo

3J (fa,0,)(@)a1 0 (fap,)(@)as (W))T
Oh (2) Ohy) (x()

o

[ 2fa0, @) Ofan (=)
I\ oDy and (a)
9 (fap, )@ )amr  8J(fap,)(@D)a 1
oh® (z() Oh{ () -
S/iwexp(O(L))(bgd\/);LH.

As we’ve done in the operator norm cases, we can set w < (log d)_3L so that the norms at time ¢ = 0 dominate the perturbed
norm, showing that

oo

[wow - woe| <o (N ] A0> exp(O(L)) log d,

do log d
Nm)) exp(O(L) 55

and setting d > (1 /w?) makes these terms to be bounded by wv/dlog d,wlog d, respectively. This results in a contradiction,
showing that the second condition can not be violated.

HWU)(t') - W(l)(O)HOO <0 (

Now we finally consider the 1-norm. For2 <[ < L,

Ofae, @D)  fsg,(z?) |
1

Ofa, () afd,%(x“»)(g D))"

oW D (¢ oW ®(0)
- t

H\/Cz 1 ( h(l (x(®) 8h(()l)(ac(i))

L Ofan (=) ¢ aovy, gV (20
/70171 ahgl)(x(z)) (t' (3j ) (l‘ ))

1

1

< ! fdﬂw(x(i)) fa,00(x?) (I=1) ¢, (3)
- O O gy (x )H
VCi-1 || 0hy’ (@) Ohy’ (x@) ], %
1 d () N . _ _
n fd,leo(x_ ) (=) (0 _ gl 1)(m(z))H
on (x() -

<rwexp(O ( )

dfae, (z0
OW (L+1) (¢ (

1

L i L i
g @) = g (D)

o0

<rexp(O(L))

AW+ (0) )
(logd)®
i)
wo@w)  awo(o)

log d + kw exp(O(L))(log d)*,
D fa0,(x?)
0fa.0,(2")
ahéL+1)(x(i)) .
\/> b
aJ(fde,/)(x( Yoot 0T(fase)(@)ar
Ofao, @) (00D (@) " 0fag,(=®) (g5 V(@)
on® () oz | D@0y \ 0l
60
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1 070 6D acr [ ainys 0T DT Faa) @D ()T
n de(l) Dot ( g 1)(3;())) _ (fd,é;l))( | Ja—1 (g(()z 1)(33()))
V0ot Ohs) (2) OnY (z) .
<rwexp(O(L))(log d)* + kwexp(O(L))(logd)*,
0 (fa0,)@ a1 0 (fa0,)(@D)acs
oW (LD (1) oW (L+1)(0)
|| 90a0, @D) (097 @D\ 0fan,@®) (998" @)
“Va | onE Y ) \ oz, onE ) (z)y \ 9zl )
1 5J(fd,9t/)(1'(i))a—1 GYRONY c’)J(fd,go)(x(i))a_l IRONY
Va || on o) (gt/ (z )) oD (200) (0 (z )) 1
2L L
<kw exp(O(L))(IO%[Z) + kwexp(O(L)) (105;/;) .

Again setting w < (log d) 3 allow us to bound the entires term by norm at ¢ = 0, showing that

d
[wow) -wo)| <o (ng\/\()) exp(O(L)) log d,

HW(LJrl)(t/) _ W(L+1)(0)H <0 (N:;)\ > exp(O(L))k\)/ggd.
0

1

Setting d > Q(1/w?) makes these terms to be bounded by w+/d log d, w log d, respectively.

All three conditions can not happen, and this proves our result. O

Now we are ready to prove Theorem 4.5. We first give a detailed statement of this theorem.

Theorem J.3. Fix the fail probability §, and error €. Suppose that Assumption 4.4 holds with the smallest eigenvalue \.

Suppose that the width d, the coefficient r, and the threshold w satisfy

1
<
"= 10g(8N(1 + dy)/0)’

d Z Fl (I(l:N)aLa(Sa E) ’
K

4> F (x(l‘N),L,(Z e) ,
d > Q(Ndgexp(L)/9d),
d>Qw™?),

Ao
w=0 (Nexp<Q<L>><logd>3L> ’
w < (logd)~**

Then with probability at least 1 — 6, for all t > 0,

H@dﬁf (2@, 20 /i2@(x(i),x(j))H < K2
F

foralli,j € [N].
Moreover, linear convergence happens:

L(6)) < exp <— “?VW) £(60).
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Proof. From the assumption of x, we can show that

P(vieN).[g®)| <1)=1- g

o0

where g ~ N (0, k?%(1)), and together with the first assumption on d, the network outputs and their Jacobian are bounded
by 1 at initialisation with probability at least 1 — §/2.

We will first prove that the linear convergence and the weights stay close to their initialisation. This can be proven by
contradiction argument with Lemma J.2 and J.1.

Suppose that either linear convergence does not happen,

L£(6,) > L(6o) exp ( HzA/\Ot>

N

or one of the weights becomes far from its initialisation,

Hw<l>(t) - W(l)(O)H > wVd,

HW(Z)(t) _ W(z)(O)H S wvVdlogd %fz > 2,
S wlogd ifl =1,

1 wlogd ifl=L+1.

Write 7 as the first violation time that this happens,

7 = argmin {¢ : Linear Convergence fail or weight is far from init.} .
0<t

Then by definition, the linear convergence is satisfied, and the weights are close to its initialisation for all 0 < ¢ < 7. Now
Lemma J.1 shows that at time 7, the linear convergence happens, and similarly, Lemma J.2 show that the weights at time 7
also stay close to its initialisation. This is a contradiction, which shows that our assumption, of the existence of a violation
point is false.

So now we can assume that

wVdlogd ifl>2,

fow-woo] < {oyaet w2

wyVdlogd ifl> L,

(W) - wo)| < |
1 wlogd ifl=L+1.

foralll € [L + 1] and ¢ > 0. Now by Theorem J.3, we can show that

H@d,et (x(i)w(j)) _ KQ@<$(i)7x(j))HF < KkZe

for all time ¢ > 0, 4,j € [N]. O

K. Proof of Theorem 4.6

Before presenting the proof, we need several additional definitions to be used in the proof. We define the feature function of
limiting INTK ¢(z), which satisfies

¢(z)T¢(a) = O(x,2)

with ¢g(z), ..., ¢4, (t) the columns of this feature function.

62



An Infinite-Width Analysis on the Jacobian-Regularised Training of a Neural Network

We then define the limiting JNTK regressor as
fat(239) = kA@(x)TY € R+

for trainable ¥J, and define up () € RN(+do) by stacking fo(x();9) fori € [N].
If we consider the training of ) under the same objective (1), which is reformulated as

£09) = i luna(8) ~ ¥

when initialised with ¥g = 0, the solution is given by
Yoo = argmin H19||§ , such that u,, (¢) = y.
9

Note that this optimal parameter 9, gives the solution f, defined (5).

We also define f,,, similarly,
.
Fon30) = (fa.o(@30), VAT (J00)(@: 00, -, VAT (Ja0) (@3 0)ap—1) € RV

and up, (0) € RN(do+1) by stacking fon (2(9);6) fori € [N].

Now to track the dynamics of the limiting JNTK regressor, we will take the time derivative.

dfoic(2:9:) _ (afntk@:;ﬂt))T (dﬁ)

dt o0, dt
O fur(:9)  DL(D,)
< a9, o, >
_ OL(Vy)
- <”¢ a9, >

= i A\ T " (4). ’
ro(t )7Z(fntk( (z);ﬁt)—y(l)) ‘W>

N < g Y,

N
= _% K¢( )’Z (fntk( ) - y(l))T H¢($(l))>
=1
K2 N , ) )
= N Z@/\(ﬂfﬂﬂ(z)) (fntk(x(z);ﬁt) - y(z)) ~
=1

Then we can see that these dynamics are nearly identical to NN’s dynamics, except that they use different kernels.

8fnn xZ; et T diat
00, dt

<8fnn (z;0)  OL(6:)
(g -2

dfnn 117 et

00, 89t
_ 8fnn {E 6 @) T 8fnn(x(l)a9t)
- N < 90, Zl (f nn (@5 0) = ) 20,

1 & , , ,
— = MO0, (2, 2 )A ( fun(zD;6,) —y D).
N; a.6 ( ¢ )

So to analyse the difference between limiting JNTK regressor and NN, we can bound them using the integral form

a0, (27) = fane(27)]|
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/Oo (dfnn(x*;et)o . dfntk(x*;ﬁt)0>
o dt dt

First, since we initialised ¥ = 0, the first term is | f4 g, (z*)| which is bounded by ¢, with our assumption, so it is enough to
show that the integral term is smaller than €.

<|fa,00 (@) = fatx(z™;90)0| +

Using our previous expansion of time derivative, we can rewrite the integral as

/OC (dfnn(x*§9t)0 . dfntk(w*”gt)O)

‘ 1 i/ooo (A@dotx M)A (fnn(x( gt)_y(i))

i=1

— k205", 2 ) (fan®30,) — y) ) dt’
0

(4600, (a". 28— 201a" 2 (Fua(aD:0) ~y)) at

e (<20, D) (fan(@30) = funclas9,))) ).

For the first term, we can bound it through

= (4000, (2", 22 = k203(@", ) ) (fan(@D:6) =y )) at

0

r7r_1>aéc (ZHA@UHJ z* LU( ) —Ii29)\($*,$(i))HF> /Ooounn(et)_yudt'

By Theorem J.3, we can let d large enough so that

HA@d’aT (:c*,x(i))A — k2O, (27, z(i))HF < KkZeq

forall 7 > 0 and i € [N], for some €g that will be choosen later. And from the same Theorem, we can also show that the
integral term is bounded, as follows:

/ it (82) — v dt = / VEINL @Gt
0 0
') 2
< \/2N£(00)/ exp <—l€2}}\)}0t> dt
0

_ VBN3L()
HQ)\AO

From Remark E.1, we can assume that all function outputs and their Jacobian are in [—1, 1], which allows us to bound
VL(0o) < \/2(1 + dp).

For the second term, we will first divide this integral into two intervals [0, ¢o] and [¢g, 0],

N oo
(Zz:/o CNER )(fnn( ;04) —fntk(x(i);ﬁt))>odt
s% <ZN: H,g@A(x*’xm)HF) /OOO [t (B) — tunerc(91) ] dt

-5 (Z Hﬁw,M\F) (7 00 = s+ [ 00 = st

to

1
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for some ¢y > 0, so to prove that this term converges to zero, we should show that both integrals converge to zero.
The integral from ¢; to oo can be bounded with linear convergence of both predictors:

/Oo l|tnn (0¢) — wneic(9¢) || dt

to

< [ w60 = ¥11+ s (90) =

to

/OO V2NL(0:) + /2N L(Vy)dt

t

e’} 2 _ 2 —
S/ V2N L(6:,) exp (—K)\)\O(tto)) + V/2NL(Vy,) exp (—K)\)\O(tto)) dt
to

2N 2N
Iiz)\)\()t() 2N
< _
< ((\/21\75(90) + \/2N£(190)) exp ( 5 >) vy
Iﬁ2>\)\0t0 2N
< —
(4 N(1+d())exp< ON )) 1612)\)\0

where we used Remark E.1 to show that \/£(fy) < 1/2(dp + 1) and 9o = 0 to show that \/L(Jg) < \/2(1 + dp). Then

setting £
2N 8¢/ N3(1+ dp)
to = log
K)2>\>\0 )\)\06(_)

allow us to bound this integral by €o /. Combining with ||?© (2%, z(V)]|| . < k?(L + 1)(1 + do) gives resulting bound
eo(L+1)(1+dp).

For the rest of the integral, we can expand the difference in the integral form
Unn (et) — Untk (1915)
t
dunn(07)  dunek (V7
:Unn(QO) +/ “ ( ) - 4 tk( )dT
0

dr dr

‘We can continue rewriting the integral as

dunn(a‘r) — Untk (197')
dr
_ AEBN@d,GT (x(lzN)7 I(I:N))AEBN(UHH(GT) - y)

+ k20, (B I (0 (9,) — )
_ (_A@N@dﬁr (@) gENABN | 2@ (V) x(l:N))> (umn (65) — y)

— k20 (N 2N (40 (07) — une (95)) -

From Assumption 4.4, © (") z(1:N)) s positive definite, so the second term makes the ||t (0;) — unei (9 )| decrease.
So to bound the norm we can ignore it, and focus on the first term only.

[|tnn (0¢) — wneic (9¢) |

S Unn (90)

t
- / (~A%VOup, (@0, 2 EN)AN 20, (@0, 2 0N) ) (uy (07) — y)dr
0

<eo/N(1 + do)

t
+ / H_AGBN@d,OT (:L,(l:N)’x(lzN)>A@N + K}Z@)\(.’E(LN)7.'I?(1:N))HF ||unn(07) _ deT
0
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<eo/ N(1+do)

t
+ max H_AGBN@dﬂT (21N (N A BN K2@A(x(1:N)7x(1:N))HF/ lttnn (605) — vl dr
STS 0
t
<eo/N(1 +do) + Nreo / [t (05) — ylldr
0
<eo/N(1+do) + N,%Qe@/ V2N L0 )dT
0

oo 2
<eg/N(1+dpy) + 2Nn2e@\/2N£(90)/ exp (—KJ 2)\;\]07'> dr
0
8N2\/N(1+d
<eo/N(1 + do) + U+ do)ee

Mo

Integrating it gives

to
/ [t (82) — tungac (1) | dt
0
8N2,/N(1+d,
< (60 N+ do) + mee> t

Ao
8N2\/N(1+d 2N VN3 (1+d
= eo/N(1 +do) + Utdo)e ) log [ SV Hdo) ) )
)\AO HZAAO )\/\06@

We finally multiply x%(L + 1) - (1 + dp) as we’ve done in the first integral.

Summing up, the bound is
| fa,0. (%) = fatc(2™)ol

deor/N3(1 + do)
Mo

<eo + +(L+1)-(do+1)-€o

+(L+1)'(d0+1)'<60 N(1+do)+8N2 N(1+d0)6(—)> 2N M,

2
o Mo 2T Moco

L. Proofs of Theorems 4.5 and 4.6 for Gradient Descent

Consider the loss evaluation at k + 1 time step with abusing notation of w,,,, (6x+1), then

[t (Or+1) — Y||§
:”y - unn(ek) + unn(ek) - Unn(9k+1)||§
:”y - unn(ek)”% - 2<y - unn(gk)a unn(0k+1) - unn(ek» + ||unn(9k+1) - Unn(ak)Hg

so to quantify convergence, we should analyse

2(y — nn(0k), tnn (Ok+1) — unn(Ok)), l|tnn (Ok+1) — unn(ek)”g'

Now by the Taylor expansion, we can first rewrite tn, (0x+1) — tnn(0), which is also a gradient descent analogue of
Lemma 4.2,

unn(9k+l) - unn(gk)
=tnn(Ox — 1V, L(0k)) — unn(0k)

n Otnn (O 5)
- vV, £(6,), Lon\Tk.s)
| < gkﬁ( k), 89]%5 ds
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1 n . .
TN (unn(0) — ¥)TATN Oy 6, 0, . (BN, 2 BN APN g

where we introduced two extensions of notations:

0}675 = Gk - Sngﬁ(ek)

and

, Ofap, () Ofae, (z)
©a,0,.0,... (2,7 )00 = < dagekk( ), 59:,3 )

) 0J(fa,6,)(@)a-1 Ofae, (@
O©d,0,.,00.. (T,7 )00 = < (fdgzb)k(x) L fd;;]'c ( )>’

dfap.(x) 0J(fa0,.)(x")p-1

S e T

) I (fa0,)(@)a—1 OJ(fa0, . )(*")p-1
©4,0,.,0, . (€, 7" )ap _< ( d’g"gl( ) L 59k ?

so that ©4,9, g, . (z*N), 2(1:N)) is defined in the same manner of ©,¢.

If we can show that this empirical INTK also satisfies the following for all k&, s € [0, 7):

IQ2

/\Inin(@d,ak,@kys ('T(lzN)’ x(lN))) Z ?AO

we can prove that
— Unn 9k> unn(9k+1) - unn(ek»

N/ (tnn (6) — TA@N@d 01,0k ( (LN)»x(l:N))A@N(unn(gk) —y)ds

N / (tn (Or) — Y)TAmin(AEBNedﬂkﬂk,s(z(l:N)v x(lzN))AGBN)(unn(ek) —y)ds

S " Ao 22 o

_ 2
=" 9N ||unn(9k) YHQ

So if we can show that the third term, (Or41) — Unn(0%)||3 is small enough so that it can’t cancel out the second term,
we can show that the loss decreases every step by multiplicative factor (1 — 7x2A\g/2). Our proof is done by the induction
on two propertles (1) the weights stay close to their initialisation, and (2) the term ||tn, (05+1) — tnn (%) ||? has roughly
order %x*, which then shows the linear convergence.

We first introduce the Q(k) indexed by k € Z>(, which is defined as

1 k—1 EIN i/2
Q) =5+ 03 (1- 75

=0

which will upper bound Zi:ol v/ L(0;). Note that this quantity itself is again bounded globally, by
Q(k) < Q(o0)
Cdp+1 i L A 2
2 = 4N
. do +1

©2(1— /T = nrZXA\g/AN)

We then define w(k) as
lo d)3
w(k) =nrexp(O(L))v/ NdoQ(k %f
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which similarly bounded by

(log d)**
w(k) <w(o0) = nmexp(O(L))\/NdOQ(oo)T.
Then we further bound this quantity by w which will be used as in the gradient flow case,
log d)** U
w(o0) < kexp(O(L Nd3(
(00) < mesp( O N2 2 el
[ 5 (logd)3t 8N
S RGXP(O(L)) NdO \/a HQAAO
_ exp(O(L))(Ndo)*/(log d)*"

KA\ Vd

wi=

where the inequality holds since 1/(1 — /1 — ¢n) monotonically decreases at > 0, with its maximum 2/t attained at
n=0.

We first state the lemma that will be used in both induction hypotheses.

Lemma L.1. Fix the fail probability 5 > 0 and network depth L. Suppose that the network width d and w(oo) satisfies

d > Q(Ndgexp(L)/d),
d>Qw™?),

Ao
w=0 (Nexp<Q<L>><1ogd>3L> ’
w < (logd) 2.

With probability at least 1 — § over the random initialisation, the following holds for all ko and any 1. If for all 0 < k < ko,
all the weights stay close to their initialisation, i.e.,

[wOw -wo)| <

00 ifl=L+1,
w(k)Vdlogd if2 <1<,
w(k)logd ifl=1,
00 ifl =1,
w(k)Vdlogd if2<1<L,
w(k)logd ifl=L+1,

HW(l)(k) _ W(l)(O)H

o0

me(,{) _ W(l)(O)H

IA

N
—_——— ———— &

1

then the weight update is bounded by

HW(l)(k +1) - W(”(k)H < nrexp(O(L))/NdoL(0y) log d,
WOk + 1) = WO )| < e exp(O(L)) VNdo £(01) log d,
HW<L+1)(k +1) - W(L“)(k)H < i exp(O(L))/Ndo L(6y,) log d,
(logd

HW(I)(k +1)— W(l)(k)Hoo < nrexp(O(L)) Ndoﬁ(Qk)T,
HWU)(k +1)— W(”(k:)H < nrexp(O(L))/NdoL(6y) (log d)* 7,

)2L

[WO+1) = WO < mrexp(O(L) /N L) 108 ),
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(L+1) (L+1) (log d)2L

w00 1) = W@ < amexp(O(1) VN LG
for2 <1< L.
Proof. We can unfold the weight update rule to get

WOk +1)—wO(k)
_ . O0L(6k)
”aw(l)( k)
(@)
RS 0 0f, (x*) AJ (fo,) (D)1

which then shows

HW(”(k +1) - wOk)

1 (i) (@) < (i) o, (x)
SN; ’fek(x )=y AZ’J(fek)(x )a—l‘ e HGWU)(I@)’

B R CSES N [T XCOT Y ML
- 1€[N],a€do] »

p

9J(fo)(?)a-1
oW O (k)

|

)

VN W (k) W (k)

where we used assumption that A < 1. The matrix Jacobians can be further bounded as in the proof of Lemma J.2: for
2<I<L,

H 85%1)”3( | < rotexp(z)), 2 Ugﬁ%f)x((:))a—l < kexp(O(L)) log d,

H a(%i l)xm < kO(exp(L)), 8J(fg’§;21()”§:;>“1 < kexp(O(L)) log d,

H Sap ) "H‘f“ < xO(exp(L), o7 g;;kgg?;l < wexp(O(L)) log
H@g‘cﬁve teE < ﬂexp(O(L))(log\;dE)u/’ HaJ fg;}v e a-1 ) < KGXIO(O(L))(IOgd\/);LJrl7
H 85(;/[/9'0) < kexp(O(L))(logd)*, H dJ( fg[i[/(l) a-1 ) < rexp(O(L))(log d)*LH,
Haf dW?UfU = #exp(O(L))(log d)*- Ha'] fdvgw ; = < r exp(O(L))(log d)*~
Hggﬁﬁ&fm - nexp(O(L))(lojg>L7 H(’)Jaf;f&ﬂ 2)) v a1 1 < nexp(O(L))(IOg\/cgzL,

We obtain the following inequalities for 2 < [ < L:
HW<1>(k r1)— W(l)(k)H < nrexp(O(L))/NdoL(0r) log d,
HW(”(k +1)— W(l)(k)H < nrexp(O(L))/NdoL(05) log d,

WD 4 1) = WED (k)| < niexp(O(L))V/Ndo£(0x) log d,

(log d)2F
\/a )
WO+ 1) = WO < exp(O(L) VN £(B1) log )+,

WO+ 1) = WO®)|| < neexp(OL)VNdoLG)
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[WOu+1) = wOw)| < nwexp(O(L)VNd L) 105 d)?*

(log d)**

HW(LJrl)(k +1) — WEHD( H < nrexp(O(L))\/NdoL(6k) Vd

O
Lemma L.2. Fix the fail probability 6 > 0 and network depth L. Suppose that the network width d and w(oo) satisfies

d > Q(Ndgexp(L)/d),
d> Q(w_Q),

w<O0 Ao
=Y\ Nexp(QL)(log °F )
< (logd) %"
Also assume that the r is small, and network is intialised with L£(0y) < do + 1.

With probability at least 1 — § over the random initialisation, the following holds for all ko and any . If for all 0 < k < ko,
all the weights stay close to their initialisation, i.e.,

Hw<l>(k) - W(”(O)H w(k)Vd,

HWa)(k)_W(l)(O)H < Qw(k)Vdlogd if2<1<L,
= \wlk)logd  ifl=1,
Hw<l>(k)_w<l>(o)H < w(k)Vdlogd if2<1<1L,

1
w(k)logd ifl=L+1,

and linear convergence, i.e.,

220\
£(6k) < L(By) <1 - 0)
holds, then
(WO o) - WO < wiko) V.
(WO ko) = W(0)|| < wlko)Vdlogd if2<i<L,
> (ko)logd  ifl =1,
HW(”(ko) - WU)(O)H1 < qw(ko)Vdlogd if2<1<1L,
w(ko)logd ifl=L+1,
holds.

Proof. Combining the linear convergence assumption with the assumption on £(6), we can see that the following holds for
all0 < k < /{io,

N2 Ao F
4M

L(0y) < L(6) (1 —
Then the result is obtained via triangle inequality with Lemma L.1. O
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Lemma L.3. Fix the fail probability 6 > 0 and network depth L. Suppose that the network width d and w(oco) satisfies

0> Q(Ndo exp(L)/5),
d>Qw™?),

Ao
w=0 <Nexp<Q<L>><logd>3L) ’
< (logd)~2F

With probability at least 1 — § over the random initialisation, if all the weights stay close to their initialisation, i.e.,

W) - wO)| <wik)v,

HW(l)(k) _ W(l)(())H < Qw(k)Vdlogd if2<I1<L,
© |wk)logd  ifl=1,
[WOw - wO©)| < wkVdlogd ir2<i<L,

o lw)logd  ifl=L+1,

then
[tnn (O +1) — nn(01) > < 176" exp(O(L))Nd||unn (0x) — ylI*-

Proof. Most of the technical computations are done in the proof of Lemma L.1, and the remaining job is using those bounds
on matrix differences to bound the output differences. The followings hold for 1 <[ < L:

9k+1($(Z ) — (1)($(i))H

<[WwOk+1) - WOk H H
<nkexp(O(L))\/NdoL(6y),
B @) = n @)

l i l i
<M Hg;(ﬁ)ul(x( ) — g, )(I( ))

)

(z+1)(x(¢)) l+1) H
, 1 , ,
HW”“ k) =W E)| i @ “’>H+7HW”“ @) [ e - 10
<nrexp(O(L))\/ NdoL(0)) + exp(O Hh(l h(l)( (’))’7

’fd Or4+1 (x(l)) - .fd,ek- (I(Z))‘

<k |ol 10 @) — g (@)
< exp(O(L))/ NdoL ().

Similarly, the following hold for 1 <! < L:

‘ O9:1(@) _ 09" x)

oz, oz,

<[wm e+ 1) - wOw)

<nrexp(O(L))\/NdoL(6),

lea—l|
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o, (@D)  ond (@)

o) o)
ag (@) ag (a( )) (l) T
<M, Hg (@) — l) PON H ‘ k+1 ) + M, k+1() (Z) )
foe) Oz Lo Oz Lo1
g\ (z® 90 (2@
<nkexp(O(L))\/NdoL(0y) + M, k+1(() ) — % ((i) ) ,
a Lo-1 amafl
dgii7 (D) ag ™ (2)
6375;)_1 Gar(i)_l
@) (.0) (D (D) (1) ((6)
ohy () oh ) Oh,’(z)
< WD (g 1) — WD (k) H k+1_ L= HW(l+1 H k+1 _
<7l ) 0:, | " Va 0,
ond) (@) o (2
<exp(O(L) N Th) + expO(1) | FEHT= - o) |
Ta—1 LTa—1

[ T(fa0) @Dt = T (F0) @)
09,1 @M) 09" ()
O gll a‘rgll

<nr” exp(O(L))/ NdoL ().

Combining these, we obtain
letnn (B 1) = tinn (01)|* < 0* " exp(O(L)) NG |unm (01) = 1
O
Lemma L.4. Fix the fail probability § > 0 and network depth L. Suppose that the network width d, learning rate 7, and

w(o0) satisfies
d Z Q(Nd() exp(L)/é),
d>9Qw™?),

Ao
w=0 <Nexp<Q<L>><logd>3L) ’
< (log d)*zL

With probability at least 1 — § over the random initialisation, if all the weights stay close to their initialisation, i.e.,

| Ow) - wO)|| < wik)Va,

(W Ow) - wO©)| < SwkVilosd i2<1<L,
w(k)logd ifl=1,
HW”)(k%W(”(O)H < Jw(k)Vdlogd if2<1<L,

Yo |wk)logd  ifl=L+1,

then

L0 < (1- ’7“4”) £(6).
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Proof. From the Lemma L.2, we can see that W) (k 4 1) also satisfies similar bound, but with w(k -+ 1). Using the
convexity of matrix norms, we can see that

[ - woo] < s 18

0 ifl=1L+1,
ngf;fvv“)(o)H <Qwlk+1)Vdlogd if2<I1<L,

w(k+1)logd ifl =1,

00 ifl =1,
HW’gg_Wa)(O)H < wlk+1)Vdlogd if2<I<L,

1
w(k+1)logd ifl=L+1,

for all s € [0, 7], since W ) linearly interpolates W (k) and W© (k + 1).

Using Theorem 1.1, we can show that

. . KQ/\)\()
Amin (Gd,ek,ek,s(fﬂ(l‘N)7x(l'N))) > —5

which shows that
— Unn ek) unn(9k+l) Unn(ek»
N/ (Unn (Or) — TA@N@d NN (x(ltN)vx(l:N))A@N(“nn(Qk) —y)ds

ZN/ (unn(ek) - mln (A 6(1 01,04, (x(l ) x(l ) )A®N> (unn(ek) - Y)dS
0
2
nE= Ao 2
> — .

Also from Lemma L.3, we have
”unn(ok-H) - unn(ak)”2 < 772’€4 eXp(O(L))Nd(%”unn(ok) - Y||2-
From the assumption on 7, this term can be further bounded by

2
NKE"AN
”unn(ok-&-l) - unn(ak)”2 < AN 2 ||Unn(9k) - YH2 .

Combining these two inequalities, we obtain

2
NKZA\o
JamB2) = ¥1P < (1= 5220 i 0) ~ v

Now we have all the ingredients to prove Theorem 4.5.
Theorem L.5. Fix the fail probability § > 0 and network depth L. Suppose that the network width d, learning rate n, and
w(o0) satisfies

d > Q(Ndgexp(L)/9),

d>Qw™?),

ws0 <Nexp<Q<A£>A><logd>3L) |

Then, with probability at least 1 — § over the random initialisation, the following holds for all k > 0:
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* The weights stay close to their initialisation:

WO k) - who)| < wik)Va,

00 ifl =L+1,
HW‘”(/{)—W“(O)H <dwk)Vdlogd if2<1<1L,
© \wk)logd  ifl=1,
_—
-, < s

(0.}
S wk)Vdlogd f2<1<L,
w(k

)logd ifl=L+1,

 Linear convergence happens:

k
L(O) < (1 - 77/12;\])\0) L(6).

Proof. The proof is immediate with induction on k&, and the application of Lemma L.4 and Lemma L.2.
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