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ABSTRACT

Diffusion probabilistic models (DPMs) have demonstrated remarkable success in
generative tasks, supported by a solid foundation of convergence analysis. Recently,
decentralized DPMs have been proposed to enhance data security and enable cross-
institutional collaboration. However, their unique decentralized structure renders
existing analysis techniques inapplicable, leaving their theoretical convergence
properties an open question. In this paper, we introduce a novel pseudo-non-
Markovian method to analyze the convergence of both standard and decentralized
DPMs within the context of the denoising diffusion probabilistic model (DDPM)
sampler. Our key technical insight is to reframe the analysis of the backward
transition. While the transition from x; to x5 (s < t) is Markovian, we analyze
its conditional form given the initial data xy. This conditional transition becomes
non-Markovian but gains a tractable analytical expression, allowing for a direct
analysis of the discretization error on the Cartesian product space of x; X x5 X g.
We show that this method is readily extensible to the decentralized setting. To
the best of our knowledge, our convergence theory represents the first of its kind
applicable to the decentralized scenario.

1 INTRODUCTION

The diffusion probabilistic models (DPMs) (Sohl-Dickstein et al., 2015; Ho et al., 2020; Song &
Ermon, 2019; Song et al., 2020b), generating samples of data distribution from initial noise by
learning a reverse diffusion process, have been proven to be an effective technique for modeling data
distribution, especially in images generation (Nichol et al., 2022b; Dhariwal & Nichol, 2021; Saharia
et al., 2022; Ramesh et al., 2022; Rombach et al., 2022; Ho et al., 2022a), image super-resolution (Li
et al., 2022), audio generation (Nichol et al., 2022a; Kong et al., 2021; Popov et al., 2021), video
generation (Ho et al., 2022b; Yang et al., 2024), 3D generation (Poole et al., 2022), and motion
planning (Carvalho et al., 2023).

Diffusion models generate data by relying on a pair of forward and backward diffusion stochastic
differential equations (SDEs) (Song et al., 2020b). The forward diffusion SDE corrupts data into
noise, while the backward SDE reverses this process. A (Stein) score is required in the backward
diffusion SDE; thus, the training process of diffusion models can be regarded as using a neural
network to match the score V log ¢;(x) at different noise levels. Given the complexity of this
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Figure 1: Comparison of analysis methods. (a) Kolmogorov equation analysis relies on single-chain SDE steps,
which are absent in decentralized DPMs. (b) Auxiliary chain analysis is difficult to generalize from its typical
ratio-based auxiliary states to the decentralized setting. (¢) In contrast, our pseudo-non-Markovian approach
derives an analytical form with respect to the initial data, leveraging Gaussian tail properties for analysis on the
Cartesian product space of x; X xs X xo. Note that in the proofs, we use y to represent the initial data points for
simplexity.
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Table 1: Comparison of different convergence analysis methods for the standard DDPM samplers of DPMs and
decentralized DPMs. In some works, a better convergence rate is reported for high-order samplers; here, we
only show the rates on the standard DDPM sampler. Convergence rates are shown using the total variation (TV)
distance, with logarithmic factors neglected. Here, d denotes the data dimension; |D| denotes the maximum
time interval, whose order is consistent with the % notation in (Li & Yan, 2024) and the h notation in (Lee et al.,
2022); y denotes the true value of the y-prediction for DPMs; and ye denotes the y-prediction value learned by

the network.

Analysis methods

Convergence rate
on DPMs

Assumptions on pg

Assumptions on yy

Convergence rate

on decentralized DPMs

Kolmogorov Equation
(Lee et al., 2022)

O(dR L3 Cg|D|*)

V log pa is L-Lipschitz;
pa is CLs log-Sobolev;
[ llzl3dpa(e) < oo

Yo is L-Lipschitz;
yo ~ § in L?(p(z))

Not extensible &

Kolmogorov Equation
(Chen et al., 2022)

O(Ld%|D|%)

V log pq is L-Lipschitz;
[ llzll3dpa(z) < oo

yo ~ §in L*(p(x1))

Not extensible &

Kolmogorov Equation
(Lee et al., 2023)

10

O(d LH|D|%)

bounded support;
V log pa is L-Smooth

yo ~ §in L*(p(x1))

Not extensible &

Kolmogorov Equation
(Chen et al., 2023a)

o(d|D|?)

Jllzl3dpa(e) < oo

yo ~ §in L*(p(x1))

Not extensible &

Kolmogorov Equation
(Benton et al., 2024)

O(d?[D|?)

Jllzl3dpa(e) < oo

yo ~ Fin L*(p(x1))

Not extensible &

Auxiliary Chain
(Li & Yan, 2025)

od|D))

Jllzl3dpa(e) < oo

yo ~ §in L*(p(x1))

Not extensible &

Auxiliary Chain
(Li & Jiao, 2025)

O(dz Lz |D|)

V log pq is L-Lipschitz;
[ lz]|3dpa(z) < o0

yg is L-Lipschitz;
yo ~ g in L*(p(+))

Not extensible &

Pseudo Non-Markov
(This paper)

o(d|Dl)

Jllzl3dpa(e) < oo

yp 18 bounded;
yo = gin L2(p(z+))

o) ©

process, proving convergence to the desired data distribution is not an easy task, especially when
additional modifications are made to the diffusion process.

Significant research advancements have been made to validate the convergence of diffusion models.
Lee et al. (2022) were the first to provide polynomial convergence guarantees for diffusion models.
The scope of this convergence was further expanded to a broader range of data distributions (Chen
et al., 2022; Lee et al., 2023). De Bortoli (2022) demonstrated convergence when the data is only
supported on a lower-dimensional manifold. Chen et al. (2024); Benton et al. (2023) focused on
the development of convergence for deterministic sampling. Additionally, Li et al. (2023) was able
to achieve a superior error bound by making additional assumptions on the Jacobian of the score
functions. However, the aforementioned convergence relies heavily on tools from SDEs, such as the
Kolmogorov equations (Lee et al., 2022) and the Girsanov theorem (Chen et al., 2022). This reliance
makes it challenging to adapt these methods to cases where the reverse process is not derived from
a SDE. More recent works (Li & Yan, 2025; Li & Jiao, 2024) also explore the convergence rate of
DPMs by constructing intricately designed auxiliary ratio-based intermediate chains.

Recently, decentralized DPMs (McAllister et al., 2025; Chen et al., 2025; Dong et al., 2024) have
been proposed through the introduction of a modified multi-cluster diffusion process. This innovation
enables data privacy across various institutions while maintaining generative performance. However,
for the decentralized DPMs, previous convergence theories that built on Kolmogorov equations or
auxiliary chains cannot be applied, see details in Appendix E.2. To our best knowledge, there is
currently no theory to guarantee the convergence of this practically promising framework.

In this paper, we propose an intuitive pseudo-non-Markovian convergence theory for DPMs. Our
key insight is to analyze the reverse process transition from a state x; to x5 by first conditioning on
the initial data z, which yields a tractable, non-Markovian conditional transition with an analytical
form. We then analyze the local discretization errors by partitioning the Cartesian product space
of the states (x4, s, g ). Our theory also incorporates errors from network approximation and the
forward process. Notably, while conceptually simple, our framework establishes a convergence rate
comparable to state-of-the-art results. More importantly, the pseudo-non-Markovian method can
be seamlessly extended to decentralized DPMs, providing the first convergence guarantee for this
empirically valuable framework.

Our contributions. Compared to previous efforts in DPMs convergence theory, our main contribu-
tions are as follows:
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* In Theorem 3.7, we propose a novel pseudo-non-Markov method to establish a convergence
rate for DPMs in terms of the total variation (TV) distance. Under mild finite-moment
assumptions on initial data, we establish a O(d|D|) TV convergence rate for DPMs, which
is comparable to the SOTA. This approach is intuitive, which obviates the need for resorting
to the complex Kolmogorov equation theory and intricate Markov chain construction.

* In Theorem 5.2, we extend our pseudo-non-Markov convergence theory to the decentralized
DPM, where the transition kernel is redefined as a mixture of Gaussians. This is achieved
by the inherent extensible nature of our pseudo-non-Markov method. We point out that the
decentralized DPMs would introduce an additional classifier approximation error, but retain
the same forward error, score network approximation error, and discretization error as the
classical DPMs.

* We observe that the classifier approximation error in decentralized DPMs diverges as T'
increases, which we attribute to the zero-order training of the cluster classifier. Theoretically,
we propose mitigating this divergence by incorporating extra high-order objectives for the
decentralization classifier to ensure convergence.

Organization. Section 2 reviews the preliminaries of standard and decentralized DPMs. We then
present our pseudo-non-Markovian convergence theory for standard DPMs in Section 3, followed by
a proof sketch in Section 4. Finally, Section 5 extends this analysis to establish the first convergence
guarantee for decentralized DPMs.

2 PRELIMINARIES

Notation. The Euclidean norm over R¢ is denoted by ||-||, and the Euclidean inner product is denoted by (-|-).
Throughout, we simply write [ g to denote the integral with respect to the Lebesgue measure: | g(z)dz. When
the integral is with respect to a different measure p, we explicitly write [ gdy. When clear from context, we
sometimes abuse notation by identifying a measure p with its Lebesgue density. We use A to denote the closure
and A° to denote the complement of a set A. We denote a standard d-dimensional Gaussian distribution as 7.
Detailed notations table can be found in Appendix A.1

2.1 DIFFUSION PROBABILISTIC MODELS AND TRANSITION KERNELS

Given a data distribution p4(x), a diffusion model is designed to generate samples according to the
data distribution. Diffusion probabilistic models define two Markov chains, including the forward
process and reverse process. The forward process is typically hand-designed with a Gaussian
transition kernel to perturb data to noise and can be expressed as (Zhang et al., 2024):

p(we, tlzs, 8) = N(@e; 0505, 0716 1), )

where oy and oy are positive scalar functions of ¢ satisfying a? + 02 = 1, and a; decreases
monotonically from 1 to 0 over time ¢ (Kingma et al., 2021). The choice for o, and oy is referred

to as the noise schedule of a DM. ¢, s are two timesteps and 0 < s < ¢ < 1, and oys = /1 — afls,
Qs = o/, O’?ls =1- afls.
Hence, the conditional distribution of x; given x( can be derived as:

p(z1, t|zo,0) = N (z4; o, o3 1). 2)
Taking the initial condition p(z¢, 0) = pa(x) into account, the single time marginal distribution of
Xy 18t

a4 _ 2
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The reverse process reverses the forward one with a learned kernel. Based on Eq. (1) and (3), the
ground truth reversed transition kernel can be derived with Bayes’ rule:

p(s, s)
S at = at Sy
(e sfoe.t) = e, oo, ) D
2 2 2 C))
_ _d at\sas asgt\s
R R O e e I
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- 2
where o; = 022, w(zy, t,y) = 7f/5((;:,’tij’)) 57 While u(xg, t,y) = exp(—ill"“ 2:5?’” )pd(y).

Y

Here w(xy,t,y) is exactly the conditional distribution of y given xy, t.

Existing methods typically approximate the learnable reversed transition kernel as a single Gaussian
distribution (Ho et al., 2020). The transition kernel can be expressed as (Zhang et al., 2024):

2 2 2
. _4d 1 Q|50 AsO¢s _
p(ms,5|$t7t) = (27Tas|t) 2 exp <_ 203“ Ts — Jt2 Tt — o_tQ y(mtzt) ) ®)

where g(x,t) = fy w(xy, t,y)y dy. Subsequently, the approximated single-time marginal distribu-
tion with the accurate (x4, t) is:

ﬁ(mti) = /d T /d ﬁ(‘rfl ‘xti+1) o 'ﬁ(xtT—l ‘xtT )ﬁ(xtT) dl‘tH»l < dzeg. (6)
Re R

The mean of this Gaussian distribution is related to g(z¢, t), which is estimated by a neural network
yo(z¢,t) in z-prediction methods, while the variance is isotropic and depends only on the timestep
s and t. Another commonly used parameterization is e-prediction, which uses a noise prediction
network to estimate noise €(x;, ¢) (Salimans & Ho, 2022). Despite their difference from z-prediction,
these two parameterizations are equivalent, as demonstrated by the relationship.

e = oGz, t) + ore(xy, t). 7
By substituting (¢, t) in Eq. (6) and Eq. (5) with the network prediction yg (¢, t), we obtain pg (x4, )

and pg (¢, |7+, , ). In this paper, we utilize the 2-prediction for simplicity in our proofs. For clarity,
we refer to p(z;) and p(zs | x¢) instead of p(xy,t) and p(zs, s | x4+, t) when there is no ambiguity.

2.2 PRELIMINARIES ON DECENTRALIZED DPMs

Based on differing motivations, McAllister et al. (2025), and concurrently, Chen et al. (2025); Dong
et al. (2024), propose to partition data into clusters and utilize cluster-specific diffusion models
to match the noised data distribution. The primary intuition driving McAllister et al. (2025) is
two-fold: to ensure data security across various institutions and to distribute the computational burden
across multiple nodes, particularly in large-scale training scenarios. In contrast, Chen et al. (2025);
Dong et al. (2024) cluster the data with the distinct insight that this approach would mitigate the
discretization error by formulating the reverse transition kernels as a Mixture-of-Gaussian (MoG)
distribution, rather than relying on a simple naive single Gaussian parameterization.

In the decentralized scenario, the training data is divided into L classes: {y; € R%i = 1,2,..., N}
= Ule{yf € R4i =1,2,...,N;}. For a data point 2, we use a one-hot vector L(zg) to denote
its cluster label. We also define the underlying cluster partition on the data distribution as {p};}~ ;.
Note that these pld are measures rather than probability measures; their sum constitutes a probability
measure. The cluster division way can be arbitrary in theory, and in practice can be decided by
institution (McAllister et al., 2025), k-means, or dataset class label (Chen et al., 2025; Dong et al.,
2024). Later, we will show that any method of data division results in convergence, because the
subsequent proof does not rely on how the data is partitioned.

The underlying true kernel is then approximated by integrating the cluster-specific kernels. The
decentralized DPM (Dong et al., 2024) defines a new MoG approximation to reverse transition as:

L

Plaslee) =)' (we, 00 (wslae), ®)

=1

where ' is the reverse transition kernel on label [, a' denotes the time-aware class probability:

X _a 1 u)s02 asoyy
pl(ws\wt):/@m’s\t) 2ul(ﬂczﬂf,y)GXP{_Q e — =5 — =g @, 0| PYh )y, ()
v Ot O o}

Hﬂ?t—at,yHZ
6Xp<—72
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'LU(ZL't, t, y)

1
t =
u (mty 7y) al(a:t,t) )

(e, t) = / u' (x4, t, y)yph(y)dy (11)

Yy

The marginal distribution of this approximation p(z:) is defined in the same way as in Eq. (6). In

practice, we use L neural networks to approximate 7' (x,t), which are parameterized as conditional

network yg(z,t,1) (also denoted as y),(z;,t)). Additionally, a neural network a (24, t) is necessary

to approximate a(z¢, t) 2 (al(zy,t), -+, aF (x4, )T € RE. ag(x, t) is trained via the objective
2

Eoo~paata tU1,T) 0imp(ei o) 10021, 1) — Lzo) ||

3 CONVERGENCE THEORY OF DPMSs

In this section, we will present our assumptions on the initial data, noise schedule, and network, and
then introduce our convergence analysis result.

3.1 ASSUMPTIONS

To start with, we outline some assumptions regarding the initial distribution, the neural network
approximation errors, and the noise scheduler, which will be referenced throughout this paper:

Assumption 3.1. The data distribution pq(z) has finite second moment:
2 2
Bunp [lell*] = [ llzlpa(o)dz = M < o (12)

Remark 3.2. The Assumption 3.1 is fulfilled in common image, audio, and video datasets, which
guarantees that any marginal distribution has a finite moment.

By the Fubini-Tonelli theorem, the Assumption 3.1 allows for the interchange of the order of
integration, enabling a shift between double integrals and iterated integrals across our paper. For the
sake of simplicity, we will not explicitly mention this in the remaining part of the paper.

Assumption 3.3. For all t, yg(-,t) and §(-,t) are close in L*(p), that is, [z, p(x¢)|lye(xs,t) —
Y(xy, t)|]? day < el < 1. And yg(-,t) are universally bounded by a constant C.y,.

Remark 3.4. This assumption has been adopted by previous studies (Chen et al., 2022; Lee et al.,
2023) and is confirmed by Oko et al. (2023). This is consistent with the training objectives of DPMs.

Assumption 3.5. oy is a predefined function that decreases monotonically from 1 to 0, with its
derivatives bounded; specifically, 0 > % > —C, for some positive constant C,,.

Remark 3.6. As o is designed manually, we assume that its derivative is bounded, which is satisfied
by all commonly used DPM schedulers like VE (Song & Ermon, 2019), VP (Ho et al., 2020), sub-VP
(Song et al., 2020b), and EDM (Karras et al., 2022).

Our theory relies on the finite moment of the target distribution, /5-accurate and finite score estimates,
and a well-behaved noise scheduler. In contrast to prior works, it does not require the log-Sobolev
(Lee et al., 2022), log-concavity (Gao & Zhu, 2024), or Lipschitz assumptions (Chen et al., 2022;
2023c;d), or finite Jacobian error assumption in (Li et al., 2023; 2024).

3.2 MAIN RESULTS

Considering that the sampling process occurs in discrete steps, we introduce the notation for time
discretization as D = {0 < tymin = to < t1 < -+ < tp = tmax < 1}. We also define At; =
t;+1 — t; and denote the maximum At; as |D|. Based on these assumptions, we derive the following
convergence result as the main theorem of our paper:
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Figure 2: The illustration of our analysis scheme. (a) The discretization error is introduced because of the gap
between the forward transition and the backward transition, which is analysed in Lemma 4.1 and Lemma 4.2.
(b) The network approximation error is introduced by imperfect score matching, which is tackled in Lemma 4.3.
(c) The forward error is introduced by the convergence gap of the forward process to the standard Gaussian,
which is detailed in Appendix A.6. (d) The singularity interval error near ¢ = 0 is investigated in Appendix A.7.

Theorem 3.7. (Main Theorem) There exist Cy,Cy,C3 > 0,0 > 0,k > 1 depending on t,;,,, such
that for all time discretizations D with |D| < ¢, the following inequality holds:

1 1
TV(p(et) 90(010)) < CrllDllog ot Caey +Coenp (— o) VL)
|,D‘ S~~~ ‘D|
Network Approximation Error
Discretization Error Forward Error

13)

The proof overview can be seen in Section 4. In this theorem, we establish an O(d/T') convergence
rate (log is omitted) for the DDPM sampler in TV distance under mild assumptions. This result is
comparable to the most advanced convergence result for DDPM in (Li & Yan, 2025).

Convergence on Singularity Endpoints Notice that the diffusion model has an inherent singularity
property when ¢,,;; — 0 (Zhang et al., 2024). It’s not feasible to compute the TV distance for this
singularity endpoint. We adapt the idea from Theorem 2.1 in prior work (Lee et al., 2023), which
applies the Wasserstein distance to the left interval.

For the detailed results on the singularity error and discussion of the singularity issue at the right
endpoint, we defer them to Appendix A.7.

4 PROOF OF THE MAIN THEOREM VIA PSEUDO NON-MARKOV ANALYSIS

In this section, we introduce a novel approach to demonstrate that the distribution generated by the
conventional diffusion model closely matches the actual data distribution, obviating the need for
Kolmogorov equations or complex auxiliary sequences. Instead, we adopt the pseudo-non-Markov
analysis to formulate the analytical form of the local discretization error directly.

From a high-level intuition, we decompose the total variation (TV) distance into two components:
the discretization error between p(z;) and p(z), and the approximation error between p(x ) and
po(xs). The discretization error arises from the discrepancy in the forms of the forward and backward
diffusion processes, which is inherent to the design of DPMs. The approximation error stems from
the matching error of the learned score network. Note that there will be an additional forward error
stemming from the convergence gap of the forward process to the standard Gaussian.

4.1 BOUNDING THE DISCRETIZATION ERROR VIA PSEUDO-NON-MARKOV ANALYSIS

For the discretization error part, we first quantify the local discretization error and sum it up.

V(o). i) < [

R4

/Rd p(xs|@e)p(we) — P(ws|ze)p(ae) dve | dws +2TV (p(:), () (14)

Local Discretization Error

The core challenge in the convergence theory consistently resides in bounding the discretization error
in Eq. (14), which represents an integral of the difference between p(x 4|z )p(z;) and p(xs|z:)p(as)
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over the Cartesian product space (z; x ;) € (R%)2. Direct knowledge of these terms is unavailable.
However, our pseudo non-Markov method conditions these transitions on a specific initial data point
y, and we can derive their analytical conditional forms, as follows:

p(sle)p(a:) = / p(slee, ¥)p(ee, y) dy

9 \_d 1 50 O‘SU?\S ’ 2\— 4 1 2
= | @roge) 2 exp| g5 |ts = — 5= — —5—y| | (2m07)" 2 exp| — o5z — aryl” |pa(y) dy
s|t t t t

(15)
Similarly, for the single-Gaussian reverse kernel, its pseudo-non-Markov formulation writes:

B |ze)pae) = / Bz, y)p(e, 9) dy

5 2
_d 1 atsaf Qs0s _d 1
:/(27“7?&) 2 exp (‘ 292 | %~ (ljz Tt — 02‘ g(xt, 1) >(27r0t2) 2 exp<—ﬁ|$t - Olty|2>pd(y) dy
s|t t t t

16)

Thus, the integral space is transformed to the Cartesian product space of (z, x z; x y) € (R%)3.

Then, we divide the space into light-tail areas and the Gaussian peak area. Define a partition

P = {Py, Py, P3, P4} on this Cartesian product space (z5 X z; X y) with
P = {ues| > 04s B} N {|e| > oeBor || > 0B},
Py = {|ut5| > O't‘SB} N {|€t| < o¢B and ‘al < (J'tB}7

17
P3:{|u13| SO‘t‘SB}m{|6t| >0'tB or|€t| >O'tB}7 ( )
Py = {Juss| < oys B} N {|ee| < 0¢B and |&| < 0B}
where B = /—Cdlog /a0, and define s (w4, 75) = @p — usTs, €(24,Y) = 4 — iy,

€s(xs,y) = x5 — sy, E(x¢) = xr — o P(a4, t). Note that the union of these four regions forms the
whole space. The motivation is as follows. In P1, Py, [P3, the probability of the distribution itself
on these regions will be small due to the light-tail property of the Gaussian kernel. Only in the
region near the peak of the Gaussian, that is, P4, do we need to delve into the Taylor expansion form
of the difference to establish the bound. In the following Lemmas, we establish the bounds of the
discretization error on each partition.

Lemma 4.1. For all adjacent timesteps s < t, there exist 6 > 0 and C1,Cs, C3 > 0, the integral of
local discretization error on the Py, Py, P3, is bounded by C1(t — )%, Oz (t — 5)%, C3(t — s)2.

Lemma 4.2. For all adjacent timesteps s < t, there exist 6 > 0 and C > 0,k > 1, the integral of
local discretization error from s to t on the Py is bounded by Cd(t — s)? logk i

Considering these partitions jointly, we conclude that the local discretization error is of the order
O(d(t — s)?), which contributes to the O(d(t — s)) term in the global error.

4.2 BOUNDING THE APPROXIMATION ERROR VIA PINSKER’S INEQUALITY

For the approximation error, we adopt a different approach. We generally follow the intuition of Li &
Yan (2024), which get the global approximation error in terms of the KL divergence first, and use
Pinsker’s inequality to quantify the global approximation error in terms of the TV distance.

TV(3e) po(r) < | SKLGE). po(e) s)

In a similar derivation to Eq. (14), we can transfer the global approximation error into an iterative
summation of local approximation error.

KL(p(zs),po(s)) = KL (B(zs|we)p(xt), po(ws|z4)p(we)) +KL(P(2), po(wt))

Local Approximation Error (KL)

19

In the following lemma, we show that the local approximation error, measured in terms of KL
divergence, is of the order O((t — s)e3).
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Lemma 4.3. For all adjacent timesteps s < t, there exist § > 0 and C > 0, the inequality
KL (p(xs|z)p(t), po(zs|xe)play)) < C(t — 8)63 holds.

Then the global approximation error, measured in terms of KL divergence, is O(ai). By extension,
the global approximation error in terms of the total variation (TV) distance will be O(e,).

Bounding the Forward Error The convergence error stems from the finite horizon of the forward
process, which is the gap between p(x7) and p(x7) = v¢. We defer its derivation to Appendix A.6.

5 EXTENSION TO THE DECENTRALIZED DPMS

Similar to Assumption 3.1, we also need the assumption that y}(z+,t) and ay(z,t) approximate
7! (x¢,t) and a' (x4, t) in L?(p) to derive the error bound of the decentralized DPM.

Assumption 5.1. Forallt € [tyin, 1] and 1 <1 < L, y} and aé, are close to ' and a' in L?(p)
respectively, that is, [, p(xe)||yh(ze,t) — ¥ (x4, )| day < {-:yl < land [, p(xt)(afﬁ(:zzt,t) -

al(xg, t))?da; < 531 < 1. Let’s denote €, = max; ey and €, = max;eq. We also need the

y-prediction network output to be upper-bounded.

Then, pg,(zs|z¢) is defined by yls and aibs. po(x¢) is defined in a manner consistent with Eq. (6).

To estimate the error boundary of the decentralized DPMs, we employ a strategy that transforms it
into a weighted single Gaussian. Taking into account that p(x4|x;) has this equivalent form:

p(ws|a) =Zal e, t)p! (@s]), (20)
=1
where
2 2
_d 1 Q|0 Q504
pl(:vslzvt)=/(2ms\t) 20l (x4, 1, y) exp — 57| — o — ——yl | ph(y)dy,
Y 9\t 0} O

(21
5.1 CONVERGENCE THEORY FOR DECENTRALIZED DPMS

Here, we leverage our local space partition analysis framework to rigorously establish the convergence
rate for decentralized DPMs. Specifically, we:

Theorem 5.2. There exist C1,Cs,C35,Cy > 0,k > 1 depending on t,,;n, such that for all time
discretizations D with |D| < 6, the inequality TV(p(x,,,.),Po.o(%1,,.,)) < C1d|D|log" ﬁ +

Coey + Cgﬁaa + Cyexp (—ﬁ) VKL(pg,v%) holds.

The proof idea of Theorem 5.2 still follows the idea of Theorem 3.7, the approach of first decomposing
it into three components: the discretization error, the score approximation error introduced by the
score network, and the class approximation error induced by the classifier network a.

TV(p(zs), Po,o(ws)) < TV(p(s),pg(x5))  +TV(ps(s), Pg (x5)) + TV (Do (5), .0 (25))

Global Class Approximation Error Global Discretization Error Global Score Approximation Error

(22)

Notice that the forward error will be contained in the end step of the Global Discretization Error, and
can be handled in the same way as in the Theorem 3.7. Notice that the analysis on forward error in
the decentralized setting is totally the same as in Theorem 3.7.

Class approximation error Here, we first quantify how much extra error will be introduced due to
the decentralized classifier.

2TV (p(zs), ps(as)) < Lea + 2TV (p(21), po (z1))- (23)

It is noted that the local approximation error here is Le,, which will eventually sum up to the C3T Le,
term in Theorem 5.2.
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Discretization error For the discretization error, we first investigate its local form and bound it
utilizing the sum of errors in each cluster.

2TV (pg(25), Do (25))

Sgal(l’z:t)/w /uad

For every cluster [, we can bound the single-cluster local discretization error

(24)
pé,(xs|xt)p¢(xt) — ﬁfi,(ms|xt)p¢(xt) dz das + 2TV(pg (z1), Ps(2t))

I ‘pfﬁ(ms\mt)pdxt) — ply(xs|ze)py(as)| doy dzg  via the method in  Section 4.1 with
O((t — s)*logk 7). Considering that Zlel al = 1, we can also bound the whole-cluster
local discretization error with O((t — s)2 log® ). Of course, the global discretization error will be
O((t — s) log” 71-) and result in the C4|D| log" o7 of Theorem 5.2.

Score approximation error For the score approximation error part, we also use Pinsker’s inequality
first.

R R 1 R R
TV (s (25), Pp,0(xs)) < \/§KL(p¢($s)7 Po,0(xs)) 25)
For the KL term, we first divide them into different decentralized clusters.

KL(pg(s), Pg,0(s))

L 26
<3 a e DKL (@l o). o (@alefo(@) + KLiGo(@s) pooa))
=1

For every cluster [, we can bound the single-cluster local score approximation error
KL (5g(xs|ze)DPg (1), Pg,0(zs|21)Pe(x,)) via Lemma 4.3. Therefore, the whole-cluster local score
approximation error can be bounded by O((t — s)e7). Then the global score approximation error in
terms of KL is (9(512/) and results in the C'se,, term in Theorem 5.2.

5.2 HANDLING THE DIVERGENT CLASSIFIER APPROXIMATION ERROR

The local approximation error introduced by a4 is zero-order locally, which will sum up to a divergent
C3T Le, term in the global error as in Theorem 5.2. We identify that this is inherent in the current
sampling method of decentralized DPMs as shown in Algorithm 3. To mitigate this divergence, we
propose to theoretically use Ito’s chain rule to characterize the behavior of a, based on its relation to
24, but not directly predict a,. The first derivative of the underlying true a is as follows:

Oa(xy,t 0aT (z4,t 1 9aT (z4,t
da (z,t) = ( (att ) + 8(91;: ) (ft:rz _ ngt (xt)) + 5g,?Al,,a(act,t)) dt + %gtd&
@7
Notably, the aa(g;’t) , %xj)t) and A,,a (x4,t) all have analytical from which can be used as an

enhanced high-order training objectives in the training of a4, which is a technique used in classical
DPMs (Lu et al., 2022a). Detailed formulation is deferred to Appendix C.

6 CONCLUSION

In this paper, we developed a novel convergence theory for DDPM using an intuitive pseudo-non-
Markov analysis, determining an O(d/T') convergence rate under the finite moments assumption.
Moreover, we extend this method to establish the convergence rate of decentralized diffusion models,
presenting the first convergence theory applicable to decentralized scenarios. Our work provides a
new theoretical foundation and analysis approach for diffusion models. Looking ahead, the pseudo-
non-Markov framework established in this study serves as a foundation for future research. It opens
up new avenues for exploring the convergence properties of more complex and specialized diffusion
models. Detailed proofs, more discussions, and experiments are deferred to the Appendix sections.



Under review as a conference paper at ICLR 2026

ETHICS STATEMENT

As a nearly pure theoretical work, we feel our work is less likely to suffer from ethical issues. The
authors have read and comply with the ICLR Code of Ethics. This research does not involve human
subjects or personally identifiable information. We do not foresee harmful or dual-use implications
from the proposed methods. There are no conflicts of interest or undisclosed sponsorship.

REPRODUCIBILITY STATEMENT

For theoretical results, the derivations of the claims are included in the Appendix. We promise that
we will open-source our empirical validation codes to promote the technological progress of the
community.

REFERENCES

Hervé Abdi and Lynne J Williams. Principal component analysis. Wiley interdisciplinary reviews:
computational statistics, 2(4):433-459, 2010.

Brian DO Anderson. Reverse-time diffusion equation models. Stochastic Processes and their
Applications, 12(3):313-326, 1982.

D. Bakry, I. Gentil, and M. Ledoux. Analysis and Geometry of Markov Diffusion Operators.
Grundlehren der mathematischen Wissenschaften. Springer International Publishing, 2013. ISBN
9783319002279. URL https://books.google.com.tw/books?id=gU3ABAAAQBAJ.

Fan Bao, Chongxuan Li, Jiacheng Sun, Jun Zhu, and Bo Zhang. Estimating the optimal covariance
with imperfect mean in diffusion probabilistic models. arXiv preprint arXiv:2206.07309, 2022.

Joe Benton, George Deligiannidis, and Arnaud Doucet. Error bounds for flow matching methods.
arXiv preprint arXiv:2305.16860, 2023.

Joe Benton, Valentin De Bortoli, Arnaud Doucet, and George Deligiannidis. Nearly $d$-linear
convergence bounds for diffusion models via stochastic localization. In The Twelfth International
Conference on Learning Representations, 2024. URL https://openreview.net/forum?
id=r5njV3BsuD.

Alexander Brudnyi et al. Methods of geometric analysis in extension and trace problems: volume 1,
volume 102. Springer Science & Business Media, 2011.

Joao Carvalho, An T Le, Mark Baierl, Dorothea Koert, and Jan Peters. Motion planning diffusion:
Learning and planning of robot motions with diffusion models. In 2023 IEEE/RSJ International
Conference on Intelligent Robots and Systems (IROS), pp. 1916-1923. 1IEEE, 2023.

Hansheng Chen, Kai Zhang, Hao Tan, Zexiang Xu, Fujun Luan, Leonidas Guibas, Gordon Wetzstein,
and Sai Bi. Gaussian mixture flow matching models, 2025. URL https://arxiv.org/abs/
2504.05304.

Hongrui Chen, Holden Lee, and Jianfeng Lu. Improved analysis of score-based generative modeling:
User-friendly bounds under minimal smoothness assumptions. In International Conference on
Machine Learning, pp. 4735-4763. PMLR, 2023a.

Minshuo Chen, Kaixuan Huang, Tuo Zhao, and Mengdi Wang. Score approximation, estimation and
distribution recovery of diffusion models on low-dimensional data. In International Conference on
Machine Learning, pp. 4672—4712. PMLR, 2023b.

Sitan Chen, Sinho Chewi, Jerry Li, Yuanzhi Li, Adil Salim, and Anru R Zhang. Sampling is as easy
as learning the score: theory for diffusion models with minimal data assumptions. arXiv preprint
arXiv:2209.11215, 2022.

Sitan Chen, Sinho Chewi, Holden Lee, Yuanzhi Li, Jianfeng Lu, and Adil Salim. The probability
flow ode is provably fast. Advances in Neural Information Processing Systems, 36:68552-68575,
2023c.

10


https://books.google.com.tw/books?id=gU3ABAAAQBAJ
https://openreview.net/forum?id=r5njV3BsuD
https://openreview.net/forum?id=r5njV3BsuD
https://arxiv.org/abs/2504.05304
https://arxiv.org/abs/2504.05304

Under review as a conference paper at ICLR 2026

Sitan Chen, Giannis Daras, and Alex Dimakis. Restoration-degradation beyond linear diffusions:
A non-asymptotic analysis for ddim-type samplers. In International Conference on Machine
Learning, pp. 4462-4484. PMLR, 2023d.

Sitan Chen, Sinho Chewi, Holden Lee, Yuanzhi Li, Jianfeng Lu, and Adil Salim. The probability
flow ode is provably fast. Advances in Neural Information Processing Systems, 36, 2024.

Valentin De Bortoli. Convergence of denoising diffusion models under the manifold hypothesis.
arXiv preprint arXiv:2208.05314, 2022.

Prafulla Dhariwal and Alexander Nichol. Diffusion models beat gans on image synthesis. In Advances
in Neural Information Processing Systems, volume 34, pp. 8780-8794, 2021.

Yue-Jiang Dong, Hubery Yin, Fangyikang Wang, Yizhe Zhao, Chao Zhang, Chen Li, and Song-Hai
Zhang. DC-DPM: A divide-and-conquer approach for diffusion reverse process, 2024. URL
https://openreview.net/forum?id=VbAxCwV2e3.

Xuefeng Gao and Lingjiong Zhu. Convergence analysis for general probability flow odes of diffusion
models in wasserstein distances. arXiv preprint arXiv:2401.17958, 2024.

Guillaume Garrigos and Robert M Gower. Handbook of convergence theorems for (stochastic)
gradient methods. arXiv preprint arXiv:2301.11235, 2023.

Arthur Gretton, Karsten M Borgwardt, Malte J Rasch, Bernhard Scholkopf, and Alexander Smola. A
kernel two-sample test. The Journal of Machine Learning Research, 13(1):723-773, 2012.

Hanzhong Guo, Cheng Lu, Fan Bao, Tianyu Pang, Shuicheng Yan, Chao Du, and Chongxuan Li.
Gaussian mixture solvers for diffusion models. Advances in Neural Information Processing
Systems, 36, 2024.

Martin Heusel, Hubert Ramsauer, Thomas Unterthiner, Bernhard Nessler, and Sepp Hochreiter. Gans
trained by a two time-scale update rule converge to a local nash equilibrium. Advances in neural
information processing systems, 30, 2017.

Jonathan Ho, Ajay Jain, and Pieter Abbeel. Denoising diffusion probabilistic models. Advances in
neural information processing systems, 33:6840-6851, 2020.

Jonathan Ho, Chitwan Saharia, William Chan, David J. Fleet, Mohammad Norouzi, and Tim Salimans.
Cascaded diffusion models for high fidelity image generation. Journal of Machine Learning
Research, 23(47):1-33, 2022a.

Jonathan Ho, Tim Salimans, Alexey Gritsenko, William Chan, Mohammad Norouzi, and David J
Fleet. Video diffusion models. Advances in Neural Information Processing Systems, 35:8633-8646,
2022b.

Tero Karras, Miika Aittala, Timo Aila, and Samuli Laine. Elucidating the design space of diffusion-
based generative models. Advances in Neural Information Processing Systems, 35:26565-26577,
2022.

Diederik Kingma, Tim Salimans, Ben Poole, and Jonathan Ho. Variational diffusion models. In
Advances in Neural Information Processing Systems (NeurIPS), pp. 2169621707, 2021.

Diederik P Kingma and Max Welling. Auto-encoding variational bayes. arXiv preprint
arXiv:1312.6114, 2013.

Zhifeng Kong, Wei Ping, Jiaji Huang, Kexin Zhao, and Bryan Catanzaro. Diffwave: A versatile
diffusion model for audio synthesis. In International Conference on Learning Representations
(ICLR), 2021.

Holden Lee, Jianfeng Lu, and Yixin Tan. Convergence for score-based generative modeling with

polynomial complexity. Advances in Neural Information Processing Systems, 35:22870-22882,
2022.

11


https://openreview.net/forum?id=VbAxCwV2e3

Under review as a conference paper at ICLR 2026

Holden Lee, Jianfeng Lu, and Yixin Tan. Convergence of score-based generative modeling for general
data distributions. In International Conference on Algorithmic Learning Theory, pp. 946-985.
PMLR, 2023.

Gen Li and Yuchen Jiao. Improved convergence rate for diffusion probabilistic models. arXiv preprint
arXiv:2410.13738, 2024.

Gen Li and Yuchen Jiao. Improved convergence rate for diffusion probabilistic models. In
The Thirteenth International Conference on Learning Representations, 2025. URL https:
//openreview.net/forum?id=S0d07Qxkw4.

Gen Li and Yuling Yan. O (d/t) convergence theory for diffusion probabilistic models under minimal
assumptions. arXiv preprint arXiv:2409.18959, 2024.

Gen Li and Yuling Yan. O(d/t) convergence theory for diffusion probabilistic models under minimal
assumptions. In The Thirteenth International Conference on Learning Representations, 2025. URL
https://openreview.net/forum?id=4E jdYiNRzE.

Gen Li, Yuting Wei, Yuxin Chen, and Yuejie Chi. Towards faster non-asymptotic convergence for
diffusion-based generative models. arXiv preprint arXiv:2306.09251, 2023.

Gen Li, Yuting Wei, Yuejie Chi, and Yuxin Chen. A sharp convergence theory for the probability
flow odes of diffusion models. arXiv preprint arXiv:2408.02320, 2024.

Haoying Li, Yifan Yang, Meng Chang, Shiqi Chen, Huajun Feng, Zhihai Xu, Qi Li, and Yueting
Chen. Srdiff: Single image super-resolution with diffusion probabilistic models. Neurocomputing,
479:47-59, 2022.

Luping Liu, Yi Ren, Zhijie Lin, and Zhou Zhao. Pseudo numerical methods for diffusion models on
manifolds. arXiv preprint arXiv:2202.09778, 2022.

Cheng Lu, Kaiwen Zheng, Fan Bao, Jianfei Chen, Chongxuan Li, and Jun Zhu. Maximum likelihood
training for score-based diffusion odes by high order denoising score matching. In International
Conference on Machine Learning, pp. 14429-14460. PMLR, 2022a.

Cheng Lu, Yuhao Zhou, Fan Bao, Jianfei Chen, Chongxuan Li, and Jun Zhu. Dpm-solver: A fast
ode solver for diffusion probabilistic model sampling in around 10 steps. Advances in Neural
Information Processing Systems, 35:5775-5787, 2022b.

Cheng Lu, Yuhao Zhou, Fan Bao, Jianfei Chen, Chongxuan Li, and Jun Zhu. Dpm-solver++: Fast
solver for guided sampling of diffusion probabilistic models. arXiv preprint arXiv:2211.01095,
2022c¢.

David McAllister, Matthew Tancik, Jiaming Song, and Angjoo Kanazawa. Decentralized diffusion
models. arXiv preprint arXiv:2501.05450, 2025.

Alexander Quinn Nichol, Prafulla Dhariwal, Aditya Ramesh, Pranav Shyam, Pamela Mishkin, Bob
Mcgrew, Ilya Sutskever, and Mark Chen. GLIDE: Towards photorealistic image generation and
editing with text-guided diffusion models. In International Conference on Machine Learning
(ICML), pp. 16784-16804, 2022a.

Alexander Quinn Nichol, Prafulla Dhariwal, Aditya Ramesh, Pranav Shyam, Pamela Mishkin, Bob
Mcgrew, Ilya Sutskever, and Mark Chen. GLIDE: Towards photorealistic image generation and
editing with text-guided diffusion models. In Proceedings of the 39th International Conference on
Machine Learning, volume 162, pp. 16784—16804, 2022b.

Jorge Nocedal and Stephen J Wright. Numerical optimization. Springer, 1999.

Kazusato Oko, Shunta Akiyama, and Taiji Suzuki. Diffusion models are minimax optimal distribution
estimators. In International Conference on Machine Learning, pp. 26517-26582. PMLR, 2023.

Ben Poole, Ajay Jain, Jonathan T Barron, and Ben Mildenhall. Dreamfusion: Text-to-3d using 2d
diffusion. arXiv preprint arXiv:2209.14988, 2022.

12


https://openreview.net/forum?id=SOd07Qxkw4
https://openreview.net/forum?id=SOd07Qxkw4
https://openreview.net/forum?id=4EjdYiNRzE

Under review as a conference paper at ICLR 2026

Vadim Popov, Ivan Vovk, Vladimir Gogoryan, Tasnima Sadekova, and Mikhail Kudinov. Grad-tts: A
diffusion probabilistic model for text-to-speech. In International Conference on Machine Learning,
pp- 8599-8608. PMLR, 2021.

Aditya Ramesh, Prafulla Dhariwal, Alex Nichol, Casey Chu, and Mark Chen. Hierarchical text-
conditional image generation with clip latents. arXiv preprint arXiv:2204.06125, 1(2):3, 2022.

WanSoo Rhee and Michel Talagrand. Uniform bound in the central limit theorem for banach space
valued dependent random variables. Journal of multivariate analysis, 20(2):303-320, 1986.

Robin Rombach, Andreas Blattmann, Dominik Lorenz, Patrick Esser, and Bjorn Ommer. High-
resolution image synthesis with latent diffusion models. In Proceedings of the IEEE/CVF confer-
ence on computer vision and pattern recognition, pp. 10684-10695, 2022.

Chitwan Saharia, William Chan, Saurabh Saxena, Lala Li, Jay Whang, Emily L Denton, Kamyar
Ghasemipour, Raphael Gontijo Lopes, Burcu Karagol Ayan, Tim Salimans, Jonathan Ho, David J
Fleet, and Mohammad Norouzi. Photorealistic text-to-image diffusion models with deep language
understanding. In Advances in Neural Information Processing Systems, volume 35, pp. 36479—
36494, 2022.

Tim Salimans and Jonathan Ho. Progressive distillation for fast sampling of diffusion models. arXiv
preprint arXiv:2202.00512, 2022.

Jascha Sohl-Dickstein, Eric Weiss, Niru Maheswaranathan, and Surya Ganguli. Deep unsupervised
learning using nonequilibrium thermodynamics. In International Conference on Machine Learning,
pp- 2256-2265. PMLR, 2015.

Jiaming Song, Chenlin Meng, and Stefano Ermon. Denoising diffusion implicit models. arXiv
preprint arXiv:2010.02502, 2020a.

Yang Song and Stefano Ermon. Generative modeling by estimating gradients of the data distribution.
Advances in neural information processing systems, 32, 2019.

Yang Song, Jascha Sohl-Dickstein, Diederik P Kingma, Abhishek Kumar, Stefano Ermon, and Ben
Poole. Score-based generative modeling through stochastic differential equations. arXiv preprint
arXiv:2011.13456, 2020b.

Xianghui Yang, Huiwen Shi, Bowen Zhang, Fan Yang, Jiacheng Wang, Hongxu Zhao, Xinhai Liu,
Xinzhou Wang, Qingxiang Lin, Jiaao Yu, et al. Hunyuan3d 1.0: A unified framework for text-to-3d
and image-to-3d generation. arXiv preprint arXiv:2411.02293, 2024.

Pengze Zhang, Hubery Yin, Chen Li, and Xiaohua Xie. Tackling the singularities at the endpoints of
time intervals in diffusion models. arXiv preprint arXiv:2403.08381, 2024.

13



Under review as a conference paper at ICLR 2026

Appendix

CONTENTS

A Detailed derivations
A.l1 Thenotationtable . . . . . . . . . . . . e
A2 Detailsof Eq. (14) . . . . . . . o o e e
A3 Detailsof Eq. (23) . . . . . . o L
A4 Detailsof Eq. (24) . . . .« . e
A5 Detailsof Eq. (26) . . . . . . . . L e
A.6 Derivation of the forwarderror . . . . . . . ... ... Lo oL

A.7 Convergence on the singularity points. . . . . . . . . ... ... ... ... ...,

B Convergence Proofs for DPM via Pseudo-Non-Markov Analysis
B.1 Technical Tools . . . . . . . . . . . . . e
B.2 Technical Lemmas . . . . . . . . . . . . e e
B.3 Proofof Lemmad.l . .. .. ... ... ...
B4 Proofof Lemmad4.2 . ... . ... ...
B.5 Proofof Lemma4.3 . . .. . . . . .. ..
B.6 Proof of Proposition D.1 . . . . . .. ... ...

C High-order training of decentralized DPMs

C.1 Analytical form and regularization of M

Dt e e e

C.2  Analytical form and regularization of %ﬁt” ...................

C.3 Analytical form and regularization of A, a (xe,t) - o o oo oo oo

D Further experiments for decentralized DPMs
Dl Training . . . . . . o o e e e e e e e
D.2 Sampling . . . . ...

D3 Experiments . . . . . . . . ..o e e e e e e

E Discussions
E.1 Convergence with Kolmogorov Equations . . . . .. ... ... ..........

E.2 The Necessity of the Pseudo-non-Markovian Method . . . . . ... ... ... ..

A DETAILED DERIVATIONS

A.1 THE NOTATION TABLE

Here, we list several notations of the theory in Table 2.

14

14
14
15
15
16
17
17
17

19
19
22
26
29
34
34

36
36

37
38

39
39
39
40



Under review as a conference paper at ICLR 2026

Symbol Meaning
4 The standard d-dimensional Gaussian distribution
P4 = Po The data distribution
T The number of sampling timesteps
|D| The maximum stepsize
Qg The state coefficient from s to ¢, where ay; = o/
Ols The variance coefficient from s to t, whereof‘s =1- af‘s
w(x, t,y) The density of z; noised by a data point y at time ¢
w(zy, t,y) The probability of a state x; is noised by y at time ¢ compared to other data
plas|zy), s <t The true backward transition probability
plagla), s <t The single-Gaussian backward transition probability, true score
po(xs)ae), s <t The single-Gaussian backward transition probability, network learned score

U{‘Zl{yf €RIi=1,2,...,N;} A L clusters partition of the dataset
L The number of clusters

L(x) The cluster label of data point z
N, The number of data points in a cluster [
pl(xg|zy), s < t The true backward transition, on the [ cluster
ﬁl(xs\.m), s<t The single-Gaussian backward transition, on the [ cluster, true score
ph(wsw), s < t The single-Gaussian backward transition, on the [ cluster, network learned score

Table 2: The main symbols and their corresponding meanings used throughout the paper.

A.2 DETAILS OF EQ. (14)

Here, we derive a decomposition that yields a recursive bound, showing that the error at step s is the
sum of the expected local discretization error from the transition approximation and the previous step
error.

2TV(p(e). ) = | | Ipla) = (o) s

- / d / plaalwp(e) e - / Blal)ien) deo| de,
< / d / plaefeo)pe) d - / Plaelen)pe) dad| dz,

+/Rd Adﬁ(xs‘mt>p<wt>dwt— [ oot doi| do.

RrRd

(28)
dzs

- / d / plaskep(ee) = Bl fep(e) e,

—|—/ / p(zs|ze) dzs
RA Rd

| S —
7/Rd

=1
[ pleckwpen) — e fopler) doy
R
The derivation begins by applying the law of total probability to express the marginal distributions
p(xs) and p(x,) via the intermediate variable ;. The core bounding step uses the triangle inequality
to decompose the total difference into two terms by introducing a bridging distribution.

Ip(zt) — p(ze)| da:

dxs +2TV (p(a4), px))

Local Discretization Error

The first term (local error) quantifies the difference between the true and approximated conditional
transitions, |p(zs|z:) — p(as|x:)|, averaged over the true distribution p(x;). The second term isolates
the difference in the distributions from the previous step, |p(x¢) — p(x;)|. It simplifies because the
integral of the conditional density fRd p(xs|xs) das equals 1.

A.3 DETAILS OF EQ. (23)

Here, we derive a recursive bound on the TV distance between the true distribution p(x;) and the
score approximated distribution pg (), which results from modeling the transition probability using

15
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a mixture of kernels (or weighted transitions).

2TV (p(@s), po(s))

/ p(zs|ze)p(20) = po(@s|z)p(ze)| doe das + 2TV (p(2), pg (21))

:// ZL: (24, )p' (zs|ze)p Z% ze, 1)p (s |me)p(a:)
Sg// ‘al(l‘t:t) - aib(wt,t)le(xsm)p(l’t)

<Leq + 2TV (p(xt), po(21)).

dzy dzs + 2TV(p(z1), po(w4)) (29

dz das + 2TV(p(xt), pe(xt)),

The second step introduces the class-cluster represented conditional distribution, where p(xs|x) is
modeled as a weighted sum of L basis kernels:

L
p(as|ay) = Zal T, t xs|xt)
=1

The first inequality is achieved by using the triangle inequality for sums, factoring out the shared
terms p'(zs|7;) and p(x), and then using Fubini’s theorem to separate the integrals. Since p(z4|z;)

is a probability density function, [5, p'(xs|z¢) dz, = 1. This leaves the term ‘al(mt, t) — aﬁﬁ(xt, t)‘
averaged over p(xy).

The final inequality uses the definition of ¢,. The constant L (the number of clusters) then appears as
a multiplicative factor, completing the recursive bound: the error at step s is bounded by the sum of
the previous error from z; and the local error.

A.4 DETAILS OF EQ. (24)

Here, we first divide the discretization error into different decentralized clusters.

2TV (pg(xs), Do (xs))

:/ P (slz)po (i) = Po (s )pg (x0)| dze das + 2TV (py (1), Ps (21))

Yoo, )pl (s w)po () — > a' (w0, )Py (ws|ze)po (20)
=1

l : - P Ts|Tt Tt
S;a ($t7t)/Rd /Rd ‘m(a:slxt)pd,(xt) By (s |z )ps (z4)

dze dzs + 2TV (py (t), P (21))

dzy dzs + 2TV (pg(x¢), o (1))
(30)
In the second step, the terms pg(2s|z¢) and py (2 s|z) are explicitly written as a mixture of cluster-

specific kernels using the shared weight function a'(x;, ) for both transitions.

The inequality is derived by applying the triangle inequality to the sum within the integral, factoring
out the shared, non-negative terms a'(z¢,t) and p, (), and then rearranging the order of integration
using Fubini’s Theorem. This leaves the bound as a weighted sum of the total variation distances
between the individual kernel perturbations, 2TV(pl¢(xs |zt), ﬁlqﬁ(:cs |z+)), averaged over the previous
distribution pg (x¢).
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A.5 DETAILS OF EQ. (26)

Here, we divide the KL form score approximation error into different decentralized clusters.

KL(pe(7s), Po,o(2s))
=KL (P (zs|w1) P (71), Dop,0 (25|22 )P (w0)) + KL(Pg (25), Dg,0(5))

L
=KL (Za e, )P (wslwe)Po (x0), > a' (x4, )P0 $s|$t)P¢(1“t)> + KL(Pg(2s), Bs.0(xs))  (31)
=1

=1

Z (¢, 1)KL (pqs(fﬂslxt)pap(%) P, e(fEs|fEt)P¢($t)) + KL(Po (25), Bg.0(25))

The derivation uses two main mathematical techniques: the Chain Rule for KL Divergence and the
convexity property of KL Divergence.

The first line applies the Chain Rule for KL Divergence, which states that KL(P(X,Y)||Q(X,Y)) =
KL(P(X)[|Q(X)) + Epx) [KL(P(Y[X)[|Q(Y]X))].

In the subsequent equality, the conditional distributions are substituted with the assumed cluster
mixture kernel form, where the weights a'(z, t) are identical for both p, and fy g.

The final step is an inequality (<) that uses the convexity of the KL Divergence (specifically, a
form of Jensen’s inequality). For a mixture distribution > w; P;, the divergence is bounded by

KLY wi B >- wiQi) < > w;KL(F||Q;).
A.6 DERIVATION OF THE FORWARD ERROR

The convergence error stems from the finite horizon of the forward process, which is the gap between
p(zr) and p(zT).

Following the concept of Chen et al. (2022), we use the convergence (Bakry et al., 2013, Theorem
5.2.1) of the OU process in the KL divergence to prove that

TV (plor).ior)) 5 exp (- 50 ) KLGa ) (2

Applying this result to the global convergence analysis will result in the third term of Theorem 3.7.

A.7 CONVERGENCE ON THE SINGULARITY POINTS.

The left interval Notice that the diffusion model has an inherent singularity property when ¢,,;, —
0 (Zhang et al., 2024). This implies that many quantities associated with diffusion models become
ill-defined in the vicinity of ¢ = 0. It’s not feasible to compute the TV distance for this singularity
endpoint. We adapt the idea from Theorem 2.1 in prior work (Lee et al., 2023), which applies the
Wasserstein distance to the left interval.

Proposition A.1. Given 0 < tpin < 1, the 2-Wasserstein distance

Wa(p(20), p(Tt,,,)) < V2dCatmin. (33)
Proof.
Wg(p($0)7p mm Z W2 :L' - yz N(yza O—tmmI))
1
=~ Z Vo, (34)
i=1

IN

N
% > V2dCotmin = /2dCatmin.
i=1
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As Proposition A.1 ensures the convergence of diffusion probabilistic models (DPMs) in the vicinity of
complex singularity points, the remaining sections of this paper will exclusively focus on convergence
within the domain ¢ > t,,;,, rather than at the singularity point ¢ = 0. This approach aligns with
common practices in the literature, as exemplified by Li & Yan (2025).

We also found that, with an extra compact support assumption, we can indeed bound the TV distance
between pg and p;_. as shown in the following Proposition:

min

Proposition A.2. Suppose the data distribution: po(x) has a compact support U (bounded by M ) and
Ipo(z) — po(y)| < cilz —y|®> Va,y € R for some ¢ > 0. We have that TV (po, p,;,,) ~ O(dtmin) =~
1

D]/

We first write out the

min *

Proof. For ease of notation, in this proof we denote that &« = ain, 0 = 0y
analytical form of TV (po, p,....):

d
2

s )y e (39)

po(@) — / (270%)”

Then we use a trick to divide it into two parts:

2TV (po, Ptonin) = /

4
2

2TV (Po, Pto,) = / po(z) — / (2m0?) "2 emmrlotesl” (po(x)—po(y)—po(x))dy‘dx

< [ |mie) - [ 2no®)”

+ [| ] oty e o) < ()

4
2

e~z letoul? (po(z)) dy| dx (36)

dzr

First, we bound the first integral:

_d 2\~
/(QWUQ) 26"IZ(Iay)QP(](x)dy:a_d/(%TU?)
«

ol

W2 212
e sz lvil po(z)dy = o “po(x)

(37
Thus, the first term will be:
1 d
/|p0(x)—adpo(x)|dx: |1—Oéd’ = m -1 < 2(1—Oéd) =2 (1— (1—0’2)2)
(38)
where the result can be bounded by o2 ~ ﬁ.
For the second integral, we deduce:
_d
/ / (270%) "% e 22 D" (po(2) — po(y)) dy| dx
ulJu
_d
< / |z — ay + oy — y|? (2n0?) * e_%%lx_aylzdyda:
v ) (39)
— g 2
< // P (:z: —ay]* + (a —1)2y)? (2mr?) 2 e oz lemoul dydz
U
< 4do? + (a — 1)2M2/ dy = pdo* + (a — 1)>M Volumn (V)
U
This part is also bounded by \%I' O

The right interval For the right interval, that is near ¢,,,x, we improve the error bound from
(1 — )z (Zhang et al., 2024), to (1 — )2,

Proposition A.3. Forall 0 < s < 1, there are constants Cy,Cq > 0, such that KL(p(xs)||pe(zs)) <
Cl(l — 5)2 + Cg(l — S)Qé‘y.

18
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proof.
First, we consider the difference between p(z,) and p(z,). Since p(z1) = p(x1) ~ N(0,1),

KL(p(xs)|[p(x5))

d
-/ / oo (o) do o JE PP Aoy
R4 JR4 (

d
= [ (2n0?) -5 Zw x1,1)exp M log|
Rd Rd ! 1, 20’3

5w, 1>exp(f%

zs—asg(z1,1)]]2
eXp(—H 20(2 11| )

—d ||xs - asyzH
2 3 § (1, 1
/ o> /]Rd w; (1 exp( og|

Ts—sYi
exp<_H o H)

| dzsp(1) day (40)

s

[#s—csg(z1,1)]|2
exp(— |z 52

—4 ||zs*asyz”
< 27‘('(7 2 w;(z1,1) ex _—
< [Lemodrt [ Sw p( =

Qg _
— (s — asy) (yi — G(z1,1)) +
US

] dxsp(xl) dxl

— §(x1,1)||* dwsp(a1) day

o? o, o
< /d 202M2p(x1)dx1 < 5,7 a? < (1—s)2
R s

g
tmin tmin

The method used to prove the previous Proposition cannot be applied to prove the main Proposition
because there is a afl , in the denominator. This results in an error bound of o2, which does not

s|t?
allow for global convergence.

B CONVERGENCE PROOFS FOR DPM VIA PSEUDO-NON-MARKOV ANALYSIS

B.1 TECHNICAL TOOLS

Here, we will first quantify the relation between the noise schedule transition step Ufls and the time
step gap t — s. Here, we show that these two terms exhibit the same convergence order.

Lemma B.1. a ~O(t—s)

19
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Proof.
g+« az —o?
ag ¢ (as - t) = ag g
2
(as + ft da dz)
=1 5
aS
[ag — Co(t — 5)]?
<1- o2 41
20, (t —s)as  C2(t—s)
B a? a?
2C,
< ¢ (t—s)+0(t—s)?)
tn\ax
=0(t—2s)

O

For completeness, we need to clearly show the convexity of the function in the form of eelel”, Later,
it will be used in derivations of the Gaussian transition kernel.

2 . .
Lemma B.2. When a > 0, e?*!” s convex in x.

Proof. V2(e*") = ealel (42227 + 2aI) > 0 O

As a corollary of Lemma B.2, we have the following convexity inequality in an integral form:

el [ @e—awy)p(ylz:) dyl* < /ea‘xt_atmzp(yb:t)dy (42)

For completeness, we present the famous Markov inequality here.

Lemma B.3. The exponential Markov inequality gives:
E [eaX]

PlaX > ¢ <
eE

,e>0 (43)
The proof is omitted.

Here, we present a lemma that will be used to tackle the peak region analysis of the cross-product
space:

Lemma B4. If|y| < |z, then |w — y|* < (1 — 4)2|z|%

Proof.
1 1
|z — y\2 = |z — WyTxx —(y— W?/T$$)|2

1

= |I’ | |2y ZL'I|2 + |( WyT‘Tx)F

< o — z |2y Taal? (44)
=1 LTy

||
S(l ‘y|)| |2

||
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We derive the analytical form of the first-order derivatives of the time-aware diffused probability
v (."L' ts t7 y) .

Lemma B.5. Let v(wy,t,y) = exp( m;#) = (2702) & p(x|y), we have Vu(zy,t,y) =

@3
—v(xe,t, y)(H52)

Proof.

_ 2
V’U(xh ta y) =V exXp (_W)

2crt2
_ |33t - atil/|2 Ty — Oy 45
= exp( 307 ( e ) 45)
t— Y
= — t
(gjh ay)( 0752 )
O

Last, we derive the analytical form of the second-order derivatives of v(x¢,t,y).

Lemma B.6. Vé(z,t) = I— [[ p(yle)p(y'|ze) 52 (y v )(y—y")T dydy’ and also Ve(xy,t) =
T:—oy)(xTe—ot zi—ary) (e —ary’ )T
I [ plylzo)? y),fg D dy + [ p(ylee) p(y ) el qy dy.

Proof.

Jv(@e,t,y)p(y) (@ — awy) dy
Jv(@e, t.y)p(y') dy’

=14+ ([ ot 10 ' Plo = o)l [ olantn)
+ [ o) dy [ oot gty ay)

t

Ty — Oy — Q¢ Ty — O xt—@t/T /
=1- /(ylx)( y);g ) dy+// (y|z+) (ylxt)( y)(2 v) dydy

0%

Vg(lﬂt, t) =V

X o
) dy [ ot o) dy

t

=1- // (ylze)p ylwt) ( Yy —y)" dydy
(46)
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B.2 TECHNICAL LEMMAS

Remembers that we defined uys = x4 — a5, €4 = Ty — Y, €5 = T — sy, & = Ty — Y (T4, ).
We first establish a rearrangement transition formula, which is valid for arbitrary 3’:

2
_d 1 at|50§ U505 o o _d 1 , o
2mo? 2 s — — 2 2 |y —
( WUS\t) eXp( 9 ?‘t|x O,tg Tt UtQ y‘ ( ﬂ—at) exp 20t2|xt ary ‘
2
_d 1 Q|10 _4a 1
:(271'05“) 2 exp 557 |zs — agpee + | Qt‘s (z¢ — o¢,5y)|2 (27r0t2) 2 exp <——2 5 |xe — oety'|2)
Ot gt Ot
2 2
_4d 1 At0y|s _d 1 Q| sOtO0 g
=(2na}) Zexp< gzl — e+ T <y—y/>2> (2r0?) L oxp~ggle, — at S5 )
2 2 2 92
_ad 1 OttO't‘s 12 2.4 1 Oéso't‘s Q;og 42
=2rc},) % e ——|xt — s + —5—(y — 2mos) 2 e ——|zs — — z
( en ) Xp( 20?‘s| t t| + > (y—9)I )( To;) Xp< 20§|x o} Y aso? |
2 2
B 9 \_d Q0¢|s N2 2y—4d 1 ;) QsOys N2
=(2moys)” 2 exp (‘2 tz‘s |ze — ayjss + Tf(y —y)l >(27"0s) 2 EXP<—M|$S —asy — p (y—vy)l
47)

Now we start to delve into the structure of the conditional transition term

p(@s|ze)p(e)

(2)/(27”75|t
(—B/(Qﬂaqt
<—i)/(27r¢73|,5 %exp
@/(27‘(‘0}2‘5)7% exp <_U§SUtS (f%s 2> (27r0§)’% exp <—2;§ €s —

2 o202
s|t Qg 1t0¢|s 2
.exp<< S ube — 50707 et>>p(y) dy
(48)

where (1) divide the — 5"5 = xt apart; (2) is due to the definition of u;s and €;; (3) is due to the

2 2
Q|50 a56t|s

) _d 1
- T — y|2>(27mf) 2exp(f?\wt*aty\2)p(y)dy
t

N\;L

exp
O Ot

N\R

t

< s\t
as‘to'?‘s 2 2\—4d 1 2
exp oo+ T (0 ) ) 2m?)  exp (ol — aunl? )p(n) dy
s\t t

Q5|10 s d 1
s+ 24 )(m) oxp (= guslal o

2 2
€

rearrangement across dlfferent terms in exponents, we can simplify the calculation by leveraging the
Eq. (47) with ¢/ = 2y —

Similarly, we have:
P(@s|ze)p(we)
=/ﬁ(xslfﬂt)p(xt,y) dy

2
_d 1 az|sU§ QXsTi)s _ 2 2\~ 2 1 2
= [(@2ro2) 2 e s — ; — " 2 2 exp| —=—5 |z — d
[emot) xp< oo S = S 0F ) rof) e (=g lec - awf Jpt) ay
2
_d 1 Os|t0¢ g _ _d 1
:/(271’0'5“) 2 exp 557 |z — g + s 2t| (z¢ — ozty(xt,t))\Q (27r0t2) 2 exp<f—2 5 |xe — aty\2)p(y) dy
9|f O (o
2 5 2
_ 2 (-4 1 O—t\s 2 2.—4d 1 as\ta—qs
_/(27“77&\.9) 2 exp <—0_t25|uts + Tga\ )(271'05) 2 exp <_M €s — o2 €t

2 2 2
(0% Q10
st T _ s|tYt]s 2
e olt T, — d
Xp(( p Uts€t 20707 et))P(y) Y

(49)
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Let us denote that A; = {(2,y) : |or — oysts| > oysB}, A2 = {(z1,y) : [|oe —
ay/[*p(y|x:) dy’ > (0:B)*}, Az = {(x4,y)|z: — cvy| > ¢ B}, Ay = {(21,9) : |€t| > oyB}.
We found that A; and Aj exactly correspond to the conditions in P, and we show that Ay C A,
because of the vector-function Jensen’s inequality.

Lemma B.7. We show that A4 (on the measure space of x+) is bounded at the order of O'?‘ s

Proof.

P (|zy — cwy(e,t)| > 04 B)
|zt — cuyy(zs,t)] > 22)
40,52 — 4

(1) 2 _ - t 2
Lo [ow (B0 ) a
4o;

(2) 2 xy — agyl?
e BA*//GXP(“JM>p(y:vt)p(wt)dydxt
|9Ut - Oéty|2
exp 102 p(ze|y)p(y) dy dz, (50)
t
(4) _B2 | — oyl —d |z — ayyl?
e 1 //exp(lg)?) (27r0t2) 2 exp(—t20_t2t p(y) dy day
©),- 22 o —onyl? atyl
(2mo?) —% exp p(y) dy day

(6) Cdlog \/@o‘t‘ )

d
2o +3 log 2

(1) catos(vasoy,) ca (8)

Sem = ao, <o,
where (1) make use of the Lemma B.3; (2) utilize the definition of ¢ and the result of Eq. (42); (3)
apply Bayes’s formula; (4) employ the analytical formula of p(x¢|y); (5) combines the exponent

terms; (6) is due to simplifying a Gaussian density; (7) is obtained by setting C' > —Alog2 . (g

108 /0502 *
is attained by setting C' > dlog — O
We further extend the Lemma B.7 to an arbitrary exponential order form:

/ |z — ong|"p(e, y) dy

Ay
(1) 2 _ = t 2
< e /eX}?(mtOz::y(zt’)| + log [z — at?ﬂn)p(xtv y) dz dy
7 (51)

2

i

(2) 2 _ - t 2

< e_Bs/exp<xt atyga:t, ) ) (z¢,y) dzy dy
do;

®3)
4
S Uﬂsv

where (1) makes use of the Lemma B.3 in the z, integral part and leaves y unchanged; (2) is
motivated by the faster growth of a polynomial than a logarithm, which can be guaranteed with

=W_i(max(= pdog.e™h) ~W_1(max(= gy ,e 1)
. no? . no? 19
¢ Z - o'tzdlog(r,‘s = O-t\s S exXp| — a%C’d = |mt - Oéty| Z

Wy (max(— 1 e 1) 2
o,Be 1 10no? = |zt — aéy(zt 1? + log |$t _ atyI” < |z — a:l[yf(zf I? , for 2(1)02 >
t t

W (mdx(—m7 e )

2 1 (3 :
logz® = log L > 10naf =a22>e ; (3) is achieved in the same way
as Lemma B.7 with C' > 7%.
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Then we start to analyze the probability of A,. First, we prove an easier version, changing the order
in A2 to 1.

P(/d |y — oy [p(y'|2¢) dy’ > 0 B)
R

2 Ty — oy’ ) d |2
T ([ Ui
107 (52)
_p? lze —awy' P\ /
<e 4 exp T p(y |xt)p(xt) dy dz¢
O
Saﬁs

The proof technique is the same as the previous ones. However, establishing the bounds of the total
probability of A5 proves to be more challenging. To address this, we must utilize the local convexity
concept.

Lemma B.8. Let DY {ze,y : [z — o/ |"p(y |2¢) dy’ > (00 B)"™}, we have P(D) < U?‘S with
sufficient large C.

Proof. For a fixed n and « > 0, consider the function f(z) = e*". We wanna to establish the

1
convexity inequality for this function on a part of its domain. f’(z) = e®" %a:% 1= Lpa-1lf(z) >

0, f"(z) = Law2(zw — (n — 1)) f(z). Thus when z > (n — 1)", f”(z) >= 0 and when
x < (n—1)", f"(x) < 0. As aresult, f(z) > 1 is increasing and is convex in [(n — 1)", +00]
and is concave in [0, (n — 1)™]. Now we want to establish a bounding box of this concave region,
and find domains where the curve line will go below the concave box. Since it is increasing in
[0, (n — 1)"], it is easy to verify £([0,(n —1)"]) C [0,(n — 1)"] x [0,e" 1] &' D,. Since it is
convex in [(n — 1)™, 4o0], for all yo,y € [(n — 1), +o0], f(y) > f(yo) + f'(¥0)(y — o). Note
that yo > (n — 1)", and if yo > 2(n — 1)",

Yo >2(n—1)">2n—1)(n —1)"*

=n-D""yw—-m-1)")>n

=y - (n—1)")>n (53)
1 »_

=1+ -y (n=1)"—30) <0

= f(wo) + f'(yo)((n = 1) — o) <0.

Thus the line f(yo) + f/(v0)(y — yo) do not intersect with f([0, (n — 1)"]). Thus f(y) > f(yo) +
F'(o)(y — yo) for all y € [0, (n —1)"]. As aresult, f(y) = f(yo) + f'(y0)(y — wo) for all
y € [0, +0o0].

Thus if 0, B > 2% (n — 1), then we have yo > (0, B)™ indicates f(y) > f(yo) + f' (o) (y — o)

Consider the random variable & = |e;|™ € R with its distribution p(¢). If E§ > (0:B)™, which
is equivalent to f |z — apy|™p(ylay) dy > (04 B)™,we have f(&) > f(E€) + f/(EE)(E — E¢)
and Ef(§) > f(E€), which means [ f(€)p(€)de > f([&p(€)dE) and [el“lp(yla)dy >

1
elf lee"p(ylz:) dylw > goeB

3ho

With the same derivation to f(z) = e*", we have if o.B is large enough, we have

2
e
letl B

" 2 2
[ el p(yla,) dy > el leel"pllz dslm > 0B op [ eaof p(y|z,) dy > T
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2
p(xy) day

(%) _ B2 / [I‘QUt |m,)dy]

2

(2) 52 \et\Q
<e T //e‘“’t p(zt,y) dy day
2 4 d a2
=e 27r2ot ) 222 // 4ot p(y) day dy

Cdlogat‘S
=€

+4 log2
Cdlogoy,

<e

cd

— 1 4
= Jt|s S 0t|s‘

(54)

Here, (1) makes the use of the previous Markov’s inequality; (2) makes the use of the above locally

2
exr ™

convex inequality of f(z) =
before.

; and the subsequent derivations leverage the same technique as

Let n = 4, we have P(A5) < ‘7?\5' O
Then we are going to prove that the probability of A3 is small.
P(lzy — owy| > 04 B)
2 _ 2
< e~ /exp<|zto;y|)p(xt, y) dy da;
4o
_ 2 (55)
// 27r0 T2 exp< |24 aty| > (y) dy dz;
= ecLogatlé +5log2 < Utls
The bound of the expectation of |z; — «y|™ on Ajs is as follows:
/ [z — ony|" (e, y) dy
As
2
<o [ep(50E g oy — aunlYotan ) ay
t
2 _ 2 (56)
<e /eXp<$tO§ty|)p(xt7y) dy dwy
4o;
< af‘se*%
<o

Note that the proof on Ajs here is very similar to that of A4, except that here we don’t need

the appllcatlon of Jensen’s mequahty to take the integral to the outside.
fA e(ze, y)p(wy,y) dy dzy < Jtl 5.

Lemma B.9. The integral of p(xs|z¢)p(xt) on Ay is bounded by 4 asaﬁs.

25
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Proof.

/ p(l’s|l‘t)p($t)d1’s dx:
{\xt—at\sxs\zot\sB}

2 2

o \_d 1 Q|50 ®sTy|s 12 2\—¢

= (2m0%) "% exp | — 55 lwe — ~gtm — — 1y | (2m07) 2
{lze—ays2s|>04 s B} g ot g

s|t t

1
 €Xp <_T‘2|17t - Oéty|2>p(y) dy dxs dx,
t

1 _d 1 _d 1
@O / (27rat2‘s) 2 exp (—2 |z — atsaz52> (271'0?) 2 exp(—ﬁhﬁs — asy\2>p(y) dy dzs da:
{let—ay|ows| >0y B} g 75

t|s

2
_d s _d 1
:/ (27”7?\3) 2 exp —@ (2mo?) 8 exp(——2|xs — ozsy\2>p(y) dydzs dz,
{lus|>04 ), B) 20 205

t|s

) B? g\ _d 1 2
< 4exp<—@) /(27“75) 2 exp (‘T.g"”s — asy| )p(y) dy das

2 c (3)
= 4exp(f%> =4 asotﬁfs < 4\/asaf|5

(57)
where (1) makes the use of the conclusion of Eq. (48); (2) leverages the estimation theorem on the tail
probability of Gaussian as discussed in (Rhee & Talagrand, 1986); and we need C' > 32 in (3). [

In the realm of (z¢,y) € A N AS, we have:

2
at0t|s _

17—yl

o7
JtQI
= 7|(=’Et —apy) — (21 — 7)]
B (58)
? 03‘32 B
o2 <ot

2 9 As0¢|s
= —oy),y/ —Cdlog asoys <
o Ot

where (1) is given by the definition of A5 and Ags; (2) is achieved by setting Ots < exW-1(-zta),

B.3 PROOF OF LEMMA 4.1

Obviously, the Lemma 4.1 can be divided into the following three parts.

Lemma B.10. For all t,;, < s < t < 1, there exist § > 0 and C > 0, the integral of local
discretization error from s to t on the Py is bounded by C(t — s)*.

Lemma B.11. For all t,;, < s < t < 1, there exist § > 0 and C' > 0, the integral of local
discretization error from s to t on the Py is bounded by C(t — s)2.

Lemma B.12. For all t,;, < s < t < 1, there exist § > 0 and C' > 0, the integral of local
discretization error from s to t on the P3 is bounded by C(t — s)*.

26



Under review as a conference paper at ICLR 2026

B.3.1 PROOF OF LEMMA B.10

Ip(zs|2e)p(we) — P(ws|ze)p(ze)| das doy
Py

- / [p(ale0)p(ze) — laale)p(es)] dz. de,
Aq O(AQ UA3)

(59)
< / p(zs|xe)p(ay) dos doy + / D(xs|e)play) das day
A1N(AzUA3) A1N(A2UA3)
First part Second part
For the first part, we have:
/ p(xs|ze)pdes doy
Aq ﬂ(AQUAg)
S / p($s|$t)p dxs d‘rt (60)
1
Lemma B.9 4
S 4\/ O[SO'tls
For the second part, we have:
/ D(xs|xs)play) dos day
Alﬁ(AQUAg)
= / ﬁ(xs|xtay)p($t7y) dms dxt dy
Alﬁ(AQUAg) (6])

—~
N2

= / p(zt,y) dzy dy
A1N(A2UA3)
(2) G,
S / +/ p(mhy)dxtdy S 20t|s
Ay As
where (1) integrates over the Gaussian form x; (2) broaden the integral region; (3) uses the conclusion
of Lemma B.8 and Eq. (55).
Thus, we have [, p(zs|ve)p(a:) — p(wsle)p(ee) des doy < (4y/as + 2)021\5
B.3.2 PROOF OF LEMMA B.11

/P p(alep(r) — eale)p(e) de, de,

- / p(alze)p(e) — Pleale)p(er) de, dz,
A1NASNAS

(62)
< / p(@s|ze)p(we) dos day + / p(@s|ze)p(xe) dos day
A1NASNAS AiNAgNAS
First part Second part
For the first part, we have:
/ p(xs|ze)pdes day
A1NAGNAS
< / p(zs|zy)pda,s doy (63)
Ay

Lemma B.9

4,/asof|8
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For the second part, we have:

/ p(xs|me)p(ze) dzs dae
A3NAgNAS
atot2|s d

(€D} _d 1 _ 4
:/ (2m07,) "2 exp — 5 [T = s Ts + —— (7 —y)* |(2m02)"2
A1NAGNAS Oils Ot

Oésa't‘s

1
'eXP(—Ml‘s—asy— (7 —v)| )dydxsdxt

@) L 1 o’ 7—
< / (271’0',52‘8) 2 exp ~552 1- ;‘S Uit )@e — Oét\sl“s\Q
AjNASNAS o7 |zt — s

t\a

2
_d 1 QsOyls
- (2m02) 7% exp <202|33s — sy — Tzl(y - y)|2> dy dzs dzy

t

2
(3) _d 1 o i —
= / (271'0,52‘3) 2 exp 3 1- ;‘S vyl )|z — at‘sms\Z
AjnAgnAg o, o7 [T — s s |

oo d 1 507, 2
- (2m0y)” 2 exp —ﬁms sy = —— @) | 1{|zs — asy| < Ut‘ B} dydz, dzy

t

2
! 1 XTis |y —yl 2
+/ 27rc72S 2 exp 1-— Tr — Q| Ts
AlﬁACﬁAC( t| ) 2 2 ( 0152 |~Tt —Oét|s£l’s|)| t| |

t\s

2
asO'tls

_d 1 _ 2
- (2m02) 2 exp <_M|$S —asy — o2 (y— y)|2>l{|x5 asy| > Jt‘éB} dy dz, dz,

) _d 1 CYtUQS y —
< / (2m07),) "2 exp s (1— zt‘ 17— 4] )we — o5 wsl?
A1NASNAS 20 op |z — at\s$s|

t\s

- (2m0?)” % {|zs — asy| < 2 at|sB} dydzs dz,

_d 1 atcr i —
+/ (2m071.) " 2 exp 552 (1- gtls 7~y ) — ovgpes|?
A1NAGNAS of |me — oupss|

t\s

¢ 1 asos |-yl
- (2 2y~ 3 — 1— <z I
(2m0) exp( 502 P Py——

)| — asy|2> 1{Jo, - auy| > = o0t BY dy . da

(5) _a 1 oo}, 207, B 2
= / (2m07),)” 2 exp (1- = e — upss]
A1NAGNAS | 20 ?\s of  oysB .

2
- (2no2)” g 1{|zs — asy| < cr” B} dydzs dz,

2 2
2 \—4 1 o‘tatls chUt\sB 2
+ (2701)s)” 2 exp 5 (1- 2 B e — agpsws|
A1NASNAG Ut\s 0t Otls

2 2
-(271'02)_%@( _ (1- 0y Lt‘SB) lzs — asyl® | 1{|zs — asy] > = 2 a B} dydzs dx
s p 202 Ut2 ?\SB s sY s sY tls Yydxs dxt
(6) 20005, 4, S, 2 o d Zata'as 4. < Q5045 g
1- 42 (= B _ 4o 2 _
> ( O_tg ) UtIS(UtUt‘S ) +( O’? ) Uts( 0'? )
N————
<1 <1 <1
< 80—?\3'

(64)
where (1) uses Eq. (47) but replace y with ; (2) uses Lemma B.4 with x = z; — ;x5 and
y = abg” (g — y); (3) is the division of the space via the condition of |z — asy| < —of‘sB
4) is because that in the region of |xs — asy| < | B, we have the inside of the exponent

o} |zs—asy|

exp(—ﬁg(l - L;'SM)QM;S - a5y|2) is smaller than 1; (4) also uses Lemma B.4 on the
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x4 part; (5) uses the bound on |y — y| and |2; — oys2| in Eq. (58) and the definition of As3; (6) sorts
Gaussian form out and only leaves the coefficients.

Thus, we have [, p(zs|ve)p(we) — P(s|z)p(ze) dos dae < (4y/as + 8)a,.

B.3.3 PROOF OF LEMMA B.12

(1)
< / / / p(@slze,y) de,
A‘I:ﬂ(AQUA;;)

(2)
< // 2p(z¢,y) dy day
AsUA3

(3)
< 2‘7;1\3

dx,

/ / p(xs|re, y)p(ze,y) — D(@s|@e, y)p(ee, y) dy day
$N(A2UA3)

dy dxs + //
AEQ(AQUA;;)

/ B(@sles, y) da| dy de,

(65)

Here, (1) uses a triangle inequality; (2) relaxes the constraint on x4 to the R< and thus makes it a full
Gaussian, which integrates to 1; (3) uses the conclusion of Lemma B.8 and Eq. (55).

B.4 PROOF OF LEMMA 4.2

Then we focus on (z4,y) € Af N A§ N AS, where |2, — aysxs| < 0y B, |vr — | < 04B,
|xs — apy| < o B. In this region, we have the following bounds on | — y| and |y — y’| according to
the definition of the A5 and As.

g =yl = [(zr — uy) — (20 — )| < |z — awy| + |20 — ag| < 2048 (66)

arly — ') = (@ — wy) = (20 — auy)| < |oe — wy| + |20 — cwy| < 200 B (67)
Here, we want to analyze by conducting Taylor’s expansion of % on x; at the point of cv;|s@s.

First, we want to control the operator norm of Vé(xy, t).
Lemma B.13. ||Vé(zy,t)|| < (1+ 2(0:B)?)

Proof. We will prove that, for arbitrary ¢ € R? and |£| = n, we have |Vé(zy,t) - € @ ¢ <
n?(1+ 2(0¢B)?) We first quantify the bound of [ |e;|*p(y|z+) dy when z; € As.

1
27 2

/ e Pplyls) dy = / e Pp(yle:) dy
ASNASNAS ASNASNAS

(1)
< [ / |et|4p<y|xt>dy]
ASNASNAS

@
S (OtB) 9

Here, (1) uses the Cauchy inequality; (2) uses the conclusion of Lemma B.8. Similarly, we can also
deduce that [ |e|p(y|z:) dy < o¢B and [ |e|*p(y|z:) dy < (0+B)>3.

3 (68)

Then we can direct bound [ |e;|*p(y|z:) dy when z; € AF N A§ N A§ as follows

Ve@nt) €€ = |n® — / (€7er)?p(yle) dy + ( / (€T ep(ylze) dy)’)

<n? 42 / leop(ylz) dy + (n / leolp(yla) dy)’ (69)

=n*(1+2(0,B)?)
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We further bound the operator norm of Vé(xy, t).

Lemma B.14. The norm of V?&(xy,t) is bounded by %BB, when (z¢,y) € AS N AN AS.

Proof. Please note that the following integral is conducted on (z,y) € A N A5 N AS. We first give
out its analytical form:

207V 2E(z4, 1)

= Vot = [ [ polepy o0y - 1)~ o) dy )

- —V(/v(%ty’)p(y’)dy')‘2 //v(xut, y)v(zet,y )py)py)ed(y — y')y —y)" dydy’

= ([ ot ) ) [ [ttt aNES + B [ oyl ay'

0% 0%

/ / " —Q " 2 / / / 12
+ 2(/ v(ze, t,y )p(y') dy') /v(wt, t,y" )y )taizty dy"] @ ay(y — ') @ cu(y — v )p(y)p(y') dy dy
t

Ty — Yy Ty — gy Ty — oy’
Z//p(ylxt)p(y’lmt)[( : - = )—/p(y”lwtﬂ% dy’
? t ?

®at y—vy) @ a(y —y)p(y)p(y') dy dy’
= /// Wle)p@ |lz)p@" |z (y” —y+ 9" —y) @ oy —y') @ au(y — ') dy dy’ dy”

= o3 [ wlept pt e+ 6 26 @ (6 = ) @ (6 = ) day’
(70)
Denote z,,+ = [ |e:|"p(y|z+) dy. For arbitrary ¢ € R? and |£| = n, we have

20} Ve(x;,t) - £ @ €@ ¢
=| / / / p(ylz)p(y o) p(y” [20) €8 (e + € — 26/ ) (€7 (€] — €)* dy dy’ dy”|

< / / / P(ylae)p(y [)p(y 1) e + €, — 201l — ol dy dyf dy”
< / / / p(ylze)p(y [z)p(y” [2e) (lee] + 1€)] + 20el (€2 + € + 2er]l€l]) dy dy’ dy”

< [[[ poleoptylzopt le el + |6 + 3lel el + 3ledlel + 21e e + 24l

+ dle [edle;| dy dy” dy”
=231+ 23,4 + 322,421, + 321,420, + 221 120, + 221 120, + 421 121 021

< 16n*(0:B)?
(71)

Similar to Lemma B.13 and B.14, higher order derivatives of (xz;, t) w.r.t. z; is also bounded within
the domain of A§ N A§ N AS.

Lete; = ¢ — ouy, €& = Tt — (T4, ), €5 = Tg — QsY, Ug = Ty — Q| sTs, €5 = Tp — AP ()T, 1),
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dx

/ / / p(@slae Y)p(@e, y) — Pealee, y)p(ae, ) dy de,
Py

/ / p(@sle, y)p(ae y) — Plaslen, y)p(ee y) dy day| de
ASNASNAS

2 2
— QU
/ // (Qﬂaflt)_% exp —7| 5 SI; d (2wof)_gexp< |2€t|2)
ASNAZNAS T4t

042‘ T_ s|t s|t,2 a§|t T s|t s\t 2 (72)
-(exp UL & g & | TeXP| U~ — )p(y) dy da| dzs

Il
—

2
QSHUMSE |2

S
2
o
|ue + %‘s ef? €5 — == e
ACnACmAC U| Os

a? a?
st _ s|t s|t ) slt s|t s\t 2
-(exp ?ut €&~ 55 € | ~exp ?ut iy et> )p(y) dy dx| dzs
S S S S
Here, the derivation is the result of Eq. 48, 49 and 47.
o2
. . [ue+ :‘; el
From Eq. (72), we can see that we sorting out two Gaussian form terms, exp [ ———F——
t|s
[e% 0'2
les— s\t2f,\se ‘2 2 e
andexp | — + , the difficult part is the difference of exp( Lule — %Ef) and
2
exp UZ“’ ul e — % 2 ). These two terms possess the same form, only different in ¢, and &,.

From previous Eq. (60), these two terms should be close in the P4. Then we are motivated to do
Taylor’s expansion to quantify the error.

2
Ot|st0y|s
Te, — 52“ ;‘t 2] < 12 B2 are

Ot .
min s s min min

2 2 .
_ QG105 o¢s+o} s def
?Gt — el st 2| < 7' t: B2 = C

)
2075

2
At

> U
a5 ,"”no't

2 2 2
finite. These are due to the definition of A5 and As. This ensure that the exp{ 0‘2“ ul'e — ;;j“ef}

2
and exp{ Te, — Nef} is finite, which makes their Lagrangian remainder of Taylor’s

expansion is finite.

Notice that, here our constant C' ~ O(B?), and B is defined as \/—Cdlog /05045, 80 C ~ O(d).

This is why our discretization error results in Theorem 3.7 has a linear dependence on d.

Also, the derivative of €; is bounded as shown in Lemma B.13 and B.14. As long as they are bounded,
we can do Maclaurin expansions on both of them.

2 2
Xt gt 2
Define a = Ué b= 20_‘3 , then a = 202b.
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exp (autTEt - bcrij?)

1 1 3
— ]_ + {aut Et b0t2| E%:| + 5 [aug—‘Et b0t| 2:| + 6 |:au31€t — b0t2|9€t2:|

+ i [autTet batls 2] + %em [autTEt — baflséfr
=1+aule — baf‘jf + %aQ(utTet) abot‘ ul €& + ;b at|5 &
+ %ag(utTEt)3 - %azbaf‘s(u?€t)2€f + %abZU;ﬁsu?Qé - b30t|s€t
+ ia‘l(utTQ)4 - éa?’bof‘s(utTQ)%z + iaszUt‘ (ul'e,)?e — éab?’afl ul'€é® + 214 b4af‘8€§

+ clofls log O't_lsl +0(07, log® o)

1 1
T 2 22 2¢, Tz \2 2 T2 -2 2 4 A
=1+ au; & — boy) € + 50 (uj &) aboyuy €€ + 2b Ty s€¢

222

1.
3 T—)3 €t+

1 _ _
+ g¢ (uy & ﬂa4(u?et)4 + 02021‘3 log 0t|sl + O(afls log® T4ls)
(73)
where 7, is some value between 0 and before mentioned maximum of auj & — boy| &, which can be

as small as we want as oy, gets smaller. We can do the same for ¢;.

1
— iazbaf‘s(utTQ)

T 2 2
exp (aut € — botlset)

1 1
=1+ auf ¢ —boj €& + iaQ(UtTGt)Q — aboj uf e + 5[;2021‘ e
1. - 1
+ gad(uzﬁt)d _ §a2bat2|s(u?et)2€t2 24a4(UtT€t) + CQO'tl logo + O(O't‘s log® Tls)

(74)

The fifth-order term of the expansion will be integral to the fifth-order result of o, due to the
previous Gaussian term will be integral to 1.

For the first-order term in the expansion, we need the €; and ¢; to do a cancellation. We deduce that:

2 2
_d — Ot U _d € _
/ // (27r0§|t) 2 exp —% (2770?) 2 exp(— |2t|2) . (autTet — au?et) p(y) dy dz:
ASNASNAS Us\t O
2
— Q| B
:/ // (27705“)_% exp <—|2|2tt|> . (au?et — aufet) p(ze,y) dy dze
A§NASNAS Tslt
2
, — Q| B
/ // (27mf|t)7% exp f% . (autTet — autTet) p(xe,y) dy day
A§NAS Us\t
— Qs
/ // (2mo2,) "2 eXP( | 25” d > : (autTa) p(z¢,y) dy day
ASNASNA3 Us\t
— Qs
/‘// (2m03))” 26Xp< | 3 e s >~(autTet) p(we,y) dy dze
°NASNA; Us\t

(1) a|
<0+

dz,

dxs

INE

dz,

dz,

dzs

* Ut\sB * Us\t - O( Os|t Ing Us|t)

* 0y B * (J’S‘t + t
S 0-5

(75)
Here, (1) is due to the triangle inequality over space. For (2), the first inequality holds because
the integral of e over the whole space of y is exactly €; the second inequality of (2) is due to

the bound in Eq. (55), bounding exp <

— 2 1 3 : ..
lz(fléutl> with 1, bounding utT using the definition
s|t

da

|

2
of A$, and using e~ 70 to absorb the (27ra§| ;) 2. The third inequality of (2) is similar, using

2
Ja, €@ y)p(es,y) dyday < of e 0
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For the second-order term, we can handle the €, and €, respectively.

2
Xs[tTt|s |2
les —

2 (—4 o't2 €t
ASNASNAS Ut|s 05

1
- (fba?‘sef " 5a2(u?et)2) p(y) dyda,| dz,
o'2+o'2 0'2 Qyls 2
t 2t|sut+ t\s2t|

(1) 9 \_d o3 o3 €s|?
:/ // (2moys) 2 exp| — 5 exp<—|2L|2
ASNAGNAS oYs 75

1
. (—baf‘s(ut + ozt|ses)2 + §a2(utT(ut + ozt|ses))2) p(y)dy dz:| dzs + O(af‘s logk Otls)

2, 2 2
oy oy, Tt]sYtls
Ut + i

o

2

(2) _d T t €s

:/ // (277%2\5) 2 exp| — 557 exp(f |2 |2)
ASNAGNAS Tils 75

1
. (—ba?‘saases 2bat‘ €sUt + < a’ oet‘ € — baf‘s> ul + aQat‘sesuf + gagu?> p(y) dy dz,

dxs + O(U?\s logk Ut|s)

2 2 2
Trtos Ti1sYt|s
Ut +

®3) _d 7t of 652

1
( bat‘saﬂs s 2bat‘sesut + (

s 1
2a at‘s 5 bat‘s> u? + azat‘sesuf + iazuf) p(y)dy dz:| dzs + O(af‘s logk O4s)

(76)

2
“s[t%%s 2
les———5—el

where (1) is sorting the €; in exp | ————_5—— | to outside, because the its coefficient

s|t f‘

has been second-order to o2 _, which sum up with outside to fourth-order. Then the total integral

t|s®
can be bounded by O(Ut|s) as follows. (1) also leverages €; = uy + ays€s. (2) is sorting the
terms. (3) make the integral to the whole R? of x,, the rest domain probability can be bounded

by O(o? Tils 1og 0y|s). The first, third order of u; in the last formulation can result in 0 due to the

Gaussian kernel, and the zero, second, and fourth orders can be bounded by O(c log 04|s). Thus,
the whole formula can be bounded.

For higher-order terms in Eq. (74), the process is similar and results in a O(o logk 04|s) integral;

we omit the details here.

4
t|s

For exp (au?ét bat‘ et) this case is more complex, because we cannot simply use €; = uy+a;5€s

to split u; and 2. We can only use Taylor’s expansion of €(x;,t) at o2 to reconstruct the terms
into a form where all the x; are placed in u;.

aE(at|st,t)T %€ (at‘ :1:8, t)
ug + [
Oxy (77
+D3€(at\s$s’t)||ut||3+D4€(at|sx<s’t)||ut|| +O(0y, log" 0y,)

€ (x¢,t) = €(oysxs,t) +

With this expansion, we can use the same techniques as the process of €(x¢, t), which involves sorting
the terms as polynomials of w;.

However, previous lemmas only make sure that the derivatives like D2E(at|sa:8, t) are bounded when
s falls with AT N A5 N AS, but oy .z may fall outside this region. To bound the derivatives of
€ (ozt|sa:s, t), we must leverage the Whitney’s extension theorem:
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Theorem B.15. (Brudnyi et al., 2011, Lemma 2.18) Assume the E is the extension operator, T' is
the Taylor’s polynomial operator; the following is true: (a) For every a with || < k + 1 and all
points x € S and y € S¢,

—

|Dg (85 ~ %) Flw)| < Cuw(llz — 1)
Sor some C = C(k,n);
By assign €(-,t) as fin Theorem B.15, x; as x in Theorem B.15, aysxs as y in Theorem B.15, we

reach to the conclusion that the Taylor’s polynomials of &(c|s4,¢) can be bounded because we

have the soundness of th — Q|5 Ts H by the definition of A{. Thus, the whole integral of €; can be
bounded.

B.5 PROOF OF LEMMA 4.3

We have
_ o saf 045025
p(zslzy) ~ N ( d 5Tt + ;I gj,o’f,ltl ,
O O
(78)
e} 80? 043025
po(Ts|ae) ~ N ( 2 5Ty + ;' Yo, 001
O T
We could directly bound the KL divergence of these two transition kernels as follows:
KL (p(xs|ze)p(2t), po(ws|we)p(2t))
~ ~ ﬁ(xs|xt) :|
= T Ts|xs) log ———dz, | dx;
Joteo | [ semiios 22 s
—0(,) [ aw)lpton.t) - yola O dr,
<0(a7,) {/P(It)@(ﬂft,t) — o, t)|*day + / B(ze) — plz)|[g(ze,t) — yo(z, t)|*day
<0(02,) {ej L ac? / () — p(a:t)|dxt]
=0(t - s) [e; +4CO(t — s)]
(79)

where the first inequality is due to the triangle inequality, and the second inequality is because of
Assumption 3.3, and the last equation uses Lemma B.1.

B.6 PROOF OF PROPOSITION D. 1

proof.

Given that the subscript is utilized for data indices, we opt to use superscripts for vector components
within the context of this proof. Let L; denote the one-hot class vector of the data y;.

(1) Loss L. It is a constrained optimization problem:

argmin Lo,
ag (80)
s.t. ]lTad) =1, alg >0,
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where 1 is a column vector, all of whose elements are 1s. Using the KKT condition Nocedal &
Wright (1999)

0= vad,(:vt,t)‘CQ + V(]lTa¢($t,t) - 1) - MTG¢(I‘t,t)
1
= va¢(a:t,t) Z N(zﬂ'o’?)_% ’Ui(.’l?t,t)‘Li - a¢(xt7t)|2 + U(]lTa¢(£L't7t) - 1) — ,U/Ta’iﬁ(xt’t)

i N——~—
At

= ZAtvi(xht)(%)(xt,t) —L)+vl—p

= A Zvi(iﬁt,f)%(mt,t) -4 sz‘(xt, t)L; + vl — p, (81)

which leads to
Do vilae, t) Ly — VL /Ay + p/Ay

as(x,t) = , (82)
sz, 1) S oy d)
where p! > 0, Ve. Because ]lTaZ(a:t, t) = 1, we have
vi(wg, )1 L; —vL/A; + 1T /Ay T
17 a3 (24, t) = i =1-vL/A +1Tp/A,,  (83)
¢ Zj vy (21, t)
which indicates vL = 17y > 0. Since (ay (z+, t)) ul = 0, Vi, we have
iz, t)L; — 1v /A A
(ZZU (fL‘t ) V/ t +/’(‘/ t)lul :0 (84)
> vj(®e,t)
If
> iz, )L — v/Ar + pl JAy = 0, (85)
then
v>ul >0, (86)
which lead to the contradiction
vL > 17 p. (87)
As asresult, y = 0 and v = 0, and
Soovi(xe, t) Ly — W /Ay + p/A;
* = 2 = . L = .
ay (e, ) S0y (en) zZ: wi(e, t) Ly = alag,t) (88)

The Lagrange multiplier v and pu are zero, which means we can omit the constrain ]IT%(xt, t)y=1
and aﬁb > 0. As the objective function and the feasible set are all convex, the KKT condition is also
sufficient.

(2) The loss Lo g. Using the KKT condition (Nocedal & Wright, 1999)
0=Va,@.nLlce + v(1T ag(z4,t) — 1) — pFag (x4, 1)

1 _
= Vay@nt) Y N(sz) vi(ze,t) > —Llog(af(xe. 1)) + v(1 T ag (@ t) — 1) — p
i N —— l
Ay
L}/aé(mt’t)
== Awi(x,1) : +vl—p, (89)
‘ Lz’L/ag(It’ t)

d
2

which leads to
Agvi(xe,t)

(ay(aet) =3, =i L (90)

i
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where 11! > 0. Since (aj; (2, t)) ' = 0, we must have u! = 0, V.
Because ]lTaZ(:z:t, t) =1, we have v = A; Zi vi(x¢,t). Thus

A 1 )
5@t ZA wilzent) o *sz 2o, t)L; = a(zy, t). 1)

vj T4, )

In this case, the Lagrange multiplier v is not zero, thus the constrain 17a (¢, t) = 1 is essential. As
the objective function and the feasible set are all convex, the KKT condition is also sufficient. [

C HIGH-ORDER TRAINING OF DECENTRALIZED DPMS

In this section, we will first derive the analytical formulation of da (x4, t), and training regularization
loss to correct it in the training of a4 (z,t). With a direct application of Ito’s lemma of a (x4, 1)
with x;, we have the following formulation:

da(xy,t)  Oa” (x4,t) 1 da™ (z4,t)
da (z,1) = ( ot + B, (frmwe — g7 se (z)) + §gt2Azta(xt7t) dt + TgtdBt

92)

To simplify the notation, we adopt the discrete finite-dataset analogy setting of Eq. (9), where we
define:

N d 1 Q| 0'2 aegtl
~ p— SY & S
P (wslz) =) (2moy,) QUi(xt,t)eXP{fz s llzs — —=5"@ — ¥z, 0Py, 93)
i=1 T\t 9t of
llze—ouyill®
exp{ 252 o }
w (e, ) = ey @ (Tt Zw we,t (94)
i—ay)
21 eXP{_ ~557 }
1
w; (T, t
ui»(a:t,ﬂ:a;((xtt)), g (e t Zu z,t (95)
ty
C.1 ANALYTICAL FORM AND REGULARIZATION OF %
Define V; (z,t) = exp (—%) we have:
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Lemma C.1.
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Denote G (4, t,y;) := .

Now we can start to derive the analytical form o

d d
(xt—aty'i)[Utyi%+($t—atyi)%]

, we have:
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where C (yj) is the cluster label of the data point y;, we have:
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Based on this analytical form, we can define the regularization loss of
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Based on this analytical form, we can define the regularization loss of g%‘f with:

B¢ u0,1),20,24

3ag(:ct,t) ) ay
Tct(ftxt — gy s(we)) — ;?C(xo) [0 — yo (¢, )} (fexe — (xt))

a T
Here we directly match the result of (f;x; — g7s(z¢)) linear transformed by %‘;ﬁ“t).

C.3 ANALYTICAL FORM AND REGULARIZATION OF A, a (z¢,1)

Remember that we defined

: _ (ze — ouyi)” . _ Vi(m,t)
Vi (x4,t) = exp (—203 ) . Wi (xe,t) = S Vi (20, 0) (103)

First, we have the following form of the derivative of V;(x, t) with respect to x:

2
8a:t o;

And we define S = 3", Vi (9ct7 t), its derivative with respect to x; is:

aV, 1
Z Ee Y (@ — ) Vi (105)
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Then we have the Laplace of W;(z,t) with respect to ;:
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where T'(x¢,t) = >, Willyk ?, and can be learned via the trace matching technique. Based on this
analytical form, we can define the regularization loss of A, ay(x, t) with:

]EtNU[O,l],mo,zt

1
Anagler,t) = 25Claw) [o2l = ol = lael + 2010 — T )] |
t
(108)
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D FURTHER EXPERIMENTS FOR DECENTRALIZED DPMS

We develop the decentralized DPMs, which are concurrent to the work of (McAllister et al., 2025).
We initially call this technique MoG (Mixture of Gaussians). In this section, we will introduce our
training and experimental findings on MoG.

D.1 TRAINING

The decentralized representation of the reversed transition in Eq. (8) consists of combination coeffi-
cients a'(xy,t), referred to as the class part, and cluster-specific kernels p!(z|x;), referred to as the
diffusion part. For the diffusion part, to learn L cluster-specific kernels, we propose training a single
conditional network yg(z¢, t,1) to represent them, rather than training L independent networks, in
order to save computational overhead. For the class part, we train the network a(z;, t) to represent
it.

MoG-DPM learns the class part in a manner similar to the diffusion part. Define L; as the one-hot
vector representing the class to which data point y; belongs. Then we construct a(x, t) as:

a(xy, t) = Z w;(x¢,t) Ly, (109)

where w; (x¢, t) represents the coefficients in the ground truth transition kernel in Eq. (4)). Substituting
Eq. (109) into Eq. (20) aligns with the ground truth transition kernel in Eq. (4). Given that the structure
of a(x¢,t) closely mirrors that of (x4, t), a neural network a,(xz,t) can be trained in a manner
analogous to the z-prediction networks in diffusion models. The training process to learn the class
part can be formulated as:

Proposition D.1. Let L(x) denote the one-hot class vector of o, the optimal ag(x:,t) for the two
objective functions

Ly = Exo,xwz)(xo,:vt)JNU(O,l)HL(xo) —ag(zy, t)sz (110)

and
Lo = Exo,wtwp(xo,act),tNU(O,l)CE(L(xO)v (L¢(.’Et, t)), (111)

are the same and equal to a(xy,t), where CE represents the cross-entropy loss.

Based on the analysis above, we present the algorithms for training the diffusion model yg (x4, ¢, 1) in
Algorithm 1 and the label model a4 (¢, t) in Algorithm 2.

Algorithm 1 Training process of diffusion Algorithm 2 Training process of label model

model yy a9
1: Repeat 1: Repeat
2. xolf’v p(z,t)|i=0 20 xg ~ p(ﬂ:,t)|t:0
3t~ Uniform(tl, tQ, ceny tT) 3 b~ %lgo?(tla t27 ceey tT)
4 e~ NO.D) ;1: "EFaT(e Eaciiel)n descent step on
5: Take gradient descent step on ' & P

2 Vo |lag(xs,t) — L(z % or
Vo |Jy9(xt, t,c(xo)) — o] Vng?c(%f(xt) ) L((xoo))H)
6: Until converged 6: Until convergjed7

D.2 SAMPLING

Different from the single Gaussian approximation, our method samples two random variables in each
step: weight sampling in line 3 and diffusion sampling in line 5 as shown in Algorithm 3. Naive
merging method only samples a class label at the beginning of sampling process as shown in line 2 in
Algorithm 4.

, the MoG approximation samples two random variables in each step. These two samplings are
referred to as weight sampling and diffusion sampling, respectively. The two-stage sampling method
is encapsulated in Algorithm 3.
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Algorithm 3 Sampling process for MoG ap- Algorithm 4 Sampling process for fixed class
proximation approximation
1: Z‘tTNN(O,I) 1: Z‘tTNN(O,I)
2: fori=T,...,1do 20 L~ (bY, 0%, -+ bh)
30 L~ ag(xe,,ti) 3:fori=1T,..,1do
4 2~ N(0,I) 4 2~ N(0,I)
2 2
5 @y, , = %xn 5 @y, , = %“‘i;iéati*lxti
T I
+%ye('ﬁt7 9 ti? l) + O’tifl‘tiz +%ye('ﬁt7 9 ti? l) + O’tifl‘tiz
6: end for 6: end for
7: return xy, 7: return xy,

As the probability flow ODE keeps the single-time marginals (Song et al., 2020b), we can replace
the diffusion sampling method by probability flow ODE based methods, such as DDIM (Song et al.,
2020a), DPM (Lu et al., 2022b), PNDM (Liu et al., 2022) etc. We summarize this in Algorithm 5,
where ODE(x4,t, ¢, z) represents the ODE based sampling methods.

Algorithm 5 Sampling process for MoG ap- Algorithm 6 Sampling process for fixed class
proximation with ODE based methods approximation with ODE based methods

I: x4y ~N(0,1) I: 24, ~N(0,1)

2: fori=1T,...1do 2: [~ (b B2, -+ [ bh)

3 I~ ag(ae,,ti) 3:fori=1T,..,1do

4: z~N(0,I) 4: z~N(0,I)

5. xt,_, = ODE(xy,,t;,1, 2) 5: xt,_, = ODE(xy,,t;,1, 2)

6: end for 6: end for

7: return xy, 7: return xy,

Theoretically, there exists instances where the MoG kernel outperforms the single Gaussian ker-
nel measured with KL-divergence. We present a case where: (1) The centers of the MoGs
are orthogonal, i.e., (§'(x:,t))Tg™ (24,t) for all I,m € 0,1,..,L —1, and (2) The norms
aZo?,

==>. Then

5,2 -
20207}

of the centers are sufficiently large: |7'(zy,t)| > % where C' =

KL(p(s|ae)l| 32 al (ze, ) (2s]2e)) < KL(p(s|ae)|[p(xs|2e)).

We further present experimental evidence to demonstrate that training with L > 1 yields better results
than the single Gaussian kernel case (L = 1).

D.3 EXPERIMENTS

In this section, we demonstrate experimental evidence for the correctness of our proposed non-trivial
merging method on a 2D synthetic toy dataset and the CIFAR-10 image dataset for SDE-based
samplers. We then extend our validation by transitioning the ground truth classification labels to
unsupervised clustering labels, validating the correctness of our method in a more general scenario.
Finally, we provide experimental results on ODE-based samplers. We discovered that MoG-DPM
outperforms DDPM and exhibits performance on par with SN-DDPM, GMS, and the naive merging
method.

D.3.1 RESULTS ON 2D TOY DATASET

We validate our approach on five synthetic 2D datasets with varying distributions. Each dataset
consists of continuous 2D points (x,y) € R?, assigned class labels based on natural clustering. For
each experiment, we generated 4K samples and assessed generation quality using Maximum Mean
Discrepancy (MMD) with a Laplace kernel (bandwidth 0.1) Gretton et al. (2012). Each computation
was repeated 8 times, and we report the average MMD value, with lower values indicating better
generation quality. The evaluation results are shown in Table 3.
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‘ Patterns (Number of Classes)

#STEPS | Circles (2) | Moons (2) | Pinwheel (5) | CheckerBoard (8) | Gaussians (8)
| Uncond Naive MoG-DPM | Uncond Naive MoG-DPM | Uncond Naive MoG-DPM | Uncond Naive MoG-DPM | Uncond Naive MoG-DPM
500 2788 8.017 0.8717 3.935 7.051 2.590 3.672 6.658 3.056 -1.301 6.561 -2.912 6.339 7.945 2.567
100 7.685 5.066 2.088 5.724 4.111 0.7585 3.891 9.002 3.789 0.1639 7913 -4.804 6.364 11.80 5.768
50 12.42 4.764 2.594 13.21 5.457 0.08196 14.05 14.79 3.265 9.516 8.759 0.8225 18.93 13.66 7.536
30 20.82 10.86 15.55 21.38 8.021 3.508 24.37 17.64 8.619 33.57 12.18 7.559 45.70 8.005 1.572
20 50.96 18.90 40.57 40.36 10.44 10.12 52.51 20.48 9.817 115.5 19.88 10.22 90.04 6.098 3.801
10 121.0 33.44 71.94 149.1 43.29 44.30 169.3 21.07 12.32 494.9 54.94 90.71 211.1 22.03 16.62

Table 3: Evaluation Results on Synthetic Datasets. Generation quality is assessed by Maximum
Mean Discrepancy (MMD) |. Values in the table have been rescaled by a factor of 10~°. Both the
merging methods generates samples with better quality under varying data patterns and denoising
timesteps.

D.3.2 RESULTS ON IMAGE DATASET

We evaluate our method with SDE-based samplers including DDPM (Ho et al., 2020), SN-DDPM
(Bao et al., 2022) and GMS (Guo et al., 2024) respectively on CIFAR-10 dataset by generating 50k
samples as per common practice and use the widely recognized Fréchet Inception Distance (FID)
score (Heusel et al., 2017) as evaluation metrics.

We compare our non-trival merging method with unconditional generation and naive merging strategy,
which only execute label sampling at the beginning of the sampling process. The evaluation results
are presented in Tab. 4. The two merging approaches both demonstrate better generalization quality
than the raw unconditional generation method across various diffusion sampling timesteps for all the
three types of SDE samplers.

Although employing L2 loss and cross-entropy constraints to regularize the training of the label
diffusion model agy are both theoretically correct as proved in Proposition D.1, we find employing
cross-entropy loss leads to better performance for MoG-DPM than L2 loss in practice. This is because
cross-entropy loss directly optimizes for probabilistic correctness and provides stronger gradients
when the predicted probabilities are far from the true labels, which helps with the convergence of ag.

Schedule | Linear | Cosine

# Timesteps ‘ 10 25 50 100 200 1000 ‘ 10 25 50 100 200 1000
DDPM (Uncond) 43.14 21.63 1521 1094 823 5.11 | 3476 16.18 11.11 838 6.66 4.92
+ Naive 37.58 21.05 15.12 10.67 7.82 4.50 | 26.90 1497 994 7.02 533 3.76
+ MoG-DPM 37.50 20.72 1381 938 6.66 4.50 | 2428 13.69 944 7.02 5.82 4.69
SN-DDPM (Uncond) | 21.87 691 4.58 3.74 334 371 16.33  6.05 419 383 372 4.08
+ Naive 11.90 4.98 3.62 298 255 293 | 992 4.95 335 267 253 274
+ MoG-DPM 11.66 6.39 4.29 340 297 330 | 10.77 5.87 408 3.63 335 3.51

GMS (Uncond) 1743  5.96 4.16 326 3.01 276 | 13.80 548 400 346 334 423
+ Naive 10.40 4.84 3.61 3.00 3.00 286 | 8.76 4.91 343 276 2.60 3.35
+ MoG-DPM 1454 5.89 3.82 3.11  3.01 282 | 10.80 6.22 453 3.64 334 435

Table 4: Evaluation of FID | on CIFAR-10 Image Dataset. Both naive merging method (Naive) and
MoG-DPM merging method showcase superior generalization quality than uncondition generation
(Uncond) with various SDE-based schedulers.

D.3.3 UNSUPERVISED CLUSTERING BASED ON K-MEANS

The merging method is not restricted to learn data distribution which has ground truth classification
labels. As our convergence proof is independent from data division methods, our non-trivial merging
method is theoritically correct with arbitrary data partition of the training data.

To experimentally validate its correctness, we have further expanded the ground truth classification
labels provided by the dataset to unsupervised labels generated based on K-means clustering algorithm.
We conduct comparative experiments of unconditional generation on the CelebA-HQ-256 image
dataset. Initially, we compute the VAE latent vector for each image (Kingma & Welling, 2013),
extract the primary dimension through principal component analysis (PCA) (Abdi & Williams, 2010),
and subsequently cluster the images into 10 classes using K-Means algorithm. Experimental results
in Table 5 validate the correctness of our proposed method under such scenerio.

41



Under review as a conference paper at ICLR 2026

Different data partition may lead to varying convergence speed of the training of the label model ay.
We can examine the speed of convergence for different partitions from the viewpoint of the Stochastic
Gradient Descent (SGD) method. As per Theorem 5.3 in Garrigos & Gower (2023), the error bound
of SGD aligns with two terms. Given the learning rate y; and the initial state 2°, the first term is

ll2®—a* |2 £ 2000

represented as , where 2 is the optimal point. The second term is 20 S where o7 is
e

t It
E[|V fi(x*) = EV fi(z*)|*. In our context, the choice of partition can be used to reduce o'}. More
specifically, when the data points y's of a single label are closely clustered, o’ will be small, which
in turn leads to a faster convergence speed. Intuitively, the speed of convergence is quicker when
each component of the partition is more compact.

However, the optimization method we employ (AdamW) is more intricate than SGD, and the speed
of convergence for different partitions is not straightforward to analyze. We therefore remain a deeper
discussion on this topic as future work.

Method | # Denoising Steps
10 25 35 50
Method | # Denoising Steps DDIM 2131 1070 9.12 7.74
10 25 50 + Naive 1654 915 863 6.60
+ MoG-DPM 19.44 10.19 844 7.33
U d 3521 18.60 14.16
Nove. | 3067 1573 1216 DPM Solver 795 654 617 337

+ MoG-DPM 545 327 319 336
DPM Solver++ | 11.11 478 395 342

+ Naive 1094 429 380 299
Table 5: FID | on CelebA-HQ-256 Image +MoG-DPM | 10.37  3.69 3.39 3.34
Dataset. The merging method is applicable to Method ‘ 18 (# NFE=35)
latent diffusion models with labels generated in EDM 200
an unsupervised manner, achieving better per- + Naive 178
formance compared with uncondition DDPM + MoG-DPM 1.95
generation.

Table 6: FID | on CIFAR-10 with ODE-Based
Samplers.

D.3.4 EXTENSION TO ODE-BASED METHODS

The merging method can be further extended from stochastic sampling methods to ODE-based
deterministic methods. We showcase our experimental results on in Table 6, suggest that our method
can indeed operate effectively with deterministic sampling methods including DDIM, DPM Solver
(Lu et al., 2022b), DPM Solver++ (Lu et al., 2022¢) and EDM (Karras et al., 2022).

D.3.5 QUALITATIVE RESULTS

We provide qualitative examples of our methods’ generated images in Figure 3, 4, 5, 6 and 6.

E DISCUSSIONS

E.1 CONVERGENCE WITH KOLMOGOROV EQUATIONS
The seminal work of (Song et al., 2020b) found that the forward process in Eq. (1) can be seen as the
discretization of the following stochastic differential equation (SDE)

dCCt = ftxt dt + gt dBt, (] ]2)

2
where f(t) = %, g3 (t) = d%tt - 2d1°d§“t o? and B is the standard Brownian motion. According

to (Anderson, 1982), its reverse process is

dwe = (fiwe — gi Va, log p(2)) dt + g: dBs. (113)
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Figure 5: DDPM + MoG-DPM on 50 Denoising Steps.

Previous efforts to prove the convergence of DPM heavily depend on the Kolmogorov equations of

Eq. (113) For instance, (Lee et al., 2022) defines the discretization approximation
dz; = (fi-mi— — gi-Va, logp(z:))dt + g, dBy,
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Figure 7: Qualitative Results with ODE Samplers for Latent Diffusin Models. Oue proposed
merging method is applicable to ODE-based schedulers like DDIM with latent-space diffusion models.
Left group of images are generated with 10 denoising timesteps while the right with 25 denoising
timesteps

and establish the corresponding Kolmogorov forward equation for the single time marginal distribution
of Eq. (114), denoted as q(z;). Here t_ means the left endpoint of the stochastic integral. Ultimately,
the Chi-square divergence x2(q(x)||p(;)) is estimated using the Kolmogorov equations. Numerous
subsequent studies have embraced this configuration (Lee et al., 2023; Chen et al., 2022; 2023b;a).
However, this proof has its limitations as it’s based on the Kolmogorov equations. This means it
cannot be applied to other types of discretizations or modified diffusion processes where constructing
the Kolmogorov equations is challenging. Therefore, a proof that can be readily adapted to a wider
range would be beneficial.

E.2 THE NECESSITY OF THE PSEUDO-NON-MARKOVIAN METHOD

Why SDE-type Methods cannot Be Extended to Decentralized DPMs Taking Chen et al. (2022)
as an example, the authors first state Girsanov’s theorem in Theorem 8 and then use it to analytically
express the stepwise discretization KL error in the integral form shown in Eq. (5.5). They further
bound the integral length by At and the integrand by At in Eq. (5.6). With some extra derivation,
Chen et al. (2022) can deduce the following KL stepwise discretization error between py¢ (75| 2¢)
and p(ws|zy):

]EptKL(ps\t(xs|xt)aﬁ(xs|xt)) = O(At2)
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If we follow Chen et al. (2022) and attempt to convert the stepwise error to TV distance, we must
apply Pinsker’s inequality, which gives:

Ep TV (psje(@s|ze), p(s|21)) = O(At).

However, this order is insufficient: a stepwise TV discretization error of order At cannot guarantee
global convergence. Summing across all steps yields a global TV discretization error of order O(1).
This bound cannot vanish as At — 0, making it an unconvergent bound.

The core gap in applying previous SDE-type analyses to decentralized DPMs is that they inherently
yield only O(At) stepwise TV error. This gap persists not only in Chen et al. (2022) but also in the
SDE-type analyses of Lee et al. (2022; 2023); Benton et al. (2024); Chen et al. (2023a), because all
of these works first bound the stepwise discretization error in KL and then convert it to TV using
Pinsker’s inequality. This conversion inevitably makes the TV bound too loosely.

This is precisely the gap addressed by our method: instead of relying on KL, we directly use the
pseudo-non-Markov technique to analyze the stepwise discretization error in TV distance and derive
a sharper O(At?) TV stepwise error. Thus, our pseudo-non-Markovian method is necessary to obtain
the SOTA convergence result for decentralized DPMs.

Why Aucxiliary-Chain-Type Methods cannot Be Extended to Decentralized DPMs In auxiliary-
chain—type analyses such as Li & Yan (2024), the framework does not involve bounding the stepwise
TV term:

EptTV(ps\t(xs|xt)7ﬁ(x8‘xt))

, and thus their methodology cannot support our augment.

More specifically, auxiliary-chain—type methods derive an error bound between the true state X; and
a constructed intermediate auxiliary state Y;. However, the definition of this auxiliary state Y; relies
on historical information of the sampling trajectory and therefore cannot be determined in a purely
stepwise manner. Moreover, how to define such an auxiliary state in the setting of decentralized DPM
sampling remains an open and non-trivial problem.

In conclusion, such auxiliary-chain—type methods cannot be used to characterize the pure stepwise
TV error, and consequently cannot be directly extended to the convergence analysis of decentralized
DPMs.
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