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Abstract

E-values have gained prominence as flexible
tools for statistical inference and risk control,
enabling anytime- and post-hoc-valid proce-
dures under minimal assumptions. However,
many real-world applications fundamentally
rely on sensitive data, which can be leaked
through e-values. To ensure their safe release,
we propose a general framework to trans-
form non-private e-values into differentially
private ones. Towards this end, we develop a
novel biased multiplicative noise mechanism
that ensures our e-values remain statistically
valid. We show that our differentially private
e-values attain strong statistical power, and
are asymptotically as powerful as their non-
private counterparts. Experiments across on-
line risk monitoring, private healthcare, and
conformal e-prediction demonstrate our ap-
proach’s effectiveness and illustrate its broad
applicability.

1 INTRODUCTION

E-values have emerged as versatile tools for statisti-
cal inference and risk control, offering anytime- and
post-hoc-valid guarantees under minimal assumptions.
They are the backbone of a growing body of meth-
ods for continuous risk monitoring [Podkopaev and
Ramdas, 2021], change-point detection [Shin et al.,
2022, [Shekhar and Ramdas, 2023|, test-time adap-
tation [Bar et al., 2024], uncertainty quantification
[Balinsky and Balinsky, 2024, |Gauthier et al., 2025b],
and interpretability [Teneggi and Sulam, 2024], among
other inferential tasks. However, many of the domains
where these methods are most impactful involve sensi-
tive data. Applying existing e-value-based procedures
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directly to such data can compromise individual pri-
vacy, since their guarantees ensure statistical validity
but not protection against information leakage.

Differential privacy provides a principled framework
for addressing such challenges. However, standard dif-
ferential privacy mechanisms are insufficient for our
setting: though privacy is attained, the resulting quan-
tities are generally not statistically valid e-values. In
this paper, we resolve this by introducing novel biased
multiplicative noise mechanisms, which ensure privacy
while retaining statistical validity. In this way, we are
able to to convert any non-private e-value into a dif-
ferentially private one. To the best of our knowledge,
this is the first instance of valid e-values that satisfy
differential privacy.

Beyond establishing validity, we also exactly quan-
tify the statistical power of our differentially private
e-values, showing that it differs from that of the non-
private e-value only by a factor that decreases with the
number of samples, related to the mechanism’s bias.
Crucially, as the number of samples goes towards infin-
ity, we recover the power of the non-private test. We
also show that our private e-values inherit many of the
usual properties of e-values, with no loss of privacy.

Our framework is general: the resulting differentially
private e-values retain the compositional and optional
continuation properties of standard e-values while en-
suring privacy, and can be applied not only to hypothe-
sis testing but also to confidence intervals and general
e-value-based inference procedures. We demonstrate
the effectiveness of our approach through experiments
in three real-world tasks: e-value based confidence in-
tervals for the prevalence of diabetes, continuous moni-
toring of the risk of a deployed model, and e-conformal
prediction for detection of phishing attacks.

Our contributions

e We propose the first general framework to priva-
tize e-values, simultaneously satisfying differential
privacy and statistical validity. Our framework
works by introducing novel biased multiplicative
noise mechanisms, which we show to be necessary
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to ensure validity of the resulting e-values.

e We derive an exact characterization of the statis-
tical power of our differentially private e-values,
in terms of their growth rates. As the number of
samples grows, so does the growth rates, matching
that of the non-private e-value at the limit.

e We prove that beyond basic validity, our differen-
tially private e-values satisfy many compositional
properties of e-values while preserving privacy, in-
cluding optional continuation, e-to-p conversion
and averaging (the latter under some restrictions);
this enables the seamless use of many existing e-
value-based procedures.

e We demonstrate our framework on three real-
world settings spanning private healthcare, online
risk monitoring atop private data, and private
predictive modelling. For each instance we derive
effective procedures that are readily applicable
by practitioners.

Related work. The broader idea of statistical in-
ference with differential privacy has already been the
target of much attention. For example, |Rogers and
Kifer, 2017, [Swanberg et al., 2019} [Ding et al., 2018|
Gaboardi et al., 2018 |Campbell et al., 2017, |Couch
et al., 2019] propose differentially private versions of
classical tests, and |Karwa and Vadhan, 2017, Du
et al., 2020, [Ferrando et al., 2020] propose private
confidence intervals. More recently, [Kazan et al.,
2023, |[Pena and Barrientos, 2022] proposed general
frameworks from which differentially private hypoth-
esis tests can be obtained. Also of note are the prior
works of [Dwork et al., 2018, [Zhang et al., 2020], which
also derive differentially private statistical inference
procedures. However, these are all either inapplica-
ble to e-values or discard essential properties of the e-
values — e.g., post-hoc validity, optional continuation,
and advantages for multiple testing. Our approach, in
contrast, naturally benefits from all the usual prop-
erties of e-values, while also being significantly more
data efficient (cf. Appendix C.1).

2 BACKGROUND

2.1 Differential privacy

Differential privacy (DP) is a framework for control-
ling the privacy loss incurred when releasing informa-
tion about a dataset. Introduced by [Dwork et al.,
2006|, differential privacy works by incorporating con-
trolled noise to the processing of the dataset, so as
to guarantee that the inclusion or exclusion of any
single individual’s data cannot be inferred from the

outputs. The first fully formalized notion of DP was
e-differential privacy, which was later generalized to
(¢, 0)-differential privacy.

Definition 2.1 ((e, d)-differential privacy). A ran-
domized algorithm A(-) satisfies (e, d)-differential pri-
vacy if, for all (fixred) neighboring datasets D and D’
(i.e., differing by one record), for any set A,

PlA(D) € A] < e P[A(D) € A] + 4.
If § = 0, algorithm A(-) satisfies e-differential privacy.

Though influential, (e, §)-differential privacy is known
to struggle with the composition of many differ-
entially private procedures. To improve on this,
[Mironov, 2017] introduced (c,¢€)-Rényi differential
privacy, which generalizes e-differential privacy:
Definition 2.2 ((o, €)-Rényi differential privacy). A
randomized algorithm A(-) satisfies (o, €)-Rényi differ-
ential privacy for a > 1 if, for all (fized) neighboring
datasets D and D' (i.e., differing by one record),

Do (A(D) | A(D")) =

— logE.a(o) Kij((g,)) (z)) T <e

where Do (P Q) is the a-Rényi divergence between
distributions P and Q.

It is worth mentioning that («,e¢)-Rényi differential
privacy is closely related to classical (e, d)-differential
privacy. When a — oo we recover e-differential
privacy |[Mironov, 2017|, and satisfying («,€)-Rényi
differential privacy also implies (€, d)-differential
privacy with ¢ = e +1log(1/§)/(a — 1), for any § > 0.

Crucially, differential privacy benefits from two key
properties: composition and post-processing. Com-
position states that differentially private algorithms
can be combined into new differentially private algo-
rithms, whereas post-processing states that any post-
processing of a differentially private algorithm retains
its privacy.

Proposition 2.3 (Composition of («,€)-Rényi differ-
ential privacy). For any a > 1, let algorithms A;(+)
and As(-) be (o, €1)- and (o, €2)-Rényi differentially
private. Then the algorithm A(-) = (A1(-), A2(+)) is
(a, €1 + €2)-Rényi differentially private.

Proposition 2.4 (Post-processing of («, €)-Rényi dif-
ferential privacy). For any o > 1, let A(-) be a (a,¢€)-
Rényi differentially private algorithm. Then, for any
post-processing operation f, the algorithm As(-) =
F(A(Y) is also (o, €)-Rényi differentially private.

Throughout the paper, we will refer primarily to (a, €)-
Rényi differential privacy. Nevertheless, our frame-
work is just as applicable to standard (e, ¢)-differential
privacy; see Appendix B.1.
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2.2 E-values

Consider the problem of testing a null hypothesis Hy
with data [Y7,Y3,...,Y,] = D. To this end, e-values
serve as alternatives to the classic p-values as mea-
sures of evidence against the null. Formally, an e-value
E(D) for the null hypothesis Hy is a nonnegative ran-
dom variable whose expectation is at most one under
the null.

Definition 2.5 (E-value). A nonnegative real random
variable E(D) is an e-value for a null hypothesis Hy
if E[E(D)] <1 under Hy.

A random variable is commonly said to be a “valid”
e-value when it satisfies Definition 2.5

Any e-value can be converted to a p-value by sim-
ply taking its reciprocal, and any p-value can be con-
verted to an e-value by a process termed calibration
[Vovk and Wang, 2019], albeit at a slight loss of
power. In a sense, e-values can be seen as p-values with
richer structure [Koning, 2023|, in particular satisfying
post-hoc validity, optional continuation, and merging
through averaging.

Proposition 2.6 (E-to-p conversion; post-hoc valid-
ity). If E(D) is an e-value for a null hypothesis Hy,
then 1/E(D) is a p-value for HOE Moreover, it is a
post-hoc valid p-value [Koning, 2025, i.e., a p-value
that allows for an arbitrarily data dependent signifi-
cance level o, and all post-hoc valid p-values can be
written as the reciprocal of some e-value.

Proposition 2.7 (Optional continuation). If F1(D;)
and E3(Ds3) are e-values for a null hypothesis Hg
over independenﬁ datasets D1 and Do, then E1(Dy) -
E5(D5) is also an e-value for Hy.

Proposition 2.8 (Averaging). If E1(D1) and Ex(Ds)
are e-values for a null hypothesis Hy, then all convex
combinations nEy(D1)+(1—n)Ez(D3) forn € [0, 1] are
e-values for Hy, regardless of any dependence between
D1 and D.

Defined here for hypothesis testing, e-values then serve
as the building blocks of many higher-level procedures,
from parameter inference |[Ramdas et al., 2022, [Csil-
lag et al., 2025 Kilian et al., 2025|, risk monitoring
|[Podkopaev and Ramdas, 2021], change-point detec-
tion [Shin et al., 2022| [Shekhar and Ramdas, 2023],
test-time adaptation [Bar et al., 2024], uncertainty
quantification [Balinsky and Balinsky, 2024} |Gauthier
et al., 2025b, (Gauthier et al., 2025a], interpretability
|[Teneggi and Sulam, 2024], and more.

! Considering 1/0/ + co.

2This can be refined to require only a sequential struc-
ture of the data, rather than full independence. We keep
to independence for simplicity.

3 DIFFERENTIALLY PRIVATE
E-VALUES

In this section we present our framework for differen-
tially private e-values, which guarantees privacy while
retaining the validity of the resulting e-values. We will
first construct our differentially private e-values in the
context of hypothesis testing, and then show how these
can be used for general e-value-based procdures and
confidence intervals.

3.1 Hypothesis testing

Suppose we have a (non-private) e-value E(D) for a
null hypothesis Hy, i.e., a nonnegative real random
variable whose expectation over the data D is at most
1 under the null hypothesis. Our goal is to leverage
E(D) to construct a new e-value EPY(D) satisfying
(o, €)-Rényi differential privacy. We do this by intro-
ducing a measured amount of independent noise to the
e-value, as such:

EP?(D) = E(D)-e ¢, (1)

with random noise £ independent from E(D). By pass-
ing the noise variable £ through the exponential and in-
corporating it multiplicatively we ensure that EPY (D)
remains nonnegative.

With well-designed choices for the distribution of &,
we can simultaneously ensure differential privacy and

validity. First, note that since ¢ is independent from
E(D),

E[EP(D)] = E[E(D) - e~¢] = E[E(D)] - Ele~¢);

and so, as long as the moment-generating function ¢
E[e’¢] exists and is at most 1 at ¢t = —1, we have that
EPP(D) will be a valid e-value: under the null,

E[E"P (D)) = E[E(D)] - Efe~¢] < E[E(D)] < 1,

where the last step follows from the fact that E(D) is
an e-value.

To obtain differential privacy, we then appeal to the
post-processing theorem: EPT (D) is («,¢)-Rényi dif-
ferentially private iff log EPY (D) = log E(D) — ¢ is
(o, €)-Rényi differentially private. This allows us to
leverage existing additive noise mechanisms such as
Gaussian and Laplace mechanisms to attain differen-
tial privacy, as a function of the log-sensitivity of the
e-value, defined as

Ajog(E) = sup [logE(D) —~log E(D")|, (2)

|DAD’|<1

with |[DAD’| < 1 denoting that D and D’ differ by a
single record.
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To ensure validity of the resulting e-values, we bias &
so as to ensure its moment-generating function satisfies
the required bound. This leads to the following biased
Gaussian and Laplace mechanisms:

Theorem 3.1 (Biased Gaussian mechanism). For any
a>1ande>0, let

EPP(D) = B(D) - ¢,

oA (E)* alAg(E)]?
£NN< 146 ’ 126 )

Then EPY (D) is a valid e-value satisfying (o, €)-Rényi
differential privacy.

Theorem 3.2 (Biased Laplace mechanism). For any
a>1ande> 0, let

EPP(D)=E(D) e ¢,
¢ ~ Laplace(—log(1 — b2 ), ba.c),
where
bae=1/hg’ ((2a _ 1)e<a—1>e) ’
1)e*aAlog(E)t

fort > 0.

ha(t) = ael@DA0s(E) | (o —

Then, as long as b, . < 1, EPY(D) is a valid e-value
satisfying (o, €)-Rényi differential privacy.

Note that, in practice, h;! can be computed through
bracketing and bisection.

Interestingly, the biased Laplace mechanism is only vi-
able when the sensitivity is not too high, due to the
ba,e < 1 requirement. This is in contrast to the more
usual (non-biased) Laplace mechanism for differential
privacy, which is always applicable (but does not en-
sure validity of the e-values). The biased Gaussian
mechanism, however, is always available.

We can also exactly characterize the stastical power
of our differentially private e-values, in terms of their
expected growth rates [Kelly, 1956]:

Proposition 3.3. Let EPY(D) be as in Equation .
Then

E [ilogEDP(D)} =E HlogE(D)} - @.

Crucially, since the sensitivity of the log of e-values is
usually independent of n (cf. Section , the penalty
E[¢]/n decays with a fast rate of O(1/n). At the limit,
our differentially private e-values are as powerful as
their non-private counterparts.

Our differentially private e-values also behave in many
of the usual ways, while preserving privacy.

Proposition 3.4 (Optional continuation). If
EPY(Dy) and EPY(D3) are (a,€)-Rényi differentially
private e-values for a null hypothesis Hy, with data
D independent from Do, then EPT(Dy) - EPY (D)
is also an (a,€)-Rényi differentially private e-value
for Hy. Moreover, the release of both EPY (D) and
EPY(Dy) - EPY(Dy) is also (a,€)-Rényi differentially
private.

Proposition 3.5 (E-to-p conversion). If EPY(D) is
an («a, €)-Rényi differentially private e-value for a null
hypothesis Hy, then 1/EPY (D) is an («,¢€)-Rényi dif-
ferentially private post-hoc valid p-value for Hy.

A notable exception, however, is averaging. Though
the average of e-evalues is always an e-value, the pri-
vacy guarantee may degrade under certain conditions.

Proposition 3.6 (Independent Averaging). If
EPY(Dy) and EPY(D3) are (o, €)-Rényi differentially
private e-values for a null hypothesis Hy, then for any
n € [0,1], nEPY(D1) + (1 — n)EPY (D) is also an
(o, €)-differentially private e-value for Hy.

Proposition 3.7 (Dependent Averaging). More gen-
erally, if EPY (D) and EPY (D) are («, €)-Rényi differ-
entially private e-values for a null hypothesis Hy, then
for any 1 € [0,1], nEPP(D) + (1 — n)EVP(D) is an
(o, 2¢)-differentially private e-value for Hy.

3.2 Algorithms atop e-values and confidence
intervals

Beyond hypothesis testing, e-values are also commonly
used as fundamental building blocks in larger algo-
rithms. As long as the number of e-values used is fi-
nite, the standard composition theorems of differential
privacy apply, and so for appropriately chosen values
of (a, €) we can simply replace the procedure’s e-values
with our differentially private ones and attain validity
with privacy.

Formally, we have an algorithm A(E1, ..., E), receiv-
ing as input k e-values for k respective null hypotheses
Hék). We need some notion of validity of the overall
algorithm, which we assume holds whenever the input
e-values are all valid.

Assumption 3.8. If Fq,..
the nulls HV . .

., By are valid e-values for
JH®) | then A(E,, ..., Ey) is valid.

Then the next result follows by the standard compo-
sition theorem of (Rényi) differential privacy.

Theorem 3.9. Under Assumption[3.8, let « > 1 and
€ > 0. Foreachj=1,...,k, let E?P be an (o, e/k)-
Rényi differentially private e-value for the null Héj)
(e.g., obtained through Theorems and . Then
A(EPP, ... EPP) is valid and (a,€)-Rényi differen-
tially private.
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This works out of the box for many algorithms, in-
cluding multiple testing and online monitoring proce-
dures. However, it is not enough for algorithms that
(formally) depend on an infinite set of e-values. A par-
ticularly notable example of this are confidence inter-
vals; an e-value-based confidence interval for some pa-
rameter 6* € O is typically defined by taking a family
of e-values (Ey(D))geco for nulls Hée) :0* =6, and in-
verting the test as C, (D) :={0 € © : Ey(D) < 1/a}.

To resolve this, we define a procedure that leverages
a finite amount of our differentially private e-values
to provide a provably valid confidence interval, under
the assumption that the log of the (non-private) e-
value, log Ey(D), is locally Lipschitz in the parameter
#. For simplicity we present here the scalar case where
© C R, but the same technique can be applied in R¢:
Let 0 = ap < -+ < ax, = 1 be a partition of [0, 1],
and define the corresponding midpoints 6, = (a;j_1 +
a;)/2. Because log Ey(D) is locally Lipschitz, it is L;-
Lipschitz within [a;_1,a;], for each j = 1,... k; and
thus, for all ¢’ € [a;_1,q;j],

log Eg/ (D) > log Eg, (D) — L;|0" — 0]
= Ey/(D) > Ey,(D) - e~ Lil0 =051 (3)
> Ep, (D) - e~ Fal@—ai-1) — on (D),
and the last right-hand-side is independent of 6’. So

Egj (D) is simultaneously an e-value for all nulls Hy :
0 = 9/, 0 e [aj_l,aj], as

E[Egj (D) . e—Lj(aj—aj—l)] < E[Egz (D)} <1.

Now that we have a finite amount of e-values covering
all our nulls, we can straightforwardly define a pro-
cedure atop them to generate an actual CI from the
finite e-values:

k
U la-1.05

j=1
Eo, (D)<1/ax

CL, (EGI (D)7...,Egk(D)) -

Differential privacy is now easily attained by creating
differentially private versions of FEy, (D), ..., Ey, (D)

(e.g., by Theorems and and applying Theo-
rem

Corollary 3.10. Suppose log Eg(D) is locally Lip-
schitz in 0. Let a« > 1 and ¢ > 0, and let
Eg'ip, ceey Eap be (o, e/k)-Rényi differentially private
versions of Eel,n-,Eek as defined in Equation @
Then CIQ(EQP(D),...,EaP(D)) is an («,€)-Rényi
differentially private confidence interval for 0*, i.e.,
it satisfies (o, €)-Rényi differential privacy, and

P {9* e CIQ(EQP(D),...,EgP(D))] >1—a

4 EXPERIMENTS AND
APPLICATIONS

In this section we empirically evaluate our method
in three settings: (i) confidence intervals for the
prevalence of diabetes with private patient data (Sec-
tion ; (ii) private anytime-valid hypothesis testing
for online risk monitoring (Section [£.2); and (iii) e-
conformal prediction for the predictive modelling of
online phishing attacks (Section [4.3]). Experiment de-
tails can be found in the supplementary material.

Code for all experiments can be found on GitHubE|
All experiments were run on an AMD Ryzen 9 5950X
CPU, with 64GB of RAM. That said, they are
lightweight and should easily run on weaker hardware.

4.1 Private e-confidence intervals

We start by the problem of producing a confidence
interval for the mean of a bounded random vari-
able, following the work of [Waudby-Smith and Ram-
das, 2020]. To do so, we leverage the e-value for
the mean of [Waudby-Smith and Ramdas, 2020] with
betting following Cover’s universal portfolios [Cover,
1996, |Orabona and Jun, 2021|:

n

Ey(D) = H(l + Xi(Y; — 0)) (4)

) Exvr {)\ oy (LAY - 9))}
Ex~r {H;‘:l (1 +A(Y; — 9))}

where F is a distribution with support in [Ainf, Asup] C
(=1/(1—0),1/0).

Besides great performance, this choice of betting
strategy (A;)?_; has the key property that the e-
values Ep(D) are invariant to permutations of the
data Y7, ...,Y, |Orabona and Jun, 2021} Ville, 1939].
Straightfoward computation then yields the following
bound on the log—sensitivity of Ey(D):

Proposition 4.1. Let F' have support in [Aint, Asup] C
(=1/(1 — 0),1/6).  The log-sensitivity of Eg(D),
Aiog(Ey), is upper bounded as

Ajog(Ep) < max{log(l + max{Agup(l — 0), —Aint0}),
—log(1 + min{Aine (1 — 0), —Asupf}) }-

Moreover, to apply our Proposition for construct-
ing valid confidence intervals, we further bound the
Lipschitz constant of the log of the e-value over 6 €

[oinfa asup} :

3h1:tps ://github.com/dccsillag/experiments-evalue-dp.
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Figure 1: Private e-confidence intervals.

Laplace DP e-value CI (Ours)

non-DP e-value Cl [Orabona & Jun, 2021]

We use our differentially private e-values to produce private

confidence intervals for the prevalence of diabetes over a population. We illustrate the confidence intervals varying
the number of samples n (x axis) and Rényi privacy budgets («, €). We display the non-private confidence intervals

(blue) along with those obtained through our biased Gaussian mechanism (

), and when applicable also

the as the ones obtained via our biased Laplace mechanism (green). Note that our biased Gaussian mechanism
always converges to the non-private confidence intervals, as does the biased Laplace mechanism when available.

Proposition 4.2. For distributions F with support
contained in [Minf, Asup), the Lipschitz constant of
log Eg(D) over 6 € [fin, Osup] is upper bounded by

[0 — log Eg(D)]|Lip

o !

Altogether, we can now directly use the biased Gaus-
sian and Laplace mechanisms defined in Section
along with Proposition [3.10] to construct differentially
private e-value-based confidence intervals for our data.

)\inf
1 + )\inf(l

)\sup
1-— Asup95up

)

- einf)

For our experiment, we use the e-values from Equa-
tion [| atop the dataset of |[CDC, 2015] for esti-
mating the prevalence of diabetes, and vary the
Rényi privacy budget over @ € {2,10,50} and € €
{0.1,0.5,2,10,200}. The results can be seen in Fig-
ure [1} we note that our method with biased Gaussian
noise always converges to the non-private intervals as
n — oo, and very closely matches the non-private con-
fidence intervals over all n with ¢ = 10. For smaller

values of € (e.g. 0.1), our method requires only mild
increases in data size, past a certain point. The biased
Laplace mechanism, however, is not defined for most
combinations of («, €), due to the b, . < 1 requirement
(cf. Theorem [3.2]). But when it is defined, it is quite
accurate.

4.2 Anytime-valid hypothesis testing for
online risk monitoring

We now turn our attention to the problem of online
risk monitoring with private data. In this setting
we have a pre-trained predictive model i, and want
to continuously track its test loss so as to ensure it
does not go over some predetermined safety thresh-
old. Inspired by the work of [Podkopaev and Ramdas,
2021] and [Csillag et al., 2025, we frame this as an
anytime-valid hypothesis test for the null hypothesis
Hy : E[Loss(fi(X;),Y;)] < SafetyThreshold for all i.
This corresponds to a one-sided test for the mean,
which we can perform using the same e-value from
Equation [ but with F' now being the uniform distri-
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Figure 2: Anytime-valid private hypothesis testing. We apply our differentially private e-values for private
continuous risk monitoring by the means of anytime-valid hypothesis testing. Our goal is to detect significant
increases in the risk of a deployed predictive model, whose moving average can be seen in the background. The
curves indicate the log of the e-values for the null hypothesis that the risk is under a certain safety threshold. Our
private e-values closely match the non-private ones, quickly rejecting the null hypothesis after the change-point

even for very small values of e.

bution with support in [0, ¢/6) for some 0 < ¢ < 1.

Crucially, in to attain anytime-validity with differen-
tial privacy we conduct our inference in batches, and
appeal to the private optional continuation property
(Proposition . In each batch we compute the pri-
vatized form of the e-value of Equation [4] with the one-
sided distribution F', and combine the e-values across
batches through multiplication.

For this experiment we use the data of |Blackard,
1998] with a simulated change-point.  Figure
shows this procedure in action, with the Rényi pri-
vacy budget varying over € {2,10,50} and € €
{0.01,0.05,0.1,0.5,1}. We note the remarkable accu-
racy of our biased Gaussian mechanism in this setting,
even for small values of €, which often rejects the null
hypothesis (and thus triggers an alarm of a change of
distribution) very close to the non-private procedure,
and thus also close to the actual change-point in the
data. However, similar to our previous example in Sec-
tion the biased Laplace mechanism is only defined

for most higher values of e.

4.3 Private e-conformal prediction

Finally, we apply our method to privatize e-conformal
prediction |Gauthier et al., 2025b| |Balinsky and Balin-
sky, 2024]. E-conformal prediction provides predictive
uncertainty quantification for machine learning mod-
els, achieving strong guarantees (e.g. post-hoc valid-
ity) by leveraging e-values. Given calibration sam-
ples D = (X;,Y;)"; C X x Y and a a score func-
tion s : X x Y — Ry (which typically incorporates
a predictive model), e-conformal prediction produces
predictive sets as

Co(z) ={y €Y : E™MD;s(z,y)) < 1/a},

where E°*}(D; s(x,y)) is an e-value for the null that
s(X1,Y1),...,8(Xn,Yn), s(z,y) are exchangeable ran-
dom variables. A common choice is

(,n + I)Stest

EeXCh D.Stest — .
( ’ ) Z?zl 3()(7;7 1/;) + Stest
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Figure 3: Private e-conformal prediction. We also apply our e-values to produce private predictive sets with
post-hoc guarantees through e-conformal prediction. In this setting the biased Laplace mechanism is generally
applicable, and consistently outperforms the biased Gaussian mechanism, closely matching the average size of

non-private prediction sets.

We furthermore consider that the conformity score s
has its image contained within a finite set s1,...,sx C
[a,b]. This makes it so that C,(-) is a function of
a finite amount of e-values (one for each s;, ¢ =
1,...,K) and affords us the following bound on the
log-sensitivity:

Proposition 4.3. Suppose the score function and
Stest gre all contained in [a,b]. Then the log-sensitivity
of E*h(D; StY) | Ao (BN is upper bounded as

b/a
n+1

Alog(EeXCh) S 2

Then, by privatizing these e-values for exchangeability
and using Theorem we obtain private e-conformal
predictive sets.

Figure [3| shows the predictive set sizes for confor-
mal prediction atop the phishing classification dataset
of [Mohammad and McCluskey, 2012, for Rényi
privacy budgets with « € {2,10,50} and ¢ €
{0.01,0.1,0.5,1,10}. For our conformity score, we use
a truncated version of the score proposed by
et al., 2025b], quantized onto 500 bins in [1, 100], which

affords us reasonably low sensitivities. Remarkably,

we find that in this instance the biased Laplace is (i)
always defined, and (ii) consistently outperforms the
biased Gaussian mechanism, quickly approaching the
non-private average predictive set size even for small
values of e.

5 CONCLUSION

In this work we introduced the first general frame-
work for constructing differentially private e-values
that simultaneously guarantee privacy protection and
statistical validity. Through novel biased multiplica-
tive noise mechanisms, we showed that our private e-
values retain strong statistical power — asymptotically
matching their non-private counterparts — while pre-
serving their key compositional properties. Our exper-
iments on online risk monitoring, private healthcare
analytics, and conformal prediction demonstrate the
practical effectiveness of our approach across diverse
privacy-sensitive applications. By bridging differential
privacy and e-value-based inference, this work enables
the principled deployment of flexible e-value-based sta-
tistical procedures on sensitive data, broadening the



Daniel Csillag, Diego Mesquita

applicability of modern inference methods to domains
with rigorous privacy requirements.
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1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes] (e.g. statistical power; time and mem-
ory complexities are trivial.)

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Yes]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes]

(b) Complete proofs of all theoretical results.
[Yes]

(¢) Clear explanations of any assumptions. [Yes]

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL). [Yes]
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perparameters, how they were chosen). [Yes]
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the random seed after running experiments
multiple times). [Yes]

(d) A description of the computing infrastructure
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(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partic-
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Differentially Private E-Values:
Supplementary Materials

A Proofs from the main text

For proofs of Propositions 2.3 and 2.4, see [Mironov, 2017]. The proof of Proposition 2.6 can be found in [Koning,
2023|. For Propositions 2.7 and 2.8, see [Vovk and Wang, 2019].

Theorem A.1 (Biased Gaussian mechanism for a single e-value; Theorem 3.1 in the main text). For any a > 1
and € > 0, let

EPP(D) = E(D)-e™¢, ¢~ N (O‘[AITE(E)P7 a[Ak;i(E)]Q).

Then EPY (D) is a valid e-value satisfying (o, €)-Rényi differential privacy.

Proof. We are considering & ~ N (j1, 02) for some p and 2. By the post-processing theorem, EPY (D) = E(D)-e~¢
is (o, €)-RDP iff log EPY (D) = log (E(D) -e~¢) = log E(D) — £ is (a, €)-RDP; note that (log E(D) — i) ~
N (log E(D) — p,0?). It then follows, using Proposition 7 of [Mironov, 2017], that

D, (log EPY (D) || log EPY(D")) = Dy (N (log E(D) — ,0%) | N (log E(D') — 1, 5%))
= Da(N(0,0%) | N((log E(D') — ) — (log E(D) — ), 0?))
= Do (N(0,0%) || N(log E(D') —log E(D), c?))
_ a(log E(D') —log E(D))?
202 ’

For this to be at most €, we require:

a(log E(D') — log E(D))?

<e
202 -
AN 2
o, allog (D) ~log E(D)? _ ,
2¢
2
o oldeB)F _

2e
So, taking 02 = a[Ajoe(E)]?/2¢ ensures (o, €)-Renyi differential privacy.
g

Thus, all that remains is to find the smallest bias u that ensures validity of EPY (D). As argued in Section 3.1,
all we need is that the MGF of £ is at most one at —1. So it follows, using the form of the MGF of an univariate
normal:
Ao (E)]2/2
E[e—ﬁ] = exp <_'u+ oA g(2 )I°/ 6) <1
(Ao (E)J*/2€
2

a[Dog(E)?/2¢ _ a[Aiog(E)]?

= > = . O
#= 2 Ae

— —u+

In order to derive the biased Laplace mechanism, we first introduce the following Lemma, which is a proper
generalization of Proposition 6 of [Mironov, 2017].
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Lemma A.2. Let « > 1. Then the a-Rényi divergence between Laplace(0,b) and Laplace(u, b) for any p € R
and b > 0 is given by

1 -1
D, (Laplace(0,b) || Laplace(u, b)) = o log <2aa_ 16(0‘*1)“"/1’ + 20;_16“'“/b> .

Additionally, Do, (Laplace(0,b) || Laplace(y, b)) is increasing in |p|.

Proof. By definition of D,,

o) « -«
1 1 1
D, (Laplace(0, b) || Laplace(y, b)) = p— log/ (%e_lx/b> <2be_””_“/b> dx
1 1
_ ) 1 —afal/b-(1-a)le—pul/b
a—1 Og/,oo 2%°

We need to evaluate

©
7= [m eIl gy,

First, let us assume that g > 0. We then split the integral into three regions:
Region 1: x <0

UL aaf e umn b gy - L mGaso [ o gy — L (madus
2b€ X = 2b€ _Ooe X = 26

—o00
Region 2: 0 <z <

/u le—aw/b—(l—a)(u—x)/b dr = le—(l—a)u/b /“ e~ (2a=Dz/b ..
o 20 2b o

_ L a-aw

2 200 —1

p1— e~ (2a—1)u/b

Region 3: z >

/ 1 aei—(—a)a—w/b gy — L -/ / oo/t g = L—ausp
2 2 ) 2

We thus have

1 1— e_(QO‘_l)H/b 1
J= e U=)u/b|q 27 = = L _aup/b
2¢ A yo— t e
B —(2a—1 b
= le(a—l)ﬂ/b 14+ M + le—a#/b
2 i 20 —1 2
r —(2a—1 b
_ L e [20 2 L 1 e GO L
L 200 — 1 2
B —(2a—1 b
_ L tam vy [20 = eTCTRY L
2 T 2a-1 2
—(2a—1 b
_ 0 s Lgamup @ 2T L
20— 1 2 20— 1 2
—ap/b
_ O e _ 2 L
200 — 1 220 —1 2

o a—1
_ (a—1)p/b —an/b
20 —1° 20 —1° :
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For ;1 < 0, we have

D, (Laplace(0,b) || Laplace(u, b)) = D, (—Laplace(0,b) | — Laplace(y, b))
= D, (Laplace(0,b) || Laplace(—p, b))
= D, (Laplace(0,b) || Laplace(|u|, b)),

from which we conclude the computation.

Finally, to see that this is increasing in |u|, we take the derivative:

d 1 1 ( o e(a—l)u/b_‘r a—1 e—oeu/b)
2

dpa—1%\2a-1 2 —1
1 « a—1 1 q e a—1
— (a=1)p/b —op/b il (a=1)p/b —op/b 0
a—1<2a—le T —1C ) d,u(?a—le T oa—1f >>
d o a—1
Ao e-vup, @=L —aup) o
<:’dM<2a16 Tt )>
a d a—1 d
A a1y A s
— 0
20 — 1dp +2a—1dpe >
PN Le(a—l)u/bi((a —1)p/b) + o—1 a4 >0
200 — 1 dp 200 — 1 d(—au/b)u
d d
— ae<a*1>u/b@((a — D)p/b) + (o — 1)e*a“/b@(—a,¢/b) >0
= qele—Du/E 2 ; L (a — l)efa“/b% >0 — 7&(0[[)— l)e(o‘fl)"/b — 7&(0417— 1)670‘“/1’ >0
1
= elan/b _pman/b 5 0 = (a—Dp/b> —ap/b <= a—1>—a < a> 5
which is always true. O

Theorem A.3 (Biased Laplace mechanism for a single e-value; Theorem 3.2 in the main text). For any a > 1
and € > 0, let
EPP(D)=E(D)-e™%, &~ Laplace(—log(1 — b2 ,),ba.c),

where
bae := 1/h;! ((2a — 1)e(a_1)e) ,

h (t) := ael@™DA0e(B)t 4 (o _ 1) Pioa(E)E fort > 0.
Then, as long as by < 1, EPY(D) is a valid e-value satisfying («, €)-Rényi differential privacy.

Proof. We are considering ¢ ~ Laplace(y,b) for some p and b. By the post-processing theorem, EPF(D) =
E(D)-e ¢ is (o, €)-RDP iff log EPY (D) = log (E(D) - e7%) = log E(D) — £ is (cv, €)-RDP; note that (log E(D) —
xi) ~ Laplace(log E(D) — p,b). It then follows, using using Lemma that

D, (log EPY (D
(
(
«(Laplace

1 « / a—1 /
lOg ( 6(chl)\log E(D")—log E(D)|/b + 767a\log E(D")—log E(D)/b) )
-1 200 — 1 20 — 1

For this to be at most €, we require:

I log EPF(D"))

log E(D) — p, b) || Laplace(log E(D’) — u,b))

0,b) || Laplace((log E(D") — ) — (log E(D) — 1), b))
0,b) || Laplace(log E(D') — log E(D), b))

Laplace
Laplace

(03
[e%

A~ o~ /S —

D
D
D

L log( O (a-1)llog B(D')~log E(D)|/b . Oé—le—alogMD/)—logE(D)l/b) <.
1 1 a1
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1 le} a—1
- 1 (@-DAwg(E)/b . ¥~ 1 _an B <
a—log(Qa—le Toao1t =€
& aDA®)/b , Y71 angE)p o (a-)e
2a—1° to1f = ¢

= el DR(B)/b 4 (o _ 1)emBee(B)/b < (90 — 1)el@De,

Let h,(t) = ael@™D8es(B)t 4 (o — 1)e=*M0e(E)t for ¢ > 0. Note that this is strictly increasing in ¢, as

d

d d
h — (a—1)ct —1)e—ct
% o(t) ae +dt(a )e

dt
= el V%0 — e+ (o — 1)e * (—ac)
=ala—1)c (e(a_l)d - e_‘wt) >0

(a—1)ct

e >e ! = (a—1)ct > —act

1
S a—-1>—-a a>§,

which is always true. Hence, the inverse h_!(y) exists. This allows us to write
ael@DR0e(B)/b (o 1)em@Buos(B)/b < (90 — 1)l 1)e
= hy(1/b) < (200 — 1)el@— e
> 1/b< h;! ((za - 1)6(0‘_1)6)

& b>1/h;! ((2a - 1)e<a*1>f) .

So, taking b = 1/h;! ((2a — 1)e(®~Y€) ensures (o, €)-Renyi differential privacy.

Thus, all that remains is to find the smallest bias u that ensures validity of EPY (D). As argued in Section 3.1,
all we need is that the MGF of £ is at most one at —1. The MGF of a Laplace distribution with mean p and
scale parameter b is given by t — e /(1 — b%t?), defined at |[t| < 1/b. Thus we need that |—1| = 1 < 1/b, i.e.,
that b < 1. As long as this is satisfied, it then follows:

Ele ] =e*/(1-b%) <1
e h <1012
= pu > —log(1—b?). O
Proposition A.4 (Proposition 3.3 in the main text). Let EPY (D) be as in Equation 1 in the main text. Then

E [;logEDP(D)} =E le logE(D)} — %.

Proof.
E E log EDP(D)} =E Lll log(E(D) - 65)] =E [i log E(D) — ;5]
=E [i logE(D)] - ?. O

Proposition A.5 (Optional continuation; Proposition 3.4 in the main text). If EPY(D;) and EPY(Ds) are
(a, €)-Rényi differentially private e-values for a null hypothesis Hy, with data Dy independent from Ds, then
EPY(Dy) - EPP(Dy) is also an («, €)-Rényi differentially private e-value for Hy. Moreover, the release of both
EPF(Dy) and EPY(Dy) - EPY(Ds) is also («, €)-Rényi differentially private.

Proof. Let (D7, D)) be a neighboring dataset to (D1, D3), i.e., either (i) D} and D; differ by a single element
and D} = D»; (ii) D} and Dy differ by a single element and D} = Dy; or (iii) D} = Dy and D) = Ds. And since
EPP(.) and EPP(-) are (a, €)-Rényi differentially private, we have that

Do (EPT (DY) || BYY(D1)) <€ and  Do(EYT (DY) || EYT(D1)) < e
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Then, using the fact that the randomness in EPY () and EPP(-) (due to the noise) are independent,

Do ((EYT(Dy), EYY (D2)) || (YT (DY), EYT(D3)))

= Do (EYT(DY) | EPY(DY)) + Da (EYT (Do) | EY(D3)) ;
and since we must be in one of the three cases delineated above, this must be at most . Hence, (EPY(-), EPP(.))
is (o, €)-Rényi differentially private.

Now considering randomness over the data, since the two datasets are assumed to be independent it is immediate
to see that the product is an e-value. Under the null,

E[EYY (Dy) - BPY (D2)] = E[EYY (Dy)] - E[EYY (D2)] <1-1= 1.
And, by the post-processing theorem, (EPY(-), EPP(-) - EPF(.)) is also («, €)-Rényi DP. O

Proposition A.6 (E-to-p conversion; Proposition 3.5 in the main text). If EPY (D) is an («,€)-Rényi differen-
tially private e-value for a null hypothesis Hy, then 1/EPY (D) is an (o, €)-Rényi differentially private post-hoc
valid p-value for Hy.

Proof. By Theorem 2 of [Koning, 2023|, 1/EPY (D) is a post-hoc valid p-value. All that remains is to show that
it satisfies (e, d)-Rényi differential privacy, which follows directly by the post-processing theorem for ¢ — 1/¢t. O

Proposition A.7 (Independent Averaging; Proposition 3.6 in the main text). If EPY(D;) and EPY(Ds) are
(o, €)-Rényi differentially private e-values for a null hypothesis Hy, then for any n € [0,1], nEPY (D) + (1 —
n)EPY (Dy) is also an (o, €)-differentially private e-value for Hy.

Proof. Let (D7, D)) be a neighboring dataset to (D1, D3), i.e., either (i) D} and D; differ by a single element
and D} = D»; (ii) D} and Dy differ by a single element and D} = Dy; or (iii) D} = Dy and D) = Dsy. And since
EPP() and EPP(-) are (a, €)-Rényi differentially private, we have that

Do (EYT(DY) | EPY(D1)) <€ and Do (EPY(DY) [| P (Dh)) < e
Then, using the fact that the randomness in EPY () and EDPF(-) (due to the noise) are independent,

Do ((EYT(Dv), BV (D2)) || (EYT (DY), BYT (D))
= Do (EY" (DY) || EYY (DY) + Do (EYY (D2) || YT (D)) +

and since we must be in one of the three cases delineated above, this must be at most e. Hence, (EPY(-), EPT(-))
is (o, €)-Rényi differentially private.

Now considering randomness over the data, it is immediate to see that the convex combination is an e-value:
under the null,

E[EYT (Dy) + (1= n)EPF (D2)] = qE[EPT (Dy)] + (1 - mE[EFT (D2)] < nl + (1 - )1 =1.
And, by the post-processing theorem, (EPY(-),nEPY(-) + (1 — n)EPT(-)) is also (a, €)-Rényi DP.

O
Proposition A.8 (Dependent Averaging; Proposition 3.7 in the main text). If EPY (D) and EPY (D) are (o, ¢)-
Rényi differentially private e-values for a null hypothesis Hy, then for any n € [0, 1], nEPY (D) + (1 —n)EPY (D)
is an («, 2¢)-differentially private e-value for Hy.

Proof. By the composition theorem, the release of (EPY (D), EPT (D)) is (a, 2¢)-RDP. The post-processing then
ensures that the release of nEPY (D) + (1 — n)EPY (D) is also («, 2¢)-RDP.

The validity of the e-value is due to linearity: under the null,

E[EY" (D1) 4+ (1 — n)EYY (Ds)] = nE[EPT (D1)] + (1 — n)E[EYT (D)) <ml+ (1 —n)l = 1.
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Theorem A.9 (Theorem 3.9 in the main text). Under Assumption 8.8, let « > 1 and € > 0. For each
g=1,...,k, let EJDP be an (o, €/k)-Rényi differentially private e-value for the null H(()]) (e.g., obtained through
Theorems 3.1 and 3.2). Then A(EPY, ...  EPY) is valid and («,€)-Rényi differentially private.

Proof. That A(EPY,... EPY) is valid is immediate: by Assumption 3.8 it suffices to have EPY ... EPF be
valid, which we assume them to be.

As for privacy, this follows as an immediate use of the composition and post-processing theorems (Propositions 2.3
and 2.4): since EPY ..., EP? are each (a,€/k)-Rényi differentially private, the tuple (EPY ... EPP) is (a,e)-
Rényi differentially private. Thus, by post-processing, A(EPY, ..., EPP) is also (a, €)-Rényi differentially private.

O

Corollary A.10 (Corollary 3.10 in the main text). Suppose log Eg(D) is locally szschztz inf. Let a > 1
and € > 0, and let Egp,. E?P be (o, €/k)-Rényi differentially private versions of Egl, ..., Ey, as defined in

Equation 8 in the main text. Then CI, (EgP(D), cee Eap (D)) is an («a, €)-Rényi differentially private confidence
interval for 0*, i.e., it satisfies (o, €)-Rényi differential privacy, and

P [9* € cxa(EgP(D),...,EaP(D))] >1-a

Proof. As noted in the main text, each E@J. (D) is an simultaneously an e-value for all nulls Hy : 6* = ¢,

0’ € [aj_1,a;]. Thus, the &a(~, ...,+) algorithm constructs valid confidence intervals:
N N k
P [9* € Cl, (Egl (D),...,Egk(D))] = IP’[@* e U [ajl,aj]]
j=1

Eg;(D)<1/a
>P [Egj, (D) < 1/a] , for j' s.t. 0 € [aj_1,a;]
=1-P [Egj,(p) > 1/a]
By applying Theorem 3.9, we conclude. O

Proposition A.11 (Proposition 4.1 in the main text). Let F' have support in [Ainf, Asup] C (—1/(1 —0),1/6).
The log-sensitivity of Eg(D), Aiog(Eg), is upper bounded as

Ajog(Ep) < max{log(l + max{Agup(1l — 0), —Aine0}),
—log(1 + min{Aine (1 — ), —Asupf}) }-

Proof. Let D and D’ be neighboring datasets. Le., either D’ is D with an additional sample Y;,11, or it is D
with a sample Y; removed. Since the e-value Ep g is invariant to permutations of the data, we can, without loss
of generality, consider that Y,, was the element removed.

When adding one new element, it follows:

n n+1

> log(1+ Ai(Y; — 0)) Zlog + X (Y; 9))|

=1

= MOg(l + >‘n+1( n+1l — 9))| 5

\logEDg —logED/ 9| =

and, when removing an element — wlog. Y,,, we have

n n—1
Zlog(l +Xi(Y; —0)) — Z log (14 Xi(Y; —0))

=1 =1

[log Ep e —log Ep: g| =
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= [log(1+ An (Y — 0))] .

Hence, all that remains is to upper bound |log(1+ A(Y — 6))|, for any A € (—c/(1 —6),¢/6) and Y € [0, 1].

We split into a few cases:

1. When Y > 0 and A > 0, it follows:

log(1+ A(Y —6))
log(1+ A(Y —0))

<log(1+ A1 —0)) <log(1+ Asup(1 —6))
> log(1 + A\0) = log1 = 0;
2. When Y > 0 and A <0, it follows:

log(1+A(Y —6))

<log(14X0) =1logl =0
log(14+A(Y —6)) >

1
log(1+ A(1—6)) > log(1 + Ain(1 — 6))
3. When Y <4 and X\ > 0, it follows:

log(14+ A(Y —6)) <log(1+ A0) =logl =0
log(1+ A(Y —6)) >1log(1+ A0 —6)) > log(1 4+ Agup(0 — 6)) =log(1 — Asupb)

4. When Y <0 and X\ <0, it follows:

log(1+ A(Y —6)) <log(1+ A0 —0)) <log(1+ Aine(0—0)) < log(1 — Aintb)
log(14+ A(Y —6)) >1log(1+ X0) =log1 = 0;

Thus, we conclude that

log (1 + A(Y — 0))| < max{0, log(1 + Asup(1 = 6))], [log(1 + Ains(1 — 6))],
[log(1 = Asup)l, [log(1 — Ainef)[}
= max{|log(1 + Asup(1 — 0))[, [log(1 + Aine (1 — 0))],
|log(1 — Asupf)|, [log(1 — Ains0)|}.
= max{log(l + max{Asup (1l — 0), Aing (1 — 0), —Asupl, —Aine0}),
—log(1 + min{Asup(1 — 0), Ains (1 — 0), = Asupb, —)\infe})}.
< max{log(l + max{Agup(l — ), —Aint0}),
— log(1 4+ min{Ains(1 — 0), —=Asupf}) }-

O

Proposition A.12 (Proposition 4.2 in the main text). For distributions F' with support contained in [Ainf, Asup),
the Lipschitz constant of log Eg(D) over 0 € [Oing, Osup] is upper bounded by

Proof. Bounding the Lipschitz constant is equivalent to bounding the absolute value of the derivative. So it
follows:

)\inf
’ 1 + )\inf(l - einf)

)\su
16 Yog Eo (D) < v {| 22—

4 By(D) Ex~r[[Ti, (1 4+ A(Y; — 6))]
s Ea0)| = | T ‘: B Fa(D) ’
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Ey(D)

Exor| exp(31 log(1+ A(Y; — 0)))] ‘

Eo(D)

Exrlexp(37 log(1 + A(Y; — ))& S50 log(1 + A(Y; — 6))] ‘

Write £V (D) = [T, (1 + A(Y; — 6)). Then:

Ex~rplexp(37; log(1 4+ M(Yi — 0))) 45 >-imy log(1 + A(Y; — 6))]
Ey(D)

Exr B (D)L 52" log(1+ A(Y; — 6))]
Ey(D)

3

Ex-r[By" (D)4 S0 log(1+ (Y — 0))] ‘
Ex~r[EyY (D)]

Now let F), g be the distribution such that dF), g/dF Eé)‘)(D). This allows us to rewrite the ratio as

Ex-r[EY (D) & S0 log(1+ A(Y; — )] '
Ex-r[ES (D))

d n
i=1

So all that remains is to bound this. Now, note that —A/(1 + A(Y; — 0)) is (i) increasing in ¥ — 6 and (ii)
decreasing in A\. Thus we have

n —A
Ey S —
At lz L+ A(Y; —0)

=1

/\sup Ainf
_ < — 1 Y, — < —
1- )\supgsup - A/( * )\( ’ 9)) a 1+ )\inf(l - einf)’
and
n _A Asu >\inf
Ex~ — || < — P -
A Fro |Jz_; 1+ )\(Y; - 9)] | = max {‘ 1- Asupesup 1+ >\inf(]- - einf) }

— max )\sup )\inf
N 1-— )\supesup ’ 1+ )\inf(l - einf) .

O

Proposition A.13 (Proposition 4.3 in the main text). Suppose the scores are all contained in [a,b] with a > 0.
Then the log-sensitivity of B (D; S*) Ajoq(E*), is upper bounded as

b/a

Ao (B < 2. L
log( )_ n+1

Proof. We want, to compute Ajog(E") = sup|papr<i[log B (D; §*) —log E**(D'; §'*)|. For simplicity,

we will rewrite the e-value as
Stcst

i (T S+ 5%

ECXCh(D’ Stcst) —
There are three cases:

(i) D= D', in which case [log E*}(D; Stest) — log Eex<h(D’; Stest)| = (.
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(ii) D’ differs from D by one new element, Y,,;1; in this case we have
|10g EeXCh(D; Stest) _ 10g EeXCh(DI; Stest)|

n os n+1 test
_ test Zi:l Si + 5t _ test Z S5i+5
= <log S log T log S log —+ >

Zz . S; + Gtest ZTL-H S; + Gtest

= == 1]

n+1 ©8 n+2
- Z?:l S; + Stest B Zn+1‘9 + Gtest Z?:1a+al
- n+1 n+2 n+2

Z:'L:l S; + Gtest ZnJrl S; + Stest
n+1 n+2

n+1
n—|—2a
SrySi+ St n42 S 4 stest nt2

n+1 n+1 n+2 n+1
Z?:l Si_i_Stest n+2 ZnJFls _’_Stest /
_ . — a
n+1 n+1 n+1

/a

:E": L nt+2 1 \g (1 n+2 1 gtest _ St
= n+1l n+1 n+1 ! n+l n+1 n+1 n+1

" n+2 n -+ 2
— -1 . -1 test o
;<n+1 >S+<n+1 )S Sn1
n+2 - test
< -1 ; )
_<(n+1 )ZSH—S

1
ZS _'_Stest

- <n+1
S( Zb+b

fa(n+1)

+ |5n+1|> fa(n+1)

+ |5n+1> /a(n+1)

1
n+1 p

—|—b> Ja(n+1)

b/a

:(b+b)/a(n+1):2b/a(n+1):2~n+1.

(iii) D’ differs from D by one less element; in this case we have

|10g Eexch(D; Stest) o logEexch(D/, Stest)|

S; + Stest n—1 S; -+ Stest
— (10g Stcst _ Zz 1 +—; ) _ <10g Stcst — log Z1:1 n+ ) |

Zz L S+ Stest ~log Z?;f S; + Stest

n+1 n
_ Z?:l S; + Gtest B Z?:}l S; + Gtest Z? 11 a+a
- n+1 n n+1
Z?:l S; + Gtest Z?:_ll S; + Gtest n
= — a
n+1 n n+1

Z?:l Si + StCSt n Z?:_ll Sz + Stcst n
n+1 n+1 n nil

Zgbzl Si + Stest n E?:_ll Sz + Stest
n+1 n+1 n+1

/a

/a
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n—1
1 n 1 1 n 1 S
— . _ S2 . _ Stest n
;<n—|—1 n+1 n—i—l) +(n—|—1 n+1 n+1> +n+1 /a
n—1
n n
= —-1]5; —1)Stest 45 1
> () sor (1) s e atn

n—

<1_n11)

1
S' + Stest
%
1

+ |Sn> /a(n+1)

i=

1 - test
= <n+1 ;Si-i-s +|Sn|> Ja(n+1)
< (nil zbﬂa +b> Ja(n+1)
:<n+1b+b)/a(n+1)
<2b/a(n+1) =2 nb/fl.

B Additional theoretical results

B.1 (e d)-differential privacy

Theorem B.1 ((¢,§)-DP Biased Gaussian mechanism for a single e-value). For any ¢,6 > 0, let EPY(D) be
as in Equation 1 in the main text with & ~ N (c?[Alog(E)]?/2€%, [Arog(E))? /%), for ¢* = 2log1.25/5. Then
EPP(D) is a valid e-value satisfying (e, §)-differential privacy.

Proof. First note that for any bias u, EPY (D) with & ~ N (p, ¢?[Alog(E))?/€?) is (e, §)-differentially private: by
the post-processing theorem, EPY (D) = E(D)-e~¢ is (¢, 6)-DP iff log EPY (D) = log (E(D) - e~ ¢) = log E(D)—¢
is (¢,0)-DP iff log E(D) — (£ — u) is (¢,0)-DP; and, by Theorem A.1 of [Dwork and Roth, 2014], the latter is
(¢,6)-DP.

Thus, all that remains is to find the smallest bias y that ensures validity of EPT (D). As argued in Section 3.1,
all we need is that the MGF of £ is at most one at —1. So it follows, using the form of the MGF of an univariate
normal:

E[e™¢] = exp (—u + CQ[AlogéE)]Q/’fZ) <1

¢ [Alog(E)P/ 2

— —u+ ‘ <0

? [Alog(E)]2/€2 _ 02 [Alog(E)P
> .

2¢2 =

C
= p>

Theorem B.2 ((¢,0)-DP Biased Laplace mechanism for a single e-value). For any e > 0 satisfying € > Ajog(E),
let EPY (D) be as in Equation 1 in the main text with & ~ Laplace(—log(1 — [Alog(E)]?/€?), Alog(E)/€). Then
EPP(D) is a valid e-value satisfying (e, 0)-differential privacy.

Proof. First note that for any bias p, EPY (D) with ¢ ~ Laplace(u, Ajog(E)/€) is (e, 0)-differentially private: by
the post-processing theorem, EPY (D) = E(D)-e~¢ is (¢,0)-DP iff log EPY (D) = log (E(D) - e~¢) = log E(D) —¢
is (&,0)-DP iff log E(D) — (§ — u) is (¢,0)-DP; and, by Theorem 3.6 of [Dwork and Roth, 2014], the latter is
(¢,0)-DP.

Thus, all that remains is to find the smallest bias u that ensures validity of EPY (D). As argued in Section 3.1,
all we need is that the MGF of £ is at most one at —1. The MGF of a Laplace distribution with mean p and
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scale parameter b is given by t — e /(1 — b*t?), defined at |t| < 1/b. Thus we need that

1 €
Ag(E)/e ~ Aiog(E)

As long as this is satisfied, it then follows:
Ele™] = e /(1 — [Ag(B)2/e?) < 1
= e M <1 - [Ag(E)]?/
= —p <log(l — [Ag(E)?/€)
= p 2 —log(1 — [Aigg(E))*/€). 0

[-1]=1< = Ag(FE) <e.

B.2 Bias is necessary

The following is a simple result showing that a biased mechanism is necessary for differentially-private e-values.
We consider here that our non-private e-value has expectation exactly equal to 1 and that E(D) is not already
differentially private itself.

Proposition B.3 (Bias is necessary). Let E[E(D)] = 1 and assume that E(D) is not already differentially private
(either (¢,0)-DP or (o, €)-DP). Then for EPY (D) (as per Equation 1 in the main text) to be a differentially private
e-value, we must take some & with E[¢] > 0.

Proof. Since E(D) is not already differentially private, for EPY(D) to be differentially private ¢ must not be
constant. Then, for EPY (D) to be a valid e-value, we require that, under the null,
E[EP"(D)] = E[E(D)-e ] = E[E(D)]-E[e"*] = E[e™¢] < 1;

—S

and, since s — e~ ° is strictly convex, using the strict variant of Jensen’s inequality (which holds for strictly
convex functions and non-constant random variables),

1> Ele™¢] > e Blél,
Taking the log on both sides, we conclude that
E[¢] > 0. O

C Additional experimental results

C.1 Comparison with the test-of-tests

In this section we compare our framework to the private hypothesis testing method of [Kazan et al., 2023)
(the “test-of-tests”). Their work takes as input a (non-private) hypothesis test and privatizes it, guaranteeing
(¢, 0)-differential privacy.

We consider here hypothesis tests for nulls Hé”) : p* = p, for data Y1,...,Y, ~ Bern(p*) with p* = 0.5. For this,
we have two base hypothesis tests: (i) the e-value test for the mean [Waudby-Smith and Ramdas, 2020], from
which we can get a p-value by taking the reciprocal; and (ii) the exact p-value given by a binomial test. We
compute both of these non-private p-values. As for private procedures, we compute:

o The test-of-tests [Kazan et al., 2023] atop the reciprocal of the e-value for the mean;

e The test-of-tests [Kazan et al., 2023] atop the exact p-value;

Our method for (e, 0)-differential privacy with Laplace noise (Theorem ; and

e Our method for (e, §)-differential privacy with Gaussian noise (Theorem [B.1]), for a fixed ¢ = 0.01.

The results can be seen in Tables 1-4, for varying values of ¢ and of ¢ (the latter being a hyperparameter in
the e-value for the mean). Throughout, we note the better performance of our method, achieving much lower
p-values even when compared to the test-of-tests atop the exact test. However, it should be noted that for
our biased Laplace mechanism to be defined (which is required in order to obtain the (e, 0)-differential privacy
analogous to the test-of-tests), we need a sufficiently low c.
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Table 1: e=0.1,c=0.2

1/e-value Exact p-value o Lapl Ours, Gauss. ToT atop ToT atop
p (non-private) (non-private) urs, Laplace (6 =0.01) 1/e-value exact p-value
0.05 4.52-10758 5.81-107209 N/A 6.89.10°9° 1.70-107%2 2.22-107%
0.10 | 2.47-107%° 1.34-10716! N/A 3.93.107%"  1.74-107% 3.83-107°
0.15 1.92.107% 1.90 - 107110 N/A 5.44.10736 1.50- 107! 2.37-107%2
0.20 7.00-107% 6.20-107%° N/A 4.68-107%%  6.46-107" 6.66 - 107"
0.25 3.45-1073° 1.23-1078 N/A 1.17-107%2  6.72.107" 9.06 - 107!
0.30 1.56 - 10726 4.10-107%° N/A 2.72.107%* 1.14-107% 5.56 - 107°
0.35 4.46-107'8 9.59 - 10~ N/A 2.99-107°°  9.74.107" 2.76 - 107
0.40 2171079 5.95-107%8 N/A 1.00 - 107 2.38-107°* 6.05- 107"
0.45 2.80-107%2 1.39-107% N/A 1.00 - 1070 7.63-107% 7.61.107°%
0.50 1.00 - 10790 4.67-107° N/A 1.00-107%°  4.24.107°* 8.59-107°
0.55 1.00 - 10190 9.37.107%2 N/A 1.00 - 101790 9.33-107%* 7.30-107°*
0.60 | 8.65-107% 1.18-107% N/A 1.00 - 107 5.91-107° 2.96 -107°2
0.65 1.08-107%° 6.29 - 10720 N/A 7.70-1079 7.09- 107 2.24-107°
0.70 3.46 - 107 2¢ 2.38-107%° N/A 1.75-107°  3.93.107" 2.90-107%
0.75 5.00 - 10734 1.35-10758 N/A 1.69.10" 22 6.35-107%* 1.79-107%
0.80 | 6.68-107*2 1.56 - 10752 N/A 2.52.1073%%  5.25.107 2.61-107°
0.85 2.88-107% 9.78 107110 N/A 4.77.1073%* 810107 1.57-107%
0.90 4.31-10752 2.24 10717 N/A 5.29.107%  4.16-107" 8.74-107°
0.95 2.01-107% 2.00- 102! N/A 2.31-107°8 1.29-107% 9.41-107%
Table 2: e =0.5, ¢ = 0.2
1/e-value Exact p-value o Lapl Ours, Gauss. ToT atop ToT atop
p (non-private) (non-private) urs, Laplace (6 =0.01) 1/e-value exact p-value
0.05 5.97-10~% 3.48 .10 21 4.87-1079° 9.60- 1058 5.57 10793 1.15-10792
0.10 4.88-107°! 1.89-10716° 3.14-107°° 3.24-107%  3.04.-107% 1.33-10792
0.15 1.64-10747 8.64-107103 8.51 .10 48 3.78 .10~ 1.47 - 10792 5.43.107%2
0.20 2.35-107% 4.85-107% 3.46 .10~ %4 2.13-107% 6.67-107% 3.11-107%
0.25 3.11-1073¢ 3.03-107°! 8.49.1073%0 4.23-1073%1  5.30.107% 3.91-107%
0.30 1.45-10717 6.78 1072 1.05-10717 5.91-107® 559.107% 2.11-107%
0.35 1.28-1071° 2.14-1072¢ 1.66 - 1071° 1.24.107'°  3.05.107% 1.11-1079
0.40 2.36-1071 8.29.10 3.01-107% 2.75-107 9.12.107" 8.38.107%2
0.45 1.20-107°2 5.61-107% 1.69.10°2 1.99-107% 6.30 - 10792 5.19.107%
0.50 1.00 - 10190 6.35-107%! 1.00 - 10100 1.00 - 107090 7.69-107%  7.52.107%
0.55 4.18 - 10792 2.14-107% 6.37 - 10792 1.21-107°2 3.91.107% 9.35-107%!
0.60 2.03-107% 2.13-107 1 1.49-107°%° 6.53- 10799 9.07 - 1079 3.05-107%
0.65 7.99 .10~ 1.45-10728 9.04 .10 4.62-10721  1.41.107% 7.15-107°2
0.70 3.14-107% 1.15-10~4 5.02 10727 1.10-10725 8.66 - 10793 1.28 10792
0.75 4.00-1073¢ 1.70 - 10754 3.28.103¢ 1.53-1073 2.27-107% 8.96-107%
0.80 3.36- 1074 3.37-107% 1.27-107% 1.23-1074° 4.51-10792 3.13-107%
0.85 3.37-107°%¢ 9.60-10~ '8 5.67-107°! 5.27-107°1  1.14.107° 2.01-107%2
0.90 1.60 - 10757 6.11- 10747 1.95-10757 3.18-107%%  2.69.107% 7.39-107%
0.95 3.98-107%° 1.86 - 10216 4.23.107%° 2.99-107 4.41-107% 3.18-107%

D Experiment details

D.1 Section 4.1 in the main text

We use the e-value for the mean with distribution F' ~ Unif(—1,1) independent of §. We use the first 100 000
samples of our dataset.

For the plot and confidence interval algorithm, we compute e-values for the mean over £ = 50 values of 6, evenly
spaced within (0, 1). For the confidence intervals we use a significance level of o = 0.05.
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Table 3: e =0.1, ¢ = 0.05

1/e-value Exact p-value o Lapl Ours, Gauss. ToT atop ToT atop
p (non-private) (non-private) urs, Laplace (6 =0.01) 1/e-value exact p-value
0.05 2.08-107 18 1.08 - 1072% 3.26-10"18 4.24-10717 9.00-107°! 2.58 1071
0.10 2.74.10715 1.33-107149 2.63-101° 3.67-10"1 7.91-107% 3.76 - 1072
0.15 6.63-10713 1.57-10719 2.52.10713 5.72-10712 2.38 107 1.41-10792
0.20 5.68-10712 4.85-10% 6.95- 10712 2.26-10713 6.64-107% 3.65-107°2
0.25 2.78 10710 4.26-107%8 4.06 - 10710 1.84-107% 8.57-107%! 9.85-107°2
0.30 8.87-10777 3.58 - 10732 1.71-1079 8.86-107°8 1.82-10792 1.81-10792
0.35 7.30-107% 2.10-1071® 5.06 10795 1.03-107% 9.86-107% 5.53-107°2
0.40 3.91-107% 3.02-107% 6.99 - 1073 1.46 - 10793 7.44-107% 258107
0.45 2.41-107% 7.16-107% 7.69-107% 1.00 - 10100 2.98-107°%1 5.13-107%
0.50 1.00 - 1079 9.75.107% 1.00 - 1079 1.00 - 10100 5.67-107°1 6.03-107%1
0.55 3.38-107% 1.77-10792 5.55-107%! 5.71-107% 4.23.107°2 4.66 - 10792
0.60 3.91-107% 3.02-107% 5.88 - 10798 5.58 . 10%4 7.84-107% 4.34-107%
0.65 2.63-107% 3.01-107% 4.49-107% 1.66-107°° 4.90-107% 2.57-107%
0.70 9.91-107°8 1.69-107140 3.86 - 1077 3.39-107°7 4.10-107°2 1.57-107%
0.75 3.71-1071° 1.54-10766 1.45.107°° 1.63-107°8 7.98-107% 9.63-107°2
0.80 1.83-1071¢ 1.02-10783 9.61-10"12 9.10-10~4 7.43-107% 5.66 - 1072
0.85 7.71-107 1 1.62-10712¢ 1.19-10718 5.74-10713 8.99.107% 9.04-107°2
0.90 1.13-1071° 7.96 107158 1.66 - 1071 4.25.107 9.31-107™ 3.42-107%
0.95 3.75-10718 1.25-102% 2.82.10718 4.03-10718 7.65-107%1 1.62-107%
Table 4: € = 0.05, ¢ = 0.05
1/e-value Exact p-value o Lapl Ours, Gauss. ToT atop ToT atop
p (non-private) (non-private) urs, Laplace (6 =0.01) 1/e-value exact p-value
0.05 5.04-107 18 9.79.10" 2% 5.71-10 18 5.84-107 18 3.57-107°1 3.56 - 1072
0.10 9.31-1071¢ 1.06 - 107159 1.02-1071° 1.61-107%° 1.43-107% 5.31-107%
0.15 2.75-10713 7.00- 107112 2.94.10"13 3.06-10712 8.85-107%! 4.55-107%
0.20 6.90- 10712 8.60-10~° 6.71-1012 6.86- 10712 9.91-107% 5.43-107%
0.25 1.55-1071° 2.81-107" 1.49-1071° 1.92-1071° 4.83.107% 5.28.107%
0.30 5.87-1079 8.57-1072¢ 5.99 107 3.75-107°% 828-107™ 1.52-107%
0.35 8.00-1079 3.71-107 18 7.42-.1079% 1.05-107% 5.95.107% 3.63-107°2
0.40 3.00-107% 9.25.1071° 3.02.10793 5.10-107° 1.60 - 10791 8.82.107
0.45 4.62-107% 3.98 1072 6.66 - 1071 5.54-107°1  9.64.107% 7.51-107%
0.50 1.00 - 107°° 5.48 107! 1.00 - 1019 8.77-107% 1.53-107°*  6.41-10792
0.55 9.27-10702 4.42.107% 1.10- 1079 5.35-107°2  7.74.107% 7.36 107
0.60 5.54.1073 1.38-10798 5.83-107%3 3.82-1079 524.107% 1.55-107%
0.65 1.67-107% 3.03-10716 1.71.107% 1.84-107% 5.56 - 1071 6.10 - 1072
0.70 7.78 10706 6.65-1072° 8.23.1070¢ 6.01-107°¢ 3.64-107" 6.52 - 10 %
0.75 4.59-107%° 6.20 - 1074 4.55-107%° 3.25-107°°  1.06-107" 6.70 - 107%3
0.80 1.83-107 1! 1.02-10783 1.85-10711 1.65-10"  5.40-107% 2.58-107%
0.85 1.95-10714 1.51-107132 2.00-10~ 1.73.107  5.20-107% 2.43-107%
0.90 9.31-1071¢ 1.06 - 107159 1.03.1071% 1.03-10715 4.89.107% 2.93-1072
0.95 2.08-10718 1.08 - 10722 2.55-10718 2.42-107%  572.107% 1.88-1079

D.2 Section 4.2 in the main text

We start by splitting the first 100 000 samples of the dataset into three splits: training (45%), validation (15%)
and test (40%). We train a random forest classifier on the training data, and compute a validation loss on the
validation set. With this we define the desired safety threshold to be the validation 0-1 loss plus a tolerance of
0.05.

We use the e-value for the mean with distribution F' ~ Unif(0,¢/#), where 6 is the determined safety threshold
and ¢ = 0.2. For the anytime-validity, we use a batch size of 128 samples per batch. The null is rejected at a
significance level of a = 0.05, i.e., when the e-value crosses 1/0.05 = 20.
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D.3 Section 4.3 in the main text

We split the data into three splits: training (54%), calibration (36%) and testing (10%). On the training
data we fit a XGBoost classifier. Then, on the calibration data we run our procedure, with conformity score
(z,y) = 1/clampyg gy 1) (p(y|z))*/*. We then linearly transform this score to have support in [1,100], and quantize
it into 500 uniform bins over [1,100]. Atop this, we run our method. Finally, we assess the resulting predictive
interval sizes in the test split. Empty prediction sets (if any) are converted into singleton predictive sets.
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