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Abstract

Deep generative models parametrized up to a normalizing constant (e.g. energy-
based models) are difficult to train by maximizing the likelihood of the data because
the likelihood and/or gradients thereof cannot be explicitly or efficiently written
down. Score matching is a training method, whereby instead of fitting the likeli-
hood log p(z) for the training data, we instead fit the score function V, log p(z)
— obviating the need to evaluate the partition function. Though this estimator is
known to be consistent, its unclear whether (and when) its statistical efficiency
is comparable to that of maximum likelihood — which is known to be (asymp-
totically) optimal. We initiate this line of inquiry in this paper, and show a tight
connection between statistical efficiency of score matching and the isoperimetric
properties of the distribution being estimated — i.e. the Poincaré, log-Sobolev
and isoperimetric constant — quantities which govern the mixing time of Markov
processes like Langevin dynamics. Roughly, we show that the score matching
estimator is statistically comparable to the maximum likelihood when the distribu-
tion has a small isoperimetric constant. Conversely, if the distribution has a large
isoperimetric constant — even for simple families of distributions like exponential
families with rich enough sufficient statistics — score matching will be substan-
tially less efficient than maximum likelihood. We suitably formalize these results
both in the finite sample regime, and in the asymptotic regime. Finally, we identify
a direct parallel in the discrete setting, where we connect the statistical properties
of pseudolikelihood estimation with approximate tensorization of entropy and the
Glauber dynamics.

1 Introduction

Energy-based models (EBMs) are deep generative models parametrized up to a constant of
parametrization, namely p(x)  exp(f(x)). The primary training challenge is the fact that evaluating
the likelihood (and gradients thereof) requires evaluating the partition function of the model, which is
generally computationally intractable — even when using relatively sophisticated MCMC techniques.
The seminal paper of [13] circumvented this difficulty by instead fitting the score function of the
model, that is V, log p(x). Though not obvious how to evaluate this loss from training samples
only, [10] showed this can be done via integration by parts, and the estimator is consistent (that is,
converges to the correct value in the limit of infinite samples).

The maximum likelihood estimator is the de-facto choice for model-fitting for its well-known property
of being statistically optimal in the asymptotic limit where the number of samples goes to infinity
[14]. Tt is unclear how much worse score matching can be statistically — thus, it’s unclear how much
statistical efficiency we sacrifice for the algorithmic convenience of avoiding partition functions. In
the seminal paper [13]], it was conjectured that multimodality, as well as a low-dimensional manifold
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structure may cause difficulties for score matching — which was the reason the authors proposed
annealing by convolving the input samples with a sequence of Gaussians with different variance.
Though the intuition for this is natural: having poor estimates for the score in “low probability”
regions of the distribution can “propagate” into bad estimates for the likelihood once the score vector
field is “integrated” — making this formal seems challenging.

We show that the right mathematical tools to formalize, and substantially generalize such intuitions
are functional analytic tools that characterize isoperimetric properties of the distribution in question.
Namely, we show three quantities, the Poincaré, log-Sobolev and isoperimetric constants (which are
all in turn very closely related, see Section[2), tightly characterize how much worse the efficiency of
score matching is compared to maximum likelihood. These quantities can be (equivalently) viewed
as: (1) characterizing the mixing time of Langevin dynamics — a stochastic differential equation
used to sample from a distribution p(z) o exp(f(z)), given access to a gradient oracle for f; (2)
characterizing “sparse cuts” in the distribution: that is sets .S, for which the surface area of the set S
can be much smaller than the volume of .S. Notably, multimodal distributions, with well-separated,
deep modes have very big log-Sobolev/Poincaré/isoperimetric constants [5, 6], as do distributions
supported over manifold with negative curvature [8]] (like hyperbolic manifolds). Since it is commonly
thought that complex, high dimensional distribution deep generative models are trained to learn do
in fact exhibit multimodal and low-dimensional manifold structure, our paper can be interpreted
as showing that in many of these settings, score matching may be substantially less statistically
efficient than maximum likelihood. Thus, our results can be thought of as a formal justification of
the conjectured challenges for score matching in [[13], as well as a vast generalization of the set of
“problem cases” for score matching. This also shows that surprisingly, the same obstructions for
efficient inference (i.e. drawing samples from a trained model, which is usual done using Langevin
dynamics for EBMs) are also an obstacle for efficient learning using score matching. We roughly
show the following results:

1. For finite number of samples n, we show that if we are trying to estimate a distribution from a
class with Rademacher complexity bounded by R.,,, as well as a log-Sobolev constant bounded by
CLs, achieving score matching loss at most e implies that we have learned a distribution that’s no
more than eC'; sR,, away from the data distribution in KL divergence. The main tool for this is
showing that the score matching objective is at most a multiplicative factor of C' s away from the
KL divergence to the data distribution.

2. In the asymptotic limit (i.e. as the number of samples n — oc0), we focus on the special case
of estimating the parameters 6 of a probability distribution of an exponential family {pg(z)
exp((f, F(x))) for some sufficient statistics F’ using score matching. If the distribution py we are
estimating has Poincaré constant bounded by C'p have asymptotic efficiency that differs by at
most a factor of C'p. Conversely, we show that if the family of sufficient statistics is sufficiently
rich, and the distribution pg we are estimating has isoperimetric constant lower bounded by C7g,
then the score matching loss is less efficient than the MLE estimator by at least a factor of Cg.

3. Based on our new conceptual framework, we identify a precise analogy between score matching
in the continuous setting and pseudolikelihood methods in the discrete (and continuous) setting.
This connection is made by replacing the Langevin dynamics with its natural analogue — the
Glauber dynamics (Gibbs sampler). We show that the approximation tensorization of entropy
inequality [12| 3], which guarantees rapid mixing of the Glauber dynamics, allows us to obtain
finite-sample bounds for learning distributions in KL via pseudolikelihood in an identical way to
the log-Sobolev inequality for score matching. A variant of this connection is also made for the
related ratio matching estimator [9]].

2 Preliminaries

Definition 1 (Score matching). Given a ground truth distribution p with smooth density and sufficient
decay at infinity, and a smooth distribution ¢, the score matching loss (at the population level) is
defined to be

1 1
Jp(q) = §]Ex~p[IIV1ogp(X)—VlogQ(X)||2]+Kp =Ex~p | TrV?logq + §||Vlogq||2 (1)

where K, is a constant independent of ¢. The second equality is due to [L0], and the right-hand side
allows for an estimator given a finite number of i.i.d. samples by averaging over samples.
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Functional and Isoperimetric Inequalities. Let ¢(z) be a smooth probability density over R<.
A key role in this work is played by the log-Sobolev, Poincaré, and isoperimetric constants of g
— closely related geometric quantitieswhich have been deeply studied in probability theory and
geometric and functional analysis (see e.g. [7,[11} 2, [15])).

Definition 2. The log-Sobolev constant C,s(q) > 0 is the smallest constant so that for any probability
density p(x) we have

KL(p.q) < Crs(@)Z(p | q) 2
where KL(p, ¢) = Ex.p[log(p(X)/q(X))] is the Kullback-Leibler divergence or relative entropy
)

and the relative Fisher information Z(p | q) is defined as Z(p | q) := E, <V log £, V§>.

This inequality has a simple interpretation in terms of the Langevin dynamics for ¢ — a canon-
ical Markov process whose stationary distribution is ¢, and which is used to draw samples
from ¢ [[I1]. Langevin dynamics is described by the Stochastic Differential Equation (SDE)
dX; = —Vlogq(X;)dt + v/2dB;. The log-Sobolev inequality implies this SDE mixes fast
towards the distribution ¢, i.e. it’s exponential ergodic (Theorem 3.20 of [15]). Precisely, if p;
is the distribution of the continuous-time Langevin Dynamics for ¢ started from Xy ~ p, then
I(plq) = —% KL(p;, q) |i=o and so by integrating KL (p;, q) < e~ /€25 KL(p, q).

For a class of distributions P, we can also define the restricted log-Sobolev constant C1,s(q, P) to be
the smallest constant such that (2)) holds under the additional restriction that p € P — see e.g. [1]].
For P an infinitesimal neighborhood of p, the restricted log-Sobolev constant of ¢ becomes half of
the Poincaré constant or inverse spectral gap C'p(q):

Definition 3. The Poincaré constant Cp(q) > 0 is the smallest constant so that

Var(f) < Cp(q)Eq[|VFI*. 3)
The Poincaré and log-Sobolev constant are related by Cp < 2C s (Lemma 3.28 of [[15]). It implies
exponential ergodicity for the x2-divergence: x2(ps, q) < e P x%(p, q).
Both of these inequalities measure the isoperimetric properties of ¢ from the perspective of functions;
they are closely related to the isoperimetric constant:
Definition 4. The isoperimetric constant Cyg(q) is the smallest constant, s.t. for every set S,

min { /S o(x)dz, /S ) q(x)dx} < Crs(q) lim inf 38 1047 ~ Jsa@)dz.

e—0 €

“4)

where S, = {z : d(z,S) < €} and d(z, S) denotes the (Euclidean) distance of = from the set S. The
isoperimetric constant is related to the Poincaré constant by Cp < 4C% (Proposition 8.5.2 of [2]).
Assuming S is chosen so [ q(x)dz < 1/2, the left hand side can be interpreted as the volume and
the right hand side as the surface area of .S with respect to ¢. Thus, the isoperimetric constant lower
bounds the area of any set S in terms of the (smaller of the two) volumes of .S and S¢, according to g.

3 Main results

Our first result shows that if the training loss (i.e. empirical estimate of (1)) is small, the learned
distribution is close to the ground truth distribution (e.g. in the KL divergence sense)—when the
class of distributions we are learning have bounded complexity and small log-Sobolev constant.

Theorem 1. Suppose that P is a class of probability distributions containing p and define
CrLs(P,P) :=sup Crs(q,P) < sup Crs(q)
q€EP q€EP

to be the worst-case (restricted) log-Sobolev constant in the class of distributions. Let

1 — 1
Ry =Ex, .. Xn.e1,.e, SUD — Z € [TT VZlog ¢(X;) + §HV log ¢(X;)||?
=1

qgeP 1
be the expected Rademacher complexity of the class given n samples X, ..., X, ~ pi.id. and
independentey, . .., e, ~ Uni{x1} i.i.d. Rademacher randomvariables. Let p be the score matching

estimator from n samples, i.e. p = argmingep jp(q). Then
E KL(p,ﬁ) S 2CLS (P; P)Rn~
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Figure 1: Training a one-layer network to score match a mixture of Gaussians (ground truth green,
score matching output blue) succeeds at learning the distribution when the modes are close (left, small
isoperimetric constant), but not when they are distant (right, large isoperimetric constant), where it
weighs the modes incorrectly. Both models have 2048 tanh units trained via SGD on fresh samples
for 300000 steps; the distribution is computed from the score function using numerical integration.

The key insight behind Theorem 1 is to interpret the score matching objective as an upper bound
on the KL divergence arising from the log-Sobolev inequality. An analogue of this observation, and
hence Theorem [T} holds in the discrete case for pseudolikelihood estimators — see the Appendix.

Our second result shows that asymptotically, the statistical efficiency of MLE and score matching is
comparable when estimating a member of an exponential family with a bounded Poincaré constant.
As usual (see e.g. [14], Chapter 8.2]) we compare efficiencies by looking at the size of the limiting
covariance of the error distributions, I'ss and I" ;1 g respectively.

Theorem 2 (Efficiency under a Poincaré inequality). Consider estimating the parameters 6 of an
exponential family {pg(x) x exp({0, F(X)))}. The estimator error is asymptotically normal, so

\/ﬁ(éSM —0) — N(0,Tspr) and \/ﬁ(éMLE —0) = N(0,Tarpg). If the distribution py satisfies
a Poincaré inequality with constant C'p, in the limit n — oo, we have

ITsmllor < 208 meelde (IOIPEN(TF)x[I6p +E[AF3)

Conversely, our third result shows that if we have a “rich enough” set of sufficient statistics, and we
are fitting a distribution with a poor isoperimetric constant, score matching will be substantially less
efficient than MLE (in terms of the asymptotic variance of the estimator, see e.g. [14, Chapter 8.2]):

Theorem 3 (Inefficiency in the presence of sparse cuts, informal). Consider estimating a distribution
Do in an exponential family with isoperimetric constant C'rg. Then, pg can be viewed as a member of
an enlarged exponential family with one more (Oggs(1)-Lipschitz) sufficient statistic, such that score
matching has asymptotic relative efficiency Qos(Crs) compared to the MLE, where 0S denotes the
boundary of the isoperimetric cut of pg and Qo indicates a constant depending only on the geometry
of the manifold 95S.

For example, from this result we can show for a distribution in one dimension of the form pg ()
exp(—0[z*/8a? + 2% /4 — a?/8]), which has two modes centered at +a, that score matching with

one extra sufficient statistic added is e®(@*) times less statistically efficient than the MLE.

Finally, we confirm our theory using numerical simulations. We show that learning a mixture of two
Gaussians using score matching can be done efficiently when the modes are close, but not when they
are far. This matches our theory, since the Poincaré, log-Sobolev, and isoperimetric constants of the
distribution blow up exponentially in the distance between the two modes (see e.g. [4]). Plots, along
with some details of the experimental setup are shown in Figure|T}
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Abstract

Deep generative models parametrized up to a normalizing constant (e.g. energy-based models) are
difficult to train by maximizing the likelihood of the data because the likelihood and/or gradients thereof
cannot be explicitly or efficiently written down. Score matching is a training method, whereby instead
of fitting the likelihood logp(x) for the training data, we instead fit the score function V,logp(z) —
obviating the need to evaluate the partition function. Though this estimator is known to be consistent,
its unclear whether (and when) its statistical efficiency is comparable to that of maximum likelihood —
which is known to be (asymptotically) optimal. We initiate this line of inquiry in this paper, and show a
tight connection between statistical efficiency of score matching and the isoperimetric properties of the
distribution being estimated — i.e. the Poincaré, log-Sobolev and isoperimetric constant — quantities
which govern the mixing time of Markov processes like Langevin dynamics. Roughly, we show that the
score matching estimator is statistically comparable to the maximum likelihood when the distribution
has a small isoperimetric constant. Conversely, if the distribution has a large isoperimetric constant —
even for simple families of distributions like exponential families with rich enough sufficient statistics
— score matching will be substantially less efficient than maximum likelihood. We suitably formalize
these results both in the finite sample regime, and in the asymptotic regime. Finally, we identify a direct
parallel in the discrete setting, where we connect the statistical properties of pseudolikelihood estimation
with approximate tensorization of entropy and the Glauber dynamics.

1 Introduction

Energy-based models (EBMs) are deep generative models parametrized up to a constant of parametrization,
namely p(z) x exp(f(z)). The primary training challenge is the fact that evaluating the likelihood (and
gradients thereof) requires evaluating the partition function of the model, which is generally computationally
intractable — even when using relatively sophisticated MCMC techniques. The seminal paper of Song
and Ermon| (2019) circumvented this difficulty by instead fitting the score function of the model, that is
V. log p(x). Though not obvious how to evaluate this loss from training samples only, Hyvarinen and Dayan
(2005) showed this can be done via integration by parts, and the estimator is consistent (that is, converges
to the correct value in the limit of infinite samples).

The maximum likelihood estimator is the de-facto choice for model-fitting for its well-known property of
being statistically optimal in the asymptotic limit where the number of samples goes to infinity (Van der
Vaart|, 2000)). It is unclear how much worse score matching can be statistically — thus, it’s unclear how
much statistical efficiency we sacrifice for the algorithmic convenience of avoiding partition functions. In the
seminal paper (Song and Ermonl |2019)), it was conjectured that multimodality, as well as a low-dimensional
manifold structure may cause difficulties for score matching — which was the reason the authors proposed
annealing by convolving the input samples with a sequence of Gaussians with different variance. Though
the intuition for this is natural: having poor estimates for the score in “low probability” regions of the
distribution can “propagate” into bad estimates for the likelihood once the score vector field is “integrated”
— making this formal seems challenging.

We show that the right mathematical tools to formalize, and substantially generalize such intuitions are
functional analytic tools that characterize isoperimetric properties of the distribution in question. Namely, we
show three quantities, the Poincaré, log-Sobolev and isoperimetric constants (which are all in turn very closely



related, see Section 7 tightly characterize how much worse the efficiency of score matching is compared to
maximum likelihood. These quantities can be (equivalently) viewed as: (1) characterizing the mixing time of
Langevin dynamics — a stochastic differential equation used to sample from a distribution p(z) o exp(f(z)),
given access to a gradient oracle for f; (2) characterizing “sparse cuts” in the distribution: that is sets S,
for which the surface area of the set S can be much smaller than the volume of S. Notably, multimodal
distributions, with well-separated, deep modes have very big log-Sobolev/Poincaré/isoperimetric constants
(Gayrard et al., 2004} 2005)), as do distributions supported over manifold with negative curvature (Hsu,
2002)) (like hyperbolic manifolds). Since it is commonly thought that complex, high dimensional distribution
deep generative models are trained to learn do in fact exhibit multimodal and low-dimensional manifold
structure, our paper can be interpreted as showing that in many of these settings, score matching may be
substantially less statistically efficient than maximum likelihood. Thus, our results can be thought of as a
formal justification of the conjectured challenges for score matching in [Song and Ermon (2019), as well as a
vast generalization of the set of “problem cases” for score matching. This also shows that surprisingly, the
same obstructions for efficient inference (i.e. drawing samples from a trained model, which is usual done
using Langevin dynamics for EBMs) are also an obstacle for efficient learning using score matching.
We roughly show the following results:

1. For finite number of samples n, we show that if we are trying to estimate a distribution from a class with
Rademacher complexity bounded by R,,, as well as a log-Sobolev constant bounded by Cpg, achieving
score matching loss at most e implies that we have learned a distribution that’s no more than eCpgR,,
away from the data distribution in KL divergence. The main tool for this is showing that the score
matching objective is at most a multiplicative factor of C'rg away from the KL divergence to the data
distribution.

2. In the asymptotic limit (i.e. as the number of samples n — o), we focus on the special case of estimating
the parameters 6 of a probability distribution of an exponential family {pg(z) x exp((d, F'(x))) for some
sufficient statistics F' using score matching. If the distribution py we are estimating has Poincaré constant
bounded by C'p have asymptotic efficiency that differs by at most a factor of Cp. Conversely, we show
that if the family of sufficient statistics is sufficiently rich, and the distribution py we are estimating has
isoperimetric constant lower bounded by Cfg, then the score matching loss is less efficient than the MLE
estimator by at least a factor of Cyg.

3. Based on our new conceptual framework, we identify a precise analogy between score matching in the con-
tinuous setting and pseudolikelihood methods in the discrete (and continuous) setting. This connection
is made by replacing the Langevin dynamics with its natural analogue — the Glauber dynamics (Gibbs
sampler). We show that the approzimation tensorization of entropy inequality (Marton) |2013; |Caputo
et al [2015), which guarantees rapid mixing of the Glauber dynamics, allows us to obtain finite-sample
bounds for learning distributions in KL via pseudolikelihood in an identical way to the log-Sobolev in-
equality for score matching. A variant of this connection is also made for the related ratio matching
estimator of Hyvéarinen| (2007).

4. In Section[7] we perform several simulations which illustrate the close connection between isoperimetry and
the performance of score matching. We give examples both when fitting the parameters of an exponential
family and in the common situation where the score function is fit using a neural network.

2 Preliminaries

Definition 1 (Score matching). Given a ground truth distribution p with sufficient decay at infinity and a
smooth distribution q, the score matching loss (at the population level) is defined to be

1 1
To(@) = 5Ex~p[[VIog p(X) = Viog ¢(X)[*] + K = Exwp | Tr Vlog g + 5|V log || (1)
where K, is a constant independent of g. The last equality is due to |Hyvarinen and Dayan (2005). Given

samples from p, the training loss jp(q) is defined by replacing the rightmost expectation with the average over
data.



Functional and Isoperimetric Inequalities. Let ¢(x) be a smooth probability density over R%. A key
role in this work is played by the log-Sobolev, Poincaré, and isoperimetric constants of ¢ — closely related
geometric quantities, connected to the mixing of the Langevin dynamics, which have been deeply studied in
probability theory and geometric and functional analysis (see e.g. (Grossl |1975; [Ledouxl, 2000; Bakry et al.
2014))). We discuss the background in more detail in Appendix

Definition 2. The log-Sobolev constant Crs(q) > 0 is the smallest constant so that for any probability
density p(x)

KL(p,q) < Crs(@)Z(p | q) (2)
where KL(p,q) = Ex~p[log(p(X)/q(X))] is the Kullback-Leibler divergence or relative entropy and the
relative Fisher information Z(p | q) is deﬁned asZ(p | q) :=E, <V10g %, V§>.

The log-Sobolev inequality is equivalent to exponential ergodicity of the Langevin dynamics for ¢, a
canonical Markov process which preserves and is used for sampling ¢, described by the Stochastic Differential
Equation dX; = —V log q(X;) dt ++/2dB;. See Appendix |A|for details.

For a class of distributions P, we can also define the restricted log-Sobolev constant Crs(q, P) to be the
smallest constant such that holds under the additional restriction that p € P — see e.g. [Anari et al.
(2021b). For P an infinitesimal neighborhood of p, the restricted log-Sobolev constant of ¢ becomes half of
the Poincaré constant or inverse spectral gap Cp(q):

Definition 3. The Poincaré constant Cp(q) > 0 is the smallest constant so that
Vary(f) < Cp(9)Bq ||V fI*. 3)
It is related to the log-Sobolev constant by Cp < 2Crs (Lemma 3.28 of|Van Handel (2014)).

Both of these inequalities measure the isoperimetric properties of ¢ from the perspective of functions;
they are closely related to the isoperimetric constant:

Definition 4. The isoperimetric constant Crg(q) is the smallest constant, s.t. for every set S,

i {/S o(@)de, /SC q(x)dx} < Crs(@)limint s, a(z)dx 6— Js ‘I(ft)dx.

where Se = {x : d(z,S) < €} and d(z,S) denotes the (Euclidean) distance of x from the set S. The
isoperimetric constant is related to the Poincaré constant by Cp < 4C%4 (Proposition 8.5.2 of \Bakry et al.
(2014)). Assuming S is chosen so fS q(x)dx < 1/2, the left hand side can be interpreted as the volume and
the right hand side as the surface area of S with respect to q.

(4)

Mollifiers We recall the definition and basic properties of one of the standard mollifiers/bump functions,
as used in e.g. [Hormander| (2015). Mollifiers are smooth functions useful for approximating non-smooth
functions: convolving a function with a mollifier makes it “smoother”, in the sense of the existence and size
of the derivatives. Precisely, define the (infinitely differentiable) function 1 : R? — R as 1(y) = I—lde*l/ (=ly*

for |y| < 1 and ¥(y) = 0 for |y| > 1, where I := fe_l/(1_|y|2)dy. For v > 0, we also define a “sharpening”
of ¥, namely ¥, (y) = v~ %) (y/7) so that [, = 1.

Notation. For a random vector X, YXx := E[XX7] — E[X]|E[X]? denotes its covariance matrix.

3 Learning Distributions from Scores: Nonasymptotic Theory

Though consistency of the score matching estimator was proven in|[Hyvéarinen and Dayan| (2005), it is unclear
what one can conclude about the proximity of the learned distribution from a finite number of samples.
Precisely, we would like a guarantee that shows that if the training loss (i.e. empirical estimate of (1)) is

I There are several alternatives formulas for Z(p | ¢), see Remark 3.26 of [Van Handel (2014)).



small, the learned distribution is close to the ground truth distribution (e.g. in the KL divergence sense).
However, this is not always true! We will see an illustrative example where this is not true in Section [7] and
also establish a general negative result in Section [

Our first new observation is that understanding the multiplicative gap between the KL divergence and
the score matching test loss is equivalent to understanding log-Sobolev constants. Based on this, we prove
(Theorem (1)) that minimizing the training loss does learn the true distribution, assuming that the class of
distributions we are learning have bounded complexity and small log-Sobolev constant. First, we formalize
the connection to the log-Sobolev constant:

Proposition 1. The log-Sobolev inequality for q is equivalent to the following inequality over all smooth
probability densities p:
KL(p, q) < Crs(a)(Jp(q) — J(p))- (5)

More generally, for a class of distribution p € P the restricted log-Sobolev constant is the smallest constant

such that KL(p, q) < Crs(q, P)(Jp(q) — Jp(p)) for all distributions p.

Proof. This follows from the following equivalent form for the relative Fisher information (Shao et al., |2019;
Vempala and Wibisono, 2019)

I(p | @) = Eg(V(, Vo)
- EP<%V§, V]og§> —E,(Vlog g, V log §> = E,||Vlogp — Vlog > (6)

Using this and the log-Sobolev inequality can be rewritten as KL(p,q) < Crs(Jp(q) — Jp(g)) which
proves the first claim, and the same argument shows the second claim. O

Remark 1 (Interpretation of Score Matching). The left hand side of is KL(p, ) = E,[logp] —E,[log q].
The first term is independent of g and the second term is the likelihood, the objective for Maximum Likelihood
Estimation. So shows that the score matching objective is a relaxation (within a multiplicative factor
of Crs(q)) of mazimum-likelihood via the log-Sobolev inequality. We discuss connections to other proposed
interpretations in Appendiz |E

Remark 2. Interestingly, the log-Sobolev constant which appears in the bound is that of ¢ and not p the
ground truth distribution. This is useful because q is known to the learner whereas p is only indirectly
observed. If q is actually close to p, the log-Sobolev constants are comparable due to the Holley-Stroock
perturbation principle (Proposition 5.1.6 of |Bakry et al| (2014))).

To our knowledge, we are the first to point out the useful connection of the score matching loss with
the log-Sobolev inequality. Because log-Sobolev constants have been well-studied, this observation has many
nice consequences which would otherwise be difficult to prove. Combining Proposition [I} bounds on log-
Sobolev constants from the literature, and generalization theory gives us finite-sample guarantees for learning
distributions in KL divergence via score matching. E|

Theorem 1. Suppose that P is a class of probability distributions containing p and define Cps(P,P) :=
sup,ep Crs(q,P) < sup,ep Crs(q) to be the worst-case (restricted) log-Sobolev constant in the class of
distributions. (For example, if every distribution in P is a-strongly log concave then Crs < 1/2a by Bakry-
Emery theory (Bakry et al., |2014}).) Let

1< 1
R =Ex, . Xy, SIP— Y€ [Tr VZlog ¢(X;) + 5 Viog q(X3)|”

a€P i
be the expected Rademacher complexity of the class given n samples X1, ..., X, ~ p i.i.d. and independent
€1y €q ~ Uni{£l} ii.d. Rademacher random variables. Let p be the score matching estimator from n

samples, i.e. p=argmingep Jp(q). Then

2We use the simplest version of Rademacher complexity bounds to illustrate our techniques. Standard literature, e.g.
Shalev-Shwartz and Ben-David| (2014); |Bartlett et al.| (2005) contains more sophisticated versions, and our techniques readily
generalize.



In particular, if Crs(P,P) < oo then lim, . EKL(p,p) = 0 as long as lim, o R, = 0.

Proof. By the standard symmetrization argument (Theorem 26.3 of |Shalev-Shwartz and Ben-David| (2014)))
we have EJ,(p) — Jp(p) < 2R, so by Proposition [If we have EKL(p,p) < ECLs(P)(Jp(B) — Jp(p)) <
2CLs(P)Rn. O

Example 1. Suppose we are fitting an isotropic Gaussian in d dimensions with unknown mean p* satisfying
w*|l < R. The class of distributions P is q, with ||p|| < R of the form g, (z) < exp (—|lz — pn[|?/2) so the
expected Rademacher complexity can be upper bounded as so:

1 — 1
R, = Esup — i |=d/2 4+ =1 X — pl)?
sgpn;_le[ /+2|| ull}

2
R2+d

n

<R\|E =R

1 — 1 — 1 &
2E51;p<ni_zleiXi,,u>:R]E E;eixi EizzleiXi

where the inequality is Jensen’s inequality and in the last step we expanded the square and used that Ee;e; =
1(i = j) and E||X;||? < R? +d. Recall that the standard Gaussian distribution is 1-strongly log concave so

Crs < 1/2. Hence we have the concrete bound EKL(p,p) < R @.

4 Statistical cost of score matching: asymptotic results

In this section, we compare the asymptotic efficiency of the score matching estimator in exponential families
to the effiency of the maximum likelihood estimator. Because we are considering asymptotics, we might
expect (recall the discussion in Section [2)) that the relevant functional inequality will be the local version of
the log-Sobolev inequality around the true distribution p, which is the Poincaré inequality for p. Our results
will show precisely how this occurs and characterize the situations where score matching is substantially less
statistically efficient than maximum likelihood.

Setup. We will consider estimating the parameters of an exponential family using two estimators, the
classical maximum likelihood estimator (MLE), and the score matching estimator; we will use that the score
matching estimator arg ming J,(pg/) admits a closed-form formula in this setting.

Definition 5 (Exponential family). For sufficient statistics F : R? — R™ the exponential family of distri-
butions associated with F is {pg(z) o< exp ({0, F(x))) |0 € © CR™}.

Definition 6 (MLE, |Van der Vaart| (2000)). Given i.i.d. samples x1,...,x, ~ pg, the mazimum likelihood
estimator is 0 ;7 p = argmaxg ce E [log per (X)], where E denotes the expectation over the samples. As n —

oo and under appropriate reqularity conditions, we have \/n (éMLE — 9) — N (0,Tprg), where Typp =

E;l and g is known as the Fisher information matrix.

Proposition 2 (Score matching estimator, Equation (34) of[Hyvarinen|(2007)). Given i.i.d. samples x1, ..., &, ~
py, the score matching estimator equals éSM = —E[(JF)x (JF)L]|'EAF, where (JF)x : m x d is the Jaco-
bian of F at the point X, Af =5, 02 f is the Laplacian and it is applied coordinate wise to the vector-valued
function F.

4.1 Asymptotic normality

Next, we prove asymptotic normality of the score matching estimator and give a formula for the limiting
renormalized covariance matrix ['g ME| Since the MLE also satisfies asymptotic normality with an explicit
covariance matrix, we can then proceed in the next sections to compare their relative efficiency (as in e.g.
Section 8.2 of [Van der Vaart| (2000)) by comparing the asymptotic covariances sy and Ty p. The proof
of the following result is in Appendix [C]

3 Asymptotic normality was proved in Corollary 1 of[Song et al.| (2020) — we reprove it because in the context of exponential
families, we will show and use a much simpler expression for the limiting covariance.



Proposition 3 (Asymptotic normality). As n — oo, and assuming sufficient smoothness and decay condi-
tions so that score matching is consistent (see Hyvarinen and Dayan| (2005])) we have the following conver-
gence in distribution: \/n(0gpr—0) — N(0,T'sar), where

Psa = E[(JF)x (JE)X] ' Sy o mosarEl(JF) x (JF)] 7 (7)

4.2 Statistical efficiency of score matching under a Poincaré inequality

Our first result will show that if we are estimating a distribution with a small Poincaré constant (and some
relatively mild smoothness assumptions), the statistical efficiency of the score matching estimator is not
much worse than the maximum likelihood estimator.

Theorem 2 (Efficiency under a Poincaré inequality). Suppose the distribution py satisfies a Poincaré in-
equality with constant C'p. Then we have

ITsarllop < 2CEITaelde (IOIPEITF)x][op +EIAF]3) .

More generally, the same bound holds assuming only the following restricted version of the Poincaré inequal-
ity: for any w, Var((w, F(z))) < CpE||V{w, F(x))|3.

Remark 3. To interpret the terms in the bound, the quantities Ep, ||(JF)x||bp and E||AF||3 can be seen as
a measure of the smoothness of the sufficient statistics F', and ||0]| as a bound on the radius of parameters for
the exponential family. In Section[] we will give an example to show bounded smoothness is indeed necessary
for score matching to be efficient.

The proof of Theorem [2]is in Appendix [D} and the main lemma to prove the theorem is the following:
Lemma 1. E[(JF)x(JF)%]~! < CpX' where Cp is the Poincaré constant of pq.

Proof. For any vector w € R™, we have by the Poincaré inequality that
Cp(w,E[(JF)x (JF)k]w) = CPE||Va(w, F(2))|x]l3 > Var((w, F(2))) = (w, Spw)

This shows CpE[(JF)x(JF)%] = X and inverting both sides gives the result. O

4.3 Statistical efficiency lower bounds from sparse cuts

In this section, we prove a converse to Theorem whereas a small (restricted) Poincaré constant upper
bounds the variance of the score matching estimator, if the Poincaré constant of our target distribution is
large and we have sufficiently rich sufficient statistics, score matching will be extremely inefficient compared
to the MLE. In fact, we will be able to do so by taking an arbitrary family of sufficient statistics, and adding
a single sufficient statistic ! Informally, we’ll show the following:

Consider estimating a distribution pg in an exponential family with isoperimetric constant Crg. Then,
po can be viewed as a member of an enlarged exponential family with one more (Ops(1)-Lipschitz) sufficient
statistic, such that score matching has asymptotic relative efficiency Qas(Crs) compared to the MLE, where
0S denotes the boundary of the isoperimetric cut of pg and Qyg indicates a constant depending only on the
geometry of the manifold 0S.

As noted in Section [2] a large Poincaré constant implies a large isoperimetric constant — so we focus on
showing that the score matching estimator is inefficient when the isoperimetric constant is large, i.e. there
is a set S which is a “sparse cut”. Our proof uses differential geometry, so our final result will depend on
standard geometric properties of the boundary 95 (in terms of how small v is, see Appendix [Ef for more
discussion as well as the full proof). We now give the formal statement.

Theorem 3 (Inefficiency of score matching in the presence of sparse cuts). There exists an absolute constant
¢ > 0 so that the following is true. Suppose S is a set with smooth and compact boundary 0S, and suppose
that pe; is an element of an exponential family with sufficient statistic Fy and parameterized by elements of



O1. Define an additional sufficient statistic Fo = 1g x 1) so that the enlarged exponential family contains
distributions with 61 € ©1,05 € R of the form

P(6,,6,) (@) o< exp((b, Fi(x)) + O2F2(x))

and consider the MLE and score matching estimators in this exponential family with ground truth pee; o). Sup-

2
. . . (wy,F1) 1lg <
pose that 1 is not an affine function of F1, and so there exists some 61 > 0 such that sup,, Cov (m((wl,pﬁ))’ \/Var(ls)> =

1 —91. Then for all v sufficiently small in terms of S, there exists a vector w such that the asymptotic rel-
ative (in)efficiency of the score matching estimator compared to the MLE for estimating (w,0) admits the
following lower bound

(w,Tgprw) - ¢ min{Pr(X € S),Pr(X ¢ S)}

(w,Ppppw) — v Jreos p(x)de

2
Y Jacos p(@)de
1- (V 1*51+2\/4pr(xe54€>(1s_pr(xes)))
d >0
1+ lop

provided ¢’ := ¢

Remark 4. If we choose S to be the set achieving the worst isoperimetric constant, then the right hand
side of the bound is simply %/C[S. (See the appendiz for details.) Finally, we observe that although ¢ is
exponentially small in d, the bound is still useful in high dimensions because in the bad cases of interest Crg
is often exponentially large in d. For erxample, this is the case for a mizture of standard Gaussians with
Q(V/d) separation between the means (see e.g. |Chen et al| (2021d)).

Remark 5. The assumption 61 > 0 is a quantitative way of saying that the function 1g, the cut we are using
to define the new sufficient statistic Fy, is not already a linear combination of the existing sufficient statistics.
The assumptions will always holds with some 61 > 0 by the Cauchy-Schwarz inequality. The equality case
is when lg is an affine function of (wy, F1) — if such a linear dependence exists, the parameterization is
degenerate and the coefficient of Fy is not identifiable.

Example 2. A concrete example in one dimension with a single sufficient statistic is

1
Fi(z) = 78—2(1 —a)?(z+a)* = —2*/8a® + 2?2 /4 — a*/8
a
and 6 = (1,0) for a parameter a > 1 to be taken large. This looks similar to a mizture of standard Gaussians
centered at —a and a; in particular the modes of the density are at Fi(a) = Fi(—a) = 0. Specializing
Theorem[3 to this case, we get:

Corollary 1. There exists absolute constants vy > 0 and ¢ > 0 so that the following is true. Suppose that
a>1,0=(1,0), and {pe }o with py (z) x exp (¢, (F1(x), Fa(x)))) and new sufficient statistic Fy is the
class of distributions in the expanded exponential family output by Theorem@ applied to S = {x : x > 0} and
v =. Then there exists w so that the relative efficiency of estimating (w,0) is lower bounded as

<’U}7FSM’UJ> >cea2/8
(w,Tmrpw) — '

5 Discrete Analogues: Pseudolikelihood, Glauber Dynamics, and
Approximate Tensorization

Several authors have proposed variants of score matching for discrete probability distributions, e.g. [Lyu
(2009); |Shao et al.| (2019); [Hyvarinen| (2007)). Furthermore, Hyvarinen| (2006; [2007) pointed out some con-
nections between pseudolikelihood methods (a classic alternative to maximum likelihood in statistics Besag
(1975;[1977)), Glauber dynamics (a.k.a. Gibbs sampler, see Appendix [F]for the definition), and score match-
ing. Finally, just like the log-Sobolev inequality controls the rapid mixing of Langevin dynamics, there are
functional inequalities (Gross| [1975; [Bobkov and Tetali, 2006) which bound the mixing time of Glauber



dynamics. Thus, we ask: Is there a discrete analogue of the relationship between score matching and the
log-Sobolev inequality?

The answer is yes — the key concept to describe the analogue is approximate tensorization of entropy,
recently introduced by Marton! (2013; 2015) and |Caputo et al.| (2015). If (Q1, F1),...(Qq, Fa) are arbitrary
measure spaces, we say a distribution ¢ on Q);_, ; satisfies approzimation tensorization of entropy with
constant C'ap(q) if

d

KL(p,q) < Car(q) ZEXNiNPNi [KL(p(X; | X~i), q(Xi | X))l (8)
i=1

This inequality is sandwiched between two discrete versions of the log-Sobolev inequality (Proposition 1.1
of |Caputo et al| (2015))): it is weaker than the standard discrete version of the log-Sobolev inequality
(Diaconis and Saloff-Coste| [1996) and stronger than the Modified Log-Sobolev Inequality
Tetali|, M which characterizes exponential ergodicity of the Glauber dynamicsﬁ We define a restricted
version Ca7(g, P) analogously to the restricted log-Sobolev constant.

Finally, we recall the pseudolikelihood objective based on entrywise conditional probabili-
ties: Ly,(q) := Zle Ex.pllog¢(X; | X~;)]. With these definition in place, we have:

Proposition 4. We have KL(p, ¢) < Car(q)(Ly(p) — Lp(q)) and more generally for any class P containing
p, we have KL(p, q) < Car(q, P)(Ly(p) — L,(q)).

Proof. Observe that L,(p) — L,(q) = E‘Ll Ex_,p., KL(p(X; | X<i),q(Xs | X4))], so the result follows by
expanding the definition. O

Thus, just as the score matching objective is a relaxation of maximum likelihood through the log-Sobolev
inequality, the pseudolikelihood objective can be viewed as a relaxation of maximum likelihood through
approximate tensorization of entropy.

Remark 6. Pseudolikelihood methods (and variants like node-wise regression) are one of the dominant
approaches to fitting fully-observed graphical models, e.g. (Wu et al.,|2019; |Lokhov et al.,|2018; Klivans and,
[Mekd, |2017; | Kelner et all |2020). Like score matching, pseudolikelihood methods do not require computing
normalizing constants which can be slow or computationally hard (e.g. |Sly and Sun| (2012)). Pseudolikelihood
is applicable in both discrete and continuous settings, as is our connection with approximate tensorization.
An analogous version of Theorem holds by the same argument (Theorem@ n Appendix@) and guarantees
learning in KL when q satisfies approzimate tensorization (e.g. under Dobrushin’s uniqueness threshold

[2015)).

Remark 7. (Hyvdirinenl, 2007) proposed a version of score matching for distributions on the hypercube {41}%
and observed that the resulting method (“ratio matching”) bears similarity to pseudolikelihood. A similar
calculation as the proof of Proposition |4] allows us to arrive at ratio matching based on a strengthening
of approzimate tensorization studied in Martoﬂ, . Our derivation seems more conceptual than the
original derivation, explains the similarity to pseudolikelihood, and establishes some useful connections. For
space reasons, this is included in Appendiz[F.2

6 Related work

Score matching was originally introduced by Hyvérinen and Dayan| (2005]), who also proved that the estimator
is asymptotically consistent. In (Hyvérinen| 2007), the authors propose estimators that are defined over
bounded domains. (Song and Ermon), 2019)) scaled the techniques to neurally parameterized energy-based
models, leveraging score matching versions like denoising score matching , which involves
an annealing strategy by convolving the data distribution with Gaussians of different variances, and sliced
score matching (Song et al.l 2020). The authors conjectured that annealing helps with multimodality and

4In most cases where the MLST is known, approximate tensorization of entropy is also, e.g. |Chen et al.|(2021b); |Anari et al.|
(2021a)); [Marton| (2015)); |Caputo et al.| (2015)).




low-dimensional manifold structure in the data distribution — and our paper can be seen as formalizing this
conjecture.

The connection between score matching objective and the relative Fisher information in @ was previously
observed in (Shao et al. 2019; Nielsen| 2021). We also remark that since Z(p|q) = f% KL(p¢, q) |t=0 for p;
the output of Langevin dynamics after time ¢, score matching can be interpreted as finding a ¢ to minimize
the contraction of the Langevin dynamics for ¢ started at p. Previously, (Lyu, [2009) observed that the
score matching objective can be interpreted as the infinitesimal change in KL divergence as we add Gaussian
noise — see Appendix [B| for an explanation why these two quantities are equal. In the discrete setting, it
was recently observed that approximate tensorization has applications to identity testing of distributions
in the “coordinate oracle” query model (Blanca et al., 2022), which is another application of approximate
tensorization outside of sampling otherwise unrelated to our result. Finally, (Block et al. [2020; [Lee et al.|
2022) show guarantees on running Langevin dynamics, given estimates on Vlogp that are only e-correct
in the Lo(p) sense. They show that when the Langevin dynamics are run for some moderate amount of
time, the drift between the true Langevin dynamics (using V log p exactly) and the noisy estimates can be
bounded.

7 Simulations

Exponential family experiments.  Fitting a bimodal distribution with and without a statistic approzi-
mating a cut. First, we show the result of fitting a bimodal distribution (as in Example from an exponential
family. In Figure [} the difference of the two sufficient statistics we consider corresponds to the cut statistic
used in our negative result (Theorem . As predicted (Corollary |1)) the score matching estimator performs
poorly compared to the MLE as the distance between modes grows.

In Appendix [G] we show that when the second
sufficient statistic (which is correlated with a sparse
cut in the distribution) is removed, score match- @ score matching
ing performs nearly as well as MLE. This is what | @ ME
our theory predicts (since the cut statistic is re-
moved) and illustrates the importance of restricted
functional inequalities in this context (as in Theo-
rem [2| where the weaker assumption of a restricted

o

g
N

log(accuracy)

Poincaré inequality what happens here — see the 4
appendix). © L

Fitting a unimodal but not smooth distribution. 1 ; 3 . 5 6 7
For space reasons, this experiment is left to Ap- offset

pendix [G]— we demonstrate that, even if the distri-
bution is unimodal, the performance of score match- Figure 1: Statistical efficiency of score matching vs
ing degrades as the sufficient statistics become less MLE for fitting the distribution with ground truth
smooth. Hence the dependence on smoothness in Parameters (00,01) = (1,0) of the form py(z) o
our results, as in Theorem [2] is really required. efo(@®—a?/(2a%))+61(a® —*/(2a*)+erf(2)) ag we vary the
offset a between 1 and 7 and train with fixed num-
Fitting a mixture of Gaussians with a one- ber of samples (10°). We see score matching (red)
layer network. We also show that empirically, performs very poorly compared to the MLE (blue) as
our results are robust even beyond exponential fami- the offset (distance between modes) grows, by plotting
lies. In Figure[2 we show the results of fitting a mix- the log of the Euclidean distance to the true parameter
ture of two Gaussians via score matching’| , where for both estimators.
the score function is parameterized as a one-layer network with tanh activations. We see that the predic-
tions of our theory persist: the distribution is learned successfully when the two modes are close and is not
when the modes are far. This matches the predictions of our theory, since the Poincaré, log-Sobolev, and
isoperimetric constants blow up exponentially in the distance between the two modes (see e.g. |Chen et al.

5We note that this experiment is similar in flavor to plots in (Figure 2) in [Song and Ermon| (2019), where they show that
the score is estimated poorly near the low-probability regions of a mixture of Gaussians. In our plots, we numerically integrate
the estimates of the score to produce the pdf of the estimated distribution.



(2021a)) and the neural network is capable of detecting the cut between the two modes. We discuss the
interpretation of this result more in the appendix.

% 4 2 0 2 4 6 -10 -5 ] 5 10

Figure 2: Training a single hidden-layer network with tanh activations to score match a mixture of Gaussians
(ground truth green, score matching output blue) succeeds at learning the distribution when the modes are
close (left, small isoperimetric constant), but not when they are distant (right, large isoperimetric constant)
in which case it weighs the modes incorrectly.

8 Conclusion

In tihs paper, we initiate the study of the statistical efficiency of score matching, and identified a close
connection to functional inequalities, which characterize the mixing time of Langevin dynamics. For future
work, it would be interesting to characterize formally the improvements conferred by annealing strategies
like (Song and Ermon, 2019), like it has been done in the setting of sampling using Langevin dynamics (Lee
et al., 2018).
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A Further Background

Correspondence between functional inequalities and exponential ergodicity. If p; is the distribu-
tion of the continuous-time Langevin Dynamics’|for ¢ started from Xo ~ p, thenZ(p | ¢) = —% KL(pt, q) |t=0
and so by integrating KL(p;, q) < e~*/¢2s KL(p, ¢). This holding for any p and t is an equivalent character-
ization of the log-Sobolev constant (Theorem 3.20 of [Van Handel (2014)). Similarly, the Poincaré inequality
implies exponential ergodicity for the y2-divergence x2(ps,q) < e 2/“Px2(p,q), and this holding for every
p and t is an equivalent characterization of the Poincaré constant (Theorem 2.18 of [Van Handel| (2014))).
We can equivalently view the Langevin dynamics in a functional-analytic way through its definition as
a Markov semigroup, which is equivalent to the SDE definition via the Fokker-Planck equation [Van Handel
(2014)); Bakry et al| (2014). From this perspective, we can write p; = th§ where H; is the Langevin

semigroup for ¢, so H; = e** with generator
Lf =(Vlogq,Vf)+Af.

In this case, the Poincaré constant has a direct interpretation in terms of the inverse spectral gap of L, i.e.
the inverse of the gap between its two largest eigenvalues.

Further remarks. A strengthened isoperimetric inequality (Bobkov inequality) upper bounds the log-
Sobolev constant, see [Ledoux]| (2000)); [Bobkov] (1997)).

Facts about the mollifier ». We will use the basic estimateQS_dBd < Iy < Bg where By is the Vg)lume
of the unit ball in R?, which follows from the fact that e 1/(—1vI") > 1/4 for ||y|| < 1/2 and e~ 1/A=l") < 1
everywhere. It is infinitely differentiable and its gradient is

Yy —2y

__ o= 1/(=l1yl?) _
Vitly) = =@/ a7~ e

It is straightforward to check that sup, [|V,¥(y)|| < 1/14. For v > 0, we'll also define a “sharpening” of 1,
namely 1., (y) = v~ % (y/7) so that [+, =1 and (by chain rule)

—2y/°
T T/ /)

Vyy(y) =7 " H(VY)(y/) =

so in particular ||V, |2 <=4 1/14.

Reach and Condition Number of a Manifold. For a smooth submanifold M of Euclidean space, T
is the smallest radius r so that every point with distance at most 7 to the manifold M has a unique nearest
point on M (Federer, |1959)); the reach is guaranteed to be positive for compact manifolds. The reach has a
few equivalent characterizations (see e.g. |[Niyogi et al.| (2008)); a common terminology is that the condition
number of a manifold is 1/74.

B Recovering Lyu’s interpretation of score matching

As mentioned, the connection between score matching objective and the relative Fisher information was
previously observed, for example in (Shao et all [2019; [Nielsen| [2021])). We also remark that if we use the
fact Z(plq) = —% KL(pt, q) |t=0, the score matching objective has a natural interpretation in terms of select
¢ to minimize the contraction of the Langevin dynamics for ¢ started at p. On the other hand, [Lyu (2009))
previously observed that the score matching objective can be interpreted as the infinitesimal change in KL
divergence between p and ¢ as we add noise to both of them. We now explain why these two quantities
are equal by giving a proof of their equality (which is shorter than the one you get by going through (Lyu,
2009))).

6See e.g. [Vempala and Wibisono| (2019) for more background and the connection to the discrete time dynamics.
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Before giving the formal proof, we give some intuition for why the statement should be true. The
Langevin dynamics approximately adds a noise of size N (0, 2t) and subtracts a gradient step along V log g,
and this dynamics preserves ¢. For small ¢, the gradient step is essentially reversible and preserves the KL.
So heuristically, reversing the gradient step gives K L(p,q) ~ KL(N(0,2t) * p, N(0,2t) x ¢). We now give
the formal proof.

Lemma 2. Assuming smooth probability densities p(x) and q(x) decay sufficiently fast at infinity,

K L(ps, q)’t:0 = L N(0,20), g % N (0,20)

dt dt t=0

where * denotes convolution.

Proof. Recalling from Appendix |[A| that H; = e we have that %%‘ = %Ht

Eq[% log 2] and L lzloga] =logz + 1, it follows by the chain rule that

St =8 (2 +1)2] - (2 ) ()

A A
=E, [<log§ + 1) (—(Vlogcbv )+ Tp - pq;})]

NS

= L%. Since K L(pt,q) =

q
using the Fokker-Planck equation z; (p* N(0,2t)) = Ap (Lemma 2 of |Lyu (2009)) and the chain rule we have

where in the last step we used the quotient rule A% —2&p_9 <V10g q, V§> pAq On the other hand, by

J px N(0,26) | px N(0,2t)
LD * N(0,2t), g N(0,28) = - /q*N 0:20) N (0, 20) %8 g N (0, 20)

- / (602 108z 8, [(10g? 1) (22 - 250)]

Since by the chain rule and integration by parts we have

E, [(logp + 1) <Vlogq,Vp>] = / [<Vq,vplogp>} dr = —/(Aq)glog Bdw,
q q q q q q

we see that the two derivatives are indeed equal. O

C Proof of Proposition

Proof. From (Hyvarinen and Dayan) 2005), we have consistency of score matching (Theorem 2) and in
particular the formula

0 =-E[(JF)x(JF)%] 'EAF. (9)
We now compute the limiting distribution of the estimator as the number of samples n — co. We will need to
use some standard results from probability theory such as Slutsky’s theorem and the central limit theorem,
see e.g. (Van der Vaart, [2000)) or (Durrett} 2019) for references. To minimize ambiguity, let [, denote the
empirical expectation over n i.i.d. samples samples and let 6,, denote the score matching estimator éSM from
n samples. Define 6,1 and d, 2 by the equations

En[(JF)x(JF)X] = E[(JF)x (JF)X] + 6n1/v/n
and
E,AF =EAf 4 6,.2/v/n.

By the central limit theorem, §,, = (05,1, d,,2) converges in distribution to a multivariate Gaussian (with a
covariance matrix that we won’t need explicitly) as n — oco. From the definition

O = —En[(JF)x (JF)X]'BAF = —[E[(JF)x (JF)X] "B [(JF) x (JE)X) ' EB[(JF)x (JF)§) ' EAF
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and we now simplify the expression on the right hand side. By applying @[) we have
E[(JF)x (JF)5] " B, AF = E[(JF) x (JF)%] " (BAF + 6,2/v/n) = 0 + E[(JF)x (JF)5] 8,2/ Vn

Since
E((JF)x(JF)X] "B [(JF)x (JF)X] = T+ E[(JF)x (JF) %] 0n1/Vn

and (I + X)™' =1— X + X% — .. we have by applying Slutsky’s theorem that
E[(JF)x (JE)X) T Ba[(JF)x (JP)X] T = T = E[(JF)x (JF)X] " 65,1/v/n+ Op(1/n)

where we use the standard notation Y,, = Op(1/n) to indicate that nY,/f(n) — 0 in probability for any
function f with f(n) — oco. Hence

Ogpg = —[EI(JF)x (JF) S B [(JF) x (JF) X T E[(JF) x (JF) K] ', AF
— — [[ = E[(JF)x (JF)%] 6n1 /v + Op(1/n)] (=0 + E[(JF) x (JF)§] " 6,.2/v/n)
and applying Slutsky’s theorem again, we find
V(b — 0) = E[(JF)x (JF)X] 7 (00,10 — 6, 2) + Op(1//n)
From the definition, we know

(3110 = 612) = B [(TF) x(TF)k0 = AF] ~ E[-(JF) x(JF)§0 — AF]

so altogether by the central limit theorem, we have
V(0= 60) = N (0.E(TF)x (JF)X] " S 5o+ arEITF)x (JF)E] )

as claimed.

D Proof of Theorem [2

First, we will need the following helper lemma:
Lemma 3. For any random vectors A, B we have ¥ a+p =X 2¥ 4 + 2% 5.
Proof. For any vector w we have
Var((w, A + B)) = Var((w, A)) + 2Cov({w, A){w, B)) + Var({(w, B))

< Var((w, A)) 4 2/Var((w, A))Var((w, B)) + Var((w, B))
< 2Var((w, A)) + 2Var((w, B))

where the first inequality is Cauchy-Schwarz for variance and the second is ab < a?/2 + b%/2. We proved for
this for every vector which proves the PSD inequality. O

With this in mind, we can proceed to the proof of Theorem
Proof of Theorem[Z Recall from Proposition [3] that

INCTVRSS E[(JF)X(JF)EF(FIE(JF)X(JF)§9+AF]E[(JF)X(JF)§}71~

By Lemma [1| and submultiplicativity of the operator norm, we have

||E[(']F)X(JF)E]712(JF)X(JF))T(6+AFE[(JF)X(JF)§]71 lop < CRIIZE! 1P IEr) s To+arllop:
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We will finally bound the two operator norms on the right hand side. By Lemma [3] we have

LR x (IR Lo+aF 228 p)(JF)Te T 2XAF
Furthermore, we have
IZurxumzallor < IE(JF)x (JF)500T(JF)x (JF)X]lor <EN(JF)x[l5p10]
and
ISarlop < |E(AF)AF)T|lop < TrE(AF)(AF)" <E[AF|3

which implies the statement of the theorem.

E Proof of Theorem [3] and Applications

We restate Theorem [3] for the reader’s convenience and in a slightly more explicit form in terms of the bounds
on 7:

Theorem 4 (Inefficiency of score matching in the presence of sparse cuts, Restatement of Theorem .
There exists an absolute constant ¢ > 0 such that the following is true. Suppose that py: is an element of an
exponential family with sufficient statistic F1 and parameterized by elements of ©1. Suppose S is a set with
smooth and compact boundary 0S. Let Tss > 0 denote the reach of S (see Appendim@) Suppose that 1g is
not an affine function of F1, so there exists 61 > 0 such that

2
ls
sup Cov | (w1, F1), ——| <1-94;. (10)
wy:Var((wq,F1))=1 ( Var(ls)

Cd CT@S
(A+[1011) suPs.a(x,05) < (S EF1)zllop? ™ d

Suppose that v > 0 satisfies v < min{ } and is small enough so that

0<d:=1-— (\/1 — 01 + 2\/Pr(;€§§?fpéf()?‘es))> . Define an additional sufficient statistic Fo = 1g * 1) so

that the enlarged exponential family contains distributions of the form

D(61,05) (%) < exp((0h, Fi1(x)) + O2F2(x))

and consider the MLE and score matching estimators in this exponential family with ground truth pee: o)-
Then the asymptotic renormalized covariance matrix Un;pp of the MLE is bounded above as I'prp =<

1 [EE !
=010 Pr(Xes)(1-Pr(Xel))
oén (W), 0% p(w) so that
\/ﬁ<wa éSMf 0> - N(O,U%M(w)), \/ﬁ<w>éMLE - 9> - N(Oa 012\4LE(w))

and the relative (in)efficiency of the score matching estimator compared to the MLE for estimating (w, )
admits the following lower bound

] and there there exists some w and corresponding asymptotic variances

min{Pr(X € S),Pr(X ¢ S5)}

ogn(w) S/
Y fxeas p(l‘)dl‘

U%/ILE(w)

>

’_ d
where ¢ = m
Supporting details for remarks after Theorem If we choose S to be the worst set in the isoperi-
metric inequaltiy, the term DMHPIXESPrXESD} 3 the hound is simply Crg. To see this, observe that

f:cEBS p(x)dz
Is. p(z)dz;fsp(x)dx = fwe@S p(z)dz as a special case of Weyl’s tube formula (Weyl, [1939; |Grayl, [2003)).

The proof will proceed in two parts: we will lower bound ¢%,,(w) and upper bound ¢%,; z(w). The
former will proceed by proving a lower bound on the spectral norm of I'g); — by picking a direction in
which the quadratic form is large. The upper bound on 0%, (w) will proceed by relating the Fisher matrix
for the augmented sufficient statistic (Fy, Fy) with the Fisher matrix for the original sufficient statistic Fj.

1irne~>0
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E.1 Lower bounding the spectral norm of I'g);

We recall the new statistic Fs, defined in terms of the mollifier ¢ introduced in Section [2}

F2($) = (15 * wv)(x) = /]Rd 1S(y)1/)7(73 - y)dy = /Swv(x —y)dy

and the new sufficient statistic is F(z) = (Fi(z), Fa(x)). We first show the following lower bound on the
largest eigenvalue of I'g)s, the renormalized limiting covariance of score matching:

Lemma 4 (Largest eigenvalue of T'sps). The largest eigenvalue of K satisfies

2
8id’}/2 ]EX|d(X,BS)§'y ((VFQ)&(JF)§0 + AFQ)

)\max(FSM) Z (11)
Prld(X,0S) <] SUP 4(z,08) < [|(JF)z 1B p
Proof. We have
VoFsa) = [ Vel —udy, ViFa) = [ Vi
s
Defining
w = B[(JF)x (JF)§)(0,1) = B[(JF)x V. F ()
we have, by the variational characterization of eigenvalues of symmetric matrices, that
w,E[(JF)x(JF)L]71% E[(JF)x(JF)% ] tu
N (K) > (u, E[(JF)x (JF)x] UR)x P osar (JF)x (JF)X] >. (12)
[[ull3
To upper bound the denominator we observe that if By is the volume of the unit ball,
9Pl = | [ ()0 = | (13)
< 1(d(2.05) < 21y ol (BX )T (14)
< 8%1(d(z,d8) < )y} (15)
and so
[ull2 < 81 Prld(X,05) <] sup  [[(JF)ullop
d(z,05)€[=7,7]
where we used the computation of the derivative of 1),. To lower bound the numerator we have
(w,B[(JF)x(JF)X) ' Erp)x g zo+arB(TF)x (JF)X] ) = (0,1)"Spy  (sryosar(0:1)
=E((0,1), (JF)x(JF)%0 + AF)?
=R (V.F2)% (JF)%0 + AF)® .
The integrand is zero except when d(X,95) < v so it equals
2
Pr(d(X,0S) <AEx|ax.08)c[-vy] (VE) X (JF)X0 + AF,)
and combining gives the result. O

We now estimate the right hand side of for small ~:

Lemma 5. There exists an absolute constant ¢ > 0 such that the following is true. For any v > 0 satisfying

Cd TS
v < min ,C——
(1 + ||91||) Supw:d(mﬁS)S’y ||(JF1)€E||OP d

for score matching on the extended family with m+ 1 sufficient statistics and distribution pg with 8 = (61,0)

we have

cd

)\max F 2 T NI A
(Tsar) WIBSP(x)dA
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Proof. In the denominator, we can observe by that
ITF)allop < TR Ep + IVES < [TF1[Gp + 772 Bl < 2977 B;

where the last inequality holds assuming v is sufficiently small that || JF||3p, <~y 2B3.
In the numerator we can observe

(Vo F2) X (JF)X0 + AFy = /S<(Ww)((X — ), (TF)%6) + (A (X — y)dy
= /SOB(X )<(V¢7)((X — ), (JF)L0) + (Ap,) (X — y)dy

= / (V) (), (JF)YL0) + (Db ) (yu)
B(0,1)N(X-=S)/~

VUV (), (JF)X0) + 72 (M) (u)du

/13(071)0()(—3)/7

-/ VUV, (PR + [ 172V, dN)
B(0,1)N(X—S)/~ A(B(0,1)N(X—=S)/v)

- / UV (u), (TF)G6) + / 2 (V4. dN)
B0,)N(X—8)/~ B0,1)N(X-85)/~

where the second-to-last expression is a surface integral which we arrived at by applying the divergence
theorem, using that the Laplacian is the divergence of the gradient, and in the last step we used that ¥ and
all of its derivatives vanish on the boundary of the unit sphere.

Using that 6 = (61,0) we have

v H(Vip(u), (JF)0)

/ <yt / IV @II(TF)x lop 6] (16)
B(0,1)N(X=5)/v B(0,1)

)

< 8%y HI(JF)xlop8]- (17)

Let p be the point in (X —.5)/+ which is closest in Euclidean distance to the origin. Let n(q) denote the
unit normal vector at point ¢ oriented outwards (Gauss map). Note that by first-order optimality conditions
for p, we must have n(p) = p/||p||. Since dN = n(q)dA where dA is the surface area form, we have

/ (Vip, dN) = / (V). n(p) + (n(g) — n(p)))dA
B(0,1)N(X—85) /v 4€B(0,1)N(X —8S)/~
_ 2@ Py
/qem,wxasm T Tql2E @ [y T (@ —nPdA

We now show how to lower bounding the integral by showing (g, H%\I + (n(q) — n(p))) is lower bounded.

Let ¢(t) be a minimal unit-speed geodesic on M := (X — 95)/~ from p to q. Note that o4 = T95/7 so
if v is very small, M is very well-conditioned. By the fundamental theorem of calculus, we have that

.0 = o+ [ Ot = 5)+ [ (Proir, .0

where Ti(; is the tangent space to M at the point c(t). Hence by the Cauchy-Schwarz inequality we have

|(p,q) > (p,p>—/0 | Projr,

c

o plllle ().

By Proposition 6.3 of |[Niyogi et al.| (2008), we have that for ¢; the angle between the tangent spaces T, and
Tc(t) that

1
cos gy > 1~ ——dp(p,e(t)) =1 — ——du(p,q). (18)
™™ TM
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Since sin? ¢; + cos? ¢; = 1 and p is orthogonal to the tangent space at T,, it follows that

I Proje, , Il < llpllsing,| = [lpllv/1 — cos? ¢ < [lpllv/(2t/Tan)daa(p, @) + (t/7a0)2dsa (P, 4)?
< |Ipllv/ @2t/ Ta0)dra(p, @) + [Pl (t/Ta1) dra (P, )

hence
/O I Projr. ., plllic' ()lldt < (2/3)lIpllv/2/7a0)dad(p, @) + Il (1/2704) dpa (, 0)*.

Since ||p — q|| < 2, provided that 7o¢ > 16 we have by Proposition 6.3 of |[Niyogi et al. (2008) that

dpm(p,q) < Tam(l = /1 =2[lp — qll/7p1) < 4.

Combining, we have for some absolute constant C' > 0 that

(p,q) > (p,p)(1 = C\/1/Tpm — C/Tp).

) ) = VE=2e0n0 <\ dualp.a) < ﬁ
8
aun(a) = ne)] < allolo) ~ nlp)] < /-

Hence provided ¢ > C' for some absolute constant C' > 0 and ||p|| > 0.1, we have

—2¢(q) P P(q)
— — dA| > N S A dA
/qegmm(x_aw =g\ oy T (@~ @) /qegm,wx_asm =g !

using that the integrand on the left is always negative. We can further lower bound the integral by considering
the intersection of M with a ball of radius r := % centered at p. We have

¥(q ¥(g
/ D Il > D Iplda
qeB(0,1)N(X—085)/~ ( llq[1?) q€B(p,r)NM ( lq]?)

> cos 0)*vol(BF T inf &
2 lIpli(cos ) vol(BXp,r) | inf | G 2

_ Biy(q)
= cos 0)FrF inf BTV
[IplI( ) aeB(p,r)nm (1 —|g||?)?

Also, we can compute

SO

where k = d — 1 is the dimension of M and 6 = arcsin(r/27) and we applied Lemma 5.3 of |[Niyogi et al.
(2008). If ||p|| € (0.1,0.9) this is lower bounded by a constant Cj > 0 which is at worst exponentially small
in k.

Hence recalling we have for any X with d(X,d5) € (0.1v,0.9v) and for ~ sufficiently small so that
8 Y| (JFy) x|lop||f]] < Cr/4 for any such X, we have that
(VE)X(JP)%0+AR)" > 70,
where C}, > 0 is a constant that is at worst exponentially small in k. Therefore

Pr(d(X,95) € (0.17,0.97))
Pr(d(X,05) <)

2 _
Exja(x,08)e[-v] (V)X (JF)%0+ AF)" > ~y7*Cy
Combining these estimates, we have for some constant C}/ > 0 which is at worst exponentially small in k&
and ~ sufficiently small (to satisfy the conditions above, including the requirement 704 > C”) that

Cj; Pr(d(X, 05) € (0.17,0.97))
Pr(d(X,05) < 7)2

Am,a."c(l_\SM) 2 (19)
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Observe that for any points z,y and 6 = (61,0) we have by the mean value theorem that

po(x)/po(y) = exp ({61, F1(x) — Fi(y)) < exp <||9|| S 1(JF1)gz+ -0y lopllz — yll) - (20)

so the log of the density is Lipschitz. This basically reduces estimating Pr(d(X,dS5) < ) for small v to
understanding the volume of tubes around 9, which can be done using the same ideas as the proof of Weyl’s
tube formula (Weyl, [1939; [Gray, [2003).

Lemma 6 (Proposition 6.1 of Niyogi et al| (2008)). Let M be a smooth and compact submanifold of di-
mension q in RY. At a point p € M let B : T, x T, — T;‘ denote the second fundamental form and for a
unit normal vector u let L, be the linear operator defined so that (u, B(v,w)) = (v, Lyw) (this matches the
notation from|Niyogi et al| (2008)). Then

1
[Lulop < —-
™

Lemma 7 (Lemma 3.14 of (Gray| (2003)). Let M be a smooth and compact submanifold of dimension q in
RY. Let exp,, denote the exponential map from the normal bundle at p. The Jacobian determinant of the
map

M X (=1/7p1,1/7p1) X Sa—qo1 — RE (p,t,u) = exp,, (tu)

is det(I —tL,,).
We can compute

Pr(d(X,05) < r) — /

po(x)de = / / / det(I — tLy)pg(exp,(tu)) dudtdA
z:d(z,05)<r pedS JO J Sy

where in the second equality we performed a change of variables and obtained the result by applying Lemmal7]
We have
det(I —tLy) € [(1 —t/7)F, (1 +t/7)¥]

and so applying we find that if we define ¢ := 7||0|/sup,.q(s,05)<+ [(JF1)zllop which can be made
arbitrarily small by taking ~ sufficiently small, then

Pr(d(X,08) <r) € [2e°y(1 — v/7)*V, 2ey(1 + v/7)*V] (21)
where
V= /asp(a:)dA.

Note that (1 + v/7)F < /7 and (1 — v/7)* > exp(—O(vk/7)) provided that v/7 = O(1/k). Since
Pr(d(X,0S) € (0.17,0.9v)) = Pr(d(X, 0S) < 0.9y) — Pr(d(X,90S) < 0.1) and the distribution we consider
has a density, by combining and we find that for v sufficiently small we have

1
Amaz (I >0 ——
(Tsar) 4§ Vfasp(m)dA

where C}” is at worst exponentially small in k. O

E.2 Relating Fisher matrices of augmented and original sufficient statistics

Next, we show that adding the extra sufficient statistic F» has a comparatively minor effect on the efficiency
of MLE. Quantitatively, we show:
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Lemma 8. Suppose that F = (Fy, F3) is a random vector valued in R™+L with Fy valued in R™ and Fy
valued in R. Suppose that Fy is not in the affine of linear combinations of the coordinates of Fy, i.e. for all
wy € R, there exists 6 > 0 such that

Cov({wy, Fy), F5)?* < §Var({wy, F;))Var(F,).

Then we have the lower bound

b3y 0
Bpz (1-9) [ 0 Var(FQ)}
in the standard PSD (positive semidefinite) order.
Proof. To show a lower bound on
Sp= | 2B ERR
Yrp YR

observe that
(w, L pw) = (wy, Zpwi) + 2walwr, Xp Fy) + W3S E,

so under the assumption we have by the AM-GM inequality that
(w,Bpw) > (1= 8)[(w1, Bpwi) + wiTp,]
and hence X p is lower bounded in the PSD order as long as ¥p, is and Xp, is. O]

The lower bound on Var(F») is guaranteed when Fy corresponds to a cut with large mass on both sides
since the variance of F5 is lower bounded by its variance conditioned on being away from the boundary of S.

E.3 Putting together
Finally, given Lemma [5] and [§] we can complete the proof of Theorem

Proof of Theorem[3 Define p = Pr(X € S) for the purpose of this proof. Observe that by
Var(ls — Fy) <E(lg — F3)? < Pr(d(X,85) <v) <4V
where V = [, < p(z)dA. We have that
Cov({wy, F1), F») = Cov({w1, F1),1g) + Cov((wy, F1), F5 — 1g)

so if w; is arbitrary and normalized so that Var({(ws, F1)) = 1 then we have

|Cov((wy, F1), Fy)| < \/1—01\/Var(lg) + /Var(F, — 1g)

< <\/1 — 0 +2 W) V/Var(1g).

p(1—p)

Therefore provided é > 0 we have

-1
V= % [251 Var(OF2)1] :
On the other hand, by Lemma 5| we have
o
Amaz(Tsar) > v
Hence there exists some w such that
oAy (w) el 1 et p(1=p)

> - — 2 =
otp(w) ~ max{||Sx lop, 1/p(1 = p)} 7V 7 1+ p(1 = p)ISE lor WV

Using that min{p,1 — p}/2 < p(1 — p) < 1/4 and dividing ¢ by two gives the result. O
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E.4 Multimodal example: Proof of Corollary
Proof of Corollary[1 First observe that

/Oo e~ (@) gy — 2/00 6—(1/8)(g;_a)2(a;/a+1)2dx < 2/OO e—(1/8)(x—a)2dm _ 2/00 e_(zz/s)dx = C
0

— 00 — 00 — 00

where C' is a positive constant independent of a. Using that Fy(z) = (1/8)(x — a)?(x/a+ 1)? it then follows

that
it le @ dr o 0/9@/ar)?
_ — > >
Pr(X €ela—1,a+1)) [ e R®d © c >C">0

where C’ is a positive constant independent of a. From this, we see by the law of total variance that
Var(Fy) > Var(Fy | X € [a—1,a+ 1])Pr(X € [a—1,a+1]) > C” > 0 where C” > 0 is another positive
constant independent of a. Hence ||E;11||op = O(1) independent of a. Also, if we define S = {z : > 0}
then

Cov(Fi(z),15) =0

becuase F(z) is even, 1g is odd and the distribution is symmetric about zero. So we can take 6; = 1 in the
statement of Theorem [Bl

Therefore, applying Theorem [3| to S and using that F;(0) = —a?/8, we therefore get for v smaller than
an absolute constant, that the inefficiency is lower bounded by Q(e“Q/ 8/7). By taking 7 equal to a fixed
constant we get the result. O

In Section 7] we perform simulations which show the performance of score matching does indeed degrade
as a beomes large.

F Discrete Analogues of Score Matching

Glauber dynamics. The Glauber dynamics or Gibbs sampler is the standard sampler for discrete spin
systems — it repeatedly selects a random coordinate and then resamples the spin X; there conditional on all
of the other ones (i.e. conditional on X.;). See e.g. [Levin and Peres| (2017)). This is the standard sampler for
discrete systems, but it also applies and has been extensively studied for continuous ones (see e.g. Marton
(2013)).

F.1 Finite sample bounds

We state explicitly the analogue of Theorem [I] for pseudolikelihood, which follows from the same proof by
replacing Proposition [I] with Proposition [

Theorem 5. Suppose that P is a class of probability distributions containing p and define Cap(P,P) =
sup,ep Crs(q, P) < supyep CLs(q) to be the worst-case (restricted) approzimate tensorization constant in
the class of distributions. Let

d
1 n
R = Ex, .. X106 SUD — Z €i Z log q((X3); | (Xi)~j)
€PNV =
be the expected Rademacher complexity of the class given n samples X1,..., X, ~ p i.i.d. and independent
€1y... €, ~ Uni{x1} ii.d. Rademacher random variables. Let p be the pseudolikelihood estimator from n

samples, i.e. p = argmingep f/p(q). Then

In particular, if Car < oo then lim,, o EKL(p,p) = 0 as long as lim,,_,o R, = 0.
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F.2 Ratio Matching and Approximate Tensorization

Marton| (2015)) studied a strengthened version of approximate tensorization of the form

d

KL(p,q) < Car2(9) D Ex_imp TVZ(0(X; | Xi),a(Xi | X)) (22)
i=1

where TV denotes the total variation distance (see |Cover| (1999))). (This is known to hold for a class of
distributions ¢ satisfying a version of Dobrushin’s condition and marginal bounds [Marton| (2015).) This in-
equality is stronger than the standard approximate tensorization because of Pinsker’s inequality TV?> (P,Q) <
KL(P, Q) Cover| (1999). In the case of distributions on the hypercube, we have
TVQ(p(XZ- | Xvi),a(Xi | X))
= [p(Xi = +1| Xui) — ¢(Xi = +1| Xp)[?
= Eximpy, v, [1(Xi = +1) = a(Xi = +1] X)) = Exynpy, i [1(Xi = +1) = p(Xi = +1 ] Xo)[?
where in the last step we used the Pythagorean theorem applied to the px,|x_,-orthogonal decomposition
L(X; = +1)—q(Xi = 41| Xv) = [L(X; = +1)—p(X; = +1 | X o)+ [p(X; = +1 | Xoy) —q(X; = +1 | X)),
Hence, there exists a constant KI'j not depending on ¢ such that
d
ZExNirvaiTVQ(P(Xi | Xni), q(Xi | X)) = Kp + Mp(q) (23)
i=1
where we define the ratio matching objective function to be
d
My(q) == Z]Ex~p|1(X¢ =+1) —q(Xi =+1| X)) (24)
i=1
This objective is now straightforward to estimate from data, by replacing the expectation with the average
over data. Analogous to before, we have the following proposition:
Proposition 5. We have

KL(p,q) < Car2(q)(My(q) — My(p))
and more generally for any class P containing p, we have KL(p, ¢) < Cara(q, P)(My(q) — My(p)).

We now show how to rewrite M,(¢) to match the formula from the original reference. Observe

d d
1 1
M,(q) = 1 § Exnp| Xi — Eg[Xi | Xui]|* = 1 § Exnp|l — XiEo[Xi | Xoi]?

i=1 i=1
Observe that for any z € {1} we have
q(Xi =2 | Xoi) —q(Xi = -2 | Xi)
q(Xi =z | X)) +a(Xs = —2 ] Xi)

and

29(X; = -z | Xi) -~ 2
qXi=z| X)) +q(Xi=—2|Xui) 14+q¢Xi=z|Xu)/a(Xi=—2]X)
Also for z € {£1}% we have ¢(X; = z; | Xui = 2i)/a(Xi = —z | Xui = 2i) = q(2)/q(z_;) where z_;
reprsents z with coordinate i flipped, so

1-— ZEQ[XZ | XN,L] =

d 1 2
My(g) = 3 Ex~p (1 + q(X)/Q(X—i))

=1

which matches the formula in Theorem 1 of |[Hyvéarinen| (2007)).

Summarizing, minimizing the ratio matching objective makes the right hand side of the strengthened
tensorization estimate small, so when Cyur2(q) is small it will imply successful distribution learing
in KL. (The obvious variant of Theorem [5| will therefore hold.) In this way ratio matching can also be
understood as a relaxation of maximum likelihood.
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Figure 3: Here we see the result of running an identical expzerianentzto Figure [1} only we remove the second
sufficient statistic, so our distribution is now pg(z) oc e (@ =27/(2a%) where §, = 1 and we again vary the
offset a between 1 and 7. With only the single sufficient statistic, score matching performs comparably to
MLE.

G Further Simulations

Fitting a bimodal distribution without a cut statistic. In Figure [3| we show the result of fitting
the same bimodal distribution using score matching, but we remove the second sufficient statistic (which is
correlated with the sparse cut in the distribution). In this case, score matching fits the distribution nearly as
well as the MLE. This is consistent with our theory (e.g. the failure of score matching in Theorem [3|requires
that we have a sufficient statistic approximately representing the cut) and justifies some of the distinctions
we made in our results: even though the Poincaré constant is very large, the asymptotic variance of score
matching within the exponential family is upper bounded by the restricted Poincaré constant (see Theorem [2)
which is much smaller.
To briefly expand the last point, the restricted Poincaré constant for applying Theorem [2| will be

_ Var(Fi(X))  Var(X?— X*/24?)

O BEX0O?2 T ERX - 2X%/a)

which asymptotically goes to a constant, rather than blowing up exponentially, as a goes to infinity. (This
can be made formal using arguments as in the proof of Corollary [I} informally, the distribution is similar to
a mixture of two standard Gaussians centered at +a so the numerator is close to Varz. 0,1y ((a+ Z)? —(a+
Z)/2a?) = Var(2aZ + Z? — (4aZ + 6Z% + 473 /a + Z*)/2) = ©(1) and the denominator is approximately
Ezonon)(2(a+2Z) —2(a+ Z)%/a*)? = E(2Z — 2(3Z + 373 Ja+ Z* [a?))* = ©(1).)

Fitting a unimodal but not smooth distribution. In Figure {4l we demonstrate what happens when
the distribution is unimodal (and has small isoperimetric constant), but the sufficient statistic is not quanti-
tatively smooth. More precisely, we consider the case pg(z) ox e~%2°/2=015in(wo) 55 ¢ increases. The result is
that while the MLE can always estimate the coefficient 6, accurately, score matching performs much worse
for large values of w. This demonstrates that the dependence on smoothness in our results (in particular,
Theorem [2|) is actually required, rather than being an artifact of the proof. Conceptually, the reason score
matching fails even when though the distribution has no sparse cuts is this: the gradient of the log density
becomes harder to fit as the distribution becomes less smooth (for example, the Rademacher complexity
from Theorem [1| will become larger as it scales with V, logp and V2 log p).

Fitting a mixture of Gaussians with a one-layer network: further discussion. We provide some
further remarks on the results in Figure 2| In the right hand side example, the shape of the two Gaussian
components is learned essentially perfectly — it is only the relative weights of the two components which
are wrong. This closely matches the idea behind the proof of the lower bound in Theorem [3} informally,
the feedforward network can naturally represent a function which detects the cut between the two modes
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Figure 4: Score matching vs MLE for a distribution with a rapidly oscillating sufficient statistic, pg(x)

¢=f0a* /201 sin(w) where (00,01) = (1,1), and increasing w. We use the limit covariance formulas for score
matching and maximum likelihood estimation to calculate the distribution over parameter estimates from
100,000 samples from p;,; for each value of w. (We also verified in simulations that the asymptotic formula
matches the actual error distribution in this setting.) On the left we have a log-log plot of the average 2-norm
distance in parameter space between 6 and the estimated parameter values versus w. On the right, for each
estimation method and each value of w, we see a level set of the distribution over returned estimates within
which a fixed fraction of returned estimates lie. We see that the MLE continues to give answers tightly
clustered around the correct answer, while score matching gives increasingly inaccurate estimates of 6y as w

increases.
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of the distribution, i.e. the additional bad sufficient statistic F5 from Theorem [3| The fact that the shapes
are almost perfectly fit where the distribution is concentrated indicates that the test loss J, is near its
minimum. Recall from that the suboptimality of a distribution ¢ in score matching loss is given by
Jp(q) — Jp(p) = E,||Viogp — Vlogql||?. If we let ¢ be the distribution recovered by score matching, we
see from the figure that the slopes of the distribution were correctly fit wherever p is concentrated, so
E,||Vilogp — Vlogg|? is small. However near-optimality of the test loss J,(g) does not imply that g is
actually close to p: the test loss does not heavily depend on the behavior of log g in between the two modes,
but the value of V log ¢ in between the modes affects the relative weight of the two modes of the distribution,
leading to failure.

Model details: both models illustrated in the figure have 2048 tanh units and are trained via SGD on fresh
samples for 300000 steps; the distribution is computed from the score function using numerical integration.
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