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ABSTRACT

Graph neural networks (GNNs) largely rely on the message-passing paradigm,
where nodes iteratively aggregate information from their neighbors. Yet, standard
message passing neural networks (MPNNs) face well-documented theoretical and
practical limitations. Graph positional encoding (PE) has emerged as a promising
direction to address these limitations. The Euler Characteristic Transform (ECT) is
an efficiently computable geometric—topological invariant that characterizes shapes
and graphs. In this work, we combine the differentiable approximation of the
ECT (DECT) and its local variant (¢-ECT) to propose LEAP, a new end-to-end
trainable local structural PE for graphs. We evaluate our approach on multiple
real-world datasets as well as on a synthetic task designed to test its ability to
extract topological features. Our results underline the potential of /-ECT-based
encodings as a powerful component for graph representation learning pipelines.

1 INTRODUCTION

Graphs are the preferred modality in numerous scientific domains, permitting the study of dyadic
relationships in a highly efficient manner. Their broad applicability comes with several challenges
that make them harder to process with standard deep learning architectures. Among these
characteristics are (i) a mixture of geometrical information (via node and edge features) and
topological information (via the edges themselves), (ii) highly variable cardinalities even within the
same dataset, and (iii) a lack of a canonical representation. The development of suitable models
is thus crucial for advancing the field of graph representation learning. Contemporary research
largely focuses on message passing neural networks (MPNNGs), i.e., architectures that are based
on local diffusion-like concepts. While powerful, MPNNs also exhibit intrinsic limitations, which
may pose severe obstacles for certain applications: For instance, MPNNs tend to lose “signals” in
graphs of high diameter (Di Giovanni et al., 2023; Rusch et al., 2023; Zhang et al., 2023), and many
architectures are incapable of efficiently leveraging substruture information (Chen et al., 2020).

As an alternative to pure MPNNSs, inspired by the transformer architecture (Vaswani et al., 2017),
recent work started focusing on positional encodings (PEs) and structural encodings (SEs) of graphs,
denoting functions that assign embeddings to nodes based on locality or relational information,
respectively (Dwivedi et al., 2023; Kreuzer et al., 2021; Rampasek et al., 2022). Most PEs/SEs
are based on either geometrical aspects (like coordinates, curvature, or distances) or topological
aspects (like Laplacians or random walks), which may potentially limit their expressivity in practice.
To overcome this, we propose a new positional encoding that leverages both geometry and topology.
Our positional encoding, which we refer to as LEAP, affords end-to-end-training and is based on a
local and learnable variant of the Euler Characteristic Transform (ECT), a geometrical-topological
invariant that is easy to calculate and highly expressive.

Our paper contains the following contributions:

1. We propose a new graph positional encoding based on local ECTs, which is highly flexible and
permits end-to-end training, specifically geared to work with geometric graphs.

2. We observe that our method captures structural differences in graphs even in case the node features
are non-informative, thus also permitting to solve learning tasks for non-attributed graphs.

3. We conduct extensive experiments on benchmark datasets that demonstrate that our method yields
improved predictive power in comparison to existing positional encodings when used in conjunction
with graph neural networks.
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2 BACKGROUND

Before introducing our learnable positional encoding, we provide a short self-contained summary of
message-passing, positional encodings for Graphs and the Euler Characteristic Transform.

2.1 MESSAGE PASSING

Graph Neural Networks (GNNs) are specifically designed to operate on graph-structured data. A large
subclass of GNNs are Message Passing Neural Networks (Gilmer et al., 2017, MPNNs). MPNNs
represent each node by a vector that is iteratively updated by aggregating neighboring representations.

Hence, the state of a node v at step ¢, denoted h(vt), is computed as
h() = UPDATE (h,(f_l), AGGREGATE ({h,(f—” ‘uc N(v)})) , )

where both AGGREGATE and UPDATE are learnable functions and A/ (v) denotes the neighbors
of node v. Following von Rohrscheidt & Rieck (2025), we refer to a graph G together with feature
vectors for each of its nodes as a featured graph. We adopt the notation in the definition below:

Definition 1. A featured graph is a pair (G, x), where G is a (non-directed) graph, and x is a map
that assigns each node v € V (G) a feature vector x(v) € R%. We denote the set of nodes of G by
V(G), and the set of edges by E(G).

Despite their popularity, common MPNNSs are limited by phenomena like oversquashing (Di Giovanni
et al., 2023), oversmoothing (Rusch et al., 2023; Zhang et al., 2023), or restricted expressive power
(Chen et al., 2020; Xu et al., 2019). Multiple approaches have been proposed to address these
challenges, for instance by (i) modifying graph connectivity via virtual nodes (Cai et al., 2023;
Grotschla et al., 2024), (ii) combining message passing with global attention (Rampasek et al., 2022),
or (iii) imbuing a model with topology-based inductive biases (Horn et al., 2022; Verma et al., 2024).

2.2  GRAPH POSITIONAL ENCODINGS

Inspired by positional encodings in Transformers (Vaswani et al., 2017), graph positional
encodings (PEs) emerged as a way to inject structural information directly into node features.
Architectures such as GPS (Rampasek et al., 2022) combine multiple PEs, enabling global-attention
layers to incorporate graph structure. Graph PEs have also been shown to benefit standard
MPNNs (Dwivedi et al., 2022; 2023; Ma et al., 2021; Verma et al., 2025). Rampasek et al. (2022)
propose a categorization of graph PEs into Positional Encodings and Structural Encodings, further
subdivided into local, global, or relative variants. Two commonly-used graph positional encodings
are the Random Walk Positional Encoding (Dwivedi et al., 2022, RWPE) and the Laplacian Positional
Encoding (Maskey et al., 2022, LAPE), which have inspired several other approaches (Grotschla
etal., 2024; Lim et al., 2023; Maskey et al., 2022; Rampasek et al., 2022), including learnable ones
like SignNet (Lim et al., 2023). We describe these two PE strategies for a graph G below.

Random Walk Positional Encoding (RWPE). For any node v € V(G), Dwivedi et al. (2022)
define the k-dimensional RWPE of v, denoted by pRWPE« as:

Py = [RW,y,, (RW)F,, ..., (RW)y,] € RY, )
where RW := A(G)D(G) ™! is the random walk matrix of the graph G, A(G) denotes the adjacency
matrix of G, and D(G) denotes the degree matrix of G. Rampasek et al. (2022) categorize RWPE as

a local structural encoding.

Laplacian Positional Encoding (LaPE). The normalized Laplacian matrix of G is given by
L(G) =I—-D(G)"Y?A(G)D(G) /2, where I denotes the identity matrix. The LaPE of the nodes
in G are constructed from the eigendecomposition of L(G) = Q " A Q. Given the eigenvalues sorted

in ascending order AV, ..., A(!) with corresponding eigenvectors ¢V, ..., ¢%), Dwivedi et al.
(2023) define the k-dimensional LaPE (pL2PE*) of a node v as
%aPEk = [qgl)’ q£i+1)7 . q£z+k)] c Rk, (3)

where ¢ is the index of the first non-trivial eigenvector. Since LaPE employs the eigendecomposition
of the full graph, Rampdsek et al. (2022) consider it to be a global positional encoding.
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2.3 THE EULER CHARACTERISTIC TRANSFORM (ECT)

The Euler Characteristic Transform (ECT) originated as a method to summarize simplicial complexes,
i.e., higher-order domains (Turner et al., 2014). We will specialize our exposition to the case of graphs,
consisting of vertices and edges. The Euler characteristic of a graph is a topological invariant, which
is defined as the number of nodes minus the number of edges, sometimes permitting to distinguish
between graphs that are not topologically equivalent.' Its expressive power remains limited, however,
since many topologically different graphs share the same Euler characteristic. By moving to a
multi-scale variant of the Euler characteristic, we obtain the ECT, which combines geometrical and
topological information to obtain an expressive representation. Specifically, given a featured graph
(G, ), we calculate the inner product of its attributes with a unit vector 6 € S?-1, referred to as
a direction, and consider the pre-image of the inner product to obtain a monotonically increasing
sequence of subgraphs of G. Tracking the Euler characteristic along that sequence indexed by ¢t € R
yields the Euler Characteristic Curve (ECC) in the direction of . The ECT is then the map that
sends each direction vector to its corresponding ECC. For graphs, it is defined as

ECT: S ' xR —Z
0:8) = D Lsotoa@n(®) = Y Lcomaxued ey (t)- @

veV(G) ecE(G)

Somewhat surprisingly, given a sufficiently large finite number of directions, the ECT is injective on
geometric graphs and geometric (simplicial) complexes (Curry et al., 2022; Ghrist et al., 2018), i.e.,
distinct inputs yield distinct ECTs.

One limiting factor to the applicability of the ECT in a deep learning setting is the lack
of differentiability with respect to the direction vectors and input coordinates. However, by
approximating the indicator function of Equation (4) with a sigmoid function, we obtain the
differentiable Euler Characteristic Transform (Roell & Rieck, 2024, DECT), which may be
integrated into standard deep learning pipelines. This formulation of the ECT provides a global
summary of a shape, but certain graph learning tasks benefit from a local perspective of the graph
around a node of interest. As a static, i.e., non-trainable, extension to the ECT, the local Euler
Characteristic Transform (von Rohrscheidt & Rieck, 2025, /-ECT), constitutes a variant based on
local neighborhoods with favorable properties for node classification. Given a featured graph (G, )
withz: V(G) — R?, and a vertex v, the local ECT of v with respect to m € N is defined as

C-ECT,,[G, x;v] := ECT[./\/m(v,g),ﬂNm(v,g)], 5)

where NV, (v, G) denotes a neighborhood of v, whose locality is controlled by the hyperparameter m.
The following result by von Rohrscheidt & Rieck (2025) relates the /-ECT to MPNNSs.

Theorem 1. Let (G, x) be a featured graph, and let {¢-ECT1[G, x;v]}, be the set of the 1-hop
C-ECTs of all the vertices v € V(QG). Then {{-ECT 1[G, x;v]}, provides all the (non-learnable)
needed information to perform a single message passing step on (G, x).

The required non-learnable information for a single message passing step refers to the fact that for a
given vertex v, one can theoretically recover the features of the neighboring nodes from the /-ECT.
This result highlights the power of the 1-hop ¢-ECT for graph representation learning. Moreover,
von Rohrscheidt & Rieck (2025) show that the /-ECT is sufficiently expressive to perform subgraph
counting, one of the limitations of traditional message passing architectures (Chen et al., 2020). This
illustrates that ECT-based methods can be more powerful than traditional message passing neural
networks in certain cases.

3 METHODS

This section introduces the Local ECT and Projection PE (LEAP), a learnable local structural graph
PE based on the ¢-ECT. As part of this encoding, we present strategies for projecting the ECT of a
shape into a lower-dimensional space.

'Formally, homotopy-equivalent topological spaces have the same Euler characteristic.



Under review as a conference paper at ICLR 2026

[

]

=
i
T

| EEE

Figure 1: Steps for computing the LEAP PE using 1-hop neighborhoods. (1) The neighborhood of a
node in a featured graph is selected. (2) Normalization of the neighborhood features. (3) Computation
of the differentiable ECT. (4) Projection of the matrix representation of the ECT to get the PE vector.

3.1 /¢-ECT BASED POSITIONAL ENCODING

Given a featured graph (G, x) with d-dimensional node features, which may be static (i.e., the original
node features or another PE), or learned (i.e., hidden states at some step of an MPNN), let T C [0, 1]
be a finite set of thresholds and © C S%~1 a finite set of directions. The k-dimensional LEAP PE of
anode v € V(G) is constructed as follows:

1. Compute the m-hop subgraph N, (v, G) around node v.

2. Given the set of nodes {ui,...,u,} = V(Ny(v,G)), mean center their feature set
{z(u1),...,2(u,)} and divide each element by the maximum norm in the centered set to obtain
new features F = {f(uy),..., f(u,)} C S?°L, where f : V(N,,(v,G)) — F denotes the
mapping between each node in the m-hop and its normalized feature vector.

3. Compute the matrix M € R!®1*ITl whose (i, j) entry is the differentiable approximation of the
ECT of (N, (v,G), f) at (6;,t;) € © x T.

4. Lastly, a learnable projection ¢ : R!®1*Tl — R* maps M to a vector PE(v) € R¥, which is the
final positional encoding of node v.

Remark 1. LEAP is not a static pre-processing step on the graph. On the contrary, it can be
integrated in graph neural network architectures to be trained in an end-to-end fashion.

The previous remark highlights a key difference between LEAP and graph PEs like LaPE and RWPE.
This is also an important distinction from the prior use of the /-ECT, which was introduced as a static,
non-learnable extension of node features, with neighborhood connectivity being disregarded as the
ECT was calculated on node neighborhoods as if they were point clouds rather than graphs (von
Rohrscheidt & Rieck, 2025). In addition, LEAP permits the set of directions © to be randomly
initialized and then either kept fixed or optimized during training. LEAP can also be applied to
learned graph features and, since it integrates with any GCN, it is naturally applicable to both
graph-level and node-level tasks. By contrast, the DECT is geared towards generating graph-level
descriptors (Roell & Rieck, 2024).

Remark 2. Within the categorization of Rampdsek et al. (2022), LEAP is a local structural encoding.

The locality of LEAP comes from computing each node’s encoding only from its m-hop subgraph.
Thus, locality is controlled by the hop number m, which serves as a hyperparameter. By default, we
suggest 1-hop neighborhoods, making our method as scalable as a message passing, but we also
describe two ways to control the locality of LEAP:

 Use a larger hop number m. While straightforward, it should be noted that two nodes may differ in
their m-hop neighborhoods while becoming identical at (m + 1)-hops.”

* Alternatively, we compute LEAP multiple times for each node with increasing m, then concatenate
the results to obtain a PE that captures how the m-hop neighborhoods evolve as m grows.

*For sufficiently large m, this strategy yields identical PEs for all nodes within the same connected component.
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We also note that two nodes in a graph that share identical m-hop neighborhoods receive the same
LEAP PE, since the second step in the computation of the PE yields identical outputs. This aligns
directly with the definition of local structural encoding given in Rampasek et al. (2022, Table 1).
Moreover, consider a node whose normalized m-hop neighborhood features form a geometric graph
embedding.” If we could access the ECT of that subgraph rather than an approximation, then by
the injectivity results of the ECT (Curry et al., 2022; Ghrist et al., 2018) we would have all the
information required to recover the neighborhood’s structure.*

3.2 ECT PROJECTION STRATEGIES

Since LEAP aims to capture structural information, it should be invariant to scaling and rotations of
neighborhood features. Step 2 above addresses normalization, but to minimize the effect of rotations,
the projection in Step 4 should be permutation invariant with respect to the ECCs. However, this
requirement is often ignored in practice (Roell & Rieck, 2024). In the remainder of this section, we
present five projection strategies for LEAP, some of which explicitly enforce this invariance.

Linear projection: We “flatten” the /-ECT of each node into a vector v € R” with D = |©| - |T|,
following Amézquita et al. (2021). We then apply a linear projection by multiplying v with a
learnable matrix W € R**P_ This projection is not permutation invariant with respect to the
ECC, and the number of learnable parameters with respect to || and |T|is O(|©| - |T|).

One-dimensional convolutions: We treat the /-ECT of each node as a multichannel time series,
where thresholds act as time steps and each ECC defines a channel. Several 1D convolutions are
concatenated, and the resulting channels are averaged to produce a vector that is used as an input
to an MLP. This projection is not permutation invariant with respect to the order of the directions,
and the number of learnable parameters with respect to |©| and |T| is O(|©]| + |T|).

DeepSets: We treat the (-ECT of a node as a set of |T|-dimensional vectors, corresponding to
the ECCs along different directions in ©, processing this set using an architecture inspired by
DeepSets (Zaheer et al., 2017): Given the set of vectors corresponding to the ECCs we have
PE = MLP(3 ¢ o MLP1(ECCy)). This projection strategy is permutation invariant wrt. the

directions of the ECT, and its number of learnable parameters is independent of |©|.

Attention: We treat the (-ECT of a node as a set of |T|-dimensional vectors, corresponding to
the ECCs along the different directions in O, and process this set by a transformer encoder with
a single attention head. To obtain the PE, we apply an MLP to the sum of the generated ECC
representations. Due to the use of a self-attention without any positional encoding, the projection
is permutation invariant, and the number of learnable parameters depends on |T| but not on |©|.

Attention with PE: As a variant of the previous projection, instead of feeding the transformer
encoder the set of ECCs directly, we concatenate each ECCy with the corresponding direction
0 € O before passing it to the encoder. This yields a permutation invariant projection strategy,
while incorporating information about the directions along which the ECCs were computed.

3.3 PROPERTIES

We first discuss the computational complexity of our method. Given an m-hop subgraph AV, (v, G)
for each vertex v, calculating the /-ECT has a total computational complexity of O(3" [N (v, G)).
In the worst case, each subgraph is the complete graph on n vertices, leading to an overall complexity
of O(n3). For sparse graphs whose m-hop neighborhood is of the order of m = O(n), we obtain
a worst-case complexity of O(n?). Finally, assuming bounded degree, this reduces to a worst-case
complexity of O(n), which is asymptotically equal to one step of message passing. Moreover,
individual /-ECTSs can be computed in parallel. In terms of expressivity, von Rohrscheidt & Rieck
(2025) provide the theoretical foundation for our work, stating that, given a sufficiently large number
of directions, the injectivity of the /-ECT guarantees that it is more expressive than message passing.
However, we consider the main contribution of our work to be the development of a novel local
positional encoding and its empirical evaluation, in the spirit of Rampasek et al. (2022), thus leaving
a more in-depth theoretical analysis for future work.

3In general there is no guarantee this will occur.
*We design an experiment to test the ability of LEAP to capture topological features of a graph, see Section 4.1.
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4 EXPERIMENTS

We conduct experiments to evaluate different aspects of LEAP, investigating (i) its ability to capture
structural properties independent of node features, (ii) its impact on the performance of different
graph neural network architectures and the effect of learning the directions of the transform, (iii) its
performance on a large-scale dataset with 202,579 graphs (Chen et al., 2019), (iv) its behavior
when applied to learned node features in the HIV dataset (Wu et al., 2018), and (v) the effect of
hyperparameters. Subsequently, LEAP-L indicates that the directions for LEAP were randomly
initialized and learned during training, while LEAP-F denotes that the directions remained fixed.

4.1 SYNTHETIC DATASET

We introduce a synthetic dataset of 40,000 graphs to test whether LEAP can capture structural
differences independent of node features, thus proving that LEAP is indeed a structural encoding.
Each graph has three nodes and contains either zero, one, two, or three edges, yielding a classification
task with four classes based on edge count. The node features are uniformly sampled from the unit
disk D; C R? to make the task purely structural. We use a standard GCN and GAT architecture as
base models, and compare them to the same model enhanced with LEAP added as structural positional
encoding. For the computation of the ECT used in LEAP, we use 16 directions with a resolution of
16, summarizing each graph into a 16 x 16 ECT. The models enhanced with LEAP achieve a perfect
accuracy of 100.0 £ 0.0, demonstrating LEAP’s ability to capture structural properties independent
of the node features. By contrast, the GCN and GAT models exhibit lower accuracies (71.83 4= 0.27
and 69.44 + 0.82, respectively), demonstrating their inability to capture relevant structural graph
properties when informative node features are not available.

4.2 CLASSIFYING REAL-WORLD DATASETS

Table 1: Best approach (architecture, PE strategy, We evaluate LEAP on several graph
and projection strategy) and relative accuracy classification datasets from the TU benchmark
improvement with respect to the worst performing (Morris et al., 2020). Our aim is to evaluate
baseline for TU classification datasets. In all cases (i) the capacity of LEAP to enhance existing
the best result was achieved using our PE strategy. graph neural networks with structural

information, (ii) compare LEAP with existing

DATASET BEST METHOD worst Best Gaw(%)  PEs, and (iii) investigate in which architecture
Lerter-H - NoMP+LEAP-L+1DConv 416 8L6 962 LEAP induces the largest increase in accuracy.
LETTER-M NoMP + LEAP-L+ 1D Conv 57.8 88.5 53.1 . . . .

LETTER-L  NoMP+LEAP-L+ IDConv 804 980 219 Of particular interest is the evaluation on the
FINGERPRINT ~ NoMP + LEAP-L+ Linear 48.8 55.7 14.1

Ccox2 GAT + LEAP-L+ Atnw/PE  77.7  80.1 3.1 AlChem,y Sull (Chen etal,, 2919) _datas,et’ as t,he
BZR NoMP + LEAP-L+ Linear 783 847 8.2 regression targets are rotation invariant with
DHFR GCN + LEAP-L+ Attn w/ PE 70.1 77.6 10.7

respect to the node features. For this dataset, we
normalize the regression targets so that all 12
tasks are on the same scale. For the HIV dataset (Wu et al., 2018), where nodes have categorical
features, we exploit the end-to-end differentiability of the ECT by extending the architecture with a
learnable embedding layer that maps these features into R, where LEAP is computed.

Architectures. We fix three “backbone” architectures to which we add different positional
encodings, namely (i) a GCN (Kipf & Welling, 2017), (i) a GAT (Velickovi¢ et al., 2018), and
(iii)) NoMP (“no message passing”), a model that we introduce based on a transformer encoder.
Following Maggs et al. (2024), we use five message-passing layers and 32-dimensional hidden
states for GCN and GAT. For the Alchemy dataset, we scale the architectures to 10 layers with 64-
dimensional hidden states. The NoMP architecture projects node features into a 16-dimensional latent
space with a linear layer, followed by a single self-attention layer that produces a 16-dimensional state
for each node. The final classification is performed by a feedforward layer. We chose hyperparameters
to match the parameter count of GCN/GAT. By design, NoMP ignores graph structure unless given
positional encodings, thus permitting us to evaluate the ability of each PE to encode relevant structural
properties. Finally, as positional encodings, we consider the following baselines: (i) no positional
encoding; (ii)) RWPE, which, like LEAP, is a local structural PE under the categorization of Rampasek
et al. (2022), making it a particularly relevant baseline, and (iii) LaPE, a widely used graph PE that,
unlike LEAP, captures global positional information.
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Experimental setup. All experiments use 5-fold cross-validation and are trained with the Adam
optimizer for up to 100 epochs with early stopping enabled. As a loss term, we use cross entropy loss
except for the Alchemy dataset, where we use a mean squared error loss. We use 10-dimensional PEs
for all types and datasets. The only difference between the backbones with or without a PE is that
the input dimension of the backbone increases by 10 when a PE is used. The Euler Characteristic
Transform in LEAP is calculated with 16 directions and 16 thresholds. To simplify the setup, we
keep all hyperparameters of LEAP’s projection strategies fixed across all datasets. Despite this, as we
describe below, we observe high predictive performance across a variety of datasets.

RESULTS

Table 4 reports the results for LEAP and the baselines in combination with different architectures
across the various classification datasets. For every dataset—architecture combination, the two LEAP
variants (F/L) achieve the best and second-best performance, respectively. When combined with
GCN and NoMP architectures, learning the directions of LEAP consistently improves performance
in comparison to keeping them fixed. For GAT, learning the directions slightly reduces performance
compared to the fixed variant of LEAP in 3 of the 7 datasets. For all datasets, the overall best-
performing architecture—PE combination always uses LEAP with learned directions.

8.01 p— — Table 1 reports the relative increase of the
#23) S R best-performing method compared to the
80.0+ == 74.0 .

worst-performing method. We observe

Q
77.57 Q 73.0
<

& = the largest gains from using LEAP on

.3:2 EZZ _ ! [ the Letter and Fingerprint datasets. For
the datasets COX2, BZR, and DHFR,
@ + the advantage over the baselines is less

70.01 70.0

67.5'% 69.0

No PE RWPE LaPE LEAP LEAP No PE RWPE LaPE LEAP LEAP pronounced, likely due to their smaller
ot T ' size, making it harder to benefit from

Alchemy HIV richer features. @ We observe the largest
improvement on DHFR, the largest dataset

Figure 2: Results for different PE strategies on the  among the three. Table 4 also shows

Alchemy and HIV datasets reporting the R* and that NoMP without positional encodings
AUROC using a GCN. Colors rank the PEs from  outperforms baseline GNNs on the Letter-High
best, second best to worst. LEAP with learnable  and Letter-Low datasets, highlighting the
direction significantly outperforms other methods [imitations of MPNNSs, i.e., models without

on the Alchemy dataset while performing second  structural information may achieve better
best on the HIV dataset. results.

Table 2: Surprisingly, increasing the neighborhood ~We also evaluate LEAP on the Alchemy and
size (N;,,) does not improve the efficacy of LEAP, HIV datasets from the TU Benchmark using the

showing that the 1-hop neighborhood is sufficient. Same setup as described above. The Alchemy
dataset is significantly larger compared to the

METHOD N,  LeTTeR-H  LETTER-M  LETTER.L other datasets allowing LEAP to extract more

| 81202191 8300189 9627-0ss  meaningful information from the data. For the

LEAP-F 2 7444+326 84314076 9413+105  Alchemy dataset, we show the R? score and for

1,2 7791+182 8476+140 96.09+034  the HIV dataset, we report AUROC, due to large

1 80.62+3.58 8649+220 96.18+124  class imbalances. Figure 2 shows the results for

AL Rt SIS0 LEAP withthe GON backbone and the various

projection methods, showing a clear advantage

for LEAP (with learned directions) over all baselines. For the HIV dataset, results exhibit a large

degree of variability, and this is the only case where neither of the two LEAP variant (L/F) outperforms

all baselines. Still, both variants surpass RWPE, which is in the same category of local structural

encodings. LaPE yields the strongest performance, suggesting that global positional information,

which cannot be captured by LEAP, may be particularly relevant for this dataset. The full results are
provided in Figure 3 in the Appendix.
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4.3 ABLATIONS

After having established that LEAP captures essential structural information to be used with multiple
graph neural network architectures, we further aim to investigate the sensitivity of LEAP with respect
to its various components. In particular we hope to further understand how (i) the choice of projection
method, (ii) the number of hops, and (iii) the embedding dimension impact the performance of LEAP.

Projection strategies. We repeated all experiments using the five proposed LEAP projection
strategies such that each projection strategy has approximately similar small parameter budgets,
comprising 1K-5K parameters. Table 5 in the Appendix reports the results; and we find no single
projection consistently outperformed the others, showing the best projection to be dependent on the
dataset—architecture combination. However, a remarkable fact is that learnable directions did on
average outperform the fixed set of directions, underpinning the benefits of learnable directions as
compared to using them as static features.

Table 3: Ablation study with respect to the Locality. We study the effect of the locality
embedding dimension of the projection. LEAP parameter in LEAP by repeating the experiments
is stable with respect to the dimension and on the Letter datasets, originally performed

consistently performs well. with 1-hop neighborhoods, using instead 2-
hop neighborhoods and the concatenation
EMB. PE LETTER-H ~ LETTER-M  LETTER-L of LEAP embeddings from 1- and 2-hop

LaPE  6631+120 9471+129 7676+195  neighborhoods.” For this ablation, we use
2 RWPE = 73.82£2.00 94.62£0.51 8347£1.68  the NoMP model so that the models can only
LEAP-F 81.16+1.66 96.27+147 86.76%1.86 tructural information throueh the PE
LEAP-L 7853+330 9556+031 87.38+099  AcCess structural information through the L,
LaPE  64dd+354 94222061 s200+16a and we use attention with PE as the LEAP

RWPE 75.64+1.18 9467+096 8582+0.76  projection strategy. Table 2 shows that the 1-

5 . .
LEAP-F  79.78+0.57 96.98+0.25 86.76+1.11 hop neighborhood yields the best performance
LEAPL 8040£1.41 9644+0.59 88.36£0.64 401065 all datasets, followed by the concatenated
LaPE  6502+1.58 9111223 76.93+2.52 } _ :

o ~RWPE 7924143 9467:097 8453132 1--and 2-hop version.

LEAP-F  80.13£2.04 96.68=0.78 86.59 +2.01

LEAP-L 80.68£242 9699£105 8724£231  PE dimension. To better understand the effect

LaPE = 64.80£249 93242096 77.64£2.12  of jncreasing the embedding dimension for the
50 RWPE 7676136 9538112 8649x121 roiecti rateo] the si £ th

LEAP-F  80.84+189 95.56+0.65 87.42x075  projection strategies, we vary the size ol the

LEAP-L 7991+153 9640+0.79 86.89+156  embedding dimension on the Letfer datasets.
The original experiment was ran with PE
dimension 10 for both LEAP and the baselines, and we now repeat the experiment with the embedding
dimension set to {2, 5, 10,20}. As before, we fix the architecture to NoMP so that models access
structural information only through the PE, and use attention with PE as the projection strategy for
LEAP. The results in Table 3 show that across all the evaluated PE dimensions and datasets, LEAP
outperforms both RWPE and LaPE.

DECT hyperparameters and comparison. We assessed LEAP’s sensitivity to the DECT
hyperparameters by varying the number of directions in {2, 4, 8,16, 32} and smoothing parameter
in {2,4,8, 16,32, 64, 128}. LEAP remained robust, outperforming baselines across all settings; see
Figure 6 in the Appendix. Finally, Table 6 in the Appendix summarizes the comparison of LEAP with
DECT for graph classification tasks. LEAP outperforms two variants of the DECT (with different
parameter budgets) on most datasets, which further underscores the utility of learnable directions.

5 CONCLUSION AND FUTURE WORK

We presented LEAP, a new learnable local structural positional encoding for graphs based on
the /-ECT. To the best of our knowledge, this is the first approach to integrate the ¢-ECT into
deep learning architectures in an end-to-end trainable fashion. Our experiments show that LEAP
consistently outperforms established baselines across multiple architectures and datasets, with learned
directions further improving performance in most tasks, thereby highlighting the benefits of making

5In the concatenation setting, each embedding is computed with half the target dimension so that the final
representation matches the dimension of the other approaches.
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Table 4: Accuracy results for different PE strategies when using a GCN and GAT architectures for
multiple Computer Vision datasets from TU Benchmark. Best results are bold green, second best are
green, and worst are red. For every dataset, our approach achieves the best and second best results.

MODEL PE COX2 BZR DHFR LETTER-H LETTER-M  LETTER-L  FINGERPRINT

No PE 779+1.0 819+33 71.6+x14 41.6+41 635+20 80410 488+1.4
RWPE 784+05 795+22 73.0%£24 609+17 689+27 832x+14 49.4+0.6
GCN LaPE 784+£09 803+12 704+28 553+26 758+2.6 89.2+1.2 48.1+1.8
LEAP-F 79.2+0.6 825+24 741+52 722+33 826+14 958+1.1 55.6+1.1
LEAP-L 794+10 825+1.6 77.6+28 742+15 83.6+x13 96.0+0.9 55.1+1.2

No PE 782+0.6 80.5+20 73718 419+32 584+37 89407 50.5+0.6
RWPE 790+1.4 783+1.1 709+£24 63.0+30 69.0+18 90.8«15 50.4+0.8
GAT LaPE 779+1.0 80312 704+£27 547+£53 752+23 89.6+15 489+1.0
LEAP-F 792+16 820+32 757+30 702+22 832+1.1 958+0.8 55.1+0.6
LEAP-L 80.1%£22 83.7+£29 765+38 735+21 824+16 952+09 54.9+£0.7

No PE 782+0.5 795+14 693+48 477+08 650+39 827+15 484+1.4
RWPE 78.6+1.6 793+1.0 720+49 544+23 649+37 81.6+24 500+1.6
GIN LaPE 782+0.5 795+1.7 61.0£0.1 550£35 752+35 84.4+35 498+19
LEAP-F  79.0+09 81214 739+41 602+48 763+20 933+1.1 544 +1.1
LEAP-L 79.6+1.6 81.0+x14 762+32 627+34 77.6+1.7 940+19 553+14

No PE 779+08 79.8+2.6 70.1+34 634+10 57.8+09 89.7+13 50.7+0.5
RWPE 77713 809+1.7 733+15 792+14 845+13 947+1.0 51.3+0.7
NOMP  LaPE 777+1.0 812+32 705+35 65016 769+25 91.1+22 50.5+1.2
LEAP-F 79.0£0.6 832+1.7 743+6.1 813+x19 880+19 972+03 55.7+1.1
LEAP-L 78.6+0.8 84727 757427 8l1.6+x19 885+25 98.0+x04 56314

this step trainable. Additionally, we introduced a synthetic task in which our approach achieved
perfect accuracy, demonstrating its ability to capture topological information independent of node
features, which the evaluated MPNNs (GCN/GAT) alone failed to recover. Taken together, these
results underscore the potential of -ECT encodings for topological deep learning (Papamarkou
et al., 2024) in general and graph representation learning tasks specifically. LEAP is particularly
well-suited to provide local structural information to architectures that rely on global attention
mechanisms, where graph structure is not directly modeled and multiple PEs are often combined to
capture complementary notions of graph position.

Limitations. While LEAP provides a learnable way to capture local structural information. First,
it is not a purely structural PE, as it requires node features to compute the ECTs. However, these
features can be learned, and in the synthetic dataset, our approach succeeded even though the features
were irrelevant to the prediction targets. Second, LEAP relies on a differentiable approximation of
the discretized ECT applied to normalized m-hop subgraphs, which are not necessarily geometric,
so the theoretical guarantees of the exact ECT (e.g., injectivity) may not fully carry over; we expect
this to be one interesting focus for future work. Finally, unlike other graph PEs, such as LaPE
or RWPE, where the only hyperparameter is the embedding dimension, LEAP introduces several
hyperparameters (among others, a smoothing parameter of the ECT approximation, the number of
directions, and the number of discretization steps). In practice, however, we fixed these across datasets
and architectures and nevertheless observed consistently strong performance, and our ablation studies
further demonstrated the robustness to these choices.

Future work. We envision several directions for future research. First, drawing on prior work (von
Rohrscheidt & Rieck, 2025), we aim to formalize the theoretical expressivity of LEAP, nothing
that theoretical expressivity and empirical performance are often not correlated. Combining LEAP
with positional encodings that capture complementary aspects of graph structure and embedding it
within more sophisticated architectures may further improve performance and expressivity. Another
promising line is to make the ECT step fully differentiable: Instead of discretizing along a fixed grid,
treating thresholds as trainable parameters would allow the model to focus on informative regions
and optimize their positions jointly with the other parameters. Using learned features, we also plan
on assessing the performance of LEAP on non-attributed graph datasets, i.e., datasets that are fully
structural. Finally, since the ECT can be applied to higher-order datasets (Ballester et al., 2025;
Hoppe et al., 2025) as well, we believe that LEAP could be extended to this modality, thus serving as
a generalizable addition to the topological deep learning toolbox.
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REPRODUCIBILITY STATEMENT

The anonymized code to reproduce our experiments are provided in the supplementary materials.
The experiments used a fixed seed and the full configurations can be found in the experiments
folder in the supplementary materials.
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APPENDIX

A RESULTS FOR THE ALCHEMY AND HIV DATASETS
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Figure 3: R% and AUROC results for different PE strategies on the Alchemy and HIV dataset using
the GCN and GAT architectures. Best results are bold green, second best are green, and worst are red.
LaPE achieves the best result for both architectures. For both architectures one of the two variants of
our approach achieves the second best result.
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GCN, GAT, and LEAP. Our method achieves a perfect score in both metrics and convergence
immediately. The shadows indicate one standard deviation over 5 runs and the dashed line means that
model training finished earlier because of early stopping.
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756
C ADDITIONAL EXPERIMENTS
757
758 ) )
Table 5: Accuracy results for all real-world datasets when varying the strategy of the LEAP PE with
759 . . . .
D fixed and learnable directions for different models. The backbone architectures have around 4K
o parameters and we show the additional parameters each positional encoding introduces.
762 COx2 BZR DHFR LETTER-H LETTER-M LETTER-L FINGERPRINT
MODEL ~ PROJ. METHOD ~ PARAMETERS LEAP-F LEAP-L LEAP-F LEAP-L LEAP-F LEAP-L LEAP-F LEAP-L LEAP-F LEAP-L LEAP-F LEAP-L LEAP-F LEAP-L
763 Linear 4K+2.5K 792£0.6 794+10 78806 825+20 709£32 749%40 72233 74215 828+14 83.6%13 95209 96.0x09 556+1.1 547%15
Attn 4K+5K 784£13 79.0+£09 81.7+28 825+1.6 74.1£52 773+4.1 59828 627+2.6 T44%15 739+£46 92313 94514 530%19 544%12
764 GCN Attn PE 4K+5K 782+£1.2 788+13 825+24 825%3.1 732437 776+28 67215 686x1.8 820+0.8 829£22 958%1.1 94716 54113
DeepSets 4K+.5K 782£0.6 79.0%12 79012 81.7£35 712426 733£36 59219 634x21 724x06 760%1.1 914%18 92006 52313
765 1D Conv 4K+.9K 780£1.2 792£20 79819 825%27 71.7£12 767+£34 66428 63.1x32 8l16£15 81.7£35 942x15 934x14 556+1.1
Linear 4K+2.5K 784£12 79.7+£20 79318 81.7x24 757£3.0 763%£22 70222 735%21 824£23 824%16 95808 95109 551£0.6
766 Attn 4K+5K 784£05 78.8+08 82034 82221 749£3.1 733£28 62012 62931 75021 934£1.0
GAT Attn PE 4K+5K 788+0.8 80.1£22 82032 795+07 732431 759%58 66720 650+35 83211 3
DeepSets 4K+.5K 792£1.6 797+18 81220 827x47 712£41 765+£38 58826 564x43 75431
767 1D Conv 4K+.9K 784£09 786+17 81740 837£29 706£23 757+15 67320 68.1+13 809+13 .
Linear 4K+2.5K 784+08 779422 793+14 788%0.6 762+32 706+32 627+34 602+48 77.6%1.7 933+1.1
768 Attn 4K+5K 784+£08 782+£05 788+06 785+1.9 61.0+0.1 739+41 53.6+40 463+8.1 732+£52 928+13 89.6+08
GIN Attn PE 4K+5K 782405 782405 788+0.6 788+0.6 61.0+0.1 61.0+0.1 584+48 528+69 751+£35 92.8+1.0 90.6+6.0
769 DeepSets 4K+.5K 796+£1.6 79.0+09 81.0x14 802+20 747+£34 692+22 49535 53669 712£2.0 89.5+19 872438
1D Conv 4K+.9K 782£05 784%14 790x12 812x14 721£56 70.1£68 57947 527x27 765+£3.7 91.8+1.7 90.6+08 538+04 542%1.1
Linear 4K+2.5K 79.0£0.6 78.6+08 83217 847x27 743+£6.1 749%33 795+12 79411 860£22 854%15 967+08 96407 557x1.1 563+14
770 Attn 4K+5K 782£05 782+05 81728 79.0+09 683+£57 71.7+41 79.0+18 813x19 848£09 865£26 96.1+06 97.2+08 538£07 548%12
NoMP  Attn PE 4K+5K 784+£04 777+15 788+06 788x0.6 642+48 721£37 813x19 806+3.6 880£19 865£22 963+08 96212 548x14 553+£1.1
771 DeepSets 4K+.5K 784£08 78.0£05 83221 820x28 695+£3.0 726%36 78.0x20 792x19 86.0£22 875%£20 96306 96.6+08 540+04 543%1.0
1D Conv 4K+.9K 780£19 781%1.1 81.0x17 793x1.8 71.6£32 757£27 81.1x09 81.6x19 87.0£20 885%£25 972%03 98.0x04 545%1.0 54.1%04
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Table 6: We provide a comparison with DECT (Réell & Rieck, 2024). DECT summarizes the
graph with a single global ECT and subsequently applies a convolutional neural network for the
classification. We compare our method with two variants of DECT, one with 4K parameters and
one with 65K parameters. The parameter count in LEAP ranges from 1K to 5K and therefore the
comparison with DECT (4K) would be the most appropriate, although we outperform both variants

on most datasets.

MODEL COox2 BZR DHFR LETTER-H LETTER-M  LETTER-L
DECT (4K) 704+09 81.8+32 679+50 63.8+£6.0 762+48 91521
DECT (65K) 74.6+45 843x6.1 729+x16 854x13 863+2.0 96812
LEAP-L (GCN) 794+1.0 825+1.6 77628 742+15 83.6x13 960+09
LEAP-L (GAT) 80.1£22 83.7+29 765+3.8 735+£21 824x16 95209
LEAP-L(NoMP) 78.6+0.8 84.7+2.7 757+27 81.6+£19 885+£25 98.0+04
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