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Abstract

Theoretically understanding stochastic gradient descent (SGD) in overparameterized models has led to the
development of several optimization algorithms that are widely used in practice today. Recent work by Zou
et al. [7] provides sharp rates for SGD optimization in linear regression using constant learning rate, both
with and without tail iterate averaging, based on a bias-variance decomposition of the risk. In our work,
we provide a simplified analysis recovering the same bias and variance bounds provided in [7] based on
simple linear algebra tools, bypassing the requirement to manipulate operators on positive semi-definite
(PSD) matrices. We believe our work makes the analysis of SGD on linear regression very accessible and
will be helpful in further analyzing mini-batching and learning rate scheduling, leading to improvements in
the training of realistic models.

1. Problem setup and notation

We use bolded small letters for vectors and bolded capital letters for matrices, and we use 1 for a vector of
ones. Moreover, for any vector v, we denote as v the operation of raising each entry of v to the power
k, and we use < to denote PSD ordering. Moreover for inequalities of the form v; < vg, we refer to an
elementwise inequality between the two vectors. For a vector v, we also denote the norm induced by matrix
A as |[v|4 = v Av. We consider the eigenvalues ordered as Apax = 1.

We are going to consider the linear regression setting with Gaussian inputs and homoscedastic noise additive
and well specified setting. Let x ~ A(0, H) and ¢ ~ AN(0,2) be the independent noise, where x € RY
and € € R. Denote y = (w*,x) + ¢ the ground truth label of x. The iterate at time ¢ for SGD will be
denoted by wy. In the case of tail averaging, we use the bar notation for the weights i.e. w; = i §: Wi
where each w € R¢, with s denoting the iterations that we are not averaging over. We will consider wy to be
fixed. We will denote the covariance of the iterates at time ¢ as 3; = E[(w; — w*)(w; — w*) "], where the
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expectation is taken over the noise induced by the SGD algorithm. We will denote the eigendecomposition

of H := QAQ. Note that H is PSD, as it is the covariance matrix of the input samples x. Finally, The

mean squared error of a given weight vector w is denoted by L(w) = $E[({w,x) — y)?].

The following document is structured as:

» Section 2 contains the gist for the simplified analysis to go through for computing the bias and variance
bounds

* Section 3 contains the bias variance bounds for the case with tail averaging for the last IV iterates

2. Main Technique

First, we will simplify the risk expression for the iterate at time ¢. If we denote as A = diag(A) and
m; = diag(M;), then the risk only depends on the diagonal elements of M; where M; := Q'x.Q,
denotes the covariance matrix of the iterates, rotated in the Hessian eigenbasis:

1 1 1 1 1
L(wy) = §E [((wt — w*)Tx + 8)2] = §Tr(AMt) + 502 = §<)\,mt> + 502

The equation above shows that, instead of tracking the entire covariance matrix (32;) as done in the previous
works [3, 7], we can track m, for estimating the risk at time ¢. Note that a similar technique can be used in
the tail averaging case - and we will expand on this in Section 3, since the risk of the averaged iterates also
depends only on the vectors my, for the times that are included in the tail averaging. Below, we will further
show that for SGD, the evolution of my is only dependent on m;_;, and not on the other elements of M;.
This diagonalization idea has also been used in previous literature [2, 5, 6]. We extend more the discussion
regarding related work in Appendix A.

2.1. SGD with batch size 1

We begin with the SGD update rule with learning rate 7, and we use this relationship to obtain a recurrence
on Y.

Wipl — W = (I— ﬁXtXtT)(Wt - W*) — NEtXy¢

— B = 3 — gHI; — 0 H 4 0?Ey, [(x] Bix)xex, | + n?0’H

The next step in order to derive the final recursion stems from calculating the fourth moment term. We
compute it separately:

Lemma 1 Forx ~ N(0,H), we have that:

Ex[(x"Zx)xx "] = 2HX,H + Tr(HX,)H
We defer the proof of Lemma 1 to Appendix D.
Therefore by applying Lemma 1, we get the recurrence:

i1 =3 - nSH - gHE, + 20°HEH + 0°Tr(HE)H + n?0’H



Note that the above recurrence was also derived in various previous works including Bordelon and Pehlevan
[2], Jain et al. [3], Zou et al. [7]. Similar ideas for SGD dynamics have also been studied from a random
matrix theory point of view by modelling the risk as a Volterra equation [1, 4] in the high dimensional case.
The crucial thing that we will show below is that the recurrence for m; := diag(Q"3;Q) is dependent only
onmi_j.

Rotating both the sides of the equation above in the basis of H, i.e, multiplying on the left by Q" and on
the right by Q we get the following recurrence:

Mis1 = My — gMA — nAM; + 202 AMGA + 7 Tr(AM) A + n’o? A
Pushing a diag operator on both sides and rearranging the terms we get:

myy1 = (I-29A +272A% + P 2\7) my + no?) (1)

Thus, we can see that the recurrence for m; only depends on m;_;. Note that the technique above also
holds for general distributions with an assumption on the fourth moment operator (Assumption 2.2 in Zou
et al. [7]), but in this note, we will restrict ourselves to Gaussian input distribution. In the next section, we
will derive the precise bounds of Zou et al. [7] by using the recursion above, combined with the fact that the
risk only depends on my.

3. Tail averaging bounds

Before proceeding with the bounds for the tail-averaged iterate, we will simplify the equations above and
split the recursion in a ’bias’ and ’variance’ iterate.

3.1. Bias-Variance decomposition

Denoting: A = I —2nA + 2n?A? + n?A\T, we can unroll the recursion in equation 1 and get:

t
m 1 = A 'mg + n?o? <Z Ai) A= My + My
i=0
where bias := m;; and variance := my,; 1. The nomenclature comes from the fact that the bias term can
be recovered by starting the SGD algorithm from wy in the noiseless setting (i.e. o? = 0), whereas the
variance term can be recovered by starting the process from w* (in which case mgy = 0), and we are stuck
in a ball where the radius is controlled by the variance of the additive noise.

Lemma 2 (A bound) For A =1 —2nA +2n?A2% + n?2A\T and B = (I —nA)? + 202 \\T, we have that
A < B elementwise, hence, Av < Bv for any vector v = Q.

The proof is deferred to Lemma 2 in Appendix D. In general, we will work with a general > 0 and a
matrix A given by



A= (T—nA)? 4+ an’2\T

In Appendix E, we show that, for a general batch size b, the « defined above varies as 2/b. Moreover, we
will assume that the learning rate n < m This matches the previous works [3], where at batch
1

size 1, the learning rate is close to Tr(H)* but as batch size goes to oo, learning rate becomes close to Wlaz

3.2. Simplification of tail averaged loss

In this section we reuse some of the above calculation, but we instead compute the bias and variance bounds
for the case of tail averaging for the last IV iterates. We begin with the following preliminary analysis, before
specializing towards bounding the 2 separate terms:

1 1 s+N—-1 2
L(WS:S-‘,-N) = §E (N Z <W,L — W*’ Xt> — 6)
1 s+N-—1 0_2
(T o s+N—1 e
< 771\72[ > Tr (B - (I-nH) ))] +5

=S
1 s+N-—1 0.2
< — 21— (1 =)+ =
v Z m;, 1 - (1—n\)") + 5

Note that we provide a full derivation of the above inequality in Appendix B. Similar to before, now we need
to separately bound the bias and variance terms, which make up the m; term. We use the same notation as
in the previous section.

3.3. Bounding the bias term

We begin by stating the main result of this section, which is the bound for the bias term. The proof is
provided in the remainder of the section:

Theorem 3 For threshold k* = max{j : \; > HLN} the bias contribution to the risk is bounded by:

I—nA)*(wo — W*)Ili&;{* + 4T = nA)*(wo — w)[A,.., +

. afwo — w3, ., +2(s + N)n|wo —w*[3 . ) ks USEDY
nN (1 — naTr(H)) N

2
>‘j

j>k*

We know m; = Am;_;. Applying Lemma 2, we have:
my < (I—nA)*my_1 + a2\ Tm;_

If we denote by D = (I — nA)? and by ¢; = an? AT m;_; we have the recurrence:



t—1
= Dy + Z ci_iDIA
=0

First, we provide a bound on ¢; in the recurrence above.

Lemma 4 (c; bound) Let s; = (v, 1) and ry = (v, \). Then, for ¢; = an?\"my_1, we have that:
Z an(so — st)
Ct <
1-— naTr(H)
Finally, using Lemma 4, we can derive an iterate bound for the bias term:

Theorem 5 (Bias iterate bound) For all quantities defined as before, we can upper bound the bias iterate
as:

an(sg — st)

n, < Dimg+ —————~
e Mo + 1 —naTr(H)

Tail averaging Finally, applying Lemma 5, we can write down the bound for the tail averaging case:

s+N—-1 s+N—-2 Ss N
T D )\7‘9 +m
Z mi s 125 mi + o) — naTr(H) 3
Denote Sg.s4 N = Zf:v_l m,;, we have:
Ss+N -
Ss:s+N < DSsisien-1 + @W)\T;:(H) m;
N— Csein
S+ ~
A+
20 ( 1 o Te(H) mS)
_ & Dkl’i’l + ]Vz_l n Ss Ss+N k)\
- S
= == naTr(H)
In order to bound the first term, we invoke Lemma 5 and get
S D, < Ni D* <D ring + 250 — ) >
s X
= = 1 —naTr(H)
2 kts. ~ R an(so — Ss) .k
- D™ mo + 1 —naTr(H) A
k=0 k=0 N



Lemma 6 (sqg — sy bound) For s; defined as before, we have that:
S0 — S+ < (Mg, 1 — (1 — )2ty

We defer the proof of Lemma 6 to Appendix D.

Plugging back in the sum and assembling the terms we get the final bound:

N-1
an(so — Ss+N) k
Dt —— D"\
s 3+N kZ:O Z 1— ’I’]OZTI' )
N-1 -
1—(1=n)\ (s+N)
< DF*smg + oo, (1 =)™ > Z D)\ Lemma 6

= 1 — naTr(H)

I I

Now plugging this into the contribution to the risk formula, we end up with the 2 terms, dotted into 1 — (1 —
nA)N. We defer this bound to Appendix C.

3.4. Bounding the variance term
As before, we begin this section by stating the main result, which we further prove in the next section.

Theorem 7 For thresholds k* = max{j : \; > Y%N} and kT = max{j : \; > } the variance

contribution to the risk is bounded by:

(s+N

o2

variance < ST e | N + 4n Z Aj +160°(s + N) Z Aj
k*<j<kt j=kf

Remark 8 For general batch size b, the bound stated above further scales down as 1/b as explained in
Appendix E.

We defer the proof of Theorem 7 to Appendix D.

4. Discussion

In this work we have provided a mathematically simplified technique of deriving existing SGD rates in
the optimization literature [3, 7]. While previous works make use of operators on PSD matrices tracking
the whole iterate covariance, our derivation shows that it suffices to only track the diagonal of this matrix
(rotated in the eigenbasis of the data), thus reducing the complexity of the analysis to simple linear algebra.
However, while we recover the upper bound from Zou et al. [7], this upper bound is not sharp: namely, Zou
et al. [7] prove a tighter lower bound for tailed weight averaging (provided in Appendix G for completeness)
and conjecture that the upper bound should also be improvable. We hope that our simplified framework
will inspire future work to tackle this improvement. Furthermore, our analysis can be extended to various
learning rate scheduler schemes, thus possibly leading to improvements in the optimization of realistic
models.
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Appendix A. Related Work

[6] considered (misspecified) ReLLU regression problems, in which the PSD operator methods failed to be
applied directly due to certain non-symmetric matrices (as a result of the non-linearity of ReLLU coupled with
misspecified noise). They addressed this issue by applying the PSD operator method only to the diagonals of
the relevant matrices [6, Section 7]. This idea is further extended by Wu et al. [5] in a matrix linear regression
problem (motivated by in-context learning of linear regression). In their problem, the trainable parameters
are a matrix (second-order tensor), so their covariance is a fourth-order tensor that is updated by a linear
operator given by an eighth-order tensor. Such high-order tensors are hard to analyze directly; instead, Wu
et al. [5] considered the evolution of the “diagonals” of the fourth-order tensors (corresponding to second-
order tensors), reducing the problem to bounding a sequence of matrices updated by PSD operators [6,
Section 6].

Appendix B. Extended derivation of the loss for tail averaging

In this section, we provide an extended derivation of the risk for the tail averaging case. First, we begin by
expanding the expected value of the loss:

1 s+N—1 2
L(V_Vs:s-‘rN) = 2 ( Z <Wz w” Xt> - 5)

N2

1 s+N—1 1 s+N—-1s+N—-1
- 7E [ Z x; (Wi — w*)(w; — w*)TXt] + -—E [ Z Z x; (w; — w*)(w; —w*)Txy

1 s+N 1 1 s+N—-1s+N-1 0_2

FE —w)(wi —w*) x| + WE Z Z x; (w; — w*)(w; —w*) x| + >
i=s j=i+l
s+N—-1s+N—-1 2

1 E o T g
=2 Z Z x; (wi — w*)(w; —w*) %y —i-?

1 s+N 1 ' 0_2
— Tr (SHI - (I - pH)" NV HH™) | + —

nN? 2

1 s+N 1 ' 0_2
- I —(I-nH s+N—1i e

e [ (1= yH) ) | 4

So if we do again the decomposition H = QAQT, we get:

I—I- 77H)S+N_i) = QIQT — (QIQT — QUAQT)S-FN—i
=QIQ' - QI - nA)s+N—iQT
=Q (I _ (I _ nA)erN—i) QT

Plugging this identity in the previous inequality and using the cyclic property of the trace, followed by the
fact that we only need to consider the diagonal we obtain:



1 s+N—-1 '
S Tr (M (I — (1 —nA)™N ) | +

1=5
s+N—-1 ' 0_2
Z <mz, - n}\)s+N71> + 7

s+N 1 2
N

1=5

o
2

Appendix C. Bounding /; and /, in the bias term

In this section, we provided the extended bound for the I; and I terms from the bias, dotted into 1 — (1 —
nA)Y in order to obtain the bias contribution to the excess risk.

N-1

a1 = (1= g0)Y) = (3 D 1= (1= g)Y)
k=0
1 & S~ k N
= N2 ];)<D my, D"(1 — (1 —n\)™))
L N e Dh - (1)
- 77N2 = 9 T’

- e DYDY,

— 3 el — (L= AP = (L= )= (1= )
2?\72 Z % [1— (1= )2V

2N2 j;k* - 432* o

*\ |12 *\ (|12
= 77QWH(I —nA) (wo — w1+ 4T —nA) (wo — W),

where w = D*my and we have defined k* = max{k : \; > 277%}

For the contribution of the second term to the risk, we proceed in a similar fashion.



1 aling, 1 — (1 — gA)2E+N)y X
Nzl - (1 )N = ;)V?(l ~aTr(H)) Z A= (1 =n0)", DY)
adimg, 1 — (1 —pA)>t+V))

N2(1 —naTr(H))
adring, 1 — (1 — )+ ) ><1
nN?(1 — naTr(H))

a1 — (1 —nA)26HN) [

1-(1-p)",I-DY)A-D)"'N)

N

(1=, 1= (1 —n0)*)

< +4n? Y A2

n(1 —naTr(H)) N? J;t !
_ allwo =W, +2(s + Nynlwo — w3, ) [ &* fa? Y X
h n(1 = naTr(H)) F?

where again we have split at the same k* as before, and bounded as:

2N 2N * 2,2 2
A= 1= 1= (1 =nA\)?N) <k AN YN

j>k*
(mg,1— (1 —nA) 5+N><Zm0+2 19(s + N)nh;
j<k* J>k*

= [wo = w*IE,,. +2(s + N)nlwo —w |3,

Appendix D. Additional proofs

Proof [Proof of Lemma 1] Since P = (w; — w*)(w; — w*)' is independent of x;, we can take the
expectation conditioned on P, then apply tower rule. For any centered Gaussian vector, Iserlis theorem
gives us that:

E[Xz‘XleXj] = HikHlj + Hilij + Hinkl

Thus we get that (skipping the ¢ index for x; to simplify notation):

E[XXTPXX Z Pkl zkHl] + Hlek] + Hngkl>
k,l
— 2(HPH);; + Tr(HP)H,;

Reassembling and applying tower rule we get:

E[x:x; (w; — w*)(w; — w*) ' x;x] | = 2HXH + Tr(HX,)H

10



Proof [Proof of Lemma 2] We can upper bound A as:
A=T-7A)2+ (A2 +2\T)
<@ —=nA)? + 2O\ + 20T A% <N
=B

where in the first inequality we have upper bounded A? elementwise since each \; > 0, being the eigenval-
ues of the data covariance matrix which is PSD. |

Proof [Proof of Lemma 4.] We start from:
my < (I—7A)* My + a2 ATy < (I—nA)my_ + an’ A my_

=y — nAmy_1 + an’ )\ iy

Now doing a dot product with 1 we get:

k—1
st < sp-1 — nre—1 + e’ Tr(H)r_y = 2 ry <

t=0

k—1
So — Sk 0677(30 - St)
n — n?aTr(H) tZ(:) STz naTr(H)

Proof [Proof of Theorem 5.] Based on the recursion on m; we have:
t—1
i, = D'y + ) ¢, DA
i=0
t—1
< D'y + ) i) D<I
i=0

- an(so — s¢)
< D! — L 4
my + 1= paTr(H) emma

Proof [Proof of Lemma 6.] First, note that A > D elementwise. Thus, we can bound the following quantity:
my — m; = my — A'my < my — D'y = (I - D")my
Using this, we get:

S0 = ssex < (T = D')iing, 1) = (g, 1 — (1= )X+,

Proof [Proof of Theorem 7.] First note that the recursion for the variance term is:
t=1
m; = n’o” Y A')
i=0

11



Remark 9 Note that while an explicit variance iterate bound is not necessary to conclude this proof, we do
provide such a bound in Lemma 11.

In order to compute the variance contribution to the risk, we need the following intermediate result obtained
via the Sherman—-Morrison formula:

1 1

I-A)"']A<I-B) i< 1
( ) ( ) n 1 — naTr(H)

(A —anX\T)™1h =

=

Thus, the variance contribution to the risk becomes:

s+N—-1 2 s+N—-1 ¢
nN2< Z m;, 1 - (L - )" = 1< Z ZAJA 1— (1 -V
2 s+N—-1
= 72¢ 2 —ATHI-A) TN - (1 -0
s+N—1

<N(1_mTr < Z —A"H1 1 - (1 -
0_2 s+N 1 N

S NP1 = yolTr(H) < Z 1— (=200 1 — (1 —p)Y)
2

< - (1= (1= 29226 1 (1 - 2p0)2Y)

N(1 —naTr(H))

Similar to [7], we split into 3 eigenvalue bands, at thresholds £* = max{j : \; > T%N} and k' = max{j :

Aj = m }. Based on this, we can bound the dot product above as:

1
(1 (1 =290 M) (1 = (1 - 290)%Y) < 1 N
n
1 1
1— (1 —=2n0)%26FN) (1 — (1 —2n0)2Y) < 4N, — <N < —
(1= (1 =20 ) (1 — (1= 200)™) < 4 G SN < w
1
1— (1 =222y (1 — (1 = 2p0)2N) < 16n(s + N)Ni - NN A
(1—( nA\) )L —( A=) n(s+N)Ai-n <IN
Using these bounds we get
s+N—1 0_2 k'*
i (1- N = 244 -+ 1612 N ;
k*<j<kt j=kf

12



Appendix E. General batch size result

For a general batch size b, we can show that the following lemma holds:

Lemma 10 For SGD with a general batch size b, m, satisfies the following recurrence

2 1 2 772 T 772 2
mt+1—[1—27]A+7] <1+b)A —i—b)\)\}mt—i—bo)\ 2
The matrix A := [I —2nA+ 2 (1+3) A% + %MT] is upper bounded by (I — nA)% + 2p?AXT, thus

falling into our general framework with a = % Moreover, we can also see that the variance term recurrence
scales down as %, leading to reduced variance with increasing batch size.

Proof [Proof of Lemma 10.] In the case of minibatching, the update equation is:
wi —wh = (I— g inxz)(wt —w) — ﬂe' X;

Since the risk depends on the covariance matrix 35;, we will write down the recursion for 33;. Note that the
cross terms that have an € factor will simplify in expectation, since ¢ is independent from the other terms.
Thus, we have:

2 b
— =5 — S H - gHS, + %2 S E [xix] (wi — w*) (wi — w*) Tjx] |
ij=1

Similar to the previous case, we need to compute a 4th moment term in the update of 3;. We compute it
below:

[\
(=
N

T E[x;x] (w; — w*)(w; — w*) Tx:x] | = Ty X% (wy — w*)(wy — wh) Tx;x)

1 J b () 1

n?b(b—1)
b2

2 2(b—1
(2HSH + Tr(HZ,)H) + 77(6)

E [xiXiT(wt —w)(wy — W*)ijx;]

HY.H

[(b+ 1)HZH + Tr(HZ,)H]

SERSE

13



where the first term was computed in the proof of Lemma 1, and the second term comes from factorizing
the expectation across the factors since they are independent.

Plugging back in the previous formula for the update of 33; we thus get the final formula:

1 2 2
S =3 —n2H - gHX, + 12 <1 + b) HXH + %Tr(HEt)H + %021

Multiplying on the left by Q and on the right by QT we obtain the recurrence for M:

1 2 2
M1 = My — pMA — nAM; + 7> (1 + b) AMA + %Tr(AMt)A + %021
Finally, pushing a diag operator through the whole equation yields the final A; expression. |

Appendix F. Variance iterate bound
In this section we provide a short lemma, giving us a variance iterate bound:
Theorem 11 For all quantities defined as before, we can bound the variance iterate as:

mo<— 17 (11—

t <
1 — naTr(H)
The proof is provided in the remainder of this section. We start with:

t—1
m; = n’o? Z Al)
1=0

Now note that since A = (I —7A)% 4+ an? AT = 0, we have that 0 < m; < my,; for all £. Taking ¢t — oo
we have that:

14



Using this, we have that:

t—1
m; = n’o? Z AN
=0

t—1
_ A7]20'2 Z Aifl)\
=0
t—2 '
= AP0’ ). AN
1=—1
= A(m_; + n?oc?A7))
= Amy;_; + n°0?\
— Dimy_1 + a2 my_; + n?oA
2

_ no 2 2
<Dm;_ Tr(H) e A A
M1+ an T >1—7704Tr(H) o
_ Tr(H)n
=Dm,_ 22 (VT g )
M1+ 00 1 —naTr(H) -
2 2
_ n‘o
=Dm,_
M1+ 77 naTr(H)
77202 t—1
=D'my + ——————— ) D'\
Mo+ 1 —naTr(H) ZZE)
Now unrolling this recursion and using the fact that my = 0, we get:
n2o? t—1
n; < D D'\
e o+ 9T naTr(H) Zo
t n’o’ t 1
=D I-D")I-D) X
o+ 9T naTr(H)( ) )

Appendix G. Lower bounds

While we do not cover lower bounds in this note, the work by Zou et al. [7] provides a lower bound that
is sharper than the current upper bound. For sake of completeness, we will first restate (without proof) the
lower bound from Zou et al. [7] in our mathematical framework:

Theorem 12 (Theorem 5.2 from Zou et al. [7]) For SGD with tail averaging and thresholds k* = max{j :

Aj = WLN} and k' = max{j : \; > m}, the bias and variance are lower bounded by (under mild as-

15



sumptions):

. 1 *\ (|2 *\ (|2
bias 2 (1= A) (w0 — W)y + (= 1A)(wo — W),
|2 k* 2 2
+ |wo —w HAkT:oo N—i—Nn Z A

Jj>k*

k™
. > 2 2
variance 2 o N+n E Aj+(s+ N)n E Aj
k*<j<kt j>kf

Note that the theorem is stated in a simplified way, ignoring the constants and focusing only on the leading

order terms. The extra term |wo — w*[? " that appears in the upper bound is not present in the lower
bound, thus showing that the upper bound is not sharp.
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