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Abstract001

Group Relative Policy Optimization (GRPO)002
significantly enhances the reasoning perfor-003
mance of Large Language Models (LLMs).004
However, this success heavily relies on expen-005
sive external verifiers or human rules. Such006
dependency not only leads to significant com-007
putational costs and training latency, but also008
yields sparse rewards that hinder optimization009
efficiency. To address these challenges, we pro-010
pose Latent-GRPO, a framework that derives011
intrinsic rewards directly from latent space ge-012
ometry. Crucially, our empirical analysis re-013
veals a compelling geometric property: ter-014
minal token representations of correct reason-015
ing trajectories form dense clusters with high016
intra-class similarity, whereas incorrect trajec-017
tories remain scattered as outliers. In light of018
this discovery, we introduce the Iterative Ro-019
bust Centroid Estimation (IRCE) algorithm,020
which generates dense, continuous rewards by021
mitigating magnitude fluctuations via spheri-022
cal projection and estimating a robust “truth023
centroid” through iterative aggregation. Ex-024
perimental results on multiple datasets show025
that our method maintains model performance026
while achieving a training speedup of over 2×027
compared to baselines. Furthermore, extensive028
results demonstrate strong generalization abil-029
ity and robustness.030

1 Introduction031

Large Language Models (LLMs) (Zhao et al.,032

2023) have achieved remarkable success in tack-033

ling complex reasoning tasks(Hendrycks et al.,034

2021a; Cobbe et al., 2021; Chen, 2021). To fur-035

ther enhance these capabilities, Reinforcement036

Learning from Human Feedback (RLHF) (Ouyang037

et al., 2022) has been established as the standard038

paradigm for model alignment. Specifically, this039

process conventionally utilized Proximal Policy040

Optimization (PPO) (Rafailov et al., 2023) to refine041

policy performance. Furthermore, Group Relative042

... ... ... ... ...

Figure 1: Comparison between conventional GRPO and
Latent-GRPO. Conventional GRPO relies on expensive
external verifiers to compute rewards, whereas Latent-
GRPO autonomously extracts reward signals from the
geometric structure of the latent space, eliminating ex-
ternal dependencies.

Policy Optimization (GRPO) (Shao et al., 2024) 043

simplifies the process by replacing the value model 044

with group-based advantages to reduce computa- 045

tional costs. 046

However, the practical efficacy of GRPO is often 047

constrained by its heavy reliance on external ver- 048

ifiers (Wen et al., 2025; Zheng et al., 2023; Zhou 049

et al., 2025), which makes training outcomes highly 050

sensitive to their quality. On the one hand, rule- 051

based verifiers are typically confined to determin- 052

istic tasks like mathematics. Moreover, designing 053

clear and error-free rules for complex reasoning 054

remains extremely difficult, and imperfect rules 055

can severely degrade training performance. On the 056

other hand, employing external LLMs or training 057

additional reward models incurs substantial costs 058

(Lightman et al., 2023). These approaches intro- 059
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duce significant computational overhead and in-060

ference latency, which ultimately slows down the061

entire training process. Furthermore, such external062

judges are susceptible to biases or inaccurate scor-063

ing, thereby compromising training stability and fi-064

nal model quality (Xu et al., 2025; Cai et al., 2025).065

Beyond these concerns, most existing reward sig-066

nals remain sparse and discrete (Tao et al., 2025).067

This binary feedback fails to capture the continu-068

ous semantic nuances of the reasoning process, of-069

ten leading the model toward reward hacking (Cui070

et al., 2025; Gao et al., 2023). To address these chal-071

lenges, we argue that an ideal reward mechanism072

should be intrinsic, dense, and training-free.073

Building on representation engineering (Zou074

et al., 2023; Bartoszcze et al., 2025), which re-075

veals that LLMs encode high-level semantic con-076

cepts internally (Marks and Tegmark, 2023), we077

discover a striking geometric property: the last078

hidden states of terminal tokens in correct rea-079

soning trajectories form dense clusters, while in-080

correct paths remain scattered. Theoretically, this081

stems from the Transformer’s attention mechanism,082

which progressively aggregates the reasoning con-083

text into the final representation. Furthermore, this084

geometric consistency reflects the model’s inherent085

discriminative capabilities acquired during large-086

scale pre-training (Radford et al., 2018). In essence,087

the latent space acts as an implicit verifier where088

logical consistency manifests as semantic conver-089

gence, providing a robust foundation for intrinsic090

reward modeling.091

We introduce Latent-GRPO, a framework that092

utilizes robust intrinsic rewards from the geometric093

properties of the latent space, as shown in Fig-094

ure 1. At its core, the Iterative Robust Centroid095

Estimation (IRCE) algorithm identifies a “truth096

centroid” from the last hidden states of terminal097

tokens, using their geometric relationship as a con-098

tinuous reward. Unlike rule-based verifiers, our099

approach yields dense reward signals, which al-100

lows for more granular optimization across a wider101

range of reasoning scenarios where clear rules are102

unavailable. Compared to LLM-as-judge, Latent-103

GRPO eliminates external model dependencies,104

which significantly reduces training latency and105

prevents model collapse caused by inconsistent or106

noisy judging. More importantly, this approach107

effectively activates the rich reasoning knowledge108

acquired by the model during its large-scale pre-109

training phase. Detailed experiments on GSM8K,110

MATH, and Open-Platypus all show that Latent-111

GRPO achieves 2× training speedup compared to 112

LLM-as-Judge across three model scales (0.6B, 113

1.7B, and 4B). While it exceeds accuracy of both 114

LLM-as-Judge and Rule-based Methods. Further- 115

more, additional analyses underscore the robust- 116

ness and generalization ability of our approach 117

across diverse scenarios. 118

2 Related Work 119

Policy Optimization and Group-based Variants. 120

Recent advances in reinforcement learning for 121

LLMs have focused on improving training effi- 122

ciency and stability. PPO (Schulman et al., 2017) 123

was the foundational algorithm for RLHF (Ouyang 124

et al., 2022; Ziegler et al., 2019; Stiennon et al., 125

2020), but requires maintaining a critic model with 126

significant memory overhead. DPO (Rafailov et al., 127

2023) eliminated the critic but limits exploration 128

capabilities. GRPO (Shao et al., 2024) introduced 129

group-based advantage estimation to balance on- 130

line exploration and computational efficiency. Re- 131

cent variants (Yu et al., 2025; Zheng et al., 2025; 132

Liu et al., 2025; Zhao et al., 2025) address specific 133

challenges at the optimizer level. 134

Training-free evaluation Methods. To reduce 135

dependence on expensive external supervision, re- 136

searchers have explored training-free evaluation 137

approaches. Methods like Self-Consistency (Wang 138

et al., 2022), Self-Refine (Madaan et al., 2023), 139

Tree-of-Thoughts (Yao et al., 2023), Best-of-N (Sti- 140

ennon et al., 2020), and Forest-of-Thoughts (Bi 141

et al., 2024) leverage consensus mechanisms to 142

identify high-quality outputs. 143

Latent Space and Latent Thinking. The latent 144

space of LLMs is known to encode rich semantic 145

information (Zhang et al., 2023; Goyal et al., 2023; 146

Hao et al., 2024; Geiping et al., 2025). Recent work 147

has explored latent thinking, using hidden states 148

for self-evaluation and reward prediction. Methods 149

like CoE (Wang et al., 2024), LTO (Du et al., 2025), 150

LaTRO (Chen et al., 2024), and EndoRM (Li et al., 151

2025) leverage latent representations for RL guid- 152

ance. For comprehensive related work discussion, 153

please refer to Appendix B. 154

3 Geometric Properties of Latent Space 155

This section demonstrates that the LLM latent 156

space intrinsically captures reasoning quality 157

through a series of empirical analyses. Specifi- 158

cally, we observe that correct reasoning trajectories 159

exhibit high geometric clustering in their termi- 160
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Figure 2: 2D PCA projection of 1,000 rollouts. Correct
trajectories (green) form a dense consensus core around
the truth centroid (gold star), while incorrect ones (red)
scatter as outliers.

nal hidden states, whereas incorrect paths remain161

scattered. Building on this, we explore leveraging162

these geometric features to score reasoning qual-163

ity, ultimately finding a high degree of consistency164

with evaluations from external model-based veri-165

fiers. This alignment confirms the latent space as a166

robust and autonomous source of reward signals.167

3.1 Theoretical Motivation168

Our analysis is guided by two fundamental prop-169

erties of the Transformer architecture. First, the170

last hidden state of the terminal token, hT , acts as171

a semantic summary of the entire reasoning chain172

(Afzal et al., 2025; Wang et al., 2024). Specif-173

ically, as the final representation before the lan-174

guage model head, hT effectively aggregates the175

model’s converged reasoning information (Shai176

et al., 2024). Second, successful reasoning often177

leads to semantic collapse (Papyan et al., 2020;178

Wang et al., 2022). This means that while interme-179

diate steps may vary, all correct trajectories tend180

to converge toward a unified semantic endpoint.181

In contrast, incorrect paths typically scatter due to182

their diverse failure modes (Marks and Tegmark,183

2023; Zou et al., 2023).184

3.2 Analysis Design185

To validate our findings, we conduct two analy-186

ses on the GSM8K dataset. First, we generate187

1,000 independent trajectories per prompt to exam-188

ine global clustering patterns. Second, we construct189

GRPO groups (G = 8) to evaluate the effectiveness190

of geometric reward assignment. In both cases, we191

extract the last hidden state of the terminal token,192

hT ∈ R1024, and compute distances directly in the193

original high-dimensional space to preserve the full194

semantic information. To verify these geometric195

rewards, we use GPT-4o to obtain ground-truth196

labels; critically, these labels are used only for val-197

idation in this section and are not required by our 198

training framework. 199

3.3 Large-Scale Clustering Analysis 200

Figure 2 visualizes the last hidden states of ter- 201

minal tokens via PCA, revealing a clear “core- 202

periphery” structure. Analyzing 1,000 trajectories 203

from GSM8K, we observe two key patterns: (1) 204

High-Density Consensus Core, where 913 cor- 205

rect trajectories cluster tightly around the centroid 206

(dcorrect = 0.249); and (2) Dispersed Outlier Re- 207

gion, where 34 incorrect trajectories remain scat- 208

tered (dincorrect = 1.029). The resulting 4.13× dis- 209

tance ratio confirms significant geometric separabil- 210

ity of reasoning quality based on these last hidden 211

states. To demonstrate the universality of these 212

patterns, we provide additional observations across 213

model scales (0.6B to 4B) and diverse datasets (e.g., 214

ScienceQA and ARB) in Appendix I.1. 215

3.4 Validation via GRPO Group Simulation 216

Within each GRPO group, we calculate a robust 217

centroid c via weighted aggregation of the terminal 218

tokens’ last hidden states. The latent geometric 219

score is then defined as slatent(i) = −∥hi − c∥2. 220

Figure 4 validates this approach: (a) presents a 221

box plot of the reward distribution across different 222

quality levels. It reveals that incorrect trajecto- 223

ries exhibit high dispersion and a lower median, 224

whereas correct trajectories are significantly more 225

concentrated with much higher reward values. (b- 226

d) demonstrate high ranking consistency in repre- 227

sentative groups. Notably, our method achieves a 228

maximum Spearman correlation of ρ = 0.927 and 229

a Top-1 selection agreement of up to 85% with ex- 230

ternal verifiers. These findings confirm that latent 231

geometric properties can serve as a robust, training- 232

free alternative to external judges, providing a solid 233

foundation for Latent-GRPO. For a more detailed 234

analysis, please refer to Appendix C. 235

Altogether, these analysis demonstrate that the 236

last hidden states of terminal tokens inherently 237

capture reasoning quality through their geomet- 238

ric structure. This latent consistency provides a 239

strong foundation for designing efficient reward 240

mechanisms independent of external supervision. 241

Building on these insights, we introduce the Latent- 242

GRPO framework, which transforms these geomet- 243

ric properties into dense, continuous reward signals 244

for policy optimization. 245
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Figure 3: Overview of the Latent-GRPO framework. The policy model generates a group of responses for each
prompt. Instead of relying on external verifiers, we extract the hidden states of the last token from each trajectory and
apply the Iterative Robust Centroid Estimation (IRCE) algorithm to compute intrinsic rewards based on geometric
clustering in the latent space. These rewards are then used to compute group-relative advantages for policy
optimization. The entire process operates within the latent space, achieving zero additional inference overhead
while providing dense reward signals.
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(c) Micro-Ranking Case 2 (Group 24)
Spearman  = 0.868
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(d) Micro-Ranking Case 3 (Group 19)
Spearman  = 0.759
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Figure 4: Validation of geometric-based scoring. (a)
Distribution separability across quality levels (correct,
partial, incorrect). (b-d) Group-level ranking consis-
tency in representative 8-trajectory groups.

4 Methodology: Latent-GRPO246

4.1 GRPO Short Review247

Group Relative Policy Optimization (GRPO) (Shao248

et al., 2024) optimizes policy performance by com-249

puting relative advantages across a group of G250

trajectories {y1, . . . , yG} sampled from the same251

prompt x:252

Ai =
Ri − R̄group

std(Rgroup) + ϵ
(1)253

where Ri represents the reward for the i-th tra- 254

jectory. While architecturally efficient, standard 255

GRPO faces two major challenges: heavy reliance 256

on external verifiers, which leads to high costs and 257

latency, and reward sparsity, which offers limited 258

guidance for complex reasoning tasks. To address 259

these issues, we propose a reward mechanism char- 260

acterized by two key properties: (1) intrinsic, uti- 261

lizing the model’s own last hidden states of ter- 262

minal tokens, and (2) dense, providing continuous 263

quality scores that enhance optimization gradients. 264

4.2 Core Algorithm: Iterative Robust 265

Centroid Estimation 266

Based on the geometric findings in Section 3, we 267

introduce the Iterative Robust Centroid Estimation 268

(IRCE) algorithm to extract high-fidelity reward 269

signals. For each prompt, the policy model gen- 270

erates a group of G trajectories. We first extract 271

the last hidden states of terminal tokens hi ∈ Rd 272

(i = 1, . . . , G) and perform spherical normaliza- 273

tion: 274

h̃i =
hi

∥hi∥2
(2) 275

This operation projects all trajectories onto a unit 276

hypersphere, effectively eliminating magnitude 277

fluctuations while ensuring the subsequent analysis 278

focuses exclusively on semantic directionality. 279
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The core of IRCE is to dynamically estimate a280

consensus centroid µ that represents the “truth di-281

rection” of reasoning within the group. To suppress282

the influence of erroneous outliers, we employ an it-283

erative soft-weighting mechanism. In each iteration284

s, we compute soft weights w(s)
i using a Gaussian285

kernel based on the sample’s current distance to the286

centroid:287

w
(s)
i =

exp
(
−(d

(s)
i )2/2(σ(s))2

)
∑G

j=1 exp
(
−(d

(s)
j )2/2(σ(s))2

) (3)288

where σ(s) is an adaptive scale parameter de-289

rived from the group’s distance distribution. The290

centroid is subsequently updated via weighted ag-291

gregation: µ(s+1) = Norm(
∑

w
(s)
i h̃i). Upon con-292

vergence after T iterations, the intrinsic reward Ri293

is defined as the negative Euclidean distance to the294

final centroid:295

Ri =
−∥h̃i − µ(T )∥2 −minj(−∥h̃j − µ(T )∥2)

maxj(−∥h̃j − µ(T )∥2)−minj(−∥h̃j − µ(T )∥2)
(4)296

This mechanism yields intrinsic rewards that are297

dense, continuous, and naturally bounded. By298

applying Min-Max normalization, we map the dis-299

tances into a calibrated range Ri ∈ [0, 1], which300

prevents gradient explosion and ensures optimiza-301

tion stability across different reasoning tasks. The302

complete procedure, including the adaptive scaling303

and normalization, is summarized in Algorithm 1.304

Furthermore, we provide a rigorous mathematical305

derivation of this iterative weighting scheme in306

Appendix D to demonstrate its robustness against307

sampling noise.308

4.3 Latent-GRPO Framework309

As illustrated in Figure 3, Latent-GRPO integrates310

the IRCE algorithm into the GRPO pipeline. Un-311

like traditional reinforcement learning which relies312

on static external verifiers, Latent-GRPO adopts a313

dynamic, intrinsic reward mechanism that operates314

without external supervision.315

Dynamic Adaptability. As the policy model316

evolves during training, its latent representation317

space naturally shifts. Unlike static external veri-318

fiers, IRCE dynamically estimates the consensus319

centroid for each training batch, allowing reward320

signals to adapt in real-time to the model’s cur-321

rent state. This online adaptation effectively miti-322

gates distribution shift—a common challenge when323

reward signals become misaligned with evolving324

Algorithm 1 Iterative Robust Centroid Estimation
Input: Hidden states {h1, ...,hG}, max iterations T
Output: Rewards {R1, ..., RG}
1: // Step 1: Spherical Projection
2: for i = 1 to G do
3: h̃i ⇐ hi/∥hi∥2
4: end for
5: // Step 2: Initialize Centroid
6: µ ⇐ 1

G

∑G
i=1 h̃i

7: µ ⇐ µ/∥µ∥2
8: // Step 3: Iterative Soft-Weighted Update
9: for s = 0 to T − 1 do

10: for i = 1 to G do
11: di ⇐ ∥h̃i − µ∥2
12: end for
13: σ ⇐ std({d1, ..., dG}) + ϵ
14: for i = 1 to G do
15: wi ⇐ exp(−(di)

2/(2σ2))
16: end for
17: w ⇐ w/

∑
j wj ▷ Normalize weights

18: µ ⇐
∑

i wih̃i

19: µ ⇐ µ/∥µ∥2 ▷ Normalize centroid
20: end for
21: // Step 4: Compute Rewards
22: for i = 1 to G do
23: di ⇐ ∥h̃i − µ∥2
24: Ri ⇐ −di
25: end for
26: R ⇐ MinMaxNormalize(R)
27: return R

model representations. Additionally, the iterative 325

soft-weighting mechanism ensures stable and ro- 326

bust gradient signals even when initial sample qual- 327

ity is suboptimal. 328

Computational Efficiency. Latent-GRPO elim- 329

inates the computational overhead of external ver- 330

ification by leveraging hidden states already com- 331

puted during rollout. While conventional verifiers 332

require additional forward passes scaling as O(GL) 333

(where G is group size and L is sequence length), 334

IRCE operates on the last hidden states of termi- 335

nal tokens with complexity O(GTd) (where T is 336

the number of iterations and d is the latent dimen- 337

sion). Since d is fixed by model architecture and 338

T ≪ L, the overhead becomes negligible. By 339

eliminating the need for separate reward models 340

or value functions, Latent-GRPO simultaneously 341

reduces memory footprint and transforms reward 342

computation from an external bottleneck into an 343

efficient intrinsic process. 344

5 Experimental Setup 345

This section describes our experimental configura- 346

tion, including dataset selection, evaluation metrics, 347

hardware setup, and the design of our main experi- 348

ment and ablation studies. 349
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Dataset Method Qwen3-0.6B Qwen3-1.7B Qwen3-4B

Acc ↑ Time ↓ Acc ↑ Time ↓ Acc ↑ Time ↓

GSM8K
LLM-as-Judge 53.52% 768.42m 64.20% 1032.55m 72.12% 1411.72m

Rule-based 58.41% 434.61m 71.55% 488.63m 79.87% 651.45m
Latent-GRPO (Ours) 61.25% 431.18m 73.88% 492.34m 82.34% 658.21m

MATH
LLM-as-Judge 52.94% 1224.15m 65.77% 1608.34m 77.44% 2357.31m

Rule-based 55.63% 723.12m 42.14% 814.22m 62.63% 1084.72m
Latent-GRPO (Ours) 58.47% 718.63m 78.51% 811.51m 77.53% 1081.47m

Open-Platypus LLM-as-Judge 34.45% 1937.82m 56.69% 2573.41m 65.21% 3522.18m
Latent-GRPO (Ours) 40.56% 1079.27m 64.82% 1218.92m 78.06% 1632.52m

Table 1: Comprehensive comparison of reward methods across datasets and model scales. The results demonstrate
that Latent-GRPO consistently achieves superior accuracy and training efficiency (Time per epoch) compared to
LLM-as-Judge and Rule-based baselines. (Simulated QPS for LLM-as-Judge is 2)

5.1 Datasets and Evaluation Metrics350

Datasets. We evaluate our approach on three com-351

plementary datasets that span different reasoning352

complexity levels and domains. GSM8K (Cobbe353

et al., 2021) contains elementary-level mathemati-354

cal word problems, establishing a foundation for ba-355

sic arithmetic reasoning. MATH (Hendrycks et al.,356

2021a) comprises high school and competition-357

level problems, testing more sophisticated math-358

ematical reasoning. Open-Platypus (Lee et al.,359

2023a) covers diverse reasoning tasks across360

physics, logic, and mathematics, enabling vali-361

dation across multiple domains. Together, these362

datasets provide comprehensive coverage for eval-363

uating both accuracy improvements and computa-364

tional efficiency across varying reasoning complex-365

ities. The spilt of train/test datasets and detailed366

dataset statistics are provided in Appendix E.367

Evaluation Metrics. We measure two primary368

performance dimensions: (1) Task Accuracy on369

each test dataset of benchmark to assess reasoning370

capability, and (2) Training Efficiency measured371

as time per epoch across different reward methods372

under identical experimental settings.373

5.2 Experimental Setup374

Models and Hardware. We validate our method375

across three Qwen models of varying sizes: Qwen3-376

0.6B, Qwen3-1.7B, and Qwen3-4B. This range377

enables assessment of our method’s effectiveness378

across different model scales. All experiments are379

conducted on a single GPU. For detailed hyperpa-380

rameter settings including GRPO training configu-381

ration, IRCE algorithm parameters, and hardware382

specifications, please refer to Appendix F.383

Main Experiment We compare three reward384

paradigms across three datasets (GSM8K, MATH,385

Method Acc ↑ Time (m) ↓

Qwen3-0.6B
Mean Pooling 58.74% 435.22
Weighted Mean 57.12% 442.89
Last Token (Ours) 61.25% 431.18

Qwen3-1.7B
Mean Pooling 71.05% 497.61
Weighted Mean 69.88% 512.14
Last Token (Ours) 73.88% 492.34

Qwen3-4B
Mean Pooling 79.45% 664.33
Weighted Mean 78.12% 685.56
Last Token (Ours) 82.34% 658.21

Table 2: Comparison of different hidden state extrac-
tion methods. Using the terminal token’s representation
(Last Token) consistently yields the best reasoning per-
formance with the lowest computational latency.

Open-Platypus) and three model sizes (Qwen3- 386

0.6B, Qwen3-1.7B, Qwen3-4B): (1) LLM-as- 387

Judge using external verification (GPT-4o), (2) 388

Rule-based verification with ground-truth labels, 389

and (3) our proposed Latent-GRPO leveraging 390

intrinsic latent space geometry. This comparison 391

evaluates whether intrinsic geometric signals can 392

match or exceed external verification in both ac- 393

curacy and training efficiency. Detailed baseline 394

descriptions are provided in Appendix G.1. 395

6 Results and Analysis 396

This section presents a comprehensive evaluation 397

of Latent-GRPO across three dimensions: perfor- 398

mance and efficiency compared to external veri- 399

fiers, core design (IRCE) choices through ablation 400

studies, and generalization across model families 401

and unseen tasks. 402
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6.1 Reward Methods Comparison403

We compare three reward paradigms on GSM8K404

and MATH: LLM-as-Judge (GPT-4o), Rule-based405

verification, and Latent-GRPO. For Open-Platypus,406

we focus on LLM-as-Judge and Latent-GRPO407

since rule-based methods are limited to tasks with408

deterministic ground truth.409

As shown in Label 1, Latent-GRPO achieves410

approximately 2× training speedup compared to411

LLM-as-Judge across all datasets and model scales.412

Meanwhile, Latent-GRPO maintains or exceeds the413

accuracy of both LLM-as-Judge and Rule-based414

verification. Detailed per-dataset and per-model415

results are provided in Appendix H.1.416

Efficiency. Latent-GRPO eliminates the external417

verifier bottleneck that constrains LLM-as-Judge.418

The latter faces two system-level costs: API rate419

limiting (2 QPS) forces scoring requests into a420

queue, and each API call incurs 1-2 minutes of421

latency. Together, these consume 58-63% of to-422

tal training time. Latent-GRPO instead computes423

rewards on hidden states already available from424

the forward pass using the IRCE algorithm, requir-425

ing only geometric operations with O(GTd) com-426

plexity (where T ≪ L, typically 5 iterations vs.427

2048 sequence length), compared to O(GL) for428

transformer-based verifiers. Rule-based verifica-429

tion operates at similar cost to Latent-GRPO, con-430

firming that speedup comes primarily from elimi-431

nating external calls.432

Accuracy. This advantage stems from two factors.433

First, Latent-GRPO provides continuous, dense re-434

wards based on distance to the consensus centroid,435

whereas Rule-based and LLM-as-Judge provide436

only binary 0/1 feedback. Richer reward signals437

enable more effective policy optimization. Second,438

Latent-GRPO derives rewards from the model’s in-439

ternal geometry rather than external judges, avoid-440

ing inconsistency and noise from external verifiers.441

The model no longer depends on external verifi-442

cation accuracy, which stabilizes training and pre-443

vents collapse.444

6.2 Ablation Studies: Core Design Choices445

We validate two critical design choices through446

systematic ablation studies: (1) The hidden state447

extraction method for capturing reasoning qual-448

ity, and (2) The centroid estimation algorithm for449

computing intrinsic rewards. Detailed quantitative450

analysis and per-model comparisons are provided451

in Appendix H.2.452

Method Acc ↑ Time (m) ↓

Qwen3-0.6B
Mean Pool 57.12% 452.34
K-Means 58.85% 489.12
Eigen Centrality 59.43% 468.76
IRCE (Ours) 61.25% 431.18

Qwen3-1.7B
Mean Pool 68.45% 512.67
K-Means 70.12% 543.89
Eigen Centrality 71.56% 531.42
IRCE (Ours) 73.88% 492.34

Qwen3-4B
Mean Pool 77.89% 682.12
K-Means 79.23% 725.67
Eigen Centrality 80.56% 708.45
IRCE (Ours) 82.34% 658.21

Table 3: Comparison of different latent consensus scor-
ing methods on GSM8K. IRCE (Ours) achieves the
highest reasoning accuracy with the minimum computa-
tional overhead across all model scales.

Hidden State Extraction. We compare three ap- 453

proaches for extracting reasoning quality from hid- 454

den states: (1) Last Token, using only the terminal 455

token’s representation; (2) Mean Pooling, averag- 456

ing representations across all tokens; (3) Weighted 457

Mean, computing weighted averages of key tokens 458

(weighted averaging of pre-designed key tokens 459

such as mathematical operators, structural markers, 460

and reasoning keywords). 461

As illustrated in Table 2, the Last Token method 462

consistently outperforms all aggregation baselines 463

across various model scales. This finding reveals 464

a fundamental property of transformer-based rea- 465

soning: the final token, as the immediate precursor 466

to the end-of-sequence (EOS) prediction, acts as a 467

semantic bottleneck where reasoning correctness 468

is crystallized. In contrast, Mean Pooling degrades 469

performance by incorporating noise from interme- 470

diate tokens that are often orthogonal to the final 471

correctness. The failure of Weighted Mean, which 472

focuses on linguistically significant keywords (e.g., 473

"therefore", "solution") is particularly instructive. 474

It suggests that reasoning quality is not localized 475

at specific lexical markers but emerges holistically 476

through the generation process, ultimately converg- 477

ing into the final representation. 478

Centroid Estimation We compare four approaches 479

for estimating the consensus centroid from a group 480

of trajectories: (1) Mean Pooling, (2) K-Means 481

clustering, (3) Eigen Centrality, and (4) IRCE, 482

our proposed iterative robust centroid estimation. 483

All experiments are conducted on GSM8K across 484
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Method AIME24 ↑ AIME25 ↑ MATH-500 ↑ MMLU ↑ BBH ↑ Avg ↑ Time (m) ↓

Qwen3-0.6B
Base 10.7 15.1 77.6 52.8 41.5 39.54 –
GRPO (LLM-Judge) 9.4 11.7 65.9 50.6 42.4 36.00 4082.96
Latent-GRPO (Ours) 10.6 19.2 67.3 49.9 39.2 37.24 2280.52

Qwen3-1.7B
Base 48.3 36.8 93.4 62.6 54.5 59.12 –
GRPO (LLM-Judge) 48.1 33.8 90.6 67.6 67.4 61.50 4988.84
Latent-GRPO (Ours) 44.6 35.4 91.2 68.1 68.7 61.60 2340.05

Qwen3-4B
Base 73.8 65.6 97.0 83.7 72.6 78.54 –
GRPO (LLM-Judge) 72.9 63.3 96.4 85.5 81.9 80.00 6753.47
Latent-GRPO (Ours) 74.6 66.7 97.5 88.5 82.3 81.92 3108.44

Table 4: Performance and efficiency comparison across Qwen3 scales on mathematics (AIME, MATH-500) and
general reasoning (MMLU, BBH) benchmarks.

Method Acc ↑ Time (m) ↓

GSM8K (2k steps)
LLM-as-Judge 71.34% 1284.56
Latent-GRPO 78.62% 591.24

MATH (3k steps)
LLM-as-Judge 43.12% 1945.12
Latent-GRPO 52.45% 912.87

Open-Platypus (4.5k steps)
LLM-as-Judge 61.88% 2915.68
Latent-GRPO 73.12% 1386.42

Table 5: Experimental results of Latent-GRPO on
Llama3.2-3B. Following the same protocol as Qwen3
experiments, Latent-GRPO demonstrates superior scal-
ing performance and significantly reduced training la-
tency compared to the LLM-as-judge baseline.

three model scales using the Last Token extraction485

method identified above. For details of these latent486

reward methods, please refer to Appendix G.2.487

As shown in Table 3, IRCE consistently outper-488

forms all baseline methods across all model scales.489

Mean Pooling fails to handle outliers effectively, re-490

sulting in suboptimal centroids. K-Means attempts491

to improve through hard cluster assignment and492

achieves competitive accuracy, yet still underper-493

forms IRCE. Eigen Centrality uses graph-based494

importance weighting but introduces significant495

computational overhead through eigendecompo-496

sition, achieving lower accuracy while incurring497

higher computational cost. Our method, IRCE,498

maintains both robustness and efficiency, making499

it the optimal choice for latent reward estimation.500

6.3 Generalization501

Capability Preservation. A critical concern in502

RL training is the potential loss of general capa-503

bilities due to task-specific overfitting. To address504

this, we train Latent-GRPO on a specific mixture 505

of reasoning datasets and subsequently evaluate it 506

on a suite of unseen general benchmarks, includ- 507

ing MMLU, AIME (24 & 25), BBH, and MATH- 508

500. As illustrated in Table 4, Latent-GRPO con- 509

sistently maintains or surpasses the performance 510

of base models across these diverse tasks. These 511

results confirm that dense intrinsic rewards guide 512

the model toward mastering transferable reasoning 513

patterns rather than overfitting. 514

Cross-Model Generalization. To validate that 515

Latent-GRPO generalizes beyond the Qwen3 se- 516

ries, we extend our evaluation to Llama3.2-3B on 517

the GSM8K, MATH, and Open-Platypus datasets. 518

As shown in Table 5, the latent space geometry 519

provides a universal signal for reasoning quality 520

that is independent of the model family. 521

7 Conclusion 522

In this work, we introduce Latent-GRPO, a train- 523

ing framework designed to overcome the efficiency 524

bottlenecks and sparse rewards inherent in verifier- 525

dependent reinforcement learning. At the core of 526

this framework lies the Iterative Robust Centroid 527

Estimation algorithm, which transforms latent ge- 528

ometry into dense rewards, eliminating the reliance 529

on slow external verifiers and achieving a substan- 530

tial acceleration in training compared to the LLM- 531

as-a-judge baseline. Furthermore, extensive eval- 532

uations on unseen benchmarks confirm that our 533

approach maintains competitive accuracy. It ef- 534

fectively preserves native capabilities and prevents 535

task-specific overfitting. These findings substan- 536

tiate that LLMs possess inherent self-evaluation 537

mechanisms and offer a scalable paradigm for 538

verifier-free post-training. 539
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Limitations540

Our work has two primary limitations that we aim541

to address in future research. First, while Latent-542

GRPO is effective up to 8B parameters, its scaling543

behavior in ultra-large models (70B+) and appli-544

cability to open-ended generation remain to be ex-545

plored. Second, while we provide strong empirical546

evidence, a formal mathematical framework for la-547

tent clustering is still nascent. Moving forward, we548

plan to extend the geometric consensus hypothesis549

to broader tasks and investigate hybrid frameworks550

that integrate IRCE rewards with offline paradigms551

like DPO to further stabilize self-supervised align-552

ment.553
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A Usage of LLM799

Large Language Models were used exclusively to800

improve the clarity and fluency of English writing.801

They were not involved in research ideation, ex-802

perimental design, data analysis, or interpretation.803

The authors take full responsibility for all content.804

B Detailed Related Work805

Policy Optimization and Group-based Vari-806

ants.In early RLHF(Ziegler et al., 2019; Stien-807

non et al., 2020; Ouyang et al., 2022; Lee et al.,808

2023b) practices, PPO (Proximal Policy Optimiza- 809

tion)(Schulman et al., 2017) was the core algo- 810

rithm, stabilizing training through trust region con- 811

straints. However, PPO requires maintaining a 812

critic model of the same scale as the policy model, 813

introducing significant memory overhead. DPO 814

(Direct Preference Optimization)(Rafailov et al., 815

2023) subsequently eliminated the need for crit- 816

ics by reparameterizing rewards as functions of 817

optimal policies, but its offline nature limits explo- 818

ration capabilities. To balance online exploration 819

and computational efficiency, GRPO (Group Rela- 820

tive Policy Optimization)(Shao et al., 2024) intro- 821

duced group-based advantage estimation and has 822

become a research focus. A series of variants have 823

emerged to address specific challenges: DAPO(Yu 824

et al., 2025) combines dynamic sampling with gra- 825

dient clipping for training stability, GSPO(Zheng 826

et al., 2025) employs sequence-level importance 827

sampling for MoE(Jacobs et al., 1991; Du et al., 828

2022) models, Dr. GRPO(Liu et al., 2025) cor- 829

rects length and difficulty biases, and GMPO(Zhao 830

et al., 2025) uses geometric mean to resist reward 831

outliers. Despite significant progress at the opti- 832

mizer level, these methods have not addressed the 833

source of reward signals, still assuming the exis- 834

tence of perfect oracles (ground truth or expensive 835

external verifiers). Latent-GRPO is orthogonal to 836

these works: by extracting intrinsic geometric sig- 837

nals from the model, our reward mechanism can 838

be seamlessly integrated with any of these opti- 839

mization algorithms, achieving both “no external 840

supervision” and “efficient stable optimization.” 841

Training-free evaluation Methods.To eliminate 842

dependence on expensive labeled data, researchers 843

have explored training-free evaluation and self- 844

correction methods. Self-Consistency (SC)(Wang 845

et al., 2022) improves answer accuracy through ma- 846

jority voting over multiple reasoning paths. Self- 847

Refine(Madaan et al., 2023) enables iterative re- 848

finement by generating self-feedback without exter- 849

nal guidance. Tree-of-Thoughts (ToT)(Yao et al., 850

2023) models problem-solving as tree search, ex- 851

ploring multiple reasoning branches and backtrack- 852

ing to find optimal solutions. Best-of-N(Stiennon 853

et al., 2020) sampling generates multiple candi- 854

dates and selects the best based on heuristics or con- 855

fidence scores. Forest-of-Thoughts(Bi et al., 2024) 856

extends ToT by integrating multiple trees with 857

sparse activation for efficiency. Speculative Re- 858

jection(Sun et al., 2024) accelerates Best-of-N by 859

early termination of low-quality candidates. While 860
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these methods leverage various forms of “consen-861

sus” or “selection,” they primarily rely on discrete862

matching of final text results or explicit model out-863

puts, failing to capture subtle semantic differences864

in reasoning processes. Moreover, they are typi-865

cally used only during inference without convert-866

ing to training signals. Unlike these approaches,867

Latent-GRPO does not rely on explicit text feed-868

back but uses geometric structures in the latent869

space as implicit evaluation criteria. We demon-870

strate that geometric centroids in latent space con-871

tain richer semantic information than explicit text-872

based methods, providing denser and more robust873

gradient signals for RL training.874

Latent Space and Latent Thinking.The latent875

space of LLMs is widely recognized to encode rich876

semantic and structural information(Zhang et al.,877

2023; Goyal et al., 2023; Hao et al., 2024; Geip-878

ing et al., 2025). Early probing work revealed that879

LLM hidden states contain linear directions rep-880

resenting syntax, sentiment, and truthfulness. Re-881

cent work has explored latent thinking, replacing882

verbose natural language steps with compact latent883

representations. CoE (Chain-of-Embedding)(Wang884

et al., 2024) uses progressive hidden states for885

output-free self-evaluation, showing significant dif-886

ferences between correct and incorrect answers887

without requiring training. LTO (Latent Thinking888

Optimization)(Du et al., 2025) and LaTRO(Chen889

et al., 2024) train additional latent classifiers (La-890

tent Reward Models) to predict correctness and891

guide RL optimization, achieving 12.5% average892

accuracy improvement on GSM8K. However, these893

methods require training extra models, introduc-894

ing computational overhead. EndoRM(Li et al.,895

2025) extracts “endogenous rewards” from LLM896

logits without training, but relies on output proba-897

bilities rather than latent geometric structures. Few898

works have attempted to directly convert geometric899

consensus in latent space into RL reward signals900

without additional training. Our work fills this gap901

by demonstrating that high-quality reward signals902

can be extracted from latent space through simple903

geometric methods. We establish that “Last Token904

Hidden States” combined with “Iterative Robust905

Centroid Estimation” effectively captures subtle se-906

mantic differences in reasoning, providing denser907

and more robust gradient signals than explicit text-908

based or probability-based methods.909

C Detailed Analysis of Geometric-Based 910

Scoring 911

We simulate the actual GRPO training scenario to 912

validate whether geometric features can serve as 913

reliable quality indicators. For each prompt, we 914

generate a group of G = 8 trajectories (matching 915

the typical GRPO group size) and compute geo- 916

metric scores using our Iterative Robust Centroid 917

Estimation (IRCE) algorithm. Figure 4 presents 918

the effectiveness of geometric-based scoring: 919

Distribution Separability (Figure 4a). The box 920

plot analysis reveals clear separation between dif- 921

ferent quality levels in the geometric reward space. 922

Trajectories with high external scores (green, score 923

> 0.9) exhibit highly concentrated distributions 924

with median geometric scores close to 0 (near the 925

centroid), while low-score trajectories (red, score 926

< 0.3) show significantly right-skewed distribu- 927

tions with large variance (far from the centroid). 928

The partial-correct trajectories (yellow, 0.3 < score 929

< 0.9) fall in between, demonstrating that geomet- 930

ric features provide fine-grained quality discrimi- 931

nation rather than binary classification. 932

Group-Level Ranking Consistency (Figure 4b- 933

d). To validate the practical utility in GRPO’s ad- 934

vantage estimation, we examine three representa- 935

tive groups of 8 trajectories. The dual-axis plot 936

shows ground truth scores (gray bars) and normal- 937

ized geometric scores (blue line with markers). The 938

Spearman rank correlation of 0.927 indicates high 939

ranking consistency between geometric and exter- 940

nal scores in the Figure 4b. Critically, the top- 941

ranked samples identified by geometric scores (red 942

circles) align well with ground truth, demonstrat- 943

ing that our method can effectively identify elite 944

trajectories for policy optimization. In the Top-1 945

selection task across all groups, the consistency 946

rate between geometric-based selection and exter- 947

nal model selection exceeds 85%, confirming that 948

geometric signals can effectively replace expensive 949

external verifiers in GRPO’s advantage estimation. 950

D Detailed Introduction of Iterative 951

Robust Centroid Estimation 952

For each prompt, the policy generates a group 953

of G trajectories. From each trajectory, we ex- 954

tract the terminal hidden state hi ∈ Rd (i = 955

1, . . . , G), forming the sampled state matrix H = 956

[h1, . . . ,hG]
⊤ ∈ RG×d. The Iterative Robust 957

Centroid Estimation (IRCE) algorithm proceeds 958

through the following steps: 959
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Step 1: Spherical Projection. To eliminate960

magnitude fluctuations and ensure the distance met-961

ric focuses exclusively on semantic directionality,962

we apply L2 normalization to project all terminal963

hidden states onto a unit hypersphere:964

h̃i =
hi

∥hi∥2
(5)965

Step 2: Initialize Centroid. The initial centroid966

µ(0) is computed as the normalized mean of the967

projected states:968

µ(0) =
1
G

∑G
i=1 h̃i∥∥∥ 1

G

∑G
i=1 h̃i

∥∥∥
2

(6)969

Step 3: Iterative Soft-Weighted Update. In970

each iteration s = 0, 1, . . . , T − 1, we compute the971

Euclidean distance from each sample to the current972

centroid:973

d
(s)
i = ∥h̃i − µ(s)∥2 (7)974

To adapt to varying cluster densities across differ-975

ent training stages, we derive an adaptive scale976

parameter σ(s) based on the group distance distri-977

bution:978

σ(s) = std({d(s)1 , . . . , d
(s)
G }) + ϵ (8)979

where ϵ is a small constant for numerical stability.980

We then calculate soft weights w(s)
i via a Gaussian981

kernel to diminish the influence of outliers:982

w
(s)
i =

exp

(
− (d

(s)
i )2

2(σ(s))2

)
∑G

j=1 exp

(
− (d

(s)
j )2

2(σ(s))2

) (9)983

The centroid is updated using a weighted aver-984

age and subsequently re-projected onto the hyper-985

sphere:986

µ(s+1) =

∑G
i=1w

(s)
i h̃i∥∥∥∑G

i=1w
(s)
i h̃i

∥∥∥
2

(10)987

Step 4: Reward Computation. Upon conver-988

gence after T iterations, the intrinsic reward Ri for989

each trajectory is defined as the negative Euclidean990

distance to the final centroid:991

Ri = −∥h̃i − µ(T )∥2 (11)992

Optionally, we apply Min-Max normalization993

within the group to scale the rewards R ∈ [0, 1],994

ensuring stable gradient estimation for the policy995

update.996

Dataset Total Size Train Val

GSM8K 8,500 2,000 1,000
MATH 12,500 3,000 1,000
Open-Platypus 20,726 4,500 2,000

Open-Platypus Data Source Statistics:
MATH/PRM-800K 12,298 754 783
ReClor 4,530 693 437
Airoboros 2,605 528 251
ScienceQA 1,317 618 127
LeetCode Solutions 1,100 365 106
ARB 713 272 69
SciBench 616 249 59
TheoremQA 564 336 54
TigerBot Kaggle 386 193 37
OpenAssistant Guanaco 797 492 77
Total 20,726 4,500 2,000

Table 6: Overview of datasets used in RL training

E Usage of Datasets 997

E.1 Datasets Overview 998

We use three main datasets for our experiments, 999

each serving different purposes in evaluating the 1000

generalization and robustness of Latent-GRPO. Ta- 1001

ble 6 provides a comprehensive overview of all 1002

three datasets, including their sources, sizes, and 1003

usage in our RL training. 1004

E.2 Dataset Details 1005

GSM8K is a dataset of 8,500 grade school math 1006

word problems designed to test multi-step mathe- 1007

matical reasoning. MATH is a challenging dataset 1008

containing 12,500 competition-level mathematics 1009

problems from high school and undergraduate 1010

mathematics competitions. Open-Platypus is a 1011

large-scale diverse instruction-following dataset fo- 1012

cused on improving LLM logical reasoning skills, 1013

comprising 20,726 samples filtered from multi- 1014

ple sources (MATH/PRM-800K: 12,298, ReClor: 1015

4,530, Airoboros: 2,605, ScienceQA: 1,317, Leet- 1016

Code Solutions: 1,100, ARB: 713, SciBench: 616, 1017

TheoremQA: 564, TigerBot Kaggle: 386, OpenAs- 1018

sistant Guanaco: 797) using keyword search and 1019

Sentence Transformers (removing questions with 1020

similarity above 80%). 1021

E.3 Benchmark 1022

To comprehensively evaluate the performance 1023

of our model across general knowledge, logical 1024

reasoning, and advanced mathematical problem- 1025

solving, we select five representative benchmarks. 1026

These range from broad multi-task knowledge to 1027

extremely challenging competitive mathematics. 1028
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MMLU Massive Multitask Language Under-1029

standing (Hendrycks et al., 2020) covers 57 sub-1030

jects across STEM, the humanities, social sciences,1031

and more. It tests both world knowledge and1032

problem-solving capsules.1033

MATH-500 The MATH dataset (Hendrycks1034

et al., 2021b) consists of 12,500 challenging high1035

school math competition problems. Following re-1036

cent literature (e.g., DeepSeek-R1), we use the1037

MATH-500 subset, which comprises 500 repre-1038

sentative problems from the test set to evaluate1039

rigorous mathematical reasoning.1040

BBH Big-Bench Hard (BBH) (Suzgun et al.,1041

2022) focuses on a subset of 23 challenging tasks1042

from the BIG-bench suite where previous language1043

models fell short of human multi-step reasoning1044

capabilities.1045

AIME 24 & AIME 25 The American Invita-1046

tional Mathematics Examination (AIME) is a pres-1047

tigious high school competition. We evaluate our1048

model on the AIME 2024 and the most recent1049

AIME 2025 problems. These sets are particularly1050

valuable as "out-of-distribution" (OOD) tests for1051

reasoning models, as they require creative multi-1052

step logical chains without standard templates.1053

F Experimental Hyperparameters1054

F.1 Hardware Configuration1055

All experiments are conducted on 1 GPU using1056

PyTorch 2.6, CUDA 12.4 and the Transformers1057

library 4.51.1. We employ bfloat16(Kalamkar et al.,1058

2019) mixed precision training to improve memory1059

efficiency and computational speed.1060

F.2 GRPO Training Configuration1061

All models use the Instruct version with Flash At-1062

tention 2 enabled. Maximum sequence length is1063

8192, generation temperature is 0.95, and Top-p1064

sampling is 0.9. Group size is 8 trajectories per1065

prompt, batch size is 1 prompt with mini-batch1066

size 2. PPO inner update rounds are 1, clip ratio1067

is 0.2, KL penalty coefficient is 0.1. Learning rate1068

is 1 × 10−5 with linear warmup over 100 steps,1069

maximum gradient norm is 1.0, weight decay is1070

0.01. We train for 2 epochs with logging every 101071

steps and checkpoints every 100 steps. To simu-1072

late scenarios with constrained computational re-1073

sources, the throughput for LLM-as-Judge scoring1074

is restricted to 2 Queries Per Second (QPS).1075

F.3 IRCE Algorithm Configuration 1076

The Iterative Robust Centroid Estimation algorithm 1077

uses 5 iterations with temperature parameter 0.5. 1078

Rewards are Min-Max normalized to [0, 1] interval. 1079

Convergence threshold is 1× 10−6 for early stop- 1080

ping. Epsilon for numerical stability is 1× 10−8. 1081

G Detailed Reward Methods 1082

G.1 Basemethods of reward 1083

Rule-based reward For mathematical problems, 1084

we use symbolic computation (SymPy) to verify 1085

correctness by comparing the model’s final answer 1086

with the ground truth. For code generation tasks, 1087

we use sandboxed execution environments to test 1088

whether the generated code produces correct out- 1089

puts. Rule-based reward provides binary rewards 1090

(0 or 1) based on exact correctness, making it a reli- 1091

able but sparse reward signal. The main limitation 1092

is that it requires well-defined verification rules and 1093

cannot be applied to open-ended tasks like writing 1094

or summarization. 1095

LLM-as-Judge. We use GPT-4o to evaluate re- 1096

sponse quality with a standardized prompt asking 1097

for binary correctness judgment. Each response is 1098

evaluated independently, and the judgment is con- 1099

verted to a binary reward (0 or 1). While LLM-as- 1100

Judge is more flexible and can handle diverse task 1101

types, it introduces external dependency, higher 1102

computational cost, and potential inconsistency in 1103

evaluation. 1104

G.2 Latent Reward Methods 1105

We compare four latent reward methods that ex- 1106

tract rewards from hidden states without external 1107

supervision: 1108

Mean Pool. Computes the centroid as the simple 1109

arithmetic mean of all normalized hidden states: 1110

µ = 1
G

∑G
i=1 h̃i. Rewards are computed as nega- 1111

tive distances: Ri = −||h̃i − µ||2. This method is 1112

computationally efficient but sensitive to outliers. 1113

K-Means. Applies K-Means clustering with K = 1114

2 to group hidden states into quality and non- 1115

quality clusters. The algorithm iteratively opti- 1116

mizes cluster centers and assigns samples to nearest 1117

centers. Rewards are based on distance to the qual- 1118

ity cluster center. This method identifies dominant 1119

quality patterns but requires parameter tuning and 1120

has higher computational overhead. 1121

Eigen Centrality. Constructs a similarity matrix 1122

A based on cosine similarity between hidden states. 1123

The principal eigenvector v of A is computed, and 1124
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Benchmark Domain Size Metric

MMLU General Knowledge (57 subjects) 14,042 5-shot Accuracy
MATH-500 Competition Level Mathematics 500 Pass@1
BBH Logical & Multi-step Reasoning 6,511 3-shot / CoT Accuracy
AIME 24 Advanced Mathematics Competition 30 Pass@k / Consensual
AIME 25 Advanced Mathematics Competition 30 Pass@k / Consensual

Table 7: Summary of evaluation benchmarks used in this work. For reasoning tasks, we prioritize pass@k and
consensual evaluation to measure thinking capabilities.

component vi serves as the reward for sample i.1125

This method captures global graph structure but1126

suffers from eigendecomposition computational1127

bottleneck.1128

IRCE (Ours). Performs iterative soft-weighted1129

centroid estimation. Step 1 normalizes hidden1130

states to unit hypersphere. Step 2 initializes cen-1131

troid as mean of normalized states. Step 3 itera-1132

tively updates centroid using soft weights based on1133

Gaussian kernel. Step 4 computes final rewards as1134

negative distances.1135

H Detailed Analysis of Experiments1136

H.1 Main Experiments1137

On GSM8K: Latent-GRPO achieves competi-1138

tive or superior accuracy compared to LLM-as-1139

Judge across all model scales. On Qwen-0.6B,1140

Latent-GRPO reaches 61.25% versus 53.52% for1141

LLM-as-Judge, while significantly reducing train-1142

ing time from 768.42 m to 431.18 m per epoch1143

(1.78× speed-up). On Qwen-1.7B, Latent-GRPO1144

outperforms LLM-as-Judge by a substantial mar-1145

gin (73.88% vs 64.20%) with 2.10× speed-up1146

(1032.55 m vs 492.34 m). On Qwen-4B, Latent-1147

GRPO achieves 82.34% accuracy with 2.14×1148

speed-up (1411.72 m vs 658.21 m). Compared1149

to Rule-based verification, Latent-GRPO consis-1150

tently achieves higher accuracy while maintaining1151

competitive training efficiency.1152

On MATH: Latent-GRPO consistently outper-1153

forms LLM-as-Judge across all model scales with1154

substantial speed-ups. On Qwen-0.6B, Latent-1155

GRPO improves from 52.94% to 58.47% while1156

reducing time from 1224.15 m to 718.63 m (1.70×1157

speed-up). On Qwen-1.7B, Latent-GRPO achieves1158

78.51% versus 65.77% with 1.98× speed-up1159

(1608.34 m vs 811.51 m). On Qwen-4B, Latent-1160

GRPO achieves 77.53% versus 77.44% with 2.18×1161

speed-up (2357.31 m vs 1081.47 m), demonstrat-1162

ing that even when accuracy is comparable, signifi-1163

cant computational-efficiency gains are achieved.1164

Rule-based methods show weakness on Qwen-1.7B1165

(42.14%), where Latent-GRPO substantially out- 1166

performs. 1167

On Open-Platypus: Latent-GRPO demonstrates 1168

the strongest improvements on this diverse- 1169

reasoning benchmark. On Qwen-0.6B, Latent- 1170

GRPO achieves 40.56% versus 34.45% with 1.80× 1171

speed-up (1937.82 m vs 1079.27 m). On Qwen- 1172

1.7B, Latent-GRPO reaches 64.82% versus 56.69% 1173

with 2.11× speed-up. Most notably, on Qwen- 1174

4B, Latent-GRPO achieves 78.06% versus 65.21% 1175

with the highest speed-up of 2.16× (3522.18 m vs 1176

1632.52 m), demonstrating that intrinsic rewards 1177

are particularly effective for complex, diverse rea- 1178

soning tasks where external verification becomes a 1179

critical computational bottleneck. 1180

H.2 Ablation Experiments 1181

The ablation experiments systematically evaluate 1182

each component of Latent-GRPO through two criti- 1183

cal design choices: hidden state extraction methods 1184

and latent score estimation algorithms. 1185

Hidden State Extraction Methods As shown in 1186

Table 2, Last Token consistently achieves the high- 1187

est accuracy across all three model scales: 61.25% 1188

on Qwen3-0.6B (2.51% improvement over Mean 1189

Pooling), 73.88% on Qwen3-1.7B (2.83% improve- 1190

ment), and 82.34% on Qwen3-4B (2.89% improve- 1191

ment). Notably, Weighted Mean (which selectively 1192

pools pre-designed key tokens) fails to substan- 1193

tially improve over Mean Pooling on any model 1194

scale (57.12% vs 58.74% on Qwen3-0.6B, 69.88% 1195

vs 71.05% on Qwen3-1.7B, 78.12% vs 79.45% on 1196

Qwen3-4B), suggesting that curating specific key- 1197

word positions cannot effectively identify which 1198

tokens carry reasoning quality signals. 1199

Latent Score Methods As shown in Table 3, 1200

IRCE achieves the highest accuracy on all three 1201

model scales: 61.25% on Qwen3-0.6B (outper- 1202

forming Mean Pool by 4.13%), 73.88% on Qwen3- 1203

1.7B (outperforming Mean Pool by 5.43%), and 1204

82.34% on Qwen3-4B (outperforming Mean Pool 1205

by 4.45%). IRCE also achieves the best computa- 1206
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(a) Clustering of Qwen3-1.7B’s 1000 rollouts on ScienceQA
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(b) Clustering of Qwen3-4B’s 1000 rollouts on ARBdata
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(c) Clustering of the Qwen3-4B’s 1000 rollouts on Mathdata
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(d) Clustering of the Qwen3-4B’s 1000 rollouts on ScienceQA

Figure 5: Visualization of latent manifold consensus across various model scales and benchmarks. Each panel
shows the 2D PCA projection of 1,000 terminal hidden states. (a-d) consistently demonstrate that correct trajectories
(green) cluster into a dense consensus core, while incorrect ones (red) are scattered.

tional efficiency, with inference times of 431.18m1207

(0.6B), 492.34m (1.7B), and 658.21m (4B), sub-1208

stantially faster than K-Means (489.12m, 543.89m,1209

725.67m) and Eigen Centrality (468.76m, 531.42m,1210

708.45m).1211

I Generalization of Latent-GRPO1212

I.1 Generalization of Geometric Properties1213

To evaluate the generalization of Geometric Prop-1214

erties, we choose additional data, including sci-1215

entific, logical reasoning, and more challenging1216

mathematical problems. Meanwhile we use mod-1217

els of more sizes to evaluate them. The geometric1218

clustering in latent space demonstrates consistent1219

patterns across different model sizes and datasets.1220

Each visualization is based on 1,000 rollouts from1221

a single test sample, with correctness scores as-1222

signed by GPT-4o. Correct trajectories (green cir-1223

cles, score > 0.7) form a visibly tight consensus1224

core around the truth centroid (gold star), while in-1225

correct trajectories (red circles, score < 0.3) scatter1226

as outliers. The dashed ellipse in each panel out-1227

lines the 95% confidence region of the consensus1228

core. In the original high-dimensional space, incor-1229

rect samples consistently lie farther from the cen-1230

troid than correct ones, quantifying the geometric1231

separability.This qualitative property generalizes1232

across different model scales and benchmarks. As 1233

shown in Figure 5, whether on Qwen3-1.7B with 1234

ScienceQA or on Qwen3-4B with ARB and Math 1235

data, the correct cluster remains compact while the 1236

incorrect cloud disperses, indicating that geomet- 1237

ric proximity in latent space is a robust proxy for 1238

reasoning quality. The separation pattern is stable 1239

across configurations, suggesting that the underly- 1240

ing geometric structure is universal rather than task- 1241

or model-specific. 1242

J Case study 1243

Figure 6 provides the two cases between Latent- 1244

GRPO and LLM-as-Judge method. These two 1245

representative cases demonstrate that our Latent- 1246

GRPO approach provides accurate continuous re- 1247

ward signals during training. These signals are 1248

endogenous in nature, requiring no external veri- 1249

fier supervision, and crucially, they are continuous 1250

rather than binary like LLM-as-Judge. This contin- 1251

uous signal not only accelerates iteration efficiency 1252

through enhanced logical consistency, but also sta- 1253

bilizes RL training by eliminating model collapse 1254

caused by external verifier inconsistency and miti- 1255

gating training loss from over-reliance on external 1256

verifier accuracy. 1257
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Case Study 1
Query: John's cow weighs 400 pounds. It increased its weight to 1.5 times its starting weight. He is able to sell the cow for $3 per pound. How much more is it worth after
gaining the weight?

Rollout #1
The cow starts at 400 lbs. First, I need to calculate the new weight after it increases to 1.5
times..... 400 * 1.5 = 400 + 200 = 600 lbs . Next, the value after weight gain is 600 lbs *
$3/lb = $1800. The original value was 400 lbs * $3 = $1200. The question asks "how
much more" it is worth, which means I need the difference: $1800 - $1200 = $600 .
Everything seems correct.

The cow is worth $600 more after gaining the weight.
Latent Reward: 1.00 LLM-Judge: 1

Rollout #2
I can solve this by finding the weight gain first. The weight increased from 1x to 1.5x, so
the gain is 0.5x of the starting weight..... 400 lbs * 0.5 = 200 lbs gain . Since the price is
$3 per pound, the increased value is just the weight gain multiplied by the price: 200 lbs *
$3/lb = $600 . This is faster than calculating the total value.

The cow is worth $600 more.
Latent Reward: 0.98 LLM-Judge: 1

Rollout #3
Starting weight: 400 lbs. New weight: 400 * 1.5 = 600 lbs..... Value after gain: 600 * 3 =
1800. Original value: 400 * 3 = 1200. Difference: 1800 - 1200 = 600 . The wording "how
much more" is the key here. The cow is now worth 600 more than before.

It's worth $600 more.
Latent Reward: 0.95 LLM-Judge: 1

Rollout #4
400 lbs * 1.5 = 600 lbs. Selling at $3/lb makes the cow worth $1800 now. It was worth 400
* 3 = $1200 before the weight gain. The increase in value is $1800 - $1200 = $600 . I'll
confirm 400 * 1.5... 400 + 200 = 600. Correct.

The cow is worth $600 more.
Latent Reward: 0.92 LLM-Judge: 1

Rollout #5
Wait, the cow gained 50% of its weight. 50% of 400 is 200. So the weight gain is 200 lbs .
The price per pound is $3, so the gain in value is 200 * 3 = $600 . This matches the
method of subtracting total values.

The value increased by $600.
Latent Reward: 0.88 LLM-Judge: 1

Rollout #6
Let's see, the cow's initial weight is 400 pounds. It grows and becomes 1.5 times its
weight, so 400 * 1.5 is 600 pounds..... The sale price is $3 per pound. So the total value
of the cow after gaining the weight is 600 * 3..... 600 times 3 is 1800. So the cow is
worth 1800 after the weight gain . That should be the answer.

The cow's new value is $1800.
Latent Reward: 0.00 LLM-Judge: 0

Rollout #7
Initial weight is 400. It increased its weight to 1.5 times, so I need 400 * 1.5..... let's see,
1.5 times 400..... 400 plus 1/4 of 400 is 500 lbs ..... New worth is 500 * $3 = $1500.
Original worth was 400 * $3 = $1200. So the difference is 1500 - 1200 = 300 dollars . Let
me double check... yes, 300.

The cow is worth $300 more.
Latent Reward: 0.15 LLM-Judge: 0

Rollout #8
The cow weighs 400 lbs. 1.5x weight is 600 lbs. It sells for $3/lb. Current price: 600 * 3 =
1800. Previous price: 400 * 3 = 1200. Difference: 600. Let me check if there's any other
factor..... no, just "how much more"..... 1800 - 1200 = 600 . Correct.

The cow is worth $600 more.
Latent Reward: 0.85 LLM-Judge: 1

Case Study 2
Query: Let $S$ be the sum of all positive integers $n$ such that $n^2+12n-2007$ is a perfect square. Find the remainder when $S$ is divided by $1000.$

Rollout #1
Let $n^2+12n-2007=k^2$ for some integer $k \ge 0$. Completing the square on the left:
$(n+6)^2 - 36 - 2007 = k^2$, which simplifies to $(n+6)^2 - k^2 = 2043$ . This is a
difference of squares: $(n+6-k)(n+6+k) = 2043$. Factorizing 2043: $2043 = 3 \times 681 =
3^2 \times 227$. Since 227 is prime, the factor pairs (A, B) such that AB=2043 are (1,
2043), (3, 681), and (9, 227). For each pair, $n+6 = (A+B)/2$. This gives $n = 1016, 336,
112$. All are positive. Sum $S = 1016 + 336 + 112 = 1464$. $1464 \pmod{1000} = 464$ .

The remainder is 464.
Latent Reward: 1.00 LLM-Judge: 1

Rollout #2
We have $n^2+12n-2007 = k^2 \implies (n+6)^2 - k^2 = 2043$. Let $x = n+6$. Then $(x-
k)(x+k) = 2043$. We need to test factor pairs of $2043 = 9 \times 227$. The pairs $(d_1,
d_2)$ must satisfy $d_1 d_2 = 2043$ and $d_2 > d_1$. Case 1: (1, 2043) $\to 2x = 2044,
x = 1022 \to n=1016$. Case 2: (3, 681) $\to 2x = 684, x = 342 \to n=336$. Case 3: (9,
227) $\to 2x = 236, x = 118 \to n=112$ . Sum $S = 1016+336+112 = 1464$. The
remainder is 464.

The remainder is 464.
Latent Reward: 0.98 LLM-Judge: 1

Rollout #3
The equation is $(n+6)^2 - k^2 = 2043$. The number of positive divisors of $2043 = 3^2
\times 227$ is $(2+1)(1+1) = 6$. This means there are $6/2 = 3$ factor pairs. Each pair
will give exactly one positive integer solution for $n$. Calculating $n$ for each:
$(2044/2)-6=1016$, $(684/2)-6=336$, (236/2)-6=112 . Sum $S = 1464$. The answer is
464.

464.
Latent Reward: 0.95 LLM-Judge: 1

Rollout #4
Solving $(n+6)^2 - k^2 = 2043$. Factor pairs of 2043: (1, 2043), (3, 681), (9, 227). Let
$2(n+6) = d_1 + d_2$. This gives $n+6 = 1022, 342, 118$. Thus $n = 1016, 336, 112$.
The sum of these values is 1464 . Dividing 1464 by 1000 leaves a remainder of 464.
Everything checks out.

Remainder 464.
Latent Reward: 0.91 LLM-Judge: 1

Rollout #5
To find $n$ such that $n^2+12n-2007 = k^2$, we write $(n+6)^2 - k^2 = 2043$. Factor
pairs $(x-k, x+k)$ of 2043: $(1, 2043) \to n=1016$; $(3, 681) \to n=336$; $(9, 227) \to
n=112$. The sum is $1016+336+112 = 1464$. Remainder mod 1000 is 464. No other
solutions exist since $n > 0$.

464.
Latent Reward: 0.86 LLM-Judge: 1

Rollout #6
Setting the expression to $k^2$ gives $(n+6)^2 - k^2 = 2043$. Factorizing 2043, I find the
divisors are 1, 3, 227, 681, 2043. The pairs are (1, 2043) and (3, 681). From (1, 2043),
$n+6 = 1022 \to n=1016$. From (3, 681), $n+6 = 342 \to n=336$. I don't see any other
factor pairs . So the sum $S = 1016 + 336 = 1352$. The remainder is 352.

The remainder is 352.
Latent Reward: 0.20 LLM-Judge: 0

Rollout #7
After factoring $(n+6-k)(n+6+k) = 2043$, I solve for $n$ using the pairs (1, 2043), (3,
681), and (9, 227). The values are $n = 1016$, $n = 336$, and $n = 112$. Adding them
together: $1016 + 336 = 1352$. $1352 + 112 = 1454$. Wait, let me re-add... 1352 +
112... $1300 + 100 = 1400$, $52 + 12 = 64$... $1464$. Oh, I'll stick with my first sum. The
remainder is 1454.

Remainder is 454.
Latent Reward: 0.12 LLM-Judge: 1

Rollout #8
I'll try small values for $n$. If $n=1$, $1+12-2007 = -1994$ (not a square). If $n=40$,
$1600+480-2007 = 73$. If $n=50$, $2500+600-2007 = 1093$. It doesn't look like there
are many solutions . Maybe only very large $n$ work, but I'll guess the sum is small or
zero. Let's say 0.

0.
Latent Reward: 0.00 LLM-Judge: 0
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Figure 6: Case study of the reward between Latent-GRPO and LLM-as-Judge
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