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Abstract

Imitation learning (IL) aims to mimic the behavior of an expert in a sequential
decision making task by learning from demonstrations, and has been widely applied
to robotics, autonomous driving, and autoregressive text generation. The simplest
approach to IL, behavior cloning (BC), is thought to incur sample complexity with
unfavorable quadratic dependence on the problem horizon, motivating a variety of
different online algorithms that attain improved linear horizon dependence under
stronger assumptions on the data and the learner’s access to the expert.

We revisit the apparent gap between offline and online IL from a learning-theoretic
perspective, with a focus on the realizable/well-specified setting with general
policy classes up to and including deep neural networks. Through a new analysis
of behavior cloning with the logarithmic loss, we show that it is possible to achieve
horizon-independent sample complexity in offline IL. whenever (i) the range of
the cumulative payoffs is controlled, and (ii) an appropriate notion of supervised
learning complexity for the policy class is controlled. Specializing our results to
deterministic, stationary policies, we show that the gap between offline and online
IL is smaller than previously thought: (i) it is possible to achieve linear dependence
on horizon in offline IL under dense rewards (matching what was previously only
known to be achievable in online IL); and (ii) without further assumptions on the
policy class, online IL cannot improve over offline IL with the logarithmic loss,
even in benign MDPs. We complement our theoretical results with experiments on
standard RL tasks and autoregressive language generation to validate the practical
relevance of our findings.

1 Introduction

Imitation learning (IL) is the problem of emulating an expert policy for sequential decision making by
learning from demonstrations. Compared to reinforcement learning (RL), the learner in IL does not
observe reward-based feedback, and must imitate the expert’s behavior based on demonstrations alone;
their objective is to achieve performance close to that of the expert on an unobserved reward function.
Imitation learning is motivated by the observation that in many domains, demonstrating the desired
behavior for a task (e.g., robotic grasping) is simple, while designing a reward function to elicit the
desired behavior can be challenging. IL is also often preferable to RL because it removes the need for
exploration, leading to empirically reduced sample complexity and often much more stable training.
Indeed, the relative ease of applying IL (over RL methods) has led to extensive adoption, ranging from
classical applications in autonomous driving [63] and helicopter flight [1] to contemporary works that
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Figure 1: Suboptimality of a policy learned with log-loss behavior cloning (LogLossBC) as a function
of the number of expert trajectories, for varying values of horizon H. In each environment, an imitator
is trained according to LogLossBC and the regret with respect to the expert is reported, with reward
normalized to be horizon-independent. (a) Continuous control with MuJoCo environment Walker2d-
v4. (b) Discrete control with Atari environment BeamRiderNoFrameskip-v4. For both environments,
we find that the regret is independent of horizon (or in the case of Atari, slightly improving with
horizon), as predicted by our theoretical results. Full experimental details are provided in Appendix C.

leverage deep learning to achieve state-of-the-art performance for self-driving vehicles [15, 6, 44],
visuomotor control [30, 103], navigation [45], and game Al [46, 90]. Imitation learning also offers
a conceptual framework through which to study autoregressive language modeling [21, 13], and a
number of useful empirical insights have arisen as a result of this perspective. However, a central
challenge limiting broader real-world deployment is to understand and improve the reliability and
stability properties of algorithms that support general-purpose (deep/neural) function approximation.

In more detail, imitation learning algorithms can be loosely grouped into offline and online approaches.
Offline imitation learning algorithms only require access to a dataset of logged trajectories from the
expert, making them broadly applicable. The most widely used approach, behavior cloning, reduces
imitation learning to a standard supervised learning problem in which the learner attempts to predict
the expert’s actions from observations given the collected trajectories. The simplicity of this approach
allows the learner to leverage the considerable machinery developed for supervised learning and
readily incorporate complex function approximation with deep models [10, 70]. On the other hand, BC
seemingly ignores the problem of distribution shift, wherein small deviations from the expert policy
early in rollout lead the learner off-distribution to regions where they are less able to accurately imitate.
This apparent error amplification phenomenon has been widely observed empirically [70, 54, 13],
and motivates online or interactive approaches to imitation learning [70, 72, 71, 78], which avoid
error amplification by interactively querying the expert and learning to correct mistakes on-policy.

In theory, online imitation learning enables sample complexity guarantees with improved (linear,
as opposed to quadratic) dependence on horizon for favorable MDPs. Yet, while online imitation
learning has found empirical success [73, 52, 38, 6, 26, 51, 7, 108, 59], online access to the expert
can be costly or infeasible in many applications, and offline imitation learning remains a dominant
empirical paradigm. Motivated by this disconnect between theory and practice, we aim to understand
to what extent the apparent gap between offline and online imitation learning is fundamental. We ask:

Is online imitation learning truly more sample-efficient than offline imitation learning, or can existing
algorithms or analyses be improved?

1.1 Background: Offline and Online Imitation Learning

To motivate our results, we begin by formally introducing the offline and online imitation learning
frameworks, highlighting gaps in current sample complexity guarantees concerning horizon
dependence. We take a learning-theoretic perspective, with a focus on general policy classes.

Markov decision processes. We study imitation learning in episodic Markov decision processes.
Formally, a Markov decision process M = (X, A, P,r, H) consists of a (potentially large) state



space X, action space .4, horizon H, probability transition function P = {Ph}tho, where
P, : X x A — A(X), and reward function 7 = {r, }/L where rj, : X x A — R. A (randomized)
policy is a sequence of per-timestep functions 7 = {7, : X — A(.A)}hH:l. The policy induces
a distribution over trajectories (z1,a1,71),...,(Zg,am, ) via the following process. The
initial state is drawn via 1 ~ Py(2),! then for h = 1,..., H: a ~ w(zn), v, = mn(Th,an),
and xpy1 ~ Pp(zp,ap). For notational convenience, we use g1 to denote a deterministic
terminal state with zero reward. We let E™[-] and P"[-] denote expectation and probability law for
(1,a1), ..., (xm,am) under this process, respectively.’

The expected reward for policy = is given by J(7) :== E” [Zle 71, ], and the value functions for 7 are
given by V7 (z) =E" [Zg:h Ty | @y = m] and QF (z,a) =E" [Zgzh T | xp =T an = a}.

Reward normalization. To study the role of horizon in imitation learning in a way that disentangles
the effects of reward scaling from other factors, we assume that rewards are normalized such

that Zthl ry, € [0, R] for a parameter R > 0 [47, 94, 104, 48]. We refer to the setting in which
rp, € [0,1] for all h € [H], which is the focus of most prior work [70, 72, 71, 67-69, 80], as the
dense reward setting, which has R < H; we will frequently specialize our results to this setting.

1.1.1 Offline Imitation Learning: Behavior Cloning

Letm* ={n}: X — A(./ét)}hH:1 denote the expert policy. In the offline imitation learning setting,
we receive a dataset D = {0’} of (reward-free) trajectories o' = (z},a}),..., (¢}, a}y) obtained
by executing 7* in the underlying MDP M™*. Using these trajectories, our goal is to learn a policy
7 such that the rollout regret J(7*) — J(7) to m* is as small as possible. We emphasize that 7* is
an arbitrary policy, and is not assumed to be optimal.

Behavior cloning. Behavior cloning, which reduces the imitation learning problem to supervised
prediction, is the dominant offline imitation learning paradigm. To describe the algorithm in its

simplest form, consider the case where 7* = {7} : X — A}f:1 is deterministic. For a user-
specified policy class IT C {7, : X — A(A)}thl, the most basic version of behavior cloning [70]
solves the supervised classification problem 7 = argmin, c;; Y 1 % Zle {mp(x;) # aj} =:
Ebc (7). Naturally, other classification losses (e.g., square loss, logistic loss, or log loss) may be used

in place of the indicator loss.? To provide sample complexity bounds for this algorithm, we make a
standard realizability assumption (e.g., Agarwal et al. [2], Foster and Rakhlin [33]).

Assumption 1.1 (Realizability). The policy class 11 contains the expert policy, i.e. m* € IL

This assumption asserts that I is expressive enough to represent the expert policy. Depending on
the application, II might be parameterized by simple linear models, or by flexible models such as
convolutional neural networks or transformers. We primarily restrict our attention to the realizable
setting throughout the paper, as it is meaningful and non-trivial, yet not fully understood. Our main
results extend to provide guarantees for the misspecified case, but a thorough study of the role of
misspecification is beyond the scope of this work.To simplify presentation, we adopt a standard
convention in RL theory and focus on finite classes with |II| < oo [2, 33].

To proceed with analyzing the behavior cloning algorithm, a standard uniform convergence argument
implies that if we define Lyo(7) = Zthl P™" [7p(xs) # 75 (21,)], then with probability at least
1 — 4, behavior cloning has

log(|IT|6~
Lo(7) < og(ln\5 )

Meanwhile, a standard error analysis for BC leads to the following bound on rollout performance:

J(m") = J(®) S RH - Lo (7). ¢y

'"We use the convention that Py(2) denotes the initial state distribution.

>To simplify presentation, we assume that X’ and A are countable, but our results trivially extend to general
spaces with an appropriate measure-theoretic treatment.

3Behavior cloning for stochastic expert policies has received limited attention in theory [67], but the
logarithmic loss is widely used in practice. One contribution of our work is to fill this lacuna.



Combining these bounds, we conclude that

~ log(|IT|6~*

J(x*) = J(7) < rar - 28T ©)
n

For the dense reward setting where R = H, this leads to quadratic dependence on horizon; that

is, Q(H?) trajectories are required to achieve constant accuracy. Unfortunately, both steps in this

argument are tight in general:

* The generalization bound Ly (7) < % is tight even when |II| = 2 (this is true not just
for the indicator loss, but for other standard losses such as square loss, absolute loss, and hinge
loss). Since the amount of information in a trajectory grows with H, one might hope a-priori that
the generalization error would decrease with H'; alas, this does not occur due to the dependence
between samples in each trajectory.

* Ross and Bagnell [70] show that the inequality J(7*) — J(7) S RH - Ly (7) is tight for MDPs
with 3 states; the quadratic scaling in [ this induces under dense rewards is often attributed to
error amplification or distribution shift incurred by passing from error under the state distribution
of 7* to the state distribution of 7.

Combining, these observations, it is natural to conclude that offline imitation learning is fundamen-
tally harder than supervised classification, where linear dependence on horizon might be expected
(e.g., with H independent prediction tasks).

1.1.2 Online Imitation Learning and Recoverability

The aforementioned limitations of behavior cloning have motivated online approaches to IL
[70, 72, 71, 78]. In the online framework, the learner can interactively choose policies to roll out
and query the expert for the action at each state in the trajectory (see Appendix E.2 for a formal
description), representing a substantially stronger (and in some cases unrealistic) assumption on the
learner’s access both to the MDP and the expert than in the offline setting. Online imitation learning
can avoid error amplification and achieve improved dependence on horizon for MDPs that satisfy
a recoverability condition [72, 68].

Definition 1.1 (Recoverability parameter). The recoverability parameter for an MDP M™ and expert
7* is given by*

Under recoverability, the Dagger algorithm of Ross et al. [72] leverages online interaction by inter-
actively querying the expert and learning to correct mistakes on-policy, leading to sample complexity

log|II|

J(m*) = J(@) S - —

3)
for any finite class II and deterministic expert policy 7* (for completeness, we include an analysis
in Appendix E.2; see Propositions E.1 and E.2). For the dense reward setting where R = H, we
can have y = H in the worst case, in which case Eq. (3) matches the quadratic horizon dependence
of behavior cloning, but when . = O(1) (informally, this means it is possible to “recover” from a
bad action that deviates from 7*), the bound in Eq. (3) achieves linear dependence on horizon. Other
online IL algorithms such as Forward, Smile [70], and Aggrevate [71] achieve similar guarantees
(we are not aware of an approach that improves upon Eq. (3) for general finite classes).

The improvements of online IL notwithstanding, Eq. (2) is known to be tight for BC, but this is an
algorithm-dependent (as opposed to information-theoretic) lower bound, and does not preclude the
existence of more sample-efficient, purely offline algorithms. In this context, our central question can
be restated as: Can offfine imitation learning algorithms achieve sub-quadratic horizon dependence
for general policy classes 11?7 While prior work has investigated this question for tabular and linear
policies [67-69], we approach the problem from a new (learning-theoretic) perspective by considering
general policy classes.

1.2 Contributions

We present several new results that clarify the role of horizon in offline and online imitation learning.

*For stochastic policies, we overload notation and write f(7(z)) as shorthand for E,(x)[f(a)].



Parameter Sharing  No Parameter Sharing (Il = II; x ---Ilx)
(Corollary 2.1) (e.g., [70])
Rlog(|1I]) HRlog(maxy, |I1;|)
Sparse Rewards o (%) O %)
Dense Rewards (R = H) O (HleelHD) l°g<|nl>) o (7H2 log(maxy [IT, )
n n

Table 1: Summary of upper bounds for deterministic experts; lower bounds are more nuanced, and
discussed in Section 2.2. Each cell denotes the regret of a policy learned with log-loss behavior cloning
(LogLossBC), which is optimal in each setting. Here, II is the policy class, R is the reward range, H
is the horizon, and 7 is the number of expert trajectories. In the dense-reward setting, we set R = H.

1. Horizon-independent analysis of log-loss behavior cloning. Through a new analysis of
behavior cloning with the logarithmic loss (LogLossBC), we show that it is possible to achieve
horizon-independent sample complexity [47, 94, 104, 105] in offline imitation learning
whenever (i) the range of the cumulative payoffs is normalized, and (ii) an appropriate notion
of supervised learning complexity for the policy class is controlled. Our result is facilitated
by a novel information-theoretic analysis which controls policy behavior at the trajectory level,
supporting both deterministic and stochastic expert policies.

2. Deterministic policies: Closing the gap between offline and online IL. Specializing LoglLossBC
to deterministic stationary policies (more generally, policies with parameter sharing) and
cumulative rewards in the range [0, H|], we show that it is possible to achieve sample complexity
with linear dependence on horizon in offline IL in arbitrary MDPs, matching was was previously
only known of online IL. We complement this result with a lower bound showing that, without
further structural assumptions on the policy class (e.g., no parameter sharing [67]), online
IL cannot improve over offline IL with LogLossBC, even for benign MDPs. Our results are
summarized in Table 1. Nonetheless, as observed in prior work [67], online imitation learning
can still be beneficial for non-stationary policies.

3. Stochastic policies: Tight understanding of optimal sample complexity. For stochastic
expert policies, our analysis of LoglLossBC gives the first variance-dependent sample complexity
bounds for imitation learning with general policy classes, which we prove to be tight in a
problem-dependent and minimax sense. Using this result, we show that for stochastic stationary
experts, () quadratic dependence on the horizon is necessary when cumulative rewards lie
in the range [0, H], in contrast to the deterministic setting, but (ii) LoglLossBC—through our
variance-dependent analysis—can sidestep this hardness and achieve linear dependence on
horizon under a recoverability-like condition. Finally, we show that—as in the deterministic
case—online IL cannot improve over offline IL with LoglLossBC without further assumptions
on the policy class. Our results are summarized in Table 2.

Toward a learning-theoretic understanding of imitation learning. Our findings highlight the
need to develop a fine-grained, problem-dependent understanding of algorithms and complexity for
IL. Instabilities of offline IL [60, 27, 13] and benefits of online IL [73, 52, 38, 6, 26, 51, 7, 108, 59]
likely arise in practice, but existing assumptions in theoretical research are often too coarse to give
insights into the true nature of these phenomena, leading to an important gap between theory and
practice. As a first step in this direction, we highlight several under-explored mechanisms through
which online IL can lead to improved sample complexity, including representational benefits and
exploration (Appendix I). We also complement our theoretical results with empirical demonstrations
of the phenomena we describe (Appendix C).

Experiments. In Appendix C (deferred to the appendix due to space constraints), we complement
our theoretical results with an empirical demonstration of the horizon-independence of LoglLossBC
predicted by our theory (under parameter sharing and sparse rewards). We consider tasks where
the horizon H can be naturally scaled up and down—for example, an agent walking for a set number
of timesteps—and use an expert trained according to RL to generate expert trajectories, before
training a policy using LoglLossBC. We consider both continuous action space (MuJoCo environment
Walker2d) and discrete action space (Atari environment Beamrider) tasks to demonstrate the broad
applicability of our theoretical results. As can be seen in Figure 1, the performance of the learned
policy is independent or improving with horizon, consistent with our theoretical results. We also
perform simplified experiments on autoregressive language generation with transformers. Here, we



find that the performance of the imitator is largely independent of H, as predicted by our results,
though the results are more nuanced.

Notation. We use I, € A(X) to denote the direct delta distribution, which places probability

mass 1 on z. We adopt standard big-oh notation, and write f = 6(9) to denote that f = O(g
max{1, polylog(g)}) and a < b as shorthand for a = O(b).

2 Horizon-Independent Analysis of Log-Loss Behavior Cloning

This section presents the first of our main results, a horizon-independent sample complexity analysis
of log-loss behavior cloning for the case of deterministic experts. Our second main result, which
handles the case of stochastic experts, builds on our results here and is presented in Section 3.

2.1 Log-Loss Behavior Cloning and Supervised Learning Guarantees

The workhorse for all of our results (both for deterministic and stochastic experts) is the following
simple modification to behavior cloning. For a class of (potentially stochastic) policies II, we
minimize the logarithmic loss:
: “
@)

This scheme is ubiquitous in practice [45, 31], and forms the basis for autoregressive language
modeling [64]; we refer to it as LoglLossBC. We will show that this seemingly small change—
moving from indicator loss to log loss—has significant benefits. Following the classical tradition
of imitation learning [70, 72, 71], our analysis proceeds via reduction to supervised learning. We
first show that LoglLossBC satisfies an appropriate supervised learning guarantee, then translate
this into rollout performance. Our starting point is to observe that LoglLossBC, via Eq. (4), can
be interpreted as performing maximum likelihood estimation over the set {P"} _;; in order to

~ argmin} Zlog(

el T

estimate the law P™" over trajectories under 7* (see Appendix E.1 for details). As a result, standard
guarantees for maximum likelihood estimation [89, 102] imply convergence in distribution whenever
7w € II. To be precise, define the squared Hellinger distance for probability measures IP and QQ by

Di(P,Q) = [(VdP—+/dQ) ?_ Then for any finite policy class IT, we have the following guarantee.’

Proposition 2.1 (Supervised learning guarantee for LoglLossBC (special case of Theorem E.1)). For
any (potentially stochastic) expert 7 € 11, the LoglLossBC algorithm ensures that with probability

at least 1 — §,D3 (P7,P™") < 2%.

That is, by performing LogLossBC, we are implicitly estimating the law P™ ; note that this result
holds even if 7* is stochastic, as long as 7* € II. We will focus on finite, realizable policy classes
throughout this section to simplify presentation as much as possible, but guarantees for infinite
classes under misspecification are given in Appendix E.1.

2.2 Horizon-Independent Analysis of LogLossBC for Deterministic Experts

We first consider the case where the expert 77* is deterministic. Our main result is the following theo-
rem, which translates the supervised learning error D} (IP”T, P”*) into a bound on rollout performance
in a horizon-independent fashion.

Theorem 2.1 (Horizon-independent regret decomposition (deterministic case)). For any deterministic
policy ™ and potentially stochastic policy T,

J(7*) — J(R) < 4R - D} (P™,P™). (5)

This result shows that horizon-independent bounds on rollout performance are possible whenever
(i) rewards are appropriately normalized, and (ii) the supervised learning error D (P7,P™") is

appropnately controlled. It is proven using novel trajectory-level control over dev1at10ns between
7 and *; we will elaborate upon this in the sequel. We emphasize that this result would be trivial

*While unfamiliar readers might expect a bound on KL divergence, Hellinger distance turns out to be more
natural due to a connection to the MGF of the log-loss [89, 102]. This facilitates scale-free generalization
guarantees in spite of the potential unboundedness of the log-loss. .



if squared Hellinger distance were replaced by total variation distance in (5); that the bound scales
with squared Hellinger distance is crucial for obtaining fast 1/n-type rates and linear horizon
dependence. We further remark that this reduction is not specific to LoglLossBC, and can be applied
to any IL algorithm for which we can bound the Hellinger distance. Combining Theorem 2.1 with
Proposition 2.1, we obtain the following guarantee for finite policy classes.

Corollary 2.1 (Regret of LoglLossBC). For any deterministic expert m* € 11, the LoglLossBC
—1
algorithm in Eq. (4) ensures that with probability at least 1 — §, J(7*) — J(7) < 8R - %.

To the best of our knowledge, this is the tightest available sample complexity guarantee for offline
imitation learning with general policy classes. This bound improves upon the guarantee for indicator-
loss behavior cloning in Eq. (2) by an O(H) factor, and improves upon the guarantee for Dagger in
Eq. (3) (replacing H with R < H under 7, € [0, 1]) in the typical regime where p = Q(1).

2.3 Interpreting the Sample Complexity of LogLossBC

To understand the behavior of the bound for LoglLossBC in Corollary 2.1 in more detail, we consider
two special cases (summarized in Table 1).

Stationary policies and parameter sharing. If log|II| = O(1), the bound in Corollary 2.1 is
independent of horizon in the case of sparse rewards (R = O(1)), and linear in horizon in the case of
dense rewards (R = O(H)). In other words, our work establishes for the first time that:

O(H) sample complexity can be achieved in offline IL under dense rewards for general classes 11,

as long as log|II| is appropriately controlled and realizability holds. This runs somewhat counter to
intuition expressed in prior work [70, 72, 71, 67-69, 80], but we will show in the sequel that there is
no contradiction.

Generally speaking, we expect to have log|II| = O(1) if II consists of stationary policies or more
broadly, policies with parameter sharing across steps h € [H] (as is the case in transformers used
for autoregressive text generation). As an example, for a tabular (finite state/action) MDP, if II
consists of all stationary policies, we have log|II| = |X|log|.A|, so Corollary 2.1 gives J(7*) —
J(7) < RIXIIOgyglAW_l)

; that is, stationary policies can be learned with horizon-independent samples
complexity under sparse rewards and linear dependence on horizon under dense rewards. Similar
behavior holds for non-stationary policies with parameter sharing (e.g., log-linear policies of the form
mr(a | ) o< exp({pn(x,a),0))); see Appendix E.1 for details.

Non-stationary policies or no parameter sharing. For non-stationary policies or policies with
no parameter sharing across steps h (e.g., product classes where IT = II; x Il - - - x II ), we expect
log|II| = O(H) (more generally, D3 (P™,P™") = O(H/n)). For example, in a tabular MDP, if IT
consists of all non-stationary policies, we have log|II| = H|X|log|.A|. In this case, Corollary 2.1
gives linear dependence on horizon for sparse rewards (J(7*) — J(7) < MMH) and

quadratic dependence on horizon for dense rewards (J(7*) — J(7) < w). The latter
bound is known to be optimal [67] for offline IL.

2.4 Optimality and Consequences for Online versus Offline Imitation Learning

We now investigate the optimality of Theorem 2.1 and discuss implications for online versus offline
imitation learning, as well as connections to prior work. Our main result here shows that in the
dense-reward regime where 1, € [0,1] and R = H, Theorem 2.1 cannot be improved when
log|TI| = O(1)—even with online access, recoverability, and known dynamics.

Theorem 2.2 (Lower bound for deterministic experts). For any n € N and H € N, there exists
a (reward-free) MDP M* with |X| = |A| = 2, a class of reward functions R with |R| = 2, and
a class of deterministic policies I1 with |I1| = 2 with the following property. For any (online or
offline) imitation learning algorithm, there exists a deterministic reward function r = {rh}hH:l
with r, € [0,1] (in particular, R < H) and (optimal) expert policy 7* € Tl with u = 1 such that
E[J(m*) — J(7)] = ¢ & for an absolute constant ¢ > 0. In addition, the dynamics, rewards, and
expert policies are stationary.

Together, Theorems 2.1 and 2.2 show that without further assumptions on 11, online imitation learning
cannot improve upon offline imitation learning in the realizable setting. That is, even if recoverability



is satisfied, there is no online imitation learning algorithm that improves upon Theorem 2.1 uniformly
for all policy classes. See Appendix H.1 for further lower bounds.

Benefits of online IL for policies with no parameter sharing. How can we reconcile our results
with prior work showing that that online IL improves the horizon dependence of offline IL [70, 72,
71, 67-69, 80]? The important distinction here is that online IL can still improve on a policy-class
dependent basis. In particular, methods like Dagger can still lead to improved sample complexity for
policy classes with no parameter sharing across steps h € [H]. Let II;, := {m), | = € II} denote the
projection of II onto step h. In Appendix E.2, we prove the following refined guarantee for a variant
of Dagger based on the log-loss (LoglLossDagger).

Proposition 2.2 (Special case of Proposition E.2). When n* € Il is deterministic, LogLossDagger
1
ensures that with probability at least 1 — 6, J(n*) — J(77) S p - Z M

For classes with no parameter sharing (i.e., product classes where II = H1 X IIy - -+ x I1g), we have

Zh 1 log|Hh| log|II|. In this case, Proposition 2.2 scales as J(r*)—J@) S p- M
improving on the bound for LogLossBC in Theorem 2.1 by replacing R with ¢ < R. Thus, onhne
IL can indeed improve over offline IL for classes with no parameter sharing. This is consistent
with Rajaraman et al. [67, 68], who proved a uH vs. H? gap between online and offline IL for
the special case of non-stationary tabular policies (where II is a product class with log|II| o« H)

under dense rewards. However, for classes with parameter sharing (i.e., where log|II,| x log|II)),
the bound in Proposition 2.2 scales as M, which does not improve over Theorem 2.1 unless
1 < 1. Since virtually all empirical work on imitation learning uses parameter sharing across steps
h € [H], we believe the finding that online IL does not improve over offline IL in this regime is quite
salient. Nevertheless, it is important to emphasize that there are various practical considerations (e.g.,
misspecification or geometric structure) which this result may not account for.®

2.5 Proving Theorem 2.1: How Does LoglLossBC Avoid Error Amplification?

The central object in the proof of Theorem 2.1 is the following trajectory-level distance function
between policies. For a pair of potentially stochastic policies 7 and 7/, define

p(’/'r ” 7T/) =E" Ea’l HN‘/T/(-L'I:H)[H{EIh’ Dap # a%}], (6)

where we use the shorthand a}.; ~ 7/(z1.1) to indicate that @)} ~ 7' (x1),...,a’y ~ 7' (xg). We
begin by showing (Lemma F.2) that for all (potentially stochastic) policies 7* and 7, J (7*) — J(7) <
R - p(m* || 7). We then show (Lemma F.3) that whenever 7* is deterministic, Hellinger distance
satisfies’” D} (]P’%,IP”*) > 1.
distance is symmetric, i.e. p(7 || 7*) = p(7* || 7). This step is perhaps the most critical: by
considering trajectory-level errors, we can switch from the state distribution induced by 7 to that
of 7* for free, without incurring error amplification or spurious horizon factors. Combining the
preceding inequalities yields Theorem 2.1; see Appendix F for the full proof.

p(7 || 7*). Finally, we show (Lemma F.1) that the trajectory-level

This analysis is closely related to a result in Rajaraman et al. [68]. For the special case of deterministic,
linearly parameterized policies with parameter sharing, Rajaraman et al. [68] consider an algorithm
that minimizes an empirical analogue of the trajectory-wise distance in Eq. (6), and show that it
leads to a bound similar to Corollary 2.1 (i.e., linear-in-H sample complexity under dense rewards).
Relative to this work, our contributions are threefold: (i) we show that horizon-independent sample
complexity can be achieved for arbitrary policy classes with parameter sharing, not just linear classes;
(i1) we show that said guarantees can be achieved by a natural algorithm, LoglLossBC, which is already
widely used in practice; and (iii), by virtue of considering the log loss, our results readily generalize
to encompass stochastic expert policies, as we will show in the sequel.

3 Horizon-Independent Analysis of LogLossBC for Stochastic Experts

In this section, we turn out attention to the general setting in which the expert policy 7* is stochastic.
Stochastic policies are widely used in practice, where they are useful for modeling multimodal behav-
ior [76, 25, 14], but have received relatively little exploration in theory beyond the work of Rajaraman

SComplementary to our results, various works show improved horizon dependence in the inverse RL setup
where either (i) the MDP dynamics are known, or (ii) the learner can interact with the MDP online, but cannot
interact with the expert itself [67, 79]; see Appendix B.

"In fact, the opposite direction of this inequality holds as well, up to an absolute constant.



et al. [67] for tabular policies.® Our main result for this section is a regret decomposition based

on the supervised learning error D} (IP’%, IP’“*) that is horizon-independent and variance-dependent
[107, 106, 93]. To state the result, define o2, := 7 E™ [(QF (zn, 7% (z1)) — QF (xh,an))?]
as the variance for the expert policy.

Theorem 3.1 (Horizon-independent regret decomposition). Assume R > 1. For any pair of (poten-
tially stochastic) policies 7 and 7@ and any € € (0,e~1),

J(m*) = J(7@) < \/60,%* - D(P7,P™) + O(Rlog(Re ")) - D (P™,P™") +e. 7

Applying this result with LogLossBC leads to the following guarantee.

Corollary 3.1 (Regret of LogLossBC). For any ©* € 1, the LogLossBC algorithm in Eq. (4) ensures
that with prob. at least 1 — 6, J(n*) — J(7) < O(1) - o log(IMETY) | O(Rlog(n)) - %.

n
As we show, when the expert policy is stochastic, we can no longer hope for a “fast” 1/n-type rate,
and must instead settle for a “slow” 1//n-type rate. The slow term in Corollary 3.1 is controlled
by the variance o2, for the optimal policy. In particular, if 7* is deterministic, then 2. = 0, and
Corollary 3.1 recovers our bound for the deterministic setting in Corollary 2.1 up to a log(n) factor.

3.1 Horizon-Independence and Optimality for Stochastic Experts

To understand the dependence on horizon in Corollary 3.1, we restrict our attention to the “parameter
sharing” case where log|II| = O(1), and separately discuss the sparse and dense reward settings
(results summarized in Table 2).

Consider the sparse reward setting where R = O(1). Here, at first glance it would appear that
the variance o2. should scale with the horizon. Fortunately, this is not the case: The following
result—yvia a law-of-total-variance-type argument [4]—implies that Corollary 3.1 is fully horizon-
independent, with no explicit dependence on horizon when R = O(1) and log|II| = O(1). For a
function f (1.1, a1.5), let Var™[f] denote the variance of f under (z1,a1),...,(xg,ay) ~ 7.

Proposition 3.1. We have that o2, < Var™ [Zthl rn] < R%

For the dense-reward regime where R = H, Proposition 3.1 gives J(7*) — J(7) < H+/log(|I1]) /n.
This is somewhat disappointing, as we now require Q(H?) trajectories (quadratic sample complexity)
to learn a non-trivial policy, even when log|II| = O(1). We show now that this quadratic lower
bound is qualitatively tight: the slow H/\/n rate for 02. = H? is necessary in both offline and
online IL. This reveals a fundamental difference between deterministic and stochastic experts, since
O(H) sample complexity is sufficient in the former case.

Theorem 3.2 (informal). For any 0® € [H, H?|, there exists 11 with |II| = 2 such that o2, < o>
and any (offline or online) IL algorithm must have J(1*) — J(T) 2 1/ %2 with constant probability.

Nonetheless, it is possible to obtain linear-in-H sample complexity for dense rewards under
a recoverability-like condition. Let us define the signed recoverability constant via [ =
MaX,e x,qe A he(H]| (QF (x, 77 (2)) — QF (x, a)|. Note that /i € [0, R], and that /i > p, since this
version counts actions a that outperform 7, not just those that underperform. It is immediate to see
that 02, < i2H. Hence, even if R = H, as long as ji = O(1), Corollary 3.1 yields J(7*) — J(7) <
V/H log(|1I]) /n, so that O ( %ﬁé‘“') trajectories suffice to learn an e-optimal policy.’

See Appendix H for further results concerning tightness of Theorem 3.1, including instance-dependent
lower bounds.

8As discussed at length in Rajaraman et al. [67], many prior works [70, 72] state results in a level of
generality that allows for stochastic experts, but the notions of supervised learning error found in these works
(e.g., TV distance) do not lead to tight rates when instantiated for stochastic experts.

°An interesting question for future work is to understand if a similar conclusion holds if we replace i with f.



Consequences for online versus offline IL. The lower bound in Theorem G.1 holds even for
online imitation learning algorithms. Thus, similar to the deterministic setting, there is no online IL
algorithm that improves upon Theorem 3.1 uniformly for all policy classes. This means that even for
stochastic experts, online imitation learning cannot improve upon offline imitation learning in the
realizable setting without further assumptions (e.g., no parameter sharing) on the policy class under
consideration.

Proof sketch for Theorem 3.1. When the expert is stochastic, the trajectory-wise distance in Eq. (6),
is no longer useful (i.e., p(7* || 7*) # 0), which necessitates a more information-theoretic analysis.
Our starting point is the following scale-sensitive change-of-measure lemma for Hellinger distance.

Lemma 3.1 (Change-of-measure for Hellinger distance [34, 35]). Let P and Q be probability
distributions over a measurable space (X, F). Then for all functions h : X — R,

[Ep[h(X)] — Eq[h(X)]| < \/%(EPW(X)] +Eq[h?(X)]) - DE(P, Q). ®

In particular, if h € [0, R] almost surely, then Ep[h(X)] < 2Eg[h(X)] + R - D}(P, Q).

We sketch how to use Lemma 3.1 to prove a weaker version of Theorem 3.1, and defer the full
proof, which builds on this argument, to Appendix G.1. Define the sum of advantages for a
trajectory o = (x1,a1),...,(xy,am) via Ao) = Zthl Qr (m’l’ i (zn)) — QF (xn,an). By the
performance difference lemma, we can write J(7*) — J(7) = E"[A(0)], so applying Eq. (8) yields

J(x*) = J(®) = E¥[A(0)] S E™ [A(0)] + \/(E%[N(O)} +E7[A%(0)]) - D (P7,P™).
From here, we observe that E™ [A(0)] = 0 and E™ [A2(0)] = o2, (this follows because advantages
are a martingale difference sequence under P™"), so all that remains is to bound the term E™ [A2 (0)] .
A crude approach is to observe that |A(0)| < fiH, so that applying Lemma 3.1 gives S E™ [A2(0)] +

(iH)?-D (PT,P™"), and consequently J(7*)—J () < \/U,zr* - D} (P7,P™)+iH D (P7,P™).

This falls short of Eq. (9) due to the suboptimal lower-order term, which does not recover Theorem 2.1
when 7* is deterministic (02, = 0). The full proof in Appendix G.1 corrects this disparity using a sub-
tle and significantly more involved argument based on stopping times and martingale concentration.

4 Discussion and Additional Results

Our results clarify the role of horizon in offline and online IL, and show that—at least under standard
theoretical assumptions—the gap between online and offline IL is smaller than previously thought.

Benefits of online interaction Instabilities of offline IL [60, 27, 13] and benefits of online IL
[73, 52, 38, 6, 26, 51, 7, 108, 59] likely arise in practice, but existing assumptions in theoretical
research on imitation learning appear be too coarse to give insights into the true nature of these
phenomena. Toward developing a fine-grained, problem-dependent understanding of algorithms and
complexity for IL, in Appendix I, we highlight several special cases in which online interaction does
lead to benefits over offline imitation learning, but in a policy class-dependent fashion not captured
by existing theory. We identify three phenomena that can lead to improved sample complexity: (i)
representational benefits; (ii) value-based feedback; and (iii) exploration.

Further directions. Additional directions for future research include (i) developing and analyzing
imitation learning algorithms under control-theoretic assumptions that more directly capture practical
notions of instability [61, 88, 13, 14], and (ii) developing a more refined theory in the context of
language models, via the connection in Appendix B.3. For both settings, an important question is to
understand whether the notion of supervised learning error D3 (]P’%, ]P’”*) we consider is a suitable
proxy for real-world performance, or whether more refined notions are required.

Additional results. Secondary results deferred to the appendix for space include (i) examples and
additional guarantees for LogLossBC and LoglLossDagger (Appendix E); and (ii) additional lower
bounds and results concerning the tightness of Theorems 2.2 and 3.1 (Appendix H).
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Table 2: Summary of upper bounds for stochastic experts (Corollary 3.1). Each cell denotes the
expected regret of a policy learned with LoglLossBC; lower bounds are more nuanced and discussed
in Section 3. Here II is the policy class, R is the cumulative reward range, H is the horizon, n
is the number of expert trajectories, o2. is the variance of the expert policy , and Ji is the signed

recoverability parameter ; see Section 3 for definitions.!”

B Additional Related Work

B.1 Theory of Imitation Learning and Reinforcement Learning

Classical theoretical works in imitation learning, beginning from the work of Ross and Bagnell [70]
observes that behavior cloning (for the specific indicator loss in Section 1.1) can incur quadratic
dependence on horizon, and shows that online interaction, via algorithms like Dagger and Aggrevate,
can obtain improved sample complexity under recoverability-type conditions [70, 72, 71, 78]. Further
works along this line include Cheng and Boots [22], Cheng et al. [24, 23], Yan et al. [99], Spencer
etal. [77].

These papers can be thought of as supervised learning reduction, in the sense that—in the vein
of Eq. (1)—they guarantee that the imitation learning performance is controlled by an appropriate
notion of supervised learning performance. Notably, this holds for any policy 7, which means that in
practice, the rollout performance is good whenever supervised learning succeeds, even if we do not
necessarily have a provable guarantee for the generalization of 7 (e.g., for neural networks, where
understanding generalization is an active area of research). However, as noted throughout this paper
and elsewhere [67—69], these works typically state regret guarantees in terms of different, often
incomparable notions of supervised learning performance, and avoid giving concrete, end-to-end
guarantees for specific policy classes of interest. This can make it challenging to objectively evaluate
optimality, and to understand whether limitations of specific algorithms are due to suboptimal design
choices versus information-theoretic limitations. For example, Li and Zhang [56] show that in some
cases, supervised learning oracles that satisfy assumptions required by prior work do not actually
exist.

Minimax sample complexity of imitation learning. More recently, a line of work beginning
with Rajaraman et al. [67] revisits the minimax sample complexity of imitation learning, aiming
to provide end-to-end sample complexity guarantees and lower bounds, but primarily focused on
tabular MDPs and policies [67-69, 80]. Notably, Rajaraman et al. [67] show that when II is the set
of all non-stationary policies in a tabular MDP and R = H, online IL methods can achieve O(uH)
sample complexity, while offline IL. methods must pay Q(H?); this is consistent with our findings
in Section 2, as log|II| = Q(H) for this setting. Other interesting findings from this line of work
include the observation that when the MDP dynamics are known, the sample complexity for offline
IL with non-stationary tabular policies can be brought down to O(H?>/?). As noted in Section 2,
Rajaraman et al. [68] show that offline IL methods can obtain O(H ) sample complexity for linearly
parameterized policies under parameter sharing; our analysis of LoglLossBC for the special case of
deterministic policies shows that it can be viewed as implicitly minimizing the objective they consider.

Xu et al. [98] also consider the problem of horizon independence in IL. Their work focuses on tabular
MDPs and policies, and shows with knowledge of the dynamics, it is possible to achieve horizon
dependence for a restricted class of MDPs termed RBAS-MDPs. In contrast, our work achieves
horizon independence for general MDPs, without knowledge of dynamics.

Compared to the works above, we focus on general finite classes 1I. Various works on theoretical
reinforcement learning [2, 33] have observed that finite classes are a useful test case for general
function approximation, because they are arguably the simplest type of policy class from a generaliza-
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tion perspective, yet do not have any additional structure (e.g., linearity) that could lead to spurious
conclusions that do not extend to rich function classes like neural networks.

Recent work of Tiapkin et al. [84] provides generalization guarantees for behavior cloning with
the logarithmic loss, but their results scale linearly with the horizon, and thus cannot give tight
guarantees for policy classes with parameter sharing. In addition, their results are stated in terms of
KL-divergence and, as a consequence, require a lower bound on the action densities for the policy
class under consideration. We expect that both of these limitations are inherent to KL. divergence.
Tiapkin et al. [84] also give variance-dependent bounds on rollout performance similar to Theorem 3.1,
but their results require a bound on KL divergence (which is stronger than a bound on Hellinger
distance), and thus are unlikely to meaningfully capture optimal horizon dependence. These bounds
on rollout performance also do not recover the notion of variance in Theorem 3.1.

We also mention in passing Sekhari et al. [75], who consider active imitation learning algorithms,
and focus on obtaining improved sample complexity with respect to dependence on the accuracy
(as opposed to H), under strong distributional assumptions in the vein of active learning [40].

Inverse reinforcement learning. A long line of research on inverse reinforcement learning and
related techniques considers a setting in which either a) the dynamics of the MDP AM™ are known, or
b) it is possible to interact with M™ online (without expert feedback), with empirical [1, 109] and
theoretical results [81, 83, 82, 16, 20]. This setting encompasses generative adversarial imitation
learning and related moment matching methods [42, 57, 49, 79]. A detailed discussion is out of
scope for the present work, but we believe this framework can improve over the sample complexity
of offline IL in some but not all situations (e.g., Rajaraman et al. [67]).

Benefits of logarithmic loss. Our work draws inspiration from Foster and Krishnamurthy [32],
who observed that the logarithmic loss can have benefits over square loss when outcomes are
heteroskedastic, and used this observation to derive first-order regret bounds for contextual bandits.
Subsequent works have extended their analysis technicals to derive first-order regret bounds in
various reinforcement learning settings [92, 93, 3].!! To the best of our knowledge, our work is the
first to uncover a decision making setting in which switching to the logarithmic loss is beneficial
even in a minimax sense. We emphasize that while our analysis uses the information-theoretic
machinery introduced in Foster and Krishnamurthy [32] and related work [34, 35], our results are
quite specialized to structure of the imitation learning setting, and cannot directly be derived from
any of the results in Foster and Krishnamurthy [32], Wang et al. [92, 93], Ayoub et al. [3].

Horizon-free reinforcement learning. Our results also take inspiration from the line of research on
horizon-independent sample complexity bounds for reinforcement learning [47, 101, 94, 104, 105],
as well as a closely related line of research on variance-dependent regret bounds [107, 106, 93].2
These papers provide sample complexity bounds for reinforcement learning that have little or no
explicit dependence on horizon whenever rewards are normalized such that ZhH:1 ry, € [0,1]. We
consider a simpler setting (imitation learning), but provide guarantees that hold under general function
approximation, while the works above are restricted to either tabular MDPs or MDPs with linear/low-

rank structure. Nonetheless, our proof of Theorem 3.1 makes use of concentration arguments inspired
by Zhang et al. [104, 105].

B.2 Empirical Research on Imitation Learning

Many empirical works have observed compounding error in behavior cloning. Outside of online
imitation learning, mitigations include noise injection at data collection time [54, 50] or inverse RL
methods that assume knowledge of system dynamics [109]. Other works take a control-theoretic
perspective [88, 41, 61, 14], and augment behavior cloning with techniques designed to ensure
incremental stability (or other control-theoretic notions of stability) of system.

Online imitation learning. Many empirical works have noted benefits of online imitation learning
methods like Dagger over classical behavior cloning [73, 52, 38, 6, 26, 51, 7, 108, 59]. These results
are not in contradiction to our findings, as they typically do not ablate the effect of the loss function

""We also mention in passing the work of Farebrother et al. [29], which observes that switching to the log-loss
is beneficial empirically for approximate value iteration methods in offline reinforcement learning.

12Compared to variance-dependent bounds for RL in Zhou et al. [107], Zhao et al. [106], Wang et al. [93]
an interesting feature of Theorem 3.1 is that it only depends on variance for 7*, whereas these works typically
depend on worst-case variance over all policies or similar quantities.
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(e.g., [70] uses the squared hinge loss, Ross et al. [72] uses the hinge loss, and Ross et al. [73] uses
the square loss). It is also possible that the perceived benefits arise from factors beyond horizon (e.g.,
representational benefits), as discussed in Appendix 1.

B.3 Autoregressive Language Modeling

Autoregressive language modeling with the standard next-token prediction objective [64] can be
viewed as an instance of behavior cloning with the logarithmic loss. In this setting, M™* corresponds
to a token-level MDP. Here A is a space or vocabulary of fokens The initial state is 1 = z ~ P,
where z is a prompt or context. Given the prompt, for each h = 1,..., H the action ap, € A is a
new token, which is concatenated to the state via the deterministic dynamics zj,+1 < (2, a1.;). Via
Bayes’ rule, an expert policy

H H
(avar | 2) = [] 7an | zavn1) = [] =i (an | 2n)
h=1 h=1

can represent an arbitrary conditional distribution over sequences, from which a training set D = {0’}

with o' = (2%, ai,...,a%;) is generated. With this setup, log-loss behavior cloning
n H
F = argmax 3 3 log(ma(a, | #,a31))
el i1 h=1

is equivalent to the standard next-token prediction objective for unsupervised language model pre-
training [64], with the class II parameterized by a transformer or a similar neural net architecture. In
this context, long-range error amplification arising from the next-token prediction objective (often
referred to as exposure bias) has been widely observed by prior work [43, 17, 13], and in some cases
speculated to be a fundamental limitation [55, 5].

Applying our results. To apply our results, consider a fixed reward function r = {rh}thl, which
might measure performance for a particular task of interest (e.g., question answering or commonsense
reasoning). Then, for a model 7, J(m) corresponds to rollout performance at the task for an
autoregressively generated sequence (i.e., given z ~ Py, we sample ay, ~ (- | z,a1.,—1) for all
h € [H]). For this setting, Theorem 3.1 states that

J(m) = J@) < 5<\/a§* - D(P7,P™*) + R- D}, (Pﬁl@”)), ©)

where 02, = fo:l E™ [(QF (2,a1:4) — Vi (2, a1:4-1))?]. In particular, as long as the cumula-
tive reward for the task is bounded by R = O(1) (e.g., if we receive an episode-level reward gy = 1
if a question is answered correctly, and receive zero reward otherwise), the rollout performance has no
explicit dependence on the sequence length, except through the generalization error D (P%, P ) In
light of this result, we expect that error amplification observed in practice may arise from challenges
in minimizing the generalization error D}, (IP’%, IP”T*) itself (e.g., architecture, data generation process,
optimization [17, 13]), rather than fundamental limits of next-token prediction.

C Experiments

In this section, we validate our theoretical results empirically. We first provide a detailed overview of
our experimental setup, including the control and natural language tasks we consider, then present
empirical results for each task individually. We ran all of our experiments on NVidia V100 GPUs.
Training time for each experiment varied by environment, but all were less than 6 hours.

C.1 Experimental Setup

We evaluate the effect of horizon on the performance of LogLossBC in three environments. We
begin by describing our training and evaluation protocol (which is agnostic to the environment under
consideration), then provide details for each environment.

In each experiment, we begin with an expert policy 7* (which is always a neural network; details
below) and construct an offline dataset by rolling out with it n times for H timesteps per episode.
To train the imitator policy 7, we use the same architecture as the expert, but randomly initialize
the weights and use stochastic gradient descent with the Adam optimizer to minimize the LoglLossBC
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Figure 2: Dependence of expected regret on the horizon for multiple choices for the number of
imitator trajectories n. (a) Continuous control environment Walker2d-v4. (b) Discrete Atari environ-
ment BeamriderNoFrameskip-v4. For both environments, increasing the horizon does not lead to a
significant increase in regret, as predicted by our theory.

objective for the offline dataset; this setup ensures that the realizability assumption used by our main
results (Assumption 1.1) is satisfied. We repeat this entire process for varying values of H.

To evaluate the regret J(n*) — J(7) after training, we approximate the average reward of the imitator
policy 7 by selecting new random seeds and collecting n trajectories of length H by rolling out with
7; we approximate the average reward of the expert 7 in the same fashion, and we also compute
several auxiliary performance measures (details below) that aim to capture the distance between
7 and 7*. In all environments, we normalize rewards so that the average reward of the expert is at
most 1, in order to bring us to the sparse reward setting in Section 1.1 and keep the range of the
possible rewards constant as a function of the (varying) horizon.

We consider four diverse environments, with the aim of evaluating LoglossBC in qualitatively
different domains: (i) Walker2d, a classical continuous control task from MuJoCo [86, 85] where
the learner attempts to make a stick figure-like agent walk to the right by controlling its joints; (ii)
Beamrider, a standard discrete-action RL task from the Atari suite [9], where the learner attempts to
play the game of Beamrider; (iii) Car, a top-down discrete car racing environment where the car has
to avoid obstacles to reach a goal, and (iv) Dyck, an autoregressive language generation task where
the agent is given a sequence of brackets in {{, },[,], (, )} and has to close all open brackets in the
correct order.

We emphasize diversity in task selection in order to demonstrate the generality of our results, covering
discrete and continuous actions spaces, as well as both control and language generation. For some
of the environment (Walker2d, Beamrider), the task is intended to be “stateless”, in the sense that
varying the horizon H does not change the difficulty of the task itself (e.g., complexity of the expert
policy 7*), allowing for an honest evaluation of the difficulty of the learning problem as we vary
the horizon H. For other domains, such as Dyck, horizon dependence is more nuanced, as here the
capacity required to represent the expert grows as the horizon increases; this manifests itself in our
theoretical results through the realizability condition (Assumption 1.1), which necessitates a more
complex function class II as H increases.

We now provide details for our experimental setup for each environment.

Walker2d. We use the Gymnasium [86] environment Walker2d-v4, which has continuous state and
action spaces of dimensions 17 and 6 respectively. The agent is rewarded for moving to the right and
staying alive as well as being penalized for excessively forceful actions; because we vary the horizon
H, in order to make the comparison fair, we normalize the rewards so that our trained expert always
has average reward 1. Our expert is a depth-2 MLP with width 64. We use the Stable-Baselines3
[66] implementation of the Proximal Policy Optimization (PPO) algorithm [74] with default settings
to train the expert for S00K steps. The policy’s action distribution is Gaussian, with the mean and
covariance determined by the MLP; we use this for computation of the logarithmic loss. For data
collection, we enforce a deterministic expert by always playing the mean of the Gaussian distribution
produced by their policy. Our imitator policy uses the same architecture as the expert policy, with the
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Figure 3: (a) Relationship between the number of expert trajectories and expected regret for the
Dyck environment multiple choices of horizon H. The expert is trained to produce valid Dyck words
of length H, and the imitator’s ability to generate a valid word is evaluated. We find that regret
increases as a function of H. (b) Logarithm of the product of weight matrix norms for the expert
policy network as a function of H, for Dyck and Car environments. The log-product-norm acts as a
proxy for complexity for the class II; we rescale such that log-product-norm at H = 10 is 1.0 for
both domains. For Dyck, we find that as H increases, the complexity of 1I required to represent the
expert policy (as measured by the log-product-norm) also increases, explaining the increasing regret
in (a). However, the gain in log-product-norm for the Car domain is much lower, which is in line
with the fact that the regret for the Car domain exhibits only mild scaling with horizon.

weights re-initialized randomly. We train the imitator using the logarithmic loss by default, but as an
ablation, we also evaluate the effect of training with the mean-squared-error loss on the Euclidean
norm over the actions. We train using the Adam optimizer [53] with a learning rate of 10~2 and a
batch size of 128. We stop training early based on the validation loss on a held out set of expert
trajectories. Note that the expert and imitator policies above are both stationary policies.

Beamrider. We use the Gymnasium environment BeamRiderNoFrameskip-v4, which has 9 discrete
actions and a 210x160x3 image as the state; the rewards are computed as a function of how many
enemies are destroyed. As in the case of the previous setup, we account for the varying of H by
normalizing expert rewards to be 1. Here we do not train our expert ourselves, but instead use
the trained PPO agent provided by Raffin [65], which is a convolutional neural network. We use
the same architecture for our imitator policy, with the weights re-initialized randomly. Here, the
expert (and imitator) policies map the observation to a point on the probability simplex over actions,
and so logarithmic loss computation is immediate. Similar to the case of Walker2d, we enforce a
deterministic expert for collecting trajectories by taking the action with maximal probability. We
then train our imitators using the same setup as in the Walker2d environment. As with Walker2d, the
expert and imitator here are both stationary policies.

Car. We introduce a simple top-down navigation task where the agent is a “car” that always moves
forward by one step, but can take actions to move left, right, or remain in its lane to avoid obstacles
and reach the desired destination. There are M possible lanes. At timestep h € [H + 1], if the agent
is in lane ¢ € [M], then the agent’s state is (4, h). We view the state space as a M x (H + 1) grid; a
given point (4, j) in the grid can be empty, or contain an obstacle, or contain the agent. The agent’s
action space consists of 3 possible actions: stay in the current lane ((¢, ) — (i, h + 1)), move one
step left ((i,h) — (i — 1, h + 1)), or move one step right ((i, h) — (i + 1, h + 1)). If the agent’s
action causes it to collide with an obstacle or the boundary of the grid, it is sent to an absorbing state.
The agent gets a reward of 1 for reaching the goal state for the first time, and a reward of O otherwise.
When the agent occupies a state (i, h), it observes an image-based observation z;, showing the state
of all lanes for V steps ahead where V is the size of the viewing field. At the start of each episode,
we randomly sample obstacles positions, the start position, and the goal position. The goal can be
reached after H actions, and it is always possible to reach the goal.

Dyck. In addition to the RL environments above, we evaluate LogLossBC for autoregressive lan-
guage generation with transformers (cf. Appendix B.3), where the goal of the “agent” is to complete
a valid word of a given length in a Dyck language; this has emerged as a popular sandbox for
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Figure 4: Dependence of expected regret on the number of expert trajectories for Car environment
under varying values for horizon H for log-loss (a) and mean-squared loss (b). The expert policy
network is trained on a set of 2 x 10 episodes generated by an optimal policy via behavior cloning.
We use LoglLossBC to train imitator policy for varying values of the horizon A and number of
trajectories n. For both losses, we find that the expected regret goes down as the number of expert
trajectories increases, but degrades slightly as a function of H.

understanding the nuances of autoregressive text generation in theory [100, 39, 12] and empirically
[58, 95]. We recall that a Dyck language Dyck,, consists of 2k matched symbols thought of as open
and closed parentheses, with concatenations being valid words if the parentheses are closed in the
correct order. For example, if we define the space of characters as ‘()’, ‘[1’, and ‘{}’, then ‘([()]){}
is a valid word, whereas ‘([)]” and ‘((({}* are not.

Our experiments use the Dyck language Dyck,. For our expert, we train an instance of GPT-2
small [64] with 6 layers, 3 heads, and 96 hidden dimensions from scratch to produce valid Dyck
words. In particular, the training dataset consists of random Dyck prefixes that require exactly H
actions (symbols) to complete. To imitate this expert, we train a GPT-2 small model with the same
architecture, but with randomly initialized weights on an offline dataset of sequences generated by
the expert. We assign a reward 1 to each trajectory if the generated word is valid, and assign reward
0 otherwise. We use Adam optimization for training, with our experts trained for 40K iterations
in order to ensure their quality. Note that in this environment, the expert and imitator policies are
non-stationary, but use parameter sharing via the transformer architecture.

C.2 Results
We summarize our main findings below.

Effect of horizon on regret. Figures 1 and 2 plot the relationship between expected regret and
the number of expert trajectories for the Walker2d (MuJoCo), and BeamriderNoFrameskip (Atari)
environments, as the horizon H is varied from 50 to 500. For both environments, we find regret
is largely independent of the horizon, consistent with our theoretical results. In fact, in the case of
BeamriderNoFrameskip, we find that increasing the horizon leads to better regret. To understand this,
note that our theory provides horizon-agnostic upper bounds independent of the environment. Our
lower bounds are constructed for specific worst-case environments, and not rule out the possibility
of improved performance with longer horizons environments with favorable structure. We conjecture
that this phenomenon is related to the fact that longer horizons yield fundamentally more data, as
the total number of state-action pairs in the expert dataset is equal to n.H."3

Figure 3(a) plots our findings for the Dyck environment. Here, we see that with the number of
trajectories n fixed, regret does increase with H, which might appear to contradict our theory at first
glance. However, we note that the policy class itself must become larger as H increases, as the task
itself becomes more difficult (equivalently, the supervised learning error D} (IP”T* , ]P’%) must grow
with H). As a result, the regret is not expected to be independent of H for this environment, in spit
of parameter sharing. To verify whether supervised learning error is indeed the cause for horizon

B For example, if we repeat a fixed contextual bandit instance H times across the horizon and train a stationary
policy, it is clear that regret should decrease with H under sparse rewards. Less trivial instances where increasing
horizon provably leads to better performance are known in some special cases [87].
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Figure 5: Dependence of expected regret on the number of expert trajectories for continuous control
environment Walker2d-v4 under varying choices for horizon H. (Left) Behavior cloning with
logarithmic loss (LogLossBC); (Right) Behavior cloning with mean squared error (MSE) Loss.
Both losses lead to similar performance for this environment, possibly due to Gaussian policy
parameterization.

dependence for Dyck, Figure 3(b) plots the logarithm of the product of the Frobenius norms of the
weight matrices of the expert for varying values of H, as a proxy for supervised learning performance
[8, 37].'4 We find that the log-product-norms do in fact grow with H, consistent with the fact that the
regret grows with H in this case.

For the Car environment, we observe similar behavior to the Dyck environment, visualized in
Figure 4. We find that performance degrades slightly as a function of the horizon H, but that this
increase in regret can be explained by an increase in the log-product-norm (Figure 3(b)). However,
the effect is mild compared to Dyck.

Comparison between log loss and square loss. As an ablation, Figures 4 and 5 compare
LoglLossBC to the original behavior cloning objective of Pomerleau [63], which uses the mean
squared error (MSE) to regress expert actions to observations in the offline dataset. Focusing on the
Walker2d environment (Figure 5) and Car environment (Figure 4) (other environments presented
difficulties in training'3), we find that performance with the MSE loss is comparable to that of the log-
arithmic loss. For Walker2d, a possible explanation is that under the Gaussian policy parameterization
we use, the MSE loss is the same as the logarithmic loss up to state-dependent heteroskedasticity. '
Another possible explanation is that this is an instance of the phenomenon described in ??.

Relationship between regret and Hellinger distance to expert. Finally, we directly evaluate
the quality of (i) Hellinger distance D3 (P™",P7), and (ii) validation loss as proxies for rollout
performance. We estimate the Hellinger distance using sample trajectories. Figure 6 displays our
findings for Walker2d with H = n = 500, where we observe that both metrics, particularly the
Hellinger distance, are well correlated with rollout performance, as measured by average reward. In
Figure 6a, we see that under LogLossBC, Hellinger distance and validation loss are highly correlated
with each other, and negatively correlated with expected reward, thereby acting as excellent proxies
for rollout performance. Meanwhile, in Figure 6b, we find that under behavior cloning with the MSE
loss, validation error is less well correlated with the expected reward of the imitator policy, as evinced
by the cluster in the upper left corner, where there are policies with roughly the same validation loss,
but variable expected reward. On the other hand, the Hellinger distance D3, still appears to predict
the performance of the policy well, as is consistent with our theoretical results.

"“We only include log-product-norm plots for Dyck and Car because for the other environments (Walker2d
and BeamriderNoFrameskip), we do not change the expert as a function of H.

'5Tn particular, we attempted a similar result in the Atari environment, using MSE loss being between vectors
on the probability simplex over |.A| actions. For MSE loss, we found that the imitator did not train, in the sense
that even with 500 expert trajectories, the performance of the cloner did not improve. We suspect this was due to
numerical instability in optimization for the MSE loss in this setup or a failure of hyperparameter optimization.

'5In theory, the MSE loss can still underperform the logarithmic loss when the heteroskedasticity is severe
[32], but this may not manifest for this environment.
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Figure 6: Evaluation of the quality of (i) Hellinger distance D, (IP’”* ) ]P’ﬁ), and (ii) validation loss
as a proxy for rollout reward. We plot Hellinger distance and validation loss against mean reward
for a over a single training run for Walker2d environment with 7 = 500 and n = 500. (a) Results
for LogLossBC, where the validation loss and Hellinger distance D7, are highly correlated, and serve
as good proxies for the expected reward of the policy. (b) Results for MSE loss, where the validation
loss is less well correlated with the expected reward (note the cluster in the upper left hand corner),
but the Hellinger distance Da remains a good proxy.

D Technical Tools
D.1 Tail Bounds

Lemma D.1 (e.g., Foster et al. [34]). For any sequence of real-valued random variables (X)i<1
adapted to a filtration (F,),<r, it holds that with probability at least 1 — 6, forall T' < T,
T’ T’
Z — log(Et,l [e_X"D < Z X; 4 log(671h).
t=1

t=1

Lemma D.2 (Time-uniform Freedman-type inequality). Let (X;).<T be a real-valued martingale
difference sequence adapted to a filtration (F;)i<r. If | Xi| < R almost surely, then for any
n € (0,1/R), with probability at least 1 — 6, forall T" < T.

i i

log(6~1
E Xtﬁﬂg Etfl[Xf]ﬂ-M.
t=1 =1 n

Proof of Lemma D.2. LetS; ="', Xy and V; = Y0 iy [X?]. Let Z; = exp(nS: — n*V4).
As shown in Beygelzimer et al. [11] (see proof of Theorem 1), as long as n < 1/R,
Ei—1lexp(nXy)] < exp(n® Ee_1 [X7]),
and so
B 1[Z¢] = B¢ [eXp(nXt —n*Eiy [XI:Q])] “Zi 1< Zy 1.

It follows that (Z;) is a non-negative supermartingale. Hence, by Ville’s inequality, for any 1 €
(0,1/R), we have that for any 7 > 0,

PEt:S; —nVi >7]=P[Ft: Z, > e <e " E[Zr] <e .
We conclude by setting 7 = log(6~1) /7. O

The following result is a standard consequence of Lemma D.2.

Lemma D.3. Let (X,).<r be a sequence of random variables adapted to a filtration (F)i<1. If
0 < X < R almost surely, then with probability at least 1 — 0, for all T' < T,

T T
3
E X1 <3 E E¢—1[X¢] +4Rlog(267),
2

t=1 t=1
and

il

T’

D Eia[Xi] <2) X; +8Rlog(267).

t=1

t=1
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D.2 Information Theory

For a pair of probability measures [P and Q, we define the total variation distance as Dty (P, Q) =
1 [|dP — dQJ, and define the x*-divergence by D,:(P | Q) = [ % if P < Q and
Dy2(P || Q) = oo otherwise. We define KL divergence by Dki(P||Q) = [dPlog(g5) if
P <« Qand Dk (P || Q) = 400 otherwise.

The following lemma states some basic inequalities between divergences.

Lemma D4 (e.g., [62]). The following inequalities hold:

* D3y(P,Q) < D§(P,Q) < 2D1v(P, Q).

* §DA(P,Q) < Dy (P || 3(P +Q)) < Di(P, Q).

D.3 Reinforcement Learning

The following lemma is a somewhat standard result; see, e.g., Lemma 15 in Zanette and Brunskill
[101]. We include a proof for completeness.

Lemma D.5 (Law of total variance). For any (potentially stochastic) policy m, we have

H H
Z rh] =FE" Z Var™ [r, + Vil (@h41) | xh]] ;
h—1

h=0
with the convention that xq is a deterministic dummy state (so that Py(x; = - | xg,a = -) is the
initial state distribution) and ry = 0.

Proof of Lemma D.5. Leth € {0,..., H} be fixed. We can expand

H [/ = 2
Zw | zp | =E7 (Z T — V,f(xh)> | z,
(=h ¢=h

Var™

Var™

. 2
=E" ( Z re = Vg (@ng1) + (ra + Vil (@n41) — V,f(%))) |
t=ht1

H 2
=FE" < Z Ty — V}?+1($h+1)> | Ty | + E™ [(Th + Vhﬂ+1($h+1) — Vhﬂ'(xh))z ‘ l’h]
t=h+1

+2E™

H
( Z re— Vf+1($h+1)> (rn 4+ Vi1 (@he1) — Vi (@) | xh}

{=h+1

H 2
=E7 ( PORTE V;z;l(th) || 7 [+ Vi (@ner) — Vi () | 2]
{=h+1

T H
=[E" | Var" Z o | th] | zn | + Var™ [(rn, + V&g (@n1) | 2]
Le=h+1
We conclude inductively that for all h € {0,..., H},
H 1 H
Var™ Zm | zn| = ZE” [Var™ [(re + V& (@es1) | 2e] | 2]
{=h J {=h
To obtain the final expression, we note that
H H
Var™ Z rn| = Var”™ 1 | .130‘| ,
h=1 h=0
under the convention that xg is a deterministic dummy state (so that Py (x1 = - | o, a) is the initial

state distribution) and r¢ = 0.
O

26



D.4 Maximum Likelihood Estimation

This section presents a self-contained analysis of the maximum likelihood estimator (MLE) for
density estimation. The results are somewhat standard (e.g., Wong and Shen [97], van de Geer
[89], Zhang [102]), but we include proofs for completeness.

Consider a setting where we receive {z*}.-_, i.i.d. from z ~ g*, where g* € A(Z). We have a class
G C A(Z) that may or may not contain g*. We analyze the following maximum likelihood estimator:

g= argmaleog(g(zi)). (10)
9€9 o

To provide sample complexity guarantees that support infinite classes, we appeal to the following
notion of covering number (e.g., Wong and Shen [97]), which tailored to the log-loss.

Definition D.1 (Covering number). For a class G C A(Z), we set that a class G' C A(Z) is an
e-cover if for all g € G, there exists g’ € G such that for all z € Z, log(g(2)/4¢'(z)) < e. We denote
the size of the smallest such cover by Niog (G, €).

We also allow for optimization errors, and concretely assume that g satisfies

> log(3(z")) > max > log(g(z")) — €qpt * 1
i=1 ’ i=1

for a parameter €., > 0; the case €55t = 0 coincides with Eq. (10). Our main guarantee for MLE is
as follows.

Proposition D.1. The maximum likelihood estimator in Eq. (10) has that with probability at least
1-4,

2~ _x < i
Dii(g,9%) < gg{

6 log(2Mog(g7 5)/671)

n

+ 45} +2 11612 log(1 + Dy2(g” || 9)) + 2€0pt-
9

In particular, if G is finite, the maximum likelihood estimator satisfies

_ 6log(2(g]/6~)
n

Dﬁ(@ g) < + 2;25 log(l + DX2 (9* || 9)) + 2e0pt-

Note that the term infcg log(1 + D,2(g* || g)) corresponds to misspecification error, and is zero if
g eq.

Proof of Proposition D.1. Let G. denote a minimal e-cover for G, and let g € G, denote any element
that covers g in the sense of Definition D.1. Going forward, we will use that g satisfies

Dii(g%,9) < Dri(g* |19) <e. (11)

Let £(g) = —log(g(z")), and set L(g) = — Y°i_, log(g(=")). Set X;(g) = 3(¢'(g) — £(g*)). By
applying Lemma D.1 with the sequence (X;(g))""_, for each g € G. and taking a union bound, we
have that with probability at least 1 — 6, for all g € G,

~

1108 (o [ 310500 O] ) < 2 (Tg) — Blg*)) + log1G2l6 )

Using a standard argument [102], we have that

* 1
_1og(EZNg* [e%log(g(Z)/g (z))]) - —log(l - 2Dﬁ(g,g*)) >

In particular, this implies that

1 *

§Dﬁ(g,g ).
-1

_ 2log(gl/5™) 1

Di(.9") - ~(Z@ -Le"),

and so
1 .
_ Alog(gl/5Y) | 2

D{(9.9%) < 2D{(9,9) + 2Di(9,9%) — -
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by the triangle inequality for Hellinger distance and Eq. (11).
It remains to bound the right-hand-side. Let § € G be arbitrary. We can bound

L§) - L(g*) < L(g) - L(@) + L(§) — L(g*) < L(g) — L(@) + L(@) — L(g") + copen,  (12)
by the definition of the maximum likelihood estimator. For the first term in Eq. (12), we observe that

~

L@) — L(g*) = > logl(g*(z") /3(2")) < en,
1=1

by Definition D.1.

To bound the second term in Eq. (12), set Y; = —(¢*(g) — ¢*(¢g*)). Applying Lemma D.1 with the
sequence (Y;)?_;, we have that with probability at least 1 — 4,

~

L(7) — L(g*) < n-log (EzNg* [6103;(9*(2)/@(2))}) +log(571).

Finally, note that

[ toete* 2)/3G:n]Y — (@ o 1| 7
log(]Ezwg [e D log<EZ~g [g(z) log(1 4 D,2(g* || 9))-

The result follows by choosing § € G to minimize this quantity.

Part I
Proofs and Supporting Results

E Examples and Supporting Results from Section 2 and Section 3
This section contains supporting results from Sections 2 and 3:

* Appendix E.I presents general sample complexity guarantees for log-loss behavior cloning that
support infinite policy classes and misspecification, as well as concrete examples.

* Appendix E.2 formally introduces the online imitation learning framework, and gives sample
complexity guarantees for a log-loss variant of Dagger.

E.1 General Guarantees and Examples for Log-Loss Behavior Cloning

In this section, we give bounds on the generalization error D}, (IP’%, }P”T*) for log-loss behavior cloning
for concrete classes II of interest. To do so, we observe that the log-loss behavior cloning objective

n H
T = arg maxz Z log(mp(a}, | 7).
Tl o1 h=1
is equivalent to performing maximum likelihood estimation over the density class P = {P™}
Indeed, for any 7 € II, we have

n n H

> log(PT(07) = log <Po(xi) 1 Pu@his | @i ai)mn(aj, | xﬁﬂ)

i=1 i=1 h=1
n H

573 log(m(a, | #3,)) + C(D),

i=1 h=1

where C(D) is a constant that depends on the dataset D but not on 7. It follows that both objectives

have the same maximizer. Consequently, we can prove sample complexity bounds for log-loss

behavior cloning by specializing sample complexity bounds for MLE given in Appendix D.4.

mell*

To give guarantees that support infinite policy classes, we appeal to the following notion of covering
number.
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Definition E.1 (Policy covering number). For a class 11 C {m, : X — A(A)}, we set that TI' C
{mn : X = A(A)} is an e-cover if for all w € 11, there exists ' € II' such that for all x € X,
a € A andh € [H], log(my(a | )/ (a| x)) < e. We denote the size of the smallest such cover by
Npol(H, 8).

In addition, to allow for optimization errors, we replace Eq. (4) with the assumption that 7 satisfies

n H

ZZlog (Tn(ay, | z3,)) > max ZZlog (mr(ay, | z3,)) — €opt - 10 (13)

i=1 h=1 h=1

for a parameter €,,¢ > 0; Eq. (4) is the special case in which €., = 0. With these definitions,
specializing Proposition D.1 leads to the following result.

Theorem E.1 (Generalization bound for LoglLossBC). The LoglLossBC policy in Eq. (13) has that
with probability at least 1 — 0,

D2 (]P’” P ) nf{Glog(QNpol(H ,e/H)™ 1) + 48} +2 11g1f_I log(l + D2 (]P’Tr* I ]P’Tr)) + 2¢e4pt-

e>0 n

In particular, if 11 is finite, the log-loss behavior cloning policy satisfies

6 log(2|IT|6~1)

n

D}, (]P’ipﬁ) < +2 Helfn 10g<1 + D,2 (]P’Tr* I ]P’Tr)) + 2¢e4pt-

Let us make two remarks.

* First, the only explicit dependence on the horizon H is through the precision ¢/ H through which
we evaluate the covering number: N, (IL,e/H). As a result, for parametric classes where
Npot(IL,e) < log(e™!) (we will give examples in the sequel), the result will scale at most
logarithmically in H, but for nonparametric classes the dependence can be polynomial.

* Second, the remainder term inf <y log(1+ D,z (IP’”* || P™)) corresponds to misspecification error,
and is zero if 7* € II. We remark that when 7* is deterministic, this expression can be simplified

. T 1
o infren log (E [HL m(amh)} )

Proof of Theorem E.1. This follows by applying Proposition D.1 with the class {P"} __;, and
noting that if 7/ covers 7 in the sense of Definition E.1, then for all 0 € (X x A)¥, we have

log(P™(0)/P™ (0)) < eH, meaning that an e-cover in the sense of Definition E.1 yields an e H-cover
in the sense of Definition D. 1.

O

E.1.1 Example: Tabular Policies
We now instantiate Theorem E.1 to give generalization bounds for specific policy classes of interest.

Consider a tabular MDP in which | X|, |.A| < co are small and finite. Here, choosing II to be the set
of all stationary policies leads to a bound independent of H.

Corollary E.1 (Stationary tabular policies). When 11 is the set of all deterministic stationary policies,
the log-loss behavior cloning policy Eq. (4) has that with probability at least 1 — 6,

n

Meanwhile, if 11 is the set of all stochastic stationary policies, the log-loss behavior cloning policy
Eq. (4) has that with probability at least 1 — 6,

n

Proof of Corollary E.1. This follows by noting that we have log|II] < |X|log|A| in the
deterministic case and log N,o1(I1,e) < O(|X[|Allog(¢™")) in the stochastic case (this follows
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from a standard discretization argument, e.g., Wainwright [91]). O

Naturally, we can also give generalization guarantees for non-stationary tabular policies, though the
sample complexity will scale with H in this case.

Corollary E.2 (Non-stationary tabular policies). When I1 is the set of all deterministic non-stationary
policies, the log-loss behavior cloning policy Eq. (4) has that with probability at least 1 — 9,

(A5~

n

D (P™,P™) < 0(

Meanwhile, if 11 is the set of all stochastic non-stationary policies, the log-loss behavior cloning
policy Eq. (4) has that with probability at least 1 — 6,

DE(PT,P™") < 6<H|X

|Al log(Hnél))

n

Proof of Corollary E.2. This follows because we have log|II| < H|X|log|.A| in the deterministic
case and log Ny,o1(I1, €) < O(H|X||A|log(e™")) in the stochastic case. O

E.1.2 Example: Softmax Policies

Next, we give an example of a general family of policy classes based on function approximation for
which the sample complexity is at most polylogarithmic in H.

For a vector v € R4, let o : RA — A(.A) be the softmax function, which is given by
exp(vg)
Za’E.A exp(va/)

Let F C {fn: X xA— R}thl be a class of value functions, and define the induced class of
softmax policies via

oq(v) =

Ir={ms| feF}
where

mpn() = 0a(fn(z,a)).
We give sample complexity guarantees based on covering numbers for the value function class F.

Definition E.2 (Value function covering number). For a class F C {fr : X x A — R}, we set that
F' Cc{fn: X x A= R}isane-coverifforall f € F, there exists f' € F' such that for all x € X,
a €A and h € [H], |fn(z,a) — fi(z,a)| < e. We denote the size of the smallest such cover by
Nval (H, 8).

Corollary E.3 (Softmax policies). When Il = Il x is the softmax policy class for a value function
class F, the log-loss behavior cloning policy Eq. (4) has that with probability at least 1 — 6,
Noal(F,e/H)5™1)

n

e>0

=~ * . 1 . * us
Dﬁ(P”,P” ) <0(1)- mf{ og +s} +2ﬂlerhff10g<1+DX2(P | P )).

Proof of Corollary E.3. Consider a pair of functions f, f’ with |f5(z,a) — f}(z,a)| < € for all
x € X,a € A, and h € [H]. The induced softmax policies satisfy

2aren XP(f4 (2, a’)))
2aeaexp(fi(z,d)) )0

log(msn(a | 2)/mpa(a| 2)) = fulz.a) — f(z.a) + 1og(

Clearly we have f;,(z,a) — f; (z,a) < ¢, and we can bound

[ TeasUhEa) _(Tyea el ) - exp(fh(r @) ~ filw )
: g( S U@, @) > = g( S oxpUn (e, @) )

< 10g<2a’e,4 eXp(fh(xva/)) c MaXgec A eXp(f;L(x7a//) - fh(xva”))
B > aca exp(fn(z,a))
< max {fh(e,a") — fu(w,a”)} <

a’eA
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Hence, an e-cover in the sense of Definition E.2 implies a 2e-cover in the sense of Definition E.1. [

Whenever F is parametric in the sense that log Nya1(F,e) o log(e~1), Corollary E.3 leads to
polylogarithmic dependence on H. The following result gives such an example.

Linear softmax policies. Consider the set of stationary linear softmax policies induced by the
value function class

F = {(m,a,h) = <¢h(x’a)76> | HQHQ < B}7

where ¢y, (z,a) € R? is a known feature map with ||y, (z, a)|| < B. Here, we have log Nya1(F, €) o
dlog(Be~1) (e.g., Wainwright [91]), which yields the following generalization guarantee.

Corollary E.4. When 11 is the set of stationary linear softmax policies and 7 € 11, the log-loss
behavior cloning policy Eq. (4) has that with probability at least 1 — 6,

D3P, P < O(dlog(BHné_l)).
a n

E.2 Online IL Framework and Sample Complexity Bounds for Log-Loss Dagger

In this section, we give sample complexity bounds for a variant of the Dagger algorithm for online IL
[72] that uses the logarithmic loss. The main purpose of including this result is to give end-to-end
sample complexity guarantees for general policy classes, which we use in Sections 2 and 3 to compare
the optimal rates for online and offline IL. For this comparison, we are be mainly interested in the
case of deterministic expert policies, but our analysis supports stochastic policies, which may be of
independent interest.

Online imitation learning framework. In the online imitation learning framework, learning
proceeds in n episodes in which the learner can directly interact with the underlying MDP M*
and query the expert advice. Concretely, for each episode i € [n], the learner executes a policy
m = {m, : X = A(A)}/_, and receives a trajectory o' = (x},a},a}"), ..., (zy, ak,aly), in
which aj, ~ 7 (x},), a)" ~ 7*(x},), and zj,  ; ~ Py(x},, aj,); in other words, the trajectory induced
by the learner’s policy is annotated by the expert’s action a} ~ 77 () at each state xj, encountered.

After all n episodes conclude, they can use all of the data collected to produce a policy 7 such that
J(7*) — J(7) is small.

Dagger algorithm. We consider a general version of the Dagger algorithm. The algorithm is
parameterized by an online learning algorithm Algg,,, which attempts to estimate the expert policy
in a sequential fashion based on trajectories.

Set D' =@.Fori=1,...,n:

* Query online learning algorithm Algg,, with D’ and receive policy 7.

* Execute 7 and observe o' = (z},a},a)"), ..., (xYy,ay, ap').
« Update D' « D' U {o}.
At the end, we output 7 = unif (x*, ..., 7") as the final policy.

To measure the performance of the estimation oracle, we define the online estimation error as:

1 n
Estiy(n) = — >

As we will show in a moment, this notion of estimation error is well-suited for online learning
algorithms that estimate 7* using the logarithmic loss.

Our following result gives a general guarantee for Dagger that holds for any choice of online learning
algorithm. To state the result, let P™ I™ denote the law of 0 = (21, a1,a}), ..., (g, am,al) when
7* is the expert policy and we execute 7. Let

H

o2 = S [(QF (onsan) = Vi (an)?],

h=1
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2 _ 2 72 _ * .. .
sothat o7« =0 *W and define 52, = sup,, o ﬂ*h Note that o7 = 0 whenever 7* is deterministic,

but in general, 2. > 02
Proposition E.1 (Regret for Dagger). For any MDP M* with signed recoverability parameter i and
any online learning algorithm Algg,,, Dagger ensures that
J(m*) — J(7) < \/72. - Est'(n) + 11 - Est}'(n).

Furthermore, whenever ©* is deterministic, Dagger ensures that

J(m*) = J(@) < - Esty'(n). (14)
To instantiate the bound above, we choose Algg., by applying the exponential weights algorithm
(e.g., Cesa-Bianchi and Lugosi [19]) with the logarithmic loss. Let ITj, := {7, | 7 € II} denote the

projection of IT onto step h. The algorithm proceeds as follows. At step i € [n], given the dataset D*,
for each layer h € [H| we define a distribution pj, € A(II) via

wh () o exp Zlog m(ay? | x))) | = Hwh(a;;’j | 7).
J<ij J<i

We then set
Th(a|z) =Eq, < [mn(a | )]

We refer to the resulting algorithm as LoglLossDagger. This leads to the following guarantee for
finite classes.

Proposition E.2 (Regret for LogLossDagger). When * € 1, the log-loss exponential weights
algorithm ensures that with probability at least 1 — 6,

Est(n Z log(|TT,| H6™1).

Consequently, LoglLossDagger ensures that with probability at least 1 — 6,

H H
1 11, |Hé 1 1 I, | H§— L
) - J@) < |2, 3 BUIAHOT) | o g los(II [ HO™)

7-(*
n n
h=1 h=1

)

and when ©* is deterministic,

H
~ log(|ITy|Hd ")
J(7*) — < - —SMTThITE
() = J(7) S e Y B
h=1
We note that for many parameter regimes, the sample complexity bound in Proposition E.1 can be
worse than that of LogLossBC in Theorem 3.1 (for stationary policies, Proposition E.1 has spurious

dependence on H, and the variance-like quantity in the leading order term is weaker). It would be
interesting to get the best of both worlds, though this may require changing the algorithm.

Proof of Proposition E.1. Consider an arbitrary policy 7. Begin by writing
H

J() = I = S E|QF (ons i (an) — QF (@nan).

h=1
Fix a layer h. By Lemma 3.1, we have

E7I* [Qz*(m, mh(zn)) — QR (ﬂch»ah>]
< E7F[QF (on. mi(en) — QF (wn.an)|

+ \/(E% TUQE (xn, my (x1)) — QF (wny an))?] + BT T(QF (wn, mj (z1)) — QF (wn, an))?]) ET[D (Fn(wn), 75 (xn))]

= (@7 (an, mj;(xn)) — QF (xn, an))?] + BT T(QF (wn, mj (xn)) — QF (xn, an))?]) BT D (Fn (xn), m (z1))]-
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Furthermore, using Lemma 3.1, we have

B (@ (et (20)) — QF (, 1))’]

H H
S S ETT @ (@n miwn) — QF (e an))?| + B2 Y BT [DE(Fa(wn). wi(21))],
h=1 h=1

so that

E*7 Q7 (@n, i (2n)) = QF (an, an) (1s)

< VET U@ (o i (a0) — QF (@nsa1))?] - E¥ (D3 (Fa(en). w7 (en)] + i - EF [DA (R ). 7 ()]

Recall that the Dagger policy satisfies

Applying Eq. (15) to each policy 7%, summing over all layer 4, and applying Cauchy-Schwarz yields

= 1 - on ~ on
J(r*) = J(T) S - Zai*lﬂ'i -Esty'(n) + 1 - Esty' (n)
i=1
< \/T2. - Esty'(n) + - Esty (n).

In the deterministic case, we tighten the argument above by applying the following improved change-
of-measure argument based on Lemma 3.1:

E™ QR (on, mh(@n) — QF (wnan)|
< BT [(@QF (o, mi(@n) = QF (ensan))+ ]
< 2E7 7 |(QF (@n, mh(@n) = QF (enan)) 4| + - E7 [DE(Fnlen), 77 (21))]
= - EX[DE(Rn(n), mh (21)],
This leads to Eq. (14).
O
Proof of Proposition E.2. Since 7* € II, a standard guarantee for exponential weights with the

log-loss (e.g., Cesa-Bianchi and Lugosi [19]) ensures that for all h € [H], the following bound holds
almost surely:

> log(1/F(ay" [ 2,) <Y log(1/my(ay | @) + log|TLy|.

i=1 i=1
From here, for each h € [H], Lemma A.14 of Foster et al. [34] implies that with probability at least
1-6,

n

SE (DA (o), 7 (@) < loglTTa + 2log(57Y).

=1

The result now follows by taking a union bound.
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F Proofs from Section 2

F.1 Proof of Theorem 2.1

Proof of Theorem 2.1. We begin by defining the following trajectory-wise semi-metric between
policies. For a pair of potentially stochastic policies 7 and 7/, define

p(r | 7') =BT Eay s (2 ) [[{3R  an # a}],

where we use the shorthand af.; ~ 7'(x1.x) to indicate that o} ~ 7} (z1),...,dy ~ 7y (zH).
Despite being defined in an asymmetric fashion, the following lemma shows that the trajectory-wise
distance p(- || -) is symmetric, from which it follows that it is indeed a semi-metric.

Lemma F.1. For all (potentially stochastic) policies m and 7', it holds that
p(r || 7') = p(z" || 7).

Next, we show that it is possible to bound the difference in reward for any pair of policies in terms of
the trajectory-wise distance p(- || -).
Lemma F.2. For all (potentially stochastic) policies w and 7', it holds that

J(m) = J(a') < R-p(r || 7).
Finally, using Lemma F.1, we show that when one of the policies is deterministic, the trajectory-wise
distance is equivalent to Hellinger distance up to an absolute constant.

Lemma E.3. Let 7 be a deterministic policy and m be an arbitrary stochastic policy. Then we have
that

p(r* | m) < DR (PP ) <24 p(r* | 7).

o~ =

Combining Lemmas F.2 and F.3, we conclude that for any deterministic policy 7* and stochastic
policy T,

J(m*) — J(7) < 4R - D} (P7,P™).

O
Proof of Lemma F.1. This follows by noting that we can write
p(m | 7') =1 =E"Ear  wnt(ors) [[{an = aj, VR}]
H
=1- Y Po@) [] Paensa |2, an)malan | wn)my, (@ | 2n)l{an = aj,}
T1:H,Q1:H,0], h=1
H
=1— Y Po@) [] Paensa | @nrap)mnlan | wn)wy(ay, | 2p)Han = aj,}
T1.H,01:H,0, h=1
=1-E" B, , ~r(ar.H{an = aj, YR} = p(x" || 7).
O

Proof of Lemma F.2. Observe that since ZhH:1 r, € [0, R], we can bound the reward for 7 as

H
J(Tr) S = l(z Th) Ea’leNTr’(wl;H)[]I{a;L = Qp Vh}} +R- E™ EGQ:HNW'(JELH)[H{Elh : CL;L 75 ah}]

h=

=

+R-plr | 7).

1
rh> EG«ILH’\‘TF/(fl:H)[]I{a’;'L = ap Vh}]
1
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‘We can bound the first term as

H
(Z Th> ]Eall:HNﬂ'/(itle)[H{a;l = ap Vh}]]

h=1

=E" [f(ﬂh:H, a1:8) Bar | mont @y [ @), = an Vh}]},
where f(z1.14,a1.) = Zthl E[r | ¢, an]. We now observe that for any function f,

E" [f(ﬂh;H, a1:1) Bay_wr (o0, (@), = an Vh}]}

H
= Y flerw,avn)- Pola) H (nt1 | zn, an)mnlan | o)y (ay | 2n){an = aj}

’ —
T1:H,01:H,07. =

H
= Y f@rwmdig) - Po@n) [] Puleng | o, ag)mn(an | 2n)w(ah | 2n)H{an = aj}
het

’
T1:H,A1:H,07.

H

< Z f@rm, i) - Po(w H (@ht1 | @n, ap)my(ay, | 2n)
xy: Haal_H h=1

=E" [f(z1.1,01.1)]

‘We conclude that

H
. l(z rh) IEa/l g~ (21.H) [H{ah = ap Vh}} (7T/),
so that
J(m) = J(7') < R-p(7 || 7).

O

Proof of Lemma F.3. Define the triangular discrimination via D (P, Q) : f (‘% +dd% , and recall

that £ DA (P, Q) < DE(P,Q) < Da(P,Q) (e.g., Foster and Krishnamurthy [32]). Next, define the
shorthand P(z1.5 | a1.p) := Hth_Ol P(zp41 | zp,an) and P™ (a5 | z1.1) = HhH:1 mn(an | on)
(these quantities do not have an interpretation as conditional probability measures in the way the

notation might suggest, but this will not be relevant to the proof). For any deterministic policy 7*, we
can write

Da (JP’T,P”*)

_Zsz1H|a1H 1) - (P™(arr | @1r) = P (avn | 1:00))°

P™(a1.g | z1.0) + P (a1:1 | 1.5)

T1:H A1:H

- Z Z P(zy.p | a1.p—1) - (P™(avmr | w1.m) = P™ (avn | 21.m))?

P™(av.p | 21.5) + P (1.5 | Z1.1)

T1:H a1, g=7*(T1.H)

(Pw(al:H | xl:H) - PTr* (ale ‘ xl:H))z
+ P(xy. a1:H—1) - — .
Z Z @uon | aziar-1) P™(av.p | x1.5) + P (1.1 | Z1:1)

T1:H ay,gAT(T1:.0)
. . . . . * . . *
Since 7* is deterministic, P™ (a1.g | 1.5) = lif a1,y = 7*(z1.m), and is P™ (a1.5 | z1.4) =0
otherwise. Using this, we can write the second term above as

Z Z P(zi.g | ar.p—1)- (P™(a1.p | w1.51) — 0)?

P™(ay. . 0
TrH ay e (v1) (ar.m | v1.0) +

= Z Z P(xle ‘ al:H—l)Pﬂ(a’liH ‘ 1'1;]—[)

T1:H a1 g A7 (T1:1)

=P"[3h: ap # 7 (xg)] = p(r || 7).
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This proves that D (}P’”, IED”*) > p(m || 7). For the upper bound, we use that 7* is deterministic
once more to write the first term above as

Z Z P(z1.mg | a1.p-1) - (P™(a1.p | w1.51) — 1)?

Pﬂ(ale ‘ $1:H) +1

T1:H a1.g=7*(T1.H)
g |:(P7r(0,1;H | z1.) — 1)?
Pm(ay1.g | v1.1) + 1

< E™ [(P™(avs | 21m) — 1)),

We further note that
E™ [(P™(arm | z1.0r) — 1)?]
=E" Euf , cn(anm 1+ (P™(dhy | 21.1m) — 2} = a1 }]
< E" Bot o eon(orm [l — Haby = av}]
= E" Eop (e {30 0 dhy # avu}) = p(r* || 7).
By Lemma F.1, we conclude that D (P™,P™") < p(r || 7*) + p(7* || 7) = 2p(7* || 7). O

F.2 Proof of Theorem 2.2

Proof of Theorem 2.2.  For this proof, we consider a slightly more general online imi-
tation learning model in which the learner is allowed to select aj based on the sequence
i i *yi i i *yi i *yi ini 1 . 1 1 1 1
(xi,ay,a7"),...,(z),_1,a},_1,a;" ), (x),,a;") at training time; this subsumes the offline imita-
tion learning model. Let n € N and H € N be fixed. Let A € (0, 1/3) be a parameter whose value

will be chosen later.

We first specify the dynamics for the reward-free MDP M™* and the policy class IT. Set X = {x, g}
and A = {a,b}. The initial state distribution sets Py(x) = 1 — A and Py(y) = A. The transition
dynamics are Py, (2 | z,a) = I{z’ = z} for all h; that is, %, y are self-looping terminal states. We set
IT = {7, "}, where the expert policies are 7*, which sets 7T;L({L‘) = a for all h and z, and 7, which
sets ) () = a and sets 7}, (y) = b.

Let a problem instance T = (M*,r,n*) refer to a tuple consisting of the reward-free MDP M*,

a reward function r = {rh}le, and an expert policy 7*. We consider two problem instances,

7t = (M*,r*,7*) and I" = (M™*, r*, 7*):

* For problem instance Z°, the expert policy is 7. We set 5, (x,-) = 0, 75, (y, a) = I{a = a} for all
h.

* For problem instance Z*, the expert policy is 7. We set r} (%, ) = 0, 7}, (y, a) = I{a = b} for all
h.

Note that both of these instances satisfy p = 1, and that 7* and 7" are optimal policies for their
respective instances. Let J* denote the expected reward function for instance 7%, and likewise for Z".

Going forward, we fix the online imitation learning algorithm under consideration and let P* denote

the law of o', .. ., o™ when we execute the algorithm on instance a, and likewise for b; let E*[-] and
R ['] denote the corresponding expectations. In addition, for any policy 7, let P™'I™ denote the law of
o= (x1,a1,a7),...,(xm,am,af;) when we execute 7 in the online imitation learning framework

and the expert policy is 7* = 7, and define pr'in analogously.

We first observe that for any policy 7,

H
T(r') = P(7@) = A+ Y Eapery g [Han # m,(w)}],
h=1

and that J'(7*) — J'(F) = A - S By omll{an # 7 (g)}].  Defining p(m,7') =
ZhH:1 Eay,~m (y),a), ~m, (y) H{an # @}, } as a metric, we note that p(7*, ') = H, and hence by the
standard Le Cam two-point argument (e.g.,. Wainwright [91]), the algorithm must have

max{E*[J*(n*) — J* ()], B*[J*(7") — J*(7)]} > %(1 — Drv (P, ")),
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where Dy (-, -) denotes total variation distance. Next, using Lemma D.2 of Foster et al. [36], we can
bound

Diy (P, P') < Di(P", P') < TE* [Z Di (P”“'“,P””'”i)] .
i=1

Since, the feedback the learner receives for a given episode ¢ is identical under instances Z* and Z°
unless x1 = y (regardless of how 7* is chosen), we can bound

D2 (Pﬂ“‘”",w”‘”i) < 9A,
and hence
D3, (P, P*) < 14An.
We set A = 1/56n, and conclude that any algorithm must have

max{E'[J*(w) — J'(®)], E'[J°(x") = J'(7)]} > A?H -

S|z

for an absolute constant ¢ > 0.

G Proofs from Section 3

G.1 Proof of Theorem 3.1

Proof of Theorem 3.1. Assume without loss of generality that R = 1. Let o =
(x1,a1),...,(xH,amn), and for each h € [H], define the sum of advantages up to step h via

h

An(0) = Y- (QF (e, i (w0) = QF (w1, a0))

(=1

which has |A(0)| < H almost surely. Consider the filtration .%, := o(z1,a1,...,%h,ap). Fixa
parameter L > 1 whose value will be chosen later, and define a random variable

H* := min{h | |An(0)| > L},
with H* := H + 1 if there is no h such that |A,(0)] > L; we will adopt the convention that
ngl = VHﬂjH =0.
Lemma G.1. H* is a stopping time with respect (Fp)p>1,"" and has |Ag-(0)| < L + 1 almost
surely.

The following lemma, which is one of the central technical components of this proof, gives a bound
on regret in terms of the expected advantage at the stopping time H*. We use the stopping time to
keep the sum of advantages A« bounded, which facilitates a strong change-of-measure argument in
the sequel.

Lemma G.2 (Regret decomposition for stopped advantages). If r, > 0 and Zthl rp, € [0, R], then
for all policies T, we have that

J(m*) — J(@) < EF[Ag-(0)] + R-PT[H* < H]. (16)

Note that even though we assume R = 1 throughout this proof, we state this lemma for general R for
the sake of keeping it self-contained.

We proceed to bound the right-hand-side of Eq. (16) using change-of-measure based on Hellinger
distance (Lemma 3.1). For the second term in Eq. (16), Lemma 3.1 gives

P7[H* < H] < 2P™ [H* < H] + D2 (Piﬂﬂ*)

= 9P [3h : |An(0)| > L] + D2 (P*,P’f*).

"That is, for all h, I{h = H*} is a measurable function of (z1,a1),..., (zn,an).
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For the first term in Eq. (16), Lemma 3.1, gives that

B A (0] < B [Aur-(0)) 1[4 (E7 (8%, 0)] + B [8,.0)]) - DR(PF, 7).

To bound the first moment and second moment of A g+ (0) under 7*, we use the following lemma,
which follows from elementary properties of stopped martingale difference sequences.

Lemma G.3. We have that
E™ [Ay-(0)] <0, and E™ [A%.(0)] <4o2..

It remains to bound the second moment under 7. Here, since |[A g+ (0)| < L 4 1 almost surely by
Lemma G.1, we note that Lemma 3.1 gives

E7[A%.(0)] < 2E™ [A%.(0)] + (L + 1)°D? (P*,P”*).

Combining these developments, we have that

E7 (A (0)] < /3B [A%. ()] - DR(F7, ) + (L + 1) D (B7, ™)

< \/603* - D3(P%,P™) + (L + 1) D2 (P*,P’T*),

and thus

J(r*) = J(®) < \[60%. - DR(P7, B) + (L +2) DR (BT, P™" ) + 2P [3h : [An(0)| > L]
To wrap up, we appeal to the second of our main technical lemmas, Lemma G.4.

Lemma G.4 (Concentration for advantages). Assume that rp, > 0 and Zthl ry, € [0, R] almost
surely for some R > 0. Then for any (potentially stochastic) policy m, it holds that for all § € (0,e~1),

H/
BT 3H' 1 |3 Qfwnsan) = Vil (wn)| > ¢ Rlog(a™) | <34,
h=1

for an absolute constant ¢ > 0.
Lete € (0,e7!) be fixed. If we define
L=c-log(e™),
where ¢ > 1 is a sufficiently large absolute constant, then by Lemma G.4, we have that
P™ [3h : |AR(0)] > L] <e.
This proves the result.
O

Proof of Lemma G.1. To prove that H* is a stopping time, we observe that for all h < H, we have
I{h = H*} = {|An(0)| > L. |Aw (o) < LV < A},
and Ay (o) is a measurable function of (z1,a1),. .., (z, ap). Likewise, we have
Kh=H"+1} =I{|An(0)]| < LYh < H},
which is a measurable function of (z1,a1), ..., (zH,an).
For the second claim, we observe that
A+ (0)] < [Ane—1(0)| + |QFr- (wa, 7y (wrr+)) — Q- (@rre, an+)
<L+1

almost surely.
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O

Proof of Lemma G.3. Define X; := Q;{* (xh, 75 (zh)) — QZ* (zp,apn), and F, =
o(x1,a1,...,Tp,ap), with X1 := 0. Since H* is a stopping time with respect to (%},) and
X}, is a martingale difference sequence (under 7*), the optional stopping theorem (e.g., [96]) implies
that!®

E™ [Ag+(0)] = E™

We now bound the second moment. Recall Doob’s maximal inequality (e.g., Williams [96]).
Lemma G.5. If (Sh)ne[n) is a non-negative submartingale, then

E[}g% Sh} <A4E[SE].

We claim that | A, (0)] is a submartingale, since a convex function of a martingale is a submartingale.'”
As aresult, Lemma G.5 gives that

E[AZ,. < E A < 4E[A2 .
[ a0 )} [}?elﬁx] AC )] = [ H(Oﬂ
Finally, we note that

H

E™ [A% Qh (@n, mh(2n)) — QF (xh»ah))>

h:l

E™[(@QF (on, mh(@n) — QF (@n,an))?| = o2,

uMm

where we have once more used that X}, = Q;{ (xh, 7% (zn)) — QZ* (zp, ap) is a martingale difference
sequence.

O

G.1.1 Proof of Lemma G.2 (Regret Decomposition for Stopped Advantages)
Proof of Lemma G.2. Consider the following non-Markovian policy:

~ (- | h<H*7
b e ={ G2 RS0

This is a well-defined policy, since we can write I{h > H*} = maxp <, I{h' = H*}, and

I{h' = H*} is a measurable function of (x1,a1),...,(xp,ap) C (x1,01),...,(Th_1,an—_1) for
h < h.
We begin by writing

J(7*) = J(7@) = J(r*) — J(7) + J(7) — J (7). (17

For the second pair of terms in Eq. (17), we use the following lemma.

Lemma G.6. Under the same assumptions as Lemma G.2, it holds that

J(@) — J(7) < R-PT[H* < H].

%To give self-contained proof, note that we can write E™ [Zth*l Xh] =E" [Zthl X 1{H* > h}}
We claim that I{ H* > h} is a measurable function of .%#,_1, since [{H* > h} = 1 — I{H* < h}, and

I{H* = h'} is a measurable function of (z1,a1),..., (za,an) C (1,a1),. .., (Th—1,an—1) for B’ < h.
We conclude that E™" [X, I{H* > h} | Zy_1] = E™ [X}, | Zn1|]I{H* > h} = 0.
“For completeness, note that E[Ax(0)| | Fn_1] = E[|An=1(0) + Xn| | Fn-1] >

1An-1(0) + E[Xs | Zi 1]l = [An-1(0)].
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For the first pair of terms in Eq. (17), using the performance difference lemma, we can write*

J(@*) = J(7) =B | > QF (wn, mh(xn) — QF (%ﬂh)]
Lh=1

H
=FE~ Z En_1 [QZ* (xp,mh(xR)) — QZ* (zp, ah)”
Lh=1

H
=B | Y Ba [QF (oo mi(2)) — QF (@, 0) | 1{h < H*}]

Lh=1

r H
=B | S Bn [ (QF (wnmiwn) — QF (e an) ) TR < H*}H
Lh=1
-H* * *
=E7| Y Q7 (wn, 7 (xn) — QF (xn, an)

Lh=1

=E"[Ay-(0)],

where the third equality uses that 7, (- | 1., a1.h—1) = 75(- | zp) for b > H*, and the fourth
equality uses that T{h < H*} is .%}_1-measurable. We now appeal to the following lemma, proven
in the sequel.

Lemma G.7. Under the same assumptions as Lemma G.2, it holds that
E™[Ag-(0)] = ET[Ag-(0)].
Altogether, we conclude that
() = J(7) < BF[Ag (0)] + R-PF[H* < H].

O

Proof of Lemma G.6. Let us define f(0) = S.+_ E[ry, | z4, as] and g(0o) = I{H* > H}; note
that g(o) is indeed a measurable function of 0 = (z1,a1),...,(zH,an), since I{H* > H} =
1 -I{H* < H}, {H* < H} = Up<g{H* =h}, and {H* = h} is a measurable function of
(z1,a1),...,(zh,an). We can write

H
J(7) < ET KZ rh>H{H* > H}

h=1

+ R-PT[H* < H]. (18)

Let us adopt the shorthand P(z1.57 | a1.5-1) := Hf;ol Pn(xpt1 | 1, ar). We can bound the first
term in Eq. (18) via

H
(Z rh>H{H* > H}
h=1

M=

E%

Z flo)g(o)P(z1.u | a1:H-1)

O=T1:H,A1:H

= Y HO9OP@L o)

O=1:H,A1:H

h(an | T1:h, @1:0—1)

>
I
—

n(an | zn)

M=
=)

i
L

H
< Z fo)P(x1.m | a1:m-1) H Tr(ap | zn)
O0=Xx1:H,a1:H h=1
R H
—F Zm] = J(#)
h=1

2Since 7 is non-Markovian, we need to expand the state space to ), = 1., a1.n_1 to apply the performance
difference lemma, but since 7* itself is Markovian, this results in the claimed expression.
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where the second equality uses that 7(- | ®1.p,01:n—1) = 7(- | xp) for all h € [H] whenever
glo) = 1.
To bound the second term in Eq. (18), we can write

PT[H* < H] = ZW
For each h, let o, := (z1,a1),..., (xh,ah) and gp,(op) = I{H* = h} (recall that I{ H* = h}

is a measurable function of (z1,a1),...,(xy,ap)). Note that for each h, if we define P(z1.p, |
h—1
ai:h—1) = [ _o Pe(@et1 | e, ar), then

=

PT[H* = h] = Z gn(on)P(z1:n | @1:h—1)

Op==T1:h,01:h

Te(ae | ©1.0,01:0-1)

~
Il
i

=

= > gulon)P(xrn | avnor) [ Felar | 20)
Oh=T1:h,01:h {=1
= PT[H* = h),
where the second inequality uses that (- | £1.¢,a1.0—1) = 7(- | ¢¢) whenever £ < H*. O
Proof of Lemma G.7. We start by writing
E7[An-(0)] = S EF[I{H" = h}Au(0)].
h=1
For each h < H + 1, let o, := (z1,a1),...,(xp,ar) and gp(op) = I{H* = h} (recall that
I{H* = h} is a measurable function of (z1,a1), ..., (zp,an)). Foreach h < H + 1, if we define
P(z1.p | a1:p—1) == Hz;é Py(xzp41 | o, ar), then
h
E*[[{H" = h}Ap(0)] = Z gn(on)An(on) P(x1:h | @1:n—1 H (ar | x1.0,01:0-1)

Onh==T1:h,01:h

h
= Z gn(on)An(on) P(z1:p | ar:n—1 H (ar | ¢)

Op=I1:h,a1:h
= EF[I{H* = h}Au(0)],

where the second inequality uses that (- | £1.¢,a1.0—1) = 7(- | ¢¢) whenever £ < H*.

G.1.2 Proof of Lemma G.4 (Concentration for Advantages)

Lemma G.4 is proven using arguments similar to those in Zhang et al. [104, 105], but requires
non-trivial modifications to accommodate the fact that 7 is an arbitrary, potentially suboptimal policy.

Proof of Lemma G.4. Let us abbreviate () = Q™ and V' = V™. Assume without loss of generality
that R = 1, and note that this implies that 7, € [0,1] and @, V), € [0, 1], which we will use
throughout the proof.

Define a filtration %#;,_1 := o((x1,a1,71), .-, (Th—1,8h—1,7h—1),Zp). Since
En1[Qn(wh,an) — Vi(zn)] = 0,

two applications of Lemma D.2 and a union bound imply that with probability at least 1 — 9, for all
H' € [H]

ZQh(xh,ah Vh {Eh ZE Qh xh,ah) Vh(xh))Q | xh] +10g(25_1).
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Since E™[Qn(2h, an) | n] = Vi(xp), we can write

H/
ZE (Qn(xn,an) = Vi(an))® | 2n] =Y _ET[(QF (zn, an) | 2] — Vi (zn)
h=1

= (E"[(Q%(@n,an) | 2] = Viri(zni1)) + Vi (@m) — ViE(a)
h=1

H
< (ET[(Qk(@n,an) | 2n] = Vityi (zng1)) + 1.
h=1

Observe that by Jensen’s inequality, we have
E™[(Q% (zn,an) | zn] < E7[(rn + Vapr(zni1))? | 2n)
=E" Vi1 (@ne1) | 2] +E7[r] [ 2n] + 2B [ Vi (@hi1) | 23]
< E" Vi1 (@nr) [ an] +3E" [ | 2,

S0 that
H' H'

ZE (@nlmnran) = Viln)® | @] < Y BT [Vii (znyr) | 2n)] = Vi (@nga) +3Y B [rp | 2] +1
h=1 h=1

By Lemma D.3, we have that with probability at least 1 — 4, for all H' € [H],

H' 3 H'
};EW[M | 2] < 5};% +4log(207 ")

3
< 3 +4log(2671).
Likewise, by Lemma D.2, we have that with probability at least 1 — 4, for all H' € [H],

H' H'

S ETVEa@ni) Lon] = Vi @nin) € SB[V @n) = BT [V (@nin) [oa]) | 2] +log(67")
h=1 h=1

H/
= ZVEM7r (V2 1 (@ha) | zn] +1log(671)
h=1
H/
< 4ZVarﬂ[Vh+1(xh+1) | 2] 4 log(67 1),
h=1

where the last line uses the following lemma, proven in the sequel.
Lemma G.8. If X is a random variable with | X | < 1, then
Var(X?) < 4Var(X).

We now appeal to the following lemma, also proven in the sequel.

Lemma G.9. Under the same setting as Lemma G.4, we have that for any ¢ € (0, 1), with probability
at least 1 — 24, for all H' € [H],

H/
> Var™ [V (wng1) | on] < 8+ 32log(2071).
h=1
Putting together all of the developments so far, we have that with probability at least 1 — 54, for all
H' € [H],
H/
Z Qh((Eh, ah) — Vh($h> <4 Z Var”[VhH(th) | {,Ch] + 6+ 1410g(25_1)
h=1
< 38 4 142log(2671).
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Proof of Lemma G.8. Note that we have
Var(X?) = E[(X? — E[X?])?] < E[(X* - E[X")?] <4E[(X — E[X])?],

where the last line uses that [a® — b%| < 2|a — b| for a,b € [-1,1]. O

Proof of Lemma G.9. Abbreviate V' = V™. By telescoping, we can write

H/
Zy = ZVarﬂ[Vhﬂ(fEhH) | 1]
h=1
H/
s a 2
— ZE [V}?+1(;L'h+1) | zn] — (E" Vg1 (@ns1) | zn))
h=1
H' Hl
s 3 ’
=Y E V2 (i) [ on] = V2 (@ne) + O ViE@n) = E™ Vi (zns) | 20) + Vi (@) — V()
h=1 h=1
H' Ll
< ZETF (Vi1 (@na1) [ on] = Vit (@ns) + Z Vi (wn) — (B [Vaga (zns1) | 2n))* + 1.
= h=1

For the latter term, since |a? — b%| < 2|a — b| for a, b € [0, 1], we have that

> Vilan) = B Vi (@) | 2a))® < 2Z:Wh zn) = B [Vag1(znia) [ o]l

HI
— QZHEW[T}L | :L’h” < QZEW[Th | xh],
h=1 h=1

By Lemma D.3, we have that with probability atleast 1 — ¢, for all H' € [H],

ZIE [rp | xR] < Zrh+4log(26 h< § 4log(267h).

h=1
For the first term, by Lemma D.2, we have that for all 7y € (0, 1), with probability at least 1 — §, for
all H' € [H],
H’ H'

S ET Vi (@hg) | @] = Viga(@nga) <n y ET {(VhQJrl(thrl) —E" [V (zni1) | 2n])? | l‘h} +nog(61)
h=1 h=1

[\

H/
=7 Z Var™ [VhQH(a:h_H) | zn] + n~ " log(671)
h=1
H/
< 4772\/ar7r Vi1 (zher) | @n] + 07 log(671)
h=1

=4nZy +n 'log(67),

where the last inequality uses Lemma G.8. Putting everything together and setting n = 1/8, we
conclude that with probability at least 1 — 26, for all H' € [H]|

1
ZH’ < §ZHI + 1610g(25_1) +4

)

which yields the result after rearranging.
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G.2 Formal Statement and Proof of Theorem G.1

The following result shows that the dependence on the variance in Corollary 2.1 cannot be improved
in general, which implies that the horizon-dependence in this regime is tight.

Theorem G.1 (Lower bound for stochastic experts). Consider the dense reward setting where
rn, € [0,1] and R = H. Foranyn € N, H € N and 0* € [H, H?), there exists a reward-free
MDP M* with |X| = 3 and | A| = 2, a class of reward functions R with |R| = 2, and a class of
policies T with |I1| = 2 with the following property. For any (online or offline) imitation learning
algorithm, there exists a deterministic reward function r = {rh}le and expert policy ™ € 11 such
that 02, < 02 and j1 < 0 /H, and for which

N . o? 1
]P’(J(w y—J@) >c- > > 3

for an absolute constant ¢ > 1.

Beyond showing that a slow 1//n rate is required for stochastic policies,’!

Proof of Theorem G.1. For this proof, we consider a slightly more general online im-
itation learning model in which the learner is allowed to select aj, based on the sequence
(z1,ai,a)"), ..., (zh_q1,a,_q.a;" ), (z),,a}") at training time; this subsumes the offline imita-
tion learning model. Let H € N, n € N, and 02 € [H, H?] be given. Fix a parameter K € N such
that H/K is an integer and a parameter A € (0, 1/2) be fixed; both parameters will be chosen at the
end of the proof.

We first specify the dynamics for the reward-free MDP M* and the policy class I1. Let A = {a, b},

and let X = {s,a,b}. We consider the following (deterministic) dynamics. For h € H :=

[1, K +1,2K + 1,...], always the state is always x, = s. For such a step h € H, choosing a;, = a

sets xj, = a for the next K — 1 steps until returning to s at time h + K, and choosing ap, = b sets
», = b until returning to s at time h + K (that is, the action has no effect for h ¢ H).

We consider a class IT = {7*, 7"} consisting of two experts 7* and 7. 7* sets 75, (a | 5) 14+A

for h € H and sets 7, (z) = aforall h ¢ H and z € X. Meanwhile, 7" sets 7'(b | §) = 3 + A for
h € H and sets m,(x) = aforallh ¢ Hand x € X.

We consider two choices of reward function, r* and 7°. 7 sets 7} (s,a) = 1 and rj,(s,b) = 0 for
h € M, and sets 75 (a,-) = 1 and 75/(b,-) = 0 for h ¢ H. Meanwhile, r* sets r} (s,b) = 1 and
5 (s,a) = 0for h € H and sets r} (a,) = O and 7}, (b,-) = 1 for h & H.

Let a problem instance T = (M*,r,7*) refer to a tuple consisting of the reward-free MDP M*,
a reward function r = {rh}thl, and an expert policy 7*. We consider four problem instances
altogether: (M™*,r*, 7*), (M*,r*,w*), (M*,r*,7"), and (M™*, r", 7).

Let P* denote the law of o, ..., 0™ when a when we execute the algorithm on the underlying instance,
and likewise for b (recall that the law does not depend on the choice of reward function, since this is
not observed); let E*[-] and E"[-] denote the corresponding expectations. In addition, for any policy
7, let P™'I™ denote the law of 0 = (1, a1, ay),...,(xzm,am,al) when we execute 7 in the online

imitation learning framework and the expert policy is 7* = 7, and define P analogously.

We begin by lower bounding the regret. Consider a fixed pohcy 7 ={7h: X = A(X)}, and let
7(a) = |H‘ > hewn Tn(a | s). Observe that for instance (M*,r*, 7*), we have

1) = (@) = (54 8)H - K S Fta ) = (5 + A - (o)

heH

*'Rajaraman et al. [67] show that for the tabular setting, it is possible to achieve a 1/n-type rate in-expectation
for stochastic policies. Their result critically exploits the assumption that | X'| and |.A| are small and finite to
argue that it is possible to build an unbiased estimator for 7*. Theorem G.1 shows that such a result cannot hold
with even constant probability for the same setting. We believe the fact that a 1/n-type rate is even possible in
expectation to be an artifact of the tabular setting, and unlikely to hold for general policy classes.
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and for instance (M™*, 7", 1),

Tu(7) — Ju(7) = (; - A)H ~ K'Y b | 5) = Hr(a) - (2 4 A> H.

heH
Likewise, for instance (M*, 7", 7"), we have
(1 ~ 1
T (1) = Jpo(T) = <2 + A)H — K 70 ]s)=7(a)H — ( - A)H
heH

and for instance (M™*, r*, 7*),

Jya (1) = Ja(7) = (; - A)H—K > Fnlals) = (; - A)H—w(a)H.

heH

We conclude that for any € > 0, since the law of the dataset is independent of the choice of the reward

function,

IP’“[ %+A H—w(a)H>sH],P“[7r(a)H—(;+A HZe:H:,
R S TN N P 1 SO PR
Zémax{ﬁ”{ (;JFA) —w(a)H>5H],P“[7r(a)— (;—A)’HZEH }
RN (SRR e
(e (4)- ol el (- 9)1)
(o (3+3) vl el (53] =)
zi —P“{(é—A)—w(a) zs]+Pl~[w(a)—(;—A)‘ng
> 1(1- Dry(E' )

where the second inequality uses the union bound (i.e. P[|z| > ¢] =Pz > eU—z > ¢] <Pz >
] + P[—x > ¢]), and the second-to-last inequality holds as long as ¢ < A. In particular, this implies

that
AH AH
sy S 2 gy -2 52|
e AH AHT (T
P’ |:JTU(7TU) — JTb (%) Z 2:| ,Ph |:JTJ (ﬂ'b) - JTJ (/7(\'> Z 2:|

Next, using Lemma D.2 of Foster et al. [36], we can bound

D_Q[_V(IPJ,PL\) < DE{(]P],IPD) < 7R lz Da (]P)ﬂ'a'lﬂ'i”]P)ﬂ'blﬂ'i)‘|'

i=1
Observe that for a given episode 4, regardless of how the policy 7’ is selected:

* The feedback for steps h ¢ H is identical under P* and P".

(1 — Dy (P, P*)).

* The feedback at step h € # differs only in the distribution of a} ~ 7°(s) versus a}, ~ 7'(s). This

is equivalently to Ber(1/2 + A) feedback versus Ber(1/2 — A) feedback.

45



As a result, using Lemma D.2 of Foster et al. [36] once more, we have
D? (P’f“\“",w“\"") <73 Di(Ber(l/2+ A),Ber(lfz — A))
heH
Since A € (0,1/2), we have D3 (Ber(1/2+ A),Ber(1/2 — A)) < O(A?) (e.g., Foster et al. [34,
Lemma A.7]). We conclude that
H
D%V(]P’“,IP’“) < O(n~ |H| - A2) = O(n' i A2>

We set A2 =¢- H for ¢ > 0 sufficiently small so that D%, (P*, ) < 1/2, and conclude that on at
least one of the four problem instances, the algorithm must have

J(r*) — J(7) = QAH) = Q <,/If{>

with probability at least 1/8.

Finally, we compute the variance and choose the parameter K. Observe that for all of the choices of

expert policy and reward function described above, we have Q7 (x4, 7 (1)) — QF " (1, a) = 0 for
h ¢ H, while

|QF (7 (wn)) = QR (an, 0)| < K
for h € H, so we can take ;1 < K. Consequently, we have
. (QF (o 7" (@) = QF (wnsan))?] < D2 E™ [(QF (5,7 (5) — QR (5,an))”

h=1 heH

H
— . K?=HK.
K

IN

We conclude by setting K = o/ H, which is admissible for 02 € [H ,H 2] (up to a loss in absolute
constants, we can assume that 02/ H is an integer without loss of generality). O

G.3 Additional Proofs
Proof of Proposition 3.1. We have

o2, = ZE” Q7 (onsan) = Vir" (wn))?
Note that QZ* (xp,ap) =E [rh + Vh“* (Tht1) | zn, ah} . Hence, by Jensen’s inequality we can bound
E™ [(QF (e an) = Vi (an))?] < B [E[(rn + Viiga (@nsn) = Vi (2))? | 2, an
—E™ [E7 |(rn + Virpa (@ne1) = Vi (2))? | ]

—E™ {Var”* [Th + V;f;l(thrl) | l’hﬂv

so that

H

E * ZV&IW* |:Th + Vhﬂ;l(xh+1) ‘ .Thi|‘|
h=1

H

K ZVar“ {Th + Vi1 (@hea) | xh}
h=0

H
= Var™

IN

rp| < R2a

h=1

where the second to last inequality follows from Lemma D.5.
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Part 11
Additional Results

H Additional Lower Bounds

This section contains additional lower bounds that complement the results in Sections 2 and 3:

* Appendix H.1 shows that the conclusion of Theorem H.1 continues to hold even for online imitation
learning in an active sample complexity framework.

» Appendix H.2 presents an instance-dependent lower bound for stochastic experts, complementing
the minimax lower bound in Theorem G.1.

* Appendix H.3 investigates the extent to which Theorems 2.1 and 3.1 are tight on a per-policy basis.

H.1 Lower Bounds for Online Imitation Learning in Active Interaction Model

For the online imitation learning setting introduced in Section 1.1, we measure sample complexity
in terms of the total number of episodes of online interaction, and expert feedback is available
in every episode. In this section, we consider a more permissive sample complexity framework
inspired by active learning [40, 75]. Here, as in Section 1.1, the learner interacts with the underlying
MDP M* through multiple episodes. At each episode 7 € [n] the learner executes a policy 7* =

{m + ¥ = A(.A)}f:l, and at any step h in the episode, they can decide whether to query the expert
for an action a}, ~ 7} (xp) at the current state x,. We set M* = 1 if the learner queries the expert
at any point during episode ¢ and set M* = 0 otherwise, and define the active sample complexity
M := """ | M" as the total number of queries.

It is clear that the active sample complexity satisfies m < n, and in some cases we might hope
for it to be much smaller than the total number of episodes, at least for a well-designed algorithm.
While this can indeed be the case for MDPs that satisfies (fairly strong) distributional assumptions
[75], we will show that the lower bound in Theorem 2.2 continues to hold in this framework (up
to a logarithmic factor), meaning that online interaction in the active sample complexity framework
cannot improve over LoglLossBC in general.

Theorem H.1 (Lower bound for deterministic experts in active sample complexity framework). For
any m € Nand H € N, there exists a reward-free MDP M* with |X| = |A| = m + 1, a class of
reward functions R with |[R| = m + 1, and a class of deterministic policies II with log|II| = log(m)
with the following property. For any online imitation learning algorithm in the active sample
complexity framework that has sample complexity E[M] < ¢ - m for an absolute constant ¢ > 0,
there exists a deterministic reward function r = {rh}le with ry, € [0, 1] and (optimal) expert policy
m* € Il with u = 1 such that the expected suboptimality is lower bounded as

H
E[J(7*) = J(7)] > ¢c- —
) —I@] =z e
for an absolute constant ¢ > 0. In addition, the dynamics, rewards, and expert policies are all
stationary.

Since this example has log|II| = log (M), it follows that the sample complexity bound for LogLossBC
in Theorem 2.1 (which uses M = n) can be improved by no more than a log(n) factor through
online interaction in the active framework.

Proof of Theorem H.1. Letm € Nand H € N be fixed. We first specify the dynamics for the
reward-free MDP M*. Set X = {x1,...,%,} and A = {a,b}. The initial state distribution is
Py = unif(x1, ..., %y). The transition dynamics are Py (2’ | z,a) = I{a’ = z} for all h; that is,
%1, ..., %y are all self-looping terminal states.
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Let a problem instance T = (M*,r,n*) refer to a tuple consisting of the reward-free MDP M*,
a reward function r = {rh}thl, and an expert policy 7*. We consider m + 1 problem instances

Z°,...,2™ parameterized by a collection of policies II = {#°, ..., 7™} and reward functions

R={r"....,r}

* For problem instance Z° = (M™*,r°, «°), the expert policy is 7°, which sets 7} (x) = a for all
x € X and h € [H]. The reward function r° sets 7, (x,a) = I{a = a} forall z € X and h € [H].

* For each problem instance 7 = (M™*,r7, 717), the expert policy is 7/, which for all h € [H]
sets 7j (x) = a for x # x; and sets 7"(x;) = b. The reward function 77 sets rj(z,a) =
Ha=a,z#x;}+{a=D0b,x=x;}forall h € [H].

Let J7 denote the expected reward under instance j. Note that all instances satisfy ;4 = 1, and that 7/
is an optimal policy for each instance j.

Going forward, we fix the online imitation learning algorithm under consideration and let ” denote
the law of o',...,0" when a when we execute the algorithm on instance Z7; let E’[] denote

the corresponding expectation. In addition, for any policy , let P~ |7 denote the law of 0 =
(z1,a1,a}),...,(rH,an,af;) when we execute 7 in the online imitation learning framework when
the underlying instance is Z7, with the convention that aj, =_L if the learner does not query the expert
in episode j.

Our aim is to lower bound

ma E'[J (7)) = J (7
jeimax [J? () ()]

. H
To this end, define p; (7, 7") = >} Ea, om, (x)),0), ~m, (x,) Han # a3} and p(m, 7') = Lpi(m, ),
and observe that

B ) =B LSS By Hon 7 742

~Ep(R ) 2 g P o) 2 o

m

Next, note that for any i € [m], if p(7, 7°) < £, then p;(7, 7°) < £, which means that p; (7, 77) >
g. It follows that
o N . H . H
B() - PEI = | i) 2 5P [ofhr) < 52,

and if we define P = E,_ynif((m)) P/, then

o ) H - H
]E, . E] J 3\ — Ji(7= > 7]11) = 0 o
j~unif ([m]) [J (7T ) J (ﬂ-)] = om |:p<7T,7T ) < 2m:|
Combining these observations, we find that
o , H H — H
E T () — J (7)) > PO | o(7. 7°) > Plo(7w. 7° N
ié{%}?i(m} () = I (@) 2 4m< {p(ﬂ,w )2 Qm} + |:P(7T,7T ) < Qm})
H =
> —(1— Dty (P°,P)).
- 4m( TV( ’ ))

It remains to bound the total variation distance. Next, using Lemma D.2 of Foster et al. [36], we can
bound

D'QI'V (PUJTD) < DI%I (PUJTD) < ]EjNunif[m] [DI%I(]P)OJP)J)] < 7Ej~unif[m] B

S D3 (Pﬂ‘)'f",w"lﬂt)] .
t=1

Since the feedback the learner receives for a given episode ¢ is identical under instances Z° and 77 is
identical unless i) z1 = x;, and ii) the learner decides to query the expert for feedback (i.e., M* = 1),
we can bound

0 t ] 0 0 t
(P, 2) <28 = e =
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and hence

]~un1f EO lz DEI (IP)TI' |t ﬂJlﬁt)] < QE],\,unlf E°

n

2 o
:7E0 7 | T [ t
- ZZ]P’ [zt = x;, M' =1]
t=1 j=1
2|y e =
m t=1

. %EO[M].

t=1

35 s 001

It follows that if E°[M] < m/56, then Dyy (P°, P) < 1/2, so that the algorithm must have

EJ JJ 7\ __ J] - > N
i F @) =@ = g

H.2 An Instance-Dependent Lower Bound for Stochastic Experts

In this section, we further investigate the optimality of LogLossBC for stochastic experts (Theo-
rem 3.1). Recall that when log|TI| = O(1) the leading-order term in Theorem 3.1 scales as roughly
\/02. /n, where the salient quantity is the variance

ZE’T [Qh xp, 7 () —Qf(xh,ah)ﬂ

for the expert policy 7*. Theorem G.1 shows that this is 0pt1mal qualitatively, in the sense that for
any value o2, there exists a class of MDPs where the 02. < 02, and where the minimax rate is at

least \/02/71.

In what follows, we will prove that for the special case of autoregressive MDPs (that is, the special case
of the imitation learning problem in which the state takes the form z;, = a1.;,—1; cf. Appendix B.3),
Theorem G.1 is optimal on a per-policy basis. Concretely, we prove a local minimax lower bound [28]
which states that for any policy 7* and any reward function r*, there exists a difficult “alternative”
policy 7, such that in worst case over rewards r € {—r*, +r*} and expert policies 7 € {7*, 7}, any

algorithm must have regret at least \/c2/n.

Theorem H.2. Consider the offline imitation learning setting, and let M'* be an autoregressive MDP.

Let a reward function r* with Zthl . € [0, R] almost surely be fixed, and let an expert policy T
be given. For any n € N, there exists an alternative policy T such that

2, 1
min max max P|J(m)—J(@) >c- Onr > =
Alg me{n* 7} re{r*,—r*} n 4

foralln > ¢ 2 , where ¢, ¢’ > 0 are absolute constants.

Theorem H.2 suggests that the leading term in Theorem 3.1 cannot be improved substantially without
.. . . . . . 2 .
additional assumptions, on a (nearly) per-instance basis. The restrictionton > ¢’- URT in Theorem H.2

is somewhat natural, as this corresponds to the regime in which the /o2, /n term in Theorem 3.1
dominates the lower-order term.

Proof of Theorem H.2. We begin by observing that for any A > 0,
min max max P[J.(7) — J.(7) > A] > min max_ P[|J« (1) — J+(7)| > A

Alg me{n*7}re{r*,—r*} Alg we{n* 7}
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with the convention that J,.(7) denotes the expected reward under r; we abbreviate J () = J« (1)
going forward. Let IP7 denote the law of the offline imitation learning dataset under 7. If we set
= |J(7*) — J(7)|/2, then by the standard Le Cam two-point argument, we have that

max{P; [|J(x*) = J(7)| = ALPL[J(F) - J(7)| = A}

> %(1 —PI (| J(x%) — J@)| < Al + PR J(7) — J(7)] > A])
> %(1 BT — J®)| = A+ B[J(F) - J3)] > A])

1 .~ 1 —
25(1_DTV(]P>;: JP’Q)) 22(1— TL-DE'(PW*’P#)>’

where the final inequality uses the standard tensorization property for Hellinger distance (e.g.,
Wainwright [91]).

We will proceed by showing that

woe () 1= sup{u(w) — J(=*)| | D} (P”*,P”) < 52} > (1) - 1/02. - €2, (19)

for any £ > 0 sufficiently small, from which the result will follow by setting €2 o 1/n and

7= arg max{|J(7r) — J(=*)| | D} (W*,w) < 52} > Q1) - 4/o2. - €2

To prove this, we will appeal to the following technical lemma.

Lemma H.1. For any distribution Q and function h with |h| < R almost surely, it holds that for all
0<e?2< Var@[ L, there exists a distribution P such that

1. Ep[h] — Eg[h] > 273/ Varg]h] - €2
2. DKL(Q || P) S 62.

Since stochastic policies 7 in the autoregressive MDP M™* are equivalent to arbitrary joint laws over
the sequence ay.;; (via Bayes’ rule) and J(7) = E” [Zthl r,*J, Lemma H.1 implies that for any

£2 < Var™ [Zle r,*l} JAR?, there exists a policy 7 such that (i) D (P™,P™) < Dy, (P™ [|PT) <

€2, and (ii)

J(@) — J(7*) > 273, | Var™

H

Z rﬁ] g2,

h=1

This establishes Eq. (19). The result now follows by setting €2 = -~ for an absolute constant ¢ > 0 so

that /n - D (P™,P7) < 1/2, which is admissible whenever n > ¢/
for any deterministic MDP, by Lemma D.5,

H
*
ar” E T,
h=1

since deterministic MDPs satisfy

we observe that

Oox

H
E™ ZVar”* [rh + V,Z:l(xhﬂ) | xh}
=

H
B lZ QF (wnran) — Vi (en))?| = o2,
h=1

QF (zn,an) = ra(xn, an) + Vi1 (Thi1)
almost surely, and since E™ (QF (zh,an) | zn] = Vi (z1).
O

Proof of Lemma H.1. Recall that we assume the domain is countable, so that Q admits a probability

mass function q. We will define P via the probability mass function
q(z enh(z)

pz) = I
Zm/ q(fE )e"? @)
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for a parameter 7 > 0. We begin by observing that

D (@ | P) = log(Eq[e""]) ~ nEqlh] = log(Eq e~

We now use the following lemma.

Lemma H.2. For any random variable X with | X| < R almost surely and any n € (0, (2R)™1),

ZjVar[X] <log (E [e”(xfE[X])D < n?*Var[X].

Hence, as long as 7 < (2R) 1,
D (Q[P) < ?Vargh]

We setn = min{,/#;[h], ﬁ} so that D (Q || P) < &2

Next, we compute that

0 < D (P Q) = nEz[h] — log(Eq[e™]),

so that
Ep[h] ~ Eqlh] > 0™ log(Bg[e"]) — Eglh] = n~" log (Eq e %l ).

Since n < (2R) ™!, Lemma H.2 yields

Ep[h] — Eglh] > gVar@ [h] = é, [Varg[h] - €2

Varg[h]
ALIVIC

2
as long as e < IR

O

Proof of Lemma H.2. Note that e* < 1+ 2 + (e — 2)2? < 1 + x + 22 whenever |z| < 1, and
similarly e” > 14 2 + & for |z| < 1. It follows that if < (2R) ",

2
1+ %Var(X) < E[en(x—E[X])] <14 n?Var(X).

We conclude by using that § < log(1 +z) < z forz € [0,1].

H.3 Tightness of the Hellinger Distance Reduction

Theorem 2.1 and Theorem 3.1 are supervised learning reductions that bound the regret of any policy
7 in terms of its Hellinger distance D} (IP’%, }P”T*) to the expert policy 7*. The following result shows
that these reductions are tight in a fairly strong instance-dependent sense: Namely, for any pair
of policies 7 and 7*, and for any reward-free MDP M™, it is possible to design a reward function
r= {rh}thl for which each term in Eq. (9) of Theorem 3.1 is tight, and such that Theorem 2.1 is
tight; the only caveat is that we require the reward function to be non-Markovian, in the sense that r,
depends on the full history z;.;, and a;.p,.

Theorem H.3 (Converse to Theorems 2.1 and 3.1). Let a reward-free MDP M* and a pair of
(potentially stochastic) policies T and 7 be given.

1. For any R > 0, there exists a non-Markovian reward function r = {rh}le with Zle T €
[0, R] such that

- D (P™,P™). (20)



2. For any 0 > 0, there exists a non-Markovian reward function r = {rh}le for which 02, =
H * * *
S BT [(QF (zimsarn) — VT (21, a1:n—1))?] < 02, and such that®

J(r) — J(7) > %./02-1)a(p%,Pw*). 21

3. For any R > 0 and 0 > 0, there exists a non-Markovian reward function r = {rh}le with
Zthl rn, € [0, R] and 02. < o? simultaneously such that

Jw*) = 9(R) 2 gwind /o DR 7). R - DA(ET )

Eq. (20) shows that there exist reward functions with bounded range for which Theorem 2.1 and
the lower-order term in Eq. (9) of Theorem 3.1 are tight, while Eq. (21) shows that there exist reward
functions with bounded variance (but not necessarily bounded range) for which the leading term
in Eq. (9) or Theorem 3.1 is tight.

Note that for some MDPs, the state xj, already contains the full history x1.5—1,01.,—1, SO the
assumption of non-Markovian rewards is without loss of generality. For MDPs that do not have this
property, Theorem H.3 leaves open the possibility that Theorems 2.1 and 3.1 can be improved on a
per-MDP basis.

Proof of Theorem H.3. Consider a pair of measures IP and Q, and set P := %(]P’ + Q). Consider the
function
1Q

h:].—*j ].
QPGM]

Using Lemma D.4, we observe that

Eg[h] — Eglh] = 2(Eg[h] — Eg[h]) = Eqg {Q} —Es [Q] =D, (Q || P) > —D3(Q,P). (22)

P P

=

We also observe that by concavity of variance,

%(Var]p[h] + Varg[h]) < Varp[h] = iE@ K@ - E {

P Der2(@ I P) < DR(Q,P).

(23)

Q
P

To apply this observation to the theorem at hand, let a parameter B > 0 be given, let P := %(IP’”* +P7),
and consider the non-Markov reward function r that sets 71, ...,7,_1 = 0 and

1P~™

TH (7’) ( 2P ) S [ s }
Then by Eq. (22), we have that

J(r*) —JF) > 2. D3 (W,PW*).
At the same time, by Eq. (23), we have that

H

DT
h=1

Var™ = Var™ [ry] < 2B - D2 (IP*, P’T*),

and by Proposition 3.1,

afr* < Var™

H
Z Th|-
h=1

2Note that since the reward function under consideration is non-Markovian, the value functions QZ* and
Vi depend on the full history z 1., G1:h—1.
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To conclude, note that if we set B> = R2, then Y1 7, € [0, R] and
J(r*) — J(7) > % - D3 (Piw*)
Meanwhile, if we set

0.2

T 2D (P, P’

J(r*) — J(7) > %. /o2 . D2(P7, Pr).

32

then 02, < 02 and

Finally, if we set

0.2

~ 2D2(P7,PT)

Then 17, r € [0, R], 02. < 02, and

B S 1 —
J(m*) = J(7) > E'DE' (P”,IP’T ) > min{g o2 - DE(P7, P,

B? A R2.

ol =

-Dﬁ(W,P”*)}.

I Benefits of Online Interaction

Our results in Sections 2 and 3 show that the benefits of online interaction in imitation learning—to
the extent that horizon is concerned—are more limited than previously thought. We expect that in
practice, online interaction will likely lead to benefits, but only in a problem-dependent sense. To this
end, we first discuss the role of misspecification and the realizability assumption used by our results,
then highlight several special cases in which online interaction is indeed beneficial, but in a policy
class-dependent fashion not captured by existing theory. In particular, we identify three phenomena
which lead to improved sample complexity: (i) representational benefits; (ii) value-based feedback;
and (iii) exploration. Our results in this section can serve as a starting point toward developing a
more fine-grained understanding of algorithms and sample complexity of imitation learning.

L1 The Role of Misspecification

This paper (for both deterministic and stochastic experts) focuses on the realizable setting in
which 7* € II. It is natural to ask how the role of horizon in imitation learning changes under
misspecification, and whether online interaction brings greater benefits in this case. This is a subtle
issue, as there are various incomparable notions of misspecification error which can lead to different
forms of horizon dependence. For example, for deterministic experts, if IT is misspecified in the
sense that inf e Lpe(m) < eap, the indicator-loss behavior cloning algorithm in 2?2 achieves

J(m*)—=J(7) < RH- (% + Eapx>, which is tight in general. In other words, the dependence

on €4px 1s not horizon-independent. On the other hand, as we show in Appendix E, if we assume
that inf e D, (IP’”* I IP”) < €apx, a stronger notion of misspecification error, then LoglossBC

achieves a horizon-independent guarantee of the form J(7*) — J(7) S R - (w + €apx ). We

leave a detailed investigation of tradeoffs between misspecification and horizon (as well as interplay
with online versus offline IL) for future work; by giving the first horizon-independent treatment for
the realizable setting, we hope that our results can serve as a starting point.

1.2 Representational Benefits

The classical intuition behind algorithms like Dagger and Aggrevate (which Definition 1.1 attempts
to quantify) is recoverability: through online access, we can learn to correct the mistakes of an
imperfect policy. Our results in Sections 2 and 3 show that recoverability has limited benefits for
stationary policy classes as far as horizon is concerned. In spite of this, the following proposition
shows that recoverability can have pronounced benefits for representational reasons, even with
constant horizon.
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Proposition I.1 (Representational benefits of online IL). For any N € N, there exists a class M of
MDPs with H = 2 and a policy class I1 with log|II| = O(N) such that

* There is an online imitation learning algorithm that achieves J(1*) — J(T) = 0 with probability
at least 1 — & using O(log(6~1)) episodes for any MDP M* € M and expert policy 7* € 1L In
particular, this can be achieved by Dagger.

* Any proper offline imitation learning algorithm requires n = Q(N) trajectories to learn a non-
trivial policy with J(7*) — J(7) < c for an absolute constant ¢ > 0.7

The idea behind this construction is as follows: The behavior of the (stochastic) expert policy at
step h = 1 is very complex, and learning to imitate it well in distribution (e.g., with respect to total
variation or Hellinger distance) is a difficult representation learning problem (in the language of
Section 2, e.g., Theorem 2.1, we must take log|II;| very large in order to realize 7}). For offline
imitation learning, we have no choice but to imitate 77 well at h = 1, leading to the lower bound in
Proposition I.1. With online access though, we can give up on learning 77 well, and instead learn
to correct our mistake at step h = 2. For the construction in Proposition 1.1, this a much easier
representation learning problem, and requires very low sample complexity (i.e., we can realize 73
with a class I for which log|II3| is small. We conclude that Dagger can indeed lead to substantial
benefits over offline IL, but for representational reasons unrelated to horizon, and not captured by
existing theory. While this example is somewhat contrived, it suggests that potential to develop a
deeper understanding of representational benefits in imitation learning, which we leave as a promising
direction for future work.

1.3 Benefits of Value-Based Feedback

Beginning with the work of Ross and Bagnell [71] on Aggrevate, many works (e.g., Sun et al. [78])
consider a value-based feedback variant of the online IL framework (Section 1.1) where in addition
to (or instead of) observing aZ, the learner observes the expert’s advantage function AT (2, -) 1=
Q7 (xn, 71 (zn)) — QF (2h,-) or value function Q" (x5, -) at every state visited by the learner (see
Appendix 1.5.2 for details, which are deferred to the appendix for space). While such feedback
intuitively seems useful, existing theoretical guarantees—to the best of our knowledge—([71, 78]
only show that algorithms like Aggrevate are no worse than non-value based methods like Dagger,
and do not quantify situations in which value-based feedback actually leads to improvement.?*

The following result shows that i) value-based feedback can lead to arbitrarily large improvement
over non-value based feedback for representational reasons similar to Proposition I.1 (that is for a
complicated stochastic expert, learning to optimize a fixed value function can be much easier than
learning to imitate the expert well in TV distance), but ii) it is only possible to exploit value-based
feedback in this fashion under online interaction (that is, even if we annotate the trajectories for
offline imitation learning with AZ* (xp, ) for the visited states, this cannot lead to improvement in
sample complexity).

Proposition 1.2 (Benefits of value-based feedback (informal)). For any N € N, there is a class of
MDPs M with H = 2 and a policy class 11 with log|II| = O(N) such that

o There is an online imitation learning algorithm with value-based feedback that achieves J(m*) —
J(7) = 0 with probability at least 1 — § using O(log(6~1)) episodes for every MDP M* € M
and expert ™ € 11. In particular, this can be achieved by Aggrevate.

* Any proper offline imitation learning algorithm (with value-based feedback) or proper online
imitation learning algorithm (without valued-based feedback) requires n = Q(N) trajectories
to learn a non-trivial policy with J(7*) — J(7) < c for an absolute constant ¢ > 0.%

As with Proposition 1.1, this example calls for a fine-grained policy class-dependent theory, which we
hope to explore more deeply in future work.

BWe expect that this result extends to improper offline IL algorithms for which 7 ¢ 11, but a more complicated
construction is required; we leave this for the next version of the paper.

2*These results are reductions which bound regret in terms of different notions of supervised learning
performance, which makes it somewhat difficult to compare them or derive concrete end-to-end guarantees.

% As with Proposition I.1, we expect that this lower bound can be extended to improper learners, but a more
complicated construction is required.
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1.4 Benefits from Exploration

A final potential benefit of online interaction arises in exploration. One might hope that with online
access, we can directly guide the MDP to informative states that will help to identify the optimal
policy faster. The following proposition gives an example in which deliberate exploration can lead to
arbitrarily large improvement over offline imitation learning, as well as over naive online imitation
learning algorithms like Dagger that do not deliberately explore.

Proposition 1.3 (Benefits of exploration for online IL). Forany n € Nand H € N, there exists an
MDP M* and a class of deterministic policies T1 with |I1| = 2 with the following properties.

1. There exists an online imitation learning algorithm that returns a policy T such that
J(m*) — J(7) = 0 with probability at least 1 — & using O(log(6=1)) episodes, for all possible
reward functions (i.e., even if = H).

2. For any offline imitation learning algorithm, there exists a deterministic reward function
r o= {rh}hH:I and expert policy m* € 1l with u = 1 such that any algorithm must have
E[J(m*) — J(7)] = Q(1) - £. In addition, Dagger has regret E[J (r*) — J(7)] > Q(1) - £,

The idea behind this construction is simple: We take the lower bound construction from Theorem 2.2
and augment it with a “revealing” which directly reveals the identity of the underlying expert. The true
expert never visits this state, so offline imitation learning algorithms cannot exploit it (standard online
IL algorithms like Dagger and relatives do not exploit the revealing state for the same reason),?® but
a well-designed online IL algorithm that deliberately navigates to the revealing state can use it to
identify 7* extremely quickly.

As with the previous examples, this construction is somewhat contrived, but it suggests that directly
maximizing information acquisition may be a useful algorithm design paradigm for online IL, and
we hope to explore this more deeply in future work.

I.5 Proofs

1.5.1 Proof of Proposition 1.1

Proof of Proposition I.1. Let N € N be given. We set X = {x,y,z}, A = [N] U {a,b}, and
H = 2. We consider a family of problem instances {(M, 7*, )} indexed by a subset S C [N] with
|S| = N/2 and an action a* € {a, b} as follows. For a given pair (S, a*):

* The dynamics are as follows. We have x; = x deterministically. For simplicity, we assume that
only actions in [N] are available at step h = 1. If ay € S, then x5 = y, otherwise x2 = z.

* The reward at step 1 is 71(-,-) = 0, and the reward at step 2 is given by 72(y,-) = 1 and
ro(z,a) = {a = a*}.
¢ The expert 7* sets 7* (x) = unif(S), 7*(y) = unif({a, b}), and 7*(z) = a*.

Let us refer to the problem instance above as Zg .+ = {(Mg,a* TG g s Ts,a*)}, and let Jg o+ ()
denote the expected reward under this instance.

Upper bound for online imitation learning. Consider the algorithm that sets 7 = unif([V]) for
each i € [n]. If we play for n = log,(d~1) episodes, we will see x5 = z in at least one episode with
probability at least 1 — §, at which point we will observe a* = 7*(z), and we can return the policy 7
that sets 71 (x) = unif ([N]) and 72(-) = a*; this policy has zero regret.

Note that if we define II = {W§7a*}‘s‘:N/2 arefan)

instances above, then the algorithm above is equivalent to running Dagger with the online learning
algorithm that, at iteration ¢, sets

as the natural policy class for the family of

7, =wnif ({7 € I, | m2(z) = a3’ Vj <i:a} =z}),

and choosing the final policy as 7 = 7* for any iteration ¢ after zo = z is encountered.

*This phenomenon is also distinct from “active” online imitation learning algorithms [75] which can obtain
improved sampling complexity under strong distributional assumptions in the vein of active learning [40], but
still do not deliberately explore.
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Lower bound for offline imitation learning. Consider the offline imitation learning setting. When
the underlying instance is Zg .+, we observe a dataset D consisting of n trajectories generated by
executing 75 ,. in Mg 4. The trajectories never visit the state z, so a* is not identifiable, and we
can do no better than guessing a* uniformly in this state. Letting Eg .~ denote the law of D under
instance Zg o+, we have Jg o+ (T) = 71 (S | x) + 71(S° | x)T2(a* | 2). It follows that for any S,
since the law of D does not depend on a*,

L Es o [Js (7500) = Jsor (F)] 2 Bsall = 1(S | 2) = 71(5° | %)/2

1 ~
= S Esall =71 (S | #):

Note that if 7 is proper in the sense that 71 (-x) = unif(S) for some 5 C [N] with |§\ = N/2, we
have 1 —71 (S | x) = 1 — |5 U.S|. We conclude that if Es o+ [J5,a* (75 4+ ) — Js,a+ (T)] < §. then
Eg o [|§ ns |] > %N . From here, it follows from standard lower bounds for discrete distribution

estimation (e.g., Canonne [18]) that any such estimator S requires n = §(N) samples for a
worst-case choice of .S.

1.5.2 Background and Proof for Proposition 1.2

Before proving Proposition 1.2, we first formally introduce the value-based feedback model we
consider.

Background on value-based feedback. We can consider two models for imitation learning with
value-based feedback, inspired by Ross and Bagnell [71], Sun et al. [78].

* Offline setting. In the offline setting, we receive n trajectories (x1,a1), .- ., (xg, ap) generated
by executing 7* in M*. For each state in each such trajectory, we observe A;;* (zp, ), where

AT (x,a) = QF (z,7*(x)) — QF (w,a) is the advantage function for *.27

* Online setting. The online setting is as follows. There are n at episodes. For each episode ¢,
we execute a policy % and receive a “trajectory” o' = (z},a},ay"),..., (zl, aly, a}f)*, where
aj, ~ 7' (x}) and a}’* ~ 7*(x},). In addition, for each state in the trajectory, we observe AT (zp, -).
After the n episodes conclude, we output a final policy 7 on which performance is evaluated.

Proof of Proposition 1.2. We only sketch the proof, as it is quite similar to Proposition I.1. Let
N € Nbe given. We set S = {x,y,z}, A = [N], and H = 2. We consider a class of problem
instances {(M,7*,r)} indexed by sets S1,.S2 C [N] with |S1| = |S2| = N/2 defined as follows.
For a given pair (51, S2):
* The dynamics are as follows. We have x1 = x deterministically. If a; € S1, then x5 = y, otherwise
To = Z.

* The reward function sets 1 (x,-) = 0, r2(y, ) = 1, and r2(z,a) = I{a € Sa}.
* The expert 7 sets 7*(x) = unif (S1), 7*(z) = unif(Ss), and 7* (y) = unif([N])
We refer to the problem instance above as s, 5, = (Ms, s,,75, 5,,75;,5,), and let Js, s,(7)
denote the expected reward under this instance.
Upper bound for online imitation learning with value-based feedback. Consider an algorithm
that sets 7; = unif([N]) for each i € [n]. If we play for n = log,(5~!) episodes, we will see x5 = z
in at least one episode with probability at least 1 — §, at which point we will observe Ag* (z,-). We
can pick an arbitrary action with AJ  (z,-) = 0 and return the policy 7 that sets 7; (x) = unif([N])
and 7o(+) = a; this policy has zero regret.

1 — *
Note that if we define IT = {7751’32}‘5”:'52‘:]\[/2

instances above, then the algorithm above is equivalent to running Aggrevate with the online
learning algorithm that, at iteration 4, sets

as the natural policy class for the family of

7}, = unif ({7 € I, | m2(z) € argmax A7 (23, a) Vj <i:a) = z}),
a

2Qur results are not sensitive to whether the learner observes the advantage function or the value function
itself; we choose this formulation for concreteness.
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and choosing the final policy as 7 = 7* for any iteration ¢ after 2o = z is encountered.

Lower bound for offline imitation learning. Consider the offline imitation learning setting. When
the underlying instance is Zg, g, , we observe a dataset D consisting of n trajectories generated by
executing 7T§17 So in Mg, s,. The trajectories never visit the state z, so Sy is not identifiable, and we
can do no better than guessing uniformly in this state. Letting Eg, g, denote the law of D under
instance Zg, g,, we have Jg, g, () = m1(S1 | ¥) + 71(ST | ¥)72(S2 | 2). It follows that for any
(S1, S2), since the law of D does not depend on Ss,

max  Esg, s,[Js1,5, (75, s,) — 51,5, (@)] > Es, [1 = 71(S1 | %) —71(SF | %)/2]
S2:|S2‘:N/2

1 .
= 5“‘351[1 —m (51 | %)),

with the convention that Eg, denotes the law of D for an arbitrary choice of S,. If 7 is proper in the
sense that 1 (-x) = unif(gz) for some S C [N] with |§I| = N/2,wehave 1l —7m1(S1 | %) =1—
%|§I U S |. We conclude that if Eg, s, [Js, s, (7%, 5,) — Js1,5, (7)] < &.thenEg, [|§I NS >
%N . From here, it follows from standard lower bounds for discrete distribution estimation (e.g.,
Canonne [18]) that any such estimator S requires n = Q(IV) samples for a worst-case choice of S.

Lower bound for online imitation learning without value-based-feedback. Consider an online
imitation learning algorithm that does not receive value-based feedback. We claim, via an argument
similar to the one above, that if the algorithm that ensures

IESI7S2 [‘]5175'2 (7(:;’1,5’2) - ‘]51,5'2 (%)} <c

on all instances for a sufficiently small absolute constant c, then it can be used to produce estimators
S’I, :9; C [N] such that with constant probability, either |§’I N Sl| > %N or |§; N Sg| > %N . From
here, it should follow from standard arguments that this requires n = Q(N') samples for a worst-case
choice of 57 and Ss.

O

L.5.3 Proof of Proposition 1.3

Proof of Proposition 1.3. We consider a slight variant of the construction from Theorem 2.2. Let
n and H be given, and let A € (0,1/3) be a parameter whose value will be chosen later. We first
specify the dynamics for M*. Set X = {¥,y,z} and A = {a, b, c}. The initial state distribution sets
Py(x) =1— A and Py(y) = A. The transition dynamics are:

e P2’ =-|z=%,0) =1, -I{ae {a,b}} + 1 - I{a = c}.
o Po(2' | z,a) =1{a! =z} forx € {y,z}.

In other words, y and z are terminal states. For state ¥, actions a and b are self-loops, but action ¢
transitions to z.

The expert policies are 7*, which sets 7}, () = a for all h and € X, and 7°, which sets 7} (x) = a
and sets 7}, (y) = 7} (z) = b. We have IT = {#*, 7'}.

We consider two problem instances for the lower bound, Z* = (M™*, 7*,7*), and Z* = (M™*, 7", r").
For problem instance Z°, the expert policy is 7*. We set r (%, ) = 75 (z,-) = 0, r},(y,a) = I{a = a}
for all Ah. On the other hand, for problem instance 7', the expert policy is 7". We set
rh(x,-) =71} (z,-) = 0,7} (y,a) = I{a = b} for all h. Note that both of these choices for the reward
function satisfy 4 = 1, and that 7* and 7" are optimal policies for the respective instances. Let J*
denote the expected reward function for instance a, and likewise for b.

Upper bound on online sample complexity. We consider the following online algorithm. For
episodest =1,...,:

 If z; # %, proceed to the next episode.

» If 1 = %, take action ¢, and observe ay = 7*(z). If ag = a, return 7 = 7°, and if ag = b, return
T =
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For any A < e~ 1, this algorithm will terminate after log(1/§) episodes with probability at least 1 — J,
and whenever the algorithm terminates, it is clear that 7 = 7*. In particular, this leads to zero regret
for any choice of reward function.

Lower bound on offline sample complexity. By setting A % an argument essentially identical
to the proof of Theorem 2.2 shows that any offline imitation learning algorithm must have

max (B[ () — @)L B )~ PR 2 A 2 0

For the sake of avoiding repetition, we omit the details. Finally, we observe that since neither policy
in IT takes the action ¢, Dagger—when equipped with any online learning algorithm that predicts
from a mixture ogpolicies in II, such as in Proposition E.2)—will never take the action ¢, and hence
is subject to the - lower bound from Theorem 2.2 as well.

O
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope?

Answer: [Yes]

Justification:

Guidelines:

The answer NA means that the abstract and introduction do not include the claims made in the
paper.
The abstract and/or introduction should clearly state the claims made, including the contributions

made in the paper and important assumptions and limitations. A No or NA answer to this
question will not be perceived well by the reviewers.

The claims made should match theoretical and experimental results, and reflect how much the
results can be expected to generalize to other settings.

It is fine to include aspirational goals as motivation as long as it is clear that these goals are not
attained by the paper.

2. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]

Justification:

Guidelines:

The answer NA means that the paper has no limitation while the answer No means that the
paper has limitations, but those are not discussed in the paper.

The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to violations of
these assumptions (e.g., independence assumptions, noiseless settings, model well-specification,
asymptotic approximations only holding locally). The authors should reflect on how these
assumptions might be violated in practice and what the implications would be.

The authors should reflect on the scope of the claims made, e.g., if the approach was only tested
on a few datasets or with a few runs. In general, empirical results often depend on implicit
assumptions, which should be articulated.

The authors should reflect on the factors that influence the performance of the approach. For
example, a facial recognition algorithm may perform poorly when image resolution is low or
images are taken in low lighting. Or a speech-to-text system might not be used reliably to
provide closed captions for online lectures because it fails to handle technical jargon.

The authors should discuss the computational efficiency of the proposed algorithms and how
they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to address
problems of privacy and fairness.

While the authors might fear that complete honesty about limitations might be used by reviewers
as grounds for rejection, a worse outcome might be that reviewers discover limitations that
aren’t acknowledged in the paper. The authors should use their best judgment and recognize
that individual actions in favor of transparency play an important role in developing norms that
preserve the integrity of the community. Reviewers will be specifically instructed to not penalize
honesty concerning limitations.

3. Theory Assumptions and Proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and a
complete (and correct) proof?

Answer: [Yes]

Justification:

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-referenced.
* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if they appear
in the supplemental material, the authors are encouraged to provide a short proof sketch to
provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented by
formal proofs provided in appendix or supplemental material.

» Theorems and Lemmas that the proof relies upon should be properly referenced.
. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main experi-
mental results of the paper to the extent that it affects the main claims and/or conclusions of the
paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification:

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived well by the
reviewers: Making the paper reproducible is important, regardless of whether the code and data
are provided or not.

* If the contribution is a dataset and/or model, the authors should describe the steps taken to make
their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways. For
example, if the contribution is a novel architecture, describing the architecture fully might
suffice, or if the contribution is a specific model and empirical evaluation, it may be necessary
to either make it possible for others to replicate the model with the same dataset, or provide
access to the model. In general. releasing code and data is often one good way to accomplish
this, but reproducibility can also be provided via detailed instructions for how to replicate the
results, access to a hosted model (e.g., in the case of a large language model), releasing of a
model checkpoint, or other means that are appropriate to the research performed.

* While NeurIPS does not require releasing code, the conference does require all submissions
to provide some reasonable avenue for reproducibility, which may depend on the nature of the
contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how to
reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe the
architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should either
be a way to access this model for reproducing the results or a way to reproduce the model
(e.g., with an open-source dataset or instructions for how to construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case authors are
welcome to describe the particular way they provide for reproducibility. In the case of
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closed-source models, it may be that access to the model is limited in some way (e.g.,
to registered users), but it should be possible for other researchers to have some path to
reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instructions to
faithfully reproduce the main experimental results, as described in supplemental material?

Answer:

Justification: This is a primarily theoretical work.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

» Please see the NeurIPS code and data submission guidelines (https://nips.cc/public/
guides/CodeSubmissionPolicy) for more details.

» While we encourage the release of code and data, we understand that this might not be possible,
so “No” is an acceptable answer. Papers cannot be rejected simply for not including code, unless
this is central to the contribution (e.g., for a new open-source benchmark).

* The instructions should contain the exact command and environment needed to run to reproduce
the results. See the NeurIPS code and data submission guidelines (https://nips.cc/public/
guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how to access
the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new proposed
method and baselines. If only a subset of experiments are reproducible, they should state which
ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized versions (if
applicable).

* Providing as much information as possible in supplemental material (appended to the paper) is
recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperparameters,
how they were chosen, type of optimizer, etc.) necessary to understand the results?

Answer: [Yes]

Justification:

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail that is
necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification:
Guidelines:

* The answer NA means that the paper does not include experiments.
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* The authors should answer "Yes" if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the main claims
of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for example,
train/test split, initialization, random drawing of some parameter, or overall run with given
experimental conditions).

* The method for calculating the error bars should be explained (closed form formula, call to a
library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error of the
mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should preferably
report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of Normality of
errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or figures
symmetric error bars that would yield results that are out of range (e.g. negative error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how they were
calculated and reference the corresponding figures or tables in the text.

8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the computer
resources (type of compute workers, memory, time of execution) needed to reproduce the experi-
ments?

Answer: [Yes]

Justification:

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster, or cloud
provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual experimental
runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute than the
experiments reported in the paper (e.g., preliminary or failed experiments that didn’t make it
into the paper).

9. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the NeurIPS
Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification:

Guidelines:

» The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a deviation
from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consideration due
to laws or regulations in their jurisdiction).

10. Broader Impacts
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Question: Does the paper discuss both potential positive societal impacts and negative societal
impacts of the work performed?

Answer: [NA]

Justification: This is a primarily theoretical work.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal impact or
why the paper does not address societal impact.

* Examples of negative societal impacts include potential malicious or unintended uses (e.g.,
disinformation, generating fake profiles, surveillance), fairness considerations (e.g., deploy-
ment of technologies that could make decisions that unfairly impact specific groups), privacy
considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied to par-
ticular applications, let alone deployments. However, if there is a direct path to any negative
applications, the authors should point it out. For example, it is legitimate to point out that
an improvement in the quality of generative models could be used to generate deepfakes for
disinformation. On the other hand, it is not needed to point out that a generic algorithm for
optimizing neural networks could enable people to train models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is being used
as intended and functioning correctly, harms that could arise when the technology is being used
as intended but gives incorrect results, and harms following from (intentional or unintentional)
misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation strategies
(e.g., gated release of models, providing defenses in addition to attacks, mechanisms for
monitoring misuse, mechanisms to monitor how a system learns from feedback over time,
improving the efficiency and accessibility of ML).

. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible release of
data or models that have a high risk for misuse (e.g., pretrained language models, image generators,
or scraped datasets)?

Answer: [NA|

Justification:

Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with necessary
safeguards to allow for controlled use of the model, for example by requiring that users adhere
to usage guidelines or restrictions to access the model or implementing safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors should
describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do not require
this, but we encourage authors to take this into account and make a best faith effort.

. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in the
paper, properly credited and are the license and terms of use explicitly mentioned and properly
respected?

Answer: [Yes]

Justification:
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13.

14.

15.

Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a URL.
* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of service of
that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the package should
be provided. For popular datasets, paperswithcode.com/datasets has curated licenses for
some datasets. Their licensing guide can help determine the license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of the derived
asset (if it has changed) should be provided.

» If this information is not available online, the authors are encouraged to reach out to the asset’s
creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA|

Justification:

Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their sub-
missions via structured templates. This includes details about training, license, limitations,
etc.

* The paper should discuss whether and how consent was obtained from people whose asset is
used.

* At submission time, remember to anonymize your assets (if applicable). You can either create
an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as well as
details about compensation (if any)?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with human
subjects.

* Including this information in the supplemental material is fine, but if the main contribution of
the paper involves human subjects, then as much detail as possible should be included in the
main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation, or other
labor should be paid at least the minimum wage in the country of the data collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human Sub-
jects
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Question: Does the paper describe potential risks incurred by study participants, whether such
risks were disclosed to the subjects, and whether Institutional Review Board (IRB) approvals
(or an equivalent approval/review based on the requirements of your country or institution) were
obtained?

Answer: [NA|
Justification:
Guidelines:

» The answer NA means that the paper does not involve crowdsourcing nor research with human
subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent) may be
required for any human subjects research. If you obtained IRB approval, you should clearly
state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions and
locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the guidelines for
their institution.

* For initial submissions, do not include any information that would break anonymity (if applica-
ble), such as the institution conducting the review.
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