Published as a conference paper at COLM 2025

Rethinking Associative Memory Mechanism in Induction
Head

Shuo Wang Issei Sato

The University of Tokyo The University of Tokyo

wang-shuo3112@g.ecc.u-tokyo.ac. jp sato@g.ecc.u-tokyo.ac. jp
Abstract

Induction head mechanism is a part of the computational circuits for in-
context learning (ICL) that enable large language models (LLMs) to adapt
to new tasks without fine-tuning. Most existing work explains the training
dynamics behind acquiring such a powerful mechanism. However, it is
unclear how a transformer extract information from long contexts and then
use it to coordinate with global knowledge acquired during pretraninig.
This paper considers weight matrices as associative memory to investigate
how an induction head functions over long contexts and balances in-context
and global bigram knowledge in next token prediction. We theoretically
analyze the representation of the learned associative memory in attention
layers and the resulting logits when a transformer is given prompts gener-
ated by a bigram model. In the experiments, we design specific prompts
to evaluate whether the outputs of the trained transformer align with the
theoretical results.

1 Introduction

In recent years, transformer-based models, such as BERT (Devlin et al., 2019) and GPT
(Radford, 2018; Radford et al., 2019; Brown et al., 2020), have achieved remarkable success
in natural language processing. Especially, in-context learning (ICL) (Brown et al., 2020;
Dong et al., 2024) has emerged as a groundbreaking capability within large language models
(LLMs), enabling them to adapt to new tasks without traditional fine-tuning. Instead,
these models leverage patterns from a prompt or input sequence, effectively learning
"in context" by interpreting examples or instructions provided in real-time (Liu et al.,
2022; Wu et al., 2023). During a phase change, models acquire the ability to complete
complex patterns through induction heads, suggesting that induction heads are a key
mechanistic basis of ICL (Olsson et al., 2022). It is known that the induction head mechanism,
which is a pattern of attention in a transformer that enables the model to copy and reuse
information from earlier in the context, can emerge in two-layer transformers (Elhage et al.,
2021), and many theoretical studies have focused on analyzing two-layer architectures
to understand how induction head develops (Edelman et al., 2024; Nichani et al., 2024;
Chen et al., 2024b). Among them, Bietti et al. (2024) demonstrated, both theoretically and
empirically, that training a transformer leads to weight matrices behaving as associative
memories, composing the induction head mechanism.

However, the effectiveness of the induction head mechanism tends to diminish for the latter
part of a sequence (Bietti et al., 2024), which does not align with the behavior observed in
real-world LLM. In addition, while the learning dynamics of the induction head have been
elucidated in the existing work, it remains unclear how in-context knowledge provided
in the prompt and global knowledge acquired during pretraining influence the output of
two-layer transformers. Understanding how a transformer predicts the next token is crucial,
as it allows us to model phenomena such as context hijacking (Jiang et al., 2024), in which
altering the context disrupts factual recall, causing the model to produce incorrect outputs
influenced by misleading in-context information.

In this paper, we theoretically and empirically show, from the perspective of associative
memory, how a two-layer transformer with relative positional encoding (RPE) can avoid



Published as a conference paper at COLM 2025

Paper Model Objective Tgigllret{cal
ysis
Meng et al. (2022) GPT knowledge editing no
Cabannes et al. (2024a) linear model scaling laws yes
Cabannes et al. (2024b) linear model learning dynamics yes
Nichani et al. (2024) two-layer transformer causal structure yes
Friedman et al. (2023) | modified transformer transformer programs no
Jiang et al. (2024) one-layer transformer  concept association yes
Chen et al. (2024a) linear model noisy classification yes
Bietti et al. (2024) two-layer transformer  learning dynamics yes
length generalization
OURS two-layer transformer & yes
global v.s. in-context

Table 1: Comparisons among related work and ours in terms of associative memory. The
concept of associative memory is widely adopted for theoretical analyses of various phe-
nomena.

failure in detecting patterns that appear in the latter part of a sequence. We also investigate
how the model prioritizes in-context knowledge versus global knowledge when predicting
the next token, using training data generated by a bigram model with triggered transitions.
To summarize, we make the following contributions:

* We theoretically show that the induction head learned by a transformer using RPE
can avoid neglect of patterns within the framework of associative memory.

* We experimentally confirmed that the model with RPE can comprehensively use
in-context knowledge for the bigram model. We also demonstrated its ability to
effectively infer on sequences where the transformer using absolute positional
encoding (APE) fails in next-token prediction.

* We investigated how the model prioritizes in-context knowledge versus global
knowledge when generating outputs, using both theoretical analysis and experi-
mental evaluation.

2 Related work

Associative memory Associative memory refers to the storage and retrieval of patterns,
and its computational model was designed to retrieve complete memories from sufficient
fragments of information in neuroscience (Amari, 1972; Hopfield, 1982; 1984). After the
emergence of modern Hopfield networks (Krotov & Hopfield, 2016), which store patterns
in an energy function and retrieve them using an updating rule. Moreover, many studies
employ the concept of associative memory in various ways. For instance, Zhang et al. (2024a)
propose a memory unit that estimates a conditional probability distribution with Gaussian
kernel smoothing. Some work considers attention blocks as memory because they read
and write information flowing through the residual stream (Nichani et al., 2024; Friedman
et al., 2023). Meng et al. (2022) locate factual association patterns in the weight matrix of an
MLP. Recently, it has become increasingly popular to regard a matrix as associative memory
from a theoretical perspective, as shown in Tab. 1. Previous studies examine scaling laws in
relation to model capacity (Cabannes et al., 2024a), learning dynamics of linear model in
terms of particle system (Cabannes et al., 2024b), and the effect of low-rank approximation
of weight matrix to classification involving a noisy token (Chen et al., 2024a) for a linear
model. Additionally, Jiang et al. (2024) demonstrate that a one-layer transformer can recover
latent concept from long enough context.

In-context learning and induction head Since Brown et al. (2020) introduced ICL, theoret-
ical understanding of this phenomenon has been a major interest within the community.
For example, Akytirek et al. (2023) showed that transformer can implement a learning
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algorithm that solves linear regression. Von Oswald et al. (2023) demonstrated that linear
self-attention layer can emulate gradient descent. Similarly, many studies (Ahn et al., 2023;
Mahankali et al., 2024; Zhang et al., 2024b; Dai et al., 2023) examined the theoretical con-
nections between ICL and gradient descent. Mechanistic interpretability, which aims to
understand the model behavior by reverse-engineering its internal components (Nanda
et al., 2023; Wang et al., 2023a; Conmy et al., 2023), is another perspective for analyzing ICL
(Olsson et al., 2022; Elhage et al., 2021). In particular, Elhage et al. (2021) discovered that
two-layer attention-only transformers understand the previous use of the token and look
for similar situations in the context. In addition, Olsson et al. (2022) provided empirical
evidence that induction heads are the mechanism behind ICL. Moreover, Bansal et al. (2023)
identified that many induction heads are also among the attention heads deemed critical
for ICL. The most relevant study to ours is by Bietti et al. (2024), who investigated the
learning dynamics of the induction head mechanism in two-layer transformers from the
perspective of associative memory. In contrast, our study focuses on the functionality of the
induction head mechanism and the influence of knowledge acquired during training and
that obtained in context on the final output.

3 Preliminaries

3.1 Transformer architecture

In this work, we focus on a two-layer transformer described below.

Calculation Given a sequence of tokens zy.7 of length T € IN from the vocabulary set
V), each token z; is embedded into a d-dimensional vector and the calculation proceeds as
follows:

x;o) = wg(z) € RY,

2 = <I>1x§?t'v>a((wll<x§?t’k))TWéxEO"ﬂ) +x7 e RY, )

0P = WEWE o (WExl)) Wi + Y e RY, @)

xp = Wa(ReLU(Wyx?)) + x2, 3)

2141 = argmax o (Wyxt)o, 4)
veY

where Wg € RV is an embedding matrix, o : R! — R! is the softmax function,
x(0K), x(04) and x(0?) are the token embeddings, which may or may not include positional
information, ®; € R?*4 represents WLWL, Wy = (wy(vr), . .,wu(vM))T c RIVIxd ig an
unembedding matrix, and v; represents the i-th vocabulary in V. The feed-forward layer
consists of matrices W; € RV and W, € RV*“.

Note that Bietti et al. (2024) incorporate absolute positional encoding;:

0,k) 0q) _ xlEO,v)

(% = x| = wg(zr) + py,
where p; is the t-th absolute positional encoding. In contrast, we use a simplified relative
positional encoding;:
0,k 0, 0,
x§:t )= we(z1:4) + Ri—ro, and x; 7 = xf °) = we(z¢),
where positional information Ry 1o = (r1_¢,...,7_1,70) € R?*! and r_; represents the
positional information of the i-th previous token z;_; from the current one z;.

3.2 Associative memory

Associative memory plays an important role in analyzing the behavior of memory recall
at induction head in the next section. Before defining associative memory, we first adopt a
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technical assumption commonly used in theoretical studies on transformers, that is, that
embeddings are high-dimensional random vectors, allowing them to be nearly orthogonal.
Mathematically, we impose the following assumption.

Assumption 1 (Near-orthogonality (Huang et al., 2024; Li et al., 2024; Bietti et al., 2024)).
The embeddings (u;); are d-dimensional vectors with Gaussian entries, each having a unit norm
|lui|| = 1 and ul.Tu]- = 0 fori # j. Also, Wyu; forms a new vector that has a near-unit norm and

near-orthogonal to (u;); if Wo € R*¥ is a Gaussian random matrix with appropriate entries.

With the assumption, we define associative memory.

Definition 1 (Associative Memory). Suppose (u;); and (v;); are the embeddings satisfying
Assumption 1. Then, A matrix W is called associative memory if it can be expressed as a weighted
sum of outer products of u; and v;:

W =Y auf, ©)
ij

where w; ; € R is the score for the pair (u;, v;).

Thanks to orthogonality, we can derive the score a; ; for the pair (u;, v;) using the operation

uiTWv]-. Henceforth, we consider the weight matrices in the attention layer and the feed-
forward network of the transformer as matrices that implement associative memory.

3.3 Induction head

Induction heads are a specific type of attention mechanism observed in transformer models,
responsible for detecting patterns in token sequences and utilizing previous occurrences
of the same token to improve predictions. The behavior of induction heads is particularly
relevant for tasks that require understanding and leveraging repeated patterns, such as in
language modeling.

In Fig. 2, we summarize the process by which the induction head identifies and outputs
repetitive patterns in the input. When the prompt ABC ... Ais given, the first-layer attention,
which is called previous token head, copies information from the previous token to the
current token. Consequently, the token B retains the information of A in the form of ¥4 A.
Then, in the second-layer attention, the associative memory W2 matches the pair ®1 A with
A, attending to the position of token B. As a result, the information of B is stored in the last
token A as W3 B. Finally, the output matrix W3 transforms W3 B into Wy;(B), producing an
output that follows the repetitive pattern.

3.4 Bigram model with triggered transitions

This section describes the bigram model with triggered tokens used in Bietti et al. (2024).

In this bigram language model over a vocabulary of size V, we sample trigger tokens gy from
a distribution 77, and output tokens oy from 77, each time we generate a training sequence.
Output tokens always follow their corresponding trigger tokens in the generated sequences.

{ﬂb(j [1) ifi & {qr},
Hj=oc} ifi= gy

Motivation for the model In written texts centered on a particular theme, it is common
for identical patterns of tokens to recur multiple times. For instance, in texts about Harry
Potter or machine learning, the token "Avada" is often followed by "Kedavra," and "neural”
is typically followed by "network." The induction head is a computational mechanism
capable of detecting repeated patterns in context and facilitating the output of the tokens
that complete these patterns when a trigger token appears.
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The next token following a given token z is determined by conditional probabilities in a
pure bigram model. As a result, bigram sequences often lack consistent repeated patterns,
which prevents the induction head from emerging. In contrast, pairs of trigger and output
tokens in a sequence enable two-layer transformers to learn a circuit that leverages repeated
patterns, rather than relying solely on bigram conditionals.

4 Theoretical result

We analyze two key aspects of induction heads: the impact of positional encoding on
the neglect of patterns in a sequence, and the contributions of in-context information and
pretrained knowledge during inference.

4.1 Neglect of in-context patterns

In this section, we address the theoretical aspects of overlooking patterns in a sequence by
the induction head mechanism. We argue that the learning of the previous token head fails
for transformers with APE, and thus, the model cannot take patterns in the latter half of a
sequence into account for the prediction. Mathematically, we observe the representation of
the weight matrix W} when weight matrices are sequentially trained, in the order of W3,

W2, and W}, through one step of gradient descent. We refer to Theorem 3 from Bietti et al.
(2024):

Theorem 1 (Theorem 3, Bietti et al. (2024)). For any t > 1, the learned matrix achieves the
following associative memory:

- NT — 1
Pk~ =D ey -0 (1-1) +o ()}, ©

where p; is the absolute positional encoding for token position ¢, «, &’ € R are constants,
and IP(t; = t — 1) denote the probability that the first trigger token appears at position t — 1,

From Eq. 6, we can see that the score for the pair of p;_; and p; is inversely proportional to
t. Therefore, as t increases — meaning as we move toward the latter part of the sequence —
the function of the associative memory diminishes.

In contrast, we prove that transformers employing RPE consistently direct the previous
token head to attend to the preceding token, regardless of the input sequence length. We
calculate how the transformer’s weight matrices are represented by following the same
learning procedure as when using a transformer with APE. We again present the training
outcome of the matrix W as associative memory, which is the key component for the
previous token head. We provide the complete statement and proof in Appendix E.

Theorem 2 (informal). Under the setup described in Sec. E.2, a two-layer attention-only trans-
former with relative positional encoding learns the associations by one step of gradient descent for
any vocabulary v € V:

T 1 o I P(tq:t—l). naa! & Pty =t) 1 1
rL Wrwe(v) = T t; . O(1)+ T t; 7 Olv)+Ool7 )

where ) € R is the learning rate, a, &' € R are constants, t, and T are the first and second occurrence
positions of trigger token, and V is the size of the vocabulary set V.

Theorem 2 suggests that the association between r_; and wg(v) is independent of both the
vocabulary v and the token position ¢. Therefore, regardless of the input sequence length,
the previous token head will always attend to previous tokens with consistent strength.

Remark 1. A transformer using RPE learns to attend to the previous token regardless of its position
within the sequence. However, if the input sequence contains out-of-distribution tokens, the induction
head mechanism does not activate. In such cases, only a transformer with APE can effectively attend
to the previous token.
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We have seen that positional encodings have a significant effect on the induction head’s
ability to generalize to longer sequences, as shown in the comparison between APE and
RPE.

In the context of length generalization in transformers, models without positional encodings
(NOPE) are often discussed (Kazemnejad et al., 2024; Wang et al., 2024). To deepen our
understanding of NoPE settings, we show that a three-layer transformer without positional
encoding can implement the induction head mechanism.

Proposition 1. A construction exists for a three-layer transformer without positional encoding that
successfully achieves the induction head mechanism.

4.2 Global knowledge v.s. in-context knowledge

Here, we discuss how a two-layer transformer uses statistical information obtained from
the training data and the information provided in-context by calculating the logits.

Associative memory construction achieving induction head We first introduce the fol-
lowing lemma, which states that the induction head mechanism is achievable by setting the
appropriate weights for the matrices in a two-layer transformer with APE.

Lemma 1 (Bietti et al. (2024)). Define Q as the support of 7t5. The induction head can be achieved
by constructing matrices in the following manner.

T
WH=Wi =1 Wg=Y pp/ 4,
t=2

|4
W = k%wE(k)(W(l)W},wE(k))T, W3 = leu(v)(W%wE(v))T,

where I is the identity matrix, and the matrices Wi, W‘l,, and Wé are a Gaussian random matrix.

It is straightforward to prove that a two-layer transformer with RPE also has associative
memory construction that achieves induction head by modifying Wi = Yyeq wg (k)r’;.
Now, using the transformer with RPE architecture, we define an associative memory
transformer : a model that incorporates an induction head and a feed-forward network
storing knowledge learned through pretraining.

Definition 2 (associative memory transformer). A two-layer transformer with RPE is called
associative memory transformer if its weight matrices are set as in Lemma 1 except for

wg(v1)
| T we(v2)
Wi =) we(k)rly,  Wi= : ,
keQ .
we(oy) "
14 v v
W, = (Z log 7ty (u | v1)wy (u) Y log mmy(u | vp)wy(u) ... ) log my(u | vv)wu(u)> ,
u=1 u=1 u=1

This construction reveals that the feed-forward layer in Eq. 3 of Sec. 3.1 functions explicitly
as a key-value memory (Geva et al., 2021). Each row of W; (key) acts as a detector for an
input pattern wg(v), and each column of W, (value) encodes global knowledge, i.e., the
distribution 71, over the output vocabulary. Appendix D discusses the difference from the
architecture of Bietti et al. (2024). Note that when the probability 7, (u | v) approaches +0,
its logarithm log 77, (1 | v) diverges to —oo. If we admit log 77, (1 | v) = —oo0, the transformer
never outputs u regardless of context. This does not align with the actual behavior of the
induction head. Also, due to the limitations of floating-point representation in computers, it
is not possible to represent oo directly. Thus, we consider € as threshold and set 77, (1 | v) = €.
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Associative memory transformer on limited input sequences. We present the following
proposition, which focuses on two token patterns in the input sequence.

Proposition 2. Suppose a two-layer transformer is an associative memory transformer. Given a
length-T sequence z1.T where the last token is zr = q, let the t1-th token be z;, = vy following
zy,—1 = q, and let the to-th token be z;, = v, following z;, 1 = q, where vy # vy and (3 <)t < tp
without loss of generality. Also assume that there exists only one occurrence for each of v and vy in
the context zy.1. Then, the logits ¢y, and Gy, can be expressed as follows:

e 1+e
ehite1 fyfe—T

e
Go = —— +logmy(v1[4q),  Go, = —— +logmy(va ] q), @)

where Z is the normalization factor of the softmax function and e is Euler’s number.

We can observe a general trend from Egs. 7. First, if the model contains global knowledge of
both tokens v; and v, the output token is influenced by the knowledge, in addition to the
in-context knowledge. In particular, the logits of tokens that rarely appear in the training
dataset become significantly low. In our associative memory transformer model, global
knowledge never promotes the output of any specific token; rather, it solely suppresses
inappropriate predictions, because we always have log 77,(- | ) < 0. Second, if token
patterns, such as g v; and g vy, do not appear in the training data, global knowledge affects
the token logits to the same extent, due to the way Wr is defined using the threshold € in
Def. 2.

It is worth noting that an associative memory transformer exhibits a significant difference
in scale when handling global knowledge and in-context knowledge. For instance, if
(v | gq) = 0.1, then log 7t (v | ) ~ —2.3. Even with the functionality of an induction
head, it is unlikely to predict the token patterns from the context. This is avoidable by
reformulating W3 as in Def. 3 and adjusting the strength of induction head. We consider
this setting in the next paragraph, along with more general input sequences.

If neither token appears during training, the difference between the two logits before
applying the softmax function o, 1s calculated as follows:

Céz—é'vlze(tl ) +h+e—1 ®
(tl +8*1)(t2+671)

The result implies that the token v, is more likely to be generated if ¢; is large and the

distance between the tokens v1 and vy, i.e., tp — t1 is small. This trend arises from the first

layer of the attention block, where the attention is not fully concentrated on the previous

token, resulting in a diffusion of attention across other tokens as well. In other words, the

more tokens that precede the current token, the lower the attention score assigned to the
current token.

Z}z_

Stronger associative memory on general input sequences. Next, we introduce a more
sophisticated analysis of in-context and global knowledge by relaxing assumptions in the
sequence z1.7. The transformer considered here has associative memory with larger scores,
characterized by a weighted sum of the individual terms of the weight matrices in Sec. 3.3,
where each term is scaled by an appropriate coefficient. We consider a special case in which
each term has the same coefficient 79, 7, 73 € R.

Definition 3 (stronger associative memory transformer). We redefine the following matrices
WL, W2 and W3 in Def. 2 for a stronger associative memory transformer

Wi =Wy, W2=1nW2, W3=mxW3, )

with the parameters 11, 7o, T3 € R4.. The other weight matrices remain the same.

Proposition 3. Suppose a two-layer transformer is a stronger associative memory transformer.
Given a length-T sequence zq.7 where the last token is zr = g, let f(v) be the number of token
pattern "qv"” appearing in the sequence for vocabulary v € V. For sufficiently large T and 1y, the
logits ¢, can be expressed as follows:

colog (v [ 0)+ J(‘(Zv’t ;EB " 11{{11 ZZ}} (10)

7
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05 B1 and B2 Prediction and Global Prediction Ratios
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(a) Even when trained with sequences of length 256, (b) Ratio of predicting By and B, given the
the attention block in the first layer of TFapg fails prompt"ABy,..., ABy,ABy,..., ABy, A".
to attend to the previous token at positions t > 128, The transformer shows an increasing ten-

while TFrpg attends to previous tokens regardless dency to complete the context with B; as the
of the positions. frequency of token pattern A B; in the context
grows.

Figure 1: (a) Comparison of a two-layer transformer with APE (Thm. 1) and RPE (Thm. 2)
capturing previous token information. (b) Output behavior as the frequency of the token
pattern A Bj increases in the input sequence (Prop. 3).

It can be observed that the transformer equipped with a general associative memory is
affected by the proportions of each token pattern present in the context as well as by the
global knowledge. In this case, it can be concluded that the information regarding the
positions where token patterns are observed does not influence the final logit. We can easily
derive the following properties.

Corollary 1. Given a length-T sequence zy.7 where the last token is zr = q and the only token
patterns q vy and q vy appear f(v1) and f(vy) times, respectively. The transformer outputs one of
the following: arg max, 1y, o,} 7 (v | q), 01, 07 V2.

For vocabulary v # v1, vy, the logit {; is determined only by log 77, (v | g) and this means
that the candidate for the next token is arg max,y\ 15, 1,1 7T (v | g). On the other hand, The

logits for v; and v, have the other term in Prop. 3, which makes them other candidates for
the next token. Overall, Corollary 1 states that the model output depends on the bigram
conditionals 71, (- | ) and the frequency of token patterns qv; and gv; in the context.

5 Experiments

This section empirically examines how positional encoding affects the transformer’s abil-
ity to capture patterns in input sequences, as discussed in Thm. 1 and 2, and how the
transformer’s output changes depending on the proportion of pattern occurrences within
the context, as stated in Prop. 3. Henceforth, we denote by TF,pe and TF;pe two-layer
transformer with APE, RPE.

5.1 Neglect of in-context knowledge

Training process of previous token head We investigated whether the training of trans-
formers directs attention towards the previous token in the first attention layer. Specifically,
TF;pe and TFape were trained using sequences of length 256 generated according to the
sequence generation rule. Details regarding the hyperparameters and sequence generation
process are provided in Appendix G.
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For evaluation of the learned associative memory }(; jcm uinT, we employed the memory
recall metric (Dar et al., 2023; Geva et al., 2023; Bietti et al., 2024):
1
R(W) = T ) 1{argmax uiTij =i}
” ” (i,j)EM i

For TF;pe, we want each vocabulary wg (k) to be paired with the information of the previous
position r_1. Hence, R(W}) is computed as

1
el ) l{arg.maxr;,rWIl(wE(k) = -1}
keQ i

Similarly, we have for TF,pe

1T
T Y 1{argmax p, Wgp: =t — 1},
=2 ¥

where T is the maximum input length for the transformer.

In the RPE setting, the metric quantifies the amount of vocabulary tokens that are more
strongly associated with the relative position embedding r_; than any other position em-
bedding in the learned associative memory. We can find in Fig. 1a that the recall approaches
1.0 as training progresses. This indicates that nearly all vocabulary items are successfully
paired with r_, confirming the effectiveness of RPE for associative memory formation. In
contrast, for APE, we observe that memory recall is substantially higher for positions t <
128 compared to the full positions, even though they are trained with sequences of length
256. This supports our theoretical claim that it is harder to embed the relationship between
pt and p;_ into associative memory when t is large, due to the diminishing alignment
between position embeddings at distant positions.

Discussion One of the worst-case scenarios for TFape occurs when a trigger token does
not appear by chance in the range t < 128 and only appears for the first time at t >
128. Although such a sequence is contrived, its probability of occurrence is non-zero.
For such sequences, models with an incomplete previous token head fail to associate the
trigger token’s information with the output token, resulting in incorrect predictions without
leveraging in-context information. In contrast, TF;pe, which links words to their relative
positions, ensures that the in-context information is not overlooked, regardless of where the
trigger token first appears, thereby enabling correct predictions.

5.2 Global knowledge v.s. in-context knowledge

To validate the results derived from the theory, we conducted experiments using real data.

Analogical reasoning task We utilize the analogical reasoning task, one of the most
practical tasks for bigram analysis. Specifically, we focus on the "capital-world" analogy
type of questions from the Google Analogy Dataset (Mikolov et al., 2013), which contains
a total of 19,544 questions. This subset includes 232 unique vocabulary items. Denoting a
word A (e.g., Tokyo) and its corresponding analogy counterpart A* (e.g., Japan), the prompts
were constructed in the form A A*, BB*, CC*, ..., with pairs separated by commas. Using
these generated prompts, we trained TF,p.. For details on the training and dataset setup,
please refer to Appendix G.

Collision of context information As shown in Corollary 1, the model predicts either a
token based on global knowledge or the token that appears in the context. To confirm this,
we randomly sampled A from the capitals in the Google Analogy Dataset and constructed
prompts using word pairs A By and A B, that were not learned as global knowledge. The
resulting prompts were of the form AB;,..., AB;, AB,,..., ABy, A, which were then
used for predicting the next token. We generated 1,000 prompts and calculated the propor-
tion of cases where either B; or B, was predicted, while controlling the frequency of A By
and A B, in the context.
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The result is shown in Fig. 1b. As the number of token pattern A B; increases, the model
predicts B; as the next token more frequently. Furthermore, it can be observed that the
prediction trend reverses when the frequency of By and B, in the context is nearly equal.
Additionally, we observe from global ratio that the model predicted some vocabulary B
from global knowledge. Especially, the figure illustrates that it is more likely to output
global knowledge when the number of By and B, are the same, or when the number of By
or By is almost maximum. Please refer to Appendix H.2 for further discussion on these
phenomena.

6 Conclusion

We analyzed the influence of interaction between global bigram and in-context knowledge
to the two-layer transformer through the lens of associative memory. We theoretically
and empirically verified that relative positional encoding empowers transformers with the
ability to capture information in longer sequences, and that how the next token prediction
is conducted within the transformer that was trained to store global knowledge and to have
induction head.
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Figure 2: The visualization of induction head mechanism. The first attention layer copies
the previous token information. Then, the current token matches the copied information to
find the probable next token.

A Limitations

Our study has certain limitations that should be acknowledged. First, the analysis presented
in this work is conducted using a two-layer transformer model. While this allows for a
controlled and interpretable exploration of the underlying mechanisms, the findings may
not directly generalize to LLMs, which typically involve significantly more layers and
complex interactions.

Second, while our focus on induction heads provides valuable insights into ICL, it is
important to note that ICL leverages additional computational circuits beyond induction
heads. As such, our explanation captures only part of the broader mechanisms underlying
ICL, leaving room for further investigation into other contributing factors.

B Ethics statement

This work is purely theoretical, supported by controlled experiments designed to validate
the proposed analyses. No personal or sensitive data were involved at any stage of this re-
search. All experiments were conducted using datasets that are publicly available, ensuring
compliance with ethical standards for data usage.

C Additional related work

In-context learning and induction head Bayesian inference is also a popular perspective
for comprehending ICL. Xie et al. (2022) and Wies et al. (2024) investigated how a pretrained
transformer implicitly discovers the underlying concept or latent task of a prompt by
leveraging a mixture of distributions. An alternative line of work (Zhang et al., 2023) relates
the Bayesian model averaging to the attention mechanism. Wang et al. (2023b) studies how
information is aggregated to label words in ICL. In terms of two-layer transformer, Chen et al.
(2024b) studied ICL on n-gram Markov chain, proving that gradient flow optimization under
the cross-entropy loss leads to a model that exhibits a generalized induction head mechanism.
Edelman et al. (2024) showed two-layer attention-only transformers learn induction heads
that estimate the next token’s conditional probability based on prior occurrences, enabling
near Bayes-optimal performance. Similarly, Nichani et al. (2024) showed that two-layer
transformers learn causal structure via gradient descent, suggesting that induction head is
a special case of this structure. Ren et al. (2024) discovered a more generalized version of
induction heads, which are referred to as semantic induction heads.
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Length generalization and positional encoding Although we point out the neglect of
in-context information by a transformer with APE, this can be considered as the failure of
length generalization. Since the introduction of the Transformer architecture (Vaswani, 2017),
there has been a wealth of research on positional encoding (Zhao et al., 2024). Originally,
Vaswani (2017) adopted sinusoidal positional encoding that transforms the tokens” absolute
positions. Subsequently, Kiyono et al. (2021) and Likhomanenko et al. (2021) proposed
shifting absolute sinusoidal positional encoding during training to achieve shift invariance.
Wang et al. (2020) extends word embedding as continuous functions with respect to token
position, leading to smooth word representations. Meanwhile, it is demonstrated that RPE
is superior to APE for longer sequence generalization in various tasks (Neishi & Yoshinaga,
2019; Likhomanenko et al., 2021; Huang et al., 2020; Jelassi et al., 2023). Additionally, Sinha
et al. (2022) questioned whether models can learn the relative distance between words
when equipped with APE. The first RPE was formulated by Shaw et al. (2018), where a
trainable encoding is added to the key before computing the dot product with the query.
The transformer in our work also adopts this type of positional encoding, while we fix the
positional encodings to randomly initialized vectors. A variety of different RPE methods
were presented (Huang et al., 2020; Ke et al., 2021) until now, but DeBERTa (He et al., 2021),
ROPE (Su et al., 2024), T5-Bias (Raffel et al., 2020), and ALiBi (Press et al., 2021) are the
most popular choices. Ruoss et al. (2023) suggested that randomizing absolute and relative
positional encoding enhance the model’s ability to generalize to input sequences of lengths
not encountered during training, but they used the encoder-ony Transformer, which is
different from ours.

Short summary of Bietti et al. (2024) The remarkable success of LLMs has increased the
need for a deeper understanding of their internal mechanisms and for enhancing their
reliability. Existing studies lack detailed insights into how reasoning abilities evolve during
the learning process based on contextual information. Bietti et al. (2024) explored the
dynamics of balancing in-context knowledge and global knowledge through a bigram
model, analyzing the development of these abilities as part of the training dynamics. They
conceptualized the weight matrices of transformers as associative memory and theoretically
demonstrated that the induction head mechanism can be trained by proposing the storage
of specific embedding pairs from training data. In their experiments, they trained a two-
layer transformer on a bigram model estimated from the tiny Shakespeare dataset. The
proximity of each weight matrix to the theoretically derived weights was measured using a
memory recall probe. They analyzed how these weights changed over the course of training.
Although this work is the most relevant to our research, we note that while they primarily
focus on the learning dynamics of induction heads in a two-layer transformer, our primary
empbhasis lies on length generalization and the reasoning process.

D MLP as a key-value memory

Geva et al. (2021) discovered that the feed-forward layers in transformer-based language
models function as key-value memory. In a transformer, the feed-forward layer is typically
computed as

F(x) = Wz(ReLU(Wlx)),

where x € R? is the input vector, and W; € R%*?, W, € R%*%_ According to Geva et al.
(2021), the rows of W (keys) serve to detect specific patterns in the input sequence, while
the columns of W, (values) have been shown to represent distributions over the output
vocabulary.

Bietti et al. (2024) uses a transformer architecture that uses a linear projection Wr instead of
an MLP layer.

We = Y Y log mylu | o) (0w (o)

v=1u=1
Due to the near-orthogonality of the embedding vectors, this projection maps an input
x = we(v) to the output Y-V, log 7t (u | v)wy (u). This enables the matrix Wr to function
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as an associative memory that stores the pairs of an embedding vector and corresponding
global knowledge.

Now, suppose we construct the matrices Wy and W; as follows:

wE(Ul)I

Wy = wE(?Z) , (11)
wg (oy) T
v v v

W, = <;10g 7ty (u | v1)wy (u) gllog oy (u | v2)wy (u) - - - gllog 7ty (u | vv)wu(u)> ,

(12)

Each row of Wj acts as a detector for an input pattern wg(v), such that only the correspond-
ing entry is activated when wg(v;) is provided as input. Each row of W, in turn, encodes
global knowledge, i.e., the distribution 71, over the output vocabulary conditioned on the
corresponding input token.

We can easily find that the resulting computation matches exactly that of the linear projection
Wr under the near-orthgonality condition.

Therefore, this construction confirms that the feed-forward layer operates as a key-value
memory.

E Learning of ideal transformer

E.1 Notation table

We prepare tab. 2, which provides a concise summary of the notations used throughout the
appendices.

Symbol | Description

d Dimensionality of the positional encoding

1% Vocabulary set

14 Vocabulary size

we(z¢) | Embedding of token z;

Ts—t Relative positional encoding expressing the relation between s-th token and current one
o softmax function

D, product of two randomly initialized matrices W), and W},

tg Index of the first trigger token

to Index of the output token corresponding to the first trigger token, t, = t; + 1
T Index of the second trigger token, or the input length

[N] a set of natural number up to N, {1,2,..., N}

[ cross entropy loss function

7 learning rate

T constant, defined by Ey, [y, 1/1]
o constant, « =4 /VT

o constant, « = yt/VT

q a variable representing the trigger token

T a uniform distribution from which z; is sampled.

u a uniform distribution by which the trigger token is determined.

T, a uniform distribution by which the output token is determined.

T a uniform distribution from which z,.t is sampled conditioned on the previous token.

Table 2: Table of Notations
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E.2 Setup

Here we consider a simplified setting to analyze the influence of relative positional encoding
in the training dynamics of our two-layer attention only transformer. Specifically,

1. Input Sequence We consider an input sequence z;.7 € VT which has one trigger
token g appearing twice, and ends with the trigger token. In other words, let ¢,
be the first occurrence position. Then, we have z;, = zr = ¢. From the bigram
generation rule in Sec.3.4, Zt 41 and zr1 are the output token.

2. Probability Distribution Assumptions: The bigram is generated by uniform dis-

tributions over [V] for any index i, i.e., 71y, 7y, 7, and 71,(- | i) are uniformly
distributed.

3. Simplification of Loss Function: Consider the loss only for sequences of length T
where the final input token zt is the second occurrence of the trigger token, and the
label y is z1 1, the corresponding output token.

4. Simplification for Learning Focus: Our approach involves sequentially training
WP, WK, and WK from top to bottom. We employ zero-initialization and carry out
a single gradient descent step.

5. Initialization and Freezing: To achieve our goal of showing that W3, W2 and
W}, learn to be an associative memory, we zero-initialize the three matrices. For
other matrices such as W3, W}, and W}, are randomly initialized from Gaussian
distribution. We set Wé and Wé to identity matrix. All these matrices except for

W3, WZ and W} are freezed during the training process.

E.3 Theoretical analysis of learning

Theorem 3 (formal). Under the setup described in Sec. E.2, a two-layer attention only transformer
with relative positional encoding learns associations of the associative memory transformer, i.e., the
memories W3, W2 and W}, can be written as the sum of the terms that constitute the associative
memory transformer.

Wi =Y x(bwg(k)rly + (Wg), (13)
keQ
Wz = Y p(k)we (k) (WsWywe (k) T + (Wg), (14)
keQ
14
W5 =Y w(@)wy (o) Wywe (o))" + (W3), (15)
v=1

where X, : V — Rand w : N — IR denotes the learned score of each association, and
(W), (W2) and (W3)' are the other associations.

Proof. We will demonstrate that associative memory can be learned by performing one

gradient descent step in a top-down manner, starting with W3, followed by W2, and then
1

Wg.

Step1: Training of W3

We begin with the dynamics of W(%. The input to the second layer attention, xil), is composed

(1,0)

of the sum of the values from the first layer attention, x,”’, and the values from the residual

connection, x(l’l). Since W11< is initialized to zero, the attention of the first layer is evenly
distributed across all the tokens z7.; and we have

t
10 _ 1
xp = ?qu)le(Zs),
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where ®; = W W],. Additionally, the residual stream carries the token embedding:

xgl’l) = wg(z¢).

Since the matrix W2 is also zero-initialized, the value of the second layer attention can be

computed through
t
(2) 2 e

s=1

Now the logit prediction is given by Wu(Wéx(T) + x( )) with the residual connec-

tion. We note that when d is large, thanks to the near-orthogonality, Wux(Tl ) =
Wy (Zstl DPrwe(zs)/ T + wE(zT)) is negligible because x(Tl) does not contain wy;(v) for

any v € V. This enables us to use Lemma 2 and one gradient step with learning-rate 7 yields
T
pw(k | x) ( ]
wy (k x | =k - wy { !
Z T y= Z p(y=k T

zwu Ex® |y =k -EXP)T. (16)

This transformation comes from the assumption that every token is sampled from a uniform
distribution (p(y = k) = 1/V) and all the logits are 0 when Wé = O, 4, which means that
pwlk | x) =1/V.

Given that y = k, it holds that the first output token z;, = k. For z; (i # t,), the uniform
distribution can possibly generate any token, independently of the condition y = k. Since

we have
2 _ 1 L 2 1 ¢
Xy :fZWV wg(zt)—i—?Zd)le(zs) ,
t=1 s=1

the expression E [x(TZ) ly = k} —E {x(Tz )} leaves only the terms related to z;,. This yields

E {x(TZ) |y = k} — [x(T2)}

- %Wz (Elwe(zt,) | y = K] [wE(zt,)])
+% B[y w3l FPrwE(z,) |y = k]
t=t,
1 51
T E t:,‘l WV q)le(Zto) (17)
- %sz/(w}s(k) — E[wg(z,)]) + %sz/q’l(wb"(k) — E[wg(z,)]), (18)

where 7 := E [Zt t t} Since each token is generated from a uniform distribution, the

expected value of wg(z;,), conditioned on nothing, is given by:
E [wg(zt,)] = =7 ng

Combining eq. 16 and 17, the near-orthogonality of Gaussian vectors gives us

wu (k) TWEWwe (j) ~ =1k = ) + 0 (2= (19)
wu (k) WEWHPwg (j) ~ -1k = ) +0 (5= ) - (20)
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This is the same result as in the proof from Bietti et al. (2024). So far, the weight matrix W3
is trained to perform as an associative memory so that

wy (k) "TWAWEwE (z¢) ~ al{z; = k}, (21)
with a constant a = .
Step2: Training of W2
Since the training of Wé is finished, we have Eq. 19. When W} = W12< = Ojyx4, Lemma 4
demonstrates that the next token prediction is distributed among all tokens, which means

that p(v | x) = 1/V for any vocabulary v. According to Lemma 5, one step of gradient
descent yields

WE = 75 DE[wu(t) @2 - (1) —20) x ()T |y =K
k.t
_ Z]E[wu(k)chgxgl) . (xfl) — X(l)) X (x(Tl))T}, (22)

with x(1) = + YL, xfo).
We simplify our transformer architecture by setting xil’l) as the queries and values, and

xfl’o) as the keys. Furthermore, we add the condition that the trigger token z;, = j and
rewrite eq. 22. This conditioning leverages the fact that each token in z;, is sampled from a
uniform distribution. Now we have

U 1 11 10) (1, 11 :
wﬁ:mzN];]E[wuw)%zxi D (" = 2O )T |y = k2, = ]

k.t
N
U ¥ 1 S E[wy (k)T (11) (L0)  (1,0) (o (LD\T _
— e N u (k) @ox; 7 x (7 = ) (g ) | 2y =
TN &5 szl [ t t T q ]
where (10 = Ly T | xgl’o). Using the formula 21, we obtain
ap NN T 10)
W12< ~ TNZ Z 2 E Z {ze =k} x (x;77 — Jz(1'0))3‘715(ZT)T ly = kzi, =]
j=1k=1 |i=1
an NN T o ‘
— Y Y E| Ytz =k x (o) = 20w (en) T 2, =
j=lk=1 [t=1
N N
_ Y Y A jwe(j T
- k, wE(]) ’ (23)
TN? = o

where Ay ; is defined by

Ak,j =

T
Yo 1{z =k} x (2" = 200y |y =k 2, = j]
t=1

T
B [ Y 1z = K x (M) - 500) |z, — ],
t=1

The sum in Ay j can be partitioned into three distinct groups: (i) A i where ¢ is the index of

the output token; (ii) AZ i where t corresponds to the indices of the trigger tokens; and (iii)
AZ i’ which includes all other cases. Mathematically, let t, > 2 be a random variable, and
t; = to — 1, we write

0= [1{z, = k¥ —00) |y =k 2, =
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—E |1{z, = khx ) —x00) |z, = ],

AL=E | Y 1z =k - 200 |y =k 2, =
teTy

B [Z 1z = K} (x{"? — x00) | 2, =f] ’

teTy

A,r(,j = Z 1{z = k}(xfl'o) - x(l'o)) |y =k z, = ]]
teTy
~E| Y Uz =k —50) |z, = f] /
teT;

where Ty = {t;, T} and T, = {1 <i < T |i € N,i # to,i # tg,i # T}.

First, we will take a look at Ay . Note that E[1{z, = k} | y = kz, = j] = 1 and
E[1{z, =k} | zt, = j] = 1/N, so we find that

0 1 , _
Akj = (1 N N> B 3 =500y = K]

N—1_1[1 1841 ¢
= T]E r Z Cble(zs) T Z n Z chwE(Zs)]
0 5=1 t=1" s=1
N-1X .
= T . llk,j,l‘CDle(l), (24)

i=1
where ay ; ; is the coefficient of ®;wg (i) by calculating

1 to 1 T 1 t
E ? Z@lZUE(ZS) — T 2 ? Zq)le(ZS) .
051 —

t=1 " s=1

The analysis of ay,j,i is done by the work (Bietti et al., 2024):

1 N fo(F), ifi#)
N k; i 7~ {Q (g) , otherwise.

Thus, we have the following approximation:

(&N fo(R) i
(Prwe (i) (N];AM)N{Q(%), ifi = j. =

Similarly, we have AZ i = O (%) and A} i = O (%) based on the discussion in Bietti et al.

(2024). By combining these analysis with Eq. 25, we multiply (®wg (i) from left and
wE (j) from right to Eq. 23 and we establish that

(@rwr (i) Wewe (j) ~ 7o {0 (;) Hi=j}+0 (IE)} (26)

Step3: Training of W}
So far, the gradient descent step as to W3 and W2 gives them the ability to behave as an
associative memory:

wir(k) T WAWEwe(z;) = al{z; = k}, (27)

22



Published as a conference paper at COLM 2025

(®1we(z¢)) " Wiwg (z7) = «/1{z; = z7}. (28)

From Lemma 3, we admit that the model predicts the next token almost randomly;, i.e.,
p(v | x) = 1/V for any vocabulary v, when WY = O;,4. This enables us to employ Lemma 5
and W} after one gradient descent step gives the following:

Wi
N 1< T 1¢ T A2 T
=v Y E T Y wu(k) Powe (zt) 3 Y (Prwe(zs))  Wewe (z7)gsiwe(ze) | |y =k
k=1 =1 =1
n & 1 & 1¢ T A2 T
— v LE |7 2 wuk) @awe(z) - Y (@rwe(zs))  WEwe (21)qs e (21)
i=k t=1 s=1
Ui N T 1 &1 T1A2 T
v Y E (wu(k) q’zfl:T) T ) n Y (Prwe(zs)) ' Wiwe (z7)gswe(z¢) | |y =k
k=1 =1t
R TP v 114 T A2 T
+ V Z E (wu(k) Cszl;T) T Z ? Z(@le(ZS)) WKZUE (ZT)QS,th(Zt) P
k=1 =1t

with g5 = (ZUE(ZS) + Vs—t) (ZUE(21 t) + 71 tO) and ZUE(Zl t) H Zl 1 ZUE( ) Now, fix an
arbitrary vocabulary v € V. Given that

wU(k)Tq)sz (Zt) = al{zt = k}

and that
(Prwe(zs)) ' Wrwe(zr) = a'1{z; = z7},

which equals a’ when s = t; or s = T, we manipulate the expression:

Wi
7 |4 1 T
= V Z E T 2 al{zt = k} (1{tq < t}%, t+ 1{[’ = T}qT T)wE(zt) | y= k]
k=1 t=1
i |4 1 T T
-y Z E T 2 (Xl{Zt = k} (1{fq < f}th r+ 1{t = T}qT T)wg(zt) ]
= =
v -
- % ) E Z 1{z; = k} Z 1{fq < g+ 1{t = Tharr)we(z) ' |y = k}
k=1 t’ 1
+ % XV: E Z l{Zt = k} Z l{i’q < i’}th t+ l{f = T}qT T)wE(zt)T] .
k=1 t’ 1

With the near—orthogonality of the token embeddings, we write

ryzxzx

Wiwe (v Z Z (At — Bk — Cip + Dig)

/

17““ v / !/ / !/
+ 5 ) (A7 — Bry — Cry 4+ Dy (29)
VT =

where, we define each term as follows:
Ar =B [Uz = k}{ty < e, {z = 0} |y = k],
B = E [1{zt = K}1{t; < t}qs, 11{z: = 0},

1 T
Cix =E | = ) 1z = k}1{ty < t}qe i 1{z = v} |y = k] ,

T t'=1
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Dt,k - ]E

T
% Yo 1z = k}{ty < t}qe 1 1{z: = 0}1 ,

=1
Tx = E[{zr = k}qrr1{zr = v} |y = k],
BTy = E [1{zr = k}qr11{zr = v}],

1 T
T =E T Y Yz =k}qrrl{zr =0} |y = k] ,
t'=1
, 1 &
Dry=E|= Y. Yz =k}qrr1l{zr = v}|.
t'=1

We will further split these four terms based on relative positional encoding and token
embedding that are contained in g, +. For example, we decompose A,y into Afk and Af; by
defining

AR =E [l{zt — k}1{t, < £} (rtq,t - 1”1_t;0) Yz =0} |y= k] )

Ay =B [z = k§1{ty <t} (we(z,) — @ (z10) ) 1zt = 0} |y = K] .

(i) whenv =k
We begin with Afk:

Afk =E [l{zt = k}1{t; <t} (Ttrt - 7_'1—t:0) Yzt =vo} |y = k]

t
Y P(ty=s|y=kE [z =k} |y =k ty=5s] (rs—t — F1_t:0)
s=1

=P(tg=t—1)(r-1 —F1-r0) + 1{t = T}P(tg = t)(ro — F1-ro0)

T M e [ ey
se[t—2]u{t}
= _ 1
= P(fq =t— 1)(1’,1 — 1’1,1}:0) + 1{t = T}P(tq = t)(TO — r1,t:0) +0 (V) .

Here, we used Lemma 6 and 7 for the calculation of the expectation E[1{z; = k} | -].
Similarly, we will examine Bfk, CFk and ka as well.

BR = [1{zt = kJ1{t, < t} (rtq,t - fHO) 1z = v}}

Y Pty = $JE[{z = K} |ty = 5] (res — F1_s0)
s=1

P(t, =s

-

s=1
1
-o(v)
For the term ka, we make use of Lemma 8 and 9.
Cie

=E

1 T
= t;l 1{zy = k}1{t, < t} (nq_t - fHO) Yz =0} |y= k]

I
Sl =
Mw

P<tq =5)(rs—t —F1_10)E

T
<Z 1{zy :k}> Hz =0} [y =kt :s]

s=1 =1
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- w(hl — F1-t0) {(1 +1{t=T})+ L 3€/.i{1t . T}}

= t—2 —_
+ %Tt)(”o —Fi_t0) + S; P(LTS)O (3/)
= % {P(tq =t— 1) (1 +1{t = T}) (1’71 — 1_’1,1};0) +2P(tq = t) (ro — 17171‘:0) +0 (3/) } )

As for ka, the condition y = k does not exist, and z; follows a uniform distribution.
Therefore, we obtain

1 T
DEk =E T Z {zy = k}1{t; <t} (7’tq—t - 71—t:o) 1{z = U}]
t'=1
L P(ty = I
== Z 7( qT S) (Tsft — 7_’1—t:0>1E Z l{Zt/ = k}l{Zt = U} | y= k, tq = S‘|
s=1 =1

o(3)

Next, we will examine A7, Bf,, C;, and D7, in this order. Using lemma 10 and 11, we
obtain.

A =E [l{zt = k}1{ty < t}(xy, — X)) Yz = 0} |y = k}

—E [l{zt — K}1{t; < }xy, |y = k} —E [1{z; = k}1{t, < t}x1, | y = k]
=P(ty; =t —1)1{t = T}wg(k) + P(t; = t)1{t = T — 1})wg (k)
P(ty=t—1)

- = (= Thwe (k) - He=7- 1t}>P(tq =Y k) + 0 <1> .

We also get
b= Uz = k1{ty < 1} (xi, — #1)1{z = 0}

= E [1{z = kK}1{ty < thxi,| — B [1{ze = K}1{ty < t}514]
= P(Zt = k)]E[l{tq < t}xtq ‘ Zy = k] — P(Zt = k)]E [1{tq < t}xlzt ‘ Zy = k}

o(3)

Now we move to Cf,. From lemma 12 and 13, it follows that

: —F % <ZT: 1z = k}) 1{t, < th(xs, — Tz = 0} |y = k]
=1
_E % <i 1{zy = k}) 1{t, < thx, 1z =k} |y = k]
=1
—E % <i l{Zt/ = k}) l{tq < t}f1:t1{2t = k} | y= k]
t'=1
= we (k) {Zp(tq_Tt_l)l{t =T}+ M:r:t)l{t =T-1}
Pl =t-1)41{t=T}+1{t £T} P(t, —t)2~1{t—T—1}}
T t T t
1 1
+2°0 (V> .
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For Df,, we have

zZ
t,k_]E

T
% <Z l{Zt/ = k}) 1{tq < t}(xtq — .flzt)l{zt = ZJ}‘|

=1

1 T
T (Z 1{Zt’ = k}) 1{tq < t}(xtq — xl:t) | Zy = ZJ]

t'=1

1
“o(v)
because of the term 1{z; = v} under no condition. So far, we have calculated A;j, By, Cy x
and D for v = k. Now, we turn our attention to v # k.
(ii) when v # k
In this case, it is guaranteed that 1{z; = k} # 1{z; = v}, and thus, we have A;; = By} =
0. We only need to examine C;; and D; ;. We use the fact that the token z; has to be

sampled uniformly from a potentially reduced vocabulary space with some words excluded
depending on the position of ¢, we obtain

Ct,k - ]E

1T
7 Y Yz = k}1{ty < t}gr {z =0} |y = k]

t'=1

=P(zt=v|y=kE
-o(3)

T
% (2 1{Ztl = k}) 1{tq < t}(xtq — fl:t)l{zt = U}]

=1

1T
7 Z 1{z} = k}1{t; < e |y =k zt = v]
=1

and

Dt,k - ]E

=P(zt=v|y=kE

o(3)

So far, we have seen the content of Ay, B, x, C; x and D, ;. Now, we will shift our focus to
A%y, By, Clpy and DY . We recall that

% (i {zp = k}> 1ty < thqe,  1{ze = v}]

=1

st = (wE (Zs) + rsft) - (wE(let) + 771—t:0)~
By substituting s = T and t = T, we have
qar,r = (welzr) +ro) — (@We(z1:1) +F1-T0)-

Also, 1{z7 = v} implies that the trigger token is v. we use Lemma 14 and obtain the
following:

Aty =E[{zr = k}qr,r1{zr = v} |y = K]

_ JP(tg=T 1) (ro = 71-10) + P(ty = T = 1) I2wg (k) + O (%) ifo =k,
0 otherwise.

Similarly to the argument of B; ; and D, the trigger token is chosen uniformly, and thus,
we have P(zp = v) = L. This gives

Tx = E [W{zr = k}qr,11{zr = v}]
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_ {0(3,) if o =k,

0 otherwise,
and
DIT,k = 2 1{Zt’ = k}qT TI{ZT U}‘|
t’ 1
o (%) ifo =k,
0 otherwise,

Finally, according to Lemma 15, it is established that

!

= Z Yzy = kyqrrl{zr = v} |y =k

t’ 1
2P(ty=T-1 ] 2P(ty=T-1 .
_ {(qr)(fo—ﬁT:o)Jr(qr)Tz E(k)JF%'O(%) ifo=k

%O ( % ) otherwise.

To sum up, we get the following associative memory behaviors by examining Eq. 29. We
point out that 71 _;.g also contains r_; and ry.

(o) = ey PO (L= (1)

t=1

an! L P(t; =t
_’7T Y (qtz )<1{t—T}—72,>

t=1

17twc Z tq— -1) (1_;)/

and

os(o) = 5 2= (e -y - 1) (1)

t=1

nao! L Pty =t—1) 1+1{t=T}
L ' 2 (1_ T )

t=1
mm _ 2
Z P(ty=T—1) <1 T) .
Also, for any j € V, we have
. 1
we ) Wiwe(0) =0 (5, ).
The proof is finished. O

F Other lemmas and proofs

Lemma 2 (Lemma 2, Bietti et al. (2024)). Given a data distribution p over pairs (x,y) € R? x [V]
and a fixed matrix Wy € R¥*?, minimizing the loss L(W) = E (1 y)~p [€ (y, WuWx)] gives the
following gradient:

|4
VwL(W) = Z p(y = v)wy(v)(flo — .”v)Tr

where yy = E[x | y = v] and fi, = Ey x|, and pw (v | x) is the probability of generating v.
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Lemma 3. Consider a two-layer attention only transformer that meets the initialization condition
in Sec. E.2, and the input sequence of length T ends with the trigger token zt = q at its second

occurrence. Even after the gradient descent step of W3 and W%, the prediction p(v | z.r) = 1/V
foranyv e V.

Proof. From the way the transformer is initialized, we have W}< = Ojxg4- Therefore, the
output of the first attention block for any ¢ is:

1 t
x£1) = wg(zt) + n Y Prwg(zs).
s=1

In the second layer, the key matrix is trained such that (®wg (z:)) " W2wg (z1) = a/1{z; =
zr}. Thus, we have
(we(z1) + Prwe(z1)) .
(we(z2) + X2, 210
o (DT W) TWEY) = o : ;
(wE<ZT ]) + ZT 1 chwEgzz))
/
(we(zr) + £, )
x (Z (<I>1wg(k))wg(k)T> Ix(Tl))
keQ
(we(z1) + Prwe(z1)) ' .
(we(z2) + 22y 25
=0 : . D we(q)
(o) + £1 2
A
(we() + ‘I’lw“”)
0

0
o1 [ V(-1
TV 1/t

1/(T - 1)
1/T

When V is large enough, the attention is spread across the whole sequence evenly, and we
obtain

1 T
P~ L WEW2x) 4 (30)
t=1
1 & 1¢ 1 &
=7 Y WEWy <wE(Zt) t7 Y q)le(Zs)) + wg(zr) + T Y Prwe(zs)
t=1 s=1 s=1

14
:wu f Z;WU(ZQI
=
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where we focus on the terms represented by wy;(v) for vocabulary v by =,,. Taking the
expectation over z;.7 while keeping the trigger token zr = z; _; = g fixed yields

v
2
Elx”] =wy Y B [xf [9=]]
j=1
Vv
x T2 .
== Y 1 Y wu(v) + 2wy (j)
=1 1<o<V
o]
The coefficients of wy;(v) are the same for any v € V and this concludes the proof. O

Lemma 4. Consider a two-layer attention only transformer that meets the initialization condition
in Sec. E.2, and the input sequence of length T ends with the trigger token zp = q at its second

occurrence. After the gradient descent step of W3, the prediction p(v | z1.r) = 1/V foranyv € V.
Proof. Since W2 = Oy, it is guaranteed that we have Eq. 30 as an equation. Thus, the
result follows directly from Lemma 3. O
Lemma 5. Suppose the loss function is given by

L(W) = Ex,)[(y, ¢(X))]

Z(X) = Wu®:Xa(Z(W) T Waxr),

where Z(W) = (z0(W),...,zr(W)) with z;(W) = Y!_; ®1x50((x14 + Ri_t0) | Wxy)s, and
g(urr)e = 7+(14+up — % ZST:1 us) is the linearization of the softmax function around 0. Then the
= 0 has the following form.

N T t
1 . 1 .
VwL(W) =) _E T ZWU(l)TQDth; Y (P1xs) ' WRxrqesx/ |y = 1]
=

t=1 s=1
N 1L NT 1¢ T a2 T
-) E T Y wy(i) Doxt Y (Drxs) F WRxrqs x;
i1 t=1 s=1
al T Ly 1y T2 T '
— Y E |wy(i) P27 Y n Y (®rx) ' Wiarqesx, |y =i
i1 | =112

N
+ Y E |wy (i) @axrr

Sy
1=
| =
Mw

Il
-
-
I
—_
v
I
—

(cplxs)TW%(xT%,txtT] ,
where st = (xs + rs—f) - (xlzt - flft:O) and X1 = %Zgzl Xs-

Proof. The result is obtained by replacing p;, with (x1.4 + Rl,t;o)—r and p; with x; in z; from
the proof of Lemma 5 from Bietti et al. (2024). O

It is worth noting that x; = xi(o) = wg(z;) and that if we directly follows the transformer
architecture the vector in the linearized version of softmax & should be Z' (W) T Wpz/.(W),
where Z' (W) = (zy(W),...,z5(W)) with z;(W) = x; + YL, @1xs0((x14 + Ri_t0) | Wxy)s.
Since W2 is learned so that it only cares the ordered pair of @ wg(z;) and wg(z¢), the loss
function is simplified and ignores the other terms. This also applies to {(X), where

&(X) = Wy®,Z'5(Z' (W) T Wazly)

is the authentic form of the output. Since we know W3 (and therefore ®,) is already trained,
we can simplify the expression.
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E1 Supporting lemmas

This section provides useful lemmas to show the learning of matrices, especially for W}..

Lemma 6. Given a sequence zq.7 that satisfies Sec. E.2. For any t € [1,T|, and any vocabulary
k €V, we have

E[1{z; =k} |[y=kt; =t—-1] =1.
Proof. Since the trigger token is z¢, = z;_1, the next token z; is the output token. The
condition y = k gives us z; = k. Therefore, 1{z; = k} = 1 and the equation holds. O

Lemma 7. Given a sequence zq.7 that satisfies Sec. E.2. Fix some t € [1,T] C IN. For any
s € [1,t — 2] U {t}, and vocabulary k € V, we have

1 ifs=tandt=T—1,
E[l{z; =k} |y =k t; =s] = ﬁ ifs<t—2andt#T, (31)
0 otherwise,

Proof. First, consider the case s = t. Under the condition t; = s, we have t; = s = t, and
thus, z; is the trigger token. The only possible case allowing the same token for trigger and
output is when t; = T — 1. This yields zr_1 = zr = k because zt not only works as trigger,
but also output. Therefore, when s = ¢, we have

1 ift=T-1,

2
0 otherwise. (32)

]E[l{zt_k}|y—k,tq—s]—{

Next, we focus on s < t — 2. Suppose we are given t = T. The token z; is then the second
trigger token, and 1{z; = k} = 1 implies that z;, = k. However, since the first trigger

position is t; = s < t — 2 and the output token is also y = k, zr(= k) cannot be the second
trigger occurrence. Hence, it suffices to consider t # T. We now haves <t—-2 < T —2.
Assuming z;, = k will also lead to contradiction because the trigger token k appears more

than twice at positions s, s + 1 and T. With this in mind, we obtain
El{z; =k} |[y=kt; =s]=P(zi =k |y =k t; =s)
= Y Pli=kz,=ql")

qeV\{k}
= Y Pi=k|zt,=q)P(z, =q]")
qeV\{k}
_ 1 1
eV K} V-1V -1
1

Here we use P(z¢, = q | y = k,t; = s) = 1/(V — 1) because the trigger token is uniformly
sampled from V' \ {k}. Also, we have P(z; =k | y =k, t; = 5,21, = q) = 1/(V — 1) because
zt for t # T is neither the trigger token nor the output token, and thus, sampled from
V \ {q}. These give us the following when s < t — 2:

1 .
_ _ 1 = it#T,
Bz =k} [y =kt =s] = {O otherwise. 34
Combining Eq. 32 and 34, we obtain the result. O
Lemma 8. Given a sequence zy.1 that satisfies Sec. E.2. For any vocabulary k € V, we have
E|: <t21 1{zp = k}) Yz =k} |y=kty=t— 1] = {% (1 + %) otherwise. )
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Proof. By the linearity of expectation, we can decompose the expectation as follows:

( Y 1z = k}) 1z =k} |-

=1

E = B[{z, = k}1{z = k} | ]

+E[1{zy 41 =k}1{z =k} | -]
+1{t # TYE[1{zr = k}1{z: = k} | /]

+IE[( ) 1{zt/:k})1{a=k}\-],
t'#tgtg+1,T

where we abbreviate the conditions of the expectations to enhance readability.

Note that we always have 1{z; = k} = 1whent; =t —1andy = k. In the case of t = T, the
trigger token appears at positions T — 1 and T given t; = t — 1. With the condition y = k, it
follows that

1{th = k}l{Zt = k} = 1,
l{th+1 = k}l{Zt = k} =1

In the above, we point out that we have t; + 1 = T in this situation. Additionally, we get

E [( Y l{zt/—k}) l{zt—k}|-] =0,
VAt by +1,T

where the final equation follows from the fact that z, is not a trigger token k.

For the case where t # T, the trigger token is not k because otherwise there will be more
than two triggers in the input sequence at positions t,,t; + 1 and T. Thus, we have

E[1{z, = k}1{z =k} | ] =0,
E[t{z, 1 =K}z =k} | ] =1,
E[1{zr = k}1{z =k} | ] = 0.

Following the same argument in Eq. 33, we also have

IE[( ) l{zt/:k})l{zt:k}|-]:]E[ Y 1{zt/=k}|-]

Vg by +1,T Vg tg+1,T
T-3
V-1
We prove the statement by combining these results. O

Lemma 9. Given a sequence zq.7 that satisfies Sec. E.2. Fix some t € [1,T] C IN. For any
s € [1,t — 2] U {t}, and vocabulary k € V,

T 2 ifs=tandt=T—1,

E (2 1{zp = k}) Yz =k} |y =kty = s] = vty fs<t—2andt#£T,
=1 0 otherwise.

(36)

Proof. First, we look at the scenario s = t. Since t; = s = t, the input sequence zy.r
will contain more than two trigger tokens unless t = T — 1, which does not satisfy the
condition of input sequence, we examine the case of t = T — 1. This condition ensures that
1{z7_1 = k} = 1{z7 = k} = 1, and therefore, we can use the instance t = T from Lemma 8.

T
<;11{Zt’ = k}> 1{Zt = k} | ‘| =2.

E
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Next, we require s < t — 2. It is impossible to have t = T because this violates the input
sequence condition, where the trigger token only appears twice. Now, by the linearity of
expectation, we can decompose the expectation as follows:

<iH@=H>H%=HM

t'=1

E = E[1{z;, = k}1{z: =k} | |

+E[1{zs,+1 = k}1{z = k} | -]
+E[M{z; = k}1{z; =k} | ]
+E[1{zr = k}1{z = k} | ]

( 2 1{Zt’ = k}) l{Zt = k} | ] .
t/;étq,tq+l,t,T

Since t; = s < t—2and t # T, the token z; is neither trigger nor output. This yields the
following:

+E

E[1{z, = k}1{z =k} | ] =0,
E[1{zr = K}1{z =k} | ] =0.

Given y equals k, we have 1{z; ;1 = k} = 1. Therefore, from Lemma 7, we get

E[{z, 11 =K}z =k} [ -] = E[1{z: =k} | -]
1
V-1
E[1{z; = k}1{z; =k} | -] = E[1{z; = k} | ]
1
V-1
Finally, for t' # tg,t; +1,t and T, the tokens zy and z; are independent. With Lemma 7, we
obtain
E [( Y1z :k}> 1z =k} | ] — (VT_14)2
Vg ta+1,t,T
Integrating the equations above allows us to arrive at the conclusion. O

Lemma 10. Given a sequence zy.7 that satisfies Sec. E.2. For any vocabulary k € V, and t €
[1, T] C N, we have

E [1{zt = K} 1{ty < thxy, |y = k} = Pty = t— 1)1{t = T}wg (k)

L P(ty = 1{t = T — 1ywg (k) + O (‘1/) .

Proof. We split 1{t; < t} into 1{t; = t — 1} +1{t; = t} +1{t; < t —2}. Then, the
expectation can be decomposed as:

E [l{zt = k}{t; < t}x, |y = k] —E [l{zt =K {ty =t —1}x, |y = k]
+E [1{z = k}{ty = thx, |y = k|
+E [1{zt =kj{t; <t 2w, |y = k] .

Note that when t; = t — 1, z; is the output token. In addition, if we have t = T, z; works as
the second output token as well, which means that z; = k and x¢, = wg/(k). If we find t # T,
the trigger token is not k. Thus, we derive

E [l{zt =kj{ty=t—1}xy, |y = k] =P(t; =t —-1)E {1{2} =kixy, |y=kty=1t— 1]
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= P(t; = t — 1)1{t = T}wg (k)

+P(ty=t—11{t AT} Y. 3’5(]2.
jEV\{k}
Next, we discuss t; = t. Since t; is the first trigger position, we always observe that
ty < T — 1. If two trigger tokens are adjacent to each other, i.e., t; = T — 1, we can state that
zr7_1 = zT = k because of the equation y = k. Otherwise, the trigger token must belong to
V\ {k}, and 1{z; = k} = 0. This gives

E [1{zt =K 1{t; = t}x;, |y = k} = Pty = t — 1)1{t = T}wg (k).

For t; < t —2, we again analyze the cases of t = T and t # T. Provided thatt = T,

1{z; = k} = 1 implies that the trigger token is decided to be k, while the output token is
also k. This leads to more than two occurrences of trigger token, which violates the input
sequence condition. Now, we assume ¢ < T — 1. This time, the trigger token zt, isnot k, and

zt is not a trigger token, which yields
E [1{zt — K} 1{ty <t-2}x, |y = k]
=Pty <t —2)E[wg(zt,) |y =k tg <t —2)E[{z =k} |z, y =k t; <t 2]

—Pty<t-2) ¥ YEDEng, k) (2 =gy =kty<t-2)

gevig V1
we(4)
=P(t;<t-2) Y o1
qeV\{k}
This concludes the proof. O

Lemma 11. Given a sequence z1.t that satisfies Sec. E.2. For any vocabulary k € V, and t €
[1, T] € N, we have

w(l +1{t = T})we (k)

LU=T- :}P(tq =)

E [1{z; = k}1{t; < t}x14 |y =k] =

we(k) +0 <‘1/) . (37

Proof. As in the proof of Lemma 10, we analyze each scenario depending on the value of t,.
Firstly, let us consider t; = t — 1. This leads to the fact that z; is the output token. Given
y =k, we have z; = k.

E[1{zy =k}1{ty =t —1}%14 |y =k| =P(t; =t —1E [%14 |y =k, t, =t —1].

In the event that t = T is valid, x;, = x7 = wg/(k) holds and the other T — 2 tokens are not k.
Thus, it gives

jEVA{K}

When t # T holds, we can say that x;, # wg(k), while x; 11 = wg(k) because of y = k. This
gives us

]E[xlzTy_k]_;{sz(k)—i_(T_z) )3 Z‘?E—(]i}

i
Elx, |y=kty=t-1= Y V{(q,
7EVVIK)

Elx, 41 |y =k tg =t —1] = wg(k).
Also, we can derive the following equations for i € [1,#] \ {4, t; + 1}:

Elxj |y =kty=t—-1 =) P(z = |- )we(j)
jev
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M<

-y

P :j’th:q‘ )ZUE(])

g=1j=1
= Lo 1;{ }P(Zi =j,zty =q | Jwe(j)
e jeV\{q
Y. P(zi=j |z, =4q, )Pz, =q| )we())
geV k)
jeV\{q}
wE(j)
f— 2 E .
gennik jerggy (V=17

In the above, we use the fact that P(x; = j, xy, =¢) = 0if j = qgorg = k holds. To
summarize, we have

ZWE(k) 4 t=2 Z]EV \(K} V (]1) ift=T

%{ e(k HquV\{k} Uy
Tz quv\{k} = 1; otherwise.
jev\ia}
we (k) + 0O (%) ift=T
we (k) + 0O (%) otherwise.

E[f|y=kt,=t—1] =

|

Next, assume t; = t. In this case, t = T implies t; = T which is a contradiction. Furthermore,
tg =t < T —1implies t; < tgr1 <T. Under this condition, we cannot have z; = k, because
it produces three appearances of the trigger token. Hence, it suffices to consider t = T — 1.
If t; =t = T — 1is true, we can state that x; = k, leading to the formulation below:

E[1{z; = k}%14 |y =k t; =t = E[X14 |y =k, t; = t]

(38)

= o

_1 we(j)
= 2 we(k) +(T-2) 1§]ng we()

Ak
1 1

where the second equation follows from the same argument in the instance t = T in Eq. 38,
but this time x7 is not contained in x7.;.

Lastly, we focus on t; = s <t — 2. We argue that the trigger token z;, = z7 is not k, due to
the condition of the number of trigger token in the input sequence. This means that t # T
and z; does not serve as a trigger token. Now, we split ¥;.; into %(xt,7 + X 41 X+ Yo xp)
and obtain

E[1{z: = k}xt, |y =k ty=s]= Y Pz =kz, =q]| )we(q)
qeV\{k}
_ we(q)
gengy (V=1
E[1{z; = k}xi 41 |y =k tg = s] = P(z = k | -)wg(k)
= ), Pli=kz,=q] )we(k)

gk
we (k)
g Z —_—,
gengy (V- 172
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_ we(k)
V-1’
E[1{z; =k}x: |y =k, ty = s|]=P(z¢=k|y=k, tg = s)wg (k)
_ we(k)
V-1’
E[1{z; =k}xy |y =k t;=5] = 2 P(zi = k,zp = j,z1, = q | -)we(j)
qeV\{k}
jeV\ia}
= ) Plz,=ql)
qeV\{k}
x ), Pla=kzn=jlz,=q )we(j)
jeV\ig}
_ 1 wE(f)
= Y v1. L woir
sty V1 jertg V1)
In short, we have
1
E[1{z; = k}%14 |y =k t; =5 =0 (V) .
Summing up all the related terms leads to Eq. 37, which finishes the proof. O

Lemma 12. Given a sequence zq.7 that satisfies Sec. E.2. For any vocabulary k € V, and t €
[1, T] C N, we have

T w
E ;El 1{zp = K}1{ty < thx, 1{z =K} |y = k] _2 ;U‘)m = T}P(t; =t — 1)

n ZZU};(k)l{t =T—1}P(t; =t)
1 1
+T'O(V>' (39)

Proof. We consider the following cases:

Casel: t; =1t — 1.
If t = T holds, this gives z;, = zr = y = kand 1{z;_; = k} = 1{z; = k} = 1. Thus, we have

E [l{zt_l =kx,Hze =k} |y =k ty=t— 1} =E [xtq ly=kty=1t— 1}
= wg(k),
E [l{zt = Kyx, Uz =k} |y =k tg = t—1} —E [xtq ly=kt, = t—1}
= we (k).
Since zy for t' # tg, ty + 1is not a trigger token, it follows that 1{zy =k} = 0, and we have

E

Y. Yzy = kpx 1{z = k} | ] =0.

HAt—1,t

Otherwise, when t # T, Zt; = 2T is not k, yielding
E [1{zt_1 — k}x, 1{z: =k} | }
E [1{ZT — k}yxi, 1{ze = k} | }

Also, z;, is sampled from V'\ {k}, we get

0.

0.

E [l{zt:k}xtql{zt:k} |y:k,tq:t—l} =E [xtq ly =kt :t—l]
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we(j)
2

e VT

For the rest of #, we note that Zt, = k and obtain

E 2 Wz = k}x, 1{z = k} | ] = 2 P(zy =k,z1, = q | -)we(q)
#AE 1T qut\{k}
we(q)
=(T-3 —_— 40
| )qel;{k} (v-1)2 0

In summary, we find that

E

T
Yo UMzy =kj1{ty =t —jx Mz =k} |y = k]

=1

=P(t; =t —1)1{t = T2wg (k) + P(t; = t — 1)1{t # T}O (‘1/) . (41)

Case 2: t; = 1.
For this scenario, 1{z; = k} = 1 holds only when t; = t = T — 1. Thus, we can state that
E[1{z;, = k}x, H{z: =k} |y =k tg =t = E[xy, | y =k, t; = 1]
= we(k),
E[1{zr = k}xtql{zt =k} ly=kt;=1t] = ]E[xtq |y =k t; = 1]
= we (k).

For the other t/, we have 1{z; = k} = 0 because these tokens are not a trigger token. This
means that

E

Y. Yzp =kbx, Yz =k} |y =k ty = t} =0.
VALT

In short, we have

E

T
% Y 1{zp = K}{ty = tha, 1{z =k} |y =k 2w (k). (42)

=1

C{t=T-1}P(t; = 1)
- T

Case 3: 5 < t—2.
We first let t = T. If 1{z; = k} = 1 holds, then the trigger token becomes k, but we find that
zt, = Zt,41 = 21 = k, meaning the trigger token appears more than two times. Therefore,

we only consider t # T. Given zy, (= zr) = k, it also fails to satisfy the required conditions
for the sequence, hence it follows that

E[1{zs = k}x;, H{zt =k} |y =k, t; =s] =0,
E[1{zr = k}x¢, H{z: =k} [y =k t; =5 =0,

wherel <s <t—2.
Similarly to Eq. 40, we can derive that

E[1{z: = k}x, H{zt =k} |y =kt =s] = Elx;, 1{z: = k} | y =k, t; = s]
_ Z we(q)

peiny (VD%
E[{zs41 = ktx, H{ze =k} |y =k tg =s] = E[x;, 1{zt =k} | y =k, t; = s]
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_ we(q)
geng (V1)
In addition, we have
E| Y Yzy=kix Uz =k} |y=kt;=s
t'#s
H#£s+1
£t
L ##T J
= ), Plav=kz=kz,=q]| )we(q)
t/
qeV\{k}
= Y. Plzv=kz=k|z,=q, )Pz, =q|y=kty=s)we(q)
t/
qeV\{k}
w
—(T-4) Y (VE_(?)3.
qeV\{k}

These equations give us thatfor 1 <s <t -2,

T
1
E le{zt/ =k}1{ty =stx, Hzr =k} |[y=k| =0 (W) . (43)
t=
Gathering all the equations of 1 < t; < t leads to Eq. 39 and we have proven the statement.
O

Lemma 13. Given a sequence z1.t that satisfies Sec. E.2. For any vocabulary k € V, and t €
[1, T] C N, we have

1 T
E | ) Wz = k{ty < hoadfz = k} [y = k]
t'=1

_41ft= :r}T;L 1{t # T}P(tq — wp(k) + 2-1{t = T;tl}P(fq = t)wE(k)

L0 (1> , (44)

VT

Proof. Considering the linearity of expectation, we focus on each term x; contained in 7.
We consider the following cases:

Casel:t; =t —1.
We already have the result as to x;, in Eq. 41:

1 T
E T Z Hzp =k}l{t; =t —1ix, Wz =k} [y = k]
=1

_ wnt = T}2wg (k) + wl{t # T30 (‘17) '

We can also use Lemma 8 for x; =k, i.e.,

T

is % Wzp = k}xil{z: =k} |y = k]
1

H=

1 T
?le{zt/:k}ly:k,tq:t—l
=

=F P(tq:t—l)wEGC)
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_ wzwls(k) ift="T,
w (1 + %) we (k) otherwise.

Now we deal with x; for 1 < i < t — 2. Note that z; # k for these i under the conditions
t=Tandy = k.

E

T
Yo Yzy =k}xil{zy =k} |y =kt =t — 1]
=1

=E [1{z; = k}x1{zs = k} | -]
+E [1{% = k}x1{z =k} | ]
+E [z = k}xi1{z: = k} | -]
+ ;]E [1{z; = k}x;1{z; =k} | -]

Ljev\ ) T4 + Zjev\ (i wel) =T,
T Lieny aKJ/E—(Jl) + % + (T =3) Ljew\(x} % otherwise
jeV\ia}

1
o(v)
Case 2: tg =t

For this scenario, we have seen that t; = t = T — 1 is the only possible way for the
expectation to take non-zero value. For x; ;- We can observe Eq. 42 and obtain

1 T
LY e = K1ty = 1z = k) |y =k

t'=1

E

ZwE(k).

1t =T-1}P(t; = 1)
o T

The other terms related to x; for 1 < i < t — 1 can be calculated

E

1T
T Z:ll{zt/ =kixl{z: =k} |y =k t; = t]
t=

= e = Kt = k)|
+ LB [1(er = kst =k} |

+ 7 T B[z = Kpal{z =k} .
t£t

1 wE(j) we(f)
== X + ) +0
T (jGV\{k} V=l ety V-1

1 1
-7°(7)
We note that 1{z; = k} = 1and 1{zy =k} = 0 for # < t;, = t because of the input sequence

condition.

Case3:t; =s <t—2
Again, we have the result for x;, in Eq. 43.

1 T
E|= ) Mz = kji{ty = shu, 1z =k} |y = k

t'=1

-o()
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We have x¢, 11 = k under y = k, and Lemma 9 tells us that

1 I
E ? 1{Zt/ = k}l{tq = S}xtq+11{zt = k} | y = k‘|
#=1
T P(t, =s
=E|) YHzy =K}z =k} |y =k t;= s] Pty =5) qT )wE(k)
¥=1
P(t;= _ .
[P (A 4 ) wek) AT,
0 otherwise.

Next, we consider x;. Note that t = T forces Xt to be we (k) for the expectation to take

non-zero value, which contradicts the input sequence condition. Hence we assume t # T so
that Zt, = ZT # k.

E

1 & 1

T tgll{zt/ =kixl{z =k} |y =k, t; = s] =7 {]E [1{th = k}xi1{z; = k} | }
+E[1{z7 = k}x1{z; =k} | ]
+E [1{%+1 = k}x1{z; = k} | ]
+ E [1{z; = k}x:1{z; =k} | ]

+ Z,]E [1{21' = k}xtl{zt = k} I ]}

1 [ 2wg(k) we (k)
T<vE—1 +Z(VE—1)2>

t/

:;o@)

Lastly, regarding x; for i # t,t;,t; + 1, we also consider t # T and it follows that

E

1T
T Z:ll{zt/ =kix{z: =k} |y =k t; = s]
H=

- % (B 1z, = Brafz =k} | ]
+E [1{z7 = k}x;1{z; =k} | -]
+E [1{th+1 = kyx1{z; = k} | }
+E [1{z; = k}x1{z: = k} | ‘]

+ Y E[1{z; = k}x1{z; = k} | .]}
t/

1 1 we(j) 1 wE(j)
=90+0+2 ) ) T L v X wo1s
g { gty ¥~ ety V=D eV Liegg (V-1
1 1
-70(v):
Thus, we obtain Eq. 44. O

Lemma 14. Given a sequence zy.7 that satisfies Sec. E.2. Then, we have

P(t;=T—1) (ro — F1-T0)
E[1{zr = Kqrri{zr = o} [y =K = +P(t; = T~ 1)T2wp (k) + 0 (}) ifo=k,
0 otherwise,

39



Published as a conference paper at COLM 2025

where g7 = (wg(zr) +10) — (WE(21.7) +T1-T0)-

Proof. The inequality v # k produces 1{zr = k}1{zr = v} = 0, and thus, we focus on v = k.
Since z7 is the second trigger token, we have z;, = zr = k. This is achievable only when
t,=T-1.

q

E [1{zr = k}qr,r1{zr = v} | y = K]
=E[1{zr = k}qr,r |y = K|
=P@zr=k|y=KE[qrr |y =kzr =K (45)

T

=Y Par=kty=ily=KE}grr |y =kzr =k
i=1
=Pty =T—-1|y=kPizr=k|ly=kt;=T—-1)E[qrr |y =k zr = k]

1 T-—-2 .
=P(t;=T-1) wE(k)‘i‘VO_’_'l—T:O_T 2w (k)+ ). (V 1)wE(])
1<j<v VT
7k
T-—-2

=P(t;=T-1) (ro—i-
1
Ool=].
~o(v)
Lemma 15. Given a sequence z1.T that satisfies Sec. E.2. Then, we have

2P(t,=T—1 _
% {ro—71-10}

wg (k) — 71T:0>

2P(t;=T—-1) T2
1< +—— " we(k)
E|= ) Hzp=klqrrl{zr=v}|y=k|l = ,
T +3:0(3) fo=k
%O (%) otherwise.

where qr,7 = (wg(z7) + 10) — (@E(2z1.7) + F1-T20)-

Proof. We first consider the case v = k. If the second trigger token zr = v = k and the
output token is also k, it is impossible to have t; < T — 1 because it produces more than two

trigger tokens in the input sequence. This means that we have, for t’ € [T — 2], that
E [1{z; = k}1{zr =k} |y = k] =0.

We can use Lemma 14 for t' = T:

T-2

E[1{zr = k}qrrl{zr =v} |y =k =P(t; =T —1) (ro +

ro(3)

Finally, for ' = T — 1, we note that the two conditions y = k and zr = k imply z7_; = k.
E [1{zr—1 = k}grrl{zr =k} [y = K]
=Pzr=k|y=kE [ zr_1 =k}qrr |y =k zr =]
=Plzr=k|ly=KE[]grr |y =k zr =K]
=E[{zr = k}grrl{zr =0} |y =K

=P(ty=T-1) <r0+ T;ZWE(") _7_’1—T:0> +0 (3,) /

we (k) — 71—T:0)
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where the second-to-last expression follows from Eq. 45.
Now, we look at the case v # k. Different from v = k, we have

E [{zr—1 = k}qr,rl{zr = 0} [y = k] =0,
E [1{zr = k}qrr1{zr = v} |y =k] = 0.

Furthermore, the trigger token is uniformly distributed, we have

El{zr =v} [y =k =Plzr =v|y=k)
T
=) Plzr=vt;=ily=k)
=1

1

T
N

= Plzr=v|y=kty=1i)P(ty=1i|y=k)
1
P(ty < T —2)

V-1

This leads to the following expression for t' € [T — 2]

E[{zy = k}qrrlHzr = v} |y =k = E[1{zr = 0}E[{zy =k}qrr |y =k z1] | y = k]
=Pzr=v|y=k)E[1{zp =k}qr |y =k 21 = 7]

1
-o(y)-
This concludes the proof. O

E2 global v.s. in-context

Proposition 4 (Restated). Suppose a two-layer transformer is an associative memory transformer.
Given a length-T sequence zy.T where the last token is zr = q, let the t;-th token be z;, = vy
following zy, _1 = q, and let the ty-th token be z;, = v; following z;,_1 = q, where v{ # vy and
(3 <)ty < tp without loss of generality. Also assume that there exist only one vy and vy in the
context zy.1. Then, the logit C,, and Gy, can be expressed as follows:

e
Co, =0 <t1+e—1> + log my(v1 | q),
1+e
Co, =0 <t2+e—1> +log 7t (02 | q),

where o (-) represents the softmax function.

Proof. We consider the output of the first layer of attention for z;. Since we use the associative
memory transformer, we substitute Wé = I and Wg = Yyeqwe(k)r!, into Eq. 1, we have

M = ®wp(z14)0 ((wE(let) + Ri—po) " (Z Vle(k)T) IwE(Zt)> + we(zt)

keQ
(wg(z1) +7’17t)T
(we(z2) +12—)
= O wg(z14)0 : rqwe(ze) "we(z) | + we(z)
(we(z4-1) +7’—1)T
(we(zt) +10) "
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0
0
= Qywe(zy)o | | ¢ + wg(zt) (46)
1
0
e(Prwe(zi-1)) Dywe(z;)
= we(an) + LRI A, “)
t+e—1 1§Zi§tt+e—1
iZt1

where e is Euler’s number. In the transformation above, Eq. 46 follows from the near-
orthogonality among the relative positional encodings and the embedding vectors Next, we
calculate the output of the second layer attention block. We first consider softmax values

and then attention head W3W3. Similarly to the first attention layer, we use Eq. 47 and ideal
matrices W2 =Tand W = Ycq wg (k) (P1we (k) T to calculate softmax. For any ¢, we can

express (xi t)) (WZ)TW2 xE ) as

(we(21) + Prwe(z1)) " .
(wE(22)+ (<I>1wE(21) +2¢1wE ))

(Z (q)le(k))wE(k)T> 1x,

keQ

T
(wE(Zt—1) + (©1ﬁ}2(z: 2)) +Z©tlfeli(21 )
e
(wg(zt) + (q>1wE(Zt 1) + Z <I>1wE z,))

t+e—
where the summation in the ¢-th row is given by }_; fg ¢. Since x(T1 ) = we(q) + %%Tfl)) +
i#t—1
Yi<i<T q}fie() and thanks to the near-orthogonality, we have
i£T—1

o (T TWE) = o (),

where each entry of p € R is

0 ift<t;—1,
1/(t1 +e—2) ift==4—1,
e/(t1+e—1) ift =1,

_)1/(i+e—1) ifty <t<ty—1,
pr= 2/(tp +e—2) ift=1t-1,

(1+e)/(ta+e—1) ift=tp,

2/(i+e—1) ifty <t<T,

3/(T+e—1) ift="T

Back to Eq. 2, we can now write x(Tz) with W2 = Y-V, wy (v) (Wawe(v)) T

T
x(Tz) =Y W3wy O'(Pt)xt(l) + x(Tl)
=1

~

14
1U(Pt) Zl u(v)(Wywe ()"

-
I

e(q)le(zt_1)) (I)le(Zi) (1)
A FIEAAEL) — | +x7
tte—1 155 Ere—1
iAt—1

X W‘z/ ZUE(Zt) +
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e(Prwe(zr—1)) y Dy we(z;)

T
=) _o(pwy(z) +we(q) +
t; TH+e—1 TH+e—1

1<i<t
i£T-1
Finally, the feed-forward network in the second layer is applied to xng), and we obtain the
following:

XT = MLP(x(TZ)) + x(Tz)

wE(Ul);
we (v2) L
= W, | ReLU ) (wg(q) + Y o(pwulz) + C) + x(Tz)
: t=1
wg (o) "
0
0 2
— W, |ReLU [ 1| |+«
0
0
0
v v 0 @)
— (Zlog my(u | v)wy(u) ... ) log my(u | vv)wu(u)> (1) + xy
u=1 u=1
0

1%
— 2 log 7y, (u | q)wy (u) + x(Tz)

u=1
v T

= leog (u | q)wy(u) + Z%(T(Pt)wu(zt) +we(q) +C,
u= t=

. €(®1wE(ZT_1)) X CDle(Z,')
where C = =——=7~ + Zlszga T¥e—1 -
iZT=

We can compute the logits ¢, for v € V after the unembedding layer. Since the row vectors
of Wy are also near-orthogonal to each other, it is sufficient to look at the coefficients of
wy(v1) and wyy(v;). Since vy and v, appear only once at t = t; and t = t, respectively in
the context z1.7, the logits are calculated as follows:

e
lo, =0 (iﬁ—l—e—l) +1{vy € Uy} log rmy(v1 | q),
1+e
Co, =0 <1> +1{vy € Uy} log (02 | ).

th +e—
O

Proposition 5 (Restated). Suppose a two-layer transformer is a stronger associative memory
transformer as in Def. 3. Given a length-T sequence zq. where the last token is zp = g, let f(v) be
the number of token pattern "qu” appearing in the sequence for vocabulary v € V. For large enough
T1 and Ty, the logits ¢, can be expressed as follows:

o z log (v | q) + 13 - J((;]%: ;EZ’B lﬁllizzll ZZ}}

(48)
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Proof. The proof proceeds in the same manner as in Prop. 2. With the associative memory
W11<, the attention values for z; is expressed as

2 = @1wp (21)0 (e (z14) + Ri-ro) | (Tl Y rle(k)T> Twg(zt)) + we(zt)
keQ

(we(z1) + 714)T
(we(z2) +12-1)
= Q1we(zi)o [ T : roawg(ze) "we(ze) | + we(zt)

(wE(thl.) ‘Fhl)T

(we(ze) +1o) "
0
0
= Oywg(z14)0 : + wg(zt)
T
0

2 Prwvp(z-1) + we(z).
Now the second layer attention has the form
1 A 1
o ()T (W) TWx(V)

(wg(z1) + Prwe(z1)) |
(we(22) + Prwe(z1)) "
: (Tz Y <¢1wg<k>>wE<k>T) Iy
(we(zi-1) + Prwe(zi2)) kee
(wg(z¢) + Prwe(zi-1)) |

We note that x(Tl) = wg(q) + Prwe(z7-1), and consider the case t = T in the above equation.
Then, we will have

o ()T OA) W)

(wg(z1) + Prwe(z1)) |
(we(z2) + Prwe(z1))
~ o : ( > <q>1wE<k>)wE<k>T> Ixy)
(we(zr-1) + Prwe(zr-2)) | kee
(wg(z7) + Prwe(z7-1)

(wE(z1) + Prwe(

(we(z2) + Prwe(z1)) "

)
z1))
21))

; T
(we(a) + ?1WE(4)) yw(9)

(we(b) + Proop(q))

(we(z7) + q’;wE(ZT—l))T

=0 Z Tze,-) ,

iGIqUI]
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where I; = {t | xt(l) = we(v') + ®rwe(q), Fv' € V} is the index set of fo containing
Piwe(g), and I; = {1} if z; = g and [} = @ otherwise. Also, e; denote the unit vector
where only the i-th component is 1, and all other components are 0. Note that |I; U I;| =

(T f(@) + 1z =g}

Going back to the output of the whole attention block including Wé and W2, we have from
Eq. 2 that

T
x(Z)NEW Wio( Y me)x 2D 4 2
T 3 v 2¢€i T
t=1 zEIqull
1

~ WAWZ x (1) (1)
T \IqUIl| Z o t T
7

iel,Ul

|4
— IqtlJIll Zl wy (v)(Wiwe(0)) " {f(z)) (W‘z/(wg(v) + cI>1wE(q))) }

+1{z; = q} (W‘z/(ZUE(EI) +®1w5(q))) ‘H‘(Tl)

i )+ 1{o = q}1{z; = g}
= (Zhe 1f(v’)) +1{z = q}

-wy (v) + we(q) + Prwe(zr-1)

= 28 v) +wg(q) + Prwe(zr-1).

Lastly, through the feed-forward network, we obtain the outcome.

X
= MLP(x(TZ)) + x(TZ)
0
\4 1% 0 )
& (Z log 7ty (u | v1)wy(u) ... ) logm,(u | vv)wu(u)> (1) +x(T)
v \u=l1 u=1
0
u 2
=Y logm,(u | q)wy(u)+ x(T)
u=1
v
= 21 log 7ty (u | q)wu (u (Zg ) + we(q) + Prwe(zr-1)
- f(0) +1{o = q}1{z1 = q}
= U,}lo . .
b (1{v g1+ LS q}) w (o)

+ we(q) + Prwe(z7-1).
The proof concludes by examining the coefficients of wy;(v). O
E3 Induction head without positional encoding

In this section, we provide the construction of a three-layer transformer with no positional
encoding that achieves the induction head mechanism.

We first introduce the following theorem(Kazemnejad et al., 2024) stating that transformer
can implement APE using one transformer block.
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Theorem 4 (Theorem 1, (Kazemnejad et al., 2024)). Let z1.741 be an input sequence of length
T + 1, where z; = (bos). Then, there exist a transformer block consisting of an attention block and
feed-froward network that recovers absolute positions [1,2, ... T + 1] and writes in the hidden state
HO.

In the proof, they prepare extra 3 dimensions for word embeddings to effectively reconstruct
the positional information:

1 1 1 cee 1
1 0 0 cee 0
0 0 o - 0
. e e e e
WE=|aj, aj, aj; - ajy |,
e e e e
g1 Q3o g3 "0 Ay

where (bos) is represented by the first column without loss of generality.

Theorem 4 states that the hidden state H(!) has the following form after the appropriate
transformer block:

1 1 1 - 1
1 0 0o - 0
) 1 2 3 T+1
HY = \ay mp ma - agra |
g1 442 443 - 04741

Now we show that a three-layer transformer with no positional encoding can implement
induction head mechanism.

Proposition 6 (Restated). There exists construction of a three-layer transformer without positional
encoding that achieves induction head mechanism.

Proof. The first layer of the transformer block is given by the construction in Theorem 4,
which gives us the hidden state:

1 1 1 1
1 0 0 0
) 1 2 3 T+1
HY = a1 412 43 o AT+ |
4dq 442 443 0 44,741

where each entry denoted by a.. is a Gaussian random value to guarantee near-
orthogonality.

Then, for the second transformer block, we use the following matrix weights.

1 00 --- 0
5 o000 ---0
Wo = Co ’
0 0 0 0
0 0 C 0
) 0 0 O 0
WK: . ’
00 0 0
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000 O 0
000 O 0

) 000 O 0

Wy=10 0 0 wa’l wif,d ,
00 0 w wy,
000 O 0
000 O 0

5 000 O 0

W5=10 0 0 w‘{,l w‘id ,
d 0 0 wg,l wg, d

where C € Ry is a constant value, and w; , denotes the Gaussian entry to guarantee the
near-orthogonality. With these matrix, the query and key vectors are represented by

g = (1,0,...,0)7,
ki =(C-i,0,...0)".
Thus, the block outputs

1
o (ki gr))WAWERY ~ WRW2R, (49)

-
|

l
—

i

(1)

where the approximation holds for sufficiently large C and h, ", is the t — 1-th column of

H(W). Here, we assume that the attention block uses strict causal attention, which attends
only to positionsin {1,2,...,t — 1} for the token at position ¢.

Eq. 49 implies that the attention block attends only to the previous token, thus forming a
previous token head. With the residual connection, the hidden state H 2) is represented as:

1 1 1 .- 1
1 0 o .- 0 0 0 0 . 0
1 2 3 .- T+1 0 0 0 . 0
H®? = +
a1 M2 413 a1,17+1 0 0 0 e 0 ’
. . . . : 0 Cbzal dra; - <I>2aT
Agq 442 443 " A4T+1

where a; = (a15,...,a4;) " and ®; is the bottom right sub-matrix from (W3W2) 443 4.4+ 3-

Finally, in the third transformer block, we set the following attention matrix weights:

00000 0
00000 0
00000 0
wi_]000 10 0
Q 00001 0
00000 1
000 0 0
000 O 0
000 0 0
Wi=1[0 0 0 ok, why |,
00 0 wh, wk
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000 O 0
000 O 0
000 O 0

Wy=10 0 0 wf, wis |
000 wgtl ngd
000 0 --- 0
000 0 - 0
000 0 - 0

3 ! !

Wo=10 0 0 wij; - wj,|,

000 ngl w;jd

where w?', denotes the Gaussian entry to guarantee the near-orthogonalit , and the sub-
here wf , ytog g Y

matrices in the bottom right of Wj and WJ, are constructed the same way as W2 and W3 in
Lemma 1. The result of this calculation is the same as in Lemma 1 except for the first three
rows. Thus, the induction head mechanism is implemented in the three-layer transformer
with no positional encoding. O

G Experimental setup

G.1 Example of Bigram Sequence Generation with Trigger-Output Pairs

To illustrate the sequence generation procedure in our modified bigram language model,
we provide a concrete example with a small vocabulary V = A, B, C, D. The generation
proceeds in discrete steps as follows:

Step 0: Sample trigger-output pair

A new trigger-output pair (qi,0¢) is sampled from 7; and 71,. For example, suppose
(91,01) = (A, C).

Step 1: Sample the first token

The first token z1 is sampled from a predefined distribution over V, e.g., uniformly. Suppose
Z1 = B.

Step 2: Trigger check and transition

If z; = g1, then set z; := 07. Otherwise, sample z; ~ 7, (- | z1). Since z; # g1, we sample
Zy = A.

Step 3: Trigger condition applies
Since zp = q1 = A, weset z3 := 07 = C.
Step 4: Normal bigram transition

Since z3 # g1, sample z4 ~ 7,(- | z3) and suppose zs = D. These steps result in the
sequence BACD.

Step 5: Re-sample trigger-output pair
Return to Step 0 and sample a new (gy, 0x) from 7; and 71, to generate a new sequence.
G.2 Neglect of in-context knowledge

We conducted our experiments using the following setup, carefully designed to evaluate
the performance of a transformer model with APE and RPE.
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Sequence generation Following Bietti et al. (2024), we define 77, and 71, as unigram and
bigram character-level distributions estimated from the Tiny Shakespeare dataset (Karpathy,
2015). We sample triggers from 7t; = 71, and corresponding outputs o are also sampled

uniformly for each sequence generation. The vocabulary size |V| is 65.

Data Arguments The model was trained on sequences with length of 256 tokens for the
previous token head experiment and 128 tokens for the generalization experiment. The
number of trigger tokens was set to 5, and we did not fix trigger tokens, i.e., all trigger
tokens were sampled uniformly.

Model Configuration The transformer model used for the experiments had the following
configuration:

* Model dimension: 256

* Vocabulary size: 65

¢ Input sequences were capped at a maximum length of 256 tokens.

The embedding layer Wr and unembedding layer Wy; were frozen during training.

The model did not use Wr in the second layer to focus on the role of induction head.

The model has 0.5M parameters.

Optimization Setup The optimization process was conducted using the following hyper-
parameters:

e Optimizer: Stochastic Gradient Descent (SGD) with momentum
Batch size: 512

* Learning rate: 0.2

¢ Momentum: 0.9
Weight decay: 0.0001

Training Strategy
¢ The model was trained for a total of 1000 iterations, which takes 0.5 hours of A100
GPU time.
¢ Loss computation was restricted to output tokens.

G.3 Global vs in-context

We conducted our experiments using the following setup for the evaluation of performance
of a transformer model with RPE trained on The Google analogy dataset.

Data Arguments The model was trained on sequences with a maximum length of 256
tokens.

Since The Google analogy dataset offers analogy pairs, such as (Tokyo, Japan), the bigram
conditionals will mostly be in the form like 77, (Japan | Tokyo) = 1. We constructed new
bigram conditionals by adding some randomenss.

We first sample 10 fake target words, such as USA, China for each source word. Then, the
conditionals will be calculated as follows:

1. count the number c4 (B) of analogical pair (A, B).

2. sample p,4 € [0.01,0.1] for each source word A.

3. consider the analogical pair (A, B;) appear p,c4(B) times, where B; is the fake target
words for source word A.
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4. calculate the bigram conditionals based on the number of appearance of analogical
pairs.

Everytime we generate an input sequence, we sample 5 trigger tokens from the set of all
source words, and uniformly selects the corresponding output tokens from all vocabulary.
we start from a source word that is sampled uniformly from the set of source words. Then,
we transition with either the bigram conditionals or to the output token if the current token
is the trigger token. Then we place comma, and sample uniformly a new word from the
set of source words for the next token, and repeat this process until the maximum length is
achieved.

Model Configuration The transformer model used for the experiments had the following
architecture and configuration:

Model dimension: 512
Vocabulary size: 233

¢ Input sequences were capped at a maximum length of 256 tokens.

The embedding and output layers were frozen during training.

The model has 2M parameters.

Optimization Setup The optimization process was conducted using the following hyper-
parameters:

¢ Optimizer: Stochastic Gradient Descent (SGD) with momentum

* Batch size: 512

* Learning rate: 0.1

¢ Momentum: 0.9
Weight decay: 0.0001

Training Strategy

* The model was trained for a total of 100,000 iterations, which required 9 hours of
A100 GPU time.

* Loss computation was applied to all tokens except for commas.

G.4 About datasets

The Tiny Shakespeare dataset is licensed under the Apache License, Version 2.0, and we
can freely use the content as long as we comply with the terms of the license. Similarly,
the Google Analogy dataset is licensed under CC BY-NC 4.0, allowing use of the content
for non-commercial purposes with appropriate attribution. Our use of these datasets is
consistent with their intended purposes. Furthermore, there is no explicit measure that
should be taken to check for personal information or offensive content.

H Other experimental results and analyses

H.1 Generalization to longer sequence

To evaluate the generalization ability of TFape and TFpe, we trained these two types of
transformers with sequences of length 128 generated from the bigram model. Details
regarding the training procedure are provided in the Appendix G. We measured the accuracy
of TFapg and TFrpg with respect to the second and subsequent occurrences of the output
tokens. In addition, We present the memory recall to examine the generalization.

The results are shown in Tab. 3. In terms of accuracy, transformer with RPE raises its
accuracy even when the input sequence length increased to 256, while transformer with
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Figure 3: Two-layer transformers with APE and RPE that are trained on sequences of length
128 show different first-layer attention patterns for length-256 sequences. The previous
token head of TFapg do not function well for positions ¢+ > 100, while TFrpg attends to
previous tokens regardless of the positions.

acc. (t < 128) acc. (t < 256) score (t < 128)  score (t < 256)
TFapg | 0.8278 +£0.0000 0.7925+0.0000 0.5460 + 0.0007 0.1979 + 0.0001
TFrpg | 0.8727 +0.0000 0.8974 +0.0000 0.9513 £0.0000 0.9337 & 0.0001

Table 3: The evaluation results under the change in sequence length from 128 during training
to 256 during evaluation. Transformer with APE degrades its accuracy and attention score
as the sequence length grows, while transformer with RPE shows a stable accuracy and
score.

APE dropped its accuracy to 79.25%. Although the difference may seem trivial, it is worth
noting that the accuracy for t < 256 is computed through the whole sequence including
t < 128. This means that transformer with APE is more likely to fail to predict output tokens
at positions 128 < t < 256. Looking at the attention scores, we can confirm that TFopg is
incapable of attending to previous tokens, even for positions ¢t < 128. In contrast, TFrp is
trained to have a previous attention head that keeps its performance no matter how long
the sequence is.

In fact, the attention pattern heatmaps in Fig. 3 in Appendix H tell us that the attention is
no longer directed to the previous token after + > 100 for TFspg, while TFrpg continues to
attend to the previous token. These experimental results match our theoretical result, where
RPE is better suited for length generalization. It can be seen from Fig. 3b that the first-layer
attention head of TFrpg sometimes attends to the current token. This phenomenon is also
explainable from the proof of Theorem 3, which shows that the attention matrix W} not
only learns the associations between wg(v) and r_1, but also the pair of wg(v) and ry.

H.2 Discussion of collision of context information

We discuss the result shown in Fig. 1b. The figure illustrates that it is more likely to output
global knowledge when the number of By and B, are the same, or when the number of
By or B, is almost maximum. Using Proposition 2, we can explain these phenomena by
considering inequalities using the global knowledge log 77, (- | A) and the strength of in-
context knowledge 3. Using Proposition 2, we can explain these phenomena as follows.
If we have the relationships log 71,(Bs | A) + 13 > log 71;,(B | A) > log m(Bx« | A) + 13/2,
where B, represents By and By, the model outputs global knowledge B when AB; and AB,
occur equally frequently in the prompt. On the other hand, if we have log 77,(B, | A) + 13 >
log 7t,(B | A) > log y(By | A) 4+ 13 and log 71,(B | A) > log 7(B; | A), the prediction of
the model changes to B, to B as the number of B; increases.
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