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Abstract

Many important machine learning applications amount to solving minimax optimization
problems, and in many cases there is no access to the gradient information, but only the
function values. In this paper, we focus on such a gradient-free setting, and consider the
nonconvex-strongly-concave minimax stochastic optimization problem. In the literature,
various zeroth-order (i.e., gradient-free) minimax methods have been proposed, but none
of them achieve the potentially feasible computational complexity of O(e~3) suggested by
the stochastic nonconvex minimization theorem. In this paper, we adopt the variance
reduction technique to design a novel zeroth-order variance reduced gradient descent ascent
(ZO-VRGDA) algorithm. We show that the ZO-VRGDA algorithm achieves the best known
query complexity of O(k(d; + ds)e=3), which outperforms all previous complexity bounds by
orders of magnitude, where d; and do denote the dimensions of the optimization variables
and k denotes the condition number. In particular, with a new analysis technique that we
develop, our result does not rely on a diminishing or accuracy-dependent stepsize usually
required in the existing methods. To our best knowledge, this is the first study of zeroth-
order minimax optimization with variance reduction. Experimental results on the black-box
distributional robust optimization problem demonstrates the advantageous performance of
our new algorithm 1]

1 Introduction

Minimax optimization has attracted significant growth of attention in machine learning as it captures
several important machine learning models and problems including generative adversarial networks (GANs)
Goodfellow et al.|(2014), robust adversarial machine learning [Madry et al.| (2018]), imitation learning Ho &
Ermon! (2016), etc. Minimax optimization typically takes the following form:

E[F(z,y;¢)] (online case)
% St F(z,y;&)  (finite-sum case)

(1)

min max f(z,y), where f(z,y) £
IeRdlyGRde( y) fz,y) {

where f(z,y) takes the expectation form if data samples £ are taken in an online fashion, and f(z,y) takes
the finite-sum form if a dataset of training samples &; for i = 1,...,n are given in advance.

This paper focuses on the nonconvex-strongly-concave minimax problem, in which f(z,y) is nonconvex with
respect to x for all y € R%, and f(x,y) is pu-strongly concave with respect to y for all 2 € R%. The problem
then takes the following equivalent form:

min {@(z) £ max f(z:,y)}, (2)

zeR41 yERI2
where the objective function @(-) in eq. (2) is nonconvex in general.

In many machine learning scenarios, minimax optimization problems need to be solved without access to the
gradient information, but only to the function values, e.g., in multi-agent reinforcement learning with bandit

IThis paper was initially posted on arXiv in June 2020.
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Table 1: Comparison of gradient-free algorithms for nonconvex-strongly-concave minimax problems

Algorithm L Estimator J Stepsize J Overall Complexity J
ZO-min-max [Liu et al.7(2019) UniGE | O(k™ 1Y) O((de™%)
Z0-SGDA Wang et al.?2020) GauGE | O(k~ %) O(drkPe™™)

ZO-SGDMSA |Wang et al|(2020) | GauGE | O(k~'¢7") | O(dx’e *log(1))
ZO-VRGDA (this work) GauGE O(k™He™h) O(dr*e™?)

L"UniGE" and "GauGE" stand for "Uniform smoothing Gradient Estimator" and
"Gaussian smoothing Gradient Estimator", respectively.

2 The complexity refers to the total number of queries of the function value.

3 We include only the complexity in the online case in the table, because many previous
studies did not consider the finite-sum case. We comment on the finite-sum case in
Section [l

4 We define d = dy + ds.

feedback (Wei et al.| (2017)); [Zhang et al.| (2019) and robotics [Wang & Jegelka| (2017)); Bogunovic et al.| (2018)).
Such scenarios have motivated the design of gradient-free (i.e., zeroth-order) algorithms, which solve the
problem by querying the function values. For nonconvex-strongly-concave minimax optimization, stochastic
gradient descent (SGD) type algorithms have been proposed, which use function values to form gradient
estimators in order to iteratively find the solution. In particular, [Liu et al. (2019) studied a constrained
problem and proposed a ZO-min-max algorithm that achieves an e-accurate solution with the function query
complexity of O((dy + do)e~%). [Wang et al| (2020)) designed ZO-SGDA and ZO-SGDMSA, and between the
two algorithms ZO-SGDMA achieves the better function query complexity of O((d; + d2)x?e~*log(1/¢)).

Despite the previous progress, if we view the minimax problem as the nonconvex problem in eq. , the
lower bound on the computational complexity suggests that zeroth-order algorithms may potentially achieve
the query complexity of O((d; + da)e~3). But none of the previous algorithms in the literature achieves such
a desirable rate. Thus, a fundamental question to ask here is as follows.

e (Can we design a better gradient-free algorithm that outperforms all existing stochastic algorithms by orders
of magnitude, and can achieve the desired query complexity of O((dy +da)e=3) suggested by the lower bound
of gradient-based algorithms?

This paper provides an affirmative answer to the above question together with the development of novel
analysis tools.

1.1 Main Contributions

We propose the first zeroth-order variance reduced gradient descent ascent (ZO-VRGDA) algorithm for
minimax optimization. ZO-VRGDA features gradient-free designs and adopts a nested-loop structure with the
recursive variance reduction method incorporated for both the inner- and outer-loop updates. In particular,
the outer loop adopts zeroth-order coordinate-wise estimators for accurate gradient estimation, and the
inner loop adopts zeroth-order Gaussian smooth estimators for efficient gradient estimation. This is the first
gradient-free variance reduced algorithm designed for minimax optimization.

We establish the convergence rate and the function query complexity for ZO-VRGDA for nonconvex-strongly-
concave achieves the best known query complexity of O((d; +da)r3e =), which outperforms the existing state-
of-the-art (achieved by ZO-SGDMSA Wang et al. (2020)) in the case with ¢ < x~!. For the finite-sum case, we
show that ZO-VRGDA achieves an overall query complexity of O((dy +dz)(k%/ne =2 +n)+da (k% + £n) log(k))
when n > k%, and O((dy + d2)(k% + kn)ke=2) when n < k2. Our work provides the first convergence analysis
for gradient-free variance reduced algorithms for minimax optimization.

It is also instructive to compare our result with a concurrent work [Huang et al.| (2020)), which proposed
an accelerated zeroth-order momentum descent ascent (Acc-ZOMDA) method for minimax optimization.
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The performance difference between our ZO-VRGDA and their Acc-ZOMDA is two folds. (a) The query
complexity of our ZO-VRGDA outperforms that of Acc-ZOMDA by a factor of (d 4 do)/2, which can be
significant in large dimensional problems such as the neural network training. (b) Rigorously speaking, our
result characterizes the exact convergence to an e-accurate stationary point, whereas the convergence metric
in [Huang et al| (2020) does not necessarily imply convergence to a stationary point.

From the technical standpoint, differently from the previous approach (e.g., (2020)), we develop a
new analysis framework for analyzing recursive variance reduced algorithms for minimax problems. Specifically,

the main challenge for our analysis lies in bounding two inter-connected stochastic error processes: tracking
error and gradient estimation error. The previous analysis forces those two error terms to be kept at e-level
at the cost of inefficient initialization and e-level small stepsize. In contrast, we develop new tools to capture
the coupling of the accumulative estimation error and tracking error over the entire algorithm execution, and
then establish their relationships with the accumulative gradient estimators to derive an overall convergence
bound. As a result, our ZO-VRGDA can adopt a more relaxed initialization and a large constant stepsize for
fast running speed, and still enjoy the theoretical convergence guarantee.

1.2 Related Work

Due to the vast number of studies on minimax optimization and on variance reduced algorithms, we include
below only the studies that are most relevant to this work.

Variance reduction methods for minimax optimization are inspired by those for conventional minimization
problems, including SAGA [Defazio et al.| (2014); Reddi et al.| (2016), SVRG |Johnson & Zhang| (2013);
|Allen-Zhu & Hazan| (2016)); [Allen-Zhu! (2017), SARAH [Nguyen et al.| (2017alb; [2018), SPIDER [Fang et al.
(2018)), SpiderBoost [Wang et al.| (2019)), etc. But the convergence analysis for minimax optimization is much
more challenging, and is typically quite different from its counterparts in minimization problems.

For strongly-convez-strongly-concave minimax optimization, Palaniappan & Bach| (2016) applied SVRG and
SAGA to the finite-sum case and established a linear convergence rate, and |(Chavdarova et al| (2019) proposed
SVRE later to obtain a better bound. When the condition number of the problem is very large,
proposed a proximal point iteration algorithm to improve the performance of SAGA. For some special
cases, [Du et al| (2017); Du & Hul (2019) showed that the linear convergence rate of SVRG can be maintained
without the strongly-convex or strongly concave assumption. [Yang et al| (2020) applied SVRG to study the
minimax optimization under the two-sided Polyak-Lojasiewicz condition.

Nonconvex-strongly-concave minimax optimization is the focus of this paper. As we discuss at the beginning of
the introduction, SGD-type algorithms have been developed and studied, including SGDmax ,
PGSMD Rafique et al.| (2018)), and SGDA [Lin et al.| (2019). [Xu et al.| (2021) proposed alternative zeroth-order
GDA algorithms for solving both general smooth and block-wise nonsmooth nonconvex-concave minimax
problems. (Chen et al|(2021b)); [Yang et al.| (2020} 2022)) established a global optimality guarantee for GDA
algorithms in nonconvex minimax optimization under special landscape assumptions. |Chen et al.| (2021al)
developed a cubic-regularized GDA algorithm for nonconvex minimax optimization, which is guaranteed
to escape the sub-optimal points. Several variance reduction methods have also been proposed to further
improve the performance, including PGSVRG Rafique et al. (2018)), the SAGA-type algorithm for minimax
optimization , and SREDA |Luo et al.| (2020). Particularly, SREDA has been shown in
to achieve the optimal complexity dependence on e.

While SGD-type zeroth-order algorithms have been studied for minimax optimization, such as [Menickelly &
Wild! (2020); Roy et al|(2019) for convex-concave minimax problems and |Liu et al|(2019); Wang et al.| (2020)
for nonconvex-strongly-concave minimax problems, variance reduced algorithms have not been developed for
zeroth-order minimaz optimization so far. This paper proposes the first such algorithm named ZO-VRGDA
for nonconvex-strongly-concave minimax optimization, and established its complexity performance which
outperforms the existing comparable algorithms (see Table .
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1.3 Notation
In this paper, we use ||-||, to denote the Euclidean norm of vectors. For a finite set S, we denote its cardinality

as |S|. For a positive integer n, we denote [n] = {1,--- ,n}.

2 Preliminaries

We first introduce the gradient estimator that we use to design our gradient-free algorithm, and then describe
the technical assumptions that we take in our analysis.

2.1 Zeroth-order Gradient Estimator

We consider the Gaussian smoothed function Nesterov & Spokoiny| (2017)); (Ghadimi & Lan! (2013]) defined as
f;n (LU, y) = ElﬁfF(m + M1V, Y, 5)7
f#z (xa y) = Ew’gF(lB, Yy + How, f)v

where v; ~ N (0,14, ), w; ~ N(0,14,) with 14 denoting the identity matrices with sizes d x d. Then, in order
to approximate the gradient of f,, (x,y) and f,,(z,y) with respect to « and y based on the function values,
the zeroth-order stochastic gradient estimators can be constructed as

1 Pz + Viayvgi 7F$ay5§i
Gy vaassan) = o S et t) S Fn b, 3)
i€l M] !
1 an + Wiy Gi _va ) St
Hﬂ2(x7yaw/\/127£/\/() = ﬁ Z ( Y 12 /f) ( Y E)wia (4)
i€l M]] ?

where |[M| = |[M;| = |M;]| denote the batchsize of samples. It can be shown that G, (z,y, vm,,ém) and
H,,(x,y,wrm,,Erm) are unbiased estimators of the true gradient of f,, (x,y) and f,,(x,y) with respect to
and y (Ghadimi & Lan| (2013)), respectively, i.e.,

]EVMlngG/"l(:C’y’ VMl?fM) = vmf/u (x7y)a
EwngﬁMHﬂ2 (mvvaMz,EM) = vyfm(xvy)~

These zeroth-order gradient estimators are useful for us to design a gradient-free algorithm for minimax
optimization.

2.2 Technical Assumptions

We take the following standard assumptions for the minimax problem in eq. or eq. , which have also
been adopted in |[Liu et al.| (2019); Wang et al.| (2020); Huang et al.| (2020)); [Luo et al.| (2020); [Lin et al. (2019).
We slightly abuse the notation £ below to represent the random index in both the online and finite-sum cases,
where in the finite-sum case, E¢[-] is with respect to the uniform distribution over {&;,---,&,}.

Assumption 1. The function $(-) is lower bounded, i.e., we have * = inf e, P(x) > —o0.

Assumption 2. The component function F has an averaged {-Lipschitz gradient, i.e., for all (x,y), (2/,y’) €
R% x R%, we have E¢[ | VF(x,y:€) — VF(@',y/;6)l5] < C(llz — /I3 + ly — o' [15)-

Assumption 3. The function f is p-strongly-concave in y for any v € R% | and the component function F
is concave in vy, i.e., for any x € RY | y o' € R% and £, we have

fay) < @) + (Vof @)y —y) = Slly =yl

and

F(z,y;€) < Fa,y'36) + (Vy F(x,y/5€),y — ¢).
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Algorithm 1 ZO-VRGDA

1: Input: zo, initial accuracy (, learning rate @ = 9(5), 8= @(%), batch size S1, S2 and periods ¢, m
2: Initialization: yo = ZO-iISARAH(— f(zo, ), () (detailed in Algorithm
3: fort=0,1,...,7 —1do

4:  if mod(k,q) = 0 then
5: draw S7 samples {&1,--- ,&s, }
_ 1 S1 di - Flzotde)ye,8i) — Flws—dejys,8i)
6 vt = 57 Z D . % - €j
7. us = 511 Zdz F(zt,yt+dej, 51) F(ltxyt dej & ) e
8 where e; denoteb the vector with j th natural unit basis vector.
9: else
10: Ut = Vi—1,my_ 1> Wt = Ut—1,my_,
11:  end if

12: Ti41 = Tt — QU

13:  yi+1 = ZO-ConcaveMaximizer(t,m, S2,z, S2,y) (detailed in Algorithm
14: end for

15: Output: & chosen uniformly at random from {z;}/ '

Assumption 4. The gradient of each component function F(x,y; &) has a bounded variance, i.e., there exists
a constant o > 0 such that for any (z,y) € R4*%  we have

Ee[ |VF(z,y:€) - Vf(z,y)ll3] < o

Note that the above variance assumption is weaker than that of Acc-ZOMDA in [Huang et al.| (2020)), because
Huang et al. (2020) directly requires the variance of the zeroth-order estimator to be bounded, which is
not easy to verify. In contrast, we require such a condition to hold only for the original stochastic gradient
estimator, which is standard in the optimization literature and can be satisfied easily in practice.

We define x £ £/p as the condition number of the problem throughout the paper. The following structural
lemma developed in |Lin et al.| (2019)) provides further information about @ for nonconvex-strongly-concave
minimax optimization.

Lemma 1 (Lemma 3.3 of |Lin et al.|[(2019))). Under Assumptz'on and@ the function ®(-) = max,ecga, f(-,y)
is (& + 1)€-gradient Lipschitz and V®(x) = V. f(x,y*(x)) is k-Lipschitz, where y*(-) = argmin, cga, f(-,y)-

We let L = (1 + k)¢ denote the Lipschitz constant of V&(z). Since & is nonconvex in general, it is NP-hard
to find its global minimum. Our goal here is to develop a gradient-free zeroth-order stochastic gradient
algorithms that output an e-stationary point as defined below.

Definition 1. The point & is called an e-stationary point of the differentiable function ® if |VP(Z)|, < €,
where € is a positive constant.

3 ZO-VRGDA: Zeroth-Order Variance Reduction Algorithm

In this section, we propose a new zeroth-order variance reduced gradient descent ascent (ZO-VRGDA)
algorithm to solve the minimax problem in eq. or eq. . ZO-VRGDA (see Algorithm [1)) adopts a
nested-loop structure, in which the parameters x; and y; are updated in a nested loop fashion: each update of
x¢ in the outer-loop is followed by (m + 1) updates of y; over one entire inner loop. ZO-VRGDA incorporates
the variance reduction method for both the inner-loop and outer-loop updates, and features gradient-free
designs. We next describe the ZO-VRGDA algorithm in more detail as follows.

(a) The initialization of ZO-VRGDA (line 2 of Algorithm [I)) utilizes a zeroth-order algorithm ZO-iISARAH
(see Algorithm ' which adopts a first-order algorithm iSARAH and incorporates the zeroth-order gradient
estimators, to search an initialization yo with predefined accuracy E[||V, f (xo,yo)H ] < ¢. In particular,

ZO-iSARAH uses a small batch of sampled function values to construct Gaussian estimators for approximating
gradients (line 10 of Algorithm [2)), which is defined as
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Algorithm 2 ZO-iSARAH

1: Input: o, learning rate v > 0, inner loop size I, batch size B; and Bj
2: fort=1,2,...,T do
3: wo = W1

4:  draw 31 samples {.51, 7531}
5. _ B1 Z Z P(wo+de;,8i) 5P(w0 dej.bi) , e
6: Where €; denotes the vector with j-th natural unit basis vector.
7 w1 = Wo + Yo
8 fork=1,2,...,1—1do
9: Draw minibatch sample M = {&1,--+ ,€p, } and M1 = {¢1, - ,¢¥B,}
10: vk = Vk—1 + Yr (W, Yy, Em) — Pr (-1, Ymy s Em)
11: Wr+1 = W — YUk

12:  end for
13: by chosen uniformly at random from {ws}1_,
14: end for

Algorithm 3 ZO-ConcaveMaximizer(t, m, Sz 5, S2,y)

1: Initialization: fit,_l = Tt, 'gt,—l = Yt, jt,O = Tt41, gt’o = Y, 17,5,_1 = V¢, ﬂt,—l = Ut

2: Draw minibatch sample My = {&1,-- ,&s, .}, M1z ={v1, -+ ,vs,, } and Moo = {wi, - ,ws, . }, and My =

{&,&su b Mue ={v1,-+ ,vs, , } and Moy = {wi, -+ ws, , }

U0 = Ot,—1 + G(Z,0, 1,0, VM1 o EM, ) — G(Zt,—1, Tt —1, VM o EM,)

Ut,0 = Ut,—1 + H(Z1,0, §t,0, WMs ) EMy ) — H(Tt,—1, Jt,—1, WMo, EM,)

Te1 = Tt,0

Jt,1 = Ge,0 + Ble,o

for k=1,2,....,m+1do
Draw minibatch sample M, = {&1,--- ,&s,,}, M1z = {v1,--- ,vs, .} and Mo, = {wi,--+ ,ws,,}, and
My = {617 to 7€SZ,y}7 Ml,y = {V17 T ’VS2,y} and MZ,y = {wlv T 7w52,y}

9 Dy =DVep—1+ Guy (Tek, Jookos UMy s EMa) — Gy (Bek—1, Je k-1, UMy 4, EM,)

10: Gek = Ut,h—1 + Hpuo (Tt ok, Utoks WMoy, EMy ) — Hpuo (Tt k1, Pt -1, WMo, EM,)

11: Zypt1 = Tek

120 e p+1 = ek + Blsk

13: end for

output Y41 = §t,m, with /M, chosen uniformly at random from {0,1,--- ,m}

1 > P(w + 71, &) — P(w, &)

wr(wvfllevfM) = ﬁ . 1/)1', (5)

i€[|M]]
where ¢; ~ N(0,14).

(b) The outer-loop updates of z; is divided into epochs for variance reduction. Consider a certain outer-loop
epoch t = {(ny — 1)gq, - ,mqg — 1} (1 < my < [T/q] is a positive integer). At the beginning of such an
epoch, ZO-VRGDA utilizes a large batch S; of the sampled function values to construct gradient-free
coordinate-wise estimators for gradient V, f(x,y) and V,, f(z,y) (see lines 6 and 7 in Algorithm. Note that
the coordinate-wise gradient estimator is commonly taken in the zeroth-order variance reduced algorithms
such as in Ji et al.| (2019); |[Fang et al.| (2018]) for minimization problems. The batch size S; is set to be large
so that gradient estimators that recursively updated in each epoch can build on an accurate estimators (v;
and u). In this way, the estimators recursively updated over the entire epoch will not deviate too much from
the exact gradients.

(¢) For each outer-loop iteration, an inner loop of ZO-ConcaveMaximizer (see Algorithm |3)) (line 13 of
ZO-VRGDA) uses the small batch S; , and Ss , of sampled function values to construct a variance reduced
estimators for V, f,,, (,y) and V, f,, (z,y), respectively, as follows:

Ot,k = f}t,k—l + G,ul (jt,ka gt,ka UMy 2> gMT) - Gl’«l (‘%t,k—lv gt,k—la UMy 25 gMT)
U g = e -1+ Hpy (Tt ks Tt ks WMy s EM,) — Hpo (Tt k15 Tt k-1, WMy, s EM,,)-
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where the estimators G, (-) and H,,(-) are defined in Section These zeroth-order gradient estimators are
then recursively updated through the inner loop. The batch size S5 is set at the same scale as epoch length ¢,
so that the accumulated error of the recursively updated estimators ¥ j and . can be kept at a relatively
low level.

In addition to the above major gradient-free designs, ZO-VRGDA also features the following enhancements over
its first-order counterpart SREDA [Luo et al.|(2020)). (a) ZO-VRGDA relaxes the initialization requirement
to be E[||Vyf(ac0,y0)|\§] < k7!, which requires only O(rlogr) gradient estimations. This improves the
computational cost by a factor of (’~)(f<;e_2). (b) ZO-VRGDA adopts a much larger and e-independent stepsize
ar = a = 0(1/(kl)) for x; so that each outer-loop update can make much bigger progress.

4 Convergence Analysis of ZO-VRGDA

In this section, we first present our convergence results for ZO-VRGDA and then provide a proof sketch for
our analysis.

4.1 Main Results

In order to analyze the convergence of ZO-VRGDA, we first provide the complexity analysis for the initialization
algorithm ZO-iSARAH. Since the initialization is applied to the variable y, with respect to which the objective
function is strongly concave. Hence, the initialization is equivalent to the following standard optimization
problem:

min p(w) £ E[P(w; )], (6)

weRd
where P is average (-gradient Lipschitz and convex, p is u-strongly convex, and £ is a random vector.

It turns out that the convergence of the zeroth-order recursive variance reduced algorithm ZO-iSARAH has
not been studied before for strongly convex optimization. We thus provide the first complexity result for
Z0O-iISARAH to solve the problem in eq. @ as follows.

Theorem 1. Apply ZO-iSARAH in Algorithm [9 to solve the strongly convex optimization problem in
eq. @ Set v = O(1/f), By = O(1/e), Bo = d, I = QEH), T = O(log(1/e)), 6 = O(*5/£d*C), and

T= min{smii'5 /25 ). Then, the output of Algorithm

3750 \/ Biped satisfies

E[|Vp, (ir)]|2] <

with the total function query complexity given by

e a =0 (a{es e (1),

Since we require the initialization accuracy in Algorithm [1| to be k™!, Theorem [1] indicates that the total
function query complexity of performing ZO-iSARAH in Algorithm (1| is O(daklog(1/k)). Ignoring the
dependence on the dimension caused by zeroth-order estimator, our initialization complexity improves upon
its first-order counterpart SREDA |Luo et al. (2020) by a factor of O(ke2).

We next provide our main theorem as follows, which characterizes the query complexity of ZO-VRGDA for
finding a first-order stationary point of @(-) with e accuracy.

Theorem 2. Apply ZO-VRGDA in Algom'thm to solve the online case of the problem eq. . Suppose
Assumptions hold. Consider the following hyperparamter setting: ( = k=1, a = O(k~ 1), B =OU™1),
q=0(e1), m=0(k), S1 = O(c*k?e¢2), Sa., = O(dirke™ 1), Soy = O(dare™), § = O((dy +d2)? k10 Le),
p1 = O(dy 2572207 ) and py = O(dy k250 ). Then for T to be at least at the order of O(ke2),
Algorithm[1 outputs & such that

E[IVE(#)],] <«
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with the overall function query complexity given by

T
T (S2z+ Say) -m+ M 51 - (dy + d2) + To

_o ("2 Dt ,@) Lo (" L +d2)) + O (darlog(x)
=0 ((d1 =+ dg)/i3€_3) . (7)

Furthermore, ZO-VRGDA can also be applied to the finite-sum case of the problem eq. , by replacing the
large batch sample S; used in line 6 of Algorithm [I] with the full set of samples. Then the following result
characterizes the query complexity in such a case.

Theorem 3. Apply ZO-VRGDA described above to solve the finite-sum case of the problem eq. . Suppose
Assumptions hold. Under appropriate parameter settings given in Appendiz [E], the function query
complezity to attain an e-stationary point is O((dy + do)(v/nK2e =2 +n) + do(k% + kn) log(k)) for n > k2, and
O((dy + d2)(k? + kn)e=?) for n < k2.

Theorem [2]and Theorem [3]indicate that the query complexity of ZO-VRGDA matches the optimal dependence
on € of the first-order algorithm for nonconvex optimization in |Fang et al.| (2018). The dependence on d; and
ds typically arises in zeroth-order algorithms due to the estimation of gradients with dimensions d; and ds.
Furthermore, in the online case, ZO-VRGDA outperforms the best known query complexity dependence on €
among the existing zeroth-order algorithms by a factor of O(1/¢). Including the conditional number « into
consideration, ZO-VRGDA outperforms the best known query complexity achieved by ZO-SGDMA in the
case with € < k=1 (see Table .

Theorem [2]and Theorem [3 provide the first convergence analysis and the query complexity for the zeroth-order
variance-reduced algorithms for minimax optimization. Furthermore, Theorem |3| provides the first query
complexity for the finite-sum zeroth-order minimax problems.

4.2 Qutline of Technical Proof

Our analysis has the following two major novel developments. (a) We develop new tools to analyze the zeorth-
order estimator for variance reduced minimax algorithms. (b) More importantly, differently from the previous
approach (e.g., Luo et al.| (2020)), we develop a new analysis framework for analyzing the recursive variance
reduced algorithms for minimax problems. At a high level, the previous analysis mainly focuses on bounding
two inter-related errors: tracking error ¢; = E[|V, f (mt,yt)Hg] that captures how well y; approximates
the optimal point y*(x;) for a given x:, and gradient estimation error A; = E[|jv; — fo(a:t,yt)H; +
lwr — Vo f (e, yr) H;] that captures how well the stochastic gradient estimators approximate the true gradients.
In the previous analysis, those two error terms are forced to be at e-level at the cost of inefficient initialization
and e-level stepsize. In contrast, we develop tools to capture the coupling of the accumulative estimation
and tracking errors over the entire algorithm execution, and then establish their relationships with the
accumulative gradient estimators to derive the overall convergence bound. As a result, our ZO-VRGDA can
adopt a more relaxed initialization and a large constant stepsize for fast running speed, and still enjoy a
theoretical convergence guarantee.

Proof Sketch of Theorem [2l The proof of Theorem [2] consists of the following three steps.

Step 1: We start from the estimation error A, and tracking error d; defined with respect to the
Gaussian smooth objective functions: A; = E[||Vg fo, (@, y¢) — vt||§] + E[|Vy fus (@e,9) — ut||§] and &, =
E[||Vy fu, (x4, yt)||§] which is connected with A; and &; via the following inequalities:

’ lﬁ2 3 Né2 3
Ay <2A; + 2€(d1+3) + 2€(d2+3)7

112
6y < 20) + 7262(d2 +3)3.
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We establish the relationship between Aj and Aj_; as well as that between d; and d;_; as follows:

< (14 6(6) Ay, + 05y +Or2E][vr_1[2] + O(x€), (8)
5 < 501y + Oy + O o] + B¢, (9)

Step 2: Step 1 indicates that A} and §; are strongly coupled with each other at each iteration. Then,
we need to decouple them so that we can characterize the effect of A} and d; on the overall convergence
separately.

We first consider the accumulation of A} over one epoch. Although the value of A} increases within each
epoch (indicated by eq. ), the accumulation of this error can still be controlled via adjusting the mini-batch
sizes S1, So and epoch length g. Under an appropriate parameter setting, we can obtain the following bound:

t—1

Ay <247, + Z S+ 0% Y Ellvial3] + Ok %)

p=[t]q p=[t]q

Note that A,[t lq is the estimation error of coordinate-wise estimator obtained at the beginning of each epoch,

which diminishes as the batch size S increases. Letting S; = ©(k?/€?) as specified in Theorem [2], we can
bound the accumulation of A} over the all iterations as

T-1 T—-1 T-1
d A<o (i) +0(1)) 5 +6 (;) > Elljuell3] + 057, (10)
t=0 t=0 t=0

Moreover, based on the contraction property of ¢; provided in eq. @, we derive the following bound for the
accumulation of d;:

T-1 T-1

25’ <20, +6(1 ZA’ +@< ) E[Jve]|2] + O(k™4). (11)
t=0
. . T 1 ! .
Combining eq. and eq. , the upper bounds for and ), , d; can then be derived separately
as
T—1 1 -
> a<e(r)+en >6o+9( ) 3 il (12)
t=0 t=0
-1 1 A=
Sase(s)rowne(s) T el (13)
t=0 t=0

Step 3: Note that eq. and eq. alone are not sufficient to guarantee the boundness of accumulation

erTors 23_01 A} and Zt:_ol d;, as the upper bounds in eq. 1) and eq. 1) depend on an unknown error

term 7" E[||v¢||3]. To handle this issue, we utilize the Lipschitz property of &(x) given in Assumption [2] to
obtain the following bound:

T—1 T—1
<O‘ _ ) Z El|v:l3] < D(x0) — E[@(wr)] + 2062 > 8 +2a Y Af +TO(e k%) (14)

2
t=0 t=0

Substituting eq. and eq. into eq. and subtracting the residual terms on both sides yield the
following bound:

T-1
> Eflferl3] < OL(@(x0) — 87)) + O(r). (15)
=0
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The gper bounds of ZZ:OI A} and ZtTgol d; can then be obtained by substituting eq. into eq. and
eq. (L3)).

To establish the convergence rate for ]E[HV@(&%)HE] =1 ZtT:O ]E[HV@(%)HZ], we note that

T-1 T-1 T-1 T-1
E[|[Vo(xo)l5] <65 6 +6  Ap+3% Elfjuell5] + O(k7%). (16)
t=0 t=0 t=0 t=0

Substituting the bounds on Z;‘FI_Ol E[||vt||§}, Z;‘F:_Ol A} and Z;‘F:_Ol 07 into eq. , we obtain the convergence
rate for ZO-VRGDA. O

5 Experiments

Our experiments focus on two types of comparisons: (a) we compare our ZO-VRGDA with other existing
zeroth-order stochastic algorithms and demonstrate the superior performance of ZO-VRGDA; (b) we compare
the performance of ZO-VRGDA with different inner-loop lengths.

Our experiments solve a distributionally robust optimization problem, which is commonly used for studying
minimax optimization Lin et al. (2019); Rafique et al.| (2018). We conduct the experiments on three datasets
from LIBSVM |Chang & Lin| (2011). The details of the problem and the datasets are provided in Appendix @

1.2
0.70 1.5

—— ZO-SGDA ' —— ZO-SGDA —— ZO-SGDA
—— ZO-SGDMSA —— ZO-SGDMSA —— ZO-SGDMSA
10 —— ZO-SREDA-Boost —— ZO-SREDA-Boost —— ZO-SREDA-Boost

0.65 1.0

loss
loss

0.60
0.5

0.6

0.55
0 100000 200000 0 100000 200000 300000 0 100000 200000
number of function queries/n number of function queries/n number of function queries/n

(a) Dataset: a9a (b) Dataset: w8a (c) Dataset: mushrooms

Figure 1: Comparison of function query complexity among three algorithms.

Comparison among zeroth-order algorithms: We compare the performance of our proposed ZO-VRGDA
with that of two existing zeroth-order algorithms ZO-SGDA [Wang et al.| (2020) and ZO-SGDMSA [Wang
et al.| (2020) designed for nonconvex-strongly-concave minimax problems. For ZO-SGDA and ZO-SGDMSA,
as suggested by the corresponding theory, we set the mini-batch size B = Cd; /e and B = Cdy/e? for
updating the variables x and y, respectively. For ZO-VRGDA, based on our theory, we set the mini-batch
size B = Cdy /e and B = Cdy/e for updating the variables = and y, and set S; = n for the large batch, where
n is the number of data samples in the dataset. We set C' = 0.1 and € = 0.1 for all algorithms. We further
set the stepsize n = 0.01 for ZO-VRGDA and ZO-SGDMSA. Since ZO-SGDA is a two time-scale algorithm,
we set ) = 0.01 as the stepsize for the fast time scale, and 1/k? as the stepsize for slow time scale (based on
the theory) where % = 10. It can be seen in Figure [1| that ZO-VRGDA substantially outperforms the other
two algorithms in terms of the function query complexity (i.e., the running time).

Comparison among different inner-loop length: We investigate how the inner-loop length affects the
overall convergence of ZO-VRGDA. We consider the following inner loop lengths {5, 10, 20,50, 100}. It can be
seen in Figure [2] that ZO-VRGDA converges faster as we increase the inner-loop length m initially, and then
the convergence slows down as we further enlarge m beyond a certain threshold. This verifies the tradeoff
role that m plays, i.e., larger m attains a better optimized y but causes more queries. Figure [2] also illustrates
that the performance of ZO-VRGDA is fairly robust to the inner-loop length as long as m is not too large.

10
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Figure 2: Comparison of ZO-VRGDA with different inner-loop lengths.

6 Conclusion

In this work, we have proposed the first zeroth-order variance reduced algorithm ZO-VRGDA for solving
nonconvex-strongly-concave minimax optimization problems. The function query complexity of ZO-VRGDA
achieves the best dependence on the target accuracy compared to previously designed gradient-free algorithms.
We have also developed a novel analysis framework to characterize the convergence rate and the complexity,
which we expect to be also useful for studying various other stochastic minimax problems such as proximal,
momentum, and manifold optimization.
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A Specifications of Experiments

The distributionally robust optimization problem is formulated as follows:

n
min ma ; vifi(x) = r(y),
where X = {z € RY}, YV = {y € R*|>" i = Ly; > 0,i = 1,---n}, 7(y) = 1030, (y; — 1/n)?,
fi(x) = ¢(I(z)) where ¢(0) = 2log (1 + g), I(z;s,2) = log(1+ exp(—zz"s)), and (s,2) are the feature and
label pair of a data sample. It can be seen that the problem is a minimax problem with d; = d and dz = n.
Since the distributionally robust optimization aims at an unbalanced dataset, we pick the samples from
the original dataset and set the ratio between the number of negative labeled samples and the number of
positive labeled samples to be 1 : 4. Since the maximization over y is a constrained optimization problem, we
incorporate a projection step after updates of y for all algorithms.

The details of the datasets used for zeroth-order algorithms are listed in Table 2]

Table 2: Datasets used for zeroth-order algorithms

Datasets # of samples | # of features | # Pos: # Neg

mushrooms | 200 112 1:4
w8a 100 300 1:4
a9%a 150 123 1:4

B Technical Lemmas

B.1 Preliminary Lemmas

We first provide useful inequalities in convex optimization [Nesterov| (2013)); [Polyak| (1963) and auxiliary
lemmas from [Fang et al| (2018)); [Luo et al| (2020).

Lemma 2 (Nesterov| (2013])/Polyak| (1963)). Suppose h(-) is convex and has £-Lipschitz gradient. Then, we
have

(Vh(w) — Vh(w'"),w —w') >

> 7 I9h(w) = Th(e)I (17)

Lemma 3 (Nesterov| (2013))Polyak! (1963))). Suppose h(-) is p-strongly convex and has £-Lipschitz gradient.
Let w* be the minimizer of h. Then for any w and w', the following inequalities hold:

’ ’ ME 12 1 "2
(Vh(w) = Vh(w'), w —w') > e lw — w3 + ] IVh(w) = VA3, (18)
IVh(w) = Vh(w')lly = pllw — [l (19)
2p(h(w) = h(w')) < [|Vh(w)] . (20)

Lemma 4 (Fang et al|(2018), Lemma 2). Suppose Assumptz’on hold. For any (z,y) € R4 x R% and
sample batch {&,- -+ ,&s}, letv =% 25:1 V.F(z,y,&) and u = %Zle VyF(z,y,&). We have

[\

Eflv — V2 f(.9)ll5] + Ellu — 9, /(@ 0)l5) < -

Lemma 5 (Fang et al.| (2018), Lemma 1). Let V; be an estimator of B(z:) as

Vi = Bs, (2t) — Bs, (2e—1) + Vi1,

14
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where Bs, = |51*‘ ZBies* B; satisfies
E[Bi(zt) - Bi(zt—1)|zo7 cee 72t71] = E[Vt - Vt71|207 te 7Zt71]~

Forallk=1,--- K, we have

1
E[[Vi = Vie1 — (Bs. (2¢) — Bs. (1)) |I5] < gE[||Bi(Zt) = Bi(z-1)|13 120, -+ » ze-1,

and

1
EW4—&%WmW,%ﬂ@SHW4—B@Fm@+ﬁﬂwwww—&®pm@%w~&pﬂ

Furthermore, if B; is L-Lipschitz continuous in expectation, we have

2

L
E[|[Vs — B(zt)|20, -+, ze-1ll5] < Vi1 — B(ze-1)|l3 + A

Efl|z: — Zt—ng |20, 201

We provide the following lemmas to characterize the properties of Gaussian smoothed function and zeroth-
order Gaussian gradient estimator. Consider a function h(-): R? — R. Let v be a d-dimensional standard
Gaussian random vector and p > 0 be the smoothing parameter. Then a smooth approximation of h(-) is
defined as h,(x) = E,[h(x + Tv)]. We have the following lemmas.

Lemma 6 (Nesterov & Spokoiny| (2017)), Section 2). If h(-) is convex, then h,(-) is also a convex function.

Lemma 7 (Ghadimi & Lan| (2013), Section 3.1). If h(-) has {-Lipschitz gradient, then h,(-) also has
£-Lipschitz gradient.

Lemma 8 (Nesterov & Spokoiny| (2017), Theorem 1). If h(-) has {-Lipschitz gradient, then for all v € R?,
we have |h(z) — h,(z)] < éﬁd.

Lemma 9 (Nesterov & Spokoiny| (2017), Lemma 3). If h(-) has {-Lipschitz gradient, then
IV hr(z) = Voh(z)|2 < T02(d + 3)3.

The following lemma characterizes the estimation error of a zeroth-order coordinate-wise estimator with
batch size Sy in lines 6 and 7 in Algorithm [I]

Lemma 10. Suppose Assumption @ and hold.  Suppose mod(t,q) = 0, and let €(S1,0) =
E[[[v: = Vafus (@6 o) 5] + Elllwe = Vi fuo (2, 90) 3] Then, we have

dq + d9)0?6% 402 2 2
e(S1,0) < % + Si n %EQ(dl +3)3 4 %z?(dg +3)3,
1

Proof. (B.56) and (B.57) in [Fang et al (2018) imply that

d026%  20°
Ell|v: — VoS (e, y0) 5] < =5 + o (21)
2 S1
and
dyl?6% 202
Blllue = Vo Sz m)15) £ =5 + = (22)

Then we proceed as follows:

Elllvy = Vi fu, (xtayt)”;} + Elllut — Vy fu, (ft,yt)H;]
< 2B[||vr — Vo f (@e,y0)|I5] + 2E[[Jue — Vy f (1, 90)|15]
+2E[[|Va fu, (@4, ye) — fo(xnyt)lli] + 2B [V fro (w6, y¢) — Vyf@n!!t)”i]

15



Under review as submission to TMLR

(22) 8 2 2 2
< (dy + do) 0262 + Si + %mdl +3)% + %ﬁ(dz +3)?,
1

where (i) follows from Lemma |§|, and (i7) follows from eq. and eq. . 0
We denote
F(x + mvi,y,&) — F(x,y,&
Glil(xay7yia§i): ( H1 Yy 5) ( yE)I/z
H1
and
F ey p ,
HH2($ay7wi7£i) = (1‘7y+‘u2w"’/f21) (xvyagz)wi

as unbiased estimators of V f,, (z,y) and V, f,,(x,y), respectively. Then we have the following lemma.

Lemma 11. Suppose Assumption [ holds, and suppose uy and us are standard Gaussian random vector, i.e.,
v; ~ N(0,14,) and w; ~ N(0,14,). Then, we have

E Gy (2, v4,60) = G (@', v, &)l ] < 2 + £ |l — o/ + 203 (dr + 6)° 22,
E (G (2,,11,6) = G (@9, vis ©)I] < 20ds + 0 lly — o/ + 203 s +6)°,
and
B {11 Hy (9,0, &6) = Hy (970,05 < 2(da + )22 [lo = '3 + 203 (da + 6)°22,
E [HHM (z,y,vi,&) — Hy, (2, Via&i)”i] < 2(dy +4)0° ||y — yng + 243 (da + 6)>2.
Proof. The proof is similar to that of Lemma 3 in [Fang et al.| (2018]). Here we provide the proof for

completeness. We will show how to upper bound the term E [HGM1 (x,y,11,8) — G, (x’,y,m,{)”ﬂ here.

Then, the upper bounds on the remaining three terms can be obtained by following similar steps. We proceed
the bound as follows.

E |:||Gl’«1 (937% Viafi) - Gll«l (.’E,y/, Vzafz)”i}

—F "F($+M1Vi,y;§i)—F(may;&') Flz+mv,y, &) — Fle,y &) |
= vy — Vi
J251 M1 2
—-F Flo+pmvi,y,&) — Fr,y, &) — (Vo F (2, 9,&6), avi) ”
H1 '
P+ mrny, &) — Fey, &) — (Vo (2,9, &), pavi) »
(1 '
2

+ <V@F(:C’yagl) - vxF(.T,y/,&), Vi>Vi

2
S IE F(Jf + ull/ivyagi) - F(xvyagL) - <V£F(x7y7§i)a,ulyi> Vi
251
2
B F((E + /ilyiayI?gi) B F(%?J’»fz‘) _ <sz($7y/7£i)vﬂ1Vi> Ui
H1 ’ )

+2E[ (Vo F(z,y,&) — Vo F (2,9, &), vi)vil3 ]
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2
< 4E F(‘r+ull/i7ya§i) - F(xvyagl) - <V£F(x7y7£i)a,u1yi> Vi ‘|
H1 )
o £ N - /¢ . 2
+4E F(er‘ul)/“y 751) F(x7y ;gl) <va(fE>y ,gl)a,ulyz>yi ]
H1
2

+ QE’[ ||<VIF(x7y7§Z) - vxF(xvy/7§i)7Vi>Vi||;]

F(.’L‘ + ulyi7y7§i) - F(%%ﬁi) - <va(xay>€i)aM1Vi> 2 2
< 4E ‘ vl
2
F(a 4 v,y &) — F(x, 4, &) — (Vo F(x, 9, &), mvi) | 2
4B . il

+2B[ (Vo F(2,y,6) = VaF (2,5, &), vi)uilly ]
(<) 22| ||v;|3] + 2B [ [|(Va F (2,9, &) — VaF (2,4, &), vi)vil|5 ]
< 203K ||v; ]3] + 2(di + DE[ |V F(z,y,&) — VaF (2,963 ]
< 2+ 67 1 2y + CE[y /3],
where (i) follows from the fact that for any a,a’ € R% and b € R%, we have
F(a,b,€) ~ Flal,b,€) — (VeF(a,b )0~ a)] < 5 lla— |,
because F'(a,b, ) has ¢-Lipschitz continuous gradient; (i¢) follows because

E([{a, vi)vill3) < (1 +4) llall,

obtained from (33) in [Nesterov & Spokoiny| (2017)), and (4i%) follows because IE[||1/Z||§] < (dy +6)3 in (17) of
Nesterov & Spokoiny| (2017)). O

B.2 Useful Properties for Zeroth-Order Concave Maximizer

In this section, we show some properties for the zeroth-order concave maximizer in Algorithm 3} For simplicity,
for any given t > 0, we define g¢(y) = —f(z¢41,¥) and g¢,, () = —fu, (Te41,y). Lemma [6] and Lemma
imply that g;(-) is p-strongly convex and has ¢-Lipschitz gradient, and g; ,,(-) is convex and has ¢-Lipschitz
gradient. We also define §; = argmin, g:(y). We can obtain the following two lemmas by following the same
steps in [Luo et al.| (2020)

Lemma 12 (Lemma 9 of [Luo et al] (2020)). Consider Algorithm[3 We have

m m
2 - - . 2
ZE IV 9t Gei)15) < ZELGe s (§2.0) = Gtpas (Fe.m 1)) + > B[Vt ek) — G kll3)-

B k=0
Lemma 13 (Lemma 11 of |Luo et al.| (2020))). Consider AlgOM'thm@ with any B < % and k > 1. We have
_ _ . - B -
B[V gt ez Gtk — e ll3] < BV Gts (Fe.0) — ioll3] + mﬂ“%d@]

The following lemma characterizes the recursion of E[||Vg ., (g}t ,,ht)||§] within each inner loop.
Lemma 14. Consider Algomthm@ Forany k>1 and B < 3 7, we have

s

2
E(|IV gt.p5 (G0 I3] < WE[Hth,uz(gt,O)H;]+E[Hv9t,u2@t,0)_ itoll5) +mE[ itoll5)
2 Mz

17
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Proof. Taking summation of the result of Lemma [13|over ¢ = {0, - - -m} yields
m
- - - . £B8(m + 1
> B9t ) — 2] < -+ D]V, 50) — 0ol + 22D
k=0

Combining eq. with Lemma [12| yields

E[[|is,0]13)- (23)

m

2
ZE[HV%M @er)l3) < BE[gt#z (#,0) = Gtz (Fe.mr1)) + (M + DE[ V1,05 (Fe.0) — iaoll3]
k=0
l 1
+ Z L Do) (24)

Dividing both sides of eq. by m and recalling the definition of m; in the output of Algorithm |3|yield

- 2 2 - - - 2
E[[V gt 1y (e, ) 15] < mﬂ‘:[gtm (t,0) = Gt (Ttm+1)] + E[I VGt 15 (G,0) — 3]

14 -
+ Bl ol (25)

We then bound the term E[gs 1, (72,0) — Gt,u2 (Ft,m+1)] as follows:

E[gt#w (gt,O) — Gt,p2 (gt,m-&-l)]
= E[g:(9¢,0) — 9¢(Ft,ma1)] + Elge,us (@e,0) — 9¢(Fe,0)] + Elgs (Te,m+1) — Gt,p0 (Tt,m+1)]
< Elg:(5t,0) — 9¢(Gt,m+1)] + El|ge,1s (Ge.0) — 96(Ge.0)1] + Ellge, 12 (Gt,m+1) — 9 (Gtmt1)]]

—
<
=

< El9:(96.0) — 9e(Te,m+1)] + palds
< Elgi(Ge0) — 9e(@)] + pzldy
(i5) 1 - )
< EE[”th(yt,U)Hz] + paldy
1 . 1 _ -
< ;E[”vgt,uz (%0)”3] + ;E[”v.gt,uz (§t,0) — Vgt(yt,O)”;] + pzldy
(@) 1 ~ 2 13 3 2
< ;E[HVQW (Fe,0)ll2) + @5 (d2 + 3)° + pzlds, (26)
where (i) follows from Lemma [§] (i¢) follows from eq. in Lemma [3| and (iii) follows from Lemma [9]
Substituting eq. into eq. (25)) yields
_ 2 2 _ 2 _ J— B _2
ElIV gtz (F,m)[15] < W]E[HVQLM (G015 + EllIVgt,us (Fe,0) — e oll5] + mﬂ‘:[”ut,o ]
;2 <'u%€2(d2 +3)3 + ;ﬂ%)
Blm+1) \4u )
which completes the proof. O

Lemma 15. Consider Algorithm @ Let Sy > 16k(de +4)6 and S < é. For any t > 0, we have

m

2 1 ~2
> Ellsld] < s Ellacol +
k=0

1 [2u2¢
m+1 [ F22F (4 3)% + 712 (dy + 6)3¢2]

1-bv| B

_ Bul
where b=1 — 2(;ﬁ4—é)'

Proof. The update of Algorithm [3]implies that

E[|| ¢, % \; | Ft,]

18
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~ 2 ~ ~ ~ ~ ~
- ||ut,k71||2 + 2E[<ut,k717H,u2 (xt,kvyt,kawMgng) - HM2 (xt,kflayt,kflvagué-M)Hft,k]

+ E[HHI»’Q (i't,kvgt,kaw/\/b?g/\/l) - HHQ (‘%t,kflvgt,kflvw./\/lzvg./\/l)”; |~Ft,k]

N 2 N L N N
= ||ut,k71||§ + B<yt,k: —Yt,k—1, vyfm (xt,krayt,k) - Vyfug (xt,kflayt,kfl»

+ Bl Hyo (Fe ke B> o €M) = Hpsy (B k-1, k-1, 0 p55 Er0) I3 | F ]
. 2, . . - _
= ||t p-1]3 + B<yt,k —Ttk—1, Vo f Tt.ks Je.k) — Vi f (Tee—1,Tt,k-1))

2 . L L
+ =Ttk — Jt.b—1, Vo Lus (Etes Tek) — Vy f (Te ke, Ue k)

N ™

+ — Tk — Jeo—1, Vo f (@e k=1, Tt.k—1) — Vi fro (Ze. k=1, Jeo—1))

ISy

+ E[HH/J,Q (i't,k7gt,k7wM27§M) - HHZ (‘%t,kfhgt,kfhw./\/lz?g/\/i)ng |]:t,k]

(1) 2 2 /,Lg 2 1 2
S Nap 1l = 2 <= G — G — Foon i) — R A
< e k-1l 3 (u+€ 1Tt — G ge—1ll5 + p, IVyf(Ztpe Ge) — Vi f (Ze -1, Gek 1)||2>
2 Y4 ~ N +/ N N .
+ 2 (gt 1 = a3+ 2219, ) = Vi ) 13
2 Y4 _ - +/ N ~ 5 -
+ B <4(:L+£) G, — Z/t,kleg + 'UW IV fus (@t k=1, Tt,k—1) — Vo f(@e -1, yt,k1)§)
+ E[HH/,LQ (-ft,kagt,kawM27€M) - HMZ (jt,kfhgt,kflaw/\/lzaé-/\/l)ng |]:t,k]

( ul 2

~ ~ 2 ~ ~ ~ ~ 2
ik = Gera |} = ———— |V ier) =V e
BT 0 ek — Ter—1ll5 Bt 0) IVyf(@eks k) — Vo f (T -1, Ue.6—-1) 5

i)
< Nk lls
p3t(p + )
Bu
14 . 2 L - -
< (1 22 Viracs = 52 190 G ) = TG,

+ (d2 + 3)% + E[|| Hyuy (Zt.50s Gt WMo €M) — Hiy (Bt o1, Feom 1, My » EM) 13 | Fek]

+ 2E[||HN2 (jt,k,gt,kawszfM) - HILZ (‘(zt,kfl,gt,kflawMgagM)
- (Vyfuz (jtkvgt,k) = VySu, (ft,k—lvgt,k—l))||g|ft,k]

o _ 3 20(p+¢
+ 2E[|Vy fus (Tt ks Tek) — Vi fus (xt,kfhyt,kfl)”g | Fei] + %(dz +3)3

4 5 2 - 5 _ -
< (1 22 Naracs = 52 190 G ) = TG,

+ QE[”H#’Z (jt,k, gt,ka WM27£M) - Hllz (jt,k—lv gt,k—lawa gM)

- (Vyfuz (jt,kagt,k) - vyfug (jt,k—17gt,k—l))H%LT:t,k]
+ 6E[[|Vy f(Zek, TUek) — Vyf(Zep—1, ﬂt,kf1)||§ | F.kc]
+ 6E[[|Vy f (&t k-1, Tt k1) — Vi fuo (Te -1, @t,kq)”g | Ft.c]
Ty RN p3t(p + ) 3
+6E[[|Vy frs (Tt Gt.k) — Vo f (Tt ks Gew) 5 [Fe 6] + T(dQ +3)

/ N 2 ~ ~ N .
< (1 - f”) ||Ut,lc—1H; - (W - 6) ||Vyf(33t,/wyt7k) - Vyf(fﬂuk—l,ymk—l)ﬂg
2

+ gE[HHuz (Tt Ut b, wis &) — Hp, (ft,kqaﬂt,kqwmfi)\@ | F ]
y

)

20+ ¢
332 (dy 4 3)° + 12O g gy

B
(iv) ¢ - 2 - - .
: (1 e ) e -1 ll5 + o Bl Hyua (Feres G i, &) = Hpup (Frn1, Gepo—r w3, €0 5 | Feonl
p+e Say
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. 20 14
+ 30303 (dy + 3)° + M(glj)(dz +3)°
) Bul ) ) ) 909 11~ 2 2 32
v ([, But 2
< (1 ,u+€> ([T k—1ll5 + Say {Q(dz AL g g1y + 203(d2 + 6)°¢ }
3+ 0
+3H2€2(d +3) %(d2+3)3
1 4 5
= (1= 2 G+ 8 s
4 B+t
+ g, KBl 607 + 3Rl 1 3) ’”([;,f)% +3)°
(vi) Bl N\ . 2, 1301 +k) 3 47,2 342
W L2 B G, 4 3)8 4+ Tud(de + 6)30% 27
e ( Q(qug))Hut’k 15+ 5 (do +3)” + Tus(dz + 6) (27)

where () follows from eq. in Lemma (3| and Young’s inequality, (u) follows from Lemma @ iii) follows
from Lemma 1 in |Fang et al.| (2018)), ( v) follows from the fact that BT +€) —6 >0, (v) follows from Lemma

and (vi) follows from the fact that g (d2 +4)232% < 2(@12) Taking expectation on both sides of eq. 1'
and applying eq. (27) iteratively yleld

. i 2030k - .
B[l 1 [15] < b¥E[||ie oll5] + { M; (d2 +3)° + Tp3(do + 6)342] v (28)
=0
Taking summation of eq. over k = {0,---m} yields
- 2130k A,
> B[l k3] < Zbk { P28 (dy + 3)3 + 7p2(dy + 6) ZZ]ZZZJJ
k=0 k=0 j=0
1 o mA1 2030k 3 2 3,2
< —=FK _—
< pEllanall] + T |22 4 3+ Tl + 0.
which completes the proof. O

C Proof of Theorem [1I

Following steps similar to those in Lemmas [I12H14] at the ¢-th outer-loop iteration, we obtain the following
convergence result for the inner loop:

E[||Vps (i¢)]|2]
2 B[V, (wo)|12] + El[Vpr (o) — volZ] + —2—E[jvo2]

< _
Tt +1) 2ty
— (TQéQ(d+3)3+ 2&1)
T 1N - T
YT +1) \4p
2 20y 2 20y 9
< E 1 E _
< (%U(I-i-l) + 2—%) VD (wo) 5] + ( + 5 47) [1Vp+ (wo) — vol|?]
(I +1) \4p

Then, following steps similar to those in Lemma [I0, we can obtain

202 d*6* %, 3
B, + 5 —l—?ﬁ (d+3)°. (30)

E[||Vpr(wo) = woll3] <
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Letting v = %, I = 36k — 1, substituting eq. into eq. , and recalling the fact that w; = @; and
wo = Wy—1 yield

502  5d(?6% 1172 T2
Bl|Vpr (@) I2] < 5Bl Vo (@) 2]+ oo + 2005 + @43 + tud (31)
1
Applying eq. iteratively from ¢t =T to 0 yields
502 2 1
B[ Vpr () 3] < 57 [9p- (@) + 57 >~ o
5d%6> 117 — 1
+( R (d+3)* Eud)g;?
1 502 bd(*5% 1172 , 3 T2
< = —lpud.
< o7 IVp- (0 )||2+B e g A3+ S ld (32)

Letting T" = log, M B, = 25‘7 , 0 = 2¢> we have

0.5
J— 3 €
52d0 5, and T = I’l’lln{W7

2e
5md} )
NS
E[IVp-(ar)ll3] < e
The total sample complexity is given by

T-(I~Bg+d-Bl):O(d(m+1)10g(1)>.

Extension to the finite-sum case: ZO-iSARAH in Algorithm [2] is also applicable to strongly-convex
optimization in the finite-sum case, where the objective function takes the form given by

min p(w) £ 3" Plusé). (33)

weRd
To solve the problem in eq. , we slightly modify Algorithm [2| by replacing line 5 with the full gradient.
Following steps similar to those from eq. to eq. , we have

252 2
5di5 1 s +3)°+ géud.

E[||Vp, (@r)]5] < 2T IVp- (o) 15 +

Letting T = log, Y270 5 — 7 and 7 = min{ gfrgres \/ Tid}, we have
~ N2
E[[[Vpr (@r)][3] < €
The total sample complexity is given by

T.(I.Bg+d.n)o<d(ﬁ+n)1og<1)>. (34)

Let P(;¢) = —F(xg,;£). Then we can conclude that the sample complexity for the initialization of
Algorithm (I} is given by O (da2xlog(k)) in the online case, and is given by O (d2(k + n)log(x)) in the
finite-sum case.

D Proof of Theorem

D.1 Proof of Supporting Lemmas

We define A = E[|[Va fu, (w4, 5) = vell3) + Bl Vo frun (@, 50) = well3)s A7y = EUVafius @ Ge) — Till3) +
ElVy fus (&t Gt k) — at,ng], and 0; = E[||Vy fu, (xt,yt)Hg] In this subsection, we establish the following
lemmas to characterize the relationship between A; and A}, and §; and 4;, and the recursive relationship of
A} and 4, which are crucial for the analysis of Theorem

21



Under review as submission to TMLR

Lemma 16. Suppose Assumption[q holds. Then, for any 0 <t <T —1, we have
13 13
A, <24, + 7122(651 +3)3 + 7%2(@ +3)3,
and

2
5, < 28] + %42(@ +3)3.

Proof. For the first inequality, we have

Ay =E[|[Vaf (@r,ye) — velly) + E(IVy f (@, u1) — wlf3]
= E[|Vafu, (@, y0) — 00+ Vaf (@, ye) — Vo fu (@ y0)l3)
+EVy fua (e, 01) — e + Vy £ (22,50) — Vo o (e, u1) 3]
< 2E[| Ve fouy (w0, 92) — vell3) + 2BV foun (1, 92) — we3)
+ 2BV f (e, 4r) = Ve Fun (@, y) 3] + 2E[|Vy f(@e, 41) = Vo Fuo (@, 30) 3]

) / /ﬁ 2 3 :uig 2 3
< 2A; + 2£ (dh +3)° + 2£ (d2 + 3)°,
where (i) follows from Lemma @ For the second inequality, we have
8 = E[IVy f@e yo)ll3) = BUIVy L (20, 00) + Vo F (@, 90) = Vo o (@1, 90) 5]
< 2E[HVyfu2(wt,yt)H§} + 2E[[|Vy f (e, y2) — Vyfm(:vt,yt)llﬁ}
(@) 2
< 200 + %fz(dg +3)3,

where (i) follows from Lemma [9] O

We provide the following two lemmas to characterize the relationship between d; and d;_; as well as that
between A} and A;_;.

Lemma 17. Suppose Assumption[3 holds. Then, we have

6€2ﬂ2 dy+4 do + 4 66262 di+4 do +4
A< |1 Al Y
t_[Jrl—b(Sz,m " Sa,y )} t_1+1—b<52,z " 52,y>t_1

dy+4  dy+4 90232
+20%0° (392 + 252 > (1 +7 _Bb> Elllve-1]13] + wa(dy, do, 1, pi2),
s L 'Y

where b=1 — % and

TA(di, da, i, p12)

2€2ﬂ2 dy +4 do +4 2 u%(dl + 6)3 ,u%(dg + 6)3
— 1
10 ( Spn T 52,y> o¢ [ S S, %(m* I

s

2u3lk

(dy +3)°

2(m + 2)p3 (dy + 6)3¢2 N 2(m + 2)p3(dg + 6)3¢2
S2,x SQ,y .

+ Tp5(d2 + 6)362) } +

Moreover, if we let § = 1%@’ m =104k — 1, Sa 5 > 5600(d; +4) and Sz, > 5600(ds + 4), then we have

wa(dr, da, s po) < K2C[ET(dy + 6)° + p3(ds + 6)7).
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Proof. We proceed as follows:

Vi
A
/
- At 1,me—1
. . . 2
=E ||vzfu1(xt—l,mt_layt—l,ﬁu_l) — V1,4 ||2

(1)
< E{ | Vafn (@1, —1, Pe—1m0 1 1) — @t71,mt_171||;}

. _ _ _ 2
+ TE[ Gy @10 1s Trti0s 15 Vir &) = Gy (Be—1my =1 Pe—1,000 11 Vzwfi)HQ}
2

1) ~ B _ 2
< E{ |V s (Fe—tmey—15 G171 —1) — 'Utfl.,rht_171||2:|

1
+g- [2(d1 + 4B,y 1 ||5] + 263 (da + 6)362} ; (35)

s

where (i) follows from Lemma [5] and (i¢) follows from Lemma Applying eq. recursively yields

E[ ||meu1 (Tt—1mp1s Tt—1700 1) — Dbty 4 H;}

me_1—1
v 7 7 2(dy +4)0*B2
< E[ IV fui (F-1,05 t-1,0) — vt_170||§} + 2(di + HEF” Z E

~ 2
G (s

k=0
2113 (dy + 6)3¢2
+
S2,w

. _ N 2(d +4 252 &
< E[ IV frur (E2-1,05 Gt—1,0) — Ut—l,OHg} = ZE [e—1,kll5]

2 302
2(m + 1);;’12(d1 +6)°¢ . (36)

+
Similarly, we obtain

E[ (Vg frua Ft—tmeys =1, 1) — Tt—1,ms s Hﬂ

m

. _ _ 2(d +4 232
SE[Hvyfm(wtq,oyytq,o) _Ut71,0||§:| S ZE | @e—1,kll3]

2 302
N 2(m + 1)pus(ds + 6)°¢ . (37)
Say

Combining eq. and eq. yields

~ 2(dy +4)0232  2(dy +4)02B%
A;SA;1,0+(“SZ) Z Aty B)Z (O
z Y

s

k=0
Dp2(d 302 9 1) 2 (d
n 2(m + 1)pi(dy + 6) n (m + 1)u3(da +6)3¢ (38)
527£E Sz)y

For Aj}_; o, we obtain

52—1,0 =E[|IVafu, (Te-1,0,Ft-1,0) — 5t—1,0||§] +E[[Vy frue (Ft-1,0,Tt-1,0) — @t—l,OHE]
(4)
S E[|Vafu (Ze—1,-1,Te—1,-1) — 171571,71”;] +E[|Vy fru(@Te—1,-1,Te—1,—1) — ﬁt71,71||§]
1
ts

2,z

E[|G(Zt,0, 1,0, Vis &) — G(Zt,—1, T, —1, VM”fi)H;]
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+ SiE[HH<-%t,Oagt707 Viagi) - H(jt,—lagt,—la V./\/lngz)”g]
2y

(i) 2dy +4)2a? 2(dy + 4)02a2
< g (AR T AR IT e,y
52,.15 SQ,y
2u2(dy +6)3¢0%2  2u2(dy + 6)3¢2
ul( 1+ ) + MQ( 2 + ) 7 (39)
Sz,x S2,y

where (i) follows from Lemma 5] and (i7) follows from Lemma [I1] Substituting eq. into eq. yields
2(dy +4)0Pa?  2(dy + 4)0%a?
s a4 (AEDEC AL LIPS gy,
S2.0 Sa,y
2(dy +4)0232  2(dy + 4)2% &
E[
+< So .z N S2,y Z e~ 1k”
20m + 2y +6°C 2m+ 2)4(dy + 68
S2,m SZ,y
Q) 2(dy +4)02a?  2(dy +4)0?a?
<y (HOHEE | HEEDED g,
S2,3: SQ,y
2(m + 2)p3 (dy + 6)3¢2 N 2(m + 2)p3(dg + 6)3¢2
S2,m SZ,y
2026% (di+4 dy+4
Elli
1w ( Soe | Say )[ |

§]+(m+1)( ;g’f”(d +3)3 +7u§(d2+6)3£2>] (40)

where () follows from Lemma We next bound the term IE[Hﬁt,LOHg] as follows:
E{]|@—1,0l5]

= E[||t—1,0 = Vo (@t Y1-1) + Vi fro (@0, Y1-1) = Vi Frua (@1, %1—1) + Vi fruo (@e—1, -1)|[3]
< BE[|s-1,0 = VyFuo (@t 4e-1) 5] + BBV Fuo (@1, 92 -1) = Vy Fo (@61, y2-1) 3]
+ 3E(Vy fya (@11, 50-1) 5]
%) BE[|i-1.0 — Vyfus (e ye-1)ll3] + 3CE[|Jze — ze—1 3] +36]_,
= 3E[[|dt—1,0 — Vy fus (Tt—1,0, Gt —1 0)||§] +3a0?E[[lv—1 [|5] + 37,
<B4} o+ 32 CE|or1 ]3] + 35,

(i1) 6(dy +4) 6(dy+4 2(dy +6)3 2(dy +6)3
< 34, +35)_ 1+{3+ (a+d), Sldy+ )]a2£2E[||vt_1||§]+6€2 [“1( 1+ 6, #alda +6)
52 x S?,y Sz,w Sg’y
(ii4) 2(dy +6)3 2(dy + 6)3
< 3AL 438, + 902K |lue_1 7] + 662 [“1(51+ ) +“2(52+ ) ]
2,z 2,y

where (i) follows from Lemma [7] and (i) follows from eq. (39), and (iii) follows from the fact that
So» > 2(dy +4) and Sz, > 2(d2 + 4). Substituting eq. into eq. yields

60282 [ d 4 d 4 60282 /d 4 d 4
Agg[u ﬁ<1++2+)]A;1 ,5’(1-5-_’_2—1-)21

(41)

1-b

S92 4 Sy 1-=b\ Sz Sa,y
+ 20207 (dls:l + dg;’f) (1 + 9162_63 E([[v;—1]5]
N iﬁiﬁz (d;:;l N d;:yzl) { [ 1(di +6)° E(cgz 6>3} + (m+1)(2“3€”(d2+3)3
T 7R (ds + ﬁ)sgz)} 2(m + 2t (ds + 6)362 | 2m+ 2p3(ds + 6

Soa Say
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(4) 60282 (di+4 dy+4 6026% (dy+4 dy+4
<{1+ 5(1++2 >:|A7/51 5(1 +2+)£1

- 1-b 52_’1 527y 1-b SQ,m SQ,ZJ
di+4 dy+4 903
+2€2042 17 + 2 1+ ﬁ IE[”Ut_l”;] —|—7TA(d1,d2,,U,1,,U,2), (42)
S2.4 S2.y 1-0b
where (i) follows from the definition of 7. O

Lemma 18. Suppose Assumptions@-@ hold. Let Sz, > 2dy + 8 and Sz, > 2dy + 8. Then, we have

4 3058 2+ 248 40202 903 B2 ,
! < / - / o 2 92
s <6u(m+ D2 w) N <5ﬂ(m+ 20t + 5 g ) Elllvealla]

+ 7T5(d17d27,u1a,u2)7

where

20%(2 + 20) (u?(dl +6)° | pa(dat 6)3> L2 (uz 2
213 Soe Say Blm+1) \ 4

s

ms(di, dz, i1, p2) = (da2 + 3)* +u§€d2).

Furthermore, if we let § = m = 104k — 1, then we have

2
13¢7

1
ms(di, d2, pa, p2) = *M152(d1 +6)7 + 3u50%(dy + 6)° + guguédz
Proof. Using the result in Lemma and recalling the definition in Appendix that Vg, (Ge,m,) =
Vyf(@e,ye) and Vg, (Gt,0) = Vi fu (Te41, Y1), we have

2 8

2 ~ ~ 2 ~ 2
Oppq < WE[”VMM (@1, y)[15] + Ell[V Gt (Ge,0) — Geoll5] + mE[HUt,OHQ]

2 13
Bm +1) ( (dy + 3)° + p3 5032)
2 ¢ N
< e B e sl + By + 5 Bl )
2 13
+ m < EZ(dg + 3) + M%Edg)

4 4

< Gt T BV s @ 90) = Vi@ 00)la] + 5o R BUV y foa (o, o)1)
+ AL+ %E[ s.0l13] + ﬁ <Z2£2(d 3)3 +u2€d2>

< %E[Ilvtli] + m@ + &0+ ww e oll?]
+ ﬁ (ﬁeZ(dQ +3)% + u%%)

e Bl +

2 3
+ Ay + 2000°E |lvg 5] + 262 <“1(d1 +0° , pa(d2 1 6) >
52790 Sgyy

s / / 2 92 2 o (13(d1 +6)3  p3(ds +6)3
+ 505 {3At + 30, + 907" E[||ve 5] + 64 o 4 5

2 M% 2 3 2 )
— [ Z=%(dy + 3 ld
+ﬂ(m+l) <4u (dz +3)° + pzld

. 4 3058 , 2428 , 40202 s? 1 903802
- (Bu(m+1) +245>5t+ 2 (8 Af+(5u(m+1) +20a%+ 5 ) E[l[ll3)
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20%(2 + 2P) <u?(d1 +6)°  p3(do + 6)3> 2 (u% > 5, 2 >
+ + + ==0%(do + 3)° + pslds |,
208 So0 Say Blm +1) \4p (d2 +3)" + patdz
4 303 2+ 2083 40202 903 B0 9
< 5 Al 20%a* E
_<ﬁu(m+1)+2—€6> S 1s t+<ﬁu(m+1)+ o+ 5 —gp ) Ellvdk]
+W5(d17d27ﬂlvﬂ2)7 (43)
where () follows from eq. and eq. , and from the fact that Sy, > 2d; + 8 and Sz, > 2ds + 8. The
proof is completed by shifting the index in eq. from t to ¢t — 1. 0O

D.2 Proof of Theorem

We first restate Theorem 2] as follows to include the specifics of the parameters.

Theorem 4 (Restate of Theorem [2| with parameter specifics). Let Assumptions |44, and @ hold and apply
Z0-VRGDA in Algorz'thm to solve the problem in eq. with the following parameters:

¢ = ! _ 1 g2 2800k
T T Um e T T Bt 1)
5600(d; + 4 5600(ds + 4
m = 104Kk — 1, SQ,I — M, 5’27:[/ — M,
€ €
4032002 k2 Blze) — & 810
Sy = /=T = max{1728(k + 1)¢ <x0)2 S
€ €

€
€ €

€
= ——M = = .
Ttvd, 1y’ 7 T1R250(dy + 6)15° 1T T1e250(dy + 6)15
Algorithm [1] outputs & satisfies that

E[|[Ve(2)[l,] <e

with at most O((dy + da)k3€~3) function queries.
Proof. By Lemma [1} the objective function @ is L-smooth, which implies that

LO[2 2
@(l‘t+1) S @(It) — O(<Vg;¢(l't),’0t> + T ||UtH2
Lao?

2
= el

= D(x1) — (Vo D(x1) — v, vr) — o Juelf5 +
@) a 2« 2 2 Lo? 2
< D(zy) + 3 Ve ®@(zt) — vell3 + 3 [velly — evfloelly + - [[vell5

a 2 a La? 2
< 0w + 5 19:00e0) - (§ - 55 ) Il

2 2 [0 LO&2 2
S O(x4) + || Vo ®(xi) — Vo f(@e,ye)ll; + al|[Vaf (@, ye) — velly — 375 vz 15

(i1) a La?
< (o) + ar? |V f (e, ye)lls + @[ Vo f (2, ) — vells — (2 - 2) o], (44)

where (i) follows from the fact that (—1)(Vo@(z:) — ve, ve) < 3 [V ®(a¢) — vt||§ + 3 ||vt|\§, and (ii) follows
from the fact that

IVoB(xe) — Vo f (@ ye)lls = Ve (e v (@) — Vaf(@eye)lls < ly* (2) — yel2

eq. [19) g2 .
i o IVuf ey () - Vo f (@, ye)a = 62 IV f (e, 50) -

Taking expectation on both sides of eq. yields

Bi8(z1a1)] < EIR(@0)] + B[V, for )] + BV f o) = )~ (§ - S ) Elbual)
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a La?
< B[(z2)] + ak6, + 0y — (2 - 2) EfJue]2).

Using the property in Lemma [I6] we obtain the following
9 a La? 2
E[@(zi41)] < E[@(z1)] + ok + 0l — | 5 — —— | EflJoe][3]

(@) °
< Bloa)] + 205, + 20— (- 5 ) Bl

n poc(k? + 1)

T 2(dy +3) + (4 3)°,

Rearranging eq. and taking the summation over ¢t = {0,1,--- ,T — 1} yield

o La2\ Tl T-1 -1
(5 - 55 ) S Ellull] < #(e0) - BiB(er)] + 2002 35+ 20 Y A

t=0 t=0 t=0
+aTn(dy, da, 1, pi2).-

Note that in eq. we define

p3 (K% +1)

2
T (dy +3) + %EQ(dl +3)3.

7(dy, da, pa, p2) =

Then we proceed to prove Theorem Theorem in the following three steps.

Step 1. We establish the induction relationships for the tracking error and gradient estimation error with
respect to the Gaussian smoothed function upon one outer-loop update for ZO-VRGDA. Namely, we develop
the relationship between &, and 0,_, as well as that between A, and A}_,, which are captured in Lemma

and Lemma [18

Step 2. Based on Step 1, we provide the bounds on the inter-related accumulative errors ZtT:_Ol A} and

1 01 over the entire execution of the algorithm.

We first consider ZtT;()l Al for any (np —1)g <t < T — 1. Applying the inequality in Lemma [17| recursively,

we obtain the following bound

60262 (di+4 do+4 60282 (di+4  dy+4
A< |1 A /
t—{ 1 ( Son | Sa, ﬂ T ( Soe | Sa, ) =1
di+4 doyt4 90232
202 (;2+ . ><1+1 ﬁb)Euvmni]+m<d1,d2,u1,u2,52)
»T Y
_ H6£252 ditd  dp+4 -
- 1-0 5271 Sgy
60267 (dy 44 dy+4 Z 1+6€262 dit4, dytd ’H'a,
1-b SQ@ S27y 1-b S2 SQ,y P

p=t
t—1

di+4 dy+4 90232\ & 60282 (di+4 do+4\]""
2022 (212 1 1
+€a<52,z i 52,y><+1—b ; T s, s,

t—1

+ma(dy, da, i, piz, S2) Y [1 +

p=t

(i) 60232 (d1 +4 do +4> = 5
t
7t/

60267 (dy+4  dy+4 Pt
16\ S20 | Sa,

<24,
- vt 1-0 Sg,ac 5271,
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di+4  dy+4 9@252 -
20202 [ E[|
* @ < S2m + 521/ )( Z |th
k) ER> p t/
+27TA(d13d27,u17,u2352)7 (49)

where (i) follows from the fact that

602682 (dy +4 dy+4\1""
[1+ 5(14—_’_2—1—)}

1-b \ Saw | Sa,
232 q
< 1+6€5 d1+4+d2+4
1-b \ S | Say
2 n2
(id) = (dsl;f + ?;f) (iid)
=1 6( 1)52ﬂ21d+4’d+4 =2
—
1 - 1-b ( 5}2@ + 5%2)1, )
where (i7) follows from the Bernoulli’s inequality [Li & Yeh/ (2013])
TC 1
T4 <14—1C [—1,7)7 1,
(1+¢)" < +1—(r—1)c or c€ ) (50)

-1
and (%) follows from the fact that ¢ = (1 — b) (% + M) . B = 22, (% + %) < 1, and
y T » T Y

S2,y
b=1- which further implies that

el
6q08° (di+4 | dot4 6q0°B% (di4+4 | dotd
10 (sm + 52,y> 16 \ S5 T 5oy 64232
< = < 1.
1— 6(q—1)¢252 (di+4 + do+4 1— 6¢l2B2% (di+4 T do+4 1-— 66252
-5 S2.0 S2.y -6 \ S2. S2.4

Letting ¢’ = (nr — 1)q and taking summation of eq. over t = {(np —1)q,--- ,T — 1} yield

60282 (dy +4 dy+4\ <=
/ !
S A <2AT - (nr — 1)g) A, 1>‘1+1—b<52,x + Sz)y> > Z 5

t= (nT Dgp=(nr—1)q

di+4 dy+4 90232 ,
92 2 2 17 1 B
+20a ( S2.4 + Sy ) ( + 1—-b Z Z [HUsz]

=(nr—1)gp=(nT—1)q

+2(T — (nr — 1)g)ma(dy, d2, pa, p12, S2)

(5) 6q02B% (di+4 do+4\ =
< AT — (g — Vg)e(sr,0) + S (B & 34
]-_b S2z S2.y
’ ’ t=(nr—1)q
di+4 do+4 90232 -
2 2 1 2 9
’ ’ t=(nr—1)q
+2(T — (nr — 1)q)ma(dy, da, pi1, p12)
T—2
=2(T — (ng — 1))e(S1,6) +6£28° Y 4,
t=(nr—1)q
90252\ =2 )
roet-n) (14 55) X sl
t=(nr—1)q
+2(T — (nr — 1)q)7a(dy, da, p1, po)
T-2 T-2
<2AT - (n — 1)q)e(S1,0) + 68 > 61 +20% (1+98%) > E[l[velf3]
t=(nr—1)q t=(nr—1)q
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+2(T — (nr — 1)g)ma(dy, d2, pa, p12)

(i1) 1 T-2 T-2
2
< 2T = (nr = 1)g)e(S1,0) + = > s+3a® Y Efull)
t=(nr—1)q t=(nr—1)q

+ 2(T - (’l’LT - 1)(])7TA(d17 d27 M1, /1/2)7

where (4) follows from the fact that A’ < €(51,6) for all n < ny (following from Lemma ),

(nT*’ﬂ)q
T-1 t—1 T-2
o> &<a Y b
t=(nr—1)g p=(nT—1)q t=(nr—1)q
and
T—2
2 2
Z Z Elllvells) <q Y Eflfvell3),
t=(nr—1)g p=(nT—1)q t=(np—1)q

and (i7) follows because 8 = ﬁ. Applying steps similar to those in eq. for iterations over t =

{(nr —ne)q, -+, (np — ng + 1)g — 1} yields

(np—ni+1)g—1 1 (np—ni+1)g—1 (np—ni+1)g—1
> A< 2ge(S1,0) + = Soooq+3a® > E[|ulf3]
t=(nT—n¢)q t=(nr—n¢)q t=(nr—n¢)q

+2qma(di, da, p1, o).

Taking summation of eq. over n = {2,--+ ,nr} and combing with eq. yield

T—1 = T—1
A} < 2T€(51,6) + = 5, + 30202 Z E[||v:]|3] + 277 a(dy, da, 1, 12)-
t=0 t=0 t=0
T— 1 r Qs
Then we consider the upper bound on ), ;" d;. Since m = -2 — 1 and = 13@, Lemma [18] implies

1 5
d; < 552_1 + ZA;_l + 302%E|[ve—1|5] + 75 (d1, d2, i1, pa)-

Applying eq. recursively from ¢ to 0 yields

t—1 t—1 t—1
1 5

1
6/ — 2t , + Al +3€2 22 |Up|| ]+7T§(d1,d27/$17,[1;2)
p— p=0

Taking the summation of eq. over t = {0,1,--- ,T — 1} yields

— T 1t—1 1 T—1t—1
/ / / 2 2
25 <% Z 4222# +3202 Y S Bl )

t=0 p=0 t=0 p=0

T—1t—1 1

+ 7s(dy, da, pa, pi2) o

t=0 p=0
2

5 -
< 26, + 3 Z A + 60202 Z E[||ve]|3] + 2775 (dy, da, i, i)

t=

(54)

(55)

(56)

We then decouple the bounds on ZtT;()l A} and ZtT;()l 0; in Step 2 from each other, and establish their

separate relationships with the accumulative gradient estimators ZiT:_Ol E[||vt\|§}
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Substituting eq. into eq. yields

T-1 9 T-2 5 T-2
’ ’ 292 2 1
;:0 A < 2Te(S1,0) + ?50 + 4a”f ;:0 E{|lve 5] + 7l ;:0 Al

2
+ 2T A(dy, da, i1, p2) + §T7T5(d17d2,#1,u2)7

which implies

T-1 1 T-2
Ay < ATe(S1,6) + 50 + 7022 3 Effuell}]
t=0

1
+§T7TA(d1,d2aM17IJ2)+4TW6(d17d2aM1aM2)~ (57)

-
Il
=]

Substituting eq. into eq. yields

T-1 T-2

> 6; < 10Te(Sy,8) + 46, + 240202 > " E[[lv 3]
t=0 t=0
+ IOTWA(d17d27H’17/’(‘2) +4T7T5(d1,d27/.1/1,/.l/2)- (58)

Step 8. We bound ZiT:_Ol E[Hvt”g], and further cancel out the impact of ZtT:_Ol A} and ZtT:_Ol d; by exploiting
Step 2. Then, we obtain the convergence rate of E[HV@(@)H%]

Substituting eq. and eq. into eq. yields
o La?\ 1= 9
(5-5%) T et
t=0
T—1

< B(wg) — E[@(wr)] + (2062 + 8)aTe(S1, ) + (8x° + 1)adh + (485> + 14)a*2 3~ E[[[vy||?
t=0
+ (20k* + 1)aTma(dy, d2, p1, p2) + (8x% + 8)aTws(dy, da, 11, pi2) + oT'w(dy, do, i1, pi2)
Y 4(a0) — Ed(zr)] + B%aTe(S0.8) + 9nadh + 620°L2 3 Eful)
t=0
+ 21520l A(dy, da, pa, p2) + 1662 aTms(dy, do, py, pio) + T (dy, da, i, ), (59)

where (i) follows from the fact that L = (1 + )¢ and £ > 1. Rearranging eq. (59)), we have

T-1

a La? 2
(2 Ty T 62L2043) Z Eff[vel3]
t=0
< ®(xg) — E[@(27)] + 28k%aTe(S1, ) + Ix*ad),
—+ 21K2aT7TA(d1a d27 M1, MQ) + 16’%205T7T(5(d1a d27 M1, /’[’2) + aTﬂ-(dlv d27 M1, /’(’2) (60)
Since a = ﬁ, we obtain
a La? 214 1
— - T —62L%° = > —. 61
2 2 ¢ T 13824L < T2L (61)

Substituting eq. into eq. and applying Assumption (1] yield

S

E[||v:]|3] < T2L(B(x0) — D*) + 84k>Te(Sy, 8) + 2728

~
I
o
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+ 63k*T A (d1, do, i1, o) + 485> Tms(dr, do, p1, p2)
+ 3T (dy, da, p1, pi2)- (62)

We then establish the convergence bound on E[||V®(Z)||,] based on the bounds on its estimators Z?Bl E[||v ||§]
and the two error bounds 31" A}, and Y2/ ' ).

Observe that

T—

1 T-1
B[[VS(2:)[3] < Y E[IVS(x1) = Vaf (@, y0) + Vaf (1, 50) — ve + i3]
t=0 t=0
-1
<3 (EIIV@(@e) = Vafwe, y0) 3]+ ElIVaf (e, v0) = vill3] + Ellloel3])
t=0
T-1
<33 (WEIIVy Sz y)lI3] + EVas (e ) — vil3] + Eloe]3])
t=0
T-1 T-1 T—1
<3e2) 6 +3) Ar+3> E[l|vf3]
t=! t=0 t=0
(i) T-1 T-1 T-1
= 6K2 262 +6 Al/‘/ +3 ZE Hth ]+3T7T(d17d2,li1>/l2> (63)
t=0 t=0 t=0

where (i) follows from Lemma Substituting eq. 7 eq. and eq. into eq. yields
T—1
B[V (x:)|3]

0
< (60K% + 24)Te(S1,8) + (24K + 3)8h + (60K% + 3) T a(dy, da, 11, p2)

~

T-1
+ (2452 + 24)Trs(dy, do, i, i) + (144620207 + 420207 4 3) > E[[[ve 3]

t=0
+ 3T7T(d17 d27 M1, /1‘2)

)
< 84K%Te(S1,0) + 27K%6) + 63k>*Tm A(dy, dao, i1, po) + 48K2Ts(dy, da, 1, f12)
T-1

+4 Z E[”vt”a + 3T’/T(d1, d2a M1, ,LLQ)
t=0

(i4)
< 288L(D(x0) — ) + 420k Te(S1, 6) + 135620} + 31562 T a(dy, da, i1, 2
+ 240k T (dy, da, pr, pi2) + 15T (dy, da, i1, f12). (64)

where (i) follows from the fact that k > 1, L = (k 4+ 1) and a = 537, and (i) follows from eq. . Recall
L = (1+ k){. Then, eq. (64) implies that

E[|Ve(2)]5]

D — P* 135k24!
< 288 (ks + 1)£% + 420K%€(S1, 6) + ; 0
+ 315K A(d1, da, i1, pi2) + 240k>75(dy, da, pa, p2) + 157 (d, da, i1, 12). (65)

Recalling Lemma [I0] we have

dy + d2)£2(52 402 ,u% 2

2
6(5176) S ( D) Sil 7 (dl + 3)3 + %£2<d2 + 3)3
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If we let 0) < L, T = max{1728(x + 1)545(96067)2_45*7 8lon}, 51 = 403260#, and further let § = ———fo—ery 1 =

WM and g = W, according to the definition of €(S7,d) (Lemma , wa(dy,do, pi1, p2)
(Lemma , 7s(dy, da, p1, p42) (Lemma and 7(dy,ds, p1, u2) (eq. ), then we have 420x%¢(S1,0) < %,
and

62

315%27TA (dlu d27 M1, ,u2) + 240’%271—5((117 d27 M1, /1/2) + 157T(d17 d27 M1, /1'2) S 57

which implies
E[|Ve(2),) < \VE[IVE@)]3] < e.

2800K

We also let Sy, = w, Soy = w and ¢ = Then, the total sample complexity is

3e(rt1) "
given by
T
T- (5273; + 5273/) -m + ’7(]—‘ . Sl . (dl + d2) + TO
kK (dy +do)k K K2
<6 <€2 . €.n> +0 <€ 5+ o) ) + 6 (darlog()
o)
€

which completes the proof. O

E Proof of Theorem [3]
In the finite-sum case, recall that
Pl 2 LS Py
) n — k) PAY VA

Here we modify Algorithm [I| by replacing the mini-batch update used in line 6 and 7 of Algorithm [I] with the
following update using all samples:

n d1
1 F(xt+5ej7yt7£i)7F(xt756jayta€i)
Ve = ﬁ lel 2(5 ej,
=1 j=
n d2
1 F(xtayt + 56]’751') B F(xtayt - 5€ja€i)
ety -
=1 5=1

where e; denotes the j-th canonical unit basis vector. In this case, if mod(k, ¢) = 0, then we have

(dl + d2)€252

Il 15
: + 5 (dy +3)° + 2 (dy + 3)°. (66)

6(51, (5) S

Case 1: n > k2

Substituting eq. into eq. , it can be checked easily that under the same parameter settings for 8j, T,
8, p1 and pg in Theorem 2] we have

E[|V®(2)|,] < \/E[|[VE(2)||5] < e

Then, let Sy, = 5600(d; +4)k\/n, Sa, = 5600(d2+4)k/n and g = 21?(?{?{)% Recalling the sample complexity

result of ZO-iISARAH in the finite-sum case in Appendix [C] we have Ty = O (d2(k + n) log (k)). The total
sample complexity is given by

T
T- (52,93 +52,y) -m + ’Vq-‘ -5 - (d1 +d2) + Ty
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IN

K I€2
6 <;2 (1 + da)y/n - K) ) qmw n-(di + dg)) + O (da(r + 1)k log(x))
=0 ((di + d2)(Vnr*e % +n)) + O(d2(k* + kn) log(k)).

Case 2: n < k2
In this case, we let Sy, = 56(d; +4) + 420, Sz, = 56(d2 +4) + 420 and ¢ = 1. Then we have

(dy + da) 252

Al <ep= 3

2 2
+ %Ez(dl +3)% + %ﬁ(@ £33, forall 0<t<T -1

(67)

Given the value of S» , and S, it can be checked that the proofs of Lemma [I5]and Lemma still hold.

Following from the steps similar to those from eq. to eq. , we obtain

T-1 T-2

)
Z 0y < 265 + Sleat 6020 Z E[|[vell3] + 2775 (dy, da, pa, ).
t=0 t=0

Substituting eq. and eq. into eq. yields

t=0

(@) =

< O(z0) — E[@(r)] + dar6) + Tar’Tea + 1202 > " E[||vy|[3]
t=0

+ 40[[4}2T7T5(d17d2, Ml»l@) + OéT’TT(dth, H1>N2)7

where () follows because L = (1 4 x){. Rearranging eq. yields

La?

T—1
« 2 3 2
(2 L tarz ) Z E[lve |2

< P(xg) — E[P(xr)] + 401/9256 + 7ar?Tep + 4a/<;2T775(d1, da, 1, po) + oT'w(dy, da, 1, p2).

Letting o = 8%, we obtain
o Lod opegs_ L
2 2 32L
Substituting eq. into eq. and applying Assumption [1] yield
T-1
> CE[ljvelf3] < 32L(S(x0) — D) + 16575} + 285> Te s + 165> Ty (d, da, 11, 112)
=0

+ 4T (dy, do, p1, pi2)-

Substituting eq. and eq. into eq. yields

T—-1
2
E[[[Vo(z¢) 5]
t=0
T-1 T-1
<6k>) 8 +6Tea+3 Y Ef|vell3] + 377 (dy, da, pua, pra)
t=0 t=0
T-—1
2/ 2 2 2
< 12k%6p + 21K*Ten + 4 Z E[||ve||5] + 126" T (dy, da, pi, po) + 3T (dy, da, pa, pro)
t=0

33
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< 128L(®(wg) — B*) + T6K%6) + 13362 Tep + 765> Trs(dy, do, ju1, pi2) + 19T 7(dy, da, i1, p2).  (73)
Recall that L = (1 + k)¢. Then, eq. implies

P

@ _ *
E[|V(2)]2] < 128(k + 1)@% + 133K2e4 +

76K25!
T 9 4 76%27T5(d1,d27ﬂlnu2)
+ 197 (dy, da, i1, pi2)-

If we let 0) < 1, T = max{640(k + 1)545(1/057);45*, 3895} and let p1, po and 6 follow the same setting in

E[|Ve(@)],] < E[IVE(#)[l3] < e.

Theorem [2] then we have
Recall the sample complexity result of ZO-iISARAH in the finite-sum case in Appendix [C] Then, we have
To = O (d2(k +n)log (k)). The total sample complexity is given by

T
T-(Soq+ S2y) -m+ {q—‘ - S1-(dy +d2) + T

<o (652 (dy +d2).,«u) e ([g] - (dy +d2)) + O (da( + 1) log())
= O ((di + do)(K* + kn)e?).
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