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Abstract

Many striking phenomena in deep learning, such
as linear mode connectivity and the structured be-
havior of training dynamics, are closely tied to
parameter symmetries: transformations that leave
the realized function unchanged. Despite grow-
ing attention to parameter symmetries, the exact
interplay between parameters, data, and represen-
tations remains underexplored. To investigate this,
we develop a theoretical framework of effective
function classes, i.e., the set of functions a neu-
ron can realize on its input support, and the norm
cost of realizing them. We then formalize effec-
tive symmetry breaking via neuron identifiability
across independent training runs. Our analysis
shows that neural networks can admit large fami-
lies of approximately equivalent solutions even in
structurally asymmetric models. We further show
that neuron identifiability enables representation
merging without prior alignment, and character-
ize when such merging admits a linear low-loss
path. These findings highlight the role of effective
function classes in affecting the loss landscape.

1. Introduction

Modern neural networks are overparameterized and have
highly nonconvex loss landscapes, yet independently trained
models often achieve similar predictions and generalization
(Goodfellow et al., 2015; Nguyen et al., 2019; Zhang et al.,
2017; Li et al., 2018). One reason is that architectures admit
large parameter symmetry groups (Hecht-Nielsen, 1990;
Zhao et al., 2026), which affect optimization geometry and
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Figure 1. Effect of neuron identifiability on the loss landscape.

model merging. The most ubiquitous are permutations of
hidden units (Simsek et al., 2021; Zhao et al., 2022; 2024),
which are central to Linear Mode Connectivity (LMC) (Fran-
kle et al., 2020): independently trained networks can often
be linearly interpolated with little loss degradation only af-
ter accounting for hidden-unit permutations (Entezari et al.,
2022; Singh & Jaggi, 2020; Ainsworth et al., 2023).

Recent work has shown that breaking structural symmetries
can yield unaligned LMC (Lim et al., 2024b; Ziyin et al.,
2025). However, this outcome is not universal. Since both
data and representations are often close to low-rank (Ansuini
et al., 2019), transformations may remain approximate, data-
dependent symmetries on actual inputs to a layer while
differing substantially elsewhere. In this work, we ask:

When does a given parameter symmetry breaking
mechanism select a consistent assignment of features
to neurons across runs, and how do the data and rep-
resentation distribution control its effectiveness?

Our Contributions. We develop a theoretical framework
for neuron identifiability, i.e., the consistent assignment of
features to neurons across random training seeds. In each
layer, we view neurons functionally on their input support.
Given a symmetry-breaking mechanism and a regularization
budget, we characterize their corresponding effective func-
tion classes. This perspective shows that effective symmetry
breaking is controlled by which architectural perturbations
are observable on the input, and explains when hidden-layer
representations can be merged without alignment, leading
to unaligned LMC. Overall, we show that symmetry break-
ing is not binary, but governed by the interaction between
architecture, data geometry, and effective function classes.
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2. Preliminaries

Permutation Symmetries. Consider a 2-layer MLP
fo(x) = Won(Wix), 6 = (Wy, Wy), where 7 is an
elementwise nonlinearity. For any permutation 7 € S,
with permutation matrix P, € {0,1}™*™, the mapping
(W, W) — (Wo P P,W)) is a parameter symmetry.
In other words, hidden units are interchangeable, i.e., per-
muting them and compensating in the adjacent layer does
not change the computed function. Depending on 7, this
group can also be significantly larger (e.g., GL(m) for lin-
ear 17). Similar symmetries appear in modern models, e.g.,
channels in CNNss, attention heads, MoEs, or through any
computation graph automorphism (Lim et al., 2024a;b).

Symmetry Breaking. Symmetry breaking refers to any
modification of a network’s forward pass that reduces the
effective parameter symmetry group so that fewer distinct
parameters represent the same function. In this work, we
study an architectural intervention that replaces each train-
able weight matrix W with an effective matrix

Wt = F+DOW, ey
where F,D € R™*? are considered fixed parts of the
architecture, ® denotes elementwise multiplication, and
W € R™*9 contains the trainable parameters that are ran-
domly initialized independently across runs and then opti-
mized. F, D € R”™*? can be fixed upfront or sampled once
per architecture. As summarized in Table 1, this subsumes
several existing parameter symmetry breaking schemes.

Table 1. Symmetry breaking schemes covered by (1).

F D

M®oB 11T - M

where B ~ N (0, 02) iid, M € {0,1}™*¢
syre (Ziyin et al., 2025) N(0,02)iid. Unif(1—e, 14¢)" /2 iid.
Linear residual I 11"

M € {0,1}mx¢

W-asym. (Lim et al., 2024b)

Sparse network 0

For W-asymmetric networks (Lim et al., 2024b), a binary
mask M selects a subset of coordinates that F := M © B
fixes to constant random values, while unmasked coordi-
nates remain trainable. syre (Ziyin et al., 2025) directly
draws F and D i.i.d. Linear residual connections and sparse
networks, both of which are known to break hidden-unit per-
mutation symmetries (Lim et al., 2024b; Zhao et al., 2025),
can also be interpreted in this framework.

Setup and Assumptions. Throughout most of the work,
we will consider an asymmetric layer (1) in isolation. Con-
cretely, we study the layer map H : R™*¢ x R — R™,
HW;z) := n((F+D o W)z). 2)
Let f;, d;, and w; be the i-th rows of F, D, and W. The
layer’s i-th neuron in (2) can be written as h;(w;; x) :=
n((f; + d; ® w;)"x). Let the input = be supported on
X C R? and drawn from a distribution P on X. Define
H(X) == {HW;-) | W € R™*4} and analogously

H;(X) as the set of functions a layer (or neuron) can imple-
ment. X is typically far from filling the ambient space R?.
For our analysis, we assume that IP is supported on a k-dim.
subspace U C R? and fix an orthonormal basis U € R%**
of U (§ C). While this is idealized (§ E.1), it enables exact
projections onto U and provides explicit coordinates via U'.

3. Neuron Identifiability

We now relate the effectiveness of a symmetry breaking
intervention according to (1) to its ability of equipping neu-
rons with distinguishable identities that lead to consistent
assignments across training runs. Within one layer, each
neuron can be viewed as implementing a particular feature.
Across training runs, a layer often realizes essentially the
same set of features, and runs differ mainly by a permutation
that matches neurons. In a symmetric layer, this assignment
is determined by the initialization. By effective symmetry
breaking we mean that, instead, architectural asymmetries
bias training towards a consistent assignment. We analyze
this through each neuron’s effective function class, i.e., the
functions it can realize on the input support together with
their realization costs, measured by the minimum weight
norm required to implement them. This is well-motivated
under explicit weight decay and the implicit norm bias of
gradient-based optimization. The underlying premise is that
uniformly large reassignment costs over nontrivial permu-
tations are equivalent to there being a unique minimum-
complexity assignment of the feature set to neurons.

We additionally assume span(supp(P)) = U if 7 is injec-
tive (e.g., tanh, LeakyReLU). If s — (n(s),n(—s)) is in-
jective (e.g., ReLU, GELU), assume there is T' C supp(P)
s.t. T = —T and span(T) = U. This lets us write realiz-
ability of a feature directly in subspace coordinates: Set-
ting v; := U'f; € R¥, M; := U 'Diag(d;) € RF*4,
h € H;(X) can be written as h(x) = n((Ua) "), where

a = U'(f; + Diag(d;)w) = v; + Mw € R*. (3)
The map h +— a is a bijection that identifies H;(X) with
v; +im(M;) C R¥ (cf. Prop. C.4). In particular, H;(X)
is an affine subspace of R* of dimension rk(M;) < k,
which allows for a geometric comparison of neuron function
classes. This implies that if all IVI; have full rank, all neurons
can represent exactly the same functions, i.e., H1(X) =
oo = Hp(X) = R*. We mainly focus on this case.

Realization Costs. Having characterized which functions a
neuron can represent, we now quantify at which cost. We
define the realization cost of h : X — R w.r.t. H;(X) as

1Plly, 2y = inf{{wlly | b = hi(w;-)}, 4)
with the convention [|h[;, ) := 400 for b & H;(X). De-
fine ||-||H(X) analogously w.r.t. the Frobenius norm |- ..

"I+ ll# () is not a norm (H (0; -) can be # 0 but has cost 0).
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(4) can be computed in closed form as a Mahalanobis
seminorm: Defining the Gram matrix S; := Mll\/[;'— =
U "Diag(d;)?U, h = n((Ua)"-) has realization cost

In(Ua) )2y = lla=villsy » 5)

see Lem. C.5. Here, ||| , := V& T Az and } indicates the
pseudoinverse. This shows that the realization costs w.r.t.
neuron ¢ depend crucially on the anisotropy of its Gram
matrix S;. If S; &~ ¢ I, the cost is near-Euclidean, whereas
anisotropy makes some features much more expensive than
others. In the case of the diagonal asymmetry d; being sam-
pled i.i.d. with mean up, E[S;] = pup Ik, and the deviation
[Si — pp Iy, can be controlled by the subspace coher-
ence (Candes & Tao, 2005; Candes & Recht, 2009)

v(U) = max (UU e € [k/d,1]. (©6)
We make this precise in Thm. C.6. Intuitively, v(U/) quanti-
fies how much of the k-dim. variability of the input can be
seen from any ambient coordinate. High coherence (=~ 1)
makes the effect of coordinate masking on symmetry break-
ing pronounced; low coherence (= k/d) can diffuse it across
ambient dimensions. This means that the impact of D is
not severe if the input is sufficiently incoherent, which is
often the case in data or hidden representations. Hence, one
should not automatically expect D alone to effectively break
symmetries. We now discuss the interplay of D and F.

Realization Cost Sensitivity. For a layer H : R? — R™,
define a group action of (7, 7) € S, x Sg:
((m,7) - H), = haiy (P, ()
and define the (square) realization cost sensitivity
2 2
Arr(H; X) = |[(m,7) - Hl3p, 2y = 1H 302) )
(we will often omit X for brevity). It decomposes as
AW’T(H; X) = Aﬂ—’id ((ld, T) H,PTX) + Aid’T(H;X).
~—— ~——
=X )
This allows us to separately consider the effects of permut-
ing the inputs (via 7) and outputs (via 7) of a layer, for which
we will write Al A°U® regpectively. In both cases, the sen-
sitivity consists of a displacement term of FU plus terms
from the trainable weights and anisotropy S; (cf. Lem. C.8).

We focus on the center-dominated regime, where the former
dominates and S; =~ up I}, are close to isotropic.

—./Aout
=:A9

Neuron Reassignments (A‘;‘r‘lt). Assume that all S; have
full rank, so all neurons can realize the same functions on X.
Then, m € S, only changes which neuron pays the realiza-
tion cost for which feature. In the center-dominated regime,
the leading effect is the projected center displacement

oot .= (P — I,,)FU € R™**, (10)
When the Gram matrices are approximately isotropic, S; ~
up I, the realization cost sensitivity satisfies A% (H) ~

ppt|62 |12 up to lower-order terms from the trainable
part and S; (see Thm. C.10). Thus, the smallest neuron

reassignment cost is

. t —-1_2 . : t
min AY(H) ~ pp Youts Yout = min 1605 I (1)
Large vout gives neurons stable identities, while small 7oy
leaves approximate symmetries. For sampled F with cen-

tered i.i.d. entries of std. / scale o,
Yout = O(opVEm™2/k) (12)
with high probability (Thm. C.12). Thus, the gap decays

slowly with width when the intrinsic dim. %k is moderate, but
can collapse for low-dim. data or hidden representations.

Input Reindexings (A!*). Input permutations 7 € Sy
change how the fixed weights align with the input subspace.
The corresponding projected center displacement is

din = F(P, — I,)U € R™**, (13)

In the same center-dominated and near-isotropic regime,

AN(H) ~ pp'||6i|2%, again up to trainable part and Gram
anisotropy effects (Thm. C.13). For transpositions (ab),

N —1.2 . ._ || sout
I{gg)l A(ab)(I{) ~ Hp Viny Vin T El;g} ”(s(ab)HF' (14)
For i.i.d. centered subgaussian fixed weights,
Yin = 9(01:‘\/%) I;l?g)l HUb,: - Ua,:||2 (15)

with high probability (Thm. C.15). | U} . —Us,,.||2 measures
how distinguishable a and b are on the input. If swapping
acts almost trivially on X, sensitivity is small. Since || Ug,.—
Uy, |2 < 24/v(U), low coherence can mitigate sensitivity;
asymmetry matters only along input-visible directions.

4. Linear Mode Connectivity

We also analyze how intermediate representations evolve
when we linearly interpolate between two independently
trained models. LMC asks whether the loss stays small
along this segment. A natural sufficient condition is that
the network’s hidden representations vary approximately
affinely along the interpolation path; recent work has ob-
served this co-occurs with LMC (Zhou et al., 2023). We
therefore quantify the nonlinearity induced by a single
layer along the path, and relate it to an upper bound
on the loss barrier. Given WA, WE e R™*4 consider
W () == (1 - NWA 4+ AW?E for A € [0, 1] and measure
nonlinearity along it by the chord deviation g (\; &) :=
HWQ\);z) — (1-NH(W4z) + \H(W?E; z)).

For n = ReLU, ¢ ~ N (0, X), in the center-dom. regime
|diow s < B|fills, X € {A, B}, B < 1, we find that
sup [|€ (X )| o gy = OB ) IIFEY2|5, (16)
A€(0,1] ’
i.e., the chord deviation goes to zero as 8 — 0, and its scale
depends on the total norm of the fixed part under the input
covariance (Thm. D.1). With control over chord deviations,
one can upper bound the loss along the linear path between
two independently trained models (cf. Prop. D.3).
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5. Experimental Results

Q1: Do symmetry-breaking architectures improve unaligned
LMC? We compare standard, W-asym., and syre-MLPs on
MNIST, and the corresponding ResNets on CIFAR-10. We
measure unaligned LMC and activation-matched LMC, us-
ing or = 0 and center-dom. W-asym. settings (or = 1 for
MLPs, 2 for ResNets).? Fig. 7 shows that large fixed weights
yield unaligned LMC in MLPs and partly in ResNets, while
standard and W-asym. models with o = 0 have high
unaligned barriers. After alignment, all barriers are low, in-
cluding for W-asym. models with o = 0 and syre-ResNets.
Thus structural asymmetry alone is insufficient.

Q2: When do W-asym. networks learn the same assignment
across runs? We sweep or and compare the activation-
matching objective of the identity, the optimal permutation,
and random permutations. Figs. 2a and 2b show that, once
oy is large enough, the identity becomes nearly optimal
while random permutations remain much worse; Fig. 2¢
shows the same trend over training. Hence sufficiently large
fixed centers make neuron identities consistent across runs.

Q3: Do swap costs depend on fixed scale and intrinsic di-
mension? We estimate realization costs using (5) on the
90% PCA subspace and compute A‘(’lzt) The theory predicts

For asymmetric models, alignment is applied to effective
weights Weg = F +D O W.

neuron j

neuron i

O'F=0

neuron i

op =1

k=2 k=8 k=32
Figure 5. A‘()l‘;t) on synthetic Gaussian mixture data w/ varying
intrinsic dim. &, positive/near-zero/ values.

AL~ i [62°% and Youe = O(opv/km=/%). On
Gaussian mixtures with width m = 64 and k € {2, 8, 32},
Fig. 5 shows many cheap swaps for o = 0, but increasing
separation for oy = 1 as k grows. The unaligned midpoint
accuracy drops are 46.4, 15.7, 6.1 for k = 2, 8, 32, confirm-
ing that low intrinsic dim. leaves approx. swaps accessible.

Q4: How does subspace coherence affect symmetry break-
ing? With F = 0, diagonal masks should matter mainly
when coordinate directions are visible on the data sub-
space. We test this by embedding a, b ~ N(0, 1) into R2°
by copying each coordinate to ¢t < 10 positions, giving
v(U) = 1/t, and train a one-hidden-layer W-asym. MLP
to fit ReLU(a + b). Fig. 4 shows low barriers at high co-
herence and high barriers at low coherence, also under a
random-frame variant. Thus, diagonal asymmetry alone is
effective mainly along data-visible coordinate directions.

6. Conclusion

We studied when parameter symmetry breaking yields neu-
ron identifiability, i.e., a consistent assignment of features to
neurons. This explains when asymmetry can be present in
parameter space yet ineffective on data. We also showed that
effective symmetry breaking can yield unaligned LMC. We
leave extensions to richer symmetry groups, exact training
dynamics, and more practical diagnostics for future work.
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A. Notation
Table 2. We list the most important symbols used throughout this work.
N,Np, Q, R Natural, non-negative integer, rational, real numbers.
[n] Set {1,...,n} forn € N.
14 Indicator function in a set A.
O(),0(-), () Landau symbols for asymptotic growth of a function.
Sn Symmetric group {7 : [n] — [n] |7 bijective}.
id, (ij), = Identity, transposition ¢ <+ 7, generic permutation € .S,,.

P, P, c {0,1}"x"
®

Generic permutation matrix, permutation matrix of = € .S,.
Elementwise multiplication of matrices.

I, Identity matrix in n dimensions.
1, Vector of all ones in n dimensions.
e; i-th canonical basis vector.
Unif(-) Uniform distribution on a set.
Bernoulli(p) Bernoulli distribution with success probability p.
N(p,0?) Normal distribution with mean 4, variance 2.
N(p, %) Multivariate normal distribution with mean vector p, covariance matrix 3.
12 P 1 8 | [ Y 2P norms (p € [1, o)), spectral norm, Frobenius norm, Mahalanobis norm w.r.t. A.
At Moore-Penrose pseudoinverse of A.
-, =<, = Lowner partial order for matrices.
LP(u) p-integrable functions w.r.t. a measure u, p € [1, o0].
Il 2o oy N1l 2o (o rm) LP norms of functions mapping to R, R™, p € [1, o0].
f*xg Convolution of two functions f, g.
A" n-dimensional Lebesgue measure.
B! n-dimensional ball in R", i.e., {x € R" | |||/, < t}.
Vi Volume \"(B7') of the n-dimensional unit ball.
(R IR[S Subgaussian and subexponential norms.
n-l n-dimensional sphere {x € R" | ||z|, = 1}.
6,0 (Total) parameter vector and parameter space of a neural architecture.
W, w Weight matrix of a layer, weight vector of a single neuron.
d,m Ambient input dimension, output dimension (i.e., width) of a layer.
n Activation function.
F,D ¢ R™*¢ Fixed offset and diagonal operator of symmetry breaking intervention.
f;,d;,w; € R? i-throws of F, D, W, i € [m].
OF Standard deviation (fixed weight scale) of entry distribution of F'.
UD, 0D, bp Mean, standard deviation, a.s. deviation of entry distribution of d?.
x, X, P Input, input support, input distribution of a layer (X = supp(PP)).
H(W ,x), h;(w;,x) Layer map of a symmetry-broken layer, single neuron i.
H, Hq, Hi(X) Fct. class of a layer, fct. class of neuron ¢, fct. class of neuron ¢ w/ explicit input supp. X.
k Intrinsic input dimension < d.
u,u Input subspace, orthonormal basis of I/.

v; € Rk’,Mi < RFkxd
S; € Rka

1P, )

v(U)

Ay (H; X)

6?rUt7 61:1 c Rmxk
Youts Vin

Eu(\;x)

0, L

F;, Diag(d;) in projected U coordinates.

Gram matrix S; = M; M, .

Realization cost of b : X — R w.r.t. neuron ¢ on input support X.

Subspace coherence.

Realization cost sensitivity of H € H(X') under output-input permutation pair (7, 7).
Projected center differences under output / input permutation 7 / 7.

Minimum proj. center distances for output / input.

Chord deviation of layer H at interpolation parameter A € [0, 1].

Loss on one data point, population loss.
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B. Related Work

B.1. Parameter Symmetries and Mode Connectivity

Mode connectivity of neural networks was introduced by early works which observed that trained neural network solutions
can be connected by paths in parameter space where the performance (measured by training or validation loss or accuracy)
does not significantly worsen (Garipov et al., 2018; Draxler et al., 2018). The focus soon shifted to linear mode connectivity
(LMC) (Frankle et al., 2020), which has been widely interpreted to occur when two solutions are in the same basin of the
optimization landscape, which is a desirable property for applications such as model merging. Several settings which admit
LMC have been identified: Frankle et al. (2020) found LMC for networks trained with different optimization randomness
but starting from the same partially converged solution. Later studies obtained LMC by aligning networks with respect to
symmetries (Ainsworth et al., 2023), or removing symmetries (Lim et al., 2024b). Variants of LMC focusing on individual
layers have been investigated (Adilova et al., 2024; Zhou et al., 2023).

Exact structural neural network parameter symmetries, in particular permutation symmetries, have been investigated as early
as Hecht-Nielsen (1990); Chen et al. (1993), where it was observed that the whole parameter space can be mapped to a small
cone via function-preserving permutations. Recent work has also studied hidden, local, and data-dependent symmetries,
where equivalences may depend on the activation region, parameter point, or data distribution rather than preserving the
realized function globally (Zhao et al., 2023; Grigsby et al., 2023; Xie & Smidt, 2025; Zhao et al., 2026).

Entezari et al. (2022) connected parameter symmetries to LMC and stated the conjecture that pairs of SGD solutions
are likely linearly mode connected after applying a suitable permutation. A number of works have proposed permutation
alignment algorithms, with the goal of obtaining interpolating paths of low barrier, based either on optimal transport (OT) of
activations or weights (activation or weight matching), or directly optimizing for a permutation that decreases the midpoint
barrier (straight-through estimator or learned matching) (Singh & Jaggi, 2020; Tatro et al., 2020; Pittorino et al., 2022;
Ainsworth et al., 2023), alongside non-OT variants (Li et al., 2015; Crisostomi et al., 2024). Alignment methods have been
primarily applied to MLPs (permuting neurons) and convolutional architectures such as ResNets (permuting channels), but
have recently been successfully applied to Transformers (Imfeld et al., 2024; Verma & Elbayad, 2024; Theus et al., 2025),
both for vision and language (where vision task models seem to be easier to align). Theoretical results in Ferbach et al.
(2024) show aligned LMC can be obtained for trained wide one-hidden-layer neural networks in the mean-field regime.

There has also been interest in unaligned LMC, i.e., conditions under which LMC is given without post-hoc alignment.
Recently, Lim et al. (2024b) proposed architectural symmetry breaking methods and obtained unaligned LMC with W-
asymmetric models, where parts of the weights of each neuron are fixed in a way that breaks the usual permutation
symmetries. Not primarily motivated by LMC but in a similar fashion, Ziyin et al. (2025) add fixed noise to parameters. Ito
et al. (2026) find that increasingly wide models tend to yield LMC without symmetry alignment or removal, and explain this
by wide layers exhibiting reciprocally orthogonal null spaces, so that merged models increasingly behave like an ensemble.

B.2. Fixed Masks, Pruning, and Sketching

When d; € {0,1}¢, the trainable part d; ® w; corresponds to a fixed sparse connectivity pattern, which is similar to a
pruning-at-initialization or fixed DropConnect-style mask on the incoming weights (Wan et al., 2013). In contrast, standard
dropout resamples activation masks during training (Srivastava et al., 2014). Dropout and related feature-noising schemes
have been analyzed as induced regularizers (Wager et al., 2013) and, under variational assumptions, as approximate Bayesian
inference (Gal & Ghahramani, 2016). The masks in this work, however, are sampled once and kept fixed across the
independent training runs.

Prior work on pruning has studied post-training sparsification, lottery-ticket subnetworks (Frankle & Carbin, 2019), dynamic
sparse training (Evci et al., 2020), and pruning at initialization (Lee et al., 2019; Wang et al., 2020; Tanaka et al., 2020;
Frankle et al., 2021). Recent work has also connected pruning at initialization to randomized sketching (Bar & Giryes, 2025).
Our use of this viewpoint is different: we do not use masks primarily to preserve an approximation of a dense network, but
to understand when fixed diagonal operators make neurons functionally distinguishable on the input support. The relevant
quantity for this distinction is the subspace coherence v (i), equivalently the maximum leverage score of the input subspace
(Drineas et al., 2012). Coherence is standard in matrix completion, compressed sensing, and randomized numerical linear
algebra, where it controls whether uniform coordinate sampling preserves a low-dimensional structure (Candes & Tao, 2005;
Candes & Recht, 2009). In our setting, the same quantity controls the concentration of S; = UTDiag(di)QU . L.e., we use
coherence not for exact recovery, but to quantify when fixed masks are visible to the effective function classes of neurons.

10
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B.3. Representation Costs

In (4), we define the realization cost of a neuron or layer as the minimum weight norm required to implement it. This
coincides with the concept of representation cost used in prior work (Dai et al., 2021; Gunasekar et al., 2018; Savarese et al.,
2019). We call it realization cost to avoid confusion with representations in a layer.

11
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C. Neuron Identifiability (§ 3)

Assumption C.1 (Subspace support model). The distribution PP is supported on a k-dimensional subspace U C RY, i.e.,
P..(x € U) = 1. Throughout, we fix an orthonormal basis U € R¥** of i/, i.e., U U = I}, and im(U) = U.

Assumption C.2 (Non-degeneracy). Under Assumption C.1, additionally assume the following. If 7 is injective (e.g.,
tanh, LeakyReLU), assume span(supp(P)) = U. If s — (n(s),n(—s)) is injective (e.g., ReLU, GELU), assume there is
T C supp(P) s.t. T'= —T and span(T') = U.

C.1. Realization Costs

Lemma C.3 (Neuron identifiability from preactivations). Under Assumptions C.1 and C.2, any h;, i € [m], can be identified
from its preactivation. Formally,

hi(w; ) = hj(w';-) < U Diag(d;)(w —w') =0, (17)

where the L.h.s. is understood almost surely w.r.t. P.

Proof. Fix i € [m], w,w’ € R?, and write the (row-wise) preactivation vectors

weg = f; +d; ©w = f; + Diag(d;)w, wlg = f; + Diag(d;)w’. (18)
By Assumption C.1, every input @ satisfies € I = im(U), hence we can write z = Uc for some ¢ € R”. Define the
subspace coefficients a := U weg € R¥ and @’ := UTw.; € R*. Forany = Uc € U, we have the identity
weTffw = weTHUc = U we)'c = a'e, (19)
and likewise (w’g) '@ = a’T c. Therefore, the neuron functions restricted to ¢ can be written as
hi(w;Uc) = n(a’c), hi(w';Uc) = n(a'"¢). (20)
Note that
a—-a = U (wer —wlg) = U'Diag(d;)(w — w'). (1)

We can now prove the equivalence.
“<”: If U "Diag(d;)(w — w’) = 0, then (21) and (20) directly yield h;(w;-) = h;(w’;-) on Y.
“=”: Assume h;(w;-) = h;(w’; ) on supp(P) C U (by Assumption C.1). Equivalently,
n(a'e) = n(a' e) forall c € U (supp(P)) C R. (22)
We show this forces @ = a’ under Assumption C.2, distinguishing the two activation cases.

Case (D: 7 injective. Injectivity gives a' ¢ = a’ " c for all ¢ € U " (supp(P)), hence (a — a’) "¢ = 0 for all such c. By
Assumption C.2, we have span(supp(P)) = U, hence span (U " supp(P)) = R". Therefore, (a —a’) "¢ = 0 on a spanning
set of R¥, which implies @ — a’ = U " Diag(d;)(w — w’) = 0.

Case 2): s — (n(s),n(—s)) injective. Let T' C supp(P) be as in Assumption C.2, so T = —T and span(7T’) = U. Set
Ty == U'T C R*. Then Ty = —Ty and span(Tyy) = R*. Since n(a’c) = n(a’"¢) for all ¢ € U (supp(P)), in
particular n(a'c) = n(a’"c) for all ¢ € Ty. Moreover, for any ¢ € Ty we have —c € Ty, hence also n(—a'c) =
n(—a'T e). Therefore, for all ¢ € Ty, (n(a'c),n(—a'c)) = (n(a’"c),n(—a’"¢c)), and injectivity yieldsa'c = a’'T¢c

forall ¢ € Ty, ie. (a —a')"e = 0 forall ¢ € Ty. Since span(Ty;) = R¥, we get @ = a’, which concludes the proof. []

Proposition C.4. Define v; as the projection of the fixed center of the i-th asymmetric neuron to the input subspace, and
M; as its projected diagonal operator, i.e.,

vi:=U'f; e RF, M, := U Diag(d;) € R**, (23)
Under Assumptions C.1 and C.2, h € H;(X) belonging to weight w can be written as h(x) = n((Ua) " x), where
a == U'(f; + Diag(d;)w) = v; + Myw € R". (24)

The mapping h + a is a bijection that identifies H;(X) with v; +im(M;) C R¥. In particular, H;(X) is an affine subspace
of R¥ of dimension tk(M,) < k.

Proof. Fix i € [m]. Under Assumption C.1, every = € X satisfies € im(U), so we can write x = Uc withc = U 'z €
RE. For any w € R?, define the induced subspace preactivation coefficient

a(w) = U' (f; + Diag(d;)w) = v; + Myw € RF. (25)

12
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Then for every = Uc € X, h;(w; ) = n((Ua(w)) " ). This yields

Hi(X) C {n((Ua)T Vlaevi+ im(Mi)}. (26)
Conversely, let a € v; + im(]V;). Then there exists w € R? such that M;w = a — v, i.e., a(w) = a and h;(w;-) =
n((Ua)"-) on X, so the reverse inclusion in (26) holds as well.

It remains to argue that @ — 7((Ua) ") is injective on R¥ under Assumption C.2. Let a,a’ € R* satisty n((Ua) ') =
n((Ua') ") for all x € supp(P). Set d := a — a'. If 7 is injective, then (Ud) "z = 0 for all x € supp(P), hence
d"(UTz) = 0 for all z € supp(P). Since span(supp(P)) = U = im(U), we obtain d = 0, i.e. a = a’. If s
(n(s),n(—s)) is injective, then for all x € T C supp(P), with T' = —T', we have both

n((Ua) @) =n((Ua') @) and n((Ua)'(~x)) =n((Ud)"(~=)), 27)
so the injectivity of s — (1(s),7(—s)) yields (Ua)"x = (Ua') "z for all = € T. Since span(T) = U, the same argument
givesa = a’.

Having obtained the injectivity of @ + n((Ua) "), the final claim follows immediately. O

Lemma C.5 (Realization cost in subspace coefficients). Let i € [m] and a € RF. Then,

[9(U@) Mz = (@~ vi)TSI(@—v) (28)
= ||a*"iHsj (29)

Sfora —v; € im(S;) = im(M,;) (and 400 otherwise). Here, SZT» denotes the Moore-Penrose pseudoinverse of S;.

Proof. Fixi € [m] and a € R*. By Prop. C.4, we have

((Ua)™) e Hi(X) & a—vi€im(M), (30)
and in that case n((Ua) "-) = h;(w;-) holds iff M;w = a — v;. Therefore, by definition of realization cost (4),
[1(Ua) )|y, ) = nf{llw]l2 | Miw = a - vi}, 31)

with the convention 400 if @ — v; ¢ im(M;). Assume now that @ — v; € im(M,). Recalling S; = MiMZT, the (unique)
minimum #¢2 norm solution is

w* = M (M;M])(a—v;) = M/ SI(a—v,), (32)
and every solution can be written as w = w*+w, withw | € ker(IM;), which implies ||w||3 = ||w*||3+]||wL |3 > ||Jw*|3.
Hence, inf{||w||2 | M;w = a — v;} = ||]w*||2. Moreover,

[w*|3 = (a —vi)TS]S:S](a — vi) (33)
=(a— vi)TSZT-(a - Vi), (34)
where we used SIS;S! = SI. This yields
[n(@a)™ )5y, 20 = Via—voTsia—va), (35)
which holds for a — v; € im(S;) = im(M,) (and equals +oco otherwise). O

Theorem C.6 (Spectral concentration of S;). Let i € [m] and sample the entries of d; i.i.d. with (d;)? having mean up,
variance o2, and a.s. deviation by, from its mean (all < o). For any § € (0, 1), with probability at least 1 — 6,

1Si = undill,, < C{\/U%IJ(U)A‘FZ)DI/(Z/{)A}, (36)
where A :=log (2k/6), v(U) := maxye(q) (UU ") is the subspace coherence, and C'is a universal constant.®

The proof of this theorem relies on an application of the matrix Bernstein inequality.

Lemma C.7 (Matrix Bernstein Inequality; Theorem 1.4 of Tropp (2015)). Let Ay,...,Aq € RF*E pe independent,

3One can also control max; ||S; — up Ik ll,p via a union bound at the cost of replacing log(2k/4) by log(2mk/d).
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centered random symmetric matrices. Assume a uniform bound || A;||op < R almost surely for each addend | € [d]. Let

d
> E[A7] 37)
=1 op
Then, for all t > 0,
d 2
—t%/2
A >t | <2k — . 38
2 Al zt]< eXp<U2+Rt/3> 58
1=1 op
Proof of Thm. C.6. Denote the I-th row of U by u; € R*. Observe that
(UU Ny = €/ UU e, = |[UTell3 = |lwlj3, (39)
where e; denotes the I-th canonical basis vector in R?. The fluctuation of the Gram matrix S; around its mean
E[Si] = U'Eldiag(d)’|U = U (upIs)U = ppli (40)
can be written as a sum of independent rank 1 matrices
d
Si — [1,]:)_[]C = Z ((d )2 [LD ulul ZA[ (41)
=1 Y
Clearly, the addends A; are centered and symmetric. Furthermore, we can bound
lAdllop = 1(di)7 = po| - ww] Jop < bollwll3 < bor) =: R. (42)
Next, we compute the variance parameter a2, Since
A} = ((do)} = po)*(ww] )* = ((da)f — o) w3 (wiw) (43)
and E[((d;)? — up)?] = o by definition, we have
d
> b3 (w) (44)
=1 op
® )\ |1
< op | max [l |5 (45)
N———— =1 op
=v(U)
= v U U llop (46)
_Ik
— 2u(ld). @7

In (*), we have utilized that for positive semidefinite matrices B; > 0 and scalars ¢; € [0,C], one has || >, ¢;Bi||op <

C| Y=, Billop. We are now ready to apply Lem. C.7 to 27:1 A;. We set the target failure probability to 6 € (0,1). We seek
a threshold ¢ such that the failure probability is at most d. This holds if

—t2/2 2 Rt 2k

Let L := log(2k/§). The inequality becomes t* — 2 RLt — 20*L > 0. Solving for ¢ yields
Lo R, [(mr
-3 3

where (s%) uses v/a + b < y/a++/bfor a, b > 0 (setting t to this upper bound suffices). Finally, we can plug in R = bp /()
((42)) and 02 < 01231/(1/{ ) ((47)), and absorbing absolute constants into C', we obtain

t > c{\/aDu(u) log (2k/6) + bpr(Ud) log(2k/5)}, (50)

which completes the proof. O

(%) 2
)+202L < gRL—i—a\/ZL, (49)
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Lemma C.8. Let H € H(X) withh; = n(({Ua;)"") and r; := a; — v;. Then,

u 2 — — 2 2
A?Z]t)( ) = ij - Vi”s;l.;.s;l +2<Vj - v, S; lrj - Sj 17'i> + ||7“j||s;1_s]f1 + ”TiHSj—lfsi—l . (51

(ii) cross term

(i) center term (iif) metric mismatch term

Proof. Fix i # j and write v;; := v; — v;. For a transposition (¢5), only the - and j-addends change, hence
2 2 2 2
AGHH) = llvj = vi+rilgr +vi = vy +rillg-r = lIrlls = lIrslls-
2 2 2 2
= vy gl =vig 4l — 2o — rsl2 (52)

Using ||a:||i‘ = x| Az and expanding the quadratic forms in (52) yields

2 Tg-1 Tg-1 Tq-1

||Vij—|—rj||si_1 = vy S; Vij +2v,S; i+ STy, (53)
2 Tg-1 T Tg-1

H_Vij‘f'rinsj—l = v;S; Vij — QVZJSJ ri+7; S; T (54)

Substituting (53) and (54) into (52) and regrouping gives
AP (H) = v (ST + 87 vy +2v](S7 ey — S7'ry)
+r) (ST =S+l (S =Sy, (55)
which is precisely (51). O

C.2. Neuron Reassignments

Assumption C.9 (Spectral concentration of Gram anisotropies). Fix ¢ € (0, #3>), and assume

max ||S; — MDIkHop < e. (56)
i€[m]

Theorem C.10 (Global output sensitivity). Consider a layer H = 77((F +DoWw) ~), and assume Assumption C.9 holds.

Set R := (D ® W)U € R™** (proj. trainable parts). Let m € S,, and set M, := I, — Diag(diag(Pﬂ)) to be the
projection onto the coordinates affected by . Assume that 59" # 0, poU* := | M R||r/||62"||r < 1. Then,

AZUH) = (1£ 005" + epph)) - up 9513 (57)

Proof. First, note that by definition,

A H, &) = 3 (69" + (PeR)ssl[5- — I RiJ20). (58)
i=1
Now if (i) = 4, then (62*"); . = 0 and (Pr R);. = R, ., so the i-th summand in (58) vanishes. Since M is the (diagonal)
projection onto the rows moved by 7, we may write

A (H, X) = <H (85" + P.R)),

2
IR ). (59)

Since € < up, the uniform bound ||S; — MDIkHop < einiyields (up—e)I; = S; = (up+e)I). Hence S; is invertible,

and
€

Syt —up'r - = 5. 60
IS: tlop < o=y = P (60)

Thus, for every a € R*,

llal2-: = up el < Blal} (61)
Applying (61) to each term in (59) yields
AZH,X) = 15! (IMa(65" + PeR)||} — | Mo R|[}) + B, (62)
with
Exl < B (IMA(62 + PR} + | Mo R|3) (63)

Because M 62" = 62 and M, P, = P,M, implies | M, P, R||r = |P.M,R|r = ||M,R| r, we can apply
Cauchy-Schwarz to bound (63) as

1Bel < 81105 13 + 20165 |1 | Mx il + 21| Mo B[} )- (64)

15
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It remains to simplify the isotropic term in (62), for which one can obtain
1M (85" + PrR)|[7 — [ M-R|% = (055 + 2(05", M PrR)p = || 03" |5 + 2(05", PrR)r, (65
where the last equality holds since M| = M, and M, 62" = §°U*. Define

ord(m)—1
Qr = I, —ord(r)™" >  PL (66)
t=0
Since PM(™ — I,,
(Im - Qﬂ)Pw = Pﬂ(Im - er) = I — Q. (67)

Thus, I,,, — Q is the orthogonal projection onto the fixed subspace of Py, and Q is the orthogonal projection onto its
orthogonal complement. Moreover,

(Im - Qw)‘sgrut = (Im - Qw)(PTr - Im)FU = 0. (68)
Hence, Q6" = §°U and, using Py (I, — Qr) = I, — Q.
<6‘,)rut, P.(I,, — QW)R>F = <6§ut7 (I, — QW)R>F = 0. (69)
Therefore,
<5‘,’r“t,PﬂR>F = <6‘73T‘“,PWQ7,R>F. (70)

By Cauchy—Schwarz and the orthogonality of Py,
(05, PrR) | < 07" ¢ QR p- (71)
Combining (62), (64), (65), and (71) gives
- u 2 u
| A (H, X) — pp |05 %] < — 105" | FllQ~ R F
KD (72)

g
+7(5§;‘“2+2 89| || My R| o + 2 M,TRZ).
(15 + 2002 MR e+ 2 MR

For the final statement, note that Q, = Q M, and as Q. is an orthogonal projection,
|Q-R|r = |Q=M:R||p < [[M:R|F. (73)
Dividing (72) by " [|62||2. therefore yields

A (H, X €
#pos (B, 4) _ 1’ < 200+ ——— (1 + 297" + 2(07)?). (74)
165417 D¢
If po"* < 1ande < up/2, then
2
S < L2200 <5 (75)
pp —€ ~ pp
Hence, the r.h.s. is O(p2" + eup'), and therefore
APUNH,X) = (14003 +eup)) ) - up 05 3. (76)

O

Corollary C.11 (Minimum output reassignment cost). In the setup of Thm. C.10, suppose further that p?l‘;t) < p°ut < 1 for

out

some p°t, uniformly ini # j € [m]. Then,

ouin AS(HLX) = (1 +O0(p™™ + 6#51)) D Yot (77)
1 TESMm

Proof. Fixid # 7 € S,,. Then,

m
1854 % = I(Pr = L)FU[E: = D Ivaq — vill3- (78)

i=1
Write 7 as a product of disjoint cycles, and consider one nontrivial cycle (i; . ..,) of length £ > 2, and use the convention

1¢4+1 = t1. Its contribution to the above sum is
[
D Vi = vi 3 > Cmin v, —vill5 > 2min|lv; — vi[3. (79)
i#] i#]

r=1
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On the other hand, for a transposition (47) one has Hé‘()z‘jt) % = 2|v; — v;||3. Therefore,
. t _ . t A
anin 631 F = min 160517 = Yout- (80)

Next, for every i # 7,
IR 3+ IR 13 = 1M RIF = (0020851 < 200™)? v — vill3 61

Now let 7 # id and decompose its moved indices into s nontrivial disjoint cycles (z'f) o zgs)) Then,

0 2
2|MR|% = ZZ(HR#)’;H%*—||Rigl,;||§> < Q(Pom)QZZHVigI —v,ml3 = 200205 5. (82)

s r=1 s r=1

Hence, p2" = || M R||/]|0" || < p°"* for all  # id. By Theorem C.10, it follows that

™

ATHH,X) = (140 +2pp!)) - 9913 (83)

uniformly in 7 # id. Using (80) yields
min A%(H,X) = (1 + O(p + sugl)) 5 (84)
id#m €S O

Theorem C.12 (Asymptotics of projected center gap vYout). Let F have i.i.d. entries of the form B - oxYy, where B ~
Bernoulli(p), p € (0,1], and Yy is independent of B with a Lebesgue density bounded by My < oc. Set q := 2p — p* and
fixd € (0,1). Let m > 2 and assume

q> C{\/quU)A +v(U)A}, A:=Ilog(4km?/s). (85)
Then, with probability at least 1 — 9,

_ 5 \L/k
Yout = € %O’ka Uk(—) = G(JF\/Em*Q/k), (86)
0

m?2

where V), denotes the volume of the k-dim. unit ball, kal/ = O(Vk), and ¢,C > 0 are absolute constants.

Proof. Recall that f; € R? is the i-th row of F and v; = U'f; € R*, further yous = v2min;; ||v; — v;||2 and
vij = vi —v; = U'(f; — f;) € R*. Moreover, define Y := orYp, which has a Lebesgue density bounded by
M = UEIMO.

Step (D: Random mask concentration. Fix a pair (7, j). For each ¢ € [d], let

& = 1{(Bu, Bje) # (0,0)} € {0,1}, P := U'Diag(§)U € R¥**. (87)
Then, &, are i.i.d. Bernoulli variables with
Eg] = P(&=1) = 1-(1-p° =2p-p° = ¢ (88)
Letuy := U e, € R, so that ||uy||2 = (UU )y < v(U). Then,
d
P—qly =) (& —q) ueu, . (89)
(=1
Set Ay == (& — q) weu, . Then, E[A,] = 0 and
[Adllop = 16— gl lluell3 < v(U) = R. (90)
Further,
A} = (G- (wen))? = (& —)?|luel3 weu 1)
so, since E[(&, — ¢)?] = q(1 — q) < q,
E[A7] = qllwell3 wewy = qu(Ud) wpuy . (92)
Because Z;lzl ’U,guz =U"TU = I, it follows that
d d
S E[AY] < qu)I,,  hence  o® = H SEAY| < qv). 93)
op
(=1 =1
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By the matrix Bernstein inequality (Tropp (2015) and Lem. C.7), there exists an absolute constant Cy > 0 such that for all
n € (0, 1), with probability at least 1 — 1,

IP—alillop < Co(v/olog(@k/n) + Rlog(2k/n)) < Co(v/au)log(2k/n) +vU)log(2k/n)).  (94)
Now set 7 := 6/(2m?), let

A = log(2k/n) = log(4km?/s), 95)
and define the event q
= - < -

G = {IP— Ll < 1} 96)

By (94) and the assumption ¢ > C(y/qv(U)A + v(U)A), taken with C := 2C;, we have

)
> 1——=.

PO) = 1- 5 97)

On G, we have P » (q/2)I}, and therefore
det(P) > (q/2). (98)

Step (2): Uniform conditional density bound for v;;. Fix £* € {0, 1} such that P(¢ = £*) > 0 and

|[UTDiag(e)U ~ an| < 4. (99)
op 2

Let

S = {teld|&g =1} = {b,.... 05} (100)
define

¢ = ((Fi =)0, (Fi —£5)05) RIS (101)
and let Ug € RIS1¥F be the submatrix of U with rows indexed by S. Then,

P* := U Diag(¢")U = UJUsg = gIk. (102)

In particular, P* is positive definite and rk(UST) = k. For each ¢ € [d], write X; := (f; — ), = ByYi — Bj¢sYje
and let & = {& = &}. Then, {{ = &'} = ﬂ?:l &, and each & is measurable w.r.t. (B¢, Bj¢). Since the families
(BM, By, Yie, ng) are independent across £ € [d], it follows that for arbitrary Borel sets Ay, ..., Ais| CR,

A PN (X0, € A} NN &)
Pl ({X, €A} e=¢| = - (103)
n Fe=o)
IS
_ L= P‘(;‘(@,. €A, &) HZ¢SP(5€) (104)
[1- 2 P(&e,) [Togs P(E0)
[S|
= [IPxe, € 4, 1&,). (105)
r=1

Thus, the coordinates of ¢ are independent under P(-|{ = £*). Now fix ¢ € S for which {§ = 1 and & = {{, = 1}. Let fy
denote the Lebesgue density of Y, with || fy ||z (x) < M, and let Y’ be an independent copy of Y. For every Borel set
ACR,

_ _ 2
P(X, € A|&) = p<1q P py e 4) + p(lqp)n»(_y cA) + %P(Y —Y' € A). (106)

Hence, under P(-|&;), X, has a Lebesgue density which is a convex combination of the densities of Y, =Y, and Y — Y".
—Y has density z — f_y(z) = fy(—2) and Y — Y has density fy_y+ = fy * f_y. Thus,
Ify—villeeny = [y * foyvlloeoy < fvllzeoy [f-vilrpy < M. (107)
<M =1
Therefore, for every ¢ € .S, the conditional distribution of X, given &£, admits a Lebesgue density bounded by M. Together
with (105), this shows that under P(-|¢ = £*), ¢ € R!S! has independent coordinates, each with Lebesgue density bounded
by M. Now set A := UJ € RF¥ISI sothat AAT = P*. Since £ = 0 implies By, = Bj; = 0, we have X, = 0 a.s. under
P(-|¢ = &) for every £ ¢ S. Consequently,
vij = U'(fi—f;) = UJ¢ = AC  as.under P(-|¢ = £¥). (108)
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LetX := (AAT)Y/2 = (P*)/2and Q := X' A € R**IS| Then, QQ T = I;,. Writing IT := Q" Q, IT is the orthogonal
projection onto the k-dim. subspace im(Q ") C RISI, and Q¢ = QITIC. Let Aim(@T) denote the k-dimensional Lebesgue
measure on the subspace im(Q " ). By Rudelson & Vershynin (2015, Theorem 1.1), applied under the conditional probability
measure P(-[§ = £*) to ¢ and IT, the random vector I1¢ admits a density fricje—¢+ W.I.t. Aipy (@) satisfying

Ifrcie=¢s I qry) < (C1M)* (109)

for an absolute constant C; > 0. Since the restriction Q‘im( Qm) " im(QT) — RF is an isometry, it preserves the k-dim.
Lebesgue measure \*, and thus, Q¢ admits a Lebesgue density fQcle=¢» on R* with

Ifacie=¢- ey < (CrM)E. (110)

Since v;; = A¢ = £(Q() under P(-|¢ = £*), a change of variables for the invertible linear map X : R* — R* shows that
v;; admits a Lebesgue density f,,;j¢—¢+ on R¥ given by

face=er (')

_ k
fVij|§:f*(w) = —‘det2| 5 x € R". (111)
Therefore,
| facie=ex I oo (ak) (C1M)* (C1M)* w2\ F/2
ieeer Lo am < < = < (CiMF(Z2) . 112
este=e: o= [det | VAT~ vaepy - oM (q) (12

Consequently, for every ¢t > 0,

P(lvisll> < t]€ =€) = / Fouiemee dAF (113)
<A ( ) 1 fvile=e [l oo Ak (114)
k/2 Mt
< Vith(CiM)R( 2 z(cvl/’c ) 115
< Vit™(Cy )(q) 2 NG (115)

where we set Cs := /2 C}.

The bound (115) is uniform over all £* € {0,1}¢ with P(¢ = ¢*) > 0 and ||U " Diag(é*)U — qIg|lop < q/2. Since the
event G is measurable w.r.t. £, and ¢ takes values in the finite set {0, 1}¢, conditioning on G yields

Mt
Plvile<tl6) = Y Pe=¢ |9FIvsla<tis=€) < (G v“’“ﬂ) S e
£*e{0,1}¢
P(¢=¢*(G)>0
Combining (116) with P(G®) < §/(2m?) from Step (1), we obtain
5 Mt\*
B(lvill <0) < BG)+B(lvsla <t16) < 5oz + (V) a1

Step (3): Union bound over all pairs. Choose

Jk
Ny ) !
with ¢ := (2C3) 1. Then,
Mt 6 1INk ¢ 16
vIEZD) o RO — (7) o< 22 119
(C NG (C2c) m?2 2) m?2 = 2m?’ (19
so (117) gives for every fixed pair (4, j)
1) 16 )
Plvila<t) < 5 5+5-5 = —5 (120)
By a union bound over the (7)) < m?/2 pairs,
. m2 4§
P (minlvill < 1) < SRivgl <0 < 52 <6 (121

i<j
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Hence, recalling that M = o 1MO,
. B 5 1/k
Your = ﬂrg;gllvijn > Vot = \/chii])JFVk Y (mg) (122)

with probability at least 1 — &, which is precisely the first inequality of (86), absorbing /2 into c.

Step (4): Stirling approximation. Fixing d, ¢, M, and using the Stirling formula

T
T(x+1) ~ V2rz (f) as T — 00, (123)
e
we obtain
1/k o k/2\ Vk
V—l/k _ ]'—‘(k/2 + 1) / ~ mk (%) — (ﬂ_k)l/(Qk) i ~ i (124)
k mk/2 mk/2 L —V 27e V 2me’
—1, k—oo
where I'(z) := [ t""te~'dt denotes the gamma function. Hence, Vk_l/ b= O(Vk), and absorbing the constant
(2me) /2 into c yields that the rh.s. of (122) is © (opVEm~*) in m, k, 0. O
C.3. Input Reindexings

Theorem C.13 (Global input sensitivity). In the setup of Thm. C.10, fix an input reindexing T € S4. Assume that the
concentration event Assumption C.9 holds both for S; and ST := U T P! Diag(d;)2P,U.* Also assume that 5™ # 0 and
pr = Rl p/167 |7 < 1. Then,

A(H) = (14002 + epph)) - up 10213 (125)

Proof. The argument is partly analogous to the proof of Thm. C.10. For each i € [m], let a; := v; + R;. € R¥ denote the
coefficient vector realized by the i-th neuron on &X'. Under the input permutation 7, the transformed function is evaluated on
the reindexed support P, X C P,U, which has P.U as an orthonormal basis. W.r.t. this basis, the same transformed neuron
is still represented by the coefficient vector a;, while the corresponding projected center becomes

vl == (FPU);. = v;+(6™);.. (126)
Hence,
ar(H,X) = 3 (IR = 03y — I1RiZ ). (127)
1=1
Since € < up, the assumptions imply
(up — &)l = S;,ST < (up +e)li for all ¢ € [m]. (128)
Thus, both S; and ST are invertible, and
_ _ €
s;t - /,LDlIkH SO —pp'L|,, € —— = B (129)

Therefore, for every a € R,

llal2-s — 5t lal] < Blal,  |lalifs)- - 15 llal3] < Blal3: (130)
Applying this to each term in (127) yields
ARNH,X) = pp! (IR =02} — |RI}) + Er, (131)
with
B, < (IR =023 + IRIE). (132)
By Cauchy—-Schwarz,
1B, < BI85 + 20162 I RILr + 2] RI%)- (133)

“When D has i.i.d. entries, ST =U TP, Diag(d,)? P, U £S;.
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Moreover,
IR — 2% — |RIIF = [6711% —2(0" R) (134)
and by Cauchy—Schwarz,
(6 R) | < 162 ¢ R - (135)
Combining (131), (133), (134), and (135) gives
€

in — in 2 in in in
[ARCHL ) =t 1071 < 07 el Rl + (16213 + 206 | | Rl + 2 RIE).  (136)

po (up —€)

Finally, divide (136) by up'||6'||% to obtain
oA (H, X)

. —1| < 2™+ 1+ 2o 4 2(p™)?). (137)
T ] )
If pi* < 1lande < pup/2, then
2
< Z 1424202 < 5. (138)
HD — € HD
Thus the r.h.s. is O(p™ + eppy'), and therefore
AP(H,X) = (12002 +epph)) - up 0213 (139)
O

Corollary C.14 (Minimum input transposition cost). Assume that the assumptions of Thm. C.13 hold for every transposition
(ab) € Sy, and that pi(lflb) < p < 1 for some p™ uniformly in a # b. Then,

min Al (H, X) = (1 +O(p" + Euﬁl)) D Vi (140)

Proof. Since pi(‘;b) < p'™™ for every transposition (ab), by Thm. C.13,

o (H,X) = (100" +enp") ) - up 108 I (141)

uniformly in a # b. Taking the minimum over all transpositions gives
151;1121 Al (H, X) = (1 +O(p™ + 5u51)) i Vs (142)
which is exactly the claim. O

Theorem C.15 (Asymptotics of vin). Let F. ; € R™ denote the (-th column of F. Let a # b € [d]. Then,
||6i(1¢;b)||F = ||F:,b - F:’GHQ HUb,: - Ua,:||2' (143)

If further F has i.i.d. centered subgaussian entries with variance o, subgaussian norm uniformly bounded by Cop, and
m 2 C*log(d?/§), then with probability at least 1 — 6,

Yin = O(opyvm) - mlnllUb - U,,

). (144)

Proof. Step (D: Proof of (143). Fix a # b. For a transposition (ab), we have for any = € R?
(Papy — La)x = (zp — z4)(€a — €5)- (145)
Thus,
( I(I;b)) = F(P(ab) - Id)U = F(ea - eb)(Ub,: - Ua,:) = (F:,a - F:,b)(Ub,: - Ua,:)a (146)
which is a matrix of rank < 1. Using ||zy " ||r = ||z||2]ly]|2 gives (143).

Step 2): Proof of (144). We assume that the entries of F are i.i.d., centered, have variance O'%, and subgaussian norm

K :=||Fy; sz. Fix a < b and define Z; := F;, — F,,, for ¢ € [m]. Then, Z1, ..., Z,, are independent and centered, with
EZ? = EF3 +EF2, = 20%. (147)

Moreover, by the triangle inequality for the subgaussian norm,
1Zillyp. < [Fibllg, + [Fially, = 2K. (148)

21



Beyond Structural Symmetries: Linear Mode Connectivity via Neuron Identifiability

Therefore, for Y; = ZZ»2 — ]EZE, the random variables Y7, ...,Y,, are independent, centered, and subexponential. In
particular, there exists a universal constant Cy > 0 such that
Yilly, < CollZill7, < 4CoK>. (149)

Hence, by the Bernstein inequality for sums of independent subexponential random variables (e.g., Vershynin (2018, Thm.
2.8.2)), and absorbing the universal constant in the bound on ||Y; ||, , there exists a universal constant ¢; > 0 such that for

every t > 0,
P Em:Y- > 1) < 2exp(eymind L L (150)
P i = = p 1 mK47K2 .
Set L := log(d?/d) and choose
t = O K2 (\/mL+L) , (151)
where C'; > 0 is a universal constant yet to be determined. Then,
t t? o (VmL + L)? )
= = G (\/mL+L> > (L, = G2 > L (152)
Thus,
. 2t o
min | —1, 73 > min{C7,C1}L. (153)

Choosing C; large enough so that ¢; min{C%, C; } > 1, we obtain

m ) B 26
P(ZYZ» 2t> < 2exp (— ey min{C},C1}-L) < 2% = = (154)
i=1
Since . .
ZY; = ZZ,LQ — 2m0'12; = ||F:,b — F:,a”% — 2”7’L0’12:7 (155)
i=1 i=1
we have shown that, for this fixed pair a < b,
20
P(||F.p — F.oll3 — 2mog| > t) < = (156)

Taking a union bound over the (g) < d?/2 pairs, we conclude that, with probability at least 1 — §, simultaneously for all
a < b,

[F. — Foall2 - 2mo2| < C1K? (\/m log(d2/3) + 1og(d2/5)) . (157)

On this event, if t < 2mo3, then for every a # b,

\/2mok —t < |F.p, —F..l2 < \/2mo +1t. (158)
Combining this with (143) gives
\/2mog —t m;gl |Ua: —Up:llz < vin < y/2mod +1t m;g |Ua,: — Us.:||2- (159)

It remains to translate (159) into the asymptotic statement. By assumption, K = ||F;|| by S Cor. Increasing C'if necessary,
we may assume C' > 1. We obtain

t < C1C2%02 (\/mL + L) . (160)
‘We now choose a universal constant C'y > max{4012, 2C1}. Ifm > CyC*L, then
C1C*VmL < m/2, C,C?’L < m/2. (161)

Indeed, the first inequality follows from C;C?*vmL < m/2 < m > 4C?C*L; the second follows since C' > 1 and
Cy > 2C. Therefore, t < ma%, and substituting this into (159) gives

UF\/% m;Ibl ||Ub,: - Ua,:HQ < Yin < \/gaFm m;g)l ||Ub,: - Ua,:||2- (162)
a a
Equivalently,
Yin = O(opy/m)- a;iéfbl”Ub,: —Us,|l2 (163)
with probability at least 1 — . O
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C4. Identifiability vs. Feature Learning
Let z ~ P := N(0,1;) and let n = ReLU. For any measurable h : R? — R, write ||h\|ig(P) := Egz[h(z)?]. For the
symmetric full feature learning regime, consider a two-layer network of width m as

foym(@) = a'n(Wz +b), (164)

where a € R™, W € R™*4 and b € R™ are trainable and 7 acts elementwise. For an asymmetric model, fix centers
F € R™*4 and consider

fasym(®) = aTn((F + W)z), (165)
where & € R™ and W € R™* are trainable.

Lemma C.16 (Lipschitz stability of ridge features). Let & ~ P = N(0, I;) and n = ReLU. Then for any f € R? and any
perturbation w € R,

0((F +w0) ) =0 2)]| ey < fole (166)

Proof. Since n = ReLU is 1-Lipschitz, we have pointwise for all z € R?,

In((f + w) z) - n(fT:c)| < |+ w)'x — fT:c| = |w'z|. (167)

Taking the expectation under x yields
[ ((f +w) ") —n(me)HQLQ(P) < Eo[(w'2)?] = w'Ey[zz'|w = |Jw|3, (168)
since Ep[xzx "] = I,. O

Lemma C.17 (Asymmetric network stability under bounded perturbations). Let x ~ P = N(0, I;) and n = ReL.U. Fix
F € R™*9 and consider the following two networks with the same output weights o € R™

fasym () = aTn((F + W)a:), fo(zx) == aTn(Fa:), (169)
where W € Rm*4 jg arbitrary. Then,
|| fasym _f0||L2(P) < ledlz W] £ (170)

Proof. Write f; € R? and w; € R? for the i-th rows of F and W, respectively, so that

Jusym (@) = fo(@) = 3 s (n((£: +wi) @) — n(f] ). (171)
i=1
Let 6;(x) := n((f; + w;) "@) — n(f] ). By Cauchy-Schwarz applied pointwise in ,
| fasym (@) = fo(@)| < llall2[6@)]2,  8(z) = (G1(),.... ()" (172)
Squaring and taking expectation gives
| fasym = follZ2e) < llexl3 Ea[[l0() Ha||22||5 I72@) (173)

Applying Lem. C.16 to each (f;, w;) yields ||0; || z2p) < [|w;||2, hence

| fasym = follZ2@) < |a||22||w7”2 = [lexl3 W[ (174)
O

Theorem C.18 (Random feature hardness for single ReLLU neuron (Yehudai & Shamir, 2019), specialization of Theorem
4.2). There exists a universal constant ¢ > 0 such that for all d > 40, the following holds: For every w, € R? with
|lwy||2 = d?, there exists a bias b, € R with |b,| < 6d® + 1 such that for any coefficients oy, . . . , i, € R, with probability
at least 1 — exp(—cd) overi.id. by, ..., b, ~ Unif(S?1),

exp(cd). (175)

i 2 1 1
Egnn(0,10) l(;am(b?w) - n(w3w+b*)) ] < o mg% (% 1802

Theorem C.19 (Hardness in center-dominated regime). Let € ~ P = N(0,1;), n = ReLU, and fix d > 40, m € N.
Draw F € R™*? with i.i.d. £; ~ Unif(S?1). The following holds for every w, € R? = d2 There exists
a bias b, € R with |b,| < 6d® + 1 such that for all « € R™ and W € R™*4 satisfying ||ct||co < 1=z exp(cd) and

48md
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ledl2|Wlr < ﬁ, with probability at least 1 — exp(—cd) over sampling F, the asymmetric network fasym(x) :=
aTn((F + W)a:) incurs the population error lower bound

| fasym = n(w, () +b) L2y > 1/(10v2). (176)

Proof. Work on the event & (of probability at least 1 — exp(—cd)) on which Thm. C.18 holds for {f;} ;. Fix any w, € R?
with [Jw,||2 = d?. On &, Thm. C.18 provides a bias b, € R with |b,| < 6d3 + 1 such that for every choice of coefficients
A1,...,0, €R,

2 1 1
mw]p[(ZOq (£l x) — n(w, z + b, )) ] < =5 = mZI’IEI[E:Ji( la;| > BE exp(cd). (177)
Now fix arbitrary o € R™ and W € R™* satisfying
1 1
S d Wl < ——. 178
ldloe < Jommz expled),  lel2[lW]F < 0v3 (178)
Define .
fasym(®) = a (F+W)z),  folx) = a"nFx) = Y ain(f]z). (179)
i=1
By Lem. C.17,
1
asym — < |la|2|[W|r < ——=. 180
[ fasym = follzz@y < llell2[Wllr 0v3 (180)
Next, )
mlnel[ax lo;| < 1822 exp(cd) (181)
as required in the theorem. Therefore, by the contrapositive of (177), we must have
1 1 1
Egn x) — n(w, x +b,))?%] > —, ie. —n(w,]x+ b, > — = —. 182
a~p [ (fo(@) —1( )?] 50 [[fo = n( Nirz@) 75" 38 (182)

Finally, by the triangle inequality and (180),

||fasym - n(w*Tw + b*)HL?(lP’) > || fo— n(ij + b*)||L2(P) - ||fasym - f0HL2(]P‘) >

1 1 1
- = . (183
5v2  10v/2  10v2 ( [)]
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D. Linear Mode Connectivity (§ 4)

Theorem D.1 (Chord dev. in center-dom. regime, ReLU). Let n = ReLLU and  ~ N (0, X) with X = 0. Fix WA WE ¢
R™*4, Suppose there exists B € [0, 1) such that for all i € [m),

Id; 0 witlls < Blfills, |Idi © wfllz < BlIfils, (184)
where ||u||s = VuT Xu. Then,
sup (€ (A )| o gy = OB%2) IFEY? . (185)
A€[0,1] ’
Proof. Fix i € [m]. Write
wh, = fi+d, 0w,  wh, =fi+dow’ (186)
for the effective weights and
7= (wip) ', 2P = (wi) (187)

for the preactivation random variables under the input distribution. If ||f;||s = 0, then (184) forces ||d; ® w#|s =
|d; ® wPB|s = 0, hence Z* = ZP = 0 as. and &;(\;z) = 0; in this case the desired bound holds trivially for

neuron i. Assume from now on that ||f;]|s; > 0. Then, Z* ~ N(0, (6*)?), ZZ ~ N(0, (c)?) with 0/ := |lwZ; ;|| =.

of = |wk ;|s. Since f < 1, we have 0%, 07 > 0. Further, the correlation of Z;* and Z[ is

wi wh
pi = w, 0; = arccos(p;). (188)
oito}
For ReLLU, one obtains
2

&(nz)? = (ReLU((l —NZA +2ZB) — (1= NReLU(Z4) + /\ReLU(ZiB))) (189)
= min{(1 - N)*(Z")?, X\*(ZP)*} 1{z/ZzP <0} (190)
< (1-N4ZM*{z#ZF <oy + X3 (zP)*1{zzP < o). (191)

For centered bivariate Gaussian random variables with variances (¢/*)2, (¢2)? and correlation p; = cos(6;),
91' — si 91' 0;
B[(22)1(2 2P < 0)] = (o7t P00 eosll) (192)

™

and likewise
0; — sin(6;) cos(8;)

E[(2P)*1{Z{zF < 0}] = (oF)’ -

i

(193)

Indeed, if (G1, GQ) ~ N(O, IQ), then
(28 Joit, ZB JoP) L (G, cos(6;)G + sin(6;)Ga), (194)
where 6; = arccos(p;) € [0,7]. Since (192) only depends on the joint distribution, we may compute it under this

representation. Write (G, G2) = R(cos ¢, sin ) in polar coordinates. Since the standard Gaussian distribution is invariant
under rotations, ¢ ~ Unif ([0, 27)) is independent of R, and E[R?] = E[G} + G3] = 2. In polar coordinates, we have

Z)olt = Reos(p), (195)
ZPJoB = cos(0;)Rcos(p) + sin(6;)Rsin(p) = Rcos(p — 6;), (196)
where the last equality uses cos(p — ;) = cos(¢) cos(6;) + sin(¢) sin(6;). Thus, since 0*,0Z > 0and R > 0 ass.,
ZAZB <0 o 0aBR?cos(p) cos(¢p — 6;) <0 (197)
< cos(p) cos(p — 6;) <0. (198)
For 6; € [0, 7], this holds exactly for
ve|55+o]u [%%ﬁw} (199)
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with endpoints modulo 27. Therefore,

E[(Z{“)Q]l{ZiAZiB <0} = (U;;A)QEI:RZ cos?(p)1{cos(¢) cos(p — 0;) < 0}] (200)
= (of")? E[R?] E[cos®(¢)1{cos(p) cos(p — 0;) < 0}] (201)
=2

= (o cos®(ip) dip (202)
2T J{cos(p) cos(o—0:)<0}
) /240,

= (07) = / cos’(p) d (203)
™ /2

_ (oh)? 0; — sin(6;) cos(6;) (204)

m
where the last equality follows from [ cos?(p) de = /2 + sin(2¢) /4 and sin(26;) = 2sin(6;) cos(6;). Hence,

6O I agey < (1= N2 (o7t)? 4 2 (oP)?) Sl cosls)

(205)

It remains to bound the size and angular terms in (205) using (184). For the size term, write weAf“ =1, + riA and
wh . =f; +rE where 7! .= d; ®w and P := d; © wE. Then

ot =Ifi +rlls < lIfills + Irf = < 0+ B)Ifills, (206)
and similarly o < (1 + B)||f;||s. Hence, since (1 — \)2 + \? < 1,
(L=N*(@)* + X (07)* < (148 [fil%- (207)
To bound 6;, define
f; £ +r) fi+rp
0 7 A 7 7 B 7 i
uf = . Y < S i (208)
[I£ill= €5 + 7| I[fi+77]s
These vectors are normalized in ||-|| 5, and p; = (uf, uP)s. Set
A A
A [r s A (ri,fi)s
A ;o osh = i UE 209
" e BE o
Then 1! < B and s#* > —n# by Cauchy-Schwarz. Since 3 < 1, this gives 1 + s > 0, and
A0 1+s
(ui, uj)s = . (210)
V142s8 + (nf)
Moreover,
14 A2 AL (pA)2)2
L) -ty = S @i
1+2s3 4 (n)? L+2s8 + (nf)?
Thus,
(ul, ud)s > \/1-@1)? > V1- 52 (212)
The same argument gives (u”, ul)s; > /1 — 2. Now write a! := (u!, u?)s and a? = (uf u?)x. Since |[u? —
aful||% =1 — (a')? and similarly for B, Cauchy-Schwarz gives
pi = (il ul)s = af'al + (uf —al'ul ui —afu)y (213)
> afaP — /1 ()21~ (aP)2. (214)

The function
(a,b) = ab— 1 —a%y/1—b? (215)

is increasing in each argument on [0, 1]2. Since a#*,a? > /1 — 32, we obtain

pi > (1-p4%)—-p*=1-25% (216)
Therefore,
0; = arccos(p;) < arccos(l —24%) = 2arcsin(8) < 7f. (217)
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Thus,
& ) ) 0; 2
s 0eos0) L " gty 4y < Lap < B
m T Jo  Se——— 37 3
<s2

Combining (205), (207), and (218) yields

272 .
16 2@y < = (L+8)28° (il

3
Summing over ¢ and using ||gr (\; ~)||%2(P;Rm) =3 s ~)H2L2(]P,) gives
272 -
e M eny < 3 (14 B)26° [FS2 .

Finally, taking 1/~ and the supremum over A € [0, 1] on the Lh.s. proves the claim.

We also record a version of Thm. D.1 for smooth activation functions.

218)

(219)

(220)

Theorem D.2 (Chord deviation in center-dominated regime, C? activations). Let x ~ N (0,X) with ¥ = 0, and let
n € C%(R) with L, := sup,cg [ (2)| < oo. Fix WA, WB € R™*4. Suppose there exists 3 € [0,1) such that, for all

i€ m]
Id; @ wils < Blfills, |d; @ wl s < Blifi]l=.

Then

V3
sup HgH(A;.)HL?(]P’;Rm) S LWBQHFZl/QH%

A€[0,1] 2
Proof. Fixi € [m] and write v := d; ® w# and 7P := d; ® wP. Set
zA = (fi+rMTx, zZP = (fi+rP)T2, Az = 2B - ZA
For fixed x, define h;(s) := n(ZA + sAZ;) for s € [0, 1]. Then
E(Nx) = hi(A) = ((1=N)hi(0) + Ahy(1)).
We obtain

A 1
Gva) = (1= [ ki) ds—A [ hie)ds
A 1
= =X [ () =) s = X [ (i)~ ) ds

Moreover, h!/(s) = n"(Z{* + sAZ;)(AZ;)?, and hence R} (s)| < L,|AZ;|? for all s € [0, 1]. Therefore,

1§i(As )]

IN

Ly|AZ;|? ((1—/\)/A(A—s)dsjt)\/l(s—/\)ds)

L
= 7U(l — N |AZ; 2

Thus
2

L
16 22y < f)\Q(l — A’E[(AZ:)Y].

Since AZ; = (rP — r#) Tz is centered Gaussian,
E[(AZ)"] = 3|rf — 5.
By (221),
Ir? =il < Irflz+lrile < 28]

Hence

IN

6 (X 1oy < 12L5 A2 (1 = 2?85

Summing over 7 gives

HgH()‘; ')Hi?(lP’;]Rm)

IN

12L3 A (1= )26 |Ifill5:-
i=1

27

(221)

(222)

(223)

(224)

(225)

(226)

(227)

(228)

(229)

(230)

(231)

(232)

(233)
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Taking /- and using A(1 — \) < 1/4 yields

1/2
\/g m
R e DL LS (234)
i=1
Finally,
<Z ||fi||4z> Z I3 = IFSY2)1%, (235)
i=1 i=1
which proves the claim. O

Proposition D.3 (LMC bound by chord deviation). Consider a dataset X x Y > (x,y) ~ P, a neural network fg : X —
Y C R, and define the population loss L£(0) = E(q ) p[l (fg( ),Y)] < co. Assume that for every y, z — £(z,y) is
convex and Ly-Lipschitz w.rt. ||-||,. Fix two parameter vectors 0, 0F and define the linear path O(\) := (1 —\)04 + A5,
A € [0, 1]. Define further

Er(Ni) == fon (@) — (1= X) foa (@) + Moz (). (236)
Then, for all X € [0, 1], we obtain
LON) — (1 —N)L(O) +AL(05))
< Le ||§f( )||L2(Pm,Rdout) : (237)
Proof. Fix A € [0, 1]. By convexity of z — {(z,y), for every (x,y),
(1= N for(®) + Aos(x),y) < (1= N(for(x),y) + M(fos(2), ). (238)
Moreover, by the definition of £ ;(A, ) and since ¢(-,y) is L,-Lipschitz w.r.t. ||-||,,
U(foon (@) y) < (L= N)for(z) + Mos (), y) + Le [lE (N @), - (239)
Combining (238) and (239) and taking expectations w.r.t. (z,y) ~ P gives
LO) < (1-N)LO") +ALOF) + LeEarp, [I€r (N )],] - (240)
Finally, by Jensen’s inequality,
Ear (160 2),] < (B [JlE02)2]) " = sl aoy iy (241)
Substituting this into (240) and rearranging yields the claim. O
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E. Approximate Subspace Support and Relaxed Realization Costs

In this section, we make rigorous how the exact subspace support model (Assumptions C.1 and C.2) can be interpreted as a
low-rank approximation of a general data distribution: Namely, after projection on the top k principal components, exact
realizability in the projected model implies approximate realizability on the original distribution, with the error controlled by
the discarded second-moment tail energy. In this sense, the results from § 3 should not only be read as applicable to this
idealized model, but as a tractable approximation to the observable realizability structure when the input distribution to a
layer is only approximately low-rank. We also explain a natural relaxed variant of the realization cost framework from § 3,
which does not require exact realizability on the data support, and show that the hard realization cost from § 3 arises as its
ridgeless limit.

E.1. Approximate Subspace Support

Let the input « to a layer be drawn from a distribution P on R? with finite second moment Ep||z||3 < oo, and define

> = Egoplzz'] = 0. (242)
Let ¥ = UAU " be an eigendecomposition, i.e., A = Diag(A1,...,A\g) with \; > --- > X3 >0and U U = I,;. Fora
target rank k, let U, € R?¥* be the top k eigenvectors and define the tail energy

T = YA (243)
>k

In this context, Assumption C.1 for a given k means precisely that 7, = 0 with U/ := span Uy, and the non-degeneracy
assumption (Assumption C.2) is equivalent to 7,1 > 0 for injective 1. More generally, one can show the following:

Lemma E.1 (Subspace support and second-moment tail energy). Assume Egp|x||3 < oo. Then, 7, = 0 iff
P(x € im(Ug)) = 1. Moreover, setting Py, := UkU,;'— , the mean-squared residual outside the top-k subspace is

]Ea;NIP |:H.’B — PkscHﬂ = Tk

Proof. One can directly calculate
Eonp[|@ — Pz|3] = Eoeplz (I - Po)a] = (I - P)%) = > N = 7% (244)
>k
If 7, = 0, then || — Pyx||3 > 0 has expectation 0, hence = Pyx a.s., which means = € im(Uy) a.s. Conversely, if
x € im(Uy) a.s., then x = Pyx as., so 7 = 0. O

Lem. E.1 shows that 7, is the residual incurred by projecting IP onto its top-% principal subspace. This makes the projected
distribution P, := (P} ).[P a natural low-rank surrogate for the original input distribution. One may therefore ask whether
coincidence of neuron functions on this projected model still implies approximate coincidence on the original distribution.
The next proposition answers this affirmatively: for Lipschitz neuron functions, the resulting L?(IP) error can be controlled
by the second-moment tail energy 7. In this sense, the subspace support model from § 3 can also be seen as a tractable
approximation whenever the input distribution is only approximately low-rank.

Proposition E.2 (Projected coincidence implies approximate coincidence). Assume Eqp||x||3 < co. Let hy, hy : RT — R
be Li- and Lo-Lipschitz, respectively, i.e., |hi(x) — hi(y)| < Li||z — y|2 for all z,y € RY, i € {1,2}. Assume that hy
and hy coincide on the projected distribution Py, i.e. hy (Pyx) = ho(Pyx) for P-a.e. x. Then,

Egor[(h1(z) — ho(z))?] < 2(LF + L3) 7% (245)

This means that if 7, is small, any two neuron functions that agree on the top-k projected model are close in L?(IP) on the
original distribution.

Proof. Since hy(Pyx) = ho(Pyx) for P-ae. x,
Using (a + b)? < 2a® + 2b?, we obtain
(hl(:c) — hg(a}'))Q 2(h1 (:13) — hl(PkCU))Q + Q(hg(ﬁc) — hQ(Pk-:B))Q

<
< 2(L7 + L) ||z — Puzlf3. (247)
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Taking expectations and using Lem. E.1,
Ezop[(h1(z) — ho(x))?] < 2(LT + L3) Egepllx — Pex||3 = 2(LT + L3)7s, (248)
which proves (245). O

In particular, if 7 is L-Lipschitz and h;(z) = n(w,” z) for w; € R%, i € {1,2}, then each h; is L| w;||2-Lipschitz (by
Cauchy-Schwarz). Hence, Prop. E.2 yields

Eop[(h1(x) — ha(®))?] < 2L2(J|lwi]3 + [w2]3)7 (249)
whenever hy (Pyx) = ho(Pyx) for P-ae. x.

E.2. Relaxed Realization Costs

In the previous subsection, we have seen in what sense the subspace support model can be viewed as an approximation to a
general input distribution. For realization costs, a complementary question is how one should formulate the cost when exact
realizability is not imposed. A natural choice is to relax the hard constraint by penalizing squared L?(IP) approximation
error and weight norm. We record it here to show that the realization cost from § 3 arises as its ridgeless limit.

Just as in § 3, consider a single asymmetric layer in isolation, and define H(W;x) := n((F + D ® W)x) € R™, where
W c R4 ¢ ¢ R F,D € R™*? are fixed architectural components, and 77 : R — R acts elementwise.

Definition E.3 (Relaxed L? realization cost). Fix neuron i and 3 > 0. For any h € L?(P), define
1hl3eys = [BlBes = inf {87 Eane[(h() - hi(w;@))?] + w]3}. (250)

In cases where the distribution P might vary, we will make the dependence explicit through writing #,;(IP). It is straightfor-
ward to see that for Lipschitz 7y and any h € L*(P), [|h||,,. 5 < oo s finite. A canonical family of targets we will look at
are functions of the form h,, () := n(u'x), u € R, i.e., precisely realizable target features, since this is precisely the
setting in § 3.

Theorem E.4 (Explicit upper bound via a quadratic surrogate). Assume 1 is L-Lipschitz. Fix neuron i and define D; :=
Diag(d;) € R4, For any u € R,

lhullZ, p < inf {B7'L? u—f; = Diw|5 + [wl3} - (251)
weR?
Moreover, the infimum in (251) has a unique minimizer
-1
w(u) = (,BI + 12 DiEDi> L2D;S(u—f,), (252)
and the corresponding minimized value equals
L2 L* L2 -
B B g
Proof. Fix w € R and abbreviate
ly(x) = u'x, li(w;x) = (f; + Dyw) . (254)
Since 7 is L-Lipschitz,
(hu(x) — hi(w;x))? < L2 (Ly(x) — £ (w;x))?. (255)
Taking expectations yields
E[(hy(x) — hi(w;x))?] < L?|u—f; — Dw|%. (256)

Plugging into Def. E.3 and then taking the infimum over w proves (251). To compute the infimum, define o := L?/3 and
consider the strictly convex quadratic

Jw) = |w|?+a(u—f; — Dyw) B(u — f; — D;w). (257)
Differentiating gives

VJ(w) = 2w —2aD;S(u — f; — Dyw) = 2(1 + aDiEDi)w —2aD;X(u - f;). (258)
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Since I + aD,;XD; > 0, setting VJ(w) = 0 yields the unique minimizer (252). It remains to compute the minimum value.
Write r :=u — f; and A := I + o D;¥D; > 0. Expanding J yields

Jw) = w' Aw — 20w 'D;Xr + ar' 3. (259)
Let ¢ := aD; 3. Then, J(w) = w' Aw — 2w ¢+ ar ' Zr. Since A = 0, we have
w Aw —2w'c = (w—A"te)TA(w—A"lc)—c" A e, (260)
which implies that the minimum is attained at w* := A !¢ (which coincides with (252)) and equals
géiéld Jw) = ar'Sr—c'A7le = ar'Zr —o?r"ED;(I + aD,;XD;) 'D; 37, (261)
which is exactly (253). O

If n is bi-Lipschitz, one can prove a lower bound in a similar way. We will now show that the 8 — 0 (ridgeless) limit
recovers the hard realization cost from § 3, where non-realizable targets have infinite cost.

Theorem E.5 (Ridgeless limit). Assume 1) is Lipschitz and Egp||z||3 < oco. Fix neuron i and let

IRl = [R5, = nf {|lw]l3 | Ezvp[(h(z) — hi(w;2))*] = 0} € [0, o] (262)
with the convention inf @ := +oo. Then for any h € L?(P),
li R [
i (Rl 5 = A1, 26

Proof. Write f(w) := E[(h(z) — hi(w;x))?] > 0 and ¢(j) := infy,{f(w) + Blwl|5} so that |h[1F, ; = 67'¢(5) by
Def. E.3.

First, suppose ||h||f2Hq = +o00. We show Hh||%tbﬂ — +o0. Assume for contradiction that there exists 0 < 3, — 0 and
C < oo with [|h|]3,, 5. < C for all n. Then there exist w,, such that

fwn) + Bullwnll3 < Ba(C+1). (264)
In particular, this implies that ||w,||3 < C + 1 and f(w,) — 0 asn — oo. Since (w,,), is bounded, we can extract

a convergent subsequence (W, )k with w,, — w* as k — oo. By Lipschitzness of 1 and E|/z||3 < oo, the map
w — h;(w; ) is continuous from (R, |-|,) to L?(PP), hence f(w., ) — f(w*) and therefore f(w*) = 0. This contradicts

I1Rlf3,, = +oo.

Assume now ||h||3_[ < oc0. Then, for every 8 > 0,

¢(8) = mf{f(w) +Blwlzt < it {Bllwll3} = Bk, (265)
and
lim sup B716(8) < |hlf3, - (266)

For the reverse inequality, let 0 < 3, — 0 and pick w),, such that f(w,,) + B, ||w, |3 < ¢(B,) + Bn/n. By the previous
upper bound, ¢(5,) < ﬁn(||h||3{ + 1) for all large enough n, hence (||wy]|2), is bounded and f(w, ) — 0. Similar as
above, any limit point w* of a convergent subsequence satisfies f(w*) = 0 as n — oo. Therefore ||w*||3 > Hh||§_[l and

thus lim inf,, o0 ||Jwy, |3 > ||h||il . Since B, 1¢(B,) > ||w,||3 — 1/n, we can conclude
lim inf 3~ > A3, . 267
im inf 5 o(B) = k|5, (267)
Combining (266) and (267) gives the claim. O

When 7 = id, the relaxed cost in Def. E.3 reduces to a strictly convex quadratic ridge objective in w, so the minimizer
and optimum admit explicit closed forms for every 5 > 0. For general nonlinear n # id, the same objective is typically
nonconvex in w and no simple closed-form solution is available, so apart from the ridgeless limit, one would have to work
with tractable surrogates such as Thm. E.4. By contrast, in the ridgeless limit the problem simplifies conceptually: Thm. E.5
shows that as 8 — 0, one recovers the realization cost from § 3, which admits the explicit closed form (5). At the same time,
because the limit enforces exact realizability, it is singular under perturbations of the support, i.e., even a small amount of
mass outside the top-k subspace can destroy feasibility on the original distribution and make the hard cost jump to +oco.

31



Beyond Structural Symmetries: Linear Mode Connectivity via Neuron Identifiability

For fixed § > 0, however, the relaxed objective remains stable under such perturbations. The next corollary records the
corresponding quantitative upper bound.

Corollary E.6 (Projected realizability yields small relaxed cost). Fix neuron i and 3 > 0, and let h € L?(P). Assume that
the hard realization cost of h with respect to Py, is finite and attained at some w* € RY, i.e.

h(Pyx) = hy(w*; Pyx) forP-ae. x, lw*[l2 = |~ @) (268)
Assume also that h, h;(w*;-) are Lp- and L;(w*)-Lipschitz, respectively. Then,
IRl eys < IRl @, +2(Th + Li(w®)?) 87 7. (269)

Proof. By Def. E.3, evaluating the infimum at w* and applying Prop. E.2 gives
IRI3 @) < B Baonp[(h(x) — hi(w™;2))*] + w3 < 2(Lj, + Li(w")?) B~ 7 + w3, (270)

which yields the claim since ||w*|[, = [|h|l3, @, )- O

Corollary E.6 links the approximate subspace support from § E.1 and the relaxed realization costs we introduced in § E.2.
Namely, the first term on the r.h.s. of (269) is the hard realization cost on the projected model P. The second term is the
approximation error incurred when passing back to the original distribution. Thus, for fixed 5 > 0, the projected subspace
support model yields a quantitative upper bound on the relaxed realization cost under the true distribution.
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F. Additional Figures

F.1. Visualization of Effective Function Classes

W-MLP W-MLP
(fi =0,8; ¢ I) (f; #0,S; ¢ I)

Comp. graph

Hy=Hy=Hs Ha s Hs

{g| HgH’H‘(X) <1}
2
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x

Figure 6. Eff. fct. classes and learned features (run A/run B) w/ varying levels of symmetry. Col. 1: In a fully symmetric
MLP, each neuron can implement the same functions on X'. Col. 2: Pruning weights affects S; and can introduce
anisotropy. Col. 3: Fixed weights via F introduce functional biases.

F.2. LMC Interpolation for MLPs and ResNets

100% 100% === T
‘\\~_”/~
97% 50% -
94%
I 1 1 1 1 1 0% 1 1 1 1
A=0 0.2 04 0.6 0.8 1 A=0 0.2 04 06 0.8 1
(a) MLPs on MNIST, unaligned (b) ResNets on CIFAR-10, unaligned
100% == i e 1 s e
100%
= ResNet
97% 50% A W-ResNet, op =0
W-MLP, op=0 | | eeees W-ResNet, op =2
----- W-MLP, op =1 === syre-ResNet, op =2
94% o === syre-MLP, op =1 0% T T T T
I T T T T 1 A=0 02 04 06 0.8 1
A=0 02 04 06 0.8 1 (d) ResNets on CIFAR-10,
(c) MLPs on MNIST, aligned aligned

Figure 7. Aligned and unaligned training accuracy LMC interpolation for standard models and asymmetric models (average of 8 model
pairs each). Alignment using activation matching.
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G. Experimental Setup
G.1. MLPs

For MLP experiments, we use MLPs with 4 layers, input dimension 784 (MNIST input dimension), hidden dimensions 512,
layer norms, and GELU activation functions. For W-asymmetric MLPs (W -MLPs), following Lim et al. (2024b), we fix 64
entries per linear layer row (= neuron) for the first three layers, and 256 entries per row for the final layer. Fixed entries
are randomly sampled, making use of a mask seed that ensures the same mask in different model instances. Whenever we
perform parameter interpolation between models, the models have the same mask (which is considered a fixed part of the
architecture).

For the fixed weight scale o, we use o = 1 as the default choice for effective symmetry breaking W-MLPs, and o = 0
for the variant that does not exhibit effective symmetry breaking, as well as a range of values for or between 0.0 and 5.0 for
one o sweep experiment. In contrast to Lim et al. (2024b), we always apply the same value of o at all layers.

We train the MLPs, W-MLPs, and syre-MLPs on MNIST for 100 epochs with AdamW (Loshchilov & Hutter, 2019), a
learning rate of 0.001, and a weight decay of 0.01.

G.2. ResNets

For our ResNet experiments, we use ResNet20 networks with 8x width multiplier (following the setup of Lim et al.
(2024b)), ReLU activation functions, and group norms. The architecture contains an initial convolution (3 — 128 channels),
three block groups (128, 128 — 256, 256 — 512 channels), and a final linear layer. For W-asymmetric ResNets, in each
convolution, a number of fixed weights are introduced per input channel (spread randomly over the output channels and
kernel dimensions). The number of fixed parameters varies per block group, with the shortcut convolution in block groups 2
and 3 having a separate value for the number of fixed values. Table 3 gives the values across the network.

Table 3. Number of fixed parameters per layer.

Layer # fixed
Initial convolution 12
Block group 1 108
Block group 2 162

Shortcut 18
Block group 3 216

Shortcut 24
Final linear 24

The default fixed weight scale in our W-ResNet experiments is o = 2 for the effective symmetry breaking setting, and
or = 0 for the ineffective symmetry breaking setting. We train the ResNets on CIFAR-10 for 100 epochs using AdamW
(Loshchilov & Hutter, 2019) with weight decay of 0.01, and learning rate warm up from 0.0001 to 0.01 in the first 20 epochs
(v = 1.259).

G.3. Datasets and Augmentations

We use MNIST and CIFAR-10 datasets with a random 80%/10%/10% train/val/test split. On MNIST, we only use a
normalization transform. On CIFAR-10, we additionally use a RandomHorizontalFlip transform, and a RandomCrop
transform with 4 pixels of padding and a 32x32 output size.

G 4. Activation Matching

We implement activation matching as described in § 5. For MLPs, this is straightforward: we forward the full dataset through
the models and record intermediate activations Z4, Z B at each layer, which we use to compute the similarity matrix S,
For ResNets, some subtleties are involved. The permutable dimension is the convolution channel dimension, which takes the
role of the hidden representation dimension in Z. We could average over the pixel dimensions to have Z € R"*¢, However
we find it beneficial for LMC to treat each pixel as an independent data sample, producing Z € R("+*)xd_Fyrthermore, in
ResNets, the residual connections cause certain activation permutations to affect several layer inputs: For example, the input
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to block 1 in block group 1 is also indirectly fed into block 2 via the additive residual connection, without anything yielding
an independent permutation symmetry in between. Each block group exhibits one such a global permutation that affects
several layer inputs, and hence should be estimated jointly, yielding Z € R(nk?e)xd (for ¢ = 4 in our case). Besides, each
block admits an inner permutation symmetry between its two convolution layers, which can be estimated independently.
Due to memory constraints, we perform activation matching on 10% of our CIFAR-10 training set, which is sufficient to
yield an alignment of low barrier. For our plots in § 5, we average the activation matching objective across all layers.

G.5. Coherence Experiment

We record details for the experiment isolating dependence on the coherence of the data subspace (see Fig. 4) in a teacher-
student setup. The latent input variable is (a, b) ~ N (0, Iz) and we aim to learn the teacher f(a,b) := ReLU(a + b). We
sample 1024 training examples and 2048 test examples from this latent distribution, which are used across all coherence
levels. The latent (a, b) is embedded into the ambient space R, d = 20, as

x = Ug(a,d)’, U, eR™?  U/U, =1, (271)
where k € {1,...,10} controls the active ambient support. For the “exact-copy” family, all rows of U}, are zero except
1 1

UQT’Q = r= 1,...7]{7. (272)

U'r‘f = = T
2r—1,1 \/E \/E

L.e., each latent coordinate is copied uniformly over k ambient coordinates. For the “random-frame” family, we sample a

permutation 7 and angles 01, . .., 0,2 ~ Unif (0, 7). These sampled values are reused for all k. For a given k, all rows of
U, are zero except, forr =1,... k,
1 1
Uri2r—1),, = —=(cost,, sinf,), Uriary,, = —=(—sinb,, cosb,). (273)

vk vk

The student is a one-hidden-layer asymmetric ReLU network of width 128 with F = 0 and D ~ Bernoulli(0.15) i.i.d.
Further, the output weights are fixed to 1. Hidden weights are initialized independently from A/(0,0.05%) and hidden biases
are initialized to zero. Each model is trained for 100 epochs on MSE on a batch size of 512 using AdamW (Loshchilov &
Hutter, 2019) (learning rate 102, weight decay 10~2). For each k and subspace embedding, we sample 5 outer seeds for
D, and 10 initializations of student pairs for interpolation each, yielding in total 50 interpolation pairs per k£ and subspace
embedding. For each % and subspace embedding, the reported midpoint barrier is the mean over the 50 pair-level midpoint
barriers + standard deviation over these 50 values.

G.6. Gaussian Mixture Synthetic Dataset

In our experiments (Q3 in § 5, and § H.2, § H.3 in the appendix) we use a synthetic Gaussian mixture model dataset that

allows us to control the intrinsic data dimension parameter k. We sample class centers g € R*, (u.); ~ N(0, ofep), where
Osep 18 a class separation parameter. We generate k-dimensional class k latent samples as
k
zi = Qc(pe +¢i) €RY, (274)
where g; ~ N(0, Diag(s?, ..., s?)) is anisotropic Gaussian noise (with direction-wise scaling vector s € R¥) and Q. is a

class-specific orthogonal transformation, and embed them into the ambient space as x; = Pz; € R?, where P € R%*k,
We generate 50 000 training samples using five classes in an ambient space of dimension d = 128, varying the intrinsic
dimension k depending on the experiment.

G.7. Empirical Neuron Realization and Swap Costs

We estimate neuron realization costs in trained models, and pairwise neuron swap costs derived from them (Q3 in § 5, and
§ H.3 in the appendix) using two methods: Using the Mahalanobis distance of (5), and using a ridge ridge regression setup
(see Def. E.3).

For the Mahalanobis distance estimation, we record activations during a forward pass on the whole dataset, and use them to
estimate an input subspace for each layer as a PCA subspace that explains at least 90% of the variance. We then follow (5)
to compute per neuron the induced subspace preactivation coefficient a, the Gram matrix S;, and finally the realization cost
(Mahalanobis distance) under the subspace support model.

For the ridge regression realization cost estimation, we optimize (250) for 15 000 iterations using AdamW (learning rate
0.005, no weight decay). We sweep 3 € {0.001,0.01,0.1, 1.0}, and report results for S = 0.01. For the ridge regression
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experiments, we re-train models using batch norm instead of layer norm, consider the neuron function to include the
normalization and activation function, but leave the batch norm parameters fixed. The optimization for neuron ¢’s realization
cost with respect to neuron j’s class starts at neuron ¢’s trained weights.

36



Beyond Structural Symmetries: Linear Mode Connectivity via Neuron Identifiability

H. Additional Experimental Results
H.1. Layerwise Activation Matching Objectives

In addition to Fig. 2, we also report activation matching objectives per layer. In Fig. 8, we plot layerwise activation matching
objectives by epoch for MLPs on MNIST. This reveals that for all observed cases, the patterns are consistent across layers
and, therefore, the aggregate over all layers from Fig. 2 is informative.

We also report activation matching objectives for o-asymmetric networks (Lim et al., 2024b). This different symmetry
breaking intervention operates by replacing the nonlinearity with one that does not act elementwise. This specific approach
has been found to not break symmetries as effectively as W-asym. in the context of unaligned LMC. While o-asym. networks
do not fit into our framework of (1), one can still perform activation matching to qualitatively analyze neuron identifiability.
Fig. 8 reveals that, in fact, the identity does not produce a higher objective than random permutations, and therefore, similar
to W-asym. networks with o = 0, symmetries are not broken effectively.
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Figure 8. Layerwise activation matching objectives over epochs, separated by layer and by different symmetry-breaking architectures
(including the o-MLP variant, see Lim et al. (2024b)). We plot optimal, , and random permutations.

Further, in Figs. 9 and 10, we plot layerwise versions of the or sweep for both MLPs on MNIST and ResNets on CIFAR-10
respectively. We also sweep the sparsity (proportion of fixed weights) in Fig. 11 to measure its effect on symmetry breaking,
and find that sparsity alone without fixed weights does not yield strong neuron identifiability.
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Figure 9. Activation matching objectives per layer (W -MLP on MNIST), sweeping over fixed weight scale or.
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Figure 10. Activation matching objectives separated by layer/activation matching point (W -ResNet on CIFAR-10). In our W-ResNets,
activation matching points lie within each of the three block groups’ (BG) residual streams (used to estimate a global permutation for the
residual stream that multiple layers write into), and between the two lin. layers of the three inner two-layer MLPs within each block group.
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Figure 11. Activation matching objectives per layer (W-asymmetric MLPs on MNIST), sweeping over sparsity parameter (proportion of
fixed weights) for both or = 0 (standard sparse training) and or = 1.
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H.2. Empirical Validation of Center Separation Rate

We also examine how the minimum distance between projected neu- T
ron centers changes with layer width m. For randomly sampled F we
observe the expected scaling behavior from Thm. C.12. To this end, we
sweep the hidden dimension m and intrinsic dimension k € {2, 8, 32}
on the Gaussian mixture dataset. The constant ¢, in Fig. 12 is chosen
per k such that the rate is anchored at the respective v, for m = 16.
Thm. C.12 predicts a rate of ©(op\/km~2/*), where orv/k and fur-
ther constants hidden by © are taken care of by the anchoring. This 16 128 2048
helps explain that neuron swaps are only plausible when projected cen- Hidden dimension m

ters are close, which is mainly the case for small intrinsic dimension  Figure 12. Minimum pairwise projected center dis-
or extremely wide layers. For realistic values of k, layers would need ~ tance 7out (solid, mean = std) vs. predicted asymp-
to be astronomically wide for such close centers to become likely. totic rate cym /" (dotted).

—

=) =
| o
N E)
L L

min|[v; = vz
-

o

L

‘

10-3 o

dinin

H.3. Neuron Swap Costs via Ridge Regression and Additional Pairwise Neuron Swap Costs

In § 5, we estimated the realization cost, and derived from that the neuron swap cost, via the Mahalanobis distance (5)
in a PCA space with 90% explained variance. Appendix § E.1 suggests a different way to estimate realization costs, via
a ridge regression objective Def. E.3. We compare the two methods in the following figures in more detail, separated by
architecture, layer, and estimation method: We provide distribution box plots, comparing neuron swap costs for the four
tested MLP-based architectures (MNIST) / zero fixed weights vs. center-dominated regime W-asym. MLPs (Gaussian

mixture data), and detailed pairwise neuron swap cost plots showing large/small/ costs.
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Figure 13. Distributions of neuron swap costs by architecture on MNIST. Plotted are signed sqrt. transformed A?lujt) for disjoint consecutive

pairs (4, j) of neurons, estimated via Mahalanobis distance (5) and ridge regression (Def. E.3, 8 = 0.01).
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Figure 14. Neuron swap costs for W-MLPs with or € {0, 1} on Gaussian mixture data. Plotted are signed sqrt.transformed A?l"f) for
disj. consecutive pairs (4, j) of neurons, estimated via Mahalanobis dist. (5) and ridge regression (Def. E.3, 8 = 0.01).
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Figure 15. Neuron swap costs AE’Z“J“) (signed square-root transformed) estimated via Mahalanobis distance on Gaussian mixture data,
for varying intrinsic dimension k and fixed weight scale or (same as Fig. 5).
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Figure 16. Neuron swap costs A(m) (signed square-root transformed) estimated via ridge regression, 5 = 0.01 (see Def. E.3) on
Gaussian mixture data, for varying intrinsic dimension k and fixed weight scale o .
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Figure 17. Neuron swap costs A¢; (signed square-root transformed) per layer for standard MLP trained on MNIST, estimated via
Mahalanobis distance (5) vs. ridge regression (Def. E.3, 8 = 0.01). Layers 1 — 3 have hidden dimension 512, shown are costs for first
128 x 128 neuron pairs.
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Figure 18. Neuron swap costs A?;t) (signed square-root transformed) per layer for W-asymmetric MLP (o = 0) trained on MNIST,
estimated via Mahalanobis distance (5) and ridge regression (Def. E.3, 8 = 0.01). Layers 1 — 3 have hidden dimension 512, shown are
costs for first 128 x 128 neuron pairs.
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Figure 19. Neuron swap costs A‘(’Z‘;t) (signed square-root transformed) per layer for W-asymmetric MLP (or = 1) trained on MNIST,

estimated via Mahalanobis distance (5) and ridge regression (Def. E.3, 8 = 0.01). Layers 1 — 3 have hidden dimension 512, shown are
costs for first 128 x 128 neuron pairs.
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Figure 20. Neuron swap costs ?;t) (signed square-root transformed) per layer for syre-MLP (or = 1) trained on MNIST, estimated
via Mahalanobis distance (5) and ridge regression (Def. E.3, § = 0.01). Layers 1 — 3 have hidden dimension 512, shown are costs for
first 128 X 128 neuron pairs.
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H.4. Transformers

§ 5 studies the effect of neural parameter symmetries on optimization and linear mode connectivity for MLPs and ResNets.
We additionally examine Vision Transformers (ViTs) (Dosovitskiy et al., 2021) on CIFAR-10 to test whether the same
symmetry breaking mechanism extends to attention-based architectures. A transformer is composed of linear maps, including
the query, key, value, and output projections in multi-head self-attention, the two linear layers in each feed-forward block,
the patch embedding layer, and the final classification head. Transformers are an especially interesting extension because
attention admits richer GL(R"™) symmetries beyond the permutation setting in § 5. We note that our goal is not to introduce
a highly tuned state-of-the-art ViT, but to use a trainable transformer baseline whose training accuracy reached high
performance. The goal is to investigate whether the same parameter-level intervention can reduce the interpolation barrier.

The ViT setting is more challenging for several reasons. First, transformer symmetries are not limited to hidden-unit
or channel permutations. Multi-head attention introduces head-permutation symmetries, while the feed-forward blocks
contain MLP-like hidden-unit symmetries. Second, LayerNorm, residual connections, positional embeddings, and the
class token may interact with these symmetries in ways not captured by a simple linear-map masking scheme. Third, our
implementation applies the W -asymmetric parameterization directly to the transformer’s linear maps. This is a natural
extension of the original construction, but it may not be the optimal transformer-specific way to break symmetries. For
example, breaking individual entries of Wy, Wi, Wy, W may not fully eliminate head-level equivalences unless the
asymmetry is coordinated with the internal head structure. Similarly, asymmetrizing all linear maps may introduce additional
optimization difficulty because fixed entries constrain the parameterization throughout training.

We use a CIFAR-10 ViT with patch size 4, embedding dimension 384, depth 8, 6 attention heads, and MLP ratio 4. Following
the experimental setup in § 5, we apply a random 80%/10%/10% train/val/test split. For each linear map, we replace the
ordinary trainable weight matrix W with a W -asymmetric parameterization in the form of (1). The fixed entries are sampled
once at initialization, and the number of fixed entries is 8. This construction is a natural extension of the W -asymmetric
parameterization used for MLPs and ResNets, but it is not necessarily the optimal way to break transformer symmetries. For
example, a more tailored approach might use head-aware masks or a design that explicitly respects the coupled structure
of Wq, Wi, Wy, Wo. We leave such transformer-specific variants for future work. We train the model using AdamW
(Loshchilov & Hutter, 2019) with cosine learning-rate decay for 200 epochs using a batch size of 128. In our preliminary
tuning, we found that larger fixed-weight scales can make transformer optimization more difficult. In particular, settings
such as oy = 2 were harder to train. When their scale is too large, they can dominate the trainable entries, alter the scale of
attention logits and MLP activations, and reduce the flexibility of the model during optimization. Therefore, unlike in an
idealized symmetry breaking setting, increasing or should not be interpreted as a monotonic improvement in practice.

Fig. 21 reports the training accuracy along the linear interpolation path
between independently trained transformer endpoints. We see that the stan-
dard transformer exhibits a pronounced interpolation barrier and the W -
Transformer with o = 0 closely matches this behavior, suggesting that 60% -
masking alone, when the fixed entries are zero, is not sufficient to meaning-
fully improve unaligned LMC. In contrast, the W -Transformer with op = 1
yields a noticeably flatter interpolation curve and substantially higher mid- . . . .
point accuracy. However, the interpolation curve still remains well below A=0 02 04 0.6 0.8 1
the endpoint accuracy. The improvement at oy = 1 suggests that nonzero
W—asyrlilmetric ﬁxedyentries ca{)n reduce the uniligned ii%erpolation barrier Figure 21. LMC of Transformer and W-
Transformer on CIFAR-10, measured by training
in transformers, qualitatively matching the mechanism observed for MLPs accuracy along the interpolation path.
and ResNets in § 5. At the same time, the remaining barrier indicates that
the current entrywise W -asymmetric construction does not fully resolve the symmetries or optimization effects present in
transformer architectures. This may be due to residual attention-head symmetries, richer GL(R™) invariances, interactions
with LayerNorm and residual connections, or the fact that our masks are inherited from the MLP and ResNet setting rather
than designed specifically for attention. Thus, this provides evidence that the mechanism identified by our theory carries
over qualitatively to transformers, while also motivating future work on transformer-specific symmetry breaking schemes.

== Transformer .=
‘W-Transformer, op= 0 *

=  W-Transformer, op= 1
"

40% A

20% A

H.S5. Subspace Coherence of MNIST Inputs and Hidden Representations

We empirically measure the subspace coherence (/) of model inputs, hidden representations and the final output for
standard and asymmetric MLPs on MNIST data variants over training. Fig. 22 shows the results: in particular, variants
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Figure 22. Subspace coherences v(U/) computed for model inputs, outputs, and hidden representations, on MNIST data, for standard and
asymmetric MLP variants over training.

without effective symmetry breaking (MLP and W-asymmetric MLP with zero fixed weights) exhibit low subspace
coherence, in particular in later layers, while W-asymmetric MLPs and syre-MLPs with large fixed weights both tend to
exhibit higher subspace coherence values.
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