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Abstract

Transformer language models (LMs) exhibit
behaviors—from storytelling to code generation—
that seem to require tracking the unobserved state
of an evolving world. How do they do this? We
study state tracking in LMs trained or fine-tuned
to compose permutations (i.e., to compute the or-
der of a set of objects after a sequence of swaps).
Despite the simple algebraic structure of this prob-
lem, many other tasks (e.g., simulation of finite
automata and evaluation of boolean expressions)
can be reduced to permutation composition, mak-
ing it a natural model for state tracking in gen-
eral. We show that LMs consistently learn one of
two state tracking mechanisms for this task. The
first closely resembles the “associative scan” con-
struction used in recent theoretical work by Liu
et al. (2023) and Merrill et al. (2024). The second
uses an easy-to-compute feature (permutation par-
ity) to partially prune the space of outputs, and
then refines this with an associative scan. LMs
that learn the former algorithm tend to general-
ize better and converge faster, and we show how
to steer LMs toward one or the other with inter-
mediate training tasks that encourage or suppress
the heuristics. Our results demonstrate that trans-
former LMs, whether pre-trained or fine-tuned,
can learn to implement efficient and interpretable
state-tracking mechanisms, and the emergence
of these mechanisms can be predicted and con-
trolled. Code and data are available at https:
//github.com/belindal/state-tracking.

1. Introduction

Language models (LMs) are trained to model the surface
form of text. A growing body of work suggests that model
internals contain a latent, decodable state of the world—e.g.,
situations described by language and results of program
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execution—to support prediction (Li et al., 2021; Nanda
et al., 2023; Li et al., 2023). However, the mechanisms
that LMs use to construct these representations are not un-
derstood. Do LMs simulate state evolution step by step
across successive hidden layers or token representations
(Yang et al., 2024)? Are states approximated through a com-
plex collection of heuristics (jylinO4 et al., 2024)? Is state
tracking an illusion (Bender & Koller, 2020)?

This paper studies the implementation and emergence of
state tracking mechanisms in language models using per-
mutation composition as a model system: given a fixed set
of objects, we train or fine-tune LMs to predict the final
position of each object after a sequence of rearrangements.
Previous work has used versions of this task to evaluate
LMs’ empirical state tracking abilities (Li et al., 2021; Kim
& Schuster, 2023; Li et al., 2023). Additionally, as shown
by Barrington (1989), many complex, natural, state-tracking
tasks—including simulation of finite automata and evalua-
tion of Boolean expressions—can be reduced to permutation
tracking with five or more objects. This makes it a natural
model for studying state tracking in general.

Our analysis proceeds in several steps. §2 provides technical
preliminaries: §2.1 and §2.2 introduce state tracking prob-
lems and the permutation composition task we use to model
them (Figure 1A), and §2.3 reviews the set of interpretabil-
ity tools we use to analyze LM computations. Next, §3
lays out a family of algorithms that past work has suggested
LMs might, in principle, use to solve the state tracking
task (Figure 1D), and describes the signatures—expected
readouts from different interpretability methods—that we
would expect to find if a given algorithm is implemented
(Figure 1B-C).

Finally, §4 and §5 present experimental findings. Across a
range of sizes, architectures, and pretraining schemes, we
find that LMs consistently learn one of two state tracking
mechanisms. The first mechanism, which we call the “as-
sociative algorithm” (AA), resembles the associative scan
construction used by Liu et al. (2023) and Merrill & Sabhar-
wal (2024) to establish theoretical lower bounds on the ex-
pressive capacity of Transformers. The second mechanism,
which we call the “parity-associative algorithm” (PAA), first
rules out a subset of final states using an easy-to-compute
permutation parity heuristic, then uses an associative scan
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Figure 1.We use permutation word problems as a simple model of state tracking. Actions are permutations, and states are the products of
those permutations; the current state can be tracked by taking the cumulative product from left 82jigie(identify several possible
algorithms that Transformers may use to solve permutation word problems: sequential, parallel, associative, and parity-a§3pciative (
Above, we depict the “signatures” of each algorithm under two types of interpretability angdyesis patching where we create pairs of

prompts differing only on the rst token, then substitute all activation except the pre x up to a token at a particular layEmksing,

where we train a linear probe to map from last-token representations across the layers to either the nal state or the nal stg&3jarity (

Note: the dotted lines indicate two different probing signatures consistent with this algorithm (see Appendix C.3 for more details).

to obtain a nal prediction. Notably, we fail to nd evidence Olsson et al., 2022; Hu et al., 2023; §5.1).

for either step-by-step simulation or fully parallel composi-r, . ..\ operation for PAA appears dif cult for LMs to im-
tion, despite their being theoretically implementable by LMs. . . .
plement robustly, and the choice of mechanism sometimes

We support our ndings with evidence from representation’”. ~ . .
signi cantly impacts model performance on long sequences

interventions (Meng et al., 2022; Zhang & Nanda, 2024,(§5.1). Whether a given LM learns AA or PAA is highly

84.2), probes (Shi et al., _201§4'3)’ patterns in prediction stochastic §5.2). However, each is associated with a char-
errors (Zhong et al., 20244.4), attention maps (Clark et al., o o . .
acteristic set of phase transitions in the training loss (Chen

2019;54.5), and training dynamics (McCoy et al., 2020, et al., 2024), and LMs can be steered toward one solution or
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the other by training on an intermediate task that encouragebhis, combined with its simple structure, makes it a natural
or discourages LMs from learning a parity heuristic (85.3).model system for studying state tracking in general.

As pretrained LMs sometimes re-use circuits when ne-More formally, the nite symmetric group S, comprises
tuned on related tasks (Prakash et al., 2024; Merullo et althe set ofpermutations of n objects equipped with a com-
2024), our results suggest a possible mechanism by whicposition operation. For examplk2315denotes the permu-
real-world LMs might perform state tracking when mod-tation of 5 objects (i.e. it%5) that moves the rst object to
eling language, code, and games. We show preliminarthe fourth position, the second object to the second position,
evidence of these algorithms on a version of our permutaetc. Importantly for our ndings in this paper, every per-
tion composition tasks expressed in natural language (Apnutation can be expressed as a composition of two-element
pendix E). Looking beyond state tracking, these ndingsswaps(in Figure 1A,ag, but notas, is an example of a
underscore both the complexity and variability of LM so-swap). Theparity of a permutation (even or odd) is the
lutions to complex tasks, which may involbethheuristic  parity of the number of swaps needed to create it.

features and structured solutions. The compositionof two permutations, standardly denoted

a; ao, is the result of applyin@; afterag. Inputs to
2. Background and Preliminaries sequence models in machine learning are typically written
with earlier inputs before later inputs (i.e., left-to-right), so
for consistency with this convention, we will writga; to
Inferring common ground in discourse (Li et al., 2021),denote the application @ thena;. Figure 1A shows the
navigating the environment (Vafa et al., 2024), reasoningesult of composing2315and12534in sequence.
about code (Merrill et al., 2024), and playing games (LiF
et al., 2023; Karvonen, 2024) all require being able to traclﬁ
the evolving state of a real or abstract world. There has bee

signi cant interest in understanding whether (and how) LMs ure 1). But, following the intuition given at the beginning of

can perform these tasks. In theoretical work, researcheg section, it may equivalently be interpreted as the nal or-

have observed that many natural state-tracking problems,_ . fth : . ABAED Fi 1A
(including the ones listed above) are associated with th éenng of the objects being rearrang @ Figure 1A).

complety casaiC’ ux Transormers cannt vack he 010" LS S8 0 (03 Dy ey o e
2t al, 2075, Bhattamishra ot . 2020; Geing et al, 2023;  PEIMUtation (acton’)in a sequence. aick a0 @ o
Strobl et al., 2024). However, prior work has shown thatdenote the result of a sequence of permutations (a “state”).
Transformers witfD(log n) depth can model inputs of up Given a sequence of permutations, we Usg) to denote

to lengthn (Liu et al., 2023; Merrill & Sabharwal, 2024). the parity of thetth permutation, so:

Empirical work, meanwhile, has found that large LMs learn X

to solve state tracking problems (Kim & Schuster, 2023) and (s)= (a0 &)= () mod 2 (1)
encode state information in their representations (Li et al.,
2021; Li et al., 2023). But a mechanistic understanding of
howtrained LMs infer these states has remained elusive. (where is 0 for even permutations and 1 for odd ones).

2.1. State Tracking

inally, theword problem on Sy, is the problem of comput-
ng the product of a sequence of permutations. This product
Rself corresponds to a single permutati@2%14in Fig-

2.2. Permutation Group Word Problems All experiments in this paper train jtransformer Ian_guage
models to solve the word problem: they take as input a

focus on one speci ¢ state tracking problepgrmutation  state predictionfso;:::; st]. We also validate our ndings

composition At a high level, this problem presents LMs on a natural language version of this task in Appendix E,

with a set of objects and a sequence of reshuf ing operationsyhere permutations are expressed as instructions\Viles

LMs must then compute the nal order of the objects afterpositions 2 and 3

all reshuf ings have been applied (Figure 1A). Though less

familiar than discourse tracking or program evaluation, Kim2.3. Interpretability Methods

& Schuster (2023) used a version of this task to evaluate . , . ,
LM state tracking. More importantly, as shown by Bar- OUr experiments employ several interpretability techniques

rington (1989) and recently highlighted by Merrill et al. to understand how LMs solve permutation word problems,

(2024), permutation tracking (with ve or more objects) is which we brie y describe below. Throughout_this paper, we
NCl-compIete, meaningnyother state tracking task in this usehy, to denote the internal LM representation at token po-

family can be converted into a permutation tracking class>iont after Transformer layer, with T andL denoting the
maximum input length and number of layers respectively.



(How) Do Language Models Track State?

Probing In probing experiments (Shi et al., 2016), we x s{. We then identify the hidden states that, when patched
the target LM, then train a smaller “probe” model (e.g. ain, cause the model to outpst rather thars? with high
linear classi er) to map LM hidden representatiodmgo  probability. Our main experiments speci cally perform
quantitiesz hypothesized to be encoded by the LM (Fig-pre x patching whereall hidden representations up to in-
ure 1C). Our experiments speci cally evaluate whether (1)dext (hj.t h‘j'ﬁf;‘r) are patched at a particular layler
the states;, and (2) the nal state parity is linearly encoded (Figure 1B). Pre x patching allows us to localize how in-
in intermediate-layer representations. For each lgyge  formation gets progressively transferred to the nal token
train (1) a state probe to prediets; j hy )and (2) a parity as we move deeper into the network. A value close to 1
probe to predicp( (st) j hy ). Given a trained LM, we means that some part of the pre x representation was used
collect representations on one set of input sequences to trafor prediction; a value close to 0 means thatpart was.

the probe, then evaluate probe accuracy on a held-out et . experiment with other types of localization tech-

niques (including suf x and window patching), as well as

Activation Patching Probing experiments reveal what in- ) : . . .
zero-ablating certain activations in Appendix B.

formation ispresentin an LM's representations, but not
that this information isusedby the LM during prediction.
Activation patching is a method for determining which rep-3. What Algorithms Can Transformers
resentations play eausalrole in prediction. Portions of the Implement in Theory?

LM's internal representations are overwritten (“patched”)

with representations derived from alternative inputs; if pre-TO use the methods describedia3 to interpret model be-
dictions change, we may conclude that the overwritten replavior, we must rst establishghenomenologfor LM state
resentations was used for prediction (Meng et al., 2022facking—identifying candidate state tracking algorithms

Zhang & Nanda, 2024; Heimersheim & Nanda, 2024).  that might be implemented by the model, along with the
empirical probing and activation patching results we would

Letp(y j x;h  h9) denote the probability that an LM expect to nd if these algorithms are implemented. Below,

assigns to the outpytgiven an inpuk, but with the repre- \ye gescribe a set of state tracking mechanisms suggested
sentatiorh replaced by some other representatinin a by the existing literature.

typical experiment, we rst construct a “clean” inpxtthat

we wish to analyze, and a “corrupted” inpitthat alters or ~ For each mechanism, we rst present a sketch of an im-
removes information fromx (e.g. by adding noise or chang- Plementation, in the form of rules for computing the value
ing its semantics). Next, we compute the most probablstored in the hidden state for each layer and timestep. We

outputs from clean and corrupted inputs: then describe the “signature” of each algorithm—the result
we would expect from the application of pre x patching and
P =arg max p(y j x) probing techniques described in the preceding section.
y
@D: arg max p(y j x9 3.1. Sequential Algorithm
y

The sequential algorithm composes permutations one at a
We then re-run the LM on the corrupted inpd but sub-  time from left to right (analogous to a mechanism some
stitute a hidden representation from the clean inp@ind | \s use to solve multi-hop reasoning problems; Yang et al.,
measure how much prediction shifts toward the clean outpupp24). Signatures of this algorithm would provide evidence
¥ using thenormalized logit differencéVang et al., 2023):  that LMs implement step-by-step “simulation” in their hid-
den states to solve state tracking tasks. In this algorithm,
LD(x% hy htc;l|ea1 LD(x9 ) each hidden state, stores the associated actianuntil s;
LD(x) LD(x9 can be computed, maintainimg, = s;. As shown in the
rst row of Figure 1D, this computation depends only on

NLD =

where ; .
. : hidden states with .

LD()=log p(pj ) logp(®] )
and the representatidrg}ea”is taken from the cleanrunof ~ h., = a, 8t // initialize actions
the model. A value of NLD close to 1 indicates that we have  (hy. = s) Il by de nition; see §2.2
restoreda part of the circuit that computgs fort=1:T;l=1:L do
In this paper, we evaluate which representations are in- '; : ft tEe” Et;l = Et:l 1 :hat Il propagate actions
volved in prediction by presenting models with a clean 1= tthenhy Torn il
sequencdap; a;;:::;a;] associated with a nal stats;. i | hen h B f}t 1at__ St /(uDdate states
We then produce a corrupted sequence diffeonty in dlf >tthenhy = hy 1= S //propagate states
the rsttoken, [a3;a;;:::; a], associated with a nal state end for

4
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Patching Signature Because of this dependency, any hi.o= a; 8t Il initialize actions

patching experiment that replaces only hidden states with for t =0::T;l =1::L do

I >t will not affect the nal model predictions, leading to if | log(t+1) then

the upper triangular patching signature shown in the rst hy = hy o1y 1hy 2

row of Figure 1B. =8 o4 & /I compose actions
elsehy = hy 1= 5 I propagate actions

Probing Signature Becauses; can only be predicted at  end for
layerl = t, we expect a state probe to shodirear de-
pendence on depth: for sequences of maximum lefigth
probe at layet will correctly label an=T fraction of states. (D€ ning hi< o;; = ho; for notational convenience.)

If these state representations linearly encode parity, theRg seen in the third row of Figure 1D, the model's prediction
the accuracy qf the pa_lrity probe will also increase linearlyjq, s depends on the hidden representatin in the layer
otherwise, it will remain constarit. before the nal state is computed, the representatidm.at

in the layer before that, etc.

3.2. Parallel Algorithm

As noted in§2.2, the word problem 08s belongs taNC* Patching Signature Consequently, for AA, the length of
the pre x that must be modi ed to alter model behavior

(and thus requires a circuit depth that scales logarithmi= . : Ay h
cally with sequence length). The word problem 8  Ncreases exponentially in depth, resulting in the signature
however, belongs t3C°, the class of decision problems I the third row of Figure 1B.

with constant-depth threshold circuits. See discussion in Ap-

pendix A and Merrill & Sabharwal (2023). A constant-depth ProPing Signature - We similarly expect to see an exponen-
circuit will give rise to a set of hidden-state dependenciedia!ly increasing state probe accuracy (becasisgecomes
like the second row of Figure 1D. predictable at laydr=log t, a probe at layerwill correctly

label a2' =T fraction of states). If state parity is encoded in

Patching Signature Letlp denote the number of layers State representations, then parity probe accuracy will also
needed to implement the constant-depth circuit for this tasiicrease exponentially.

For patching interventions conducted at or earlier than layer

I» , we expect the model's predictions to change; at deepe8.4. Parity-Associative Algorithm

layers tharlp , interventions will have no effect at all, re-
sulting in the L-shaped pattern shown in the second row o

tn this algorithm (PAA), LMs compute the nal state in
Figure 1B.

WO stages: rst computing the parity of the state (which
can be performed in a constant number of layers using a
subroutine from the Parallel algorithm); then separately

accuracy within a constant number of layers. Because th omputing the remaining information needed to identify

algorithm described in Appendix A computes state parity a§ e Inal sta'ie g\ge “Ba:_llt(y (;ﬁmplemedr_lt") ulsmg_tar\] procedure
an intermediate quantity, the parity probe will also obtain@n&/0gous 10 AA. (Unlike the preceding algorithms, we are

perfect accuracy within a constant number of layers. not aware of any previous proposals for solving permutation
composition problems in this way; but as we will see, it

is useful for understanding interactions between “heuristic”
and “algorithmic” solutions in real LMs.)

Probing Signature We expect the probe to obtain perfect

3.3. Associative Algorithm

In the assaciative algorithm (AA), Transformers COMPOS& e mogel implementation of PAA with hidden states com-

permutations hierarchically: in each layer, adjacent Seﬁrising two “registers” and (i.e.hy = ( w: w)which

guences of permutations are grouped together and theértore the parity and complement respectively.
product is computed. This is analogous to recursive scan

in Liu et al. (2023) and attened expression evaluation = a 8t [ initialize actions
in Merrill et al. (2024). This algorithm takes advantage O.’t = par(s) 8t I/ compute parities (App. A)
of the associative nature of the product of permutations, ¢, ¢ = 0:T:1=1:L do
wherebyapa; axaz = (apa1)(azas). It ensures that, = 0= o1 I/ propagate parities
& 241 &, andthus thaly g+ = @8  a&. Signa- if | Io’g(t+1) then
tures of this algorithm would provide evidence that LMs

; ; g = COMP ¢ 2 1y 1 ¢ 1) /I compose
perform state tracking not by encoding states, but rather by else ¢y = u 1 Ty propagate complements
mappingbetween states, for pre xes of increasing length.  onqfor ’

!See Appendix C.3 for a representative model in which parity
is not linearly decodable. In this algorithm, the hidden state at positioholds that
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position's state parity and parity complement (if computed4.1. Experimental Setup

at this point). Parity, likeSz, may be computed with a con- - .
stant number of layers. The algorithm sketch given abové{ve generate 1 million unique length-100 sequences of per-

is deliberately vague about the implementation of the pa@qtqt|ons n b.OﬂS3 andSs. We split the data 9.0/10 for
ity complement composition operatiocomp. In practice, training/analysis, anq ne-tune these model; (using a cross-
different representations of this complement appear to bgntropy '03?) to predict th‘_a state corresponding to pagk
learned across different runs; see Figure 10 for evidenCS]c each action sequence:
that these representations are computed using a brittle (and 29
perhaps heuristic- or memorization-based) mechanism. L= logpiMSt j ag:::a); €))

t=0

wherep m(sn j @0 :::a) is the probability the language
Patching Signature If the corrupted input has a different model places on state tokep when conditioned on the
parity from the clean input, then in layers deeper than thoséength pre x of the document.
used to compute parity, it is necessary to restorettize
pre X to cause the LM to assign full probability to the clean
prediction. On these inputs, pre x patching will show a
signature §imilar to the pa.raIIeI algorithm (see_ Figure SB)20 epochs on Equation (3) using the AdamW optimizer with
Howeyer, if the corr_upted mpuf[ has themeparity as the learning rate 5e-5 and batch size 128. For larger models
clean |npu_t, the portion of th_e hldden state com_puted in pagabove 700M parameters), we train ushfipat16 .
allel remains the same, while its complement is compute
using the same mechanism as the associative algorith
(see Figure 8A). These inputs will thus exhibit an AA-like
(exponentially-shaped) patching pattern. When averageHor both theS; andSs tasks, across training runs, we nd
together, parity-matched and parity-mismatched patchinghat activation patching results exhibit two broad clusters of
will produce a pattern with two regions, one shaped like thebehavior. For some trained models, they match the activa-
associative algorithm (associated with a 50% restoration iflion patching signature associated with AA; in others, they
accuracy) and one shaped like the parallel algorithm (assoanatch the signature of PAA—even when the only source
ated with a 100% restoration in accuracy). Again, this mayof variability across training runs is the order in which data
be most easily understood graphically (Figure 1). is presented. Results for prototypical AA- and PAA-type
models, on botls; andSs, are shown in Figure 2. Addi-
tional patching results in Appendix B con rm that patching
intermediate representations of PAA-type models (the light-

Except where noted, we begin with Pythia-160M models
pre-trained on the Pile dataset (Biderman et al., 2023). Re-
gardless of initialization scheme, we ne-tune models for

T.Z. Activation Patching

Probing Signature We expect state probes to improve
exponentially with depth, while parity probes converge to
100% at a constant depth.

4. What Mechanisms do Transformers Learn?

In this section, we compare these theoretical state track-
ing mechanisms to empirical properties of LMs trained for
permutation tasks. It is important to emphasize that the vari-
ous signatures described above provide necessary, but not
suf cient, conditions for implementation of the associated
algorithm; the exaatnechanisnthat LMs use in practice is
likely complex and dependent on other input features not
captured by the algorithms described above.

Nevgrtheless, our .eXpe”mentTQ' success.fully.rule OUt. So'.'lglgure 2.Activation patching on the residual stream for various
possible s.tate tracking mechanisms and |d(_ant|fy.algor|thm|c;Dythia models trained o andSs. Each cell at layet and token
features likely to be shared between the idealized mech@zepresents the probability of the correct nal state witementire

nisms above and the true behavior learned by transformersie x up tot at layer! is restored. We nd signatures matching the
Speci cally, our experiments yield evidence consistent with AA and PAA algorithms from Figure 1, with both models ignoring
the associative algorithm (AA) in some models and theexponentially longer pre xes as we traverse down the layers, and

parity-associative algorithm (PAA) in other models, acrossPAA models containing intermediate representations that encode
architectures, sizes, and initializations. some information about the nal state, but not its parity.
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Figure 3.Accuracy of state probe and state parity probe across layess andSs models sometimes match signatures for AA, and
sometimes PAA. In all models, the state probe accuracy increases roughly exponentially with model depth. We nd that in PAA models,
the parity of the state is linearly decodable from earlier intermediate layers, while in the AA models shown above, the parity is never
linearly encoded in any layer of the model. (In other AA models, the parity can only be linearly decoded at the nal layer.)

resentations of states can be cleanly decomposed into two
orthogonal parts: thparity of the product and a residual
cluster identity forming a triangular prism. In Figure 4, we
project representations from the PAA model for each of the
six states onto these components. Even-parity states (darker
colors) and odd-parity states (lighter colors) are symmetric.
The three cluster “spokes” are spaced 60 degrees apart.

4.4. Generalization by Sequence Length

We next evaluate the state and parity accuracy of AA- and

Figure 4.In models that learn PAA 083, representations of the PAA-type models for held-out inputs of varying length. In

nal product can be geometrically decomposed into two orthogonal eneral. we nd that models learn to generalize perfectl
directions, corresponding to tiparity of the product (represented 9 ' 9 P y

as the Z-axis in the above graph) astdster identityof the product L@ S€quences of up to the length of their training data, then
(represented by the X-Y plane). Note that thestersare at 60 face a steep accuracy dropoff after (which we refer to as the
degrees to each other, and products of different parities within acutoff lengtti), rather than generalizing uniformly across
cluster are equidistant from each other, with odd-parity product&ll sequence lengths.

In one plane, and even-parity products in another plane. In Figure 5, where we plot the cutoff lengths at which each

accuracy dips below 98%. We nd that for models that learn
PAA, theparity accuracy cutoff lengtts much longer than
the state accuracy cutoff lengtlwvhereas, for models that
learn an AA-type mechanism, the two cutoff lengths are
equal. Furthermore, models that learn an AA-type mecha-
nism tend to generalize better overall.

colored cells in Figure 2) results speci cally in predictions
with incorrect parity. We nd standard deviations to be low
in Figure 9, con rming the robustness of our signatures.

4.3. Probing

Test set accuracies of linear probes across LM layars 4.5 Attention Patterns

plotted in Figure 3. We report standard deviations of these .
accuracies in Table 1, which are all less tHah3. We We look at attention patterns of LMs and check whether

again nd empirical signatures consistent with those pre!l€Y ¢an be used to differentiate between PAA models and

dicted by AA and PAA, on bot!S; andSs. Models with ~AA models. Speci cally, we nd that in the early layers,
AA-type probing signatures always have AA-type patchingPAA models exhibiparity headsheads that place attention

signatures, and vice versa. Throughout the rest of this papdf ©dd-parityactions. Recall that the parity of a state can be

we refer to models (and state-tracking mechanisms) as “AAdétermined by counting the number of odd-parity actions,

type” or “PAA-type” based on which cluster of signatures a1d taking the parity of the count (Equation (1)). Examples
they exhibit. Results in Appendix C break down probe acOf the parity head attention pattern are shown in Figure 15.

curacies by sequence length, con rming that models solvéVe Nnd no evidence of parity heads in any layer of AA

sequences of exponentially longer length at deeper layersT0dels. (See Appendix F for a formal metric measuring
how much an attention head behaves like a parity head.)

What exactly is the “non-parity residual” for PAA models? ————— _ _
We visualize the linear components of representations near Furthde,r details, including an analysis 8¢, can be found
the nal layer(s) of PAA models trained ofi;. The rep- M APpendixD.
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Figure 5.Generalization curves showing state and parity prediction accuracy as sequence lengths vary. Models are trained on length-100
sequences and asked to generalize to varying lengths of sequences. We plot generalization curves for AA and PAA &aaleds on

Ss. In each plot, we show the 98% cutoff threshold, the sequence length at which accuracy dips below 98%. In the models that learned
PAA, the parity cutoff is larger than the state cutoff, while in models that learned AA, the parity cutoff equals the state cutoff. Generally
speaking, models that learned AA generalize better than ones that learned PAA.

Figure 6.Annotated training curves for models that learn the AA and PAA algorithms. In PAA models (blue), we nd that convergence
happens in two phases: in the rst phase, they learn to generalize parities up to sequence length 100, and in the second, they learn to
generalize thatates In AA models (orange), parities and states are learned simultaneously. Note that AA models also tend to converge
faster to (ultimately) a lower loss than PAA models.

We also nd evidence that attention patterns in AA modelsdeterminevhichmechanism emerges during training.
sparsify in later layers of the network, forming a tree-like

pattern expected of AA, shown in Figure 16. 5.1. When in Training Do Distinct Mechanisms Arise?

We nd that an LM's eventual mechanism can be identi ed
5. Why do Transformers Learn One very early in training, based on the pattern of prediction er-
Mechanism or Another? rors. As in Figure 6, LMs that eventually learn AA improve

Having determined that trained models consistently exhibitthe quality of their parity and state predictions in lockstep,

AA- or PAA-like signatures, we next study the factors thatWhIIe LMs that Iea_rn PA.A leam in two phases: they rst
converge on learningarity over the entire length of the



