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ABSTRACT

Machine learning models are increasingly deployed in high-risk domains such as
healthcare and finance, where uncertainty quantification is essential and distri-
bution shifts can severely degrade predictive performance. However, many ex-
isting approaches to shift detection and adaptation address isolated components
of the catch–adapt–operate cycle, often without explicitly accounting for predic-
tive uncertainty. In this paper, we introduce a stagewise framework for learning
conditional distributions that directly targets harmful changes affecting predictive
performance. Our method learns a spectral decomposition of the density ratio
fXY /(fXfY ) via alternating functional Newton updates, reminiscent of gradi-
ent boosting methods. We also introduce a performance degradation metric for
identifying shifts that are harmful and should trigger adaptation. Preliminary ex-
periments on conditional distribution estimation benchmarks with induced shifts
suggest that this approach offers a principled path toward robust conditional dis-
tribution modeling in high-risk, nonstationary environments.

1 INTRODUCTION

Machine learning systems have achieved remarkable predictive performance and are increasingly
deployed in high-risk settings such as healthcare and finance (Fröhlich et al., 2025; Csillag et al.,
2023; Chernozhukov et al., 2021). In these domains, decisions informed by model predictions often
carry significant consequences, making reliability and calibrated uncertainty quantification essential
(Angelopoulos & Bates, 2023). However, once deployed, such systems may fail silently due to
their reliance on the joint data-generating distribution PXY , which can evolve over time and differ
substantially from the development environment (Rabanser et al., 2019; Steyerberg, 2019; Gibbs &
Candes, 2021; Quinonero-Candela et al., 2022). As a result, models that perform well at training
time may exhibit degraded reliability, miscalibration, or loss of predictive validity after deployment
(Finlayson et al., 2021; Van Calster et al., 2023).

In this work, we propose a methodology for learning conditional distributions in an incremental,
stagewise manner that explicitly characterizes when distributional changes lead to performance
degradation and how models should be updated in response. Our approach builds on functional
gradient methods (Grubb & Bagnell, 2012; Luenberger, 1969), enabling controlled updates in func-
tion space when degradation is detected. A key property of this formulation is that, at convergence,
the functional gradients vanish; thus, when the model is re-evaluated on new data from a shifted
distribution, large gradient norms provide a direct, interpretable signal that the learned conditional
structure no longer fits the data—without requiring a separate drift detection mechanism. Through
empirical studies, we demonstrate that the proposed method can reliably detect harmful drift and
perform targeted updates that restore predictive performance while avoiding unnecessary adapta-
tion.
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Contributions. Our main contributions are as follows:

• We introduce a new algorithm for learning conditional distributions Y |X via a spectral
decomposition of the density ratio κ(x, y) = fXY (x, y)/fX(x)fY (y) using alternating
functional Newton updates.

• We describe how norms of functional gradients provide a signal for detecting harmful dis-
tribution shifts and guiding model adaptation.

• We validate our method on the conditional density estimation benchmark from (Rothfuss
et al., 2019) modified by introducing distribution shifts.

Paper organization. Section 2 reviews related work on spectral representation learning, functional
optimization, and dataset shift. Section 3 introduces integral operators, their low-rank decomposi-
tions, and functional optimization via Gateaux derivatives. Section 4 presents our proposed func-
tional spectral–Newton method (FSNM). Section 5 develops a framework for detecting and adapting
to harmful distribution drift using norms of functional gradients. Section 6 reports numerical exper-
iments. Section 7 concludes the paper. All proofs are deferred to the appendix.

2 RELATED WORK

Spectral representation learning. Expansions in orthogonal bases such as Fourier, wavelets, and
smoothing splines have a long history in nonparametric statistical inference (Efromovich, 1999).
While these bases are well understood, they perform poorly in high dimensions and lack adaptivity
to the data distribution. This limitation motivated the use of bases derived from the spectral decom-
position of linear integral operators defined by symmetric positive semi-definite kernels (Izbicki,
2014). More recently, research has shifted toward learned spectral bases, or features, which have
been applied across diverse settings including dynamical systems (Turri et al., 2025), reinforce-
ment learning (Hu et al., 2024), and nonparametric causal inference (Wang et al., 2022; Sun et al.,
2025; Meunier et al., 2025b;a; Fröhlich et al., 2025). Many of these methods resemble contrastive
approaches in self-supervised learning (HaoChen et al., 2021). In cases where the objective is to
learn linear integral operators, the problem often reduces to estimating their associated kernel (Kos-
tic et al., 2024; Ordoñez-Apraez et al., 2025); for the conditional expectation operator, this kernel
(κ = fXY /(fXfY )) can be expressed as a density ratio, for which a variety of estimation strategies
have been developed (Sugiyama et al., 2012).

Functional optimization. Optimization in infinite-dimensional vector spaces has a classical treat-
ment in the mathematical programming literature (Luenberger, 1969). In machine learning, this
viewpoint entered prominently through boosting, which can be interpreted as functional gradient
descent in a space of functions (Mason et al., 1999; Friedman, 2001; Schapire & Freund, 2012;
Bühlmann & Hothorn, 2007). Related perspectives cast boosting as an iterative procedure for min-
imizing convex objectives in function space (Grubb & Bagnell, 2012). In our setting, adopting
this optimization-first perspective naturally leads to iterative updates of the feature maps (ϕ, ψ) in
function space, driven by the functional gradients of L.

Distribution shift: detection and adaptation. The problem of distribution shift has long been rec-
ognized and continues to be an important area of research in machine learning (Quinonero-Candela
et al., 2022; Moreno-Torres et al., 2012). Many existing approaches address only isolated compo-
nents of the detection–adaptation pipeline, such as testing for particular types of shift (Lipton et al.,
2018; Zhang et al., 2023; Goel et al., 2024), adapting uncertainty quantification wrappers (Gibbs
& Candes, 2021), or treating all shifts uniformly without distinguishing harmful from benign ones
(Gretton et al., 2012; Rabanser et al., 2019). In contrast, we focus on learning conditional distribu-
tions incrementally and natively under distribution shift. We show that model fit can be quantified
through norms of functional gradients, and that a degradation in this quantity provides a princi-
pled signal for when adaptation is required. While several benchmarks exist for studying distribu-
tion shift, to our knowledge none are designed to evaluate the learning of conditional distributions
(Cheng et al., 2025; Koh et al., 2021; Gardner et al., 2023).
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3 BACKGROUND

Throughout the paper, we work with a pair of random variables (X,Y ) defined on measurable
spaces (X ,FX ) and (Y,FY). We denote their marginal distributions by PX and PY , and their
joint distribution by PXY . A standing assumption in our analysis is that the joint law is absolutely
continuous with respect to the product measure PX⊗PY , that is, PXY ≪ PX⊗PY . This assumption
ensures that key probabilistic objects of interest admit convenient integral representations, which
will be exploited throughout the paper.

In order to study these objects from an operator-theoretic perspective, we work in spaces of square-
integrable functions. Specifically, for a random variable A ∈ {X,Y }, we write L2(A) for the
Hilbert space of functions that are square-integrable with respect to the law of A.

3.1 INTEGRAL OPERATORS AND LOW-RANK DECOMPOSITIONS

Our starting point is the conditional expectation operator, which is a canonical example of a Hilbert–
Schmidt integral operator and admits a natural low-rank spectral structure. Under the standing
assumption that PXY ≪ PX ⊗ PY , the Radon–Nikodym derivative κ = dPXY /d(PX ⊗ PY ) is
well defined and induces the conditional expectation operator E : L2(Y ) → L2(X) through the
integral representation

[Eg](x) = E [g(Y ) | X = x] =

∫
Y
g(y)κ(x, y) dPY (y).

Throughout the paper, we assume that E is compact and has finite Hilbert–Schmidt norm, a mild
condition that holds for a wide class of continuous and discrete distributions; a sufficient condition
is EPX⊗PY

[κ(X,Y )2] < ∞. Under these assumptions, the kernel κ associated with E admits a
singular value expansion

κ(x, y) = 1 +

∞∑
i=1

σ⋆i ϕ
⋆
i (x)ψ

⋆
i (y),

for some singular values {σ⋆i }i≥1 and orthonormal systems {ϕ⋆i }i≥1 ⊂ L2(X) and {ψ⋆i }i≥1 ⊂
L2(Y ). In particular, low-rank approximations of E correspond to truncations of this kernel expan-
sion:

κ(d)(x, y) = 1 +

d∑
i=1

σ⋆i ϕ
⋆
i (x)ψ

⋆
i (y),

Our goal is to learn from data this rank-d approximation of the conditional expectation operator, i.e.,
to recover the leading spectral structure of its kernel κ.

Rather than estimating the singular functions and singular values separately, we adopt a factorized
parametrization that absorbs the singular values into the feature maps. Specifically, we consider
models of the form

κϕ,ψ(x, y) = 1 + ⟨ϕ(x), ψ(y)⟩,
where ϕ : X → Rd and ψ : Y → Rd are learned feature maps. This parametrization is without loss
of generality, as any representation of the form

∑d
i=1 σiϕi(x)ψi(y) can be equivalently written as

an inner product by rescaling the features, absorbing the singular values into ϕ and ψ.

Learning a low-rank approximation of the conditional expectation operator can be formulated as an
approximation problem in the Hilbert space L2(PX⊗PY ). Specifically, we measure the discrepancy
between the learned kernel κϕ,ψ and the true kernel κ using the squared L2(PX ⊗ PY ) norm,

∥κϕ,ψ − κ∥2L2(PX⊗PY ) = EPX⊗PY

[(
κϕ,ψ(X,Y )− κ(X,Y )

)2]
.

Expanding the square yields

∥κϕ,ψ − κ∥2L2(PX⊗PY ) = EPX⊗PY

[
κϕ,ψ(X,Y )2 − 2κϕ,ψ(X,Y )κ(X,Y ) + κ(X,Y )2

]
.

The last term does not depend on the model parameters and can therefore be ignored for optimization
purposes. To simplify the remaining expression, we use the fact that κ is the Radon–Nikodym
derivative of PXY with respect to PX ⊗ PY . This implies the identity

EPX⊗PY
[κϕ,ψ(X,Y )κ(X,Y )] = EPXY

[κϕ,ψ(X,Y )] .
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Substituting this identity into the expansion above, we obtain that minimizing the squared L2(PX ⊗
PY ) distance is equivalent, up to an additive constant, to minimizing the objective

L(ϕ, ψ) = −2EPXY
[κϕ,ψ(X,Y )] + EPX⊗PY

[
κϕ,ψ(X,Y )2

]
. (1)

Once a rank-d approximation κϕ,ψ has been learned, the conditional CDF can be recovered via

FY |X=x(y) ≈
∫ y

−∞
κϕ,ψ(x, t) dPY (t),

which follows from fY |X=x(t) = κ(x, t) fY (t). In practice, this integral is estimated empirically
using a held-out sample from PY .

3.2 OPERATOR LEARNING AS FUNCTIONAL OPTIMIZATION

To learn the feature maps ϕ and ψ, we view equation 1 as an optimization problem over functions,
with ϕ ∈ L2(X)d and ψ ∈ L2(Y )d. To formalize our approach, we briefly recall the notion of
Gateaux derivatives.

A functional F : L2(X)d → R is Gateaux differentiable at ϕ ∈ L2(X)d if there exists a bounded
linear map DϕF (ϕ) ∈ L(L2(X)d,R) such that, for every perturbation h ∈ L2(X)d,

F (ϕ+ ϵh) = F (ϕ) + ϵDϕF (ϕ)[h] + o(ϵ),

where the remainder satisfies o(ϵ)/ϵ→ 0 as ϵ→ 0 (Willem, 1997, Chapter 1).

By the Riesz representation theorem, there exists a unique element ∇ϕF (ϕ) ∈ L2(X)d such that

∇ϕF (ϕ)[h] = ⟨h,∇ϕF (ϕ)⟩L2(X)d = EPX
[⟨h(X),∇ϕF (ϕ)(X)⟩] ∀h ∈ L2(X)d.

We refer to ∇ϕF (ϕ) as the L2(X)d-gradient of F with respect to ϕ. An analogous definition applies
to functionals of ψ ∈ L2(Y )d, yielding an L2(Y )d-gradient ∇ψF (ψ) ∈ L2(Y )d.

Specializing the above definition to the objective equation 1 yields closed-form expressions for the
corresponding L2-gradients:

Proposition 3.1 (Functional derivatives of L) Let κϕ,ψ(x, y) = 1 + ⟨ϕ(x), ψ(y)⟩, and define

L(ϕ, ψ) = EPX⊗PY

[
κϕ,ψ(X,Y )2

]
− 2EPX,Y

[κϕ,ψ(X,Y )] .

Define the (centered) conditional-mean functions

mψ(x) := E [ψ(Y )− EPY
[ψ(Y )] | X = x] ∈ Rd,

mϕ(y) := E [ϕ(X)− EPX
[ϕ(X)] | Y = y] ∈ Rd,

and the (uncentered) second-moment matrices

Cψ := EPY

[
ψ(Y )ψ(Y )⊤

]
∈ Rd×d, Cϕ := EPX

[
ϕ(X)ϕ(X)⊤

]
∈ Rd×d.

Then the functional gradients of L are

∇ϕL(ϕ, ψ)(x) = 2Cψ ϕ(x)− 2mψ(x), ∇ψL(ϕ, ψ)(y) = 2Cϕ ψ(y)− 2mϕ(y).

Moreover, the “diagonal” Hessian blocks are constant multiplication operators,(
∇2
ϕϕL(ϕ, ψ)h

)
(x) = 2Cψ h(x),

(
∇2
ψψL(ϕ, ψ) g

)
(y) = 2Cϕ g(y),

for all h ∈ L2(X)d and g ∈ L2(Y )d.

The complete calculations for Proposition 3.1 are deferred to Appendix A. In the next section,
we leverage this structure to derive our training procedure: we alternate between learning these
conditional-mean regressors (as standard supervised-learning subproblems) and applying a func-
tional first- or second-order update to the feature maps.

4 A FUNCTIONAL SPECTRAL-NEWTON METHOD

We now present our training method for learning a rank-d factorization of the conditional expectation
operator.
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4.1 NEWTON UPDATES VIA CONDITIONAL-MEAN REGRESSION

Our method is based on two observations from Proposition 3.1. First, the functional gradients are
affine in the pointwise feature values:

∇ϕL(ϕ, ψ)(x) = 2Cψ ϕ(x)− 2mψ(x), ∇ψL(ϕ, ψ)(y) = 2Cϕ ψ(y)− 2mϕ(y).

Hence, fixing ψ, the map ϕ(x) 7→ L(ϕ, ψ) is a quadratic function for each x (and symmetrically for
ψ(y) when ϕ is fixed). Equivalently, the pointwise Hessians are constant multiplication operators,
which makes Newton updates available in closed form.

Second, the termsmψ andmϕ are centered conditional means. In practice they are unknown and are
estimated from data by treating them as regression targets; thus, each iteration interleaves (i) fitting
conditional-mean regressors with (ii) applying a functional Newton step.

Concretely, at iteration t we update ψ with ϕt fixed, then update ϕ with ψt+1 fixed:

ψt+1(y) = C−1
ϕ,tmϕ,t(y), ϕt+1(x) = C−1

ψ,t+1mψ,t+1(x).

Note that the interleaved Newton update solves each block subproblem exactly in the population
setting. Indeed, fix ϕt and view L(ϕt, ψ) as a functional of ψ. By Proposition 3.1, its L2(Y )d-
gradient is

∇ψL(ϕt, ψ)(y) = 2Cϕ,t ψ(y)− 2mϕ,t(y).

The Newton update sets
ψt+1(y) = C−1

ϕ,tmϕ,t(y).

Substituting this expression into the gradient gives, pointwise for every y ∈ Y ,
∇ψL(ϕt, ψt+1)(y) = 2Cϕ,t ψt+1(y)− 2mϕ,t(y) = 2Cϕ,t C

−1
ϕ,tmϕ,t(y)− 2mϕ,t(y) = 0.

By symmetry, the same calculation applies to the ϕ-update, yielding ∇ϕL(ϕt+1, ψt+1)(x) = 0 for
all x ∈ X .

Consequently, each interleaved Newton step decreases the objective:
L(ϕt, ψt+1) ≤ L(ϕt, ψt), L(ϕt+1, ψt+1) ≤ L(ϕt, ψt+1),

and therefore L(ϕt+1, ψt+1) ≤ L(ϕt, ψt) for all t.

In finite samples, we replace mϕ,mψ and Cϕ, Cψ by their data-driven estimates. When the
conditional-mean regressors accurately approximatemϕ andmψ , and the empirical second-moment
matrices provide good approximations of Cϕ and Cψ (so that their inverses are well behaved), the
resulting updates closely track the population Newton steps above.

This highlights an important practical aspect of the method. Although the algorithm is formulated
as an optimization procedure in function space, in practice it is instantiated through the estimation
of the conditional-mean regressors that enter the functional gradients. Consequently, the choice
of function class and training procedure used to approximate mϕ,t and mψ,t plays a central role.
Different update regimes place different demands on how accurately these conditional expectations
must be learned.

In particular, Newton-type updates are inherently more “one-shot”: each block step aims to solve
a quadratic subproblem in a single iteration through the application of the inverse operators C−1

ϕ,t

and C−1
ψ,t+1. As a result, effective performance in finite samples may require sufficiently expres-

sive models and good generalization, so that both the conditional means and the second-moment
operators are well approximated.

One possible modification of the above scheme is to introduce a damped (relaxed) Newton update.
Instead of taking the full Newton step, we consider the scaled updates

ψt+1 = ψt −
ηψ
2
C−1
ϕ,t∇ψL(ϕt, ψt), ϕt+1 = ϕt −

ηϕ
2
C−1
ψ,t+1∇ϕL(ϕt, ψt+1),

with relaxation parameters ηϕ, ηψ ∈ (0, 1]. Using the explicit form of the functional gradients, these
updates simplify to

ψt+1(y) = (1− ηψ)ψt(y) + ηψ C
−1
ϕ,tmϕ,t(y),

ϕt+1(x) = (1− ηϕ)ϕt(x) + ηϕ C
−1
ψ,t+1mψ,t+1(x).
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Figure 1: CDFs estimated by FSNM (solid) compared to the ground truth (dashed), evaluated at
x equal to the 10% (red/1), 50% (blue/2), and 90% (sand/3) quantiles of X . The Kolmogorov–
Smirnov (KS) statistic, reported in each legend, measures the maximum absolute deviation between
the estimated and true CDFs; lower values indicate better fit.

When ηϕ = ηψ = 1, we recover the pure Newton method. For smaller step sizes, the updates re-
semble more closely a classical gradient boosting procedure (Friedman, 2001), where each iteration
adds a shrunk correction in the direction of the functional gradient rather than solving the quadratic
subproblem in a single step. We do not pursue a detailed analysis of this variant here; however, we
provide a concrete development of the corresponding procedure in Appendix B and include it as a
natural extension of the framework.

4.2 ORTHONORMALITY REGULARIZATION

The optimization scheme above is derived for the unregularized objective L and highlights the cen-
tral role played by the second-moment operators Cϕ and Cψ , which define the pointwise Hessians
and appear through inverses in the Newton updates. In finite samples, however, mϕ andmψ must be
learned from data and Cϕ and Cψ are replaced by empirical second moments. If these empirical co-
variances become ill-conditioned, then (i) the regressors for the conditional means may be unstable
and (ii) small estimation errors in Cϕ and Cψ can be amplified when forming C−1

ϕ and C−1
ψ , causing

the finite-sample updates to deviate substantially from their population counterparts. We therefore
incorporate an orthonormality regularizer to control conditioning and improve numerical stability.

To this end, we encourage the learned features to be approximately orthonormal in L2, which keeps
the (empirical) covariance operators close to the identity and prevents ill conditioning in the second-
order steps (Kostic et al., 2024; Fröhlich et al., 2025). Concretely, we consider the orthonormality
penalty

Ω(ϕ, ψ) := ∥Cϕ − Id∥2F + ∥Cψ − Id∥2F = ∥Cϕ∥2F − 2tr(Cϕ) + ∥Cψ∥2F − 2tr(Cψ) + 2d,

and, for optimization purposes, we drop the constant 2d. Using Cϕ = EPX

[
ϕ(X)ϕ(X)⊤

]
, one can

show that the pointwise gradient and Hessian are

∇ϕ(x)Ωx(ϕ) = 2(Cϕ − I)ϕ(x), ∇2
ϕ(x)Ωx(ϕ) = 2(Cϕ − I),

and analogously for ψ by symmetry.

We then define the regularized objective Lγ(ϕ, ψ) = L(ϕ, ψ) + γ Ω(ϕ, ψ), so that the regularized
pointwise gradients become

∇ϕ(x)Lγ,x(ϕ, ψ) = −2mψ(x) + 2
(
Cψ + γ(Cϕ − I)

)
ϕ(x),

∇ψ(y)Lγ,y(ϕ, ψ) = −2mϕ(y) + 2
(
Cϕ + γ(Cψ − I)

)
ψ(y).

5 HARMFUL DRIFT DETECTION VIA FUNCTIONAL GRADIENT NORMS

Our goal is to detect whether the test distribution QXY has drifted from the train distribution PXY .

Let (X̃, Ỹ ) ∼ QXY with marginals QX and QY , which may differ from the training distribution
PXY (and its marginals). Assume QX ≪ PX , and fix a (near-)stationary iterate (ϕ⋆, ψ⋆) of the
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Figure 2: Performance of our method (FSNM) under covariate drift.
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Figure 3: Performance of our method (FSNM) under concept drift.

training procedure. Define the per-sample ϕ-gradient at this iterate by

F (x) := ∇ϕL(ϕ⋆, ψ⋆)(x).

Given a test batch S̃M = {X̃i}Mi=1 with X̃i ∼ Q and a calibration sample SN = {Xj}Nj=1 with
Xj ∼ P , we consider the mean-gradient statistic

T (S̃M ) :=

∥∥∥∥∥ 1

M

M∑
i=1

F (X̃i)

∥∥∥∥∥
2

.

Under the null hypothesis H0 : QXY = PXY , the pooled sample (X̃1:M , X1:N ) is exchangeable.
Thus, the labels “test” versus “calibration” are arbitrary. This enables us to calibrate T (S̃M ) without
concentration assumptions via a permutation test: let Z1:M+N = (X̃1, . . . , X̃M , X1, . . . , XN ). For
b = 1, . . . , B, draw a subset Ib ⊂ {1, . . . ,M +N} uniformly at random among all subsets of size
M , define S̃(b)

M = {Zi : i ∈ Ib}, and compute Tb := T (S̃
(b)
M ). The permutation p-value is then

p =
1 +#{b : Tb ≥ T (S̃M )}

B + 1
.

Rejecting H0 when p ≤ α yields a finite-sample level-α test under exchangeability.

In this work, we focus on evaluating the mean-gradient statistic itself, without performing a for-
mal test—analogous to computing R2 in linear regression without testing for goodness-of-fit. We
therefore characterize harmful distribution shifts as those that induce large norms of the functional
gradients. Since the gradient vanishes at a well-fitted model, a large ∥F∥ under new data directly
measures how much the conditional structure has degraded—and adaptation follows naturally by
continuing the Newton updates.

6 EXPERIMENTS

In this section, we report the results of numerical experiments for the task of conditional distribution
estimation under distribution shifts. All experiments are conducted using the data-generating mod-
els from the established conditional density estimation benchmark1 of Rothfuss et al. (2019), with

1Benchmark code is available at github.com/freelunchtheorem/Conditional Density Estimation.
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conditional means estimated via multivariate gradient boosting using XGBoost (Chen & Guestrin,
2016). Full experiments details are given in Appendix C.

Baseline without shifts. We first evaluate the performance of our proposed method (FSNM) in a
setting without distributional shifts. We consider the following data models from Rothfuss et al.
(2019):

• LinearStudentT: a conditional Student-t distribution defined as
Y | X ∼ Student-t

(
µ(X), σ(X), ν(X)

)
, X ∼ N (0, 1),

with ν(x) = νslope sigmoid(−2x)+νcst; µ(x) = µslopex+µcst; and σ(x) = σslope|x|+σcst.
• EconDensity: an economically inspired heteroscedastic density model with a quadratic

dependence on the conditional variable, defined as
Y = X2 + εY , εY ∼ N

(
0, α2(1 +X)2

)
, X ∼ |N (0, 1)|.

• GaussianMixture: a bivariate Gaussian mixture model with five components, defined
as

fXY (X,Y ) =

5∑
k=1

πkN (µk,Σk),

where πk, µk, and Σk denote the mixing coefficients, mean vectors, and covariance matri-
ces.

• SkewNormal: a univariate skew-normal distribution defined as
Y = 2ϕ(X)ψ(αX),

where ϕ(·) and ψ(·) are the standard normal density and cumulative distribution functions.

The results are shown in Figure 1 for x equal to the 10%, 50%, and 90% quantiles of X . We can
see that FSNM is able to correctly estimate the conditional distribution functions (CDFs) with low
Kolmogorov-Smirnov (KS) values (< 10−1).

Covariate shift. We begin by exploring covariate shift on the SkewNormal model by altering the
marginal distribution of X from N (0, 0.25) to Laplace(0, 0.25).

The results are shown in Figure 2, where x corresponds to the 10%, 50%, and 90% quantiles of X .
We observe a clear spike in the norm of the functional gradient of ϕ at step T = 20, indicating a
degradation of the fit. This behavior is also reflected in Figure 2 (third panel from the left), which
shows both a qualitative deterioration of the estimated CDFs and an increase in KS values. After
adaptation (Figure 2, right), the predictive performance is partially restored. The recovery is only
partial because the Laplace distribution has heavier tails, making it inherently more challenging to
estimate.

Concept shift. We further evaluate our approach on concept drift on the EconDensity model by
altering the noise standard deviation σεY = α(1+X) from α = 1 during train to α = 5 during test.

The results are shown in Figure 3. We observe a pronounced spike in the norms of the functional
gradients at step T = 13, signaling a degradation in model fit (Figure 3, left). This degradation is
also evident in the learned conditional distribution functions (Figure 3, second and third panels from
left). To address this, we adapt the model by following the functional gradients, which restores the
quality of the learned CDFs (Figure 3, right).

7 CONCLUSIONS

In this paper, we presented a stagewise framework for learning conditional distributions that is ex-
plicitly designed to operate under distribution shift. By learning a spectral decomposition of the
density ratio through alternating functional Newton updates, our method natively supports incre-
mental learning and targeted adaptation. Central to this framework is a statistically grounded cri-
terion, based on norms of functional gradients, for identifying shifts that are harmful to predictive
performance and warrant intervention. Empirical results on conditional density estimation bench-
marks with induced shifts show that the proposed approach reliably detects harmful drifts and en-
ables effective performance recovery. Together, these results suggest a principled path toward robust
conditional modeling in high-risk, nonstationary environments.
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A FUNCTIONAL DERIVATIVES CALCULATIONS

In this section we compute the functional gradients and Hessian of our loss L(ϕ, ψ).

A.1 FIRST-ORDER DERIVATIVES

Gradient of product expectation. Under the product measure PX ⊗ PY , we have

EPX⊗PY

[
κϕ,ψ(X,Y )2

]
= EPX⊗PY

[
(1 + ⟨ϕ(X), ψ(Y )⟩)2

]
= 1 + EPX⊗PY

[
⟨ϕ(X), ψ(Y )⟩2

]
+ 2EPX⊗PY

[⟨ϕ(X), ψ(Y )⟩]
= 1 + EPX⊗PY

[
ϕ(X)⊤ψ(Y )ψ(Y )⊤ϕ(X)

]
+ 2⟨EPX

[ϕ(X)] ,EPY
[ψ(Y )]⟩

= 1 + EPX⊗PY

[
tr(ϕ(X)ϕ(X)⊤ψ(Y )ψ(Y )⊤)

]
+ 2⟨EPX

[ϕ(X)] ,EPY
[ψ(Y )]⟩

= 1 + tr
(
EPX⊗PY

[
ϕ(X)ϕ(X)⊤ψ(Y )ψ(Y )⊤

])
+ 2⟨EPX

[ϕ(X)] ,EPY
[ψ(Y )]⟩

= 1 + tr
(
EPX

[
ϕ(X)ϕ(X)⊤

]
EPY

[
ψ(Y )ψ(Y )⊤

])
+ 2⟨EPX

[ϕ(X)] ,EPY
[ψ(Y )]⟩,

where the last step uses the independence of X ∼ PX and Y ∼ PY under PX ⊗ PY .

Moreover,

tr
(
EPX

[
ϕ(X)ϕ(X)⊤

]
EPY

[
ψ(Y )ψ(Y )⊤

])
= tr

(
EPX

[
ϕ(X)ϕ(X)⊤Cψ

])
= EPX

[
tr
(
ϕ(X)ϕ(X)⊤Cψ

)]
= EPX

[
ϕ(X)⊤Cψ ϕ(X)

]
.

The product term is quadratic in ϕ and ψ, and its Gateaux derivatives admit closed forms. For any
perturbation h of ϕ,

∇ϕ

(
EPX⊗PY

[
κϕ,ψ(X,Y )2

])
[h] = 2EPX

[⟨h(X), Cψ ϕ(X) + EPY
[ψ(Y )]⟩] .

Similarly, for any perturbation g of ψ,

∇ψ

(
EPX⊗PY

[
κϕ,ψ(X,Y )2

])
[g] = 2EPY

[⟨g(Y ), Cϕ ψ(Y ) + EPX
[ϕ(X)]⟩] .

Gradient of joint expectation. The Gateaux derivative with respect to ϕ is

∇ϕ

(
EPX,Y

[κϕ,ψ(X,Y )]
)
[h] = EPX,Y

[⟨h(X), ψ(Y )⟩] .

To express the directional derivative in Gateaux form—that is, as an L2(X)d inner product against
h—we apply the tower property of conditional expectations:

EPX,Y
[⟨h(X), ψ(Y )⟩] = EPX

[E [⟨h(X), ψ(Y )⟩ | X]]

= EPX
[⟨h(X),E [ψ(Y ) | X]⟩] .

This shows that the L2(X)d-gradient of the joint term with respect to ϕ is the function x 7→
E [ψ(Y ) | X = x].

Similarly, the L2(Y )d-gradient with respect to ψ is the function y 7→ E [ϕ(X) | Y = y].

Putting everything together, the L2 functional gradients are

∇ϕL(ϕ, ψ) = 2Cψ ϕ− 2mψ,

∇ψL(ϕ, ψ) = 2Cϕ ψ − 2mϕ.

A.2 SECOND-ORDER DERIVATIVES

By definitoin, the ϕϕ-block of the Hessian is the bounded bilinear map

∇ϕL(ϕ+ εh̃, ψ)[h] = ∇ϕL(ϕ, ψ)[h] + ε∇2
ϕϕL(ϕ, ψ)[h̃, h] + o(ε), ∀h, h̃ ∈ L2(X)d,

and similarly for ∇2
ψψL(ϕ, ψ) on L2(Y )d.
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From the L2-gradient expression

∇ϕL(ϕ, ψ)(x) = 2Cψ ϕ(x)− 2mψ(x),

and using that mψ does not depend on ϕ, we have for any h ∈ L2(X)d

∇ϕL(ϕ+ εh, ψ)(x) = ∇ϕL(ϕ, ψ)(x) + ε 2Cψ h(x).

Therefore, for any h̃, h ∈ L2(X)d,

∇2
ϕϕL(ϕ, ψ)[h̃, h] = lim

ε→0

∇ϕL(ϕ+ εh̃, ψ)[h]−∇ϕL(ϕ, ψ)[h]
ε

= lim
ε→0

EPX

[
⟨h(X), ∇ϕL(ϕ+ εh̃, ψ)(X)⟩

]
− EPX

[⟨h(X), ∇ϕL(ϕ, ψ)(X)⟩]

ε

= EPX

[
⟨h(X), 2Cψ h̃(X)⟩

]
= ⟨h, 2Cψ h̃⟩L2(X)d .

Equivalently, identifying the bilinear form with its Riesz operator representation on L2(X)d, the
ϕϕ-Hessian acts as (

∇2
ϕϕL(ϕ, ψ)h

)
(x) = 2Cψ h(x), ∀h ∈ L2(X)d,

so it is constant (independent of (ϕ, ψ)) and equal to the multiplication operator by 2Cψ .

An analogous argument starting from

∇ψL(ϕ, ψ)(y) = 2Cϕ ψ(y)− 2mϕ(y)

yields, for any g̃, g ∈ L2(Y )d,

∇2
ψψL(ϕ, ψ)[g̃, g] = EPY

[⟨g(Y ), 2Cϕ g̃(Y )⟩] = ⟨g, 2Cϕ g̃⟩L2(Y )d ,

and the corresponding operator form(
∇2
ψψL(ϕ, ψ) g

)
(y) = 2Cϕ g(y), ∀ g ∈ L2(Y )d.

For the crossed terms, let g ∈ L2(Y )d be a perturbation direction (i.e., ψ 7→ ψ + ϵg). Expanding
the second-moment matrix yields

Cψ(ψ + ϵg) = EPY

[
(ψ(Y ) + ϵg(Y ))(ψ(Y ) + ϵg(Y ))⊤

]
= Cψ(ψ) + ϵEPY

[
g(Y )ψ(Y )⊤ + ψ(Y )g(Y )⊤

]
+O(ϵ2),

and hence
∇ψCψ[g] = EPY

[
g(Y )ψ(Y )⊤ + ψ(Y )g(Y )⊤

]
.

Next, consider the centered conditional mean

mψ(x) = E [ψ(Y )− EPY
[ψ(Y )] | X = x] = E [ψ(Y ) | X = x]− EPY

[ψ(Y )] .

By linearity of conditional expectation and of the marginal expectation,

∇ψmψ(x)[g] = E [g(Y ) | X = x]− EPY
[g(Y )] .

Combining these identities with ∇ϕL(ϕ, ψ)(x) = 2Cψ ϕ(x) − 2mψ(x), we obtain the crossed
Hessian block ∇2

ϕψL(ϕ, ψ) as(
∇2
ϕψL(ϕ, ψ) g

)
(x) = 2∇ψCψ[g] ϕ(x)− 2∇ψmψ(x)[g].

Equivalently, the associated bilinear form is obtained by pairing the image ∇2
ϕψL(ϕ, ψ) g ∈ L2(X)d

against any h̃ ∈ L2(X)d via

∇2
ϕψL(ϕ, ψ)[h̃, g] := ⟨h̃, ∇2

ϕψL(ϕ, ψ) g⟩L2(X)d = EPX

[〈
h̃(X), (∇2

ϕψL(ϕ, ψ) g)(X)
〉]
.

Similarly, we obtain the crossed block ∇2
ψϕL(ϕ, ψ):(

∇2
ψϕL(ϕ, ψ)h

)
(y) = 2∇ϕCϕ[h] ψ(y)− 2∇ϕmϕ(y)[h],

with ∇ϕCϕ[h] = EPX

[
h(X)ϕ(X)⊤ + ϕ(X)h(X)⊤

]
, and an implicit bilinear representation ob-

tained by pairing against any g̃ ∈ L2(Y )d in the L2(Y )d inner product.
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B RELAXED NEWTON METHOD

In this appendix we detail a relaxed version of the functional Newton procedure. The goal is to
interpolate between the pure Newton method, which solves each quadratic block subproblem in a
single step, and a more conservative functional gradient-descent regime.

To this end, we introduce relaxation parameters ηϕ, ηψ ∈ (0, 1] and replace the exact Newton step
by a convex combination between the current iterate and the Newton solution. Implemented in an
interleaved (alternating) manner, the updates become

ψt+1(y) = (1− ηψ)ψt(y) + ηψ C
−1
ϕ,tmϕ,t(y), (2)

ϕt+1(x) = (1− ηϕ)ϕt(x) + ηϕ C
−1
ψ,t+1mψ,t+1(x). (3)

When ηϕ = ηψ = 1, we recover the pure Newton method. For smaller step sizes, each block update
moves only partially toward the Newton solution, resulting in a more gradual descent.

Unrolling equation 3–equation 2 gives the explicit representations

ψt(y) = (1− ηψ)
tψ0(y) + ηψ

t−1∑
k=0

(1− ηψ)
t−1−k C−1

ϕ,kmϕ,k(y),

ϕt(x) = (1− ηϕ)
tϕ0(x) + ηϕ

t−1∑
k=0

(1− ηϕ)
t−1−k C−1

ψ,kmψ,k(x).

These expressions make explicit that the relaxed iterates form exponentially weighted averages of
past Newton directions. In particular, the contribution of earlier updates decays geometrically at rate
(1− ηϕ) and (1− ηψ), respectively.

From a statistical perspective, the damping reduces the sensitivity of the method to estimation error
in mϕ,t,mψ,t and in the empirical operators Cϕ,t, Cψ,t. Because each step applies only a fraction of
the Newton correction, approximation errors are less aggressively propagated through the recursion.
This makes it possible to employ simpler function classes for the conditional-mean regressors, at the
cost of requiring more iterations. A precise characterization can be obtained by explicitly tracking
how regression error propagates through the relaxed recursion.

To formalize this intuition, one may impose an edge condition, analogous to the weak-learner
assumption in boosting. Let ∇ϕL(ϕt, ψt) denote the population functional gradient, and let
∇ϕL̂t(ϕt, ψt) denote its sample-based approximation obtained from the learned conditional-mean
regressors at iteration t. Assume there exists γ ∈ (0, 1) such that∥∥∇ϕL(ϕt, ψt)−∇ϕL̂t(ϕt, ψt)

∥∥2
L2(X)d

≤ (1− γ2)
∥∥∇ϕL(ϕt, ψt)

∥∥2
L2(X)d

.

Intuitively, this condition ensures that the learned update direction retains a fixed fraction of align-
ment with the true functional gradient.

Under such an edge assumption, the relaxed recursion inherits a geometric contraction property
similar to that of classical gradient boosting. In particular, the population gradient decreases at
a geometric rate under the relaxed step, and the approximation error can be shown to track the
population dynamics. Consequently, as in the boosting analysis of Grubb & Bagnell (2012), one
obtains convergence of the relaxed iterates provided the step size is chosen so that the underlying
contraction factor remains strictly below one.

C EXPERIMENTS DETAILS

In this section, we will give an overview of the experimental set-up used in this paper.

Implementation details. We employed XGBoost with its built-in early stopping and further imple-
mented early stopping at the overall training level. To enhance numerical stability, the model was
initialized using an orthonormal sine basis. At each iteration, gradient steps were computed through
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a least-squares formulation, further improving stability. Updates to the function parameters were
carried out via an alternating optimization scheme. For the benchmark experiments, we used 1000
boosting rounds with a squared-error objective in XGBoost.

Hyperparameter optimization. Our method (FSNM) was tuned using Weights & Biases with the
selection method set to bayes. We performed 100 optimization trials on the hyperparameter grid
reported in Table 1. The selection of the hyperparameters was based on minimizing the following
validation score:

Sval =
1

5

5∑
i=1

KS(FY |X=xi
, F̂Y |X=xi

),

where xi denote the 10, 25, 50, 75, 90% quantiles of X and KS denotes the Kolmogorov-Smirnov
metric:

KS(FY |X=x, F̂Y |X=x) = sup
y∈R

∣∣∣FY |X=x(y)− F̂Y |X=x(y)
∣∣∣ . (4)

Table 1: Hyperparameter grid for benchmark.
Hyperparameter Values Description

gamma [10−4, 3× 10−2] Regularization γ
learning rate phi [2× 10−4, 2× 10−1] Learning rate for ϕ updates
learning rate psi [2× 10−4, 2× 10−1] Learning rate for ψ updates
reg alpha {phi,psi} [10−4, 2× 10−2] Regularization strength for tree models
n estimators {phi,psi} ϕ : [10, 300], ψ : [10, 1000] Number of boosting trees
max depth {phi,psi} {1, 3, 5, 7, 9} Maximum depth of each tree
subsample {phi,psi} {0.5, 0.7, 0.9} Row subsampling ratio during training
colsample bytree {phi,psi} {0.7, 0.9, 0.95} Column subsampling ratio per tree
D {200, 250, 300, 350, 400} Dimension / number of basis functions
init random {random trees, orthonormal sines} Initialization strategy for basis functions

For the chosen hyperparameters in the benchmark, we used the values listed in Table 2.

Table 2: Hyperparameters used for different benchmark experiments.
Hyperparameter ECON SKEW GaussianMixture Student-t

D 100 100 250 150
gamma 0.0114 0.0114 0.00106 0.00106
n estimators phi 32 32 258 258
n estimators psi 913 913 517 517
max depth phi 5 5 3 3
max depth psi 3 3 1 1
subsample phi 0.7 0.7 0.9 0.9
subsample psi 0.7 0.7 0.7 0.7
colsample bytree phi 0.95 0.95 0.95 0.95
colsample bytree psi 0.95 0.95 0.95 0.95
reg alpha phi 0.00544 0.00544 0.0138 0.0138
reg alpha psi 0.00221 0.00221 0.00019 0.00019
learning rate phi 0.0928 0.0928 0.00624 0.00624
learning rate psi 0.0128 0.0128 0.0820 0.0820
init random orthonormal sines orthonormal sines orthonormal sines orthonormal sines

Computational resources. All experiments were conducted on a machine running Ubuntu 22.04
LTS, equipped with an Intel Core i7-11800H CPU (2.3 GHz, 16 cores) and 16 GB of RAM. No
GPU acceleration was used; all experiments were performed on CPU. The experimental pipeline
was implemented in Python 3.12, using NumPy 1.26, scikit-learn 1.6, and XGBoost 3.1.3.
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