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Abstract

We introduce a general framework for solving
partial differential equations (PDEs) using gen-
erative diffusion models. In particular, we focus
on the scenarios where we do not have the full
knowledge of the scene necessary to apply clas-
sical solvers. Most existing forward or inverse
PDE approaches perform poorly when the obser-
vations on the data or the underlying coefficients
are incomplete, which is a common assumption
for real-world measurements. In this work, we
propose DiffusionPDE that can simultaneously
fill in the missing information and solve a PDE
by modeling the joint distribution of the solution
and coefficient spaces. We show that the learned
generative priors lead to a versatile framework for
accurately solving a wide range of PDEs under
partial observation, significantly outperforming
the state-of-the-art methods for both forward and
inverse directions. See our project page for results:
jhhuangchloe.github.io/Diffusion-PDE/.

1. Introduction

Partial differential equations (PDEs) are a cornerstone of
modern science, underpinning many contemporary physical
theories that explain natural phenomena. The ability to
solve PDEs grants us the power to predict future states of a
system (forward process) and estimate underlying physical
properties from state measurements (inverse process).

To date, numerous methods (Aliabadi, 2020; Soh’n, 2005)
have been proposed to numerically solve PDEs for both the
forward and inverse directions. However, the classical meth-
ods can be prohibitively slow, prompting the development
of data-driven, learning-based solvers that are significantly
faster and capable of handling a family of PDEs. These
learning-based approaches (Li et al., 2020; 2021; Lu et al.,
2021; Raissi et al., 2019) typically learn a deterministic map-
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ping between input coefficients and their solutions using
deep neural networks.

Despite the progress, existing learning-based approaches,
much like classical solvers, rely on complete observations of
the coefficients to map solutions. However, complete infor-
mation on the underlying physical properties or the state of
a system is rarely accessible; in reality, most measurements
are sparse in space and time. Both classical solvers and the
state-of-the-art data-driven models often overlook these sce-
narios and consequently fail when confronted with partial
observations. This limitation confines their use primarily to
synthetic simulations, where full scene configurations are
available by design, making their application to real-world
cases challenging.

We present a comprehensive framework, DiffusionPDE, for
solving PDEs in both forward and inverse directions un-
der conditions of highly partial observations—typically just
173% of the total information. This task is particularly chal-
lenging due to the numerous possible ways to complete
missing data and find subsequent solutions. Our approach
uses a generative model to formulate the joint distribution of
the coefficient and solution spaces, effectively managing the
uncertainty and simultaneously reconstructing both spaces.
During inference, we sample random noise and iteratively
denoise it following standard diffusion models (Ho et al.,
2020). However, we uniquely guide this denoising pro-
cess with sparse observations and relevant PDE constraints,
generating plausible outputs that adhere to the imposed con-
straints. Notably, DiffusionPDE can handle observations
with arbitrary density and patterns with a single pre-trained
generative network.

We conduct extensive experiments to show the versatility
of DiffusionPDE as a general PDE-solving framework. We
evaluate it on a diverse set of static and temporal PDEs,
including Darcy Flow, Poisson, Helmholtz, Burger’s, and
Navier-Stokes equations. DiffusionPDE significantly out-
performs existing state-of-the-art learning-based methods
for solving PDEs (Li et al., 2020; 2021; Lu et al., 2021;
Raissi et al., 2019; Zhao et al., 2022) in both forward and
inverse directions with sparse measurements, while achiev-
ing comparable results with full observations. Highlighting
the effectiveness of our model, DiffusionPDE accurately
reconstructs the complete state of Burgers’ equation using
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Figure 1. We propose DiffusionPDE, a generative PDE solver under partial observations. Given a family of PDE with coefficient (initial
state) a and solution (final state) u, we train the diffusion model on the joint distribution of a and u. During inference, we gradually
denoise a Gaussian noise, guided by sparse observation and known PDE function, to recover the full prediction of both a and u that align

well with the sparse observations and the given equation.

time-series data from just five sensors (Fig. 4), suggesting
the potential of generative models to revolutionize physical
modeling in real-world applications.

2. Related Works

Our work builds on the extensive literature of three areas:
forward PDE solvers, inverse PDE solvers, and diffusion
models. Please see relevant surveys for more informa-
tion (Evans, 2022; Omori & Kotera, 2007; Po et al., 2023;
Strauss, 2007; Yang et al., 2023).

Forward PDE Solvers. PDE solvers take the specifica-
tion of a physics system and predict its state in unseen space
and time by solving an equation involving partial derivatives.
Since Most PDEs are very challenging to solve analytically,
people resolve to numerical techniques, such as Finite Ele-
ment Method (Quarteroni & Valli, 2008; Solin, 2005) and
Boundary Element Method (Aliabadi, 2020; Idelsohn et al.,
2003). While these techniques show strong performance
and versatility in some problems, they can be computation-
ally expensive or difficult to set up for complex physics
systems. Recently, advancements in deep-learning meth-
ods have inspired a new set of PDE solvers. Raissi et al.
(Raissi et al., 2017; 2019) introduce Physics-Informed Neu-
ral Networks (PINNs), which optimize a neural network
using PDE constraints as self-supervised losses to output
the PDE solutions. PINNs have been extended to solving
specific fluid (Cai et al., 2021a; Mao et al., 2020), Reynolds-
averaged Navier—Stokes equations (Eivazi et al., 2022), heat
equations (Cai et al., 2021b), and dynamic power systems
(Misyris et al., 2020). While PINNs can tackle a wide range

of complex PDE problems, they are difficult to scale due
to the need for network optimization. An alternative ap-
proach, neural operators (Li et al., 2020; Lu et al., 2021),
directly learn the mapping from PDE parameters (e.g.initial
and boundary condition) to the solution function. Once
trained, this method avoids expensive network optimization
and can instantly output the solution result. This idea has
been extended to solve PDE in 3D (Li et al., 2024; Serrano
et al., 2024) , multiphase flow (Wen et al., 2022), seismic
wave (Lehmann et al., 2023; Li et al., 2023a), 3D turbulence
(Li et al., 2022; Peng et al., 2023), and spherical dynamics
(Boneyv et al., 2023). People have also explored using neural
networks as part of the PDE solver, such as compressing
the physics state (Chen et al., 2022; Li et al., 2023b; Miiller
et al., 2021; Nam et al., 2024). These solvers usually as-
sume known PDE parameters, and applying them to solve
the inverse problem can be challenging.

PDE inverse problem. The inverse problem refers to find-
ing the coefficients of a PDE that can induce certain observa-
tions, mapping from the solution of a PDE solver to its input
parameters. People have tried to extend traditional numeri-
cal methods to this inverse problem (Cho et al., 2017; Fox
& Nicholls, 2001; Harrach, 2021; Kumar & Choi, 2023; van
Leeuwen & Herrmann, 2015), but these extensions are non-
trivial to implement efficiently. There are similar attempts
to inverse deep-learning PDE solvers. For example, one
can inverse PINNs by optimizing the network parameters
such that their outputs satisfy both the observed data and the
governing equations. iFNO (Long & Zhe, 2024) and NIO
(Molinaro et al., 2023) tries to extend FNO (Li et al., 2020).
Other methods (de Hoop et al., 2022; Pakravan et al., 2021)
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directly learn the operator functions for the inverse problem.
PINO (Li et al., 2021) further combines neural operators
with physics constraints to improve the performance of both
forward and inverse problems. These methods assume full
observations are available. To address the inverse problem
with partial observations, people have tried to leverage gen-
erative priors with Graph neural networks (Iakovlev et al.,
2020; Zhao et al., 2022). These works have not demon-
strated the ability to solve high-resolution PDEs, possibly
limited by the power of generative prior. We want to lever-
age the state-of-the-art generative model, diffusion models,
to develop a better inverse PDE solver.

Diffusion models. Diffusion models have shown great
promise in learning the prior with higher resolutions by
progressively estimating and removing noise. Models like
DDIM (Song et al., 2020), DDPM (Ho et al., 2020), and
EDM (Karras et al., 2022) offer expressive generative ca-
pabilities but face challenges when sampling with specific
constraints. Guided diffusion models (Chung et al., 2022a;b;
Dhariwal & Nichol, 2021; Xu et al., 2023) enhance gener-
ation processes with constraints such as image inpainting,
providing more stable and accurate solutions. Prior works
on diffusion models for PDEs highlight the potential of
diffusion approaches by generating PDE datasets such as
3D turbulence (Jacobsen et al., 2023; Lienen et al., 2023)
and Navier-Stokes equations (Yang & Sommer, 2023) with
diffusion models. Diffusion models can also be used to
model frequency spectrum and denoise the solution space
(Lippe et al., 2024), and conditional diffusion models are ap-
plied to solve 2D flows with sparse observation (Shu et al.,
2023). However, the application of diffusion models to
solve inverse problems under partial observation remains
underexplored. In this work, we aim to take the initial steps
towards addressing this gap.

3. Methods

3.1. Overview

To solve physics-informed forward and inverse problems
under uncertainty, we start by pre-training a diffusion gen-
erative model on a family of partial differential equations
(PDEs). This model is designed to learn the joint distri-
bution of the PDE coefficients (or the initial state) and its
corresponding solutions (or the final state). Our approach
involves recovering full data in both spaces using sparse ob-
servations from either or both sides. We achieve this through
the iterative denoising of random Gaussian noise as in regu-
lar diffusion models but with additional guidance from the
sparse observations and the PDE function enforced during
denoising. The schematic description of our approach is
shown in Fig. 1.

3.2. Prelimary: Diffusion Models and Guided Diffusion

Diffusion models involve a predefined forward process that
gradually adds Gaussian noise to the data and a learned
reverse process that denoises the data to reconstruct the
original distribution. Specifically, Song et al. (Song
et al., 2021) propose a deterministic diffusion model that
learns an N-step denoising process that eventually outputs
a denoised data x and satisfies the following ordinary
differential equations (ODE) at each timestep t; where
1€{0,1,..,N -1}

dez = —6(t)o(t) Vg log p(x; o(t))dt. (1)

Here V log p(w; o (t)) is the score function (Hyvirinen &
Dayan, 2005) that helps to transform samples from a normal
distribution N(0, o(t0)?I) to a target probability distribu-
tion p(x; o(t)). To estimate the score function, Karras et
al. (Karras et al., 2022) propose to learn a denoiser function
D(z; o) such that

Ve logp(z;o(t)) = (D(z;0(t) —z)/a(t)*  (2)

To enable control over the generated data, guided diffusion
methods (Dhariwal & Nichol, 2021) add guidance gradients
to the score function during the denoising process. Recently,
diffusion posterior sampling (DPS) (Chung et al., 2022a)
made notable progress in guided diffusion for tackling vari-
ous inverse problems. DPS uses corrupted measurements y
derived from x to guide the diffusion model in outputting
the posterior distribution p(x|y). A prime application of
DPS is the inpainting problem, which involves recovering a
complete image from sparsely observed pixels, which suits
well with our task. This approach modifies Eq. 1 to

dz = —¢(t)o(t)(Valogp(x;o(t))

3
+ Vzlogp(ylz; o(t)))dt. ©)

DPS (Chung et al., 2022a) showed that under Gaussian noise
assumption of the sparse measurement operator M(+), i.e.,
ylx ~ N (M(z), 52T) with some S.D. J, the log-likelihood
function can be approximated with:

Valogp(ylzs;o(ti))
~ Vg, logp(y|@y; o (ti)) &)

1 i
= Va,ly = M@y (2i; (1)) 3,

52

Q

where &% := D(x;;0(t;)) denotes the estimation of the
final denoised data at each denoising step i. Applying the
Baye’s rule, the gradient direction of the guided diffusion is
therefore:

y— M@N)[3. 6

where s(z) = V log p(a:) is the original score function,
and ¢ = 1/62.

Va; logp(zily) ~ s(x;) — (Va,
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Algorithm 1 Sparse Observation and PDE Guided Diffusion
Sampling Algorithm.

input DeterministicSampler Dy (x;0), o(ticqo,....N})>
TotalPointCount m, ObservedPointCount 7, Observation
y, PDEFunction f, Weights (ops, (pae
sample xo ~ N(0, o(to)?I) > Initial sampling noise
fori e {0,...,N —1} do
&y < Dy (x;;0(t;)) > Estimated denoised data at ¢
d; « (z; — 5}3\,) /o(t;) > Evaluated de/do(t) at ¢,
Tiy1 < x; + (0(tip1) — o(ts))d; > Euler step
if J(ti+1) 7é 0 then
&% < Dg(zit1;0(tir1)) > 27 order correlation
d;  (@ip1 — Ey) [o(tiv1)
Tip1 & T + (O’(ti_;,_l) — O(ti)) (%dz + %d;)
end if ‘
Lobs < Llly — @[3 > Evaluated observation loss
Lpge + =]/0 — f@4)|3 > Evaluated PDE loss

Tit1 — iyl — Cobsvwi‘cobs - <pdevwi ‘dee
end forx > Denoised data

3.3. Solving PDEs with Guided Diffusion

Our work focuses on two classes of PDEs: static PDEs
and dynamic time-dependent PDEs. Static systems (e.g.,
Darcy Flow or Poisson equations) are defined by a time-
independent function f:

f(c;a,u) =0 in QCRY  u(c) =g(e) in IN, (6)
where (2 is a bounded domain, ¢ € () is a spatial coordinate,
a € Ais the PDE coefficient field, and u € U is the solution
field. 912 is the boundary of the domain €2 and u|gn = g is
the boundary constraint. We aim to recover both a and u
from sparse observations on either a or u or both.

Similarly, we consider the dynamic systems (e.g., Navier-
Stokes):

fle,m;a,u) =0, in  x (0, 00)
u(e,7) =g(e, 1), indQ x (0,00) (7
u(e,7) = ale, 1), in Q x {0}

where 7 is a temporal coordinate, a = ug € A is the initial
condition, u is the solution field, and u‘QX(O’OO) = g is the
boundary constraint. We aim to simultaneously recover both
a and the solution ur := u(-,T) at a specific time 7" from
sparse observations on either a, ur, or both.

Finally, we explore the recovery of the states across
all timesteps ug.r in 1D dynamic systems governed by
Burger’s equation. Our network Dy models the distribution
of all 1D states, including the initial condition ugy and solu-
tions u;.7 stacked in the temporal dimension, forming a 2D
dataset.

Guided Diffusion Algorithm In the data-driven PDE lit-
erature, the above tasks can be achieved by learning direc-
tional mappings between a and u (or ur for dynamic sys-
tems). Thus, existing methods typically train separate neural
networks for the forward solution operator F : A — U/ and
the inverse solution operator Z : Uf — A.

Our method unifies the forward and inverse operators with a
single network and an algorithm using the guided diffusion
framework. DiffusionPDE can handle arbitrary sparsity pat-
terns with one pre-trained diffusion model Dy that learns
the joint distribution of A and U, concatenated on the chan-
nel dimension, denoted X'. Thus, our data x € X', where
X = A x U. We follow the typical diffusion model proce-
dures (Karras et al., 2022) to train our model on a family of
PDEs.

Once we train the diffusion model Dy, we employ our
physics-informed DPS (Chung et al., 2022a) formulation
during inference to guide the sampling of « € X that satis-
fies the sparse observations and the given PDE, as detailed in
Algorithm 1. We follow Eq. 5 to modify the score function
using the two guidance terms:

vmi logp(mi‘yobsa f)
~ vm, Ing(xz) - Cobsvwi Eobs - deevmi ﬁpde;

where x; is the noisy data at denoising step %, ¥, are the
observed values, and f(-) = 0 is the underlying PDE condi-
tion. Lops and L4 respectively represent the MSE loss of
the sparse observations and the PDE equation residuals:

®)

1 N
Eobs(mi7yobs;D0) = %Hyobs - wN”%

1 n Ai
n Z(yobs(oj) - xN(Oj))2a
=1 ©9)

1 .

—l0 — X3 2

m” f@N)llz

1 L2

EZZf(cﬁTkvujaaj) 5
J k

where &y = Dy(x;) is the clean image estimate at denois-
ing timestep ¢, which can be split into coefficient @; and
solution a;. Here, m is the total number of grid points (i.e.,
pixels), n is the number of sparse observation points. 0;
represents the spatio-temporal coordinate of jth observation.
Note that, without loss of generality, £,4. can be accumu-
lated for all applicable PDE function f in the system, and
the time component 7y, is ignored for static systems.

Lpde(xi; Dy, f)

4. Experiments
4.1. PDE Problem Settings

We show the usefulness of DiffusionPDE across various
PDEs for inverse and forward problems and compare it



DiffusionPDE: Generative PDE-Solving Under Partial Observation

Sparse Observations on
Coefficients

Sparse Observations on
Solutions

Recovered Coefficients

Error Rate: 2. 8‘7{ Error Rate: 3.2%

Recovered Solutions

Relative Error: 2.5% Relative Error: 1.0%

Sparse Observations on Both
Coefficients and Solutions

Error Rate: 2. 6‘7r

DO

Ground Truth

Partial Observations

Relative Error: 0.9%

Figure 2. Different from forward and inverse PDE solvers, DiffusionPDE can take sparse observations on either the coefficient a or the
solution u to recover both of them, using one trained network. Here, we show the recovered a and u of the Darcy’s eqaution given sparse
observations on a, u, or both. Compared with the ground truth, we see that our method successfully recovers the PDE in all cases.
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Figure 3. Usefulness of PDE loss. We visualize the absolute errors of the recovered coefficient and solution of the Helmholtz equation
with and w/o PDE loss. We compare having only the observation loss with applying the additional PDE loss. The errors drop significantly

when using PDE loss.

against recent learning-based techniques. We test on the
following families of PDEs.

Darcy Flow. Darcy flow describes the movement of fluid
through a porous medium. In our experiment, we consider
the static Darcy Flow with a no-slip boundary 0€2

-V -(a(c)Vu(c)) = q(c), cef (10)
u(c) =0, ce 0N
Here the coefficient a has binary values. We set ¢(c) = 1

for constant force. The PDE guidance function is thus f =
V- (a(c)Vu(e)) + ¢(c).

Inhomogeneous Helmholtz Equation. We consider the
static inhomogeneous Helmholtz Equation with a no-slip
boundary on 0f2, which describes wave propagation:

V2u(e) + k*u(e)

u(c)

= a(c), ce(

11
, c € 0N an

o

The coefficient a is a piecewise constant function and k is

a constant. Note 11 is the Poisson equation when k& = 0.

Setting k£ = 1 for Helmholtz equations, the PDE guidance
function is f = V2u(c) + k*u(c) — a(c).

Non-bounded Navier-Stokes Equation. We study the
non-bounded incompressive Navier-Stokes equation regard-
ing the vorticity.

ow(e,7) + v(e, 7)Vw(e, 1) = vAw(e, 7) + ¢q(c)

V-v(e,7) =0, (12)

Here c € Q,7 € (0,T]. w =V X v is the vorticity, v(c, T)
is the velocity at ¢ at time 7, and ¢(c¢) is a force field. We
set the viscosity coefficient 1/ = 1073 and correspondingly
the Reynolds number Re = = = 1000.

DiffusionPDE learns the joint distribution of wg and w7 and
we take T = 10 which simulates 1 second. Since 7" > 0,
we cannot accurately compute the PDE loss from our model

outputs. Therefore, given that V-w(c,7) = V-(V xv) =
we use simplified f = V - w(e, 7).
Bounded Navier-Stokes Equation. We study the

bounded 2D imcompressive Navier Stokes regarding the
velocity v and pressure p.

owv(e, ) +v(e, 7)Vu(e,T) + Vb vV2u(e, ),

(13)

V-v(e, 1) =0,
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Table 1. Relative errors of solutions (or final states) and coefficients (or initial states) when solving forward and inverse problems
respectively with sparse observations. Error rates are used for the inverse problem of Darcy Flow.

DiffusionPDE ~ PINO  DeepONet PINNs  FNO
Darey Flo Forward 2.5% 35.2% 38.3% 48.8%  28.2%
y Hlow Inverse 32% 49.2% 41.1% 59.7%  49.3%
Poisson Forward 45% 107.1%  1555%  128.1% 100.9%
01850 Inverse 20.0% 231.9%  105.8%  130.0% 232.7%
Helmholtz Forward 8.8% 106.5%  123.1%  142.3%  98.2%
eimho Inverse 22.6% 216.9%  132.8%  160.0% 218.2%
Non-bounded  Forward 6.9% 101.4%  1032%  1427% 101.4%
Navier-Stokes Inverse 10.4% 96.0% 97.2% 146.8% 96.0%
Bounded Forward 3.9% 81.1% 97.7% 100.1%  82.8%
Navier-Stokes Inverse 2.7 % 69.5% 91.9% 105.5% 69.6%

Here ¢ € Q,7 € (0,T]. We set the viscosity coefficient
v = 0.001 and the fluid density p = 1.0. We generate
2D cylinders of random radius at random positions inside
the grid. Random turbulence flows in from the top of the
grid, with the velocity field satisfying no-slip boundary
conditions at the left and right edges, as well as around
the cylinder 0S¢ f¢ right cylinder- DiffusionPDE learns the
joint distribution of vy and vy at T' = 4, which simulates
0.4 seconds. Therefore, we similarly use f = V - v(c, T) as
before.

Burgers’ Equation. We study the Burgers’ equation with
periodic boundary conditions on a 1D spatial domain of unit
length 2 = (0, 1). We set the viscosity to v = 0.01. In our
experiment, the initial condition 1 has a shape of 128 x 1,
and we take 127 more time steps after the initial state to
form a 2D ug.7 of size 128 x 128.

Oru(e, ) + 8c(u2 (e,7)/2) = vOecule, T),

u(e, 0) = uo(c), (19

Here ¢ € Q,7 € (0,7]. We can reliably compute
f=0w(e,7) + 0e(u?(e,7)/2) — vdecu(e, T) with finite
difference since we model densely on the time dimension.

4.2. Dataset Preparation and Training

We first test DiffusionPDE on jointly learning the forward
mapping F : A — U and the inverse mapping Z : U — A
given sparse observations. In our experiments, we define our
PDE over the unit square 2 = (0, 1), which we represent
as a 128 x 128 grid. We utilize Finite Element Methods
(FEM) to generate our training data. Specifically, we run
FNO’s (Li et al., 2020) released scripts to generate Darcy
Flows and the vorticities of the Navier-Stokes equation.
Similarly, we generate the dataset of Poisson and Helmholtz
using second-order finite difference schemes. To add more
complex boundary conditions, we use Difftaichi (Hu et al.,
2019) to generate the velocities of the bounded Navier-
Stokes equation. We train the joint diffusion model for

each PDE on three A40 GPUs for approximately 4 hours,
using 50,000 data pairs. For Burgers’ equation, we train the
diffusion model on a dataset of 50,000 samples produced as
outlined in FNO (Li et al., 2020). We randomly select 5 out
of 128 spatial points on €2 to simulate sensors that provide
measurements across time.

4.3. Baseline Methods

We compare DiffusionPDE with state-of-the-art learning-
based methods, including PINO (Li et al., 2021), DeepONet
(Lu et al., 2021), PINNs (Raissi et al., 2019), and FNO
(Li et al., 2020). However, note that none of these meth-
ods show operation on partial observations. These methods
can learn mappings between a and u or uy and u;.7 with
full observations, allowing them to also solve the mapping
between uy and ur. PINNs map input a to output u by
optimizing a combined loss function that incorporates both
the solution u and the PDE residuals. DeepONet employs a
branch network to encode input function values sampled at
discrete points and a trunk network to handle the coordinates
of the evaluated outputs. FNO maps from the parametric
space to the solution space using Fourier transforms. PINO
enhances FNO by integrating PDE loss during training and
refining the model with PDE loss finetuning. We train all
four baseline methods on both forward and inverse map-
pings using full observation of a or u for both static and
dynamic PDEs. We tried training the baseline models on
partial observations, but we noticed degenerate training out-
comes (see supplementary for details). Overall, they are
intended for full observations and may not be suitable for
sparse measurements.

More closely related to our method, GraphPDE (Zhao et al.,
2022) demonstrates the ability to recover the initial state
using sparse observations on the final state, a task that other
baselines struggle with. Therefore, we compare against
GraphPDE for the inverse problem of bounded Navier-
Stokes (NS) equation, which is the setup used in their re-
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Figure 4. We compare DiffusionPDE with state-of-the-art neural PDE solvers (Li et al., 2020; 2021; Lu et al., 2021; Raissi et al., 2019).
In the forward Navier-Stokes problem, we give 500 sparse observations of the initial state to solve for the final state. In the inverse set-up,
we take observations of the final state and solve for the initial. For the Burgers’ equation, we use 5 sensors throughout all time steps and
want to recover the solution at all time steps. Note that we train on neighboring snapshot pairs for the baselines in order to add continuous
observations of the Burgers’ equation. Results show that existing methods do not support PDE solving under sparse observations, and we
believe they are not easily extendable to do so. We refer readers to the supplementary for a complete set of visual results.

port. GraphPDE uses a trained latent space model and a
bounded forward GNN model to solve the inverse prob-
lem with sparse sensors and thus is incompatible with un-
bounded Navier-Stokes. We create bounded meshes using
our bounded grids to train the GNN model and train the
latent prior with vg.7 for GraphPDE.

4.4. Main Evaluation Results

We respectively address the forward problem and the inverse
problem with sparse observations of a or u. For the forward
problem, we randomly select coefficients (initial states) as
sparse observations and then compare the predicted solu-
tions (final states) with the ground truth. Specifically, we
select 500 out of 128 x 128 points, approximately 3%, on
the coefficients of Darcy Flow, Poisson equation, Helmholtz
equation, and the initial state of the non-bounded Navier-
Stokes equation. For the bounded Navier-Stokes equation,
we use 1% observed points beside the boundary of the cylin-
der in 2D. Similarly, for the inverse problem, we randomly
sample points on solutions (final states) as sparse observa-
tions, using the same number of observed points as in the
forward model for each PDE.

We show the relative errors of all methods regarding both
forward and inverse problems in Table 1. Since the coeffi-
cients of Darcy Flow are binary, we evaluate the error rates
of our prediction. Non-binary data is evaluated using mean
pixel-wise relative error. We report error numbers averaged
across 1,000 random scenes and observations for each PDE.

DiffusionPDE outperforms other methods including PINO
(Li et al., 2021), DeepONet (Lu et al., 2021), PINNs (Raissi
et al., 2019), and FNO (Li et al., 2020) for both directions
with sparse observations, demonstrating the novelty and
uniqueness of our approach. For the inverse problems of the
Poisson and Helmholtz equations, DiffusionPDE exhibits
higher error rates due to the insufficient constraints within
the coefficient space, produced from random fields. In Fig.
4, we visualize the results for solving both the forward and
inverse problem of the non-bounded Navier-Stokes. We re-
fer to the supplementary for additional visual results. While
other methods may produce partially correct results, Dif-
fusionPDE outperforms them and can recover results very
close to the ground truth.

For the inverse problem of the bounded Navier-Stokes equa-
tion, we further compare DiffusionPDE with GraphPDE,
as illustrated in Fig. 5. Our findings reveal that Diffusion-
PDE surpasses GraphPDE (Zhao et al., 2022) in accuracy,
reducing the relative error from 12.0% to 2.7% with only
1% observed points.

We further show whether DiffusionPDE can jointly recover
both a and u by analyzing the retrieved a and u with sparse
observations on different sides as well as on both sides. In
Fig. 2, we recover the coefficients and solutions of Darcy
Flow by randomly observing 500 points on only coefficient
space, only space solution space, and both. Both coeffi-
cients and solutions can be recovered with low errors for
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Ground Truth Observed Final State Cylinder Boundary

GraphPDE DiffusionPDE Ground Truth

v

Inverse

—

e

Final State
Initail State

"

"

“w

1% Random Points

Relative Error: 12.0%

Relative Error: 2.7%

Figure 5. We compare GraphPDE (Zhao et al., 2022) and our method for solving the inverse bounded Navier-Stokes equation. Given the
boundary conditions and 1% observations of the final vorticity field, we solve the initial vorticity field. We set the fliuds to flow in from
the top, with boundary conditions at the edges and a middle cylinder. While GraphPDE can recover the overall pattern of the initial state,
it suffers from noise when the fluid passes the cylinder and misses the high vorticities at the bottom.

each situation. We therefore conclude that DiffusionPDE
can solve the forward problem and the inverse problem si-
multaneously with sparse observations at any side without
retraining our network.

4.5. Recovering Solutions Throughout a Time Interval

We demonstrate that DiffusionPDE is capable of retriev-
ing all time steps throughout the time interval [0, 7] from
continuous observations on sparse sensors. To evaluate its
ability to recover ug.z with sparse sensors, we study the
1D dynamic Burgers’ equation, where DiffusionPDE learns
the distribution of ug.7 using a 2D diffusion model. To ap-
ply continuous observation on PINO, DeepONet, FNO, and
PINNSs, we train them on neighboring snapshot pairs. Our
experiment results in a test relative error of 2.68%, depicted
in Fig. 4, which is significantly lower than other methods.

4.6. Additional Analysis

We examine the effects of different components of our al-
gorithm such as PDE loss and observation samplings. We
strongly encourage readers to view the supplementary for
more details of these analyses as well as additional experi-
ments.

PDE Loss. To verify the role of the PDE guidance loss of
Eq. 8 during the denoising process, we visualize the errors
of recovered a and u of Helmholtz equation with or without
PDE loss. Here, we run our DPS algorithm with 500 sparse
observed points on both the coefficient a and solution u
and study the effect of the additional PDE loss guidance.
The relative error of u reduces from 9.3% to 0.6%, and the
relative error of a reduces from 13.2% to 9.4%. Therefore,
we conclude that PDE guidance helps smooth the prediction
and improve the accuracy.

Number of Observations. We examine the results of Dif-
fusionPDE in solving forward and inverse problems when
there are 100, 300, 500, and 1000 random observations on a,
u, or both a and u. The error of DiffusionPDE decreases as

the number of sparse observations increases. DiffusionPDE
is capable of recovering both a and u with errors 1% ~ 10%
with approximately 6% observation points at any side for
most PDE families. DiffusionPDE becomes insensitive to
the number of observations and can solve the problems well
once more than 3% of the points are observed.

Observation Sampling Pattern We show that Diffusion-
PDE is robust to different sampling patterns of the sparse ob-
servations, including grid and non-uniformly concentrated
patterns. Note that even when conditioned on the full obser-
vations, our approach performs on par with the current best
methods, likely due to the inherent resilience of our guided
diffusion algorithm.

5. Conclusion and Future Work

In this work, we develop DiffusionPDE, a diffusion-based
PDE solver that addresses the challenge of solving PDEs
from partial observations by filling in missing information
using generative priors. We formulate a diffusion model
that learns the joint distribution of the coefficient (or initial
state) space and the solution (or final state) space. During
the sampling process, DiffusionPDE can flexibly generate
plausible data by guiding its denoising with sparse mea-
surements and PDE constraints. Our new approach leads to
significant improvements over existing state-of-the-art meth-
ods, advancing toward a general PDE-solving framework
that leverages the power of generative models.

Several promising directions for future research have
emerged from this work. Currently, DiffusionPDE is limited
to solving slices of 2D dynamic PDEs; extending its capabil-
ities to cover full time intervals of these equations presents a
significant opportunity. Moreover, the model’s struggle with
accuracy in spaces that lack constraints is another critical
area for exploration. DiffusionPDE also suffers from a slow
sampling procedure, and a faster solution might be desired.
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Impact Statement

Our work, which concentrates on solving both forward and
inverse problems of partial differential equations (PDEs)
with sparse observations, promises to significantly advance
scientific and engineering disciplines that rely on these com-
putations. The potential negative impacts are minimal, as
this research primarily aims to provide more accurate and
efficient computational methods without adverse effects on
existing systems or practices.
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Appendix
A. Overview

In this supplementary material, we provide detailed additional content that complements the main paper. Section B
elaborates on the implementation of our data generation process. Section C includes the detailed implementation of our
sampling progress, while Section D delves into the reductions in error achieved by integrating PDE loss. Section E includes
comprehensive visual results for both forward and inverse computations using sparse observations, not featured in the main
text. In Section F, we discuss results from full observation scenarios for all methods. Section G justifies our choice of
training the baselines on complete observation data. To evaluate the stability of DiffusionPDE, Section H includes the
standard deviation of DiffusionPDE, and Section I examines the robustness of our DiffusionPDE model against random
noise or different observation locations. Section J explores the effects of varying observation numbers on result accuracy,
providing a deeper understanding of our model’s performance under different conditions. Finally, Section K studies the
performance of DiffusionPDE across different resolutions.

B. Data Generation Details

We generate 50,000 samples for each PDE and all diffusion models are trained on Nvidia A40 GPUs.

B.1. Static PDEs

We derived the methods of data generation for static PDEs from (Li et al., 2020). We first generate Gaussian random fields
on (0, 1) so that o ~ N (0, (—A + 9I)~2). For Darcy Flow, we let a = f (1) so that:

a(z) =12, if p(z) >0
a(z) =3, if u(z) <0

For the Poisson equation and Helmholtz equation, we let a = p as the coefficients. We then use second-order finite
difference schemes to solve the solution u and enforce the no-slip boundary condition for solutions by multiplying a mollifier
sin(wzy) sin(mzz) for point x = (1, x2) € (0,1)2. Both a and u have resolutions of 128 x 128.

B.2. Non-bounded Navier-Stokes Equation

We derived the method to generate non-bounded Navier-Stokes equation from (Li et al., 2020). The initial condition wy is
generated by Gaussian random field NV/(0, 715 (—A + 49T)~2:5). The forcing function follows the fixed pattern for point
(xla X 2):

q(x) = Tlo(sin(%r(m + 29)) + cos(2m(z1 + 22)))

We then use the pseudo-spectral method to solve the Navier-Stokes equations in the stream-function formulation. We
transform the equations into the spectral domain using Fourier transforms, solving the vorticity equation in the spectral
domain, and then using inverse Fourier transforms to compute nonlinear terms in physical space. We simulate for 1 second
with 10 timesteps, and w; has a resolution of 128 x 128.

B.3. Bounded Navier-Stokes Equation

We use Difftaichi (Hu et al., 2019) to generate data for the bounded Navier-Stokes equation. Specifically, we apply the
Marker-and-Cell (MAC) method by solving a pressure-Poisson equation to enforce incompressibility and iterating through
predictor and corrector steps to update the velocity and pressure fields. The grid is of the resolution 128 x 128 and the center
of the cylinder is at a random location in [30, 60] x [30, 90] with a random radius in [5, 20]. The fluid flows into the grid
from the upper boundary with a random initial vertical velocity in [0.5, 3]. We simulate for 1 second with 10 timesteps and
study steps 4 to 8 when the turbulence is passing the cylinder.

B.4. Burgers’ Equation

We derived the method to generate Burgers’ equation from (Li et al., 2020). The initial condition wg is generated by Gaussian
random field \V'(0, 625(—A + 25I) ~2). We solve the PDE with a spectral method and simulate 1 second with 127 additional
timesteps. The final ug.7 space has a resolution of 128 x 128.
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C. Guided Sampling Details

For experiments with sparse observations or sensors, we find that DiffusionPDE performs the best when weights ( are
selected as shown in Table 2. During the initial 80% of iterations in the sampling process, guidance is exclusively provided
by the observation loss L,s. Subsequently, after 80% of the iterations have been completed, we introduce the PDE loss
Lyqe, and reduce the weighting factor (., for the observation loss, by a factor of 10. This adjustment shifts the primary
guiding influence to the PDE loss, thereby aligning the diffusion model more closely with the dynamics governed by the
partial differential equations.

Table 2. The weights assigned to the PDE loss and the observation loss vary depending on whether the observations pertain to the
coefficients (or initial states) a or to the solutions (or final states) wu.

Darcy Flow Poisson  Helmholtz Non-bounded Bounded Burgers’
Navier-Stokes Navier-Stokes equation
¢ 2.5 x10°  4x10*> 2x10° 5 x 10 2.5 x 10 3.2 x 10
obs 10° 2x 10" 3x10*  5x 102 2.5 x 102 -
Cpde 103 102 102 102 102 102

D. Improvement in Prediction through PDE Loss Term

DiffusionPDE performs better when we apply the PDE loss term £,,4. in addition to the observation loss term L5 as
guidance, as shown in Table 3. The errors in both the coefficients ( initial states) a and the solutions (final states) u
significantly decrease. We also visualize the recovered a and u and corresponding absolute errors of Darcy Flow, Poisson
equation, and Helmholtz equation in Fig. 6. It is demonstrated that the prediction becomes more accurate with the combined
guidance of PDE loss and observation loss than with only observation loss.

Table 3. DiffusionPDE’ prediction errors of coefficients (initial states) a and solutions (final states) u with sparse observation on both a
and u, guided by different loss functions.

Loss Function Side Darcy Flow Poisson Helmholtz Non-bounded Bounded
Navier-Stokes Navier-Stokes
r a 4.6% 12.1% 13.2% 8.2% 6.4%
obs U 4.8% 6.5% 9.3% 7.6% 3.3%
Lore i L 3.4% 10.3% 9.4% 4.9% 1.7%
obs T ~pde 1.7% 0.3% 0.6% 0.6% 1.4%
Guided with Guided with PDE Loss Guided with Guided with PDE Loss

Observation Loss and Observation Loss Ground Truth Observation Loss and Observation Loss

Recovered Coefficients
Coefficient Absolute Error

Error Rate: 3.3% Error Rate: 2.6%

LY

Recovered Solutions
Solution Absolute Error

Relative Error: 5.1% Relative Error: 0.9%

(a) Recovered coefficients, solutions, and corresponding absolute errors of Darcy Flow.
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Guided with Guided with PDE Loss Guided with Guided with PDE Loss
Observation Loss and Observation Loss Ground Truth Observation Loss and Observation Loss

Recovered Coefficients
Coefficient Absolute Error

Relative Error: 12.1% Relative Error: 10.3%

Recovered Solutions
Solution Absolute Error

Relative Error: 6.5% Relative Error: 0.3%
(b) Recovered coefficients, solutions, and corresponding absolute errors of Poisson equation.

Guided with Guided with PDE Loss Guided with Guided with PDE Loss
Observation Loss and Observation Loss Ground Truth Observation Loss and Observation Loss
a—

Recovered Coefficients
Coefficient Absolute Error

Relative Error: 13.2% Relative Error: 9.4%

/////” il
/ W 92#/%{2

Recovered Solutions
Solution Absolute Error

Relative Error: 9.3% Relative Error: 0.6%
(c) Recovered coefficients, solutions, and corresponding absolute errors of Helmholtz equation.

Figure 6. Recovered coefficients, solutions, and their corresponding visualized absolute errors for various PDE families.

E. Additional Results on All PDEs with Sparse Observation

We present the recovered results of another Burgers’ equation in Fig. 8. DiffusionPDE outperforms all other methods with 5
sensors for continuous observation. We also present the recovered results for both the forward and inverse problems of all
other PDEs with sparse observations, as shown in Fig. 7. Specifically, we solve the forward and inverse problems for the
Darcy Flow, Poisson equation, Helmholtz equation, and non-bounded Navier-Stokes equation using 500 random points
observed in either the solution space or the coefficient space. Additionally, for the bounded Navier-Stokes equation, we
observe 1% of the points in the velocity field. Our findings indicate that DiffusionPDE outperforms all other methods,
providing the most accurate solutions.

Additional Data Setting for Darcy Flow To further demonstrate the generalization capability of our model, we conducted
additional tests on different data settings for Darcy Flow. In Fig. 9, we solve the forward and inverse problems of Darcy
Flow with 500 observation points, adjusting the binary values of a to 20 and 16 instead of the original 12 and 3 in Section B.
Our results indicate that DiffusionPDE performs equally well under these varied data settings, showcasing its robustness and
adaptability.
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Observations Ground Truth DiffusionPDE DeepONet PINO PINNs
:g Forward é
£ E
" (=]
8 %]
X .::500 Random Points Relative Error: 2.5% Relative Error: 38.3% Relative Error: 35.2% Relative Error: 28.2% Relative Error: 48.8%
RTINS et ] ] ) ]

Inverse

Solutions
Coefficients

]

X Error Rate: 3.2% Error Rate: 41.1% Error Rate: 49.2% Error Rate: 49.3% Error Rate: 59.7%

(a) Forward and inverse results of Darcy Flow recovered by 500 observation points.
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(b) Forward and inverse results of Poisson equation recovered by 500 observation points.
Observations Ground Truth DiffusionPDE DeepONet PINO FNO PINNs

w L
2 Forward ‘5 ' ' .
£ y a2
) % . a
- X 7~~_:500 Random Points Relative Error: 8.8% Relative Error: 123.1%Relative Error: 106.5% Relative Error: 98.2% Relative Error: 142.3%

=
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(c) Forward and inverse results of Helmholtz equation recovered by 500 observation points.
Observations Ground Truth DiffusionPDE DeepONet PINO FNO PINNs
9 - 3 ‘
(‘,).3 Forward %
2 e
£ 5 =
'x ‘ -'_:500 Random Points Relative Error: 5.7% Relative Error: 100.1% Relative Error: 99.5% Relative Error: 99.1% Relative Error: 141.1%
A el Y -
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E] Inverse % ” g
%] .
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(d) Forward and inverse results of another non-bounded Navier-Stokes equation recovered by 500 observation points.
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(e) Forward and inverse results of bounded Navier-Stokes equation recovered by 1% observation points.
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(f) Inverse results of DiffusionPDE and GraphPDE of another bounded Navier-Stokes equation recovered by 1% observation points and
the known boundary of the cylinder.

Figure 7. Results of forward and inverse problems for different PDE families with sparse observation.
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Figure 8. Results of another Burgers’ equation recovered by 5 sensors throughout the time interval.
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Figure 9. Forward and inverse results of Darcy Flow recovered by 500 observation points under a different data setting.

F. Solving Forward and Inverse Problems with Full Observation

We have also included the errors of all methods when solving both the forward and inverse problems with full observation,
as displayed in Table 4. In general, DiffusionPDE and PINO outperform all other methods, and DiffusionPDE performs the
best for all static PDEs. DiffusionPDE is capable of solving both forward and inverse problems with errors of less than 10%
for all classes of discussed PDEs and is comparable to the state-of-the-art.

16



DiffusionPDE: Generative PDE-Solving Under Partial Observation

Table 4. Relative errors of solutions (or final states) and coefficients (or initial states) when solving forward and inverse problems with full
observations. Error rates are used for the inverse problem of Darcy Flow.

DiffusionPDE ~ PINO  DeepONet PINNs FNO

Darey Fl Forward 2.2% 4.0% 12.3% 15.4% 5.3%

arcy rlow Inverse  2.0% 2.1% 8.4% 10.1%  5.6%
Poisson Forward 2.7% 3.7% 14.3% 16.1% 8.2%

01580 Inverse  9.8% 102%  29.0%  33.1% 13.6%
Helmholt Forward 2.3% 4.9% 17.8% 18.1% 11.1%

¢imhott Inverse  4.0% 4.9% 28.1%  292%  5.0%
Non-bounded Forward 6.1% 1.1% 25.6% 27.3% 2.3%
Navier-Stokes Inverse 8.6% 6.8% 19.6% 27.8% 6.8%
Bounded Forward 1.7% 1.9% 13.3% 18.6% 2.0%
Navier-Stokes Inverse 1.4% 2.9% 6.1% 7.6% 3.0%

G. Training Baselines Methods on Partial Inputs

For our main experiments, we opt to train the baseline models (PINO, DeepONet, PINNs, FNO) on full observations for
several compelling reasons: First, physics-informed models such as PINNs and PINO are unable to effectively compute the
PDE loss when only sparse observations are available. Second, other models like DeepONet and FNO perform poorly with
sparse observations. For instance, training the DeepONet model on 500 uniformly random points for each training sample in
the context of the forward problem of Darcy Flow leads to testing outcomes that are consistently similar, as illustrated in
Fig. 10, regardless of the testing input. This pattern suggests that the model tends to generate a generalized solution that
minimizes the average error across all potential solutions rather than converging based on specific samples. Furthermore,
the partial-input-trained model exhibits poor generalization when faced with a different distribution of observations from
training, indicating that it lacks flexibility—a critical attribute of our DiffusionPDE.

500 Observed Points 1000 Observed Points Full Observation

Figure 10. Predicted solutions obtained using the DeepONet model trained with 500 observation points across different numbers of
observation points.

H. Standard Deviation of DiffusionPDE Experiment Results

We further assess the statistical significance of our DiffusionPDE by analyzing the standard deviations for forward and
inverse problems under conditions of 500 sparse observation points and full observation, respectively, as detailed in Table 5.
We evaluate our model using test sets comprising 1,000 samples for each PDE. Our findings confirm that full observation
enhances the stability of the results, a predictable outcome as variability diminishes with an increase in observation
points. The standard deviations are notably higher for more complex PDEs, such as the inverse problems of the Poisson
and Helmholtz equations, reflecting the inherent challenges associated with these computations. Overall, DiffusionPDE
demonstrates considerable stability, evidenced by relatively low standard deviations across various tests.

I. Robustness of DiffusionPDE

We find that DiffusionPDE is robust against sparse noisy observation. In Fig. 11, we add Gaussian noise to the 500 observed
points of Darcy Flow coefficients. Our DiffusionPDE can maintain a relative error of around 10% with a 15% noise level
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Table 5. Standard deviation of DiffusionPDE when solving forward and inverse problems with sparse or full observations regarding
different kinds of PDEs.

Sparse Observations ~ Full Observations

Darcy Flow Forward 2.5+ 0.7% 2.240.1%
Y Inverse 3.2+ 0.9% 2.040.1%
Poisson Forward 4.5+ 0.9% 2.7+ 0.1%
Inverse 20.0 + 1.8% 9.8 +0.7%
Helmholtz Forward 8.8+ 1.0% 2.3+ 0.1%
Inverse 22.6 +1.7% 4.0 +0.6%
Non-bounded Forward 6.9+ 0.9% 6.1+0.2%
Navier-Stokes Inverse 10.4 £ 1.0% 8.6 + 0.3%
Bounded Forward 3.9+0.2% 1.7+ 0.1%
Navier-Stokes Inverse 2.7+ 0.2% 1.44+0.1%
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Figure 11. Relative errors of recovered Darcy Flow solutions with sparse noisy observation.
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Figure 12. Recovered solutions for Darcy Flow with noisy observations.

concerning the forward problem, and the recovered solutions are shown in Fig. 12. Baseline methods such as PINO also
exhibit robustness against random noise under sparse observation conditions; this is attributed to their limited applicability
to sparse observation problems, leading them to address the problem in a more randomized manner.

Robustness on Sampling Patterns Moreover, as mentioned in the main document, we investigate the robustness of
DiffusionPDE on different sampling patterns of the observation points. Here, we address the forward problem of Darcy
Flow using 500 observed coefficient points, which are non-uniformly concentrated on the left and right sides or are regularly
distributed across the grid, as depicted in Fig. 13. Our results demonstrate that DiffusionPDE flexibly solves problems with
arbitrary sparse observation locations within the spatial domain, without re-training the neural network model.
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Figure 13. Recovered solutions for Darcy Flow with observations sampled using non-uniform distributions.

J. Solving Forward and Inverse Problems with Different Numbers of Observations

We also investigate how our DiffusionPDE handles varying degrees of sparse observation. Experiments are conducted on
the Darcy Flow, Poisson equation, Helmholtz equation, and non-bounded Navier-Stokes equation. We examine the results of
DiffusionPDE in solving forward and inverse problems when there are 100, 300, 500, and 1000 random observations on a,
u, or both a and u, as shown in Fig. 14.
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Figure 14. Error rate or relative error of both coefficients (or initial states) a and solutions (or final states) u with different numbers of
observations.
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We have observed that the error of DiffusionPDE decreases as the number of sparse observations increases. Overall, we
recover u better than a. DiffusionPDE can recover u with approximately 2% observation points at any side pretty well.
DiffusionPDE is also capable of recovering both a and v with errors 1% ~ 10% with approximately 6% observation
points at any side for most PDE families. We also conclude that our DiffusionPDE becomes insensitive to the number of
observations once more than 3% of the points are observed.

K. Solving Forward and Inverse Problems across Varied Resolutions

To evaluate the generalizability of DiffusionPDE, we implemented the model on various resolutions, including 64 x 64 and
256 x 256, while maintaining the same percentage of observed points. For resolutions of 64 x 64, 128 x 128, and 256 x 256,
we observe 125, 500, and 2000 points on a or u respectively, which are approximately 3% for each resolution. Overall,
DiffusionPDE is capable of handling different resolutions effectively. For instance, Table 6 presents the forward relative
errors of the solution u and inverse error rates of the coefficient a for the Darcy Flow, demonstrating that DiffusionPDE
performs consistently well with similar error rates across various resolutions.

Table 6. Forward relative errors and inverse error rates of Darcy Flow across different resolutions.

Resolution Forward Relative Error  Inverse Error Rate

64 x 64 2.9% 4.3%
128 x 128 2.5% 3.2%
256 x 256 3.1% 4.1%
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