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Abstract

Blind deconvolution is a ubiquitous problem of recovering two unknown signals from their convolution.
Unfortunately, this is an ill-posed problem in general. This paper focuses on the short and sparse blind
deconvolution problem, where the one unknown signal is short and the other one is sparsely and randomly
supported. This variant captures the structure of the unknown signals in several important applications.
We assume the short signal to have unit £2 norm and cast the blind deconvolution problem as a nonconvex
optimization problem over the sphere. We demonstrate that (i) in a certain region of the sphere, every local
optimum is close to some shift truncation of the ground truth, and (ii) for a generic short signal of length
k, when the sparsity of activation signal # < k~2/® and number of measurements m > poly (k), a simple
initialization method together with a descent algorithm which escapes strict saddle points recovers a near
shift truncation of the ground truth kernel.

1 Introduction

Blind deconvolution is the problem of recovering two unknown signals ay and z, from their convolution
Y = ag * xo. This fundamental problem recurs across several fields, including astronomy, microscopy data
processing [CLC*17], neural spike sorting [Lew98], computer vision [KH96], etc. However, this problem is
ill-posed without further priors on the unknown signals, as there are infinitely many pairs of signals (a, )
whose convolution equals a given observation y. Fortunately, in practice, the target signals (a, x) are often
structured. In particular, a number of practical applications exhibit a common short-and-sparse structure:

In Neural spike sorting: Neurons in the brain fire brief voltage spikes when stimulated. The signatures of
the spikes encode critical features of the neuron and the occurrence of such spikes are usually sparse and
random in time [Lew98, ETS11].

In Microscopy data analysis: The nanoscale materials of interests are contaminated by randomly and sparsely
distributed “defects”, which can dramatically change the electronic structure of the material [CLC"17].

In Image deblurring: Blurred images due to camera shake can be modeled as a convolution of the latent
sharp image and a kernel capturing the motion of the camera. Although natural images are not sparse, they
typically have (approximately) sparse gradients [CW98, LWDF11].

In the above applications, the observation signal y € R™ is generated via the convolution of a short kernel
ao € R with k < m and a sparse activation coefficient zy € R™ with ||z ||, < m. Without loss of generality,
we let y denote the circular convolution of ag and x

Y =ag®xy = ag ® o, (1.1)

with @y € R™ denoting the zero padded m-length version of ag, which can be expressed as ag = tiag. Here,
tr » R¥ — R™ is a zero padding operator. Its adjoint ¢} : R™ — RF acts as a projection onto the lower
dimensional space by keeping the first k components.



The short-and-sparse blind deconvolution problem exhibits a scaled-shift ambiguity, which derives from
the basic properties of a convolution operator. Namely, for any observation signal y, and any nonzero scalar
a and integer shift 7, the following equality always holds

y = (kas,[ao]) ® (£~ s [z0]) (1.2)
Here, s_.[v] denotes the cyclic shift of the vector v by 7 entries:
s;w]j(i) =v(i—-7—1]m+1), Vie{l,---,m}. (1.3)

Clearly, both scaling and cyclic shifts preserve the short-and-sparse structure of (ao, z). This scaled-shift
symmetry raises nontrivial challenges for computation, making straightforward convexification approaches
ineffective, and leading to complicated nonconvex optimization landscape. [ZLK*17] considers a natural
nonconvex formulation of sparse blind deconvolution, in which the kernel @ € R” is constrained to have unit
Frobenius norm. [ZLK"17] argues that under certain idealized conditions, this problem has well-structured
local optima, in the sense that every local optimum is close to some shift truncation of the ground truth. The
presence of these local optima can be viewed as a result of the shift symmetry associated to the convolution
operator: the shifted and truncated kernel ¢} s, [ag] can be convolved with the sparse signal s_, [x] (shifted
in the other direction) to produce a near approximation to y that

(i [ao]) ® s [wo] ~ y. (1.4)

Figure 1: Local Minimum. Top: observation y = ag ® xo, and ground truth ao, and xo; Bottom:
recovered a ® x, a, and x at one local minimum of a natural formulation in [ZLK17].

In [ZLK*17], the geometric insight about local minima is corroborated with a lot of experiments, but
rigorous proof is only available under rather restrictive conditions. In this paper, we adopt the unit Frobenius
norm constraint as in [ZLK*17] but consider a different objective function over the kernel sphere S¥~1. We
formulate the sparse blind deconvolution problem as the following optimization problem over the sphere:
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min —[[g@7ry (g, st lglp=1 (1.5)
Here, § denotes the reversal' of y and 7, (q) is a preconditioner which we will discuss in detail later.
Convolution y ® r, (q) approximates the reversed underlying activation signal xy, and — ||- ||j serves as the
sparsity penalty.

This paper studies the function landscape of the short-and-sparse blind deconvolution problem assum-
ing the short k-length convolutional kernel lives on a unit Frobenius norm sphere, denoted as S¥~!. We
demonstrate that even when x is relatively dense, a shift truncation ¢} s, [ag] of the ground truth still can
be obtained as one local minimum in certain region of the kernel sphere. Such benign region contains the
sub-level set of small objective value, and an initial point with small objective value can be easily found.
Specifically, for a generic kernel on the sphere ? ay € S¥~!, if the sparsity rate § < k~2/3 and the number of
measurement m 2 poly(k), initializing with some k consecutive entries of y and applying any optimization
method which (i) is a descent method, and (ii) converges to a local minimizer under a strict saddle hypothesis
[JGN*17, XRKM17], produces a near shift-truncation of the ground truth.

"Denote y = [y1, Y2, ,Ym—1,Ym]" , then its reversal § = [y1, Y, Yym—1,- -, y2]" -
2Here, we refer a kernel sampled following a uniform distribution over the sphere as a generic kernel on the sphere.



1.1 Related Works

Even after accounting for the scale ambiguity, the general blind deconvolution problem remains ill-posed.
Different types of prior knowledge about the unknown signals have been introduced and to make the blind
deconvolution problem well posed. For example, if the signals ay and x live on known linear subspaces,
the blind deconvolution problem can be cast as a low-rank recovery problem, and solved via semidefinite
programming. [ARR12] proves that if one of the subspaces is random and the other satisfies a spectral
flatness condition, this approach recovers the pair (ag, o) up to scale. [LLSW16] provides a more efficient
nonconvex algorithm for blind deconvolution under this subspace model. [LS15] consider a more complicated
model in which one of the signals is sparse in some known dictionary. [LL]B17] considers the case where
both convolutional signals are sparse in some known dictionaries. These known dictionaries are assumed
to be random (e.g., Gaussian or partial Fourier). Identifiability of these blind deconvolution problems
is investigated in [LLB16, LLB17]. [LS17] further addresses a simultaneous demixing and deconvolution
problem, where the observation is the superposition of multiple convolutions.

The above results offer efficient and guaranteed algorithms for blind deconvolution problems in which the
signals of interest are sparse in a random dictionary. However, in the short-and-sparse blind deconvolution
problem in microscopy image analysis or neural spike sorting, the sparse signal is sparse with respect to the
standard basis rather than a random dictionary. Any cyclic shift of a standard basis is another standard
basis, therefore the short-and-sparse blind deconvolution problem is only identifiable up to shifts. This is
in contrast to the aforementioned random models, which only exhibit a scale ambiguity. When casting the
short-and-sparse blind deconvolution problem as an optimization problem, this shift ambiguity creates a
large group of equivalent global solutions (convolutional pairs of opposite shifts s.[ay] and s_[z¢]) and
therefore much more complicated optimization landscape.

For sparsity in the standard basis, [CM14, CM15] show that sparsity alone is not sufficient for unique
recovery, by demonstrating the existence of manifolds (a, ) of signals that are not identifiable from the
convolution y = a * . This construction requires both the support and magnitudes of the two signals to
be regular: the support of  needs to have the form J U s, (J) for some set J, and the nonzero entries of
to take on specific values. When « is either Bernoulli or Bernoulli-Gaussian, with probability one, the pair
(a, x) does not fall in this non-identifiable set. [Chil6] proposes a convex relaxation for a variant of the sparse
blind deconvolution problem in which a lies in a random subspace and « is a superposition of spikes with
continuous-valued locations. A strong point of this method is that it avoids discretization. Because of the
random subspace model on a, the results of [Chil6] are not directly comparable to ours. However, if the rates
from this work were adapted to the short-and-sparse setting, they would require @ to be sparse enough that
the observation y contains many isolated (non-overlapping) copies of a. This seems to reflect a fundamental
limitation of convexification approaches in handling signals with multiple structures [OJF"15]. [WC16]
studies another variant where multiple independent observations of circulant convolutions are available,
motivated by multi-channel blind deconvolution. Although the convolution kernel is short compared to the
total measurements, each independent "short" measurement is self contained. While in the short-and-sparse
blind deconvolution problem, only one measurement is available and any "short" measurement heavily
depends on adjacent measurements. This nuance leads to much more complicated optimization geometry.

Although the theory of short-and-sparse blind deconvolution remains completely open, many nonconvex
algorithms have been developed and practiced in computer vision, where the convolution kernel captures the
image blurring process due to camera shake [LWDF11]. Motivated by this physical model, people assume
the convolutional kernel to be entry-wise nonnegative and sums up to 1, and then minimize the objective
function of following form

azoﬁﬁlﬂlzl min My —a®z|+ 2|z, . (1.6)
In the image deblurring application, « represents the gradient of a natural image and ||-||, penalizes the
sparsity of . However, such formulation always admits one local minimum obtained at the convolutional
pair (a,x) = (4, y) [BVG13, PF14]. In contrast, [WZ13, ZWZ13] carefully compare the difference in MAP
and VB approaches, and propose to instead constrain a to have unit Frobenius norm —i.e., to reside on a
high-dimensional sphere. [ZLK*17] studies the optimization landscape of the sphere constrained sparse



blind deconvolution and firstly identifies the structure of the local solutions. In particular, [ZLK*17] casts
the short-and-sparse blind deconvolution problem as an optimization problem over the sphere:

min min} |y~ a2+ A, (17)
and presents empirical evidence that local minima a are close to certain shift truncations of ag. [ZLK*17] further
proves that a “linearized” version of (1.7), which neglects quadratic interactions in a, satisfies this property,
in the “dilute limit” in which the sparse signal x is a single spike. In this paper, we demonstrate that
for a different objective function, this claim holds under much broader conditions than what is proved in
[ZLK*17]. In particular, our results allow the sparse signal z( to be much denser.

1.2 Assumptions and Notations

We assume that ¢y € R™ follows the Bernoulli-Gaussian (BG) model with sparsity level §: z (i) = w;g;
with w; ~ Ber (0) and g; ~ N (0,1), where all the different random variables are jointly independent. For
simplicity, we write &g ~; ;4. BG ().

Throughout this paper, vectors v € R* are indexed as v = [v1,vg, -+ ,v}], and [-],, denotes the modulo
operator of m. We use |[|-[|, to denote the operator norm, ||-|| to denote the Frobenius norm, and ||-[|,, to
denote the entry wise ¢ norm. (-); denotes the projection onto subset with index I and Ps [-] = T denotes

F

the projection onto the Frobenius sphere. (-)?” is the entry wise p-th order exponent operator. We use C, ¢ to
denote positive constants, and their value change across the paper.
2 Problem Formulation and Main Results

In the short-and-sparse blind deconvolution problem, any % consecutive entries in y only depend on 2k — 1
consecutive entries in xg:

k—1
T . —
Yi = Wi Yiepivh—1], ] = Z Tiyfipr—1],, " LiSr]@0] (2.1)
T=—(k—1)
ap  Qp—1 - G 0 0 L14[i-k],,
0 ag e as 0 O
=|: : : Lo z; ) (2.2)
0 0 N Ap—1 e (731 0 .
0 0 PR ak ... a2 al $1+[z+k72]m
AgcRkX(2k—1) 2, cR(E—1)x1
Write Y = [y1,Y2,...,Ym] € R¥*™and X = [z1,...,Tm] € R?*~1X™, Using the above expression, we have
that
Y = Ay Xo. (2.3)
Each column z; of X only contains some 2k — 1 entries of «y. The rows of X are cyclic shifts of the reversal
of xq: so[Zo]
Xo = : . (2.4)
s2k—2[®0]

The shifts of &, are sparse vectors in the linear subspace row(Xj). Note that if we could recover some shift
sr[xo), we could subsequently determine s_; [ag] by solving a linear system of equations, and hence solve
the deconvolution problem, up to the shift ambiguity.



2.1 Finding a Shifted Sparse Signal

In light of the above observations, a natural computational approach to sparse blind deconvolution is to
attempt to find x, by searching for a sparse vector in the linear subspace row(Xj), e.g., by solving an
optimization problem

min |jv]], s.t. v erow(Xy), ||v|, =1, (2.5)

where ||-||, is chosen to encourage sparsity of the target signal [SWW12, SQW15, QSW16, HSSS16].

In sparse blind deconvolution, we do not have access to the row space of X|. Instead, we only observe the
subspace row(Y') C row(X)). The subspace row(Y") does not necessarily contain the desired sparse vector
el X, but it does contain some approximately sparse vectors. In particular, consider following vector in
row(Y),

v = YTao = @&y + Z <CL07 si[a0]> Sz[ii:()] . (26)
sparse -

“noise” z

The vector v is a superposition of a sparse signal &, and its scaled shifts (ao, s;[@o]) s;[®o]. If the shift-
coherence | (a, s, [ag]) | is small® and x is sparse enough, z can be viewed as small noise.* The vector v
is not sparse, but it is spiky: a few of its entries are much larger than the rest. We deploy a milder sparsity
4 . 4. . s L
penalty — ||-||, to recover such a spiky vector, as |-||, is very flat around 0 and insensitive to small noise in the
signal.® This gives .
min  —i[vf; s.t. verow(Y), ||lv], =1 (2.7)

We can express a generic unit vector v € row(Y)asv =Y 7T (YYT)fl/2 g, with ||[v||, = ||g||,. This leads to
the following equivalent optimization problem over the sphere

. . 1 —1/2 |4
min ;z;(q):_%HYT (yy?) " qH4 st |lgll, = 1. 2.8)

Interpretation: preconditioned shifts. This objective ¢ (g) can be rewritten as

1

¢(Q)=—R

_ 4 1
o (ry) Rl L

- T =172 |14 - 4
=1 B AT (YY) || ~laowcli.  @9)

where ¢ = Al (AoAY)~1/2q. This approximation becomes accurate as m grows.® This objective encourages
the convolution of &, and ¢ to be as spiky as possible. Reasoning analogous to (2.6) suggests that &¢ ® ¢ will
be spiky if
¢=AT (AAT) Pgre, le{l, - 261} (2.10)

For simplicity, we define the preconditioned convolution matrix
. ~1/2
A= (A()AOT) / AO = [0,1 as - azk_l] s (211)

with column coherence (preconditioned shift coherence) 1 = max;; |(a;, a;)|. Then ¢ can also be interpreted
as measuring the inner products of g with columns of A. Making this intuition rigorous, we will show that
minimizing this objective over a certain region of the sphere yields a preconditioned shift truncate a;, from
which we can recover a shift truncate of the original signal a,.

2.2  Structured Local Minima

3For a generic kernel ay, the shift-coherence is bounded by | (ao, s+ [ao]) | & 1/V/k for any shift .

4In particular, under a Bernoulli-Gaussian model, for each j, E[z?] =030 (a0, s; [ao])?.

5In comparison, the classical choice ||-||, = ||+, is a strict sparsity penalty that essentially encourages all small entries to be 0.
°As Ezg~ii.0.BG(0) Yy?] = Exggnii.a.BG(O) [A()XOX(?A(ﬂ = eonAOT'



We will show that in a certain region R¢, C S*~1, the preconditioned shift
truncations a; are the only local minimizers. Moreover, the other critical points
in R¢, can be interpreted as resulting from competition between several of
these local minima (Figure 2). At any saddle point, there exists strict negative
curvature in the direction of a nearby local minimizer which breaks the balance
in favor of some particular a;. The region R, is defined as follows:

Definition 2.1. For fixed C, > 0, letting s denote the condition number of Ay, Figure 2: Saddles points are
and p = max;+; |(a;, a;)| the column coherence of A, we define two regions R¢,, approximately superpositions
Re, C S as of local minima.

Ro, = {qes51|[|ATq|f; > Copr® HAT‘IHi} : (212)
R, = {q e SF || ATq|[; > C*Wﬁ} C Re.. (2.13)

A simpler and smaller region 7@0* is also introduced in Definition (2.1). This region 7@0* can be viewed
as a sub-level set for — || A" q]

i, which is Eroportional to the objective value ¢ (g) assuming m is sufficiePtly

large’. Therefore, once initialized within R¢,, the iterates produced by a descent algorithm will stay in R, .

In particular, at any stationary point g € R, the local optimization landscape can be characterized in
terms of the number of spikes (entries with nontrivial magnitude®) in ¢. If there is only one spike in ¢, then
such stationary point g is a local minimum that is close to one local minimizer; if there are more than two
spikes in ¢, then such stationary point g is saddle point. Based on the above characterizations of stationary
points in R¢, with C, > 10, we can deduce that any local minimum is close to some a;, a preconditioned
shift truncation of the ground truth ay.

Theorem 2.2 (Main Result). Assuming observation y € R™ is the circulant convolution of ay € R* and g ~ii.q.
BG (0) € R™, where the convolutional matrix Ao has minimum singular value o, > 0 and condition number
k > 1, and A has column incoherence 0 < p < 1. There exists a positive constant C such that whenever the number of

measurements { 4/3 .2 2}
min  p~ 0 Kk oy 3( Kk )
>C k°k™ 1o N 214
T # 0= 0) o o

and 6 > log k/k, then with high probability, any local optima § € Roc, satisfies
(@, Ps i) = 1 = con™ (2.15)
for some integer 1 <1 < 2k — 1. Here, C, > 10 and ¢, = 1/C,.

This theorem says that any local minimum in Rac, is close to some normalized column of A given
polynomially many observation. The parameters opmin, £ and p effectively measure the spectrum flatness of
the ground truth kernel ay and characterize how broad the results hold. A random like kernel usually has
big omin, small x and p, which equivalently implies the result holds in a large sub-level set 7@20* even with
fewer observations.

Hence, once assuring the algorithm finds a local minimum in R,¢, , then some shifted truncation of the
ground truth kernel ay can be recovered. In other words, if we can find an initialization point with small
objective value, then a descent algorithm minimizing the objective function guarantees that g always stays in
Rac, in proceeding iterations. Therefore, any descent algorithm that escapes a strict saddle point can be
applied to find some a;, or some shift truncation of ay.

7Please refer to Section 3 for more arguments.
8We call any ¢; with magnitude no smaller than 2 ||CH§ / |I¢|3 to be nontrivial and defer technical reasonings to later sections.



2.3 Initialization with a Random Sample

Recall that y; = Apx;, which is a sparse superposition of about 20k columns of Ay. Intuitively speaking,
such gini; already encodes certain preferences towards a few preconditioned shift truncations of the ground
truth. Therefore, we randomly choose an index i and set the initialization point as

~1/2
Ginit = Ps [(YYT) / yz} . (2.16)
Using By, o Bao) [YY 7] = 0mA; A again, we have
Cinit = AT qinie ~ Ps [AT Az;] . (2.17)

For a generic kernel ay € S*~!, AT A is close to a diagonal matrix, as the magnitudes of off-diagonal entries
are bounded by column incoherence ;. Hence, the sparse property of «; can be approximately preserved,
that Ps [AT Aa;] is spiky vector with small — |-||;. By leveraging the sparsity level 6, one can make sure
such initialization point gi,;; falls in 7320*. Therefore, we propose Algorithm 1 for solving sparse blind
deconvolution with its working conditions stated in Corollary 2.3. For the choice of descent algorithms
which escape strict saddle points, there are several such algorithms specially tailored for sphere constrained
optimization problems [ABG07, GWY09].

Algorithm 1 Short and Sparse Blind Deconvolution

Input: Observations y € R™ and kernel size k.
Output: Recovered Kernel a.
1: Generate random index i € [1,m] and set

Qinit = Ps {(YYT)A/2 yz] .

2: Solve following nonconvex optimization problem with a descent algorithm that escapes saddle point
and find a local minimizer

g = arg min .
q=arg min ¢(q)

3 Seta=P; [(YYT)"?q|.

Corollary 2.3. Suppose the ground truth ag kernel has preconditioned shift coherence 0 < p < gl log %/ (k) and

sparse coefficient Ty ~; ;4. BG (0) € R™. There exist positive constants C' > 2560* and C” such that whenever the
sparsity level

64k~ logk < 0 < min { ;L pu 2k log 2k,
(3 — 89 (3C,ux?) P k7 (14 364k log k) 2 ),

and signal length

m > max {092072 KOK3 (1+ 362k log k‘)4 log (kk),

C'(1—0) 2o 2 min {p™, k2k?} k5k* log® (k) },
then with high probability, Algorithm 1 recovers @ such that
|G = Ps [exs-[@nl]ll, < 4v/cr + ek (2.18)

for some integer shift — (k—1) <7 <k —1.



For a generic ag € S*~!, plugging in the numerical estimation of the parameters oin,  and  (Figure
3), accurate recovery can be obtained with m > 62kS poly log (k) measurements and sparsity level § <
k—2/3 poly log (k). For bandpass kernels ag, oin is smaller and &, p are larger, and so our results require x
to be longer and sparser.

3 Asymptotic Function Landscape

In the next two sections, we discuss some key elements of our analysis. In this section, we first investigate
the stationary points of the “population” objective E5,[1/(g)]. We demonstrate that any local minimizer in
Re, is close to a signed column of A, a preconditioned shift truncation of ay. In the next section, we then
demonstrate that when m is sufficiently large, the “finite sample” objective )(q) satisfies the same property.

In Section 3.1, we show how to accurately estimate the vector { = AT q at any stationary point g € Rc,.
In Section 3.2, we show how the number of spikes in ¢ determines the geometry around a stationary point.

e For any stationary point g € R¢,, its preconditioned cross-correlation ¢ has at least one large entry
(Section 3.2.1). This implies that any stationary point ¢ must be close some local minimizer.

e If ¢ has only one large entry, then g is a local minimizer. (Section 3.2.2)

o If ¢ has more than one large entry, then q is a strict saddle point. (Section 3.2.3)
With above three characterizations, we can deduce that any local minimizer in R, is close to some column
of A, a preconditioned shift truncation of a,.
3.1 Stationary Points

Using E, ., . Ba(o)[YY '] = 0mAyAf again, the expectation of the objective function ¢ (q) can be approxi-
mated’ as

1 —1/2 |4
EfﬂONi.i.d.BG(9) [w(Q)] ~ EwONi.i.d.BG(e) |:_m HYT (eonAg) / qH4:|

1
— 5 [30 (1 0) | ATq} + 3% | A7q] ]
3(1—6) 4 3
=2 AT - (6.1)

In the next section, we will argue that the critical points of the finite sample objective v)(q) are close to
those of the asymptotic approximation ¢. We can therefore study the critical points of ¢ by studying the

simpler problem ) 1
1 - = T 114 - _ - 4
i o (q) = —7 [ A"qll, = —7 i<l (3.2)

The Euclidean gradient and Hessian for ¢(q) can be calculated as

Veo(q) = —AC%, (3.3)
V?p(q) = —3Adiag (¢°%) A”. (3.4)

We can study the critical points of ¢ over the sphere using the Riemannian gradient and hessian [AMS07]

grad p(q) = Py [Ve(q)] (3.5)
= —AC +qll¢ll3, (36)
Hess ¢(q) = P,. [V?¢0(q) — (Vo(q),q) I] P,. (3.7)

°In Lemma A.1 of the appendix, we give a detailed derivation of this approximation.



= —P,.[3Adiag(¢®2) AT— ¢} I] P,.. (3.8)

Here, P,. = I — qq” denotes the projection onto the tangent space of the Frobenius sphere at point g € S¥~.
As in the Euclidean space, a stationary point on the sphere satisfies grad [¢] (¢) = 0. Using (3.6), at any
stationary point of ¢,

AC? - gl = 0. (3.9)
Left-multiplying both sides of the equation by AT, we have

ATAC? — ATq|¢||; =0. (3.10)

For the i-th entry, following equality always holds

0= llaall3 7 + > {as a5) ¢ = Gy (3.11)
i
-~ 0= 413 —¢ ||C||42 + Z]?’él { 5 J> CJ ] (3.12)
laill aill5
——
i Bi
For simplicity, we deploy the following notations
4 i Qg Qg 3
o el g 2 (@086 (3.13)
lailly lailly

If o; > B;, Proposition 3.1 shows that ¢; is very close to one of three values: 0, or & /c;.

Proposition 3.1. Let g € S*=! be a stationary point satisfying ||ATqu > 4p||ATq 2, then the i-th entry of

¢ = AT q falls in the range

203
0, xva} = 2 (3.14)
with . .
o (a;,a; >
;= ||C||427 Bi — Z]7é1< y j><] . (315)
lailly lailly
Proof Since ||C||i >4u HCHg, in this case, 3; < iaf/Q is satisfied, as
1615 > 4pliClls > 4llall, Y (aiaj) G- (3.16)
i
The roots can be estimated by applying Lemma A.2 with
2
laill,
C 23 aa) 2 3
26 _ 22 5zt ; )G m|<;4||3. (3.18)
Qi €114 €1l
|

This implies that either |{a;, q)| is large (~ \/a;) or it is very close to zero.



3.2 Function Landscape on R,

In this section, we study the optimization landscape around a stationary point g by bounding the eigenvalues
of the Riemannian Hessian Hess [¢] (q): if Hess [¢] (g) is positive semidefinite, then the ¢ is convex in a
neighborhood of g and hence q is a local minimum; if Hess [¢] (q) has a negative eigenvalue, then there exists
a direction along which the objective value decreases and hence q is a saddle point.

Note that the Riemannian Hessian Hess [¢] (q) at stationary point q is a function of ¢ which can be
accurately estimated when constrained in R¢, with C, > 10. By plugging the estimation of ¢ in the
Riemannian Hessian, we can bound the eigenvalues of Hess [¢] (q), and hence we can characterize the
optimization landscape around a stationary point q.

3.2.1 Nontrivial Preference of a Stationary Point

First, we demonstrate that for any stationary point g € R¢, with C, > 10, ¢ must have at least one large
entry.

Lemma 3.2. For any stationary point q € Re, with C, > 10,

3

2 |I¢lls

=N
€114

Proof We give a proof by contradiction. Suppose that g € R¢, with C, > 10, and every entry of ¢ has small
magnitude such that ||| < 2u[|¢[13 /[I<]l;, then

1<lloe = (3.19)

26:\* _ 4u? <l
el < heiz < (2 < o1l (3.20)
o 15k
which indicates ||¢ ||?1 <2u|¢ ||§ and contradicts the assumption ||¢ ||Z > Cuk?||¢ Hg Therefore, at least one
entry of ¢ has large enough magnitude. |

Geometrically, the nontrivial entry (; indicates the preference to corresponding column a;, as ¢; = (a;, q).
Therefore, Lemma 3.2 implies that any stationary point q in R¢, should be close to at least one column of A.

3.2.2 Local Minima

Suppose g € R¢, (C, > 10) is a stationary point and vector ¢ only has one nontrivial entry (;, then we can
demonstrate that the Riemannian Hessian Hess ¢ (g) is positive definite, and hence q is a local minimizer
near a;.

Lemma 3.3. Suppose q is a stationary point in R¢, with C, > 10, and ¢ = A™ q has only one entry {; of magnitude
no smaller than 2p ||CH§ /C|I3. Then q is a local minimum near a; and |(q, Ps [a1])| > 1 — 2¢,x~2 with ¢, = 1/C,.

Proof Suppose ¢ has only one big entry (;, and other entries are bounded by 23; /o

Il =6 +> ¢ (3.21)
J#l
<G Hmax(Ge Yy (G (322)
J#l P
2 6
<yt 4p ||CH37 (3.23)
l 8
1114
with ||CH2 > Cpur? HC||§, and for simplicity let ¢, = 1/C,, we have
4u? ¢ s _
Gt = lIglls ”C”|8”3 > (1= 4cis™") I¢l3 - (3.24)
4
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On the other hand, we also have

2 2ﬁl 2
¢ < (var+ Tt (329
l
3 2 6
_ ey Al 4 il (3.26)

el Tada ISR GG
_ ligliz L (14 deyr? 4 4c2nY). (327)
||a1||2

Combining above two inequalities, we have

1+4dew 2+ 42— (¢
1—4cr—* a3’

¢ < (3.28)

thus the local minimum gq is close to a;:

V1= dc2r
|<q7 al>| > Ci K Z 1— QC*K/72. (329)

laill, = 142ck=2

Next, we need to verify that the Riemannian Hessian at ¢ is definite positive, recall that

Hessp (q) = —Py: [3Adiag(¢°) AT — €|} 1] Py (3:30)
Let v be a unit vector such that v | g, then
vT Hess ¢ (q) v (3.31)
S— (3A diag(¢°2) AT — ||¢|2 I) v (3.32)
= [I¢[l; — 30" A diag(C°2)AT (3.33)
- HC||4 - 3 a’la Cl - 32 a;, v (334)
i#£l
> [I¢]l5 = 3 {an, v)* ¢ —3m§;<C?- (335)

The last inequality is due to -, ; (a;, v)? < HAT’UH§ = 1. Since v L @ and (; is the only entry with nontrivial
magnitude, then derive from (3.29):

2
(ar,v)* ¢F < 2¢, a3 <\F+ ”Bl) (3.36)
< 2c, [lallly - (1+2¢.)% (3.37)
< 2¢, (1+2¢2)° ¢} (3.38)

and

2 42 6 4¢2 12

maec? < o < B A0 Cl gy, (339)
i#l a 1<l €Il

Hence, the inequality v” Hess ¢ (q) v > (1 — 6¢, — 36¢2 — 24¢3) [|¢||3 holds for any v satisfying v L g, thus
implies positive curvature along any tangent direction at such stationary point ¢ when C, > 10.
|

The lemma says if g is a stationary point in R¢, and g is only close to one column a;, then q is a local
minimizer and satisfies |(g, Ps [a;])| > 1 — 2c,x2 with ¢, = 1/C,.

11



3.2.3 Saddle Points

Atlast, if g € R, (C, > 10) is a stationary point and vector ¢ has more than one nontrivial entry. Denote
any two nontrivial entries of ¢ with (; and ¢/, then we can prove that the Riemannian Hessian Hess ¢ (g) has
negative curvature in the span of a; and a;/, hence g is a saddle point.

Lemma 3.4. Suppose q is a stationary point in R, with C, > 10, and { = AT q has at least two entries (; and (y/
with magnitude magnitude > 2 ||(||§ / ||C||i, then the Riemannian Hessian at q has at least one negative eigenvalue
and q is a saddle point.

Proof Suppose ¢ has at least two big entries (; and ¢ satisfying

2 2
Cl22 (@_5) (3.40)
o ells  Amliclis 4 ] (3.41)
ladlly €Iz lall, NG
il 4 li¢lls (3.42)
ladlly  11¢H3 llaull,

and (p likewise. Since the nontrivial entry (; = (ay, ¢), and again let ¢, = 1/C,, it is easy to show that the
norm of a; is sufficiently large:

26\
Jaulg > ¢ > (vai - 2) (6.43)
> ¢l
> (1 - 2¢,) L (3.44)
a3
2/3 2
> (1 - e o2 Il (3.45)
laall;
or 16
lally > (1 — ) o ut/s ¢y (3.46)

Similar result holds for ||a;||,, therefore

—2/3 4
p o P Ielly < e, (3.47)
ladlly lavll, = il — i ¢lls —

Now we are ready to show there exists a unit vector v such that v € span(a;,a;) and v L g, and the
Hessian has negative curvature along such v:

vT Hess p(q)v
= —3v” Adiag(¢?)ATv + ||¢|} (3.48)
< =3v" (aal +ar(ial) v+ ¢l (3.49)
2 2
aj aj 4
< _3 TV + ‘< 7U> C”
(K i) (o)
4¢3
+ ”gnjs laly + llarlls) + ¢ (350)
4

H 4
Y (R Y
ladll; llarl, !
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¢y
I¢I3
< (-2 +11¢) |[¢]l} - (3.52)

+ (lally + llawlly) + <]} (3.51)

The third inequality is implied by Lemma A.3 and is negative when C, > 10.
u

This lemma says if the stationary point g has large inner product with any two columns a; and a;/, then
this g is a saddle point and the objective value decreases along the direction that breaks symmetry between
a; and ay . The saddle point g can be seen as resulting from the competition between the two target solutions
a; and ay .

4 Large Sample Concentration

In this section, we argue that the geometric characteristics of ¢ (g) are similar to those of ¢ (g), by demonstrat-
ing that the critical points of the finite sample objective function ¢)(q) are similar to those of the asymptotic
objective function ¢(q):

e Critical points are close. The Riemannian gradient (Lemma 4.2) and Hessian (Lemma 4.3) concentrate,
such that there is a bijection between critical points g, of ¢ and critical points gy, of ¢, with g, — qy ||,
small.

e Curvature is preserved. The Riemannian Hessian (Lemma 4.3) concentrates, such that Hess[t](g¢s) has
a negative eigenvalue if and only if Hess[y](gpop) has a negative eigenvalue, and Hess[t)](gys) is positive
definite if and only if Hess[¢](gpop) is positive definite.

This implies that every local minimizer of the finite sample objective function is close to a preconditioned
shift-truncation (Lemma 4.1).

Lemma 4.1. If the following inequalities hold

Jevaatel @ 20 aratel ()|

3¢, 1 -0

s 1Al (4.1)
[pesstol @) - 25 wessil @)

1-0
Om?

forall ¢ € Roc, with C, > 10 and ¢, = 1/C,, then any local minimum q of v (q) in Rac, satisfies (G, Ps [ai])| >
1 — 2¢,k™2 for some index .

< 3(1—6c, — 3602 — 24c%) |ATq|; (4.2)

Proof Please refer to Appendix B. |

The Riemannian gradient and Hessian of the finite sample objective function ¢ (q) have similar expressions
as those of the asymptotic objective function ¢(q). Letn = Y7 (YY) 12 g € S™1. Then

o) =g [y 0y

1 4
= —— 4.3

we calculate the Euclidean gradient and Hessian of the objective function

Vi (@) = —— (vYT) Py, @4

13



V2 (q) = f% (YYT) %Y diag(n?)YT (YY) (4.5)
Similarly, the Riemannian gradient and Hessian have the form
grad[y] (q) = Py+ [V (q)] (4.6)
1 1
——— (YY) Yyt 4 —qmlli, 47)
m m
Hess[¢)] (q) = Pye [V*¥ () — (V¥ (q) . @) I] Py (4.8)
-P,. [% (YY") %y diag(n*?)Y?” (YY) ?
"
+ ||n||4I}PqL' (4.9)

Since Y = Ay Xy, we can see that the Riemannian gradient and Hessian are (complicated) functions of
the random circulant matrix X,. Although the entries of the vector x are probabilistically independent,
the entries of X, are dependent random variables. To remove the dependence within the random circulant
matrix X, we break X into submatrices Xj, ..., Xo,_1 that

Xi= [x%ww(%fl), e wi+(m72k¢71)] . (4.10)

Each of which is (marginally) distributed as a (2k — 1) x 575 i.i.d. BG(f) random matrix. Indeed, there
exists a permutation IT such that
XoII = [X4, Xo,-+ , Xog_1]. (4.11)

A detailed analysis of (4.7)-(4.9) (see Appendix E and Appendix F in the Appendix) allows us to control the
finite sample fluctuations of the gradient and Hessian in terms of analogous quantities for each X;. Because
the X; arei.i.d., they are amenable to standard tools from measure concentration. Taking a union bound over
i, we show that the gradient (Lemma Lemma 4.2) and hessian (Lemma Lemma 4.3) concentrate as desired:

Lemma 4.2. Suppose xy ~i;.q. BG (0) € R™. There exists positive constant C' that whenever

min{(2C*u)_1 K
(1—6)° 02

min

2k2}
m>C xSk log® (kk), (4.12)

and 0 > 1/k, then with probability no smaller than 1 —exp (—k) —62 (1 — 6)* k=% —2 exp (—0k) — 48k~7 —48m " —
24k exp (—ﬁ min {k, 3\/9m}),

3(1—0) 1-96 IIATqH4
_ <c .
grad[y] (q) — —5—5— grad[¢] (q) L e (4.13)
holds for all q € Rac, with ¢ < 3/ (2C,) < 2

Proof Please refer to section E. [ |

Lemma 4.3. Suppose xy ~i.i.4. BG (0). There exists positive constant C' that whenever

min { (20*,1”12) _4/3, k2 }
> 5 kOk* log® (kk), (4.14)
(1 - 0) J?ﬂin

and 0 > 1/k, then with probability no smaller than 1 —exp (—k) —62 (1 — 6)* k=% —2 exp (—0k) — 48k~7 —48m 5 —
24k exp <7m min {k 3V })

3(1—
Hm

(4.15)

oo K= natia] <

holds for all q € Rac, with positive constant ¢ < 0.048 < 3 (1 = 6c, — 36¢2 — 24c3).
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Proof Please refer to section F. |

5 Experiments

5.1 Properties of a Random Kernel

Our results are stated in terms of several parameters, including the condition number & of Ay and the column
coherence of A. In Figure 3, we demonstrate the typical values of oy, x, and 1 for generic unit-norm kernels
of varying dimension k = 10, 20, - - - , 1000.
From this figure, for a generic unit-norm kernel, we have following estimates:
oo ~log~ ! (k), (5.1)
K~ log?/? (k), (5.2)

u = +/log (k) /k. (5.3)

On the other hand, if the kernel a is bandpass, then both x and p are larger. In this situation, our results

Omin K 1%
- 12

0 min

— log"k 10

— (]

0.3

— log k [

0.2

— R

1 105"k | 4

| | 2 | |
0 200 400 600 800 1,000 O 200 400 600 800 1,000 0O 200 400

2 :
0 600 800 1,000

Figure 3: Average of Parameters omin, x, and i of a random unit norm kernel ao over 50 independent
trials, as a function of dimension k.

require more observations m and smaller sparsity rate .

5.2 Recovery Accuracy of Local Minima

We next investigate the performance of Algorithm 1 under varying settings. We define the recover error
as err = 1 — max, (@, Ps [¢}:s;[ao]])|, and calculate the average error from 50 independent experiments. In
Figure 4, the left figure plots the average error when we fix the kernel size k = 50, and vary the dimension m
and the sparsity 0 of x.!° The right figure plots the average error when we vary the dimensions &, m of both
convolution signals, and set the sparsity as § = k—2/3.

This figure agrees with the theory developed in this paper: when the activation coefficient x is long and
sparse (large m and small ), the algorithm obtains a closer estimate of a shift-truncation of the ground truth.

5.3 Recovery Accuracy of the Ground Truth Kernel

In this section, we provide experiment results for the recovery of the ground truth kernel obtained by the
annealing algorithm proposed in [ZLK*17]. The annealing algorithm recovers the ground truth kernel by min-
imizing the Lasso cost in (1.7), initialized at the zero-padded shift truncated kernel rendered from Algorithm

19Note that the z-axis is indexed with overlapping ratio k - 6, which indicates how many times the kernel a¢ present in a k-length
window of y on average.
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Average error, k =50
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Figure 4: Recovery Error of the Shift Truncated Kernel of Algorithm 1.

Algorithm 1. The recovery accuracy presented in Figure Figure 6 is measured as err = min, [|a*) + s, [ag] || .
Here, a(*) denote the local minimum in the lifted optimization space.

Average error, k = 50

045 Average error, sparsity = K23 07
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Figure 5: Recovery Error of the Ground Truth Kernel with Algorithm Algorithm 1 finding a shift
truncated kernel and the annealing Lasso problem recovering the ground truth kernel.

For comparison, we also present experiment results of the algorithm proposed by [ZLK"17], which is

composed of solving two Lasso minimization problems over the original kernel sphere and lifted kernel
sphere respectively.

Average error, k = 50
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Figure 6: Recovery Error of the Ground Truth Kernel by minimizing the Lasso objective function
recovering both the shift truncated kernel as well as the ground truth kernel.

In terms of the recovery accuracy of the ground truth kernel, Algorithm 1 proposed in this paper achieves
better recovery for sparser and longer observations, while the [ZLK*17] manifests slight advantages when
the observations is limited. As the optimization landscape studied in [ZLK*17] varies with different choice
of sparsity parameter ), it is possible that experiment results for [ZLK*17] could be improved. On the
other hand, only empirical knowledge about the choice of X is available while there is little disciplined

understanding. In contrast, Algorithm 1 does not depend on any parameter tuning and guarantees recovery
once the working conditions are met.

16



6 Discussions

Finally, we provide some comments about the results and proof strategy presented in this paper, and discuss
directions for future research.

This paper casts the sparse blind deconvolution problem as finding a spiky vector in a subspace and
studies its optimization landscape. We prove that the geometric property that any local solution is close to a shift-
truncation of the ground truth kernel holds on a sub-level set of the sphere. This holds even when the observation
contains densely overlapping copies of the true kernel. In addition, we propose a simple initialization scheme
such that any descent algorithm that escapes strict saddles can recover the local minimum, which is a near
shift-truncation of the ground truth kernel.

Sample Complexity. The sample complexity shown in this paper m ~ kS is suboptimal. Our proofs relies
heavily on “worst case” tools such as the triangle inequality, multiplication of operator norm, and union
bound. In particular, we believe that the sample complexity can be improved by replacing the sample splitting
argument in Section Appendix E and Appendix F in the Appendix with more sophisticated arguments based
on decoupling (see also [QZEW17]).

Global Geometry. The theoretical results presented in this paper demonstrate that “all local optima are
benign" in the sub-level set R¢,. Our empirical results suggest that this is a property holds over the whole
sphere. Proving this could be challenging, as our characterization of the saddle points only applies when
[[¢||3 is large. It would be exciting to see if further research investigating other techniques for nonconvex
optimization problems could be motivated by our current work.

Convolutional Dictionary Learning. This is a natural and practical extension of blind deconvolution,
where the observation is the superposition of several convolutions. The empirical observations and algorithm
proposed in [ZLK*17] hold in this more challenging situation. It would be interesting to develop efficient
and provable algorithms for convolutional dictionary learning based on the ¢* formulation.
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Appendix

Appendix A contains some basic lemmas for quantities used repeatedly; Appendix B presents the proofs
of the main theorem and corollary of this paper. Appendix C and Appendix D proves for lemmas around
the initialization point gi,;; and the preconditioning term Y'Y (or Al A) respectively. Finite sample

concentration for the Riemannian gradient and Hessian are presented in Appendix E and Appendix F
respectively.

A Basics
Lemma A.1 (Expectation of the Approximate Objective Function). Assuming xy ~ii.q. BG (0) € R™, then
1 —172 |4
B 1 [ (4048) 2]
4 4
=30(1-0)||A"q|, +36%||ATq],. (A1)

Proof Letg € R?*~! be a standard random Gaussian vector and P; be the projection operator onto Bernoulli
vector I ~ Ber(f) Then any column x; € R?*~! of X, is equal in distribution to ; = P;g with g ~; ..

N(0,1).

1 —172 |4
B 1 [ (4048) ™2

1 4
= —BE, la" AXo|, (A2)
4
=E/Eq ||q" Az, (A3)
4
=EE, (¢" APg) (A4)
2
=3E; (¢"AP,A"q) (A.5)
= 3EI Z <a'i7 q>4 + Z <ai7 q>2 <a’j7 q>2 (A6)
el {i#j}el
4 4
=30(1-0)||A"q|, +36*||A"q|, (A7)
|
Lemma A.2 (Root Estimation for Cubic Gradient Function). Comnsider an equation of the form
f(:c):x(a—:z:z)—ﬂ:(), (A.8)
with & > 0. Suppose that 3 < 2a3/2. Then f (z) = 0 has three solutions, x1, T2, T3 satisfying
28
max {|z1 — Va|, |2 + Val, s} < - (A9)
Proof Suppose first that 3 > 0. Then f (0) < 0. Moreover,
(%) =28-86%a" -5 (A10)
=B (1-8p%/a?) (A.11)
> 0. (A12)
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Hence, f has at least one root in the interval {0, %} . Similarly, notice that f (v/a) < 0 and that

7 (va-%)

—0?? 28— (Va—28/a)’ - (A.13)
= a2 -38 -0’2 +65—126%/a? +83%/a® (A.14)
128 8432
=5 (- m+ ) A1
> 0. (A.16)
Thus, there is at least one root in the interval {f - %, \/E} Finally, note that f (—v/a) <0, % (—va) =
—2a, and 327{ (") = =32’ is positive for 2’ < —y/a. Hence, convexity gives that
f(-va-2)
d
> [ (~va) + L (@) x (~26/a) (A17)
= -0+ (—2a) x (—-28/a) (A.18)
=38 > 0. (A.19)

Under this condition, there is at least one root in the interval, [—v/a — 23/, —/a]. These three intervals do
not overlap, as long as 22 < \/a, or 8 < 1a%/2.

In the case that § < 0, a symmetric argument applies. Thus there are exactly three solutions to equation
(A.8) in the specified intervals. u

Lemma A.3. Let a; and ay be two nonzero vectors with inner product py = {(ay, ay). Then for any unit vector
v € span (a, ay),

2 2
a ap ’
’<l,v> +’< l ,’u> >qo el (A.20)
llaull, llal, laulls llal,
Proof Let u and u™ be two orthogonal unit vectors, such that

a; = ||a]|,u, (A.21)

R4 2 My
ay = ——u+/[lar]; - —Su* (A.22)

@l laul;

Suppose v = au + but with a® + b*> = 1. Let piye = ML%’ then we can expand the quantity of interests

[
as

(ol K)
—, v v
laal,” lawly”

= [(u, au + bul>|2

=+ ‘<Ure1u + \/ 1- M’Eelu'J_7 au + buj_>
2
=a’+ (auml +by/1— ;ﬁd) (A.24)

=a® +b* + (a® — b?) plo) + 2abprey/1 — 42, (A.25)
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T
=1+ [a® — %, 2ab] {ufw fre1y/ 1 — u?el} (A.26)

Since [a? — b?,2ab] is a unit vector, then above equation is lower bounded by

1- H |:M72“el7 Hrely/ 1- M%el:|

2

=1 — |ptrel] (A.27)
_g ol (A.28)

ladll; llarll,
as claimed. ]

Lemma A.4 (Nonzeros in a Bernoulli Vector). Let v ~;; 4. Ber (0) € R", then

3t
Plllvllg > (1+1t)0n] < 2exp (— 2t—|—69n) . (A.29)

Proof As ||v|,=vo+ -+ v,—1,and
i — 6| <1, E [(vi - 9)2} —0(1-6)<0 (A.30)
with Bernstein’s inequality, we obtain that

Plllvlly = (1 +¢)6n]

t262n2
<2 — A31
= eXp( 2(9—92)n+§wn) (A.31)
<2ep [~ on (A32)
- Py +6 ’ ’
as claimed. |

Lemma A.5 (Entry-wise Truncation of a Bernoulli Gaussian Vector). Suppose o ~ii.q. BG (0) € R™, then
P[|@oll, > t] < 20me */2. (A.33)
Proof A Bernoulli-Gaussian variable x = w - g satisfies
Plle| >8] =0 Pllg| > ] < 20e~*/2, (A.34)

Taking a union bound over the m entries of x(, we obtain

Plllzollo > t] < mP[|z] > ¢] (A.35)
< 20met/2, (A.36)
as claimed. |

Lemma A.6 (Operator Norm of a Bernoulli Gaussian Circulant Matrix). Let C,, € R"™*™ be the circulant
matrix generated from xo ~i ;4. BG (0) € R™, then

2
P[[[Caylly = t] < 2mexp <M) : (A.37)
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Proof The operator norm of a circulant matrix is

HCmO”Q = mlax |<$L'0, wl>| )

where w; is the [-th (discrete) Fourier basis vector

1T
27j 1\ 275
wl:[Lelm,... elm l)m} , 1=0,---

)

7m715

and j is the imaginary unit. With moment control Bernstein inequality, we obtain

t2
P[<wovwz>|>t]<2exr>< )

- 2
20 J|lwill; + 2 lwi o

t2
<2 SR —
= 2P ( 20m + 2t>

together with the union bound,

P(l|Caylly > 1] < mP [[{@o, wi)| > ]

t2
§2””mp(_2&n+cn)’

as claimed.

Lemma A.7 (Norms of p and 77). Suppose§ = || 7= XoX{ — I||, < 1/ (2x?), thenvectorsy =Y T (YY)

and i = YT (6mA Af) U2 g satisfy

4k36\ [ 2k \ /2
il < {1+ —— o)zl

1/2
il < (25) ol
Nl o om 50 ?

Ak36\ " 4k?
6 4
Il < (14 252) 2 el
Il <1+ /2,
_ 438 [ 2k \/?
=l < 2= (o) ol
_ 4K35
=, <(1+6/2) —.

Proof Since § = || XoX{ — 1

o then
1Xoll, < (0m)"? VI+3d
< (6m)"* (1+6/2).

-1/ q=X{AL (YYT) 1/ g, together with Lemma D.3:

Asn=Y7T (YYT)
43 )|

<43 vy,
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(A38)

(A.39)

(A.40)

(A.41)

(A42)

—-1/2
/q

(A.43)
(A.44)

(A.45)

(A.46)

(A.47)

(A.48)

(A.49)
(A.50)

(A51)



<[laf ((ry") ™~ omaoal) )

+ HAOT (OmA,AT) "/ qH2

_1/2 4K36 _
Y2 lally + (6m) " A7l

3
< (9m)71/2 <1 n 4K 6)

Omin

< (6m)

Norms of 7. Since | Xoe;||, < V2k — 1| Xoe]| ., we have

_ T T 71/2
oo =, max <Xoez,AO (Yy7T) q>
—1/2
< max|| Xoel, [AF (YY)
- 4r3
< V2k ||@o| . - (Bm) "2 <1+ K 5)_

Omin

At the same time, plugging in ||n||, = 1, we have

= |l -

Omin 02m2

436\ 1 4k2
6 2 4
ImlS < Iml2 mlle, < (1 ; )

—1/2

Norms of 7. Here, 7 = YT (6mA(A{) q =X Al (0mAyAY) -1/ q with

| AT (bmaoal) ™" quo
<[t o aoaty ],
= (om)~""”,

therefore

177l < max | Xoerl || Ao (6m Ao AT

2% 1/2
< (9771) HwOHoou

Iall, < X3, || 40 (bm A0 AT) """ o
<1+46/2.

—1/2
),

2

Norms of 1 — 7. With similar reasoning, we can obtain

17 =l
= [y (ry") P a- Y7 (macad)

< max ]||Xoel\|2(9m)_1/2><

e[,
1 —1/2 -1/2
Al (Gmny> AT (A0AT)
2
438 [ 2k \ 2
s —\om ol o -
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(A.52)

(A.53)

(A.54)

(A.55)
(A.56)

(A.57)

(A.58)

(A.59)
(A.60)

(A.61)

(A.62)

(A.63)

(A.64)



and

7 — 7l
—1/2
< [ Xoll, (0m) " [|ql|, x

1 T e T ™\ —1/2
Af(G-YY — AT (A,A]) (A.65)
2
3
< (om) " i” 2 1 Xoll, (A.66)
<(1+5/2)28 . (A.67)
completing the proof. |
B Proof of the Main Theorem and Corollary
B.1 Proof of the Main Theorem
Lemma B.1. If following inequalities hold
3(1-9)
grad[y] (q) — —5—5— grad[¢] (q) )
3c*
<Se L 0arg,. (B.1)
3(1—19)
Hess[y] (a) — =5 Hessle] )|
7 Cap2  og3y 10
<3 (1= 6c, — 36¢7 — 24c7) iy (B.2)

forall ¢ € Roc, with Cy, > 10 and ¢, = 1/C,, then any local minimum g of v (q) in Rac, satisfies (G, Ps [ai])| >
1 — 2¢,k™2 for some index .

Proof Let
3(1-10)
dgraa = grad[y] (q) — “omz grad(g] (q) , (B.3)
and let o2
- m
(sgrad = mégrad- (84)
Then at any stationary point of v (q), we have
0= A" grad[y] () (B.5)
3(1-0) 47 T
== A~ grad[p] (@) + A" dgrad- (B.6)

Hence for any index i, following equality always holds

0=llaills ¢+ {aia;) ¢ — G lICl; + (@i, dgraa)
JFi

||CH?L + Zg;ﬁz <a”i7aj> C_?+<aiasgrad>
a5 ]
——

; ﬁ:

= -G (B7)
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with ¢ = ATq. Under the assumption that
3(1-0)

Jemaats @ - 25 araatel @) < 5% 5 hel B3
the perturbed part can be bounded via
(@ Buraa)] < il [raall, < 575 llasly SIS, (B9)
e B 1lClls + s €3 1
03;2 < . ||2C||2 L<er < 1 (B.10)

3

Then by Lemma A.2, at every stationary point g, the i-th entry of ¢ resides in the set ¢ o 4 /a7y % — ? T+
i—ﬁ/] —i.e., ¢ is nearly a trinary vector.
Moreover, we can characterize the curvature of critical points in terms of the number of large entries of ¢.

Indeed, whenever ¢ has at least two entries in

U -2 2,

Q5 «
ze{Et/a;} ¢ ¢

using (3.52), there exists a direction of strict negative curvature, provided

-0
Hessli] (a) < 20— Hessly] (@)
+ 32— 11c) % ICI 1. (B.11)

Similarly, whenever ¢ has only one entry in

28! 28!
U [T 7]
ze{+/a;} '

K2

using (3.35), we have that Hess[¢](g) > O, provided
3(1-0)

Hess[¢] (q) = —,—5— Hess[¢] (q)
1-6
2 3 4
—3 (1 = 6c, — 36¢7 — 24¢3) 3 ¢l T (B.12)
When C, > 10and ¢, < 0.1, we have 2 — 11c, > 1 — 6¢, — 36¢2 — 24¢3 > 0.016, and so above characterization
obtains. [ |

Theorem B.2 (Main Result). Assume the observation y € R™ is the cyclic convolution of ag € R* and g ~ii.q.
BG (0) € R™, where the convolution matrix Ay € REXE=1) has minimum singular value oy, > 0 and condition
number k > 1, and A has column incoherence p. If

min {(ZC*M)_l ,52/@2}
= 5
(1-0) o2

min

K3E* log® (kk) (B.13)
and 0 > log k/k, then with probability no smaller than 1 — exp (—k) — 62 (1 — 0)* k=4 — 2exp (—0k) — 48k~ 7 —
48m =5 — 24k exp (—ﬁ min {l@ 3V Qm}), any local minimum @ of v in Rac, satisfies |(§, Ps [a-])| > 1 — c.x~2

for some integer T.
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Proof From the concentration analysis for the Riemannian gradient (Lemma 4.2) and Hessian (Lemma 4.3), if

min {(ZC*y)_l , 52k2}
m 5 kSk* log® (kk) , (B.14)
(1 - 9) O.rznin

then with probability no smaller than 1—exp (—k)—62 (1 — 6)* k=42 exp (—0k)—24k exp ( —i7 nin {k 3v0 })
48k~T7 — 48m~?,

— 9
grad[t] (q) - % aradlg] (g
2
< ;’ZZ 97;2 A (B.15)
3(1-6
Hess[v] (q) — 7(9m2 ) Hess[y] (q) ,
<3 (1 - 6c, — 36c2 — 24c%) 19_29 (B.16)

hold for all q € 7@20* with C, > 10 and ¢, = 1/C,. Therefore, by Lemma 4.1 any local minimum ¢ of ¢ (q)
in Roc, satisfies [(q, Ps [a;])| > 1 — 2¢,x~2 for some index I. [ |

B.2 Proof of the Main Corollary

Corollary B.3. Suppose the ground truth kernel aq has induces coherence 0 < p < L=log™ 3/2 (k) and sparse

coefficient xo ~;ii.a. BG (0) € R™. there exist positive constants C > 2560% and C' such that whenever the sparsity
level

64k logk < 0 < min { ;L p 2k log 2k, (B.17)
(3 — 89 (3C,ux?) 2P k" (14 3642k logk) 7},

and signal length
m > max {002 —2 Ok3 (1+ 362k log k:) log (k) , (B.18)
C'(1—0) o2 min {p™, k2k?} K5k log? (k) },

then Algorithm 1 recovers a such that
@+ Ps [trs-[ao)] |l < 4/cx + ck™! (B.19)

for some integer shift T € [—(k—1),k— 1} with probability no smaller than 1 — k=1 — 8k=2 — exp (—k) —
0% (1 —0)° k=% — 2exp (—0k) — 24k exp ( 717 min {k 3v0 }) — 48k~7 — 48m ="

Proof From the concentration results for the Riemannian gradient, at every point g € Rac;, , the objective
value of ¢ (q) satisfies

3(1-6) 3
‘d’(fl) - W@(Q) Tz
vl
4m 4(9m2 4m? ’
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}f}/l 1/21/’ 03
( ) ] 3(1 ) 03__ 3
<
‘<q7 1 — o2 AC 54 (B.21)

3
4m? q

AL — (B.22)

(YY) Pyges 3(1-9)
4m 46m?

2
YTy Py (pmacal) Py

1
401/2m3/2 H(

(A0A7)

—1/2

+ AOAE) Y(77°3 _ ﬁo3)H2

_1/2Y’F[03

+ 4012372

3(1-06) 3
S
40m? ¢ 4m2q 2

3c, 1 -0
S S oz 20 14 ql]; (B.24)

(B.23)

with probability no smaller than 1 — 2 exp (—0k) — 24k exp ( 777 Min {kz 3V }) — 48k~7 — 48m 5. The

last inequality is derived with similar arguments in Lemma 4.2, for simplicity, we do not present them here.
Moreover, with Lemma C.1, we can obtain an initialization point gin;; such that

2/3
AT g |} > (3C,pur?)™ (B.25)
> (20, u62) Y + /2. (B.26)
Consider any descent method for 1, which generates a sequence of iterates q(O) = Qinit, q(l), e q(k), -

such that 1)(q(*)) is non-increasing with k. Then

¥ (q(’“)) < 9 (Qinit) (B.27)
3(1-0) 3
< “omz © (@init) + Iz
3cy 1;9 min HATqH4 (B.28)

8k2 Om? qeRae

On the other hand, the finite sample objective function value ¢ is close to that of 3(917;29) v(q) — o

3(1 _29)<p (q(k))

Om
<0(a) + g * g i 47l 29
= %9"(%“) + L (B.30)
Therefore, we obtain that
2 (%) < @ lamo) + 5 (B.31)
< ¢ (qinit) + 4% i |A”q|S, (B.32)
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which implies that ¢'*) € Ry¢, always holds. At last, Theorem B.2 says that any local minimum ¢ is close to

+a; for some i, in the sense that
(@, Ps[ai])| > 1 —con 2,

Write =YYT = Ay (I + A) AT with [|A||, < §, and let

1= a2 o i) )
il fail;

—1/2

with ||d]|, = 1. Since
= (AOAOT) LS (h— )[ao]

we have

- :Eyefy/z [HSZNQ (|G ':”>M

yy7T\Y? N—1/2 LS (h—3)|ao]
= ( > (4040) lail,

i vyT 1/2
- ) (o) o
la:ll, om
therefore the error can be bounded as
H YYT 7:|:LZS_(;€_Z‘)[(/1V0}
||ai||2 9
1/2 N —
YYT /AoAT)_1/2_I Lks,(k,i)[ao]
0 lla:ll, 9

2

*V? (1—!<q’£52>l) (%)

Finally, using the fact that for any nonzero vectors w and v that (u,v) > 0,

V2

2 vl

2

v

H [ally ol

lu—vll,

always holds. Therefore,
1@+ Ps [exsi[aol]ll,
/2

= [P [ ™) g] £ Ps sl

V2 ||al,

= legsi—klaolll,
<2000 (1o o)

29

‘ 2

1/2 —
(YYT> / . tisi-xlag]
om laill,

2

(B.33)

(B.34)

(B.35)

(B.36)

(B.37)

(B.38)

(B.39)

(B.40)

(B.A1)

(B.A2)



+V2k

YYT>1/2 —1/2
() (avaty ™ -
Om )

< 25\/2 <1 - ‘<q, ”aa”>D V2638 /o (B.43)
ill2

(Lemma D.2)
< 4y/e, + 1026301 /klogm/m (B.44)
< 4o, + ekt (B.45)
completing the proof. [ |

C Initialization

Lemma C.1. Suppose xo ~iiq. BG (0) € R™. There exists a positive constant C' > 2560 such that whenever

m > CO%0 2 kO (1+ 362k log k)" og (Kk/Omin) (C.1)

and the sparsity rate
64k logk < 0 < min { ;L pu 2k log 2k, (C.2)
—-2/3, _ -2
(3 — 89 (3C,ux?) Pkt (14 364k log k) 2 ),

Then the initialization qinix = Ps {(YYT) -1/ yl} satisfies

HATqinit HZ Z 3C*,U/K72, (C3)

namely gy € Rsc,, with probability no smaller than 1 — k=' — 8k~2 — 2exp (—0k) — 48k~ — 48m™5 —
24k exp (7& min {k‘, 3\/9m}).

Proof Since

2
m > CZ—K;%?’ (1+ 362k log k:)4 log (kk/0min) (C4

min

with C' > 2560%, then from Lemma D.1, then with probability no smaller than 1—2 exp (—0k)—24k exp (— ﬁ min {la 3V Om}) -

48k~" — 48m~?, we have

5= Hlxoxg -1 (C.5)
Om 9
< 10y/klogm/m (C.6)
1Oo—min
< — 5 X
Ooimk3k (14 36p2klogk)
log (cn6k3(1+3;6u2klogk)4 log ( kk ))
Tmin Tmin (C.7)
C'log (kk /0 min)
2 min
Oo. (C.8)

<
T CV/49k3K (1 4 362k log k)?
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obtains, and the last inequality holds when C' > 1000 that

log (37*C) < log2V/C. (C.9)
Therefore
Co 2, k%% (1+ 3602k log k)" log 1k /omin)
< 374C (kk/omin) log® (kk/omin) (C.10)
< 374C (kk/omin) " (C.11)
or

613 ‘ 2 4
J log (S s oy (k)

C'log (kk/omin)

4 .
o [log (374C) + 12log (kk/0min) (C.12)
Clog (kk/omin)
log 2 12
< L2 C13
VClog (kk/omin) C ( )
2
<oz (k220216 (C.14)

Moreover, k2§ < 1/2 always holds provided

4
4
c> 0 5| - (C.15)
0k (1 + 36p2klogk)

Notice that because 6 is lower bounded by clog k/k, the right hand side is indeed bounded by an absolute
constant. A
Set Cinit = AT giniy and Cinit = Ps [AT Ax;]. Then using for any nonzero vectors u and v,

2

2 vl

v

[
[ully, [l

lu =, (C.16)

we have that

‘ Cinit - éinit 9
= |aTP: [(¥y") A - P (AT 4w (C.17)
AT (%YYT)71/2 A():Bi ATA[L‘Z'
——ys - (C.18)
H(ﬁny) / AOwiH |AT Az,
2 2
2 1 —-1/2
< (YYT> Agz; — Ax; (C.19)
Az, ||\ Om )
1 -1/2 —1/2
< 2| Aoll, (YYT) — (A0A7) (C20)
Om )
3
< 80 (C21)
Omin
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where we have used Lemma D.3 in the final bound.
. 4 . 4 .
Since ||-| is convex, ||¢init||, can be lower bounded via

4 x 4 203 .
| Cinit |4 > ‘ Ginit A +4 <Cinm Cinit — Cinit> (C22)
S .
> ‘ Cinit L 4 ’ Ginit — Ginit , (C.23)
Lot 3263
> ||| - 2250 (C.24)
4 Omin

Let I = supp (x;), then the vector Cinit = Ps [ATAaci] is composed of |I| large components and small
components on the off-support ¢ of ;.

Dense Component of ;. Note that H (ATA) ge 1 Ti

, < |loffdiag (AT A) @[], with [|offdiag (AT A) (| <

1. We have
E [offdiag (A" A) z;] = 0 (C.25)
E[[e] offdiag (A A) a:|*| = 0 |le] offdiag (A" A)|;
< 120k (C.26)

With Bernstein’s Inequality, the summation of moment-bounded independent random variables can be
controlled via

t2
T T
P Hej offdiag (A A) acl‘ > ,uﬂ < 2exp <_29k+2t) (C.27)
and via union bound
P [Hoffdiag (ATA) :BH2 > 2k (,ut)z} < 4kexp —L (C.28)
2 = - 20k + 2t
Therefore, setting t* = 90k log k, we obtain
|offdiag (AT A) @[> < 18420k log k (C.29)
with failure probability bounded by
90k log k
4k -
P ( 20k + 2/90k Iog k:>
1
=4dkexp | — Ologk (C.30)
2+ 64/ (0k) ' log k
< 4k2 (C.31)

The last inequality is derived under the assumption (6k) " log k < -

Spiky Component of finit. On the other hand,

E||[diag (A7 A) @] = 0 [[diag (47 4) |} (C32)
= 0k. (C.33)
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For diag (AT A) x;, applying the moment control Bernstein Inequality, we have

HHdlag ATA wZHQ H‘ > t} < 2exp <_29ktj—2t> . (C.34)

By setting t = 2/0klog k, we obtain that with probability no smaller than 1 — k71,

||diag (AT A) @;||, > 0k — 2/0klog k. (C.35)

[
Denote the following events for the entry-wise magnitude
&; = {le] offdiag(A” A)z;| < pt}, (C.36)

and for the support size
Esupp = {loallg < 40k} . (C.37)

On their intersection Egpp N ﬂjil &, we have

||offdiag(AT A); ja; ||, < 46k(ut)?. (C.38)

I

The the failure probability can be bounded from the union bound as

[Hoffdlag (AT A) Tlez > 40k (ut) ]

<P <5supp N m 5j) ] (C.39)
L J

=P | & U U & ] (C.40)
Epp) + ZIP’ £¢] (C.41)
t2

Therefore, by setting t? = 96k log k, we obtain

2
Hoffdiag (ATA)I 1%, < 36p%60%k% log k (C43)

with probability no smaller than 1 — exp (—0k) — 8k~ 2. Therefore, with probability no smaller than 1 — k~! —
8k=2 — exp (—0k),

|[diag (AT A) ;|5 > 6k — 2/0k log k (C.44)
Hoffdiag (ATA)LI x; z < 36126%k* log k (C.45)
and via Cauchy-Schwatz inequality, we obtain
2
T
|(a7a), = (C.46)

— Hdiag (AT A) z; + ofidiag (AT A), @ (C.47)

2
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— ld; T 1P i T |
= ||diag (AT A) acsz—l—Hoffdlag (ATA), ,

+2 <diag (ATA) x;, offdiag (ATA)I s :BZ>
> [[diag (A A) .
-2 Hdiag (ATA) :czHQ Hoffdiag (ATA)I 1 Ti

> 0k <1 — 21/ (0k) " log k — 12u1/0k log k)

> 0k /2.

2

The last equation is derived by plugging in

(0k) 'logk < &, pP0klogh < 1

under the assumption
64k 'logk <0 < Zzpu 2k 'log k.

Lower Bound of ||- ||3. Since with probability no smaller than 1—4k~2,

(C.48)

(C.49)

(C.50)

(C.51)

(C.52)

(C.53)

offdiag (AT A) :czH; < 36u20k? log k

obtains and the relative ||- Hg norm between the flat entries to the spiky entries in A” Az; can be bounded as

2
H (ATA) 1e,1 Ti 9

||offdiag (AT A) ; H;

H(ATA)I,I Ty z - H(ATA)I,I T z

< 36pklogk = 1.

Since
4 T 4
L= [P (A7 Aa |

4T, =

AT A
|(aT4), 2

Cinit

4

4
4

LT
AT Az, *

4

1
> b H ATA) a,
|AT Az, (454) ],

_ H(ATA)I,I T iHPS {(ATA)I,I wl] '

4

1
H(ATA)I,I z + (ATA) . )

1
Z—
(1+7)

HPS [(ATA)I,I wl} '

4

and with high probability 1 — exp (—6k) according to Lemma A.4, Ps {(ATA) I wl} satisfies

4 1 1
> > ,
o= Ty ~ 202k 1)

HPS [(ATA)I,I wl}

Together, we have
A 4 32k35
Cinit -

4
g e
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(C.54)

(C.55)

(C.56)

(C.57)

(C.58)

(C.59)

(C.60)

(C.61)

(C.62)



1

|7 [(a7a),, ]|

T+ r)2 4
640C—1/4
- . (C.63)
0k (1 + 36p2klogk)
- (1 _ 61104) 1 _ (C.64)
4 CY* ) 9k (1 + 36p2klog k)

holds with probability no smaller than 1 — k= — 8k=2 — 2exp (—0k) — 24k exp (—1%4 min {k, 3\/9771}) —

48k~7 — 48m~°. To make sure ||init HZ > 3C,ur? as desired, we require the sparsity to satisfy

6< (5 — &%) (3Cun?) " k! (14 36u%klog k) (C.65)

then the initialization q;,;; € 7%30* follows by Definition 2.1. [ |

D Preconditioning

Lemma D.1. Suppose xy ~iiqa. BG (8) € R™, then following inequality holds

< 10v/klogm/m, (D.1)
2

1
— X, XTI -1
HQm 0<%0

with probability no smaller than 1 — 2 exp (—0k) — 24k exp (—ﬁ min {k:, 3\/9771}) — 48k~T — 48m 5.

Proof Since

1
— X XI -1
HGm o 2
1
< ‘ diag (X0X0T> -1
Om 5
1
+ |loffdiag (XOXOT ) , (D.2)
Om 9

which is bounded by ¢ with probability no smaller than 1 — ¢4 — £, whenever the probability that each of the
terms is upper bounded by /2 satisfies

1
P H diag (XOXOT> — I > 5/2} <eq, (D.3)
om 5
1
P [ offdiag (XOXOT ) —I| > 5/2} < &, (D.4)
Om 9
Diagonal of ;- X, X Note that diag (XoX{) = ||lzo|3 I, so
ding ([ ——XoXT ) —1|| = |- [lao|? 1 (D.5)
18\ g 00 , |O0m 0fl2 ’ ’

We calculate the moment for each summand of ||z ||§ The summands can be seen as a x? random variable
but populated with probability 6, whence

EIiNBG(e) {(mg)p} = HEXiNXf [sz] (D.6)
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-0 (D.7)
r'(3)
| p
< Op! (2) (D8)
2
[
- %O’QRP_Q. (D.9)
Apply Bernstein’s inequality for moment bounded random variables (G.4) with R = 2,02 = 46, then
1 2 mt2
— -0 >t < —— . D.1
P || ool 6] > 1] < 20 (~ ) (D.10)
By taking t = 366, we obtain
1
P |: dlag <97’)/LX0X0 ) —TI , 2 5/2:|
Omé>
2 - D.11
= exP( 32+85) (BAD
1000k log m
<2exp | — D.12
- p( 32+80\/k‘logm/m> ( )
< 2exp (—0k). (D.13)
Off-diagonal of ;- X, X{ . Note that offdiag (X(X{ ) is a sub-circulant matrix generated by
oo = [Tag (2k—2) -0, g (2k —2)]" (D.14)
with r4, (7) = (xo, s, [x¢]) for 7 =1, - | 2k — 2. Equivalently, we can write
ray = RL @, (D.15)
with
R:Eo = [Sgk;_Q[wO], o aOa o ,3214;_2[%0“ S Rnlx(4k_3)- (D16)
Operator norm of a circulant matrix is defined as the following
fidiag ( —— X XT 1 (D.17)
e y Iy I A LA ’
where v is the [-th (discrete) Fourier basis vector
v =1 o, ] (D.18)
and j is the imaginary unit. Let v; , = v; 2k —2 — 7) + v; (2k — 2 + 7), then
2k—2
(U1, T2y) = Z vy,r (%o, S7[To]) (D.19)
T=1
2%k—2  m—1
= v Y @ (@) ao (i +7],). (D.20)
=1 i=0

By decoupling (Theorem 3.4.1 of [DIPG99]), the tail probability of the weighted autocorrelation (v;, 7, ) can
be upper bounded via

P {vr, 7o) > 1]
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2k—2
=P [ > vy (o, se[ao])| > t] (D.21)
T7=1
2k—2
<6P [ Z v+ (X0, S-[Tp))| > é] , (D.22)
T=1

where z(, ~iiq. BG (6) is an independent copy of the random vector zy, we have Plugging in (v;, r,) =
<'Ul,R9TJU:c0> = (R, V1, Xp).-
t
> ] . (D.23)

1
— <
]P’H<'ul,9mrw0>‘>t} _6]1”{ 5

Again with Bernstein’s inequality for moment bounded random variable, we have

S

242
< 2exp [ — fm’t (D.24)
2| Royvulf, + 2| Rayon | mt

1
i (Ray v, 20)

1
P H % <Rw6'vl, 330>

Control HR%'U[H2. . , , .
[Raovilly < [[Ray | lvill; = K | Ra, 15 (D.25)

With tail bound of the operator norm of a circulant matrix in Lemma A.6, we have

t2
P >t <4 - D.2
1o, > 1] < dmexp (- g5 (D26)

Control HR%Uz ||oo For a discrete Fourier basis v; as defined, we have

il = llvilly = 4k =3, [oi]l,, =1 (D.27)
Note that
|Rayvillog = _mmax [(srlwol,vi) (D.28)

e

and moment control Bernstein inequality implies that

t2
Pl|(sr[zo],vi)| > ] < 2exp | — . (D.29)
20 [|vy |5 + 2 [|vi] o t

with union bound, we obtain

2k—2
Pl Rayvilloc > 1] < D P[{sr[zo], v0)] > 4 (D30)
=1 p
< 4k exp <—89k+2t) (D.31)
Therefore, by plugging in
|Rayoi]| < t1 = 10/0klogk, (D.32)

HR%'UZH2 <ty = by/Omlogm, (D.33)
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we obtain the following probabilities

i
]P)|:||Rm6/vl||oo Ztl] §4k‘exp —m

< 4k~8,

t3
) th] <4mexp | ——2——

P[HR% ©20m + 2t

< 4m~S.

Denoting event
B={|| R, < 10.[|Rs;

, St}

and combining these bounds with (D.23), we obtain

7|

<6P {mlax

1
offdiag (emXOXOT >

> 5/2}
2]

g
>
— 12

<126 [| Ry > 1] + 12kP ||| Ry

2

1
% <Rm(’)vla 2120>

1
< 12k P HQ’ITL <Rm6’vl,$0>

> ]

1
+ 12kP HG’ITL <Rw6m, 330>

)
>
_12|E:|

< 2k exp (_ 1000km logm/144 )

500m log m + 2% k+/0mTog klog m
+ 12k (4k~° + 4m™°)

(t1 — 10\/0k log k, ts = 51/0m log m)

< 24k exp (— gz min {k,3V0m | ) + 48K + 48m "

(D.34)

(D.35)

(D.36)

(D.37)

(D.38)

(D.39)

(D.40)

(D.41)

At last, by combining the control for both the diagonal and off-diagonal term, we obtain that with probability

no smaller than 1 — 2 exp (—0k) — 24k exp (—ﬁ min {k, 3\/9m}) — 48k~7 — 48m?,

1
Hemxoxg” —I

< 10+v/klogm/m,
2

holds and completes the proof.

Lemma D.2. Suppose § = HﬁXoX(F}F - IH2 < 1/ (2K?), then

S KQé/Umin-

1 1/2 —1/2
(emYYT> (AgAf) T -1
2

Proof As in by [Bha97], we denote the directional derivative of f at direction A with

f(M +tA),
t=0

(D.42)

(D.43)

(D.44)



Denote symmetric matrix M = Ag Al = UAUT, with \pax and A\pin being its maximum and minimum
eigenvalue. Then we have
1
om
Then derivative of f with D f(M). By differential calculus, we can obtain that

YY" =M+ A, ||Aly < Amaxd. (D.45)

1 T 12 T7\—1/2
YY (ApAT) 2 1 2
= [[(a0ad +2)"* (a0a8) " - 1| (D.46)
1
= H(AOAOT)1/2/ Df (AgAf +tA) (A)dt (D.47)
t=0 2
< suwp |Df (A0A0T+tA)||2||A||2H(A0AOT)‘1/2H (D.48)
t€[0,1] 2
< sup ||Df (AOAg +tA)H2 /\maxa/amin (D49)
t€(0,1]

Moreover, we denote f(t) = t'/? and g(t) = 2, then f = g~!. The directional derivative of g has following
form
Dg(M)(X)=MX + XM, (D.50)

and directional derivative Z = Df (M) (X)) satisfies
MZ+ZM = X. (D.51)
Denote M = UAUT with U orthogonal, without loss of generality,
AZ+ZA=X. (D.52)

Applying Theorem VII.2.3 of [Bha97], we have

[Df (M) (X)[l, = sup [Z], (D.53)
Ixl,<1
< / e~ X e M| dt (D54)
t=0
< / e~ PAmint || X ||, dt (D.55)
t=0
and
sup ||Df (AoAg + tA) ||2
t€0,1]
1Xl,
D.56
-2 ()\min - )\max(s) ( )
< 1/Amin- (D.57)
Therefore,
1 T 1z T\—1/2 2
H—YY (AOAO) —I|| <k*5/omin. (D.58)
m
2
| ]

39



Lemma D.3. Suppose Aq has condition number « and

<1/ (2x%)

1
§=|—Xo XTI -1
Hﬁm oo 2

then

< 4&26/02

min*

1 -1/ —1/2
(QmYYT) — (AoA7)

2

Proof Denote symmetric matrix
M = AgAY =UAU7,

with Apax and Ayin being its maximum and minimum eigenvalue. Then we have

1
—YYT=M+A, A, < Anaxd.
om
Then
1 -1/ —1/2
—YY" — (ApAf
H <9m ) (ads) 2
o+ a)2 - na|
2
<llAlly- sup [[Df (M +tA)l,.
0<t<1
Here, f(t) = t~'/2 and Df is the derivative of function f. In addition, we define function g(t)

h(t) =t71, 1;(25) = t?, and following function compositions hold
f=97" g=how,
For differential function g and if Dg (f (M)) # 0, we have
Df (M) =[Dg(f (M)
The derivative of function g satisfies the chain rule that
Dg (M) = Dh (w (M)) (Dw (M)).

Plug in

we obtain that

Dg (M) (X)

= Dh(w (M)) (Dw (M) (X))

= Dh(w(M))[MX + X M]

= Dh (M?) [MX + X M|
=-M?*MX+XM|M*
=—[M'XM7?*+M XM '].
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(D.59)

(D.60)

(D.61)

(D.62)

(D.66)

(D.67)

(D.68)
(D.69)

(D.70)
(D.71)
(D.72)

(D.73)
(D.74)
(D.75)



Since the function g is differentiable and Dg(M) # 0, then
Df (M) = [Dg (f (M))]"! (D.76)
_ [Dg (M*I/Q)] - (D.77)
Hence, directional derivative Z = D f (M) (X)) satisfies
M'Y2ZM + MZM'? = —-X. (D.78)
Denote M = UAUT with A = 0 and U orthogonal, without loss of generality
AZAY? + AYV2ZA = -X. (D.79)
Above equation can be reformulated as a Sylvester equation as following

AV2Z _ 7 (—A1/2> — _ATV2XATY2, (D.80)

From Theorem VII.2.3 of [Bha97], when there are no common eigenvalues of A'/2 and —A'/?, then there
exists a closed form solution for matrix Z that

Z:/ oA (fA*I/QXA*p) e APty (D.81)
t=0

Therefore, the operator norm of D f (M) can be obtained as

IDF(M)(X)|, = sup [IZ]], (D.82)
I1X,<1
< /OO e (A2 X A Y) A (D.83)
t=0
(o)
< / ¢~ mint ‘A‘1/2XA‘1/2Hdt (D.84)
t=0
b'e
< l2 _”. (D.85)
Therefore
S
2
A
<12 (D.86)
()‘min - HAHz)
4)lAl
<z (6=1/(287) (D.87)
4)\II1 Xé
< e (D.88)
4Kk2%6
- (D.89)
| ]
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E Concentration for Gradient (Lemma 4.2)

Lemma E.1. Suppose x¢ ~i.i.q. BG (0). There exists a positive constant C such that whenever

min { (20, 1)) K2k2 }

k
> 8747 3 K )
"= ¢ (1 - 0)2 U?nin ok log ((1 - 9) Umin) (E 1)

and 0 > log k /k, then with probability no smaller than 1—c; exp (—k)—cok~*—2 exp (—0k)—24k exp (—ﬁ min {k;, 3V Hm}) -
48k~7 — 48m ™5,

3(1-0)

_ollaTqll®
grad[y] (q) — “omz grad[p] (q) QM

<ec 5 ,

E.2
5 Om? K (E2)

holds for all q € Rac, with positive constant ¢ < 3/ (2C,).
Proof Denote n = Y7 (YYT)_l/2 gandfq=Y7" (QmAOAg;)_l/2 q= (t9m)_1/2 X7I¢, then

arad (0] (@) ~ 20 e ) ()

1

1 T
< vy

2

P,

N 1 (YYT)_1/2 Yo — MACO?’
m Om?

2

-1/2 Ynog _ (0m)71/2 AXOUOS

2

Af

1 o =0
+ 01/277,3/2 HAXO?7 P~ AXon 3“2

Af

1
Py [91/2m3/2

+|

First, let us note that

C(1—-6)20-2 k"% log® ((I%)

min
1-— 9) Omin

kk 10 kk

(emti=a) ¢ (=) ©3)
Hk 13

C((l—e)am> ’ (E4)

IN

IN

hence

min min

C'log® ((1 -0 ol /{k)

min

log® (C (1—0)2 072 £10k6 Jog? ((1 ) ol mk))

3
log C + 13log ((1 - ar;ilnnk)
< (E5)
C1/3]og ((1 -0 to ! nk)

min
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3
log C 13
< R + = (E6)
C1/3log ((1 —0) ot /{k) ¢

<
111’ g
= C1/6 T 2 (1/6 (C > 10%) (E7)
4
< o1 (E.8)
Given { }
min (ZC’*M)_1 , K22 ok
m>C k3 k* log® (> , E.9
- (1 - 9)2 U?nin ¢ Omin (1 - 9) ( )

as the ratio log® m/m decreases with increasing m, then

3 CrOkS 3 Kk
log®m < log ((179)202, log ((1—9)am;n)>

min

m. C'log® <(1_3)]f,mm)
1-0)%02,
min {(20*,11)7 , H2/€2} Kk8KA
4 (1-6)*02

< min (E.11)
C'2 min {(20*;1)_1 , szQ} K8kA

According to Lemma D.1, following inequality always holds

HlxoxoT —1|| <5 (E.12)
om 9
< 10+v/klogm/m (E.13)
20 (1 — 0) oin max {(QC*M)l/Q , (/@k‘)_l}
< (E.14)
C1/4k4Ek3/2log m

2Oo—min (1 - 0) ||ATq||2
~ OV4k3  Kk2klogm

., Vg e R, (E.15)

with probability no smaller than 1 — gy with eg = 2 exp (—0k) + 24k exp (—ﬁlé} min {k‘, 3V Hm}) + 48k +
48m 5.
Moreover, 4535 /o min < 1/2 whenever

4
C> (W) , (E.16)

whence § < 1/ (8+?), and Lemma D.3 implies that

1 -1/ —1/2

2

< 4K38 ) omin (E.17)
80(1-0) [A7q|l;

- CY4klogm k2

Vg € Rac, - (E.18)
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At the same time,

1 Xoll, < (6m)2 V140 < (6m)"/* (146/2). (E.19)
Moreover, Lemma A.5 implies that with probability no smaller than 1 — e, we have
ol ., < v2log'/? <2§m) : (E.20)
B

Upper Bound for AY. Using Lemma A.7, on the an event of probability at least 1 — ey — £5,

[2°]],, = llmllg (E21)
4K36
< <1+ ) JollZ (£.22)
Omin 0
< <29m> : (E23)
om EB

Therefore, we can obtain following upper bound

1/2

AY = H (YY?) P ynet — (om) V2 AXon® (E.24)
m
1 o3
< 01/2m3/2 ||X0||2 Hn HQ X
1 —1/2
( YYT> Ag— A (E.25)
Om )
4K3 2
<D A Ok e (B (E.26)
4m Omin 9m €B

_ 900 (1 — 6)log (26m/ep) ) || AT qH4

Vg € Rac, .
- CY49m2 logm K2 9 € 720,

Upper Bound for Aj. Similarly, with probability no smaller than 1 — ¢y — ¢, together with Lemma A.7,
following upper bound can be obtained

o3 =03
In°* =%,
= ||n°* — diag (n°®) 77 + diag (n°) 71 — 7°%||, (E.27)
< |ln — ll, ||diag (n°%) ||, + |71, [|diag (n°* — 7°%)]|, (E.28)
= lln = all, InlZ + I7lly [2°* = 7°| (E-29)
<\l = lly Il + 17l lIm = 7l lln + 7l (E.30)
4K36 k
<4(1+4§/2) P log (20m/ep) x
35\ 2 3
[<1+ o 5) + (2+ o 5)1 (E31)
Omin Omin
24 4K3
< B e (20m ep) - O (E.32)
Om Omin
Therefore, we can obtain following upper bound
1 T,,03 T =03
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1
g7 1Al 1 Xolly 722 = 7%
5 24k s

< — .
< o log (20m/cp) p—

24001 — 0 || A”q][S log (20m/p)
- ClU4 Om2 k2 log m

For both A{ and A to be bounded by 54~ 5=5 14" all,

=, we set

4
c> <48000*10g<29m/63>> ,

logm

Notice that the right hand side is indeed bounded by a numerical constant for all m.

Tail Bound for A§. Note that

(AOA(:)F) e Y i

— _ o3
= (A0AT) VA0 X, (Y7 (0mA0AT) Va)
= (0m) ¥ AX, (XTATq)*,

and its expectation with respect to xg
1 T AT 03
E|—AX, (XO A q)
m
=FE [Awi (a:ZTATq)S]

=30/(1-6) AC* +36% | ATq|, AATq
=30 (1—6) AL®® + 36%q,

hence
P, [IE {;AXO (x7T ATq)OBH
=P, [30(1-0) A¢™].

Therefore, the Af term can be simplified as

[ 1 T =03 3 (1 B 9) 03
A‘g = ’ Pqi _701/27”3/2 AXO n — WAC ,
1 AX, (XT¢) ]
=525 | Pat [(m 0¢) —30(1—0) A¢*®
2
1 AX, (x7¢)”
= 92m2 PqL [ m _EH
2
1
+ 0212 HPqL [302‘1] ||2
1

X (X§¢)” ~E[]

2

45

(E.34)

(E.35)

(E.36)

(E.37)

(E.38)
(E.39)

(E.40)

(E.41)
(E.42)

(EA3)

(E.44)

(E.45)

(E.46)

(EA7)



Under the assumption that

m > a 0)2 min {ufl, /{2k2} w2 k* log® (kk) | (E.48)
applying Lemma E.2, we have
o: AT 0
Hlxo (X3 A"q) PRl <e01-9) w. (E.49)
m 9 K
with probability larger than 1 — cp exp (—k) — cok™%. At last, taking e = 6?k~*, we obtain that
3(1-0)
grad [¢] (q) — “omz grad [¢] (¢) ,
1-6]ATq|; 5
<ol oy n, (E.50)
Om?2 K2
with probability larger than 1 — ¢y exp (—k) — cok™* — e — £y as desired. [ |
E.1 Proof of Lemma E.2
Lemma E.2. Suppose x¢ ~iiqa. BG (0) € R™. There exist positive constant C' such that whenever
m > ——— min 1 (20, -1 ,,%21@*2 K2k* log® (kk E.51
> g min{ (20 } 2kt log? (k) (E51)
and 0k > 1, then with probability no smaller than 1 — ¢y exp (—k) — cok ™4,
1 o3 A7 ql|;
HXO (X§ATq) " —E[]| <ch(1-6)"— (E.52)
m 9 K
holds for all q € Roc, with positive constant ¢ < 1/ (2C,).
Proof Let Z; € R?*~! be generated via
% = x; llzil| . < Band ||z;||, < 40klogm (E.53)
0 else

Let X € R(*=1)x™ denote the circulant submatrix generated by Z,. Then X, = X, obtains whenever

—-B2%)2

1. ||zo||, < B, which happens with probability no smaller than 1 — 20me according to Lemma A.5;

2. ||lx;||, < 46klogm holds for any index 4, applying Lemma A.4 and Boole’s inequality we have

E [1y, Jlz. 1y > 46k log m]

< mP ||z, > 40k logm] (E.54)
< 2mexp (—%0/4; log m) . (E.55)
Denote ¢ = ATq and
1 o3
gr =E | X, (X3 ATq) " |, (E.56)
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then,

1 o
P leXO (X4¢) " gp

4%
, >cf(1-0) ,624]

R IIES (XT¢)” - >c€(1—9)w
= m oo ge , )

_p2
+ 20me P72 4 2mexp (—%Hklogm)

With triangle inequality, we have

H;XO (XvoTC)O3 —9E

2

+ gz — gzl -

1 - S o3 _
c[e [ xser]-od|

Hence, provided

) < o _ o ISl
lge —gell, < 5001 - 0) 7

)

we have

pl||Lx (XT¢)” - > cf(1-6) <l
m oo ge , )

6
5 2 K

1 - _ °
<P U’mXo (X¢)” - g

(E.57)

(E.58)

(E.59)

(E.60)

(E.61)

Truncation Level Next, we choose a large enough entry-wise truncation level B such that the expectation of

the gradient E [% Xo (X )03} is close to that of its truncation E {%X’o (X3¢) 03} .
Moreover, we introduce following events notation

& ={||lxill., > B U ||z, > 40klogm},

then

1ge — g£l,
SRR
< 2 [Efrimo0t1a]),
<% (| @re [ ~E[1gi1)1/2
< (e [1=])"

VE Lo >8] +E [Lja,>40k 10g m]

E

2
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(E.62)

(E.63)

(E.64)

(E.65)

(E.66)



< 50k \/491%_32/2 + exp (—30klogm) (E.67)

By setting
KAES
B>C'log'? | ——— |, (E.68)
0(1-196)
we have
B2 _ L )2 2 lI¢s
B2 1 (€ \"p2
Oke <3 (100) 02 (1-6)° =i (E.69)
In addition, whenever
4 4 2 4]114
Ok > log 007r alE— (E.70)
3logm 20 (1 —0)" [I<]ly
we have
1/ c\? 2 [I¢l5”
_3 < ([ 2
exp (~30klogm) < o (=) 0% (1—6)° Soir. (E.71)
Therefore,
e c <13
\/49ke B2/2 4 exp (—30klogm) < 59 (1-20) 50&22‘;2. (E.72)
In addition,
1/2
(B[l=il3]) " < (72447 < 5082 (E.73)
Plugging in Eq (E.73) and (E.72) back to (E.67), we obtain that
ATq X
_ c
lge —gEll, < 57 (1-10) H/<;2H4’ (E.74)
and hence
15 o3 IS5
P [meo (X0¢)  —g& ) >cf(1-0) /<a24
<P|| 1% (X7 —gs| > So1-0) <l (E.75)
- m 0o E y 2 K2 | )

Independent Submatrices. To deal with the complicated dependence within the random circulant matrix X,
m

we break X into submatrices X1, ..., Xo,_1, each of which is (marginally) distributed as a (2k — 1) x 57"
iid. BG(#) random matrix. Indeed, there exists a permutation IT such that

XOH: [XI;X27"' 1X2k71]7 (E76)

with

Xi= [T, Tiv2r-1), " Tit(m-2k—1)] - (E.77)
We apply similar matrix breaking approach for the truncated matrix X. The summands within each term
X, (X7¢)® are mutually independent and hence is amenable to classical concentration results.

1 m
= Xo ( XOTC = > (@i (E.78)
=1

7=0

2k— 1 Pr 3
= Z > (Ziver-1jC) Tit (-1 (E79)
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X, (X7¢)”. (E.80)

We conservatively bound the quantity of interest, - X, (X7'¢), by ensuring that for each k, X (X7¢)*
be close to its expectation.

|

1 - = o
‘mXo (X7 ¢) - Jgr

2
2 K

c 9
> 50(1-9) 41

1 - = o3 g
HXi (X7¢) _Qkfl

L c01-0)cl
5 2 KZ(2k—1)

2k—1 6
Lo oqnes | o co(-0)|
= Pl|=X; (XI¢) - > Bl
2 le (Xi¢) =8| 25 a0 —1)
=1
Applying Bernstein inequality for matrix variables as in Lemma G.7, with d; = 2k — 1, dy = 1, we can
obtain that for independent random vectors vy, . . ., v, with
0% = E[||vi]3] (E.81)
i=1

and ensuring that

we obtain that
—t2/2
. . < = .
P[;vl E[] >t14kexp<02+2Rt/3) (E.83)
Here, we have used that
Z E[v;vf]|| < tr Z E[v;v]] (E.84)
i=1 i=1
=" E [lluill3] - (E.85)
i=1
and
w; = F; (T;,¢)° . (E.86)
Notice that
lwilly < [l (E.87)
< (4329k log m)2 (E.88)
= 16B*0*k?log m. (E.89)

Let us further note that

Y B [@:(j1)°®:(j2) ¢, 2 (j3) @i (1) ¢ ]
i,
jaistia

=3 Z E [2;(j1)* 321@'(.7'2)2 322531‘(]'3)2 JQS}
J1#£J2#J3
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2k—1

+ > E[&:i(jh)’

Ji=1
> El@i02)°Gmi0s) ¢ @i (70)° ¢S]
J1#JeFJ3#]a
< 20k x 03 [|C]1S + 3 x 36 ||

In similar vein, we can obtain that

S B [@1)* ()2 wi5s) ¢

J1,J2#73
:ZE z;(j1) 2 Z E[:iz(]Q) ]22332(]3) ;13]
Ja#J'ssﬁJl
+ ) E[@i(51)*¢ ®i(j2)*¢)]
J1#j2
+ ) E[@i(51)C #:(j2)°C) ]
J1#j2

< 20k x 367 ||C|I3 €13 + (9 + 15) 6% €13 1€ 113

and

ZE x; 31 wz 12) 32]

J1,J2

= ZE T; j1 2 Z E [:El(:h)ﬁ ;32]

J2#J1

+ZE wz ]1 31

< 20k x 150 ||¢]|° + 1050 | ¢||°

Now we calculate

E [Jlwill3] = E [l (@, ¢)°]

J1seees7
=15 E[2i(j1)*2:(j2)°C, i (3)° ¢, i (1) ¢
i
jaistis
+15 > E[2i(1) 2i(52)° ¢, i (j3) ¢, ]
J1.92#7s3
+ Z ]E mt ]1) .’131(]2) ]2}
Jl J2

< 156° [[¢l5 (20K +9)
+ 156 [|¢; (6 + 24)
+0I¢15 (300K + 105)
< 15002k + 6000
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whence for § > 1/k,
E[|wi|3] < C6, (E.101)

and hence
o? < C'6*m. (E.102)

Matrix Bernstein gives that

P | X:(X]¢)* —E[]], > 1]

42
< 4kexp < £/2 3 ) . (E.103)
CO%m + C'B*02k2log” kt

cmf(1-0)|I¢|I3
4

Setting t = i) s We obtain that

P H';Xi()_(f()"?’ ~E[]|| > 09(1_9”4”2}

, =4 K2(2k—1)

i (1 — 9)2 12
< dhexp [ —— =0 Iiclly . (E.104)
k*k? 4+ 6 (1 —0) B42k3 |[€]|,
e-Net Covering To obtain a probability bound for all ¢ € S¥~!, we choose a set of ¢, = ATq,, withn =
1,---, N. Suppose for any g € S¥~!, there exists g,, such that ||g — g,||, < ¢, then
1 - ST 03 1 - T o3
—X; (X@ C) -—X; (Xi Cn) <L ||q - Qn||2~ (E.105)
m m 5
For entry wise bounded X, € R(2k-1)x -1, we have
| X, < V20mB, || Xie;||, < V40kB, (E.106)
then the Lipschitz constant L can be bounded as
1 = . — 02 =
L < — | X, ||aiag (X7¢)7%|| (| X7 A, (E107)
< 80%LB*. (E.108)
With triangle inequality, we have
1 - T o3 1 T 03
—X; (Xi ) -E|—X; (XZ- )
m 2
1 -

+ HX (X7¢)” - %Xy (X7¢a)” (E.109)
2
< HX (XT¢)™ —E [fnx (ngn)ﬂ
+ 2Le. i (E.110)
Hence we need to choose the e-net to cover the sphere of g with
e o i, I, E111)
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plug in L < 46?kB* and number of sample N suffice

3\ ¥
N < <5) (E.112)
3
< exp (k In <E>> (E.113)
02 Kk2k* B*
< _ .
< exp {kln(cﬁ(l—ﬂ) )] (E.114)
Forn=1,---, N, denote
X (X7¢a)” H(1—0) ¢}
) _ TR R mL| > 2 /NIl
P, (qn) =P H B 2 e | (E115)
then together with union bound over all g,, , we obtain that,
|5 (xr)” kb, ¢ sa-0
P sup > — 3
a€Rzac, [t<[% 2 k% (2k—1)
< Y Piqn) (E.116)
qn,€7%2c*
<N max P (qn) (E117)
anR2C*
< 4k sup exp (— em (1 = 6) ”CH 6) X
a€Rac, K2+ 6 (1 —0) BYR2k3 ||C ]l
exp (k: In (3>) . (E.118)
€
Hence
= = 03
|%%0 (XTO"-EH|, _coa-0)
P | sup 5 > 3 5
q€ﬁ2c* HC||4 k
|#%: (xFO)™-EH], a0
By 2 01-0) (E119)
2 LR Tk 20 31
<(2k-1) max
LX,(X7¢)"-E[] _
P | sup H H2 > Cz(l 6) (E.120)
€Rso, [tq% 2r2 (2k 1)

12
< 882 supexp [ ———m U —0)*1¢lly AR
q€R20, kK2 4+ 6(1—-106) B4k2k3 HC”4

exp (k In (i)) , (E.121)

which is bounded by exp (—k) as long as

min {(20*@72 , n2k2}
(1-6)7

m>C w2k*log? (kk) (E.122)
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21.2 R4
- Cklog (MB) §
(L=0) <l

k4?2 0B*K2k3
ma , . (E.123)
X{(l@f I (1—0) ||c|2}

To sum up, we obtain that for all ¢ € Rac,, inequality

1 o3 [EXCIR
HXO (X§gATq) " —E[]|| <ct(1-0) ! (E.124)
m 9 K
holds with probability no smaller than 1 — ¢; exp (—k) — cok™* — 3 exp (—0k). [ |
F Concentration for Hessian (Lemma 4.3)
Lemma F.1. Suppose xo ~;i.i.4. BG (0). There exists positive constant C' that whenever
. —4/3 4
min { (20*;“-{2) Jk } ck
m > C# kOk* log? () F1
. (1—opa, E T 0omn =y

and 0 > log k /k, then with probability no smaller than 1—c; exp (—k)—cok™*—48k~7—48m > —24k exp (— - min {l@ 3V Qm}),

holds for all q € Roc, with positive constant ¢ < 0.048 < 3 (1 —6c, — 36¢2 — 24c2).

3(1-0)

Hess[y] (a) — = 5

|ATq|[;. (F2)

1-0
H <
ess|[¢] (q)H2 Scg—

Proof Denoten = Y7 (YYT)_I/2 gandfj=Y7" (QonAg)_1/2 q=(0m)""? XT¢, and

W= (1YYT) . (A,AT) 12 (F.3)
Om ’
Yy = (vy?) Py, (F4)
Then we have
3(1-0)

Hess [¢] (q) — oz Hess [¢] (q)

‘ 2

= [Py [27 s () ¥ - (0. V0 @) 1] P

— 0
- %Rﬁ [3Adiag (¢*%) AT — [C1 1] Py |, (ES5)
< HPqJ_ [i? diag (7]02) SA’T] P,
— 0
= i {9(91m2 )Adiag (¢°?) AT — ni’QI] Pyu||,
3(1—0 3
+ [l vo @) - 2552 et - 5| £ | ®6)
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3 o
+ 53 [ AXo diag (n°?) Y'w|,

aff

+o3 | AX, diag (n°% — 7°%) X5 A",

Ad

3 o
+ o | Po [AXo ding (7°2) X{ AT] Py

—P,. [3(1—0) Adiag (¢°?) AT +0I] Py.

2

Al
3(1—6 3
+ [l ve@ - 2022 - 2 2
m 2
Af
In the rest of the proof, we prove that
H -
A < 9 9 HCH47 1=1,2,3.
and
H_C 1-—- .
=4,5.
Az = 3 9m2 ||CH47 ¢ a5

First, let us note that

- Kk
C(1-6)7 0,51k log? ((19)0)

log? (C (1 - )% 07,2, 5% og” (=t ))

C'log® (#)
§ (10gC+ 9log ((1—3)137,“]))
< C/3 log (%)

3
log C n 9
ok /3
C1/31og ((1,9)];@“) ol
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(F.7)

(E.8)

(F.9)

(F.10)

(F.11)

(F.12)

(F.13)

(F.14)



3
< (b i ] (C >10%) (E.15)
— \C1/6 201/6 = :
4
< ek (E.16)
Since
. ~4/3
> Cmm{(zc*/mz) / ’kz} 614 Jog3 < i > (F.17)
m Kk log” | ——— |, .
B (1 79)2 012nin & (1 _9) Omin
as the ratio log® m/m decreases with increasing m, then
log3 m
m
3 oo 3 K
e (Crtitoms o8’ (5tim))
- 3 K
C'log <amin(l§79))
9252,
x (1= 6)" O (F.18)
min {(20*;“;2)72/3 ) k‘} KOk4
4 1-0)%02,
< C1/2 ( )_Z;r;m (F.19)
min {(QC’*,LMQ) , k} KSEA
According to Lemma D.1, following inequality obtains
HlxoxoT —1| <5 (F.20)
om 9
< 10+v/klogm/m (F.21)
20 (1 — 0) oin max { (20*/“@2)2/3 , k_l}
< (F.22)
C1/4k3K3/2log m
4
00mm (1 —0) ||[AT .
0uin (1-0) | Aa]], Vg € Rac, (F.23)

= CUAR3 T k32logm

with probability no smaller than 1 — gy with eg = 2exp (—0k) + 24k exp (—ﬁ min {k:, 3V Gm}) + 48k~T +

48m 5.
We have 4k35 /o min < 1/2 whenever

160 (1 — 6)\*

whence § < 1/ (8+?), and Lemma D.3 implies that

1 -1/ —1/2
(YYT> Ay — (AgAf) Ao

om
2
S 4’536/0min (F25)
80 (1 —0)||A”q][; .
S TR 2 logm Vq € Rac, - (F.26)
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Moreover,

1Xoll, < (Om)"* VIt (F.27)
< (Om)"*(1+6/2) (F.28)
< 12 (om)"/?. (F.29)

Finally, Lemma A.5 implies that with probability no smaller than 1 — £, we have

llzoll,, < V2log!/? (29’”). (F.30)

€B

Upper Bound for A and AZ. With probability no smaller than 1 — ¢y — €, the norms of i are upper
bounded as in Lemma A.7,

. 3 1 . —1/2
Al S 0m2 (MYY ) AO_A X
2
1 —1/2
1ol Il || A7 (emYYT) (F31)
2
3 4r35
<o 0*’” C(146/2)%6
4K35

( 0“ > —log(%m/sg) (F.32)

3660 1 — 4 log (20m/ep)
= Cl/4 Om k1/2logm (F:33)

A similar result holds for
A < 9 HXOHQ ||dlag( 02)”2 x
—1/2

(QmYYT) Ag— A (F.34)

2

2440 1 — 4 log(20m/ep)
< S Il 2E (£35)
To make A < 120 |I¢||} and AY < £1=8||¢||}, we require
_ylog (20m/ep)\"
1

The right hand side is bounded by an absolute constant for all m.

Upper Bound for AZ. With probability no smaller than 1 — ¢ — ¢, the difference between 7° and 1°? is
upper bounded as in Lemma A.7,

02 —02
- 7%

|m
<l =l lIm+ 70l (E.37)

453 453
<t d (2+ t 6) e—log (20m/eg) (E.38)

Omin

Omin
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5k 4K30

< G 08 (20m/en) - (F.39)

Therefore
3 3 o —o
Afl = ) | AX, diag (n°% — 7°?) XgAT||2 (F.40)

< oz 1Al 1 Xoll; |[diag (772 = 7°%) | (F41)
15k 2 4K36

< — .

<o (146/2)" log (20m/cp) p— (F42)
1400 (1 — 0) log (20m/cp) | .4

< C1/49k1/2m2 logm ||C||4 (F43)

Again, Al is bounded by 19 [¢||; whenever

_log (20m/e)\*
> =R 28 .
C> (9 x 100e ™ 2 (F.44)
Upper Bound for AZ. Recall that
ii=Y7 (6mA,AT) g, (F.45)

then
E [X, diag (7°%) X ]
—E %XO diag (X A"q)”* X7 (F.46)
=3(1 - 0) diag (ATq)** + 2047 qq" A
+0]|ATq, 1, (F.47)

once including the projection P, ., we have

P,.E [AX,diag (7°%) X§ A"] P, (F.48)
=P,. [3(1—0) Adiag (¢°*) A" +0I| P,..
Therefore
3 o
Af = 25| Py [AXo ding (7°2) XT AT] Py
— Py [3(1-0) Adiag (¢**) AT +01] Py || (F.49)

301 0

< 5 || Xo ding (X7'¢) X7 -E[] 2 (F.50)

Under the assumption for sample size thatm > C (1 — 6) ~? k*min {(2C*u)_2/3 , k} k3 log® (rk), applying
Lemma F.2, we have

H;Xo ding (X7'¢)” X§ ~E[1|| < 56(1-6)]c]. (F51)

c
Sf
5 9

simultaneously at every q € Rac, with probability no smaller than 1 — ¢; exp (—k) — cok™%.
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Upper Bound for AY. Note that this term is essentially the difference between

3(1-0 3
2t = |ltavetap-2G20 ||¢|i—mz} Py F52)
2
_3(1-9)
1|1
e HXoTch—%(l—e) ¢l - 36°
+ ’<q, Vi (a) — 55,3 | Xo (F.54)
1 || AXo(XT¢ )
< ‘)En 0 ) —30(1— 9)AT¢*330% 2
1
+ — |lmlii = il (55)
Recall that
B | A (X]4Tq)”|
—E |Az; (2] ATq)’| (F.56)
=30 (1—0) AL + 30%, (F.57)

With similar argument as in Lemma 4.2, we can show that this term can be bounded by ¢ 19 ||17||i whenever

Om

. —4/3 1 5
mm{(;mz) K } ok
>’ 6kt log® [ ——— ). F.
m_c (179)20'2 " 8 ((1_9)Umin) ( 58)

min

Moreover, with probability 1 — &g — e

il ~ 0|
m

1 (o]

< — |(n =7, 4n°7)] (F.59)
E lm —ll, Il (F.60)
16K39 4K368
p——— (1+4/2) <1 Umin) pip log (20m/cp) (F.61)
153k K36

< Iz log (20m/cp) - p— (F.62)
3060 (1 —6) 4 log (20m/ep)

< — E

< ca gz ISl =57 ogm (F.63)

which is bounded by & =011¢ ||j1l whenever
1—6)log (2 :
¢ > (6 x 3060c~1 L0108 (20m/cp) (F.64)
k1/2logm

The right hand side is bounded by an absolute constant for all m.
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Adding up failure probabilities, we have that with probability larger than 1 — ¢z exp (—k) — c2k™* — &,

3(1—0)
Om?

1-6
Om?2

[fess 41 a) - tess o) ()| < et 47l (F.65)

holds as desired for all ¢ € Roc,, where ey = 2 exp (—0k) + 24k exp (—ﬁ min {k, 3V Hm}) +48k~ " +48m 5.
|

F.1 Proof of Lemma F.2

Lemma F.2. Suppose x¢ ~i.i.q. BG (0). There exist constants C' > 0 that whenever

min { (2C, pur?) —4/3 , /4;2}
(1-0)°

m>C k*log® (kk) , (F.66)

and 0k > 1, then with probability no smaller than 1 — ¢y exp (—k) — cok ™4,

1 . o2
meo diag (X§ A"q) " X —E[]

2

<ch(1-0)]|A%q|[;, (E.67)

holds for all q € Rac, with positive constant ¢ < 0.005 < (1 —6c, —36c? — 24¢3) /3.

Proof The proof strategy for the finite sample concentration of the Hessian is similar to that of the gradient
as presented in Lemma E.2. For simplicity, we will only demonstrate some key steps here, please refer to
Lemma E.2 for detailed arguments.

Again, from Lemma A.5, the coefficient satisfies ||x||,, < B with probability no smaller than 1 —

20me=B*/2. We write (i) = ®0(i)1jz,(i)|<p, and let X, denote the circulant matrix generated by the
truncated vector Zy. Denote
Hp=E HXO diag (X ATq)”* X T } : (F.68)
Hp=E HXO diag (X7 ATq)”* XT } , (F.69)
then

X, diag (XT¢)°XT
m

—Hg

|
o

+20meB°/2 4 2m exp (—i@k log m) (F.70)

> ch(1- 9>||ci]

2

*HE
m

| X, diag (XT¢) XL

> cf(1- 9>|cni]

2

while via triangle inequality,

1. _ v
HXO diag (X7 ATq)”* XT — Hp
m

2

1 - . 2 op =
< HXO diag (X7 A"q)” XT — Hp
m

2
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+||[Hp — Hg||, . (F.71)

Truncation Level. Next, we choose a large enough entry-wise truncation level B such that the expectation
of the Hessian E {Xo diag (X7 A”q) °2 XOT} is close to that of its truncation E {X’O diag (XT ATq) °? X'OT} :
Moreover, we introduce following events notation

& ={l|lzill.o > B U |||, > 40klogm}, (F.72)
then
|Hr - Hgl,
1 9 T
—|E|= . PN .
[mz<wz,c> @] 14 (F73)
i F
< lz HJE {(a:i O aixl - 1E.] ‘ (F.74)
iy m - bl 7 i P
1 , 5 1/2
<= IEH GOaaT| | B E7
< 2 (e[l oreat]] 2ua) (#75)
1/2
< (E[leil]) " x
\/]E [Ljzii >8] +E [Lja;,>40k logm] (F.76)
< 50k2\/4<9ke*32/2 + exp (— 20k log m) (E77)
By setting
k‘7
B> (C'og'? | ——— (F.78)
6(1-06)
we have
8
Oke B2 < 62 (1 - 9)° —Hiﬂ‘* (F.79)
In addition, whenever
274
0k > 1 log 400 k2 s | > (F.80)
3logm 0% (1 - 6) 1<l
we have
1 (c0(1-6)\7 |I¢]5
—30k1 < — 4. E.81
exp ( 40kogm)_2( 100 ) o (F.81)
Hence,
_B2 ct (1 — 9) 4
\/49k;e B2+ exp(—30klogm) < WHC”:; - (F.82)
Therefore, we can obtain that
|HE— H|, < 500 - )< (F83)
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always holds, hence

P Y _Hp

< |

Independent Sub-matrices. As we did in Lemma E.2, we remove the dependence in X, by sampling every
2k — 1 column such that

‘ X, diag (XOT )OQX'T

= > c(1-0) |c||i]
2

—Hpg

X, diag (Xg{)wX
m

> 20(1-6) |<||i] - (E:84)

2

X(]H: [X11X27“' aX2k5*1]7 (F85)
where
Xi= [mi7mi+(2k—1)7 e 7mi+(m—2k—1)] ) (F.86)

and IT is a certain permutation of the columns of X.
Applying Bernstein inequality for matrix variables as in Lemma G.7, with M; = (&;, ATq>2 z;zl €
R(EZE-Dx(2k=1) Gince

10, = (2. ATq)* 2.2 (57)
< |l (E.88)
< 4B*}? (F.89)
and
B (Mo = B [M; M| (F90)
= HE [(@,AT@ ZT] T :ET} H (F91)
= | [@:. 0" Izl 2:37 || (£92)
<E[@.¢)" |3ll] . (F93)

we obtain the following upper bound:

E (@ ¢)" 2]
2k—1
—E {Z & (71)° & (jo) Z sz je cﬂ] (F.94)

J1,J2 Js,eeJe £=3

2k—1
- [Z & (1) & (72)° Y (js)° ¢, (j)° ]

J1,92 J3F#ja

J1,J2

2k—1
+E {Z Z; ()" i (j2) sz ja) ;ﬂ,] (F.95)

— SN2 — SN2 — N — N
=3E E Z; (j1)° T (j2)" i (Jj3)”~ €, % (Ju)~ G,
J1#J2
#Jj3Fja
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FIE| YD @) @ () A () ]

| J1 752773

+6E | > & (11)° ¢ & () ]22]

L1772

_ o o\2 - .4 = ()2
+6E | > & (1) & (J2)" ¢, E (43) ¢,
| J1#J2#]s

+ 6E Z z; (1) ¢ 7 ()" ?2]

L1772

+2B | Y & (1) & (42)° ;‘12]

| J17#72

+E Z Z; (1) @i (j2) &; (j3)" ?3]

| 172773

+E| Y & ()" & (G2)" ;‘12]

L1772
+E | & ()" c;*] (F.96)
J

< (1050 + 1802k + 6062k + 120°k2) |I¢]|*
+3(216% + 3002 + 46*K> + 120°k) |I¢I5 (F.97)
< CO3k? (F.98)

Assuming 6m > 1, hence

0_2 — 093km (F99)

4
Setting ¢ = %% in Matrix Bernstein gives that

o[ (xra -, -

—t2/2
< 8k ’
<8 eXp<003km+C’B402k2t>’ (F.100)
we obtain that
X, diag (X7¢) X7 —0) lI<lI3

P lag( zc) L_E[] >Cw

m 2% — 1
21 ~118

P em (1 —0)"|I<]l, ). (F.101)

0k3 + 0 (1 — 0) B3 ||C||,

e-Net Covering To obtain a probability bound for all ¢ € S*~1, we choose a set of ¢, = ATq, withn =
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1,---,N. Since for any q,q’ € S*~! and ¢’ = ATq’, we have

3

H X, diag (XT¢)” XTI X, diag (XT¢) X7

m m )
1 = . ST ~\©2 T -nN\°2| T
— — || % diag [(X7¢) - (X7 ¢) ) XE| (F.102)
= 12
Xi — o = [}
< I g [(x70)%- (%70 (F109)
= |2
X - _ _ _
<P xere o xerepxre - xrel) (F109
<Llg—4|, (F.105)
Then the Lipschitz constant L is upper bounded by
S (2
X7 _ _
v B ar el el F100
2 =
< =X, (F.107)
< 80*mB*. (F.108)
With triangle inequality, we have
X, diag (X7¢)** X7
- ~E[]
2
_ || Xidiag (X7¢)"XT X, diag (X7¢) "X
o m m )
de T 02_.T _1; . T - 02_T
. ‘E[ ing (X7'Q)"X]| o [Xiding (X['¢,) X]
m m )
X, diag (X7¢,) X7 [ X diag (X7'¢.) " °X]
+‘ diag (X/76n) X7 | Xiding (X7 ¢n) ] (F.109)
m m )
< Xﬁ (XiTCn)oz XzT E [XZ (XiTC")CQ X?]
- m B m
2
+2Le (F.110)
Next, we are going to choose the e-net to cover the sphere of g with
- c 0 (1 — 9) . 4
ST ARk L <11y 5 (F.111)
hence the number of samples NV is bounded by
k
N = (z) (E112)
<exp(—klne) (F.113)
472
< Cexp {k log (‘“f_kemﬂ : (F.114)
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Forn=1,---,N, denote

P; (qn) =

X diag (X7¢,) X[ cB(1—6)l1¢ully
P C L_R[]| > Lnld F.11
[ m y - 42k —1) (E115)
together with union bound over all g,,, we obtain
H)_Q diag(fj ¢) X, ~E[] ,
5 c(1-9)
P | sup I > -
qe@zc* HC||4 2(2 - )
< Y Pl (E116)
QnEQZC*
<N max Pi(qn) (F.117)
gn€R20,

1—0)2¢|?
< 8k supexp | — em ( )€y ) x
oo, \ 0K F0(1=0)BRCI]

exp (k In (3>) . (F.118)
€

Hence
HXO diag()z'g“()o%g_ E []
m c
P | sup 2> —0(1-0)
acRac, ¢l 2
X diag(XT¢)"XT
_RE[
<Y P | sup H " . 25 O1=0) (F.119)
T T here, I3 ~ 2(2k-1)
< (2k — 1) max
X, diag(XT¢)"KT
) H g(m ) XL —E[]  w(-) 0
sup > .
4eac, ¢l 2(2k —1)
i (1 — 0)2 (&1
<1682 supexp (MU OICIE )
g€Rac, 0k3 +60(1—0) Bk |||
exp (kz In (i)) (F.121)
Therefore, by taking
m > min { (20, ux2) ™2 K2V kA 10g® & F122
ST {( fu?) } g (F.122)
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, OkmB* '\ k*+ (1 —0) B3¢l
> "k log (F.123)
((1 —6) ||¢|it> (1—0)°(¢Il;

and adding up failure probability, we obtain

1 . 02
HmXO diag (X§ A"q) " X —E[]

2
<ch(1-0)]|A%q|; (F.124)

with probability no smaller than 1 — ¢y exp (—k) — c20 (1 — 0)> k=% — 3 exp (—0k). [ |

G Tools

Lemma G.1 (Moments of the Gaussian Random Variables). If X ~ N (0,02), then it holds for all integer p > 1

that
Pl = gP 1 2
E HX| } =0 (p - 1)-' W]lp odd 1 ]lp even (Gl)

<o?(p—1). (G.2)

Lemma G.2 (Moments of the x> Random Variables). If X ~ x? (n), then it holds for all integer p > 1,

T'(p+n/2)
E[XP] = 2”7 (G.3)
K=
p
H n+ 2k —2) < p!(2n)?/2 (G4)
Lemma G.3 (Moments of the y Random Variables). If X ~ x (n), then it holds for all integer p > 1,
E(x?] = 22 LR o (G5)

I'(n/2)

Lemma G.4 (Moment-Control Bernstein’s Inequality for Scalar RVs, Theorem 2.10 of [FR13]). Let X1,..., X,
be i.i.d. real-valued random variables. Suppose that there exist some positive number R and o such that

!
E[| Xk|"] < %JQR’”’Q, for all integers m > 2.

Let S = % b _1 Xk, then for all t > 0, it holds that

2

Corollary G.5 (Moment-Control Bernstein’s Inequality for Vector RVs, Corollary A.10 of [SQW15]). Let
x1,...,x, € R be i.id. random vectors. Suppose there exist some positive number R and o* such that

ml
E[||lzx]|™] < 2'U2Rm’2, for all integers m > 2.

Let s = % S b _ | @, then for any t > 0, it holds that

2
Pllls —E[s) > < 2(d+ 1)exp (%piQRt) @7)
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Lemma G.6 (Moment-Control Bernstein’s Inequality for Matrix RVs, Theorem 6.2 of [Tro12]). Let X1, ...

R4 pe i.i.d. random, symmetric matrices. Suppose there exist some positive number R and o such that
[
E[X]"] < %Usz_QI,
[
“E[X]"] < %O’QRM_QI.

for all integers m > 2. Let S = % 221 Xy, then for all t > 0, it holds that

pt?
— > < —_—— ] .
P|IIS —E[S]| _t]_2dexp( 2a2+2Rt)

X, €

(G.8)

(G.9)

(G.10)

Lemma G.7 (Bernstein’s Inequality for Uncentered Matrix RVs). The matrix Bernstein inequality states that for

independent random matrices My, ..., M,, € R%>d if
o2 = max{ S EIM;M|| || > E[M; M) } ,
i=1 i=1
and
|M;ll, < R a.s.,
then

IP’[ZMZ-—IE[-]

Proof For zero mean random matrices

—t2/2
>t S (dl + d2) exp m .

M, —EM,,...,M, — EM,, € R¥1xdz

we have that
|IM; — EM;|l2 < 2R,

and

0= » E[(M;—-EM;)(M;—-EM,;)"]

H'M:
I,

I

«
Il
-

E[M; M},

E[(M; — EM;)"(M; — EM;)]

[==)
PN
-

q
Il
—

M=

< S E[M; M.

1

o
Il

Plugging corresponding quantities back to Theorem 1.6 of [Tro12], we obtain that

]p[ ZMi—EH >t] S(d1+d2)eXp<(ﬂj2/}§W)>~
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(G.11)

(G.12)

(G.13)

(G.14)

(G.15)

(G.16)

(G.17)

(G.18)

(G.19)

(G.20)
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