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Abstract

It is commonly believed that optimizing the reverse KL divergence result in “mode1

seeking”, while optimizing forward KL result in “mass covering”, with the latter2

being preferred if the goal is to sample from multiple diverse modes. We show—3

mathematically and empirically—that this intuition does not necessarily transfer4

well to doing reinforcement learning with reverse/forward KL regularization (as5

used with verifiable rewards, human feedback, and reasoning tasks). Instead, the6

choice of reverse/forward KL determines the family of target distributions which7

maximizes the objective, while mode coverage depends primarily on other factors,8

such as regularization strength. Further, we show commonly used settings such9

as low regularization strength and equal verifiable rewards tend to specify uni-10

modal target distributions, meaning the optimization objective is by construction11

non-diverse. Finally, we leverage these insights to construct a simple, theoretically12

principled algorithm which explicitly optimizes for a multi-modal target distribution13

that puts high probability over all high quality samples. We show this works to14

post-train LLMs to have high solution diversity with both forward and reverse KL,15

when using either the forward or reverse KL naively fails.16

1 Introduction17

Reinforcement Learning (RL) is now the predominant way of post-training Large Language Models18

(LLMs) to be proficient at various tasks and to do reasoning. At its core, the problem involves solving19

a KL-regularized reward maximization problem, where the LLM is trained to maximize an external20

reward, while preserving “closeness” to a base policy as measured by KL divergence. However, it21

has been found that RL tends to collapse the policy distribution, leading to a lack of diversity in the22

trained model (Kirk et al., 2023). A number of works have sought out to address this, such as by23

explicitly incorporating diversity rewards (Li et al., 2025), changing the KL regularizer (Wang et al.,24

2023), or selecting data in a way that promotes diversity (Lanchantin et al., 2025).25

In this work, we take a step back and ask a more fundamental question: does the objective we are26

optimizing have a solution that is diverse? In other words, if we perfectly solve the RL problem in the27

limit of compute, will we get the solution that we want? We find that with current set-ups, the answer28

is often “no”. Concretely, we theoretically show the properties of the solution distribution depend29

on an interplay between the reward function, reference / base model, and the regularization strength.30

Interestingly, the properties are predictable, and we can prove that under typical settings (such as31

weak KL regularization and using the same reward for all correct answers) the optimal solution is by32

construction non-multimodal. Using the same insights, we can derive conditions under which we33

can achieve diverse outcomes, by specifying a different, multi-modal target distribution to optimize34

towards. This is principled, requires minimal changes to the KL-regularized RL objective, and uses35

no additional information beyond the reward and reference model.36

Our contributions are as follows,37
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1. We show RL with different KL-regularization have different families of solution distributions,38

with levels of mode coverage depending primarily on regularization strength and reward39

shapes, rather than the type of KL (potentially contrary to commonly beliefs).40

2. We show that with typically used RL hyperparameters, the solution distribution RL optimizes41

towards is often by definition uni-modal, regardless of the type of regularizer, making42

diversity collapse a natural consequence of solving the RL problem.43

3. We derive conditions required for multi-modal solution distributions, and use this insight to44

construct a simple and principled RL algorithm that directly optimizes for multi-modality,45

without the need for any external diversity signals.46

2 The Kullback-Leibler (KL) Divergence47
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(a) Restrictive (Gaussian) approximation

2.5 0.0 2.5
0.000

0.025

0.050

0.075

Re
ve

rs
e 

KL

Step 0

2.5 0.0 2.5
0.000

0.025

0.050

0.075

Step 50

2.5 0.0 2.5
0.000

0.025

0.050

0.075

Step 400

2.5 0.0 2.5
0.000

0.025

0.050

0.075

Fo
rw

ar
d 

KL

Step 0

2.5 0.0 2.5
0.000

0.025

0.050

0.075

Step 50

2.5 0.0 2.5
0.000

0.025

0.050

0.075

Step 400

(b) Flexible (categorical) approximation

Figure 1: Illustration of how the choice of approximate distribution family affects KL optimization.
With a restrictive approximate distribution (e.g. two-parameter Gaussian), KL exhibit the typical
“mode seeking” and “mass covering” characteristics. This intuition does not necessarily hold for
flexible distributions (e.g. independent categoricals, language models).

The Kullback–Leibler (KL) divergence (Kullback and Leibler, 1951) measures the discrepancy48

between two probability distributions. In machine learning, it is commonly used in variational49

inference (VI), where minimizing the KL divergence enables a tractable variational distribution q50

to approximate an intractable posterior p (Jordan et al., 1999; Blei et al., 2017). Beyond VI, KL51

divergence plays an important role in RL (Chan et al., 2022), such as in regularizing an LLM policy52

from drifting too far from a pretrained base model (Ouyang et al., 2022).53

Following Murphy (2012), we refer to DKL(q||p) = Eq[log q(y) − log p(y)] as the reverse KL54

divergence, and DKL(p||q) = Ep[log p(y)− log q(y)] as the forward KL divergence. Reverse KL is55

often described as “mode seeking”, avoiding mass where p is small (Figure 1a, top), while forward56

KL is often described as “mass covering”, putting mass anywhere p has mass (Figure 1a, bottom).57

These intuitions hold if the variational family is not sufficiently expressive and the objective cannot58

be fully optimized (Bishop and Nasrabadi, 2006; Murphy, 2012). With a flexible family, however,59

optimizing either KL to optimum can well-approximate a complex posterior (Figure 1b).60

3 KL-Regularized Reward Maximization61

KL-regularized reward maximization aims to (i) maximize a reward function R : Y → R, mapping62

from samples to a scalar outcome (e.g. improve human preference), while (ii) keeping the policy πθ63

close to a reference distribution πref (e.g. maintain grammatical coherence). The objective is,64

J(πθ) = Eπθ(y)[R(y)]− β D
(
πθ, πref

)
, (1)

where D(·, ·) denotes a divergence between the policy and reference distributions. For brevity, we65

consider the unconditional generation problem where the policy models distribution πθ(y). Note that66

the problem is the same in the case of conditional generation (e.g. question answering), where the67

objective is simply defined over the conditional distribution πθ(y|x).68

In this section, we consider the solution / target distribution of KL-regularization reward69

maximization—i.e. the distribution which maximizes the objective. The central question is:70
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If we perfectly solve the RL problem at the limit of compute, what does the solution71

policy distribution look like?72

3.1 Solution of the Reverse KL Regularized Objective73

The most common KL-regularized policy gradient objective uses the reverse KL divergence,74

Jβ(πθ) = Eπθ(y)[R(y)]− β DKL

(
πθ||πref

)
. (2)

A number previous works have discussed the solution / optimal distribution of this optimization75

problem (Korbak et al., 2022; Go et al., 2023; Rafailov et al., 2023), which we note again below.76

Remark 3.1. The optimal solution to the reverse-KL regularized reward maximization problem,77

argmaxπθ
Jβ(πθ), is given by the solution distribution π∗ = Gβ ,78

Gβ(y) =
1

ζ
πref(y) exp

(R(y)

β

)
, (3)

where ζ =
∫
πref(y) exp(R(y)/β) dy is the normalizing constant.79

Proof. Appendix B.1.80

3.2 Gradient of the Reverse KL Regularized Objective81

Remark 3.1 tells us the solution distribution maximizing Equation 2 is πθ = Gβ . However, it may82

not be immediately obvious how the gradient of Equation 2, ∇θ Jβ(πθ), moves πθ toward Gβ . We83

analyze this to understand the behaviour of optimizing Equation 2.84

Remark 3.2. The gradient of Equation 2 is a gradient of the reverse KL divergence between the85

current policy πθ and the target distribution Gβ ,86

∇θ DKL

(
πθ ||Gβ) ∝ −∇θ Jβ(πθ) . (4)

Proof. Appendix B.2.87

Therefore, optimizing Equation 2 to optimum with a flexible policy distribution will give us Gβ .88

Main Takeaway

Maximizing the reverse-KL regularized RL objective Jβ (Equation 2) is equivalent to doing
distribution matching by minimizing a reverse KL toward the target distribution Gβ (Equation 3).

89

3.3 Solution of the Forward KL Regularized Objective90

Alternatively, we can regularized the reward maximizaztion with a forward KL penalty,91

Jfwd(πθ) = Eπθ(y)[R(y)]− β DKL

(
πref||πθ

)
. (5)

A number of recent works have used forward KL regularization. Some are motivated explicitly by92

the “mass covering” intuition of the forward KL (Wang et al., 2023), while others—such as GRPO93

(Shao et al., 2024)—may have incidentally estimated the forward KL, despite being motivated by94

using the reverse KL (Tang and Munos, 2025).95

Remark 3.3. The optimal solution to the forward-KL regularized reward maximization problem,96

argmaxπθ
Jfwd, is given by the solution distribution:97

Gfwd(y) =
β πref(y)

Λ−R(y)
, Λ > max

y
R(y) , (6)

where Λ is chosen such that Gfwd is a valid probability distribution.98

Proof. Appendix B.3.99
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Notably, Equation 6 yields a completely different distribution family from the reverse KL case100

(Equation 3). Unlike the reverse case, it does not have a closed form solution and requires solving Λ101

for each value of β. Moreover, while the gradient of the reverse-KL regularized objective is itself a102

reverse KL gradient (Remark 3.2), the gradient of the forward-KL regularized objective (Equation 5)103

is not a forward KL gradient. Consequently, optimizing Equation 5 does not necessarily inherit the104

properties of a “forward KL gradient”, such as common intuitions about “mass seeking”. While it105

may still have desirable properties, a deeper analysis of this gradient is left for future work.106

Main Takeaway

Maximizing the forward-KL regularized objective Jfwd (Equation 5) does not yield a forward-KL
gradient, so its behaviour cannot be naively equated to forward-KL optimization.

107

3.4 Computing a Forward KL Gradient108

If not Equation 5, what is the forward KL toward the target Gβ , then?109

Remark 3.4. The gradient of the forward KL divergence between policy πθ and target Gβ is,110

∇θ DKL

(
Gβ ||πθ

)
= −EGβ

[
∇θ log πθ(y)

]
. (7)

Proof. See Appendix B.4.111

We see that optimizing the forward KL gradient amounts to doing maximum likelihood / supervised112

fine-tuning on trajectories sampled from the target distribution Gβ . This is generally intractable as113

it requires sampling from Gβ , which we do not have. Nevertheless, this does give some insights114

into algorithms such as RAFT (Dong et al., 2023; Xiong et al., 2025) which filter high-reward115

trajectories to do maximum likelihood. One can interpret filtering as constructing an approximate116

target distribution (that puts high mass over high-reward regions) and optimizing a forward KL.117

3.5 Both KL Regularization Have Multimodal Solution Distributions118
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Figure 2: Final policy distribution from optimizing a reverse/forward KL regularized reward maxi-
mization objective, given the same reward function, reference policy, across a range of regularization
strengths (β). Note that both KLs can lead to multi-modal solution distributions.

It is worth briefly noting that the solution distributions for both reverse (Equation 3) and forward119

(Equation 6) KL regularization can be multi-modal. We show this in a didactic example in Figure 2,120

where given the same reward function containing two high-reward modes, and a reference policy121

with support over the first half of the token space, optimizing the reverse and forward KL objectives122

lead to a wide variety of solutions that depend on the regularization coefficient β. Both KLs have123

settings of β that induce multi-modal solution distributions. We analyze the properties of the target124

distribution in the subsequent section, and return to the Figure 2 example in detail in Section 4.3.125

4 Analysis of KL Regularized Optimal Distribution126

We have seen in Section 3.5 that both KL-regularized reward maximization objectives can have127

multi-modal solutions, and that optimizing either the reverse or the forward KL gradient can lead to128

4



good approximations of the solution distribution, if done to optimum (Section 2). However, the shape129

of the solution distribution depend heavily on the reward, reference distribution, and regularization130

strength. This begs the central question of this section:131

Is the solution we are optimizing for actually multi-modal?132

Definition 4.1. (Informal) A solution distribution for KL-regularized reward maximization is “multi-133

modal” if all high-reward samples have high probability.134

We will use Definition 4.1 as a loose working definition going forward. The central tools we will use135

in this section will be a probability ratio between two samples under a distribution. Intuitively, we136

want (i) high-reward samples to be much more probable than low-reward samples, and (ii) similarly137

high-reward samples to have similar high probabilities. We focus our analysis on the solution of138

the reverse-KL regularized objective (Equation 3), both for its clean form and because it is the most139

common way KL-regularized RL is formulated.140

Proposition 4.2. The (log) probability ratio between any two samples, y1, y2, under the optimal141

solution distribution for reverse-KL regularized RL, Gβ , can be written in closed form,142

log
Gβ(y1)

Gβ(y2)
= log

πref(y1)

πref(y2)
+

1

β

(
R(y1)−R(y2)

)
. (8)

Proof. Because normalization constant ζ cancel out in ratios. See Appendix B.5.143

This means that we can exactly compute how likely one sample is relative to another in the optimal144

final solution, using only πref and the reward function R. We see there are a number of consequential145

insights about the objective we are optimizing for.146

4.1 With equal supports, small reward differences lead to large probability differences147

Remark 4.3. For any two samples y1 and y2, if πref(y1) = πref(y2), their probability ratio is:148

log
Gβ(y1)

Gβ(y2)
=

1

β

(
R(y1)−R(y2)

)
. (9)
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R(y1) R(y2)

104
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Figure 3

In words, for two samples that have the same probability under the reference149

distribution (“equal support”), the difference in their final log probabilities is150

simply the difference in their rewards, scaled by 1/β. Smaller β exaggerates151

the difference between their log probability ratios. Note a linear difference152

in rewards result in an exponential difference in probabilities: for a 0.1153

difference in rewards, and a commonly used β = 1e-3, the higher reward154

sample is 2.6× 1043 times more likely in the solution distribution (Figure 3).155

This suggests for commonly used hyperparameter settings, the solution156

distribuiton is highly concentrated around its mode.157

To build additional intuition and empirically validate the theory, we use a didactic example where we158

optimize a categorical distribution using KL regularized RL (details in Appendix C.1). We observe in159

Figure 4 that regularization strength β controls the difference in rewards, and below some threshold160

of regularization the solution policy becomes uni-modal.161

4.2 With equal rewards, solution never prefers off-support samples162

We now analyze the case where the correct solutions all have equal reward. This is a common set-up163

for the case of RL with verifiable reward (e.g. math), where a correct answer is usually given a reward164

of 1, and incorrect answers given reward of 0.165

Remark 4.4. For any two samples with the same reward, R(y1) = R(y2), their probability ratio is:166

log
Gβ(y1)

Gβ(y2)
= log

πref(y1)

πref(y2)
. (10)

In words, their relative probabilities in the solution is simply their relative probabilities in the167

reference distribution, and do not depend on the KL-regularization strength β. In other words, with168

identical rewards, RL only changes the relative probability between correct and incorrect answers,169

but not between on- and off-support correct answers. Setting a lower regularization strength β only170

5
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Figure 4: (Left) Reward function and reference distribution. (Right) Empirical distribution after
optimizing the regularized RL for 1000 gradient steps, with reverse KL regularization (top) or forward
KL regularization (bottom). Regularization strength β controls the difference in probability between
differently rewarding regions, with a low β concentrating all mass on the highest reward mode.

encourages the correct answers to become relatively more likely, but do not encourage more off-171

support answers. Said another way, the RL with equal verifiable reward objective by construction172

discourages off-support answers.173

We empirically verify this prediction in Figure 5. We see that the final policy distribution never174

favours the (equally correct) off-support mode. This is not an issue with exploration: we will see175

in the subsequent section and Figure 2 that with a small change in reward we can indeed optimize176

for a distribution that equally weights or even prefers the off-support solution. This also provides an177

explanation for methods that have demonstrated RL being able to discover abilities not present in the178

base model: they can only do so by changing the reference policy, for e.g. through periodic resets to179

the most recent online policy (Liu et al., 2025).180
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Figure 5: (Left) Reward function with identical reward for correct answers, and reference distribution
with support over first half of token space. (Right) Empirical distribution after optimizing the
regularized RL objective with reverse KL regularization (top) or forward KL regularization (bottom).

Main Takeaway

KL-regularized RL does not increase the probability of off-support samples relative to on-support
ones as long as their rewards are the same. Lowering the KL regularization strength β has no
effect on up-weighting off-support samples.

181
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4.3 For unequal rewards and supports, regularization strength determines mode coverage182

When two trajectories have different rewards and different probabilities under the reference policy, a183

unique setting of β will induce the two to have the same probability in the solution distribution.184

Remark 4.5. Two samples have the same probability in the target distribution if,185

R(y2)−R(y1) = β
(
log πref(y1)− log πref(y2)

)
. (11)

186

This condition allow us to predict, given only the reward and reference policy, when two samples will187

have the same probabilities in the solution to the RL problem. As an example, we know in Figure 2188

that the two high-reward modes have rewards 0.75 and 1.0, and reference policy probabilities of189

log πref(y1) ≈ −4.05 and log πref(y2) ≈ −5.95, respectively. This allows us to predict the setting of190

β which will “flip” the solution distribution’s preference from the on-support mode to the off-support191

mode to be (1 − 0.75)/(−4.05 + 5.95) ≈ 0.132. Indeed, we see in Figure 2 for the reverse KL192

case, the preference between the two modes switch as we move from β = 0.15 to β = 0.10. This193

is the true role of the regularization coefficient β: it is a knob that decides between picking higher194

rewarding, off-support solutions, vs. lower rewarding, on-support solutions.195

5 Directly Optimizing for Multi-Modality196

Having identified the various failure cases of the KL-regularized RL objective (Section 4), and the197

role of regularization in balancing reward differences (Section 4.3), we now turn to the question:198

Can we construct an objective such that when optimized, naturally give rise to a199

multi-modal solution distribution?200

Indeed, Remark 4.5 already gives us the ingredients required to do this. Below, we derive a simple201

procedure which will ensure we are optimizing for a solution that puts equal probabilities on all202

high-quality samples (per Definition 4.1). Concretely, we construct the augmented reward function,203

R̄(y) =

{
R(y) if R(y) < τ,

R(z) + β
(
log πref(z)− log πref(y)

)
if R(y) ≥ τ.

(12)

where τ ≤ maxy R(y) is some threshold for “goodness”, and z is a fixed “anchor” sample chosen204

from the set of high-quality samples. We can pick it to be z = argmaxy πref(y) where R(y) ≥ τ .205

Because we are choosing the “anchor” sample to be from a high-reward mode, we will colloquially206

refer to this approach as “mode anchoring”.207

Intuitively, the augmented reward function induces a new target distribution with uniform high density208

over regions where the reward is above threshold τ , and stays close to the reference πref in regions209

where the reward is below the threshold. We see in the Figure 6a example that naive KL-regularized210

RL lead to solutions that heavily favour the left mode (which is more on-support), regardless of the211

choice of β or KL. On the other hand, using mode-anchored reward augmentation result in solutions212

that put equal high mass over all high quality samples (Figure 6b). Interestingly, while the theory is213

developed for the reverse-KL regularized case, we find that it also helps the forward-KL regularized214

optimization (Fig 6b, bottom row), albeit with some unexpected behaviour at higher β’s.215

Remark 5.1. Optimizing the reverse-KL regularized RL objective with the augmented reward function216

R̄ yields the following solution distribution,217

Ḡβ(y) ∝

πref(y) exp
(

R(y)
β

)
if R(y) < τ,

πref(z) exp
(

R(z)
β

)
if R(y) ≥ τ.

(13)

218

Proof. Appendix B.6.219

This formally shows the target will have uniformly high density proportional to πref(z) exp(R(z)/β)220

for all samples if their original reward R(y) is above threshold τ . If we pick z to be likely under πref,221

e.g. z = argmaxy πref(y), we can also show these samples will have the highest probabilities in the222

solution distribution.223
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(a) Vanilla KL-regularized reward maximization
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(b) Reward maximization with mode-anchoring augmented rewards (MARA)

Figure 6: Our approach vs naive reverse or forward KL

5.1 The 1-2 Task for LLM Diversity224

We further demonstrate our method in a more realistic LLM post-training task. Specifically, we ask225

the LM to generate a uniform random integer that is either 1 or 2 (Hopkins et al., 2023), as illustrated226

in Figure 9. We train a Qwen2.5 3B model with KL-regularized RL, giving it a reward of 1 for227

getting the answer correct (if it produces “1“ or “2“ in XML format), and a reward of 0 otherwise.228
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Figure 7: Training outcomes using vanilla RL. (Left, Middle) Policy’s empirical distribution over
valid answers for runs that reached high rewards (counts binned over 8 consecutive training batches),
across a range of regularization coefficients (β). Right Diversity of the valid answers over the course
of training, measured as the entropy of the Bernoulli distribution over answers of 1’s and 2’s.

Naive RL result in mode collapse We run KL-regularized RL for a range of KL coefficients (β)229

and multiple random seeds. Most runs are able to optimize the reward well and get a reward of ∼ 1.230

Figure 7 shows the distribution of correctly formatted 1’s and 2’s the LM generates over the course of231

training. We observe that for the 34 runs shown, all but one collapsed into a generating only a single232
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answer as a result of RL. This is true for both reverse and forward KL regularization, and most runs233

collapsed into generating 1’s, which has higher likelihood under the base policy.234

Online RL with Mode Anchored Reward Augmentation We now apply the mode anchoring235

idea into an efficient online algorithm for LLM fine-tuning. While we could first run an optimization236

for argmaxy πref(y) (where R(y) ≥ τ ), we opt to simply use the within-batch most likely correct237

sample under the reference policy as the anchor trajectory z. This does introduce bias as the anchor238

is different across batches, but we will see below that this nevertheless improves diversity. We refer239

to the algorithm as Mode Anchored Reward Augmentation (MARA, Algorithm 1).240
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Figure 8: Our approach vs naive reverse or forward KL

MARA maximizes diversity while preserving quality We run KL-constrained RL with the same241

hyperparameters, only now with MARA. We see in Figure 8a that compared to vanilla RL (grey),242

MARA (blue) is able to preserve the diversity in the correct answers, with many runs learning to243

generate 1’s and 2’s with near uniform probability, while still correctly learning to generate with the244

correct format. Further, we can plot the pareto front of the different ways of training at various points245

of training, for different KL coefficients and averaged over seeds. We see in Figure 8b that for both246

reverse and forward KL regularization, MARA is able to match vanilla training in terms of format247

correctness, while exceeding vanilla training in terms of generation diversity.248

6 Conclusion249

The lesson of Artificial Intelligence over the past decade has been that with simple, sound, objectives,250

scaling compute and data will consistently out-perform ad-hoc, human-designed approaches. In251

this work, we provide an in-depth analysis of the properties of the KL-regularized RL objective,252

to provide understanding into whether this is the objective we are hoping to achieve. Using these253

insights, we also construct a simple alternative objective that directly optimizes for high multi-modal254

diversity, a feat that existing objectives are fundamentally unable to achieve.255
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A Related Work333

Training for diversity Wang et al. (2023) generalizes the DPO objective (Rafailov et al., 2023)334

from reverse-KL regularized to a more general class of f -divergence regularizers, with the key335

motivation being that reverse-KL can be mode-seeking, therefore reduce diversity. They do not336

explore the effect of reward function or regularization coefficient β, which our work examines.337

Diverse DPO Lanchantin et al. (2025) and variants (Chung et al., 2025; Ismayilzada et al., 2025)338

encourage diversity in preference learning by selecting diverse positives/negatives. Most closely339

related to our reward augmentation approach is He et al. (2025), which uses a rank based “unlikeliness340

reward” by ranking the in-batch samples based on their likelihood under the current policy, and341

penalize the most likely samples. Similarly related is Li et al. (2025), which use an external model to342

evaluate diversity (via a semantic classifier) and use the diversity metric to modify the reward. We do343

not require an external model to evaluate diversity.344

More distantly, Dang et al. (2025) found that combining weights of earlier and later checkpoints can345

improve pass@k performance—a loose measure of diversity (albeit over both correct and incorrect346

answers). GFlowNets also provide diversity-seeking policies that sample proportionally to reward,347

albeit they use different algorithms than the KL-regularized policy gradient which is the most348

commonly used algorithm for LM post-training (Hu et al., 2023; Tiapkin et al., 2024).349

Entropy and reasoning in RL We can view mode collapse in solutions as a collapse in the entropy350

of the trajectory distribution. This is related (but not identical) to token entropy. A growing line of351

empirical work do tie together entropy, exploration, and reasoning in LLMs. Cui et al. (2025) notes352

entropy collapses during RL. Cheng et al. (2025) incorporates an entropy term in the advantage to353

encourage better reasoning. Wang et al. (2025) show that focusing gradient updates on a minority of354

high-entropy tokens (“forking tokens”) can improve reasoning.355

B Mathematical Derivations356

B.1 Target Distribution of Reverse-KL Reward Maximization357

Proof of Remark 3.1 We want to find the distribution which maximizes the objective from358

equation 2,359

argmax
πθ

Jβ(πθ) = argmax
πθ

Eπθ(y)[R(y)]− β DKL

(
πθ||πref

)
(14)

We can re-write Equation 2 by re-arranging terms, note for notation brevity we denote gβ(y) =360

πref(y) exp
(R(y)

β

)
,361

Jβ(πθ) = Eπθ(y)[R(y)]− β DKL

(
πθ||πref

)
, (15)

= Eπθ(y)

[
R(y)− β

(
log πθ(y)− log πref(y)

)]
, (16)

= −β Eπθ(y)

[
log πθ(y)−

(R(y)

β
+ log πref(y)

)]
, (17)

= −β Eπθ(y)

[
log πθ(y)− log πref(y) exp

(R(y)

β

)]
, (18)

= −β Eπθ(y)

[
log πθ(y)− log gβ(y) + log ζ − log ζ

]
, (19)

= −β Eπθ(y)

[
log πθ(y)− logGβ(y)

]
+ β log ζ , (20)

= −βDKL

(
πθ||Gβ

)
+ β log ζ . (21)

It is easy to see that the above is maximized when DKL

(
πθ||Gβ

)
= 0, which is when the policy is362

the target distribution, πθ = Gβ .363
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B.2 Gradient of Reverse-KL Reward Maximization364

Proof of Remark 3.2 From Appendix B.1, we have the identity,365

− 1

β
Jβ(πθ) = DKL

(
πθ||Gβ

)
− log ζ . (22)

We can easily show that the gradient is,366

∇θ

(
− 1

β
Jβ(πθ)

)
= ∇θ DKL

(
πθ||Gβ

)
−∇θ log ζ , (23)

= ∇θ DKL

(
πθ||Gβ

)
. (24)

In other words, they are the same up to constant −β,367

∇θJβ(πθ) = −β∇θDKL

(
πθ||Gβ

)
. (25)

B.3 Target Distribution of Forward-KL Reward Maximization368

Via calculus of variations. See Grill et al. (2020); Tang and Munos (2025) for the same result.369

B.4 Gradient of the forward KL370

The gradient of the forward KL between the policy πθ and the target distribution Gβ is,371

∇θ DKL

(
Gβ ||πθ

)
= ∇θEGβ

[
logGβ(y)− log πθ(y)

]
, (26)

= EGβ

[
∇θ

(
logGβ(y)− log πθ(y)

)]
, (27)

= −EGβ

[
∇θ log πθ(y)

]
. (28)

B.5 Probability Ratio Under Optimal Target Distribution372

Proof of Proposition 4.2 For any two samples, y1 and y2, their probability ratio under the target373

distribution is given by,374

Gβ(y1)

Gβ(y2)
=

gβ(y1)

ζ

ζ

gβ(y2)
=

gβ(y1)

gβ(y2)
, (29)

which only require the unnormalized likelihood as the normalization constant ζ cancel out. Expanding375

the terms, we can write the log likeilhood ratio in closed form,376

log
Gβ(y1)

Gβ(y2)
= log πref(y1) exp

(R(y1)

β

)
− log πref(y2) exp

(R(y2)

β

)
, (30)

= log
πref(y1)

πref(y2)
+

1

β

(
R(y1)−R(y2)

)
. (31)

B.6 Solution distribution after reward augmentation377

Proof of Remark 5.1 We have established already in Appendix B.1 that the solution distribution of378

reward maximization with reverse KL regularization is,379

Gβ(y) ∝ πref(y) exp
(R(y)

β

)
. (32)

We now plug in the augmented reward function,380

R̄(y) =

{
R(y) if R(y) < τ,

R(z) + β
(
log πref(z)− log πref(y)

)
if R(y) ≥ τ,

(33)

which gives us the augmented solution distribution,381

Ḡβ(y) ∝ πref(y) exp
( R̄(y)

β

)
. (34)
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In the R(y) < τ case, R̄(y) = R(y), and there is no change to the (unnormalized) likelihood. In the382

R(y) ≥ τ case,383

log πref(y) exp
( R̄(y)

β

)
= log πref(y) +

1

β
R̄(y) , (35)

= log πref(y) +
1

β

(
R(z) + β

(
log πref(z)− log πref(y)

))
, (36)

=
R(z)

β
+ log πref(y) + log πref(z)− log πref(y) (37)

=
R(z)

β
+ log πref(z) . (38)

Therefore we see in the R(y) ≥ τ case we have,384

πref(y) exp
( R̄(y)

β

)
= πref(z) exp

(R(z)

β

)
. (39)

C Additional Experimental Details385

C.1 Didactic Experiments386

We construct our didactic experiment as a vector of size 100 (akin to a “token space” with 100 tokens).387

We initialize a categorical distribution over this token space whose logits are all 0’s (i.e. uniform388

distribution over all tokens). Given some reward function and reference distribution defined over this389

space, we optimize this categorical distribution with the KL-regularized policy gradient for 1000390

gradient steps in PyTorch with Adam optimizer, with learning rate 5e-3 and batch size 32.391

C.2 The 1-2 Task392

Prompt

Uniformly randomly generate an integer
that is either 1 or 2. Respond strictly
in this format: <think>Your internal
reasoning</think><answer>1 or 2</answer>

Example Generation

Let me decide randomly.
<think></think><answer>1
</answer><|endoftext|>

Figure 9: The 1-2 task to test output distribution of LMs.

D More Method Details393
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Algorithm 1 Mode Anchored Reward Augmentation (MARA)

1: Given initial policy πθ, reference distribution πref, reward function R, and regularization coeffi-
cient β

2: Set threshold for good answers: τ ∈ R, τ ≤ maxy R(y)
3: for each iteration do
4: Sample batch of trajectories {yi}Ni=1 ∼ πθ

5: Pick anchor trajectory: yanch = argmaxyi
πref(yi), s.t. R(yi) ≥ τ

6: for each yi in batch do
7: if R(yi) ≥ τ then
8: r̄i = R(yanch) + β

(
log πref(yanch)− log πref(yi)

)
9: else

10: r̄i = R(yi)
11: end if
12: end for
13: Estimate KL-regularized policy gradient:

J̃ =
1

N

N∑
i=1

r̂i∇θ log πθ(yi)− β
(
log πθ(yi)− log πref(yi)

)
∇θ log πθ(yi)

14: Update policy parameters θ with gradient estimate J̃
15: end for
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