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Abstract

The task of tuning regularization coefficients in regularized regression models with
provable guarantees across problem instances still poses a significant challenge
in the literature. This paper investigates the sample complexity of tuning regular-
ization parameters in linear and logistic regressions under ¢; and ¢5-constraints
in the data-driven setting. For the linear regression problem, by more carefully
exploiting the structure of the dual function class, we provide a new upper bound
for the pseudo-dimension of the validation loss function class, which significantly
improves the best-known results on the problem. Remarkably, we also instantiate
the first matching lower bound, proving our results are tight. For tuning the regular-
ization parameters of logistic regression, we introduce a new approach to studying
the learning guarantee via an approximation of the validation loss function class.
We examine the pseudo-dimension of the approximation class and construct a uni-
form error bound between the validation loss function class and its approximation,
which allows us to instantiate the first learning guarantee for the problem of tuning
logistic regression regularization coefficients.

1 Introduction

Regularized linear models, including the Elastic Net [1], and Regularized Logistic Regression
[2L 131 14], as well as their variants [5} 6} [7]], have found widespread use in diverse fields and numerous
application domains. Thanks to their simplicity and interpretability, those methods are popular
choices for controlling model complexity, improving robustness, and preventing overfitting by
selecting relevant features [4), 8l 9]. Moreover, regularized linear models can be adapted to the
non-linear regime using kernel methods [10} [11]], significantly expanding their applicability to a wide
range of problems. In typical applications, one needs to solve not only a single regression problem
instance, but several related problems from the same domain. Can we learn how to regularize with
good generalization across the related problem instances?

Suppose we have a regression dataset (X,y) € R™*P x Y™, where X is a design matrix with
m samples and p features, and y is a target vector. Regularized linear models aim to compute an
estimator 3(X>¥)()\) by solving the optimization problem

B () = argmin 8, (X,9)) + M 18], + X2 1611 ], M

where (A1, A2) € Réo are the regularization coefficients. For instance, if A € R2>0, y € R™,

and [(8, (X,y)) = 3lly — XB]|3 (squared-loss function), we get the well-known Elastic Net [T].
On the other hand, if A € {(A1,0),(0,A2)} for A1, X2 > 0, y € {£1}™, and I(3, (X,y)) =
L5 log(1 + exp(—y;z; B)), we obtain regularized logistic regression.
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In regularized linear models, the parameters A play a crucial role in controlling the sparsity (¢1)
and shrinkage (¢2) constraints, and are essential in ensuring better generalization and robustness
[9, 4L 12]]. A popular approach in practice is cross-validation, which involves choosing a finite grid
of values of A and iteratively solving the regression problem for multiple values of A and evaluating
on held-out validation sets to determine the optimal parameter. Principled techniques with theoretical
guarantees suffer from various limitations, for example require strong assumptions about the original
problem [13]], or aim to search the optimal parameter over a discrete subset instead of the whole
continuous domain. Moreover, repeatedly solving the regression problem is particularly inefficient
if we have multiple problem instances from the same problem domain.

In this work, we investigate an alternative setting for tuning regularization parameters, namely
data-driven algorithm design, following the previous line of work by Balcan et al. [14]. Unlike
the traditional approach, which involves considering a single dataset (X,y), in the data-driven

approach, we analyze a collection of datasets or problem instances (X @,y X @y qrawn
from an underlying problem distribution D. Our objective is to determine the optimal regularization
parameters \ so that when using the training set (X (9, 4/(¥)) and X to select a model in Optimization
problem the selected model minimizes loss on the validation set (Xv(;l) , yi,;f) As remarked by
Balcan et al. [14], data-driven algorithm design can handle more diverse data generation scenarios in
practice, including cross validation and multitask-learning [15[16]. We emphasize that the data-driven

setting differs significantly from the standard single dataset setting.

In this paper, we consider the problem of tuning regularization parameters in regularized logistic
regression and the Elastic Net across multiple problem instances. Our contributions are:

* We present an improved upper bound (Theorem [3.3) on the pseudo-dimension for tuning the
Elastic Net regularization parameters across problem instances by establishing a novel structural
result for the validation loss function class (Theorem [3.2). We provide a crucial refinement to the
piecewise structure of this function class established by Balcan et al. [14]], by providing a bound
on the number of distinct functional behaviors across the pieces. This enables us to describe the
computation of the validation loss function as a GJ algorithm [17], which yields an upper-bound
of O(p) on the pseudo-dimension, a significant improvement of the prior best bound of O(p?) by
Balcan et al. [[14]], and a corresponding improvement in the sample complexity (Theorem [3.4).

* Furthermore, we establish the tightness of our result by providing the first asymptotically matching
lower bound of 2(p) on the pseudo-dimension (Theorem . It is worth noting that our results
have direct implications for other specialized cases, such as LASSO and Ridge Regression.

* We further extend our results on the Elastic Net to regularized kernel linear regression problem
(Corollary 3.6).

* We propose a novel approach to analyze the problem of tuning regularization parameters in
regularized logistic regression, which involves indirectly investigating an approximation of the
validation loss function class. Using this approach, we instantiate the first learning guarantee for
this problem in the data-driven setting (Theorem [4.4).

1.1 Related work

Model selection for regularized linear models. Extensive research has focused on the selection of
optimal parameters for regularized linear models, including the Elastic Net and regularized logistic
regression. This process usually entails choosing the appropriate regularization coefficients for a given
dataset [18}[19]. Nevertheless, a substantial proportion of this research relies on heuristic approaches
that lack theoretical guarantees [20,21]. Others have concentrated on creating tuning objectives that
go beyond validation error [22} 23], but with no clearly defined procedures for provably optimizing
them. The conventional method for selecting a tuning regularization parameter is through grid-based
selection, which aims to choose the parameter from a subset, known as a grid, within the parameter
space. While this approach provides certain guarantees [24], it falls short in delivering an optimal
solution across the entire continuous parameter space, particularly when using tuning objectives
that exhibit numerous discontinuities. Additionally, the grid-based technique is highly sensitive to
density, as selecting a grid that is either too dense or too coarse might result in inefficient search or
highly inaccurate solutions. Other guarantees require strong assumptions on the data distribution,
such as sub-Gaussian noise [25,|13]. Some studies focus on evaluating regularized linear models by
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Figure 1: The process of tuning regularization parameter A across problem instances. Given a set
of N problem instances {P("), ..., P()} drawn from some problem distribution D, one seeks to
choose the best parameter A by minimizing the total validation loss Zf\il h(P®; )).

constructing solution paths [26, 2| 27]. However, it is important to note that these approaches are
primarily computational in nature and do not provide theoretical guarantees.

Data-driven algorithm design. Data-driven algorithms can adapt their internal structure or parame-
ters to problem instances from unknown application-specific distributions. It is proved to be effective
for a variety of combinatorial problems, such as clustering, integer programming, auction design,
and graph-based semi-supervised learning [28 29} |30, 31]]. Balcan et al. [14] recently introduced
a novel approach to tuning regularization parameters in regularized linear regression models, such
as Elastic Net and its variants. They applied data-driven analysis to reveal the underlying discrete
structure of the problem and leveraged a general result from [32] to obtain an upper bound on the
pseudo-dimension of the problem. To provably tune the regularization parameters across problem
instances, they proposed a simple ERM learner and provided sample complexity guarantee for such
learner. However, the general techniques from [32]] do not always lead to optimal bounds on the
pseudodimension. Our paper is an example of a problem where these bounds (as derived in [14]) are
sub-optimal, and more specialized techniques due to [31] result in the tighter bounds that we obtain.
Also prior work does not establish any lower bound on the pseudodimension. Furthermore, it should
be noted that their analysis heavily relies on the assumption of having a closed-form representation
of the Elastic Net estimator [27]. This approach may not be applicable in analyzing other regularized
linear models, such as regularized logistic regression, for which we propose an alternative approach.

2 Problem setting

In this section, we provide a formal definition of the problem of tuning regularization parameters
in the Elastic Net and regularized logistic regression (RLR) across multiple problem instances,
which follows the settings by Balcan et al. [14]]. Given a problem instance P = (X, y, Xval, Yval)
where (X, y) € R™*P x Y™ represents the training dataset with m samples and p features, and

(Xval, Yval) € R™ %P x ym' denotes the validation split with m’ samples, we consider the estimator

B(X,y) ()\) defined as:
Boca (V) € argmini(B, (X)) + (A R(5)), @

where [(3, (X, y)) represents the objective loss function, A denotes the regularization coefficients,
and R(3) = (||B]1,]|3]|3) represents the regularization vector function.

For instance, if A € R2, Y = R, and [(3, (X, y)) = len (8, (X, y)) = 5 |ly — XB]|3. we get the
well-known Elastic Net. On the other hand, if A € {(A1,0), (0, A2)} for A;, Ay > 0,y € {£1}™,
and [(8, (X,y)) = lrer(B, (X,y)) = L 37 log(1 + exp(—y;z; 8)), we obtain RLR with ¢,
or {5 regularization. Note that for the Elastic Net hyperparameter tuning problem, we allows the
regularization coefficients of both ¢1, ¢, are positive, while in the Regularized Logistic Regression



problem, we consider either /1 or /s as the regularization term. We then use the validation set

(Xval; Yval) to calculate the validation loss h(A, P) = Z(B(ny) (A), (Xyal, Yva1)) corresponding to the
problem instance P and learned regularization parameters A.

In the data-driven setting, we receive a collection of n problem instances PO =
(X(i)’ y(i)’ X(;])’ y\(/;l)) € R, pi,m, fori € [n], where R, piyml = R™i XPi ¢ Y s« R XDi ¢ ym;

Vi
The problem space I, ,, is given by I, , = U, >0,ms<m.p1<pmi,p1,ms» and we assume that
problem instance P is drawn i.i.d from the problem distribution D over II,, ;,. Remarkably, in this
setting, problem instances can have varying training and validation sample sizes, as well as different
sets of features. This general framework applies to practical scenarios where the feature sets differ
among instances and allows one to learn regularization parameters that effectively work on average

across multiple different but related problem instances. See Figure[T]for an illustration of the setting.

The goal here is to learn the value A s.t. with high probability over the draw of n problem instances,
the expected validation loss Ep.ph(), P) is close to miny Ep.p[h(), P)]. This paper primarily
focuses on providing learning guarantees in terms of sample complexity for the problem of tuning
regularization parameters in the Elastic Net and regularized logistic regression (RLR). Specifically, we
aim to address the question of how many problem instances are required to learn a value of A that per-
forms well across all problems P drawn from the problem distribution D. To achieve this, we analyze
the pseudo-dimension (in the case of the Elastic Net) or the Rademacher Complexity (for RLR) of
the validation loss function class H = {h(}A,-) | A € A}, where A represents the search space for .

3 Tight pseudo-dimension bounds for Elastic Net hyperparameter tuning

In this section, we will present our results on the pseudo-dimension upper and lower bounds for
the regularized linear regression problem in the data-driven setting. Classic learning-theoretic
results [33)134] connect the pseudo-dimension of the validation loss function class (parameterized
by the regularization coefficient) with the sample complexity of the number of problem instances
{PM ..., P} drawn i.i.d. from some unknown problem distribution D needed for learning good
regularization parameters with high confidence. Let hgn (A, P) = lEN(B( X, (A), (Xval, Yvar)) be the

validation loss function of the Elastic Net, and Hpn = {hen(\, P) : IL,;,, — R | A € R2 )} be
the corresponding validation loss function class, we now present tight bounds for Pdim(HgN).

3.1 The Goldberg-Jerrum framework

Recently, Bartlett et al. [31] instantiate a simplified version of the well-known Goldberg-Jerrum (GJ)
Framework [17]. The GJ framework offers a general pseudo-dimension upperbound for a wide class
of functions in which each function can be computed by a GJ algorithm. We provide a brief overview
of the GJ Framework which is useful in establishing our improved pseudo-dimension upper bound.

Definition 1 (GJ Algorithm, [31]). A GJ algorithm I' operates on real-valued inputs, and can
perform two types of operations:

* Arithmetic operators of the form v"' = v ® v/, where ® € {+,—, x,+}, and

b2

» Conditional statements of the form”ifv > 0... else ...”.
In both cases, v and v’ are either inputs or values previously computed by the algorithm.

General speaking, each intermediate value of the GJ algorithm I' can be described by a rational
function, which is a fractional between two polynomials, of the algorithm’s inputs. The degree
of a rational function is equal to the maximum degree of the polynomials in its numerator and its
denominator. We can define two quantities that represent the complexity of GJ algorithms.

Definition 2 (Complexity of GJ algorithm, [31]). The degree of a GJ algorithm is the maximum
degree of any rational function it computes of the inputs. The predicate complexity of a GJ algorithm
is the number of distinct rational functions that appear in its conditional statements.

The following theorem essentially shows that for any function class F, if we can describe any
function f € F by a GJ algorithm of which the degree and predicate complexity are at most A and
A, respectively, then we can automatically obtain the upper bound for the pseudo-dimension of F.



Theorem 3.1 ([31]]). Suppose that each function f € F is specified by n real parameters. Suppose
that for every x € X and r € R, there is a GJ algorithm I, ,. that given f € F, returns "true" if
f(x) > r and "false" otherwise. Assume that T, , has degree A and predicate complexity A. Then,
Pdim(F) = O(nlog(AA)).

3.2 Upper bound

Our work improves on prior research [[14] by presenting an upper bound on the pseudo-dimension
of Elastic Net validation loss function class Hgn parameterized by A. We extend the previous
piecewise-decomposable structure of the loss function by providing a bound on the number of distinct
rational piece functions for any fixed problem instance (Definition [3). This allows us to use a GJ
algorithm and Theorem [3.1]to obtain better bounds on the number of distinct predicates that need to
be computed. While prior research only used a bound on the number of distinct loss function pieces
generated by algebraic boundaries, our new observation that the loss function has a limited number
of possible distinct functional behaviors yields a tighter upper bound on the pseudo-dimension
(Theorem [3.2). In Theorem 3.5} we will demonstrate the tightness of our upper bound by providing
a novel lower bound for the problem.

We first provide a refinement of the piece-wise decomposable function class terminology introduced
by [32] which is useful for establishing our improved upper bound. Intuitively, this corresponds to
real-valued functions for which the domain is partitioned by finitely many boundary functions such
that the function is well-behaved in each piece in the partition, i.e. can be computed using a piece
function from another function class.
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Figure 2: An illustration of piece-wise structure of Hiny = {h% : Hen — Rso | P € I, , )
Given a problem instance P, the function h},(\) = h(P; A) is a fixed rational function f;(\) in each
piece (piece function), that is regulated by boundary functions g,, of the form 1{r;()\) < 0}. As
mentioned in our main result, there are at most 37 functions f; of degree at most 2p, and at most p3P
functions g,, where r; is a polynomial of degree at most p.

Definition 3. A function class H C RY that maps a domain' Y to R is (F,kx,G, kg)—piece-
wise decomposable for a class G of boundary functions and a class F € RY of piece functions
if the following holds: for every h € H, (1) there are kg functions gV, ... g*9) € G and a
function fy € F for each bit vector b € {0,1}9 s.t. forally € Y, h(y) = he, (y) where

b, = {(gW(y),...,g%) (y))} € {0,1}*, and (2) there is at most kx different functions in F.

A key distinction from [32] is the finite bound £ on the number of different piece functions needed
to define any function in the class H. Under this definition we give the following more refined
structure for the Elastic Net loss function class by extending arguments from [14].

Theorem 3.2. Let Hpy = {henv(\,*) : Iy — Rso | A € R} be the class of Elastic Net
validation loss function class. Consider the dual class Hiy = {hp : Hey — R0 | P € Iy},
where Iy, (hgn (A, +)) = hen(A, P). Then Hiy is (F, 37, G, p3P)-piecewise decomposable, where the
piece function class F = { f, : Hegn — R} consists at most 3P rational functions fq, 4, : hen(A, <) —

% of degree at most 2p, and the boundary function class G = {g, : Hgy — {0, 1}} consists



of semi-algebraic sets bounded by at most p3P algebraic curves g, : hpy(\, ) — 1{r(\, A2) < 0},
where 1 is a polynomial of degree at most p.

Figure [2] demonstrates the piece-wise structure of iy, which allows us to establish an improved
upper bound on the pseudo-dimension.

Theorem 3.3. Let Hpy = {henv(X,-) : II = R | A € R? 2o} be the Elastic Net validation loss
function class that maps problem instance P to validation loss hyai(A, P). Then Pdim(Hgy) is O(p).

Proof Sketch.  For every problem instance P € 1I,,,, and a threshold r € R, consider the

computation 1{hgx(\, P) — r > 0} for any hgn (), -) € Hen. From Theoremn we can describe
1{hen(A, P) —r > 0} as a GJ algorithm I"p,. which is specified by 2 parameters A1, A2, has degree
of at most 2p, and has predicate complexity of at most (p + 1)3? (See Figure|3). Then Theorem-
implies that Pdim(Hgn) = O(p).

Trg (A1, A2) < 07 Tke(A1, A2) < 07
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Figure 3: An illustration of how 1{hgnx(A, P) — r > 0} is computed as a GJ algorithm. The number
of boundary (polynomial) functions kg is at most p3P, and there are at most M = 3P distinct (rational)
piece functions. All the polynomial and rational functions are of degree at most 2p.

The detailed proof of Theorem [3.3]can be found on Appendix [B.1.2] Recent work by Balcan et al.
[14] also studied the Elastic Net, and showed the piece-wise structure of the dual function of the
validation loss function which implies an upper bound of O(p?) by employing the general tool from
[32]. We establish a tighter bound of O(p) in Theoremby establishing additional properties of
the loss function class and giving a GJ algorithm for computing the loss functions.

To guarantee the boundedness of the considered validation loss function classes, we will have the
following assumptions for the data and regularization parameters. The first assumption is that all
features and target values in the training and validation examples are bounded. The second assumption
is that we only consider regularization coefficient values A within an interval [Amin, Amax]- In practice,
those assumptions are naturally satisfied by data normalization.

Assumption 1 (Bounded covariate and label). We assume that all the feature vectors and tar-
get values in training and validation set is upper-bounded by absolute constants R1 and Rs, i.e.

max{[| X || o, [ Xvatlloo } < Ri, and max{|[y[|  ; [vall oo} < Ro.
Assumption 2 (Bounded Coefficient). We assume that X € [Amin, Amax)> With Amin > 0.

Under Assumptions 2] [T} Theorem [3.3]immediately implies the following generalization guarantee
for Elastic Net hyperparameter tuning.

Theorem 3.4. Let D be an arbitrary distribution over the problem instance space 11, ,. Under
Assumptions [I| 2} the loss functions in Hgy have range bounded by some constant H (Lemma
. Then there exists an algorithm s.t. for any €,6 > 0, given N = O(Z> (p + log( ))) sample
problem instances drawn from D, the algorithm outputs a regularization parameter \ such that with
probability at least 1 — 6, ]EpNDhEN(j\, P) < miny Epphgy(\, P) + €.

Proof. Denote \* = argmin, Ep.phen(A, P). From Theoremsand given n = O( f; (p+
1og( ))) problem instances P(i) fori € [N] drawn from D, w.p. 1 — 8, we have Epphex (), P) <
N it hen (A PO) 4§ < 350 hen(V, PO) 4 § < Epaphin(A, P) + €. O



3.3 Lower bound

Remarkably, we are able to establish a matching lower bound on the pseudo-dimension of the
Elastic Net loss function class, parameterized by the regularization parameters. Note that every
Elastic Net problem can be converted to an equivalent LASSO problem [1]. In fact, we show
something stronger, that the pseudo-dimension of even the LASSO regression loss function class
(parameterized by regression coefficient A1) is (p), from which the above observation follows (by
taking Ao = 0 in our construction). Our proof of the lower bound adapts the “adversarial strategy”
of [35]] which is used to design a worst-case LASSO regularization path. While [35] construct a
single dataset to bound the number of segments in the piecewise-linear LASSO solution path, we
create a collection of problem instances for which all above-below sign patterns may be achieved
by selecting regularization parameters from different segments of the solution path.

Theorem 3.5. Let Hyasso be a set of functions {hrasso(\, ) : I, , = R>o | A € RY} that map

a regression problem instance P € I1,, ,, to the validation loss hpasso(\, P) of LASSO trained with
regularization parameter \. Then Pdim(Hass0) is Q(p).

Proof Sketch. Consider N = p problem instances for LASSO regression given by
PO = (x® y& x40y yhere the training set (X ), y(?)) = (X*,y*) is fixed and set using

the “adversarial strategy” of [35]], Proposition 2. The validation sets are given by single examples

(Xv(,jl), y‘(,;) ) = (e;,0), where e; are standard basis vectors in R”. We will now proceed to provide

the witnesses 71, . .., rn and A values to exhibit a pseudo-shattering of these problem instances.

Corresponding to subset T' C [p] of problem instances, we will provide a value of Ar such that,
we have £ asso(Ar, P()) > 7, iff i € T, for each i € [p] and each T' C [p]. We set all witnesses
r; = 0 for all ¢ € [p]. As a consequence of Theorem 1 in [35]], the regularization path of (X*, y*)
consists of a linear segment corresponding all 2P unsigned sparsity patterns in {0, 1}? (we will not
need all the segments in the construction, but note that it is guaranteed to contain all distinct unsigned
sparsity patterns) and we select Ay as any interior point corresponding to a linear segment with
sparsity pattern {(c1,...,¢p) | ¢; = 0iff i € T'}, i.e. elements in T are exactly the ones with sparsity
pattern 0. Therefore, |35 - ;| = 0 iff i € T, where 5. is the LASSO regression fit for regularization
parameter Ar. This implies the desired shattering condition w.r.t. witnesses r; = 0,...,ry = 0.
Therefore, Pdim(Hasso) > p. See Appendix for a full proof. O

3.4 Hyperparameter tuning in Regularized Kernel Regression

The Kernel Least Squares Regression ([4]) is a natural generalization of the linear regression problem,
which uses a kernel to handle non-linearity. In this problem, each sample has p; feature, corresponding
to a real-valued target. Formally, each problem instance P drawn from II can be described as

P = (X,y, Xva, oat) € R™*P1 X R™ 5 R™ P x R™ .

A common issue in practice is that the relation between y and X is non-linear in the original
space. To overcome this issue, we consider the mapping ¢ : RP* — RP? which maps the original
input space to a new feature space in which we hopefully can perform linear regression. Define
d(X) = (d(x1), .-, O(Tm))mxp,»> OUr goal is to find a vector § € RP? so that the squared loss

y— d(X)0||5 + R(||0]]) is minimized, where the regularization term R(||6]) is any strictly mono-
tonically increasing function of the Hilbert space norm. It is well-known from the literature (e.g. [36])
that under the Representer Theorem’s conditions, the optimal value §* can be linearly represented
by row vectors of ¢(X), i.e., 0* = ¢(X)B =Y i~ ¢(x;)Bi, where B = (b1, ..., Bm) € R™. This
directly includes the /5 regularizer but does not include ¢; regularization. To overcome this issue,
Roth ([3]]) proposed an alternative approach to regularized kernel regression, which directly restricts
the representation of coefficient # via a linear combination of ¢(x;), for ¢ € [m]. The regularized
kernel regression hence can be formulated as

A(X, 1 2 2
ix”) = argmin o [ly — KB|I3 + A 1]l + A2 115
BER™

where k(z,z') = (p(x),¢(2’)) is the kernel mapping, and the Gram matrix K satisfies
[K}id = k(l‘i7l‘j) forall ¢, 5 € [m]



Clearly, the problem above is a linear regression problem. Formally, denote hxgr(\, P) =

ly — KB(X7y)()\)||2 and let Hyer = {hxker(\,*) : I, — R | A € R% }. The following result
is a direct corollary of Theorem [3.3] which gives an upper bound for the pseudo dimension of Hggr.

Corollary 3.6. Pdim(Hggr) = O(m).

Note that m here denotes the training set size for a single problem instance, and Corollary [3.6|implies
a guarantee on the number of problem instances needed for learning a good regularization parameter
for kernel regression via classic results [33}34]. Our results do not make any assumptions on the
m samples within a problem instance/dataset; if these samples within problem instances are further
assumed to be i.i.d. draws from some data distribution (distinct from problem distribution D), then
well-known results imply that m = O(k log p) samples are sufficient to learn the optimal LASSO
coefficient 37, [38]], where k denotes the number of non-zero coefficients in the optimal regression fit.

4 Hyperparameter tuning for Regularized Logistic Regression

Logistic regression is more naturally suited to applications modeling probability of an event,
like medical risk for a patient [39], predicting behavior in markets [40]], failure probability
of an engineering system [41] and many more applications [42]]. It is a fundamental statis-
tical technique for classification, and regularization is again crucial for avoiding overfitting
and estimating variable importance. In this section, we will present learning guarantees
for tuning the Regularized Logistic Regression (RLR) regularization coefficients across in-
stances. Given a problem instance P drawn from a problem distribution D over II,, ,, let

hrir(A, P) = lRLR(B( X,y)(A), (Xvat, Yvar)) be the RLR validation loss function class (defined in Sec-
tion[2), and let Hrir = {hrir(A,-) : i p — R>o | A € Ry} be the RLR validation loss function
class, our goal is to provide a learning guarantee for Hrrr. Besides, we also study the commonly
used 0-1 validation loss function class Hok = {h3ik(\,¢) : Iy — Rso | A € Rug}, where

WG (A P) = L S 1{y,z] Bx.y(\) < 0}, which we will cover in Section Similarly, to
guarantee the boundedness of HRLR, we also assume that Assumptions|T]and[2]also hold in this setting.

4.1 Approximate solutions of Regularized Logistic Regression

The main challenge in analyzing the regularized logistic regression, unlike the regularized logistic

regression problem, is that the solution B( X,y)(A) corresponding to a problem instance P and
particular value A > 0 does not have a closed form depending on A. We then propose an alternative

approach to this end, which is examining via the approximation ﬁ((;) ) (M) of the solution B( X, (A).

Algorithm 1 Approximate incremental quadratic algorithm for RLR with ¢; penalty, [2]

Set 6(()6) = B(X,y)(/\mm), t =0, small constant § € R+, and A = {j | [B(x,y)( min)|j 7 0}.
while \; < A\, do
>\f+1 = )\f + €

(52) = (57~ [V (52,06 ] - [90 (B9 060)) 4 A smm (51)
(85) =70
A= AU{]¢A|VZ(B,5+1,( Y)) > Neg1}

A= A\{Jem\ﬁtm]d}
t=t+1

The approximation Algorithm |1| (Algorithm [2)) for the solution B (M) of RLR under ¢; (or ¢3)
constraint were first proposed by Rosset [26} 2]]. Given a problem instance P, and a sufficiently small

step-size € > 0, using Algorithms yields an approximation 5((;) v of B( X,y) that are piece-wise
linear functions of X in total (Amax — Amin)/€ [26]. Moreover, it is also guaranteed that the error
between ﬁ((gg’y) and B( X,y) is uniformly upper bounded for all A € [Amin, Amax]-



Algorithm 2 Approximate incremental quadratic algorithm for RLR with ¢ penalty, [2]

Set ﬂ(()f) = B(X,y)(/\min), t=0.

while \; < A\, do
At41 = A¢ + € X
BOM =87 = [v21 (67, (X,9)) +2011] - [V1 (87 (X)) + 204180
t=t+1

Theorem 4.1 (Theorem 1, [2]). Given a problem instance P, for small enough e, there is a uniform
bound O(€?) on the error || B(x ,)(\) — 6((2 o) Mll2 for any X € [Amin, Amax]-

Denote hl(fﬁR(A P) = ljir B Xval, Yva)) the approximation function of the validation loss
hrir (A, P). Usmg Theorem and note that the loss f(z) = log(1 + e~#) is 1-Lipschitz, we can
show that the difference between hRLR()\, P) and hrir (A, P) is uniformly upper-bounded.

Lemma 4.2. The approximation error of the validation loss function is uniformly upper-bounded
|hRLR( ) — hRLR()\7 P)| = 0(62) ,fOl’ all \ € [)\min, /\max]~

We now present one of our main results, which is the pseudo-dimension bound of the approximate
validation loss function class HRLR
Theorem 4.3. Consider the RLR under ¢, (or {3) constraint with parameter X € [Apin, Amax| that

take a problem instance P drawn from an unknown problem distribution D over 11,, ,,. Under
Assumptions [I| and 2} Hgir is bounded by some constant H (Lemma . Suppose that we use

Algorithm(or Algorithm|2)) to approximate the solution B(X’y) (A\) by B((; v (\) with a uniform error
O(€?) for any \ € [Amin, Amax), Where € is the approximation step-size. Consider the approximation
validation loss function class ’HI(;L)R = {hl(ez)R()\, ) i p = Ro | A € [Amins Amax] }, where

ik (A, P) Zlog 1+ exp(—yiz; By, (V)

1=1

is the approximate validation loss. Then we have Pdlm('HRLR) O(m? + log(1/¢)). Further, we

assume that e = O(V H) where H is the upperbound of Hrrr under Assumptions |l and @ Given
any set S of T problem instances drawn from a problem distribution D over 11, ,, the empirical

Rademacher complexity %(HE;L)R, S) = O(H+/(m? +log(1/e€))/T).

The key observation here is that the approximation solution B((jg ) is piece-wise linear over

(Amax — Amin )/ € pieces, leading to the fact that the appr0x1mate validation loss function hRLR (\,-) s
a "special function" (Pfaffian function [43]]) in each piece, which is a combination of exponentiation
of linear functions of A. The detailed proof of Theorem[4.3|can be found on the Appendix

4.2 Learning guarantees for Regularized Logistic Regression hyperparameter tuning

Our goal now is to use the upper bound for empirical Rademacher complexity of the validation
loss function class HgrrLr. We use techniques for approximate data-driven algorithm design due to
[29], combining the uniform error upper bound between validation loss function hgigr(A, P) and

its approximation hReLR()\ P) (Lernma and empirical Rademacher complexity of approximation
validation loss function class HRLR (Theorem i , to obtain a bound on the empirical Rademacher

complexity of Hgrr. This allows us to give a learning guarantee for the regularization parameters
A, which is formalized by the following theorem.

Theorem 4.4. Consider the RLR under {1 (or {3) constraint. Under Assumptions l l 2| Hreg is
bounded by some constant H (Lemma n) Consider the class function Hrig = {hrir(X,-) :
IInp — R0 | A € [Amin; Amax]|} where hgpg(X, P) is the validation loss corresponding to problem



instance P and the {1 ({2) parameter \. Given any set S of T' problem instances drawn from a
problem distribution D over IL,,, ,, for any hgigr(X, ) € Hrir, w.p. 1 — 6 forany 6 € (0, 1), we have

2
(H m +log 1/6 /1 log )

T

1 X

T > hrir(A\, PY) = Epplhrr(X, P)]| < O
=1

for some sufficiently small e.

The proof detail of Theorem[4.4]is included in the Appendix[D.3] The above generalization guarantee
gives a bound on the average error on RLR validation loss over the problem distribution, for the
parameter A learned from 7" problem instances. In commonly used approaches, the validation set
size is small or a constant, and our result can be interpreted as the upper bound on the generalization
error in terms of the number of problem instances 7" and the step length e. We only consider RLR
under /7 (or ¢3) constraints, which are commonly studied in the literature, our analysis could be
easily extended to RLR under ¢, constraint for any ¢ > 1.

4.3 An extension to 0-1 loss

Since logistic regression is often used for binary classification tasks, it is interesting to consider the
0-1 loss as the validation loss function. It has been shown that 1{z < 0} < 4log(1 + e~#) for any
z [44]). This inequality, combined with Theorem directly provides a learning guarantee for the
0-1 validation loss function.

Theorem 4.5. Let 7 > 2¢2 and § € (0,1), where € is the approximation step-size. Then for any

22 1 1 ,
n>s(r/2,6) =Q (H (m(;;lzoiggjlog 5 ), if we have n problem instances { P, ... P} drawn
i.i.d. from some problem distribution D over 11, ,, to learn the regularization parameter N\**M for
RLR via ERM, then

EPND(hRLR(AERM’ P))) < 4)\6[,\min)\ ]EPND(hRLR(Aa P)) +47.

The detailed proof of Theorem [.5]can be found on Appendix @} It is worth notmg that we are
providing learning guarantee for 0-1 validation loss function class H;% indirectly via the validation
loss function class Hgr With cross-entropy objective function, which is arguably not optimal. The
question of how to provide a true PAC-learnable guarantee for 'Hg'LlR remains an interesting challenge.

5 Conclusion and future work

In this work, we present novel learning guarantees for tuning regularization parameters for both the
Elastic Net and Regularized Logistic Regression models, across problem instances. For the Elastic
Net, we propose fine-grained structural results that pertain to the tuning of regularization parameters.
We use them to give an improved upper bound on the pseudo-dimension of the relevant validation
loss function class of and we prove that our new bound is tight.

For the problem of tuning regularization parameters in regularized logistic regression, we propose
an alternative approach that involves analyzing the approximation of the original validation loss
function class. This approximation, characterized by a piece-wise linear representation, provides a
useful analytical tool in the absence of an exact dependence of the logistic loss on the regularization
parameters. Additionally, we employ an upper bound on the approximation error between the original
and approximated functions, to obtain a learning guarantee for the original validation loss function
class. Remarkably, our proposed approach is not restricted solely to regularized logistic regression
but can be extended to a wide range of other problems, demonstrating its generality and applicability.

It is worth noting that this work only focuses on the sample complexity aspect of the hyperparameter
tuning in the Elastic Net and Regularized Logistic Regression. The question of computational
complexity in this setting is an interesting future direction. Other interesting questions include
designing hyperparameter tuning techniques for this setting that are robust to adversarial attacks,
and hyperparameter tuning for Regularized Logistic Regression with both ¢; and ¢ constraints.
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