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Abstract

Reinforcement Learning (RL) has achieved
tremendous success in recent years. How-
ever, the classical foundations of RL do
not account for the risk sensitivity of the
objective function, which is critical in var-
ious fields, including healthcare, finance,
etc. A popular approach to incorporate risk
sensitivity is to optimize a specific quantile
of the cumulative reward distribution. In
this paper, we develop UCB—QRL, an opti-
mistic learning algorithm for the 7-quantile
objective in finite-horizon Markov decision
processes (MDPs). UCB-QRL is an iter-
ative algorithm in which, at each iteration,
we first estimate the underlying transition
probability and then optimize the quantile
value function over a confidence ball around
this estimate. Here, we show that UCB-
QRL yields high-probability regret bounds
(9((Q/A)HH\/SATHlog(QSATH/(S)) in
the episodic setting with S states, A actions,
T episodes, and H horizons. Here, k > 0 is
a problem-dependent constant that captures
the sensitivity of the underlying MDP’s
quantile value.

1 INTRODUCTION

Reinforcement learning (RL) provides a general frame-
work for sequential decision making by learning poli-
cies through interaction with an unknown environment
(Sutton, Barto, et al. [1998]). Over the past decade,
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RL—often coupled with powerful function approxi-
mators such as deep neural networks, linear models,
splines, and even quantum circuits—has revolution-
ized our ability to solve complex, high-dimensional
decision-making problems. This synergy has enabled
RL agents to achieve superhuman performance in
games, competitive results in robotic control and lo-
comotion, and large-scale deployment in recommen-
dation systems and operations research (Elfwing et
al. 2017; Busoniu et al. [2017; Shakya et al. 2023} F.
Zhang et al. |2020). Despite these advances, classi-
cal RL methods face an important limitation: they
typically optimize expected return and are therefore
risk-neutral (Moos et al. 2022). This highlights the
need for formulations that account for variability and
reliability of returns while maintaining data efficiency
and principled exploration.

Upper Confidence Bound (UCB) RL operationalizes
optimism in the face of uncertainty. At the beginning
of each episode, the learner forms confidence regions
around the empirical transition model, plans in the
most favorable (optimistic) Markov Decision Process
(MDP) inside those regions, and executes the result-
ing greedy policy. This plan—act—learn loop achieves
near—minimax regret for finite episodic MDPs under
the expectation objective (Azar et al. [2017; Auer et
al. |2008).

Classical UCB methods are intrinsically risk—neutral:
they optimize expected return (Liu et al. |2020)). In
safety—critical control, service-level guarantees, and fi-
nance, tail performance (e.g., high-percentile deliv-
ery time or loss) is paramount (Q. Yang et al. 2023).
Quantile or Value-at-Risk (VaR)-based objectives cap-
ture such requirements directly. The Quantile Markov
Decision Process (QMDP) furnishes a backward dy-
namic program for 7—quantile values, where the quan-
tile operator is defined as Q.(X) = inf{x € R :
P(X < z) > 7} for the (left-continuous) 7—quantile,
via an operator on next-step quantile value maps (Li
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et al. [2022]).

A central obstacle in applying the quantile objec-
tive in RL is analytical: quantiles are nonlinear and
can change abruptly with small distributional pertur-
bations. In contrast to expectation operators, the
quantile backup lacks smoothness and convexity, so
classical optimism analyses that linearize value differ-
ences fail. We overcome this by (i) expressing the
one—step QMDP backup as the quantile of a contin-
uation—mizture random variable, and (ii) proving a
sharp, local Lipschitz property of this mapping under
a benign quantile margin at level 7. Informally, if the
CDF of the continuation—mixture has a jump of size
at least k, then the 7—quantile is (2/k)-Lipschitz with
respect to the 1-Wasserstein distance. Coupled with a
TV— W; bound for mixtures and a coupling argument
that uses a single auxiliary uniform variable to “align”
next-state randomness, this yields a clean propagation
inequality that is directly analogous to expectation-
based analyses with explicit k—dependence.

Contributions.

1. Algorithmic framework. We introduce UCB—
QRL, an optimism-based learning algorithm for
quantile objectives in finite-horizon MDPs. Each
episode estimates the transition model, builds an
{1 confidence set, and plans in the most favorable
model via a quantile-aware planner.

2. High-probability regret guarantees. We
study the convergence of UCB-QRL algorithm
and establish a high-probability regret bound of
order @((%)HH\/ SATH) in the episodic setting
where K is a problem-dependent constant that
captures the sensitivity of the underlying MDP’s
quantile value.

3. Analytical toolkit We develop new machinery,
including (i) the continuation-mixture represen-
tation, and (ii) a coupling argument which allows
us to handle the nonlinearity of the quantile value
function.

2 RELATED WORK

2.1 Risk-Sensitive MDPs

Risk-sensitive objectives in sequential decision mak-
ing have been studied under several paradigms.
Early work on percentile/quantile criteria analyzed
existence, structure, and computation in controlled
Markov processes with known dynamics, including
shortest-path and service-level formulations (Filar et
al. [1995; Delage and Mannor [2010). The Quantile

MDP (QMDP) framework formalizes dynamic pro-
gramming for fixed quantile levels and establishes a
backward recursion and planning algorithms under
known kernels (Li et al. 2022). Closely related, dis-
tributional RL propagates the full return distribution
and has yielded practical quantile parameterizations
such as QR-DQN and IQN (Bellemare et al. [2017;
Dabney, Rowland, et al. 2018} Dabney, Ostrovski, et
al. 2018; Rowland et al. 2018; D. Yang et al. [2019).
While distributional RL methods typically optimize
expectation, their estimators provide tools for learn-
ing quantile slices.

Beyond quantiles, classical risk-sensitive control op-
timizes exponential-utility (entropic) criteria leading
to modified Bellman equations and dynamic consis-
tency (Howard and Matheson [1972). Mean-variance
MDPs study return—variance trade-offs but face time-
inconsistency without special structure (Sobel [1982;
Mannor and Tsitsiklis 2011; Guo et al. 2012). Co-
herent risk measures—especially Conditional Value-
at-Risk (CVaR) (Rockafellar, Uryasev, et al. [2000;
“Conditional value-at-risk for general loss distribu-
tions”|2002)—enable convex surrogates and have been
widely explored in RL via value-based, policy-gradient,
and actor—critic methods as either objectives or con-
straints (Chow and Ghavamzadeh 2014; Tamar et al.
2015; Prashanth 2014). Constrained MDPs (CMDPs)
and safe RL incorporate chance- or CVaR-type con-
straints using Lagrangian, primal-dual, or Lyapunov
approaches (Altman 2021} Chow, Ghavamzadeh, et al.
2015; Q. Zhang et al.[2024} M et al.[2022} Ahmadi et al.
2020)). These lines of research are largely complemen-
tary to our setting, which maximizes a fixed quantile
objective rather than enforcing it as a constraint, and
thus requires handling the non-smooth, set-valued na-
ture of the quantile backup itself. Methodologically,
quantile regression (Koenker and Bassett Jr|1978) un-
derlies many practical estimators used by distribu-
tional /quantile RL, but most of this literature does not
address online regret with unknown transitions (Dab-
ney, Rowland, et al. 2018 Dabney, Ostrovski, et al.
2018; D. Yang et al. |2019)).

2.2 Optimism and Upper Confidence Bounds
(UCB)

Optimism in the face of uncertainty provides
near-minimax regret guarantees for expectation-
maximizing RL by planning in confidence sets built
around empirical transition models. In average-reward
communicating MDPs, the UCRL2 algorithm achieves
@(DS\/ﬁ )-type guarantees via ¢; confidence sets
and Extended Value Iteration (EVI) (Jaksch et al.
2010). In finite-horizon problems, UCBVI algo-
rithm attains O(H+/SAT) with Hoeffding bonuses
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and O(vVHSAT) with Bernstein bonuses (Azar et al.
2017)). Robust and distributionally robust MDPs plan-
ning against uncertainty sets at decision time, yield-
ing max—min or ambiguity-aware backups that are al-
gorithmically akin to optimistic EVI subroutines (Yu
and H. Xu |2015; Goyal and Grand-Clément [2022; Q.
Xu et al. 2016; Deo 2025]).

Adapting optimism to nonlinear, tail-focused crite-
ria poses additional challenges: quantile objectives
are non-smooth and can change abruptly under small
distributional perturbations, so linear value-difference
decompositions used for expectation do not directly
apply. In one-step settings, bandit studies have de-
signed risk-aware indices for VaR/CVaR and general
risk measures (Sani et al. [2012; Galichet et al. 2013;
Cassel et al. 2023)), clarifying how confidence design
must reflect tail sensitivity. Extending these ideas to
MDPs requires new contraction/sensitivity tools for
the backup operator.

3 PRELIMINARIES

We consider a finite-horizon MDP M =
(S, A, H, P*,r), where S is the state space, A is the
action space, H denotes the horizon, P} (- | s,a) rep-
resents the true transition kernel, and r(s,a) € [0,1]
is the reward function for all states s and actions a.

We assume a finite-dimensional state-action space,
and we denote S = |S] and A = |AJ.

For a policy m, transition kernel P, horizon step h €
{0,...,H}, and any quantile level ¢ € (0,1), the ¢—
quantile value at state s is defined as

H-1
VqT},lP(s) = inf{:l: eR: P(Z rie(Sk, Ax) <z ‘
k=h
Sp =8, Ay = m(Sk),

Sk1 ~ Pr(- | Sk, Ag),

k:h,...,H—l) zq}.

Throughout this paper, our goal is to maximize the
quantile objective defined as the 7-quantile of the re-
turn distribution for a fixed target level 7 € (0,1). In
particular, we consider the optimization

max V7" (3), (1)

where § = S§ is a fixed initial state. We denote by
m* the maximizer in Equation and consider V7 =

T P
vt

4 FINITE HORIZON UCB-QRL

This section provides a detailed introduction to UCB—
QRL algorithm. We first impose an assumption on the
underlying MDP in order to control the sensitivity of
the quantile backup.

Definition 1 (Continuation-mixture). Fiz a step h,
a state—action (s,a), a policy sequence w, and a tran-
sition kernel P. Let p == Pu(- | s,a) € A®, and
define p; = Pp(s; | s,a). We define the continu-
ation-mizture random variable Zs 4 1 (p; Vﬂ;il) such
that for any x € R

s
]P)(Zs,a,h (pa V?rh’i1> S x) - sz d)z(x)y
i=1
where

¢i(z) = sup {q €[0,1]: V;;Lil(si) < x}

Intuitively, the continuation—mixture bundles next-
state quantile value maps into a single scalar random
variable whose g—quantile equals the one-step backup.
This reduction lets us control quantile sensitivity via
transportation distances on distributions rather than
directly on set-valued quantile correspondences. It
noteworthi,

Quantile backups are non-smooth and may change dis-
continuously with small perturbations of the transi-
tion law, which prevents the standard expectation-
based linearization used in UCB analyses. To ob-
tain a tractable stability estimate, we assume a jump
(“margin”) at the operative quantile of the continua-
tion-mixture (Definition [I). We adopt a margin be-
cause we use the left-continuous quantile; and as a
result, no two-sided density lower bound is required.

Assumption 1 (Uniform quantile margin). For each
(h,s,a) and any deterministic policy © consider the
continuation-mizture Zs7a7h(P,f(~ | s,a); VTh{I) There
exists k € (0,1] such that for every q € [0,1],

P(Zoan(Pillsa) Vi) < ;) -

: ™, P*
lngP(Zs,a,h(P}t('|Sua);V’h_i_l) <c - 6) > K.

where cj = Qq(Zs,a,h(P}t(' | s,a); Vﬂ}iil))'

Since the state and action sets are finite and H < oo,
the collection of deterministic (time-dependent) poli-
cies is finite. With deterministic rewards and finite H,
the continuation—mixture Zsﬁa,h(P;:(- | s,a); V,jrh’i)
has finite support for every (s, a, h,7), so its CDF has
a positive jump at each support point. Taking the
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minimum jump over this finite family yields a uniform
margin k € (0,1], so Assumption [1| is satisfied.

We begin by fixing a designated start state s € S.
Each episode t € {0,1,...,T — 1} starts at S§ = 5,
and within each episode, steps are indexed by h €

{0,...,H —1}.

Morover, let N}(s,a) and N{(s,a,s’) denote visit and
transition counts up to (but excluding) episode t.

Next, consider a fixed confidence level 6 € (0,1). Let
T denote the number of episodes, and H the number
of horizons.

We introduce a universal constant

maX{Z, \/2 10g<4SATH§QS—2)) }

)

c 2
2SATH
log ==+

and define the confidence radius as
2SATH

log =25
max{l,n}

fs(n)=c (2)

Using this radius, we form an empirical confidence set

Ch = {P

— ﬁ;i(|8,a)”1 < f(;(N,tL(s,a)),

Vs, a, h},

2 [Pa(]s; a)

This set contains all transition kernels that are statis-
tically plausible given the data observed up to episode
t. On the global confidence event &s, which for all
(s,a,h,t) is defined as

IPE(- | 5,a) = PL(- | s,0) |11 < f5(Ni(s,a)),

we have P* € C} simultaneously for all ¢.

In parallel, we define the set of models that respect
the quantile margin assumption (Assumption :

Coi= { P B Zoan(Palls, ) VD) < L) -

: ) P
tim B( Zoon (Pu(Cls,): VL) < 0 — ) 2 m

Vs, a, h, deterministic w},

Qq( sa,h(Ph(' ‘ S,G),V:’;;il))

By construction, the true kernel P* lies in C,, since it
satisfies the margin condition by Assumption [I} With
high probability, it also belongs to C} for all ¢. Thus,
P* € Ct N C, with high probability.

where cq sah =

These two sets together form the foundation of our
learning algorithm, UCB—-QRL, which adopts the
optimism-in-the-face-of-uncertainty principle.

At the start of episode t, we (i) form an ¢; confi-
dence region C;H around the empirical kernel using
the radius in Equation (2); (ii) intersect it with the
margin-respecting models C,;; and (iii) plan optimisti-
cally over the intersection C; ' := C5*! N C, to obtain
a policy-model pair (7!t P!*1) that maximizes the
T—quantile value at the start state. This “estimate —
certify — plan” structure mirrors UCB in expectation-
based RL, but the planner is quantile-aware.

Algorithm 1 UCB-QRL

1: Input: quantile level 7 € (0,1), confidence level
0€(0,1)
2: Initialize: counts N (s,a,s’) + 0 for all h and
(s,a,s"); choose any policy 7°
fort=0,1,...,7—1do
Start: S§ <+ s
Roll out under " generate (S}, A}, SE.
Update per—step counts: for each h,

)Hl

¢
Zl{Sﬁzs,A?L:a,S};H =5}
i=0

t

> 1{S) =s,A4, =a}.

=0

N (s,a,8") =

N (s.a) =

T Update empirical model:

N, (s.a,8)
max{1, N/*!(s,a)}

P(s')s,a) «

8: Build confidence sets:
Citl «citine,
9: Optimistic re-planning

P
't € argmax max V[,

T pecit!

and set P'™! be any maximizer in C_g',:l.

10: end for

In Algorithm [T} lines 1-3 set the quantile target and
initialize counts and policy. Lines 4-7 roll out one
episode under the current policy and update per-step
counts and the empirical kernel. Lines 8-10 form the
confidence region Clt+1 and re-plan: the inner maxi-
mization over P € Ct+1 implements optimism for the
quantile (not the expectatlon) while the outer maxi-
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mization over m produces the next policy.

Having specified the algorithm, we now turn to its per-
formance analysis.

Our objective is to measure how much reward is lost
by following UCB—QRL compared to the optimal
T—quantile policy in the true environment. This gap is
captured by the notion of quantile regret:

~

Reg (T) =

t

(Vo @ -Vt e). ©

Il
=}

where 7* is the optimal T—quantile policy under the
true kernel P*.

Note that 7 is fixed in the regret definition, while other
quantile levels g € (0, 1) are only used internally to de-
scribe the full quantile value maps inside the dynamic
program.

Because quantiles can be discontinuous in the under-
lying distribution, the regret analysis would be more
delicate than in the expectation case. To control this,
we invoke the margin condition (Assumption, which
ensures a mild local regularity of the CDF. Under this
assumption, we obtain the following high-probability
regret bound.

Theorem 1 (High-probability Quantile-Regret). Let
Assumption [1] hold with parameter x > 0. Then for
UCB—-QRL with confidence radii shown in Equation
(12), with probability at least 1 — 24,

2\ ? 2SATH
Reg (T) < 2cH (ﬁ) \/SATH log 22ATH

i 2(1 — (k/2)2H
+ <2) H\/WTlogﬁ

K

K2

(4)

Theorem (1| provides a high-probability upper bound on
the quantile regret Reg, (T') defined in (). Ignoring
logarithmic factors and constants, the bound scales as

Reg (T) = @((i)H HVSAW) ,

which is sublinear in the number of episodes T (specif-
ically, \/T—growth). So UCB—QRL learns a policy
whose T-quantile return approaches that of the opti-
mal 7-quantile policy under P*.

It is instructive to compare this rate to optimism-
based, risk-neutral algorithms such as UCBVI and
UCB-RL2, which optimize the expected return and
achieve O(vHSAT) regret in finite-horizon tabular
MDPs (up to refined Bernstein improvements). Our

result preserves the same desirable sublinear /7T de-
pendence and the standard v/SA scaling, but dif-
fers in a key way: it exhibits an explicit quantile-
sensitivity factor (%)H This factor has no analogue
in expectation-based analyses and reflects a genuine

difficulty of quantile objectives.

The appearance of « is intrinsic to quantile control.
Unlike expectation, the quantile operator Q. () is non-
linear and can be highly sensitive to small distribu-
tional perturbations: if the CDF is nearly flat around
level 7, tiny transition-model errors can induce large
shifts in the backed-up quantile value. Assumption
enforces a jump (margin) of size at least x at the
T-quantile of each continuation—mixture. Under this
condition, @, becomes locally Lipschitz with constant
on the order of 2/k, so each Bellman-style backup can
amplify estimation errors by at most a factor 2/k.
Propagating this stability bound across H stages yields
the compounded factor (%)H When « is moder-
ate (the T-quantile is well supported), the bound ap-
proaches the familiar risk-neutral scaling; when « is
small (a fragile tail), the result correctly reflects that
learning a tail-optimal policy is substantially harder.

To the best of our knowledge, this is the first finite-
time, high-probability regret guarantee for a quantile
objective reinforcement learning setup.

Proof sketch. The proof follows the standard optimism
in the face of uncertainty template, adapted to quan-
tile backups via a local Lipschitz property under a mar-
gin.

(1) Optimism reduces regret to model error. We define

the regret as

T
Reg, (T) =

t

|
A

(Ve 3 - vie" )

Il
o

By adding and subtracting Vﬁg’Pt(E), by high-
probability optimism at episode t with probability at
least 1 — 4,

T—

,_.

RegT < (VTﬂ—O P

t=0

~Vi"s).

Thus we only need to control,
xt pt wt, P*
View (5)=Vigw (5).
(2) One—step decomposition (model vs. propagation).
t t

By adding and subtracting VTTO’P (), by high-
probability optimism at episode t with probability at
least 1 — 4,

per episode t,

Vqu;LP(s) = rh(s,a) —+ Qq(Zs,a,h(Ph(' | S,(Z); V?;;il))’
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where Z, o5 (+;+) is the continuation—mixture variable
(Definition. . Since the immediate reward cancels,
we get the standard “model vs. propagation” split:

AL 3= |V (S0 = Vi (sh)| <
QUZPLVEE)) - QUZ(P V)| +
model term

’Qq Ph7Vh+1 )) Qq( (Ph’ ﬂh—i-lz ))‘

propagation term

(8) Model term: local Lipschitz under a margin. As-
sumption [I] postulates a jump of size x at the quan-
tile of the continuation—mixture under the true kernel.
Under this benign margin, the quantile operator is lo-
cally Lipschitz in Wy distance with constant 2/ (by
quantile sensitivity under a jump margin). We then
control W7 by TV on a bounded interval and TV of
mixtures by ¢; distance of mixing weights. This yields
the pointwise Lipschitz estimate:

H t oAt * topt
model term < " | PEC- | Shy AL — P | S,”Ah)Hl.
On the global confidence event built from Weissman’s
inequality and the confidence radius (presented in
Equation ), a triangle inequality gives

15 = Prlly < 2f5(N(Sh, AL))
simultaneously for all (¢, k).

(4) Propagation term: auxiliary—uniform coupling.
Let F} be the o-field generated by all observations up
to step h of episode ¢t. Throughout the proof we work
on the intersection of the optimism event (Algorithm
selects an optimistic model) and the confidence event
Es, which together hold with probability at least 1—24.

Condition on F} and couple the two continuation mix-
tures via the same pair (S} ,,U), where S} | ~ P;(- |
St, ALY and U ~ Unif[0, 1]. We show,
* wt, pt d xt pt
Z(Ph; V. Jh+1 ) = VU,h-}—l(SftL-‘rl)’
wt,P* d  nt P*
Z(P,“V hi1) = VU,h+1(Si+1) (5)
conditionally on  Fj.

Applying quantile sensitivity under a jump margin at
level ¢ and then taking a supremum over ¢’ € [0,1]
gives

propagation term <
2 t pt p*
*E“VIHH(SZH) - V(}Th-i-l Sl ’ ]:h} <

2 ™
EE|: sup |V’}L+1(Sh+l) V/ hl_:,’)_l Sh+1 |‘ Fh:l
q’'€[0,1]

(5) One—step recursion and scaled supermartingale.
Define

Wi(s) = sup |V 5 (s) = VI E (s)]-

gea] T
Steps (3)—(4) yield
WESE) < T PE— Pl 2 EWEp (Shi) | FH).
Define the scaled potential

Yyl = (2/8)"WE(S}).

Then
H(2\"
v < H<n> IPL— Pl + E[Yi,, | FL,
) h+1
with Yy, —E[Y,, [ Al < (2)7 H

Unrolling the recursion over h = 0, ...,
W} =0) gives, for each episode t,

H — 1 (using

H-1

H—1
_ H h N
Wi < TS @ IR - R - Y g
h=0 h=0
fi+1 =Yy — E[Yffﬂ | Fhl-
Summing over episodes t = 0,...,7 — 1, substi-
tuting the confidence radii bound [P} — P}

2f5(N} (S, AL)), and using VTT;’Pt(E)
WE(5) yields

T-1

- VTT:-&P* (5) <

S (v ) - Vit s) <
t=0
2H
SEN () NS AY) — Y g
t,h t,h

radius/visit term martingale term

(6) Concentration and counting. By the standard

visit-count argument,

t,h

< c\/SATH logm#,

and therefore
T-1H-1

2.2 (@

t=0 h=0

f(s Nh Sh7A )) <

2c \/SATH log%.

"

A one-sided Azuma-Hoeffding bound with time-
varying ranges and the bounded increment |¢, +1| <

(2)"*"H give, with probability > 1 — 4,

2(1 — (r/2)%H)

—tzh:gzﬂ < (E)HH\/ 4

w2

T 1og%.
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(7) Putting it together. Combining Steps (1)—(6), us-
ing ||P{ — Pr|l1 < 2f5(-) inside the unrolled recur-
sion, and a union bound over the optimism /confidence
events yields, with probability at least 1 — 24,

H
Reg,.(T) < 2cH (2> \/SATH 10g25147TH
K

H 2(1 — (k/2)2H
+ <2) H\/(Zl(/l))Tlogg

K =

which is exactly as Equation . This concludes the
proof sketch. Full proofs of all auxiliary lemmas and
constant tracking are comprehensively provided in the
supplementary material. O

5 DISCUSSION AND
CONCLUSION

In this section, first, we analyze the regret bound in
Theorem[I]and situate it within the existing literature,
emphasizing where our guarantees align with or im-
prove upon prior results in optimistic and risk-sensitive
reinforcement learning. Second, we examine the com-
putational profile of Algorithm [T} and practical imple-
mentation choices. Third, we discuss our underlying
assumption and discuss the practical implications of
our results.

5.1 Toolkit novelty

In risk-neutral finite-horizon RL (e.g., UCBVI), the
analysis relies critically on the linearity of expecta-
tion: one can decompose value differences through the
Bellman recursion and obtain a direct telescoping ar-
gument in which transition estimation errors enter ad-
ditively and propagate smoothly across stages. In con-
trast, for the T-quantile objective, the Bellman-type
backup involves the nonlinear and potentially discon-
tinuous operator @Q,(-), so small perturbations of the
transition kernel can cause abrupt shifts in the backed-
up value; consequently, the standard expectation-
based linearization and telescoping steps do not apply.
Our paper therefore introduces tools that are specific
to quantile control: (i) the continuation—mixture ran-
dom variable Z 4 1,(+;-) (Definition , which rewrites
the one-step QMDP backup as a scalar quantile of a
mixture distribution; (ii) a margin-based local sensitiv-
ity bound under the jump condition (Assumption [1)
that quantifies how transition perturbations affect the
return quantile, yielding an explicit (2/x)-Lipschitz de-
pendence; and (iii) a tailored coupling argument
based on a single auxiliary uniform variable.

5.2 Computational Aspects

In the setting that we have the knowledge of the tran-
sition probability P*, Li et al. (2022) develops a back-
ward dynamic program that computes V,(s) as fol-
lows:

u(s) = majl( OPT(s,T,a; Vi Pr(- | s,a)),
, s ,

Sa(s) =0, (6)

Here, for any distribution P, we define

h=0,...,H—1,

OPT(s,7,a; V. 41, P) = e min Vi ht1(84)
(7)

S
s.t. Z P(si)q <.

i=1
where s; € S denotes the i’th state. Note that since
7 € (0,1), we can always find ¢ € [0, 1]° such that this
constraint is satisfied. For the intuition on the back-
ward dynamic programming presented above, please
refer to Appendix [C]

While the above recursion provides an exact planner,
its literal implementation is computationally demand-
ing. Exact quantile planning in Equation @ requires
maintaining an explicit piecewise representation of the
V% (s) at each (s,h), and the number of breakpoints
can grow exponentially with horizon. In our learn-
ing setting, the same quantile dynamic program must
be solved repeatedly inside the optimistic re-planning
step (Line @ in addition to the maximization over
model P € ng;l at every episode. Consequently, Al-
gorithm [T is statistically principled but does not yield
a computationally tractable procedure under an exact
quantile planner.

For non-quantile value functions where we define

H—-1

Z 7 (Sky Ak)
k=0

Jaksch et al. (2010) introduced Extended Value Iter-
ation (EVI) in the average-reward setting: at each
(s,a), the optimistic kernel is chosen inside the ¢;
confidence slice to maximize the next-step value (ef-
fectively transporting probability mass toward higher-
value states under the ¢; budget), and the resulting
optimistic MDP is solved by value iteration to ob-
tain the greedy policy. In finite-horizon problems,
the analogous optimistic planning pass is the UCBVI
backward recursion of Azar et al. (2017), which can
be viewed as an EVI-style update rolled over stages
h=H-1,...,0.

In the UCB-QRL algorithm, Line [9] computes 7**!
and selects P*! as the joint maximizer of VTT(’)P. One

‘/E)T(’P(S) = E SO =S

9
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can develop a combination of the backward dynamic
program developed by (Li et al. 2022) and the EVI
algorithm developed in (Jaksch et al. 2010) to replace
line [0] of Algorithm[I} This is a future direction of this
research study.

5.3 Comparison with the Prior Work

Theorem [I] shows that UCB-QRL achieves high-
probability quantile regret that scales as

Reg,(T) = O((2)" HVSATH),

up to logarithmic factors and an additive martin-
gale term specified in Equation . In contrast
to risk-neutral UCB results (e.g., O(HV/SAT) for
UCBVI with Hoeffding bonuses and O(vHSAT)
with Bernstein bonuses (Azar et al. |2017))), and, in
average-reward communicating MDPs, O(DSVAT)
for UCRL2 where D is the MDP diameter (Jaksch
et al. |2010]).

Our analysis exhibits an explicit sensitivity to the
quantile margin . This is unavoidable for quantiles:
when the CDF at level 7 is flat (small x), tiny model
errors can shift (), substantially, and exploration must
compensate accordingly.

The factor (2/k) arises from iterating a local sensi-
tivity bound across H stages.This reflects worst-case
compounding under the margin assumption. Whether
this dependence can be improved is open.

In many problems, margins are heterogeneous across
stages and states; refined, stagewise analyses that
track realized occupancy and local margins can shrink
the compounding (e.g., from exponential in H to poly-
nomial or linear in effective horizon), at the expense
of heavier notation. Developing such adaptive-margin
bounds is a promising direction.

We acknowledge that the factor (%)H in Theorem

can be exponentially large in the horizon. While tight-
ening constant factors is not the focus of this work, we
conjecture that some exponential horizon dependence
is unavoidable in the worst case for fixed-quantile con-
trol. A heuristic justification comes from the close re-
lationship between quantiles and the classical entropic-
risk (exponential-utility) objective
Up(X) = %logﬂﬁl[eﬁx}7 B8 #0.
For any § > 0 and any ¢t € R, Markov’s inequality
yields

Choosing t so that the right-hand side equals 1 — 7
gives

1
5

—PX<t)>7

t =Us(X)+ = log

1—7

1 1
= Q:(X) S Up(X) + 5 log y—.

Similarly, applying the same argument to —X gives,
for any 8 > 0,

P(X <t)= P(e_ﬁx > e_m)
E[e=#X]

C o = exp(BUL(-X) + ),

and choosing t = —Ug(—X) — %log% ensures P(X <
t) < 7, hence Q,(X) > t. Therefore, for every 5 > 0,

—Ug(—X) — %log% <Q@,(X) and
Ua(X) + o 2 Qu(X), 0

Equation (8) shows that fixed-quantile control is
tightly coupled to entropic-risk control (up to S-
dependent additive terms). Since existing regret anal-
yses for entropic-risk RL exhibit exponential depen-
dence on the horizon/effective horizon (see, e.g., (Fei
et al.|2020; Liang and Luo|2024; Ding et al.|2023)), it is
plausible that worst-case quantile regret bounds must
also incur exponential horizon dependence unless ad-
ditional structure is imposed (e.g., stronger regularity
or stagewise margins).

Hau et al. (2024) propose a dynamic-programming de-
composition for VaR in MDPs and a model-free VaR-
Q-learning algorithm that does not assume known
transitions and avoids saddle-point solvers. They
prove convergence of their algorithm to a unique fixed
point induced by a k-soft quantile loss; their analysis is
presented for finite-horizon, time-indexed control. Our
work is model-based and provides a nonasymptotic,
high-probability regret bound for episodic, tabular
QMDPs under a quantile margin. Hau et al. provide
convergence guarantees (no regret rates) for a model-
free Q-learning scheme tailored to VaR. Methodolog-
ically, they define a quantile-aware Q operator and
a soft-quantile loss to ensure uniqueness of the fixed
point, whereas we construct ¢ confidence sets and con-
trol the quantile backup via the continuation—mixture
sensitivity bound (yielding the explicit (2/x)" depen-
dence). The DP decomposition and risk-indexed op-
erator from (Hau et al. 2024) suggest model-free ex-
tensions of UCB—-QRL. Conversely, our sensitivity
tools and confidence design provide a path toward
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finite-sample, high-probability guarantees for VaR-
style Q-learning under margin conditions. Establish-
ing nonasymptotic regret bounds for model-free VaR
control remains open.

5.4 Assumption Discussion

Assumption [I]requires that each continuation—mixture
Zs.a,n (Definition has a jump of size at least x at
the 7-quantile under P*. In our finite, deterministic-
reward setting, these mixtures are discrete, hence a
(problem-dependent) x > 0 always exists, though it
may be small. Analytically, x controls the local Lip-
schitz constant of the quantile backup with respect
to the Wasserstein distance (W7), which is the key to
the propagation inequality. Practically, larger margins
arise when next-state value distributions allocate non-
negligible mass exactly at the operative quantile; small
margins indicate intrinsically fragile tails and make
tail-optimal learning harder.

Our analysis makes a simplifying assumption. We
work in the finite tabular setting with episodic hori-
zons, leaving extensions to function approximation
(linear, kernelized, or neural) as an open question that
will require new concentration tools for distributional
value errors. Rewards are assumed deterministic given
(s,a,s’); when rewards are stochastic, the continua-
tion—mixture can absorb the noise without altering the
quantile-optimality structure (Li et al. 2022)). Finally,
the algorithm itself does not require k, but the bound
does. Developing data-driven methods to estimate lo-
cal margins and adapt bonuses accordingly could yield
sharper, data-dependent guarantees.

Quantile-optimal learning directly targets tail risk and
is natural for safety-critical domains such as service-
level guarantees, latency minimization, and adverse-
event prevention. The explicit k-dependence aligns
theory with practice: when the operative quantile is
well supported, learning is efficient; when the tail is
thin, the bound correctly reflects the increased diffi-
culty. This observation motivates several future direc-
tions, including relaxing the quantile target, adopting
smoother risk measures such as CVaR, or incorporat-
ing problem-specific structure through priors. Beyond
this, Bernstein-type confidence bonuses may remove
the extra v H factor, and the continuation—mixture
framework may extend to other coherent risk objec-
tives; a formal analysis is left to future work. Combin-
ing distributional critics with optimism-based explo-
ration in large-scale problems, as well as extending our
techniques to infinite-horizon discounted or average-
reward settings, remains an important challenge for
future work.

We conjecture that Assumption [I] is necessary to

achieve a sublinear regret for Quantile MDPs. In par-
ticular, we believe that if x is not known, and the
optimization in line |§| is performed over C! only, there
exists an instance of MDP and 7 for which the Algo-
rithm [1f will cause a linear regret.

In practice, where k is not known, one can start from
an initial kg € (0,1) point. As the algorithm runs,
if empirical regret appears linear, gradually reduce s
until the algorithm starts converging.

Finally, two natural extensions are left open.

1. Discounted, infinite-horizon quantile control: de-
velop an optimistic algorithm and analysis for the
discounted objective with v € (0,1), including
a discounted continuation—mixture operator, an
appropriate contraction/sensitivity inequality for
the quantile backup, and stationary ¢;-confidence
sets for model uncertainty.

2. Lower bounds for regret: establish minimax and
instance-dependent lower bounds for quantile-
regret under margin assumptions to determine
which dependencies on &, S, A, and horizon (or
effective horizon) are improvable versus unavoid-
able.
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A PROOF OF THEOREM [1]

. We have
T—1 .
Reg, (T) = > (Vo™ (5) = Vo™ (9)
t=0
-1 t t t t t t t
_ (V:O’P (5) = V7P (5) + Vg T (5) = VT (5)). (Adding and subtracting V" (s))
t=0

By Lemmall] at s = 5, with probability at least 1 — 4, for all ¢ > 0 we have
Vi (5 < Vi s,

which implies that with probability at least 1 — 4,

Reg.(T) < Y (V" () - vip™ (9)).

For any policy 7, any state s, horizon h, any quantile level ¢ and transition probability P, by Lemma |3 the
QMDP Bellman recursion gives

VQ?}’LP(S) = rh(s,ah) + Qq(Z&a;“h(Ph(' ‘ s,ap); V?Th’il)), (9)

where aj, = 7p,(s).

Applying Equation @]) with P! (optimistic kernel) and P* (true kernel), by Lemma [3| the difference is
Al(q) =

= |8t AL + Qo Zog g w(PEC | Sk AR V) = ru(Shy AR) = Qo Zsy ag n (PG| S, AR V) |

VIS = vt (sh)

Here, we have A} =} (S}). It’s noteworthy that according to Lemma 5] 7 is a deterministic policy and hence
denoting A} as above is appropriate.

Since the immediate reward 7y, (S}, as) does not depend on P, it cancels out exactly. Hence
: : ﬂ,t7Pt : ) ﬂ,t,P*
Ah(a) = |Qu( Zsg ag (PG SE AL V)| = Qo Zsyag n (PG 1 Sh AR VIAE)). (10)
Adding and subtracting QQ(ZSZ’AZJI (Pr(- | SE,AL:; V.?;ngt)), we can write

Ab(g) = ‘ [Qu(Zsg g (PLC 1 S5 ALY V) = Qo Zsg ag (PG 1 S5, AL); V)]

model term

- [Qu(Zsy Ay (PG 1S5, A VEE)) = Qo Zsy g (P 1 S5 AL V)] ‘ (11)

propagation term
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The model term isolates the effect of using P} instead of P} while freezing the continuation map; by Lemma |§|
and Assumption

H *
model term < " HPﬁ(|SfL,A§L) — Ph('|S;L,A§L)||1.
Let p* == P}(- | S}, A},) and draw S}, ~ p*. Write

. t,Pt 7Tt7P*
propagation term = ‘Qq(ZS;L,A';L,h (0" Vi )) - Qq(ZSfL,Ai W (0% Vi ))

h>

; (12)

Define the continuation—mixture variables
t . *. 1m0, Pt *x . *. 1m0, P*
Z' = Zsg a0 Vi ) 25 = Zsg a0t Vi )

By Definition 1} Z* and tZ*. has CDF ®!.(y) = >, p; ¢i(y) and 5. (y) = >, p} ¢;(y) respectively with
¢;(y) = sup{q € [0,1] : %Thfl (si) <y}. Let U ~ Unif[0,1] be independent of S} ,. Let F} be the o-algebra
up to step h of episode t. By Lernma zt £ V,}i",;fi(s,gﬂ) and Z* 2 Vl}itf;fi(S}tLH) conditionally on Ff.
Combining with Equation and the quantile form above, we obtain

propagation term = ‘QQ(VJ,;’_I:;(SZH)) - Qq(Vlﬂb’f: (SZH))‘ (in law, conditionally on JF}). (13)
By Lemmal[7] applied at level ¢ with margin parameter x > 0 from Assumption

* 2 *
Qa7 = Qu(Z)| < ZWA(L(Z | 7). £(Z" | F)). (14)
By the primal (Kantorovich) formulation of W3 Villani [2009}

Wi (u,v) = Weli_{rzlft V)/\a?—y|d7r(x,y), (15)

so for any coupling m of the two laws we have Wi(u,v) < E,[|X — Y|]. We take the explicit coupling that
t t t *

uses the same randomness (S}, U) to generate X = V[}rh’fl (Shq) and Y = Vl}ihj_}:l (S}1) conditionally on Fj,

which yields

Wity) < B VD Sk - Vi Skl | 7 (16)
Combining Equations and with Equatin yields the conditional bound

. 2 t pt t p*
propagation term < - E{ ’VJJ{H(SZH) Vi (Shi1)] ‘ }'ﬂ

IN

2 <t pt at p*
ZE sup |V (Sh) = VoSSl F (17)
q’'€[0,1]

where the last inequality is due to U ~ Unif[0, 1].
Combining the propagation term with the model-term bound gives, and conditioning on F},

H * 2 ﬂ_t. t ﬂ_t, *
Aila) < S IPLC IS A = PRI S Al + (B[ swp [VEE(Sh) - V(S| | 7] a8)
q )

Define
Wy (S,) = sup
q’'€[0,1]

Taking the supremum over g on the left hand side of Equation , we get

t’Pt, t’P*
Vo She) =V Sh)|

H 2
Wi(S) < = |[PAC 1 S A = PiC I Sh AV, + SB[ Wi (St | Fi- (19)
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Introduce the scaled potential

h
2
v (2) Wi g = V- BN A

Then Equation is equivalent to the one-step supermartingale inequality

H/2 h 2 h+1
vi< (2) IRelsh A - BC IS AD], + B AL Il < (2) &

K

Unrolling Equation over h =0,...,H — 1 and using W}; =0 (hence Y}; = 0) yields

HH—l 9 h H-1
o< TS (2) IRC1 Sk A - BCIShAD], - Y g
h=0 h=0
Therefore,
HHfl 2 h H-1
Wie) < 25 (2) IREC1shAD) - BCIShAD], - X €
h=0 h=0

By a union bound and Lemma 2] with probability at least 1 — § the confidence events
HP;L(( | 8,(1) - Pftz( | S,(I)Hl < f(;(N}tl(S,CL)), les( | S,CL) - Pfi( | 8,03)”1 < f(;(N,i(s,a))
hold simultaneously for all (¢, h, s, a); hence, by the triangle inequality,

Therefore with probability at least 1 — § one can rewrite the bound of W{(s) as

t(z H'& (2 b
Wi(s) < — Z <K> 2f5(Nh Sh, A}) Z£h+1

K

h=0
Summing over t =0,...,T —1
T—1 g Lol g, T—1H-1
S wi < 1% <K> 2 Fo (NS AL) = 303 b
t=0 t=0 h=0 t=0 h=0

(22)

(23)

Moreover, {¢!} is a martingale-difference sequence with |¢}| < (%)hH , so we apply the one-sided Azuma—

Hoeffding inequality for martingale differences with non-identical bounds: for all A > 0, we have

T—1H-1 2
P(— Z Z §Z+1 2 )‘> < exp( PD e Zf/\ol((z) H>2).

t=0 h=0

Furthermore, we have

T-1H-1 o\ 2 H-1 5 )2H L/ N\2H 1 — (1)2)2H
22 (( ) ) —TH Y (%) h:THQ((Zzl//n)z)f -TH(}) H1(4//(£2§2)1 '

t=0 h=0 h=0

Applying the one-sided inequality with the display above and setting the right-hand side to ¢ yields, with

probability at least 1 — ¢,

T-1H-1 H —(1/2)2
> D& < (i) H\/z(l i(_/? ") T rog

(24)
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Moreover, using Elliptical Potential Lemma Wang et al. 2023, Lemma G.12, we have

—1H-
< JSARTIoT.
;}; *SZ,AW SAHT logT

Hence,

—1H-1 h H-1

2 2 2SATH
T (ﬁ) FNL(SL,AL)) < (H) 2C\/SATH tog 24T (25)
Combining Equations (24]) and (25) we have with probability at least 1 — ¢,

T-—1 H-1 H
H (2 2SATH (2 2(1 — (k/2)2H
S W) < = () QC\/SATH 1ogST + () H\/Wﬂogg.

K K ?—1

Noting Z ( T(; P (5) — V”O P (s )) < Zt o W (5), with probability at least 1 — 4,

T-1 H—-1 H
t pt t px 2(1— 2)2H
(VriroA'P (5) = V;,To’P (§)> < a (2> 26\/SATH logQSAiTH + <i) H \/WT10g§~

Kk \ K 1)

K2

Recalling that with probability at least 1 — 4, Reg, (T) < ZtT:_Ol A, using union bound we conclude that with
probability at least 1 — 24,

Reg,. (T) < 2cH (i)H\/SATH logmﬂ + (2)H H\/z(l_(ﬁ/i)QH)Tlogg. (26)

) K 4

K2

This completes the proof. O

B TECHNICAL LEMMAS

Lemma 1 (High-probability optimism at episode t). Consider Algorithm . For every episode t and state s,
with probability at least 1 — §, we have

VT (s) < VT (s).

Proof of Lemmal[l. Define the “good event”

where (t, h, s,a), define

Qt’h(s CL = {HPh ‘5 a) sz( |57Q)H1 =

AN

=~
—
=
—
»

&
SN~—

—

By Lemma 2] for any £ > 0,

P(HP*(‘ | s,a) *]S;i( | S,G)Hl > € ‘ Ni(s,a) = n) < (25 —2) exp(fﬁ),

log 2SATH

max{l n}

Choosing € = fs(n) = c (and n > 1),

P(gt,h(s,a)c | N}tl(sva) = n) < (QS _ 2) (QS«A#>—C /2.
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For n = 0, the event G; 1 (s, a) holds due to ¢ > ——2——. Hence, unconditionally,
(s, a) /log Z5ATH

P(Guntnar) < (25 —2) (2597) "

Applying a union bound over all ¢t € {0,..., T — 1}, h€{0,...,H — 1}, s € S, a € A gives

2

P((€)) < THSA(S —2) (2241m) ",

SATH (25 —2)
on(E)
Due to ¢ > | 2——577+2, We have

log( QSAJTH)
]P’(gg) > 1.
Furthermore, on & we have, for every (¢, h, s, a),
[P 1s,a) = Pl [ s,a)||, < fo(Ni(s,a)).

Comparing with the confidence set definition in , this is exactly the membership condition P* € CZ’;)K for all
0 <t <T — 1. Therefore, since the optimistic planner selects 7¢ and P! € C_g .. to maximize the quantile value,

Vo (s) < max max VP(s) = VigT(s).
’ T peci, ’

This proves the lemma. O
Lemma 2 (Weissman’s ¢; concentration). Let Xi,...,X, be i.i.d. on [S] == {1,...,S} with P(X; = i) = p;.
Define the empirical distribution p; == £ 31" | 1{X; = i}. Then

n 2
Blp—pli>e) < (25—2) exp(_ﬁ) .

Proof of Lemma[3 For any x € R,

|z|i = max vz
ve{—1,+1}5
If, in addition, Y, z; = 0, then the maximizers cannot be v =1 or v = —1 (since v’z = 0 for those two), where
1 is an all-one vector. Hence
lz]l. = ma&wa, V = {—1,+1}S \ {1,-1}, (27)
vE

and consequently

{z: |z >} C U {x:vTst}.

veY

Fix v € V and define Y;(v) =wvx, € {—1,+1}. Then

S n n S
h= Y = Yk, = YWY BN = Y = oTp,
i=1 t=1 i=1

t=1

Hence
n

~ 1 v v
o F-p) = —> (N -EYY),

t=1

a mean of i.i.d. centered random variables taking values in [—1,1].

By Hoeffding’s inequality,

P(UT(ﬁ—p) >e) < eXp<—m) = eXP<—n;2)- (28)
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Combining Equations , the union bound, and Equation ,

Blp—pli>c) < S PO G-p)>c) < |V exp(_n;)

veV

Since |V| = 2° — 2, the stated bound follows. O

For a probability measure y on R, F,(x) == pu((—00, z]) and the left-continuous quantile function is F;*(u) =
inf{z € R : Fy(z) > u},u € (0,1]. We write Q-(u) = F,/ () for the 7-quantile. If F}, jumps at z*, then

F N u) = a* for all u € (F,(z*—), F(z*)).

Lemma 3 (Bellman evaluation identity for the 7—quantile). Fiz a policy 7, a kernel P, a stage h € {0, ..., H—1},
and a state s. Let a = m,(s) and p == Py(- | s,a) € AS. Then

VTT;LP(S) = ’I“h(S,a) + QT(Z&tLh(p; erhjil))

Proof of Lemmal3. Fix h, s, and let a :== 7, (s) and p :== Py (- | s,a) € AS. By definition of the (left-continuous)
T—quantile,

H-1
V"’T},LP(S) = inf{x : [P’( Z ri(Sk, Tk (Sk)) < x ‘ Sy = 3) > 7—} .
k=h

Write 7, :== r(s,a). Conditioning on the next state Sy and using the Markov property, for every = € R,

H-1 S H-1

IF’( Z Tk (Sg, T (Sk)) < x ’ Sy, = 5) = Zpi IP’( Z 7k (Sk, T (Sk)) < x — 1y ‘ Shi1 = si),

k=h i=1 k=h+1
where p; = Py(si]s, a).
Let F; be the CDF of the (h+1)-to—(H—1) return starting from s; under (m, P):

H-1

Fi(t) = P D7 milSesme(S1) St | Snys = 5i).
k=h+1

By definition of the QMDP quantile map, for each ¢ € (0,1)

qu;fH(si) = F'(q) (left-continuous quantile).

By Lemma[4]
Fi(t) = sup{g € [0,1] : F;*(q) <t}.

Applying it with Fi_l(q) = Vﬁil(si) yields

¢;(t) = sup{q €[0,1] : V;j;fil(si) <t} = sup{¢€0,1]: F;l(q) <t} = F(t),

ie.,
H-1
]P’( 3 r(Sem(Si)) <t ] Shit = si) — ¢i(t) forall t € R.
k=h+1
Recall p; = Py(s; | s,a), hence
S S
Oy(t) = > pidi(t) =D piFi(t).
i=1 i=1

Therefore the CDF of the h-step return at s is & — ®,(x —r3), and

VT":AP(S) =inf{w: ®,(z —rp) > 7} =1, +inf{y: Pp(y) > 7}
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By Deﬁnition ®,(-) is the CDF of Z 4 a(p; V,Z;il), S0
inf{y: @) 27} = Qe Zown(m: V1) )-

Therefore, VT’,’;lP(g) =rp(s,a) + QT(Z,WJL (p; V:Tf;_]il)). O

Lemma 4 (Right identity for the left—continuous quantile). Let F' be a CDF on R and F~'(q) = inf{z : F(z) >
q} its left-continuous quantile. For everyt € R,

{qge0,1]: F7'(q) <t} =1[0,F(t)] and hence sup{q€[0,1]: F~'(q) <t} = F(t).

Proof of Lemmal[j]. Define B; := {q € [0,1] : F~(¢q) <t}. We show the pointwise equivalence
g€ By <= ¢q<F(@),
which immediately yields B; = [0, F'(¢)] and the stated supremum.

(=) Assume q € By, ie., F7(q) <t. Set y := F~!(q). By definition, y = inf{z : F(z) > ¢q}. Because F is
right—continuous and nondecreasing, the set {x : F(x) > ¢} is right—closed; hence F(y) > qE| Since y < t and F
is nondecreasing, F(t) > F(y) > ¢, i.e., ¢ < F(t).

(<) Assume ¢ < F(t). Then t € {z : F(x) > g}, so this set is nonempty and F~1(q) = inf{z : F(z) > q} < t.
Thus q € By.

Combining the two directions gives By = [0, F'(t)]. Taking the supremum over B; yields sup B; = F\(t). O

Lemma 5 (Deterministic optimality for QMDP). Fiz a kernel P. In the recursion (6)), for every (s,h) there
exists a deterministic mazrimizer a* € argmax, QT(Zsﬁa,h(Ph(- | s,a); V,*h+1))~ Consequently, there exists an
optimal deterministic Markov policy.

Proof of Lemma[j Fix a stage h, a state s, a kernel P, and a continuation map V. ;1. For each action a € A
let

Fo(t) = P(Zoan(Pu(- [ 5,0); Virsr) t), ma = Qo Zoan(Pul- | 5,0); Vo).

For any mixed action 1 € A4, define the mixture CDF F,(t) == >, 4 ti(a) Fu(t) (draw A ~ p, then sample the
continuation under A). Let M := max, m, and fix any a. By definition m, = inf{z : F,(z) > 7}, so M > m,
implies F,(M) > 7 (monotonicity of F, suffices; left—continuity is not needed here). Hence

F,(M) = S p@F (M) > Y pla)r = 7,

so by the definition of the (left-continuous) 7—quantile, Q,(F,) < M = max, mq.

Proceed by backward induction on h. For h = H the claim is trivial. Assume an optimal continuation map
V7,41 has been realized at step h+1 (this is the inductive hypothesis provided by the Bellman program @)
Consider any state s at step h. By Lemma [3]

V;;’LP(S) =rp(s,a) + QT(Zs,a,h(Ph(- | s,a); Vf}{i))-

Evaluating the optimality backup with continuation fixed at V¥ ., amounts to comparing the collection
{Q+(F,)}aca defined in Lemma By that lemma, randomization over actions cannot exceed max, Q- (F,),
hence a single action a* attains the maximum. Define 77 (s) to pick such an a* (break ties deterministically).
Doing this for every state produces a deterministic Markov decision rule at step h; composing with the inductively
optimal rules from steps h+1, ..., H—1 yields a deterministic Markov policy that attains the optimal values VT*7 h-
This completes the induction. O

'Equivalently: for every e > 0, y4¢ belongs to the set, so F(y+¢) > ¢; right—continuity gives F(y) = lime 0 F(y+¢) > q.
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Lemma 6 (Local Lipschitz of Zs,a,h(pv‘/:];l+1) in p). Fiz a step h and state—action (s,a), and let Vqﬂhil :
S x[0,1] — [0, H] be the next-step quantile value map. Let Zs o 1 (p; V;;ﬁl) be the continuation-mizture variable

of Definition . Then for all p € A®,

., - H
’QT(Zs,aJL(pa V hi1>) - QT(Zs,a,h(P* V hil))’ < ; ||p - P*Hl-

provided Assumptz'on holds for Zs o n(P*;g) with parameter k > 0.

Proof of Lemma[f Let pp+« and u, be the laws of Z(P*) and Z(p), respectively. Moreover, for probability
measures p,v on R, Total Variation (TV) and 1-Wasserstein (W) can be defined as presented in Equations
((29)) and ((30)) respectively Gibbs and Su 2002

TV(u,v) =sup|u(A) —v(A)| =5 sup /fd —v) (29)
A Hfl\m<1
Wi (p,v) = S(l}]’s)<1/fd —v) / |F (w) — F ' (u)| du. (30)
ip

Assumptionprovides only a one-sided lower bound on the mass at the 7-quantile (total jump > k), so Lemma
yields

|QT(:U’P) 7QT(/‘LP*) S %Wl(,UJP*,,Uzp).

Also, by Lemma [8 and Lemma [9]
Wi(pps, pp) < 5 Ip = P
Therefore,
H
< —lp— P
K

}QT(MP) - QT(MP*)
O

Lemma 7 (Quantile sensitivity under a one-sided jump margin). Let u be a probability measure on [0, H| with
CDF F and 7-quantile z* := Q,(u) such that F(x*)— F(x*~) = k. Then for any probability measure v on [0, H],

Qr() = Qo) < = Wal)

Proof of Lemma[7 Let F and G be the CDFs of p and v, and let Q,(u) = inf{z : F(z) > u} and Q,(u) =
inf{z : G(z) > u} be their left-continuous quantile functions. By Equation

V) :/0 ’Qu(u) —Qy(u)’du.

Let 2* := Q,(7). By assumption, F' has a jump of size at least s at z*:
L:=F(z*7), U = F(z"), U-L>k, T e (L,U].

Hence
Qu(u) =2* forallue (L,U].

Let v := Q,(7) and d := v — x*. Monotonicity of @, yields

u<t = Qu(u) <w, u>71 = Qu(u) >wv.

Case d > 0. For any u € (7,U], since Q,(u) > v > z*,

|x*—Qu(u)|:QV(u)—x* > v—z* = [d],
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SO

U
W) > / o — Quw)|du > (U —7)|d.

Case d < 0. For any u € (L, 1), since Q,(u) < v < x*,
’:E —Qu( )|::r -Qy(u) > ¥ —v = |d],

and therefore

Combining the two cases gives
Wils,v) 2 (Liazo (U = 7) + Lgacoy (7 = L) ) |dl-
Since (1 — L)+ (U — 1) =U — L > k, at least one of the two side lengths is > k/2. Thus
K 2
WiGeo) > Sl =l < - Waleo).

Recalling d = Q, (1) — Q,(7) finishes the proof. O

Lemma 8 (Mixture total variation vs. mixing weights). Let {u;}5_, be probability measures on [0, H]. For
p,p’ € A% define the miztures i, = Zlepi Wi and fly = Zi:l P} pi. Then

TV (pps pipr) < 5 llp—1'l1-

Proof of Lemma[8 Recall Equation : for probability measures pu, v

TV(u,v) = 5 sup /fd —v)

Hf||oo<1

Write the signed measure difference of the two mixtures as

For any measurable f with || f]lec <1,

[ iy~ u0)] = ‘i(m ) [ fan,

Since each p; is a probability measure and || f||o < 1,

‘/fdui < /Ifldui <

S
[ o, < Y lpi -4l
=1

Taking the supremum over all || f||oc < 1 and multiplying by % yields TV (u,, 1) < 3[lp — p'[|1, as claimed. O

IN

s
Z i — il
i=1

[ #aw.

A
—

Therefore

Lemma 9 (TV controls Wj on [0, H]). If u,v are probability measures supported on [0, H|, then

Wip,v) < HTV(u,v).
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Proof of Lemmal[9 Let o = p — v and write its Jordan decomposition ¢ = 0~ +(0c —0~) = o7 — 0~ with
ot ([0,H]) = 0= ([0,H]) = TV(u,v) = m. By the Kantorovich-Rubinstein duality (presented in Equation
((30D)),

Wi(p,v) = sup /fda

Lip(f)<1

For any bounded f,

/fdaz/fdaJr—/fdJ*§(supf)m—(inff)m:(supf—inff)m

If Lip(f) <1 on [0, H], then sup f — inf f < H; hence Wy (u,v) < Hm = HTV(u,v). O

Lemma 10 (Auxiliary—uniform representation of the continuation mixture). Fiz episode t, step h, and the
realized pair (S}, an) with ap = w,(Sh). Let p* == Pr(- | Sh,an) and condition on F} so that S, ~ p* i
the only randomness going forward at step h. For any kernel P and policy ©t, define the continuation— mzxtur@
variable
P) . P
Z( ) = Zsi”ahﬁh( Vﬂh+1)

Let U ~ Unif|0,1] be independent of F} and of S,tLJrl. Then, conditionally on F},
20 £ V5 (Sn):

Proof of Lemma[I0, Fix P and abbreviate V; := Vqﬂh;l( s;). For each next state s;, let F; denote the CDF of the

(h4-1)~to—(H—1) return under (r*, P) starting from s;. By definition of the QMDP quantile map, V,; = F; '(q)
where the inverse is left—continuous.

By Definition [1} the CDF of Z(*) (given F}) is

= D opiou), i) =sup{g € [0,1] 5 Vys <t}

By Lemma for every i we have ¢;(t) = sup{q: F; '(¢q) < t} = F;(t). Hence

0 = S v R, (31)

Now consider Y(F) = VJ;L’JI:I(S,ZH) = Fs_tl (U). Condition on the event {S} ,; = s;}. Since U is independent
’ h+1

and uniform, Lemma [ gives

P(Y(P) St Fh Shpr=si) = P(FH(U) <t) = U < Fi(t)) = Fi(t).

Taking the conditional expectation over S} 41~ p* ylelds

By <t] F) =D pi Filt) = @ (1) = B(ZD <t | F),

where we used Equation in the second equality and Definition (1| in the last. Thus YY) and Z(¥) have

the same conditional CDF given F}, i.e., the same conditional law. Therefore, conditionally on F}, Z (P 4

VP (s} laimed 0
0 h1(Shi1)s as claimed.

C Illustration of the Quantile Backup

To make the recursion in @f more concrete, we provide a simple two-state, two-action illustration, adapted
in spirit from the backward-dynamic-program schematic proposed by Li et al. (2022). summarizes how
the continuation information from the two next states is combined through the optimization over ¢ to produce
a one-step quantile backup.
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current triple ) OPT v ( )
(s,a,7) Max (g, ,q2)cq MiNie (g, #1]i=1,2, ,n} Vai.h+1(S:) P, Var,ht1l81

|
| P2, Vip,nt1(82)
|

'a={(q1,92) | prq1 + p2g2 < 7}

Figure 1: Schematic of a one-step quantile backup.

To visualize this optimization, consider the two-state case S = {s1, s2}, and write
p1 = P(s1]s,a), p2 = P(s2]s,a), p1+p2 =1
Then the OPT problem reduces to

OPT(s,7,a; V. pg1,P) = max min Vg pt1(s;) st pigr+page <7 (32)
q1,92€[0,1] i: q; #1

The key point is that 7 is a total quantile budget, and the variables ¢; and g2 specify how that budget is
allocated across the two next-state branches. The constraint p1q; + p2gs < 7 determines which allocations are
feasible, and the objective then selects the feasible allocation that maximizes the bottleneck continuation value

min;.: g, 21 Vo, h+1(84)-

Suppose p1 = pa = 0.50, find OPT(s,0.5,a; V. p41, P)

q1 = 0.25 q2 = 0.75 q1 = 0.75 q2 = 0.25

A A I
IRAARA RARRA AR PARAARARARAA AR AR
A A s R RRARRARA TR 22
A A R IAAAAAAAAAAA CLLALS RALAAA
AR RRRA AR R RRARRARA IS d
A A AR R RRARRARRA A A
A A s A s i
A A s R RRARRARA IS 24
A A s A I i
A A s R RRARRARA IS 4
IRAARA RARRA AR ARAARRARRA AR AR
A A A RRARRARRA A 22
A A AR A e, v
A A s 272777 VAR 22
A A s R RRARRARRA TR A
A A s R ARRARRARRA AR 22
A A Y 7777 QAR 22224

OPT(s,7,a; V. ht1, P)

Figure 2: Two feasible allocations on the boundary 0.5¢; +0.5g2 = 0.5, that is, g1 +¢2 = 1. The OPT subproblem
compares such feasible allocations through the objective min;. ¢, 1 Vg, nt1(8:).

Suppose p1 = pp = 0.5, find OPT(s,0.75,a; V. 41, P)

q1 = 0.9 q2 = 0.6 q1 = 1 q2 = 0.5

7777777777777777777747 7707777777777 7777777777]
7777777777777777777747 7 71777777777 77777777777
g v 77077777777777777777777
7777777777777777777747 7 71770 7777777777777777
g 77777777072777777777777)
s v Y1177 77777
g v 77777277772777777777777
s v 77077077777 7777777777
1727777777777777777747 4 720777 1777727777777
Rz v 77077777777777777777777
7777777777777777777747 7 71777777777 77777777777
g v 77077777777777777777777
7777777777777777777747 7 71777077777 77777777777
g 72077777777777777777777
s v 7777777777777 77777777
2727727777777777777747 4 7727720727727 7277777777) M
s v 7 20770777 777777] N
17277777777777777777477 77777277777777 PR

OPT(s,7,a;V. ht1, P)

Figure 3: Two feasible allocations when 0.5¢; + 0.5g2 < 0.75, that is, ¢1 + g2 < 1.5. Because the feasible set is
larger than in the OPT subproblem can explore more aggressive allocations.

corresponds to the case 7 = 0.5. Since p; = po = 0.5, the feasibility constraint becomes
0.5¢1 +0.5¢2 < 0.5 — g1 +q2 < 1.

Thus, boundary allocations such as (g1, ¢g2) = (0.25,0.75) and (g1, ¢2) = (0.75,0.25) are feasible. The value of
OPT(s,0.5,a; V. p41, P) is obtained by evaluating

in V, :
oin, ih+1(81)
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over all such feasible choices and selecting the maximizing one.

corresponds to the case 7 = 0.75. The constraint becomes
0.5¢1 4+ 0.5¢2 < 0.75 = @1 +4g2 <15

Hence the feasible region is larger. For example, both (g1, ¢2) = (0.5,0.5) and (g1, g2) = (1,0.5) are feasible. The
second case is especially useful for interpreting the objective, because when ¢; = 1, the first branch is excluded
from the bottleneck minimum by the definition min;. 4,1 Vgi .h+1(8:), so only the second branch remains active
in the minimum.

These figures therefore illustrate the role of OPT in @—: the one-step quantile backup is obtained by solving
a constrained allocation problem over the branchwise quantile levels ¢;, with the transition probabilities p; acting
as weights in the budget constraint. This is the quantile counterpart of the one-step averaging step in the classical
expectation-based Bellman recursion.
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