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Abstract

The J-orthogonal matrix, also referred to as the hyperbolic orthogonal matrix, is1

a class of special orthogonal matrix in hyperbolic space, notable for its advanta-2

geous properties. These matrices are integral to optimization under J-orthogonal3

constraints, which have widespread applications in statistical learning and data4

science. However, addressing these problems is generally challenging due to5

their non-convex nature and the computational intensity of the constraints. Cur-6

rently, algorithms for tackling these challenges are limited. This paper introduces7

JOBCD, a novel Block Coordinate Descent method designed to address opti-8

mizations with J-orthogonality constraints. We explore two specific variants of9

JOBCD: one based on a Gauss-Seidel strategy (GS-JOBCD), the other on a10

variance-reduced and Jacobi strategy (VR-J-JOBCD). Notably, leveraging the11

parallel framework of a Jacobi strategy, VR-J-JOBCD integrates variance reduc-12

tion techniques to decrease oracle complexity in the minimization of finite-sum13

functions. For both GS-JOBCD and VR-J-JOBCD, we establish the oracle com-14

plexity under mild conditions and strong limit-point convergence results under the15

Kurdyka-Lojasiewicz inequality. To demonstrate the effectiveness of our method,16

we conduct experiments on hyperbolic eigenvalue problems, hyperbolic structural17

probe problems, and the ultrahyperbolic knowledge graph embedding problem.18

Extensive experiments using both real-world and synthetic data demonstrate that19

JOBCD consistently outperforms state-of-the-art solutions, by large margins.20

1 Introduction21

A matrix X ∈ Rn×n is a J-orthogonal matrix if XTJX = J, where J = [
Ip 0
0 −In−p

], and Ip is a p×p22

identity matrix. Here, J ∈ Rn×n is the signature matrix with signature (p, n− p). In this paper, we23

mainly focus on the following optimization problem under J-orthogonality constraints:24

minX∈Rn×n f(X) ≜ 1
N

∑N
i=1 fi(X), s. t. XTJX = J. (1)

Here, f(X) could have a finite-sum structure, each component function fi(X) is assumed to be25

differentiable, and N is the number of data points. For brevity, the J-orthogonality constraint26

XTJX = J in Problem (1) is rewritten as X ∈ J .27

We impose the following assumptions on Problem (1) throughout this paper. (A-i) For any matrices28

X and X+, we assume fi : Rn×n 7→ R is continuously differentiable for some symmetric positive29

semidefinite matrix H ∈ Rnn×nn that:30

fi(X
+) ≤ fi(X) + ⟨X+ −X,∇fi(X)⟩+ 1

2∥X
+ −X∥2H, (2)

for all i ∈ [N ], where ∥H∥ ≤ Lf for some constant Lf > 0 and ∥X∥2H ≜ vec(X)⊤H vec(X).31

This further implies that: ∥∇fi(X) − ∇fi(X+)∥F ≤ Lf∥X − X+∥F for all i ∈ [N ]. Impor-32

tantly, the function f(X) = 1
2 tr(X

⊤CXD) = 1
2∥X∥2H with H = D ⊗ C satisfies the equality33
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∀X,X+, f(X+) = Q(X+;X) in (2), where C ∈ Rn×n and D ∈ Rn×n are arbitrary symmetric34

matrices. (A-ii) The function fi(X) is coercive for all i ∈ N , that is, lim∥X∥F→∞ fi(X) = ∞, ∀i.35

Problem (1) defines an optimization framework that is fundamental to a wide range of models in36

statistical learning and data science, including hyperbolic eigenvalue problem [6, 43, 40], hyperbolic37

structural probe problem [20, 7], and ultrahyperbolic knowledge graph embedding [48]. Additionally,38

it is closely related to machine learning in hyperbolic spaces, including Lorentz model learning39

[35, 50, 8] and ultrahyperbolic neural networks [27, 54, 42]. It also intersects with hyperbolic linear40

algebra [3, 21], addressing problems such as the indefinite least squares problem, hyperbolic QR41

factorization, and indefinite polar decomposition.42

1.1 Related Work43

▶ Block Coordinate Descent Methods. Block Coordinate Descent (BCD) is a well-established44

iterative algorithm that sequentially minimizes along block coordinate directions. Its simplicity45

and efficiency have led to its widespread adoption in structured convex applications [37]. Recently,46

BCD has gained traction in non-convex problems due to its robust optimality guarantees and/or47

excellent empirical performance in areas including optimal transport [22], matrix optimization [12],48

fractional minimization [52], deep neural networks [5, 53, 32], federated learning[47], black-box49

optimization [4], and optimization with orthogonality constraints [51, 14]. To our knowledge, this is50

the first application of BCD methods to optimization under J-orthoginality constraints, with a focus51

on analyzing their theoretical guarantees and empirical efficacy.52

▶ Minimizing Smooth Functions under J-Orthogonality Constraints. The J-orthogonal matrix53

belongs to a subset of generalized orthogonal matrices [16, 36, 23]. However, projecting onto the54

J-orthogonality constraint poses challenges, complicating the extension of conventional optimization55

algorithms to address optimization problems under these constraints [1, 16]. This contrasts with56

computing orthogonal projections using methods such as polar or SVD decomposition, or approxi-57

mating them via QR factorization. Existing methods for addressing Problem (1) can be categorized58

into three classes. (i) CS-Decomposition Based Methods. These approaches involve parameterizing59

four orthogonal matrices (as described in Proposition 2.2) and subsequently minimizing a smooth60

function over these matrices in an alternating fashion. The involvement of 3×3 block matrices makes61

the implementation of these methods very challenging. Consequently, the work of [48] focuses on62

optimizing a reduced subspace of the CS decomposition parameters, albeit at the expense of losing63

some degrees of freedom. (ii) Unconstrained Multiplier Correction Methods [31, 13, 14]. These64

methods leverage the symmetry and explicit closed-form expression of the Lagrangian multiplier at65

the first-order optimality condition. Consequently, they address an unconstrained problem, resulting66

in efficient first-order infeasible approaches. (iii) Alternating Direction Method of Multipliers [19].67

This method reformulates the original problem into a bilinear constrained optimization problem by68

introducing auxiliary variables. It employs dual variables to handle bilinear constraints, iteratively69

optimizing primal variables while keeping other primal and dual variables fixed, and using a gradient70

ascent strategy to update the dual variables. This approach has become widely adopted for solving71

general nonconvex and nonsmooth composite optimization problems. Notably, all the aforementioned72

methods solely identify critical points of Problem (1).73

▶ Finite-Sum Problems via Stochastic Gradient Descent. The finite-sum structure is prevalent in74

machine learning and statistical modeling, facilitating decomposition into smaller, more manageable75

components. This property is advantageous for developing efficient algorithms for large-scale prob-76

lems, such as Stochastic Gradient Descent (SGD). Reducing variance is crucial in SGD because it can77

lead to more stable and faster convergence. Various techniques, such as mini-batch SGD, momentum78

methods, and variance reduction methods like SAGA [10], SVRG [25], SARAH [34], SPIDER79

[11, 44], SNVRG [55], and PAGE [30], have been developed to address this issue. Additionally, SGD80

for minimizing composite functions has also been investigated by the authors [15, 24, 29].81

1.2 Contributions82

This paper makes the following contributions. (i) Algorithmically: We introduce the JOBCD83

algorithm, a novel Block Coordinate Descent method specifically designed to tackle optimizations84

constrained by J-orthogonality. We explore two specific variants of JOBCD, one based on a85

Gauss-Seidel strategy (GS-JOBCD), the other on a variance-reduced and Jacobi strategy (VR-86

J-JOBCD). Notably, VR-J-JOBCD incorporates a variance-reduction technique into a parallel87

framework to reduce oracle complexity in the minimization of finite-sum functions (See Section88

2). (ii) Theoretically: We provide comprehensive optimality and convergence analyses for both89
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algorithms (see Sections 3 and 4). (iii) Empirically: Extensive experiments across hyperbolic90

eigenvalue problems, structural probe problems, and ultrahyperbolic knowledge graph embedding,91

using both real-world and synthetic data, consistently show the significant superiority of JOBCD92

over state-of-the-art solutions (see Section 5).93

2 The Proposed JOBCD Algorithm94

This section proposes JOBCD for solving optimization problems under J-orthogonality constraints95

in Problem (1), which is based on randomized block coordinate descent. Two variants of JOBCD are96

explored, one based on a Gauss-Seidel strategy (GS-JOBCD), the other on a variance-reduced and97

Jocobi strategy (VR-J-JOBCD).98

Notations. We define [n] ≜ {1, 2, . . . , n}. We denote Ω ≜ {B1,B2, . . . ,BC2
n
} as all the possible99

combinations of the index vectors choosing 2 items from n without repetition. For any B ∈ Ω, we100

define UB ∈ Rn×2 as (UB)ji = 1 if Bi = j, else 0 for all j and i, leading to UT
BX = X(B, :) ∈101

R2×n. We denote JB ≜ {V |VTJBBV = JBB}, where JBB ∈ R2×2 is the sub-matrix of J indexed by102

B. Further notations are provided in Appendix A.1.103

2.1 Gauss-Seidel Block Coordinate Descent Algorithm104

This subsection describes the proposed GS-JOBCD algorithm. We consider Problem (1) with N = 1105

only, without utilizing its finite-sum structure.106

GS-JOBCD is an iterative algorithm that, in each iteration t, randomly and uniformly (with replace-107

ment) selects a coordinate B from the set Ω and then solves a small-sized subproblem. The row index108

[n] of the decision variable X are separated to two sets B and Bc, where B ∈ Ω with |B| = 2 is the work-109

ing set and Bc = [n]\B. For simplicity, we use B instead of Bt. Following [51], we consider the follow-110

ing block coordinate update rule: [Xt+1(B, :) = VXt(B, :)] ⇔ [Xt+1 = Xt +UB(V − I)UT
BX

t],111

where V ∈ R2×2 is some suitable matrix.112

The following lemma illustrates matrix selection for enforcing J-orthogonality constraints via the113

update rule X+ ⇐ XB(V) ≜ X+UB(V − I)UT
BX, and presents associated properties.114

Lemma 2.1. (Proof in Section C.1) For any B ∈ Ω, we define X+ ≜ XB(V) ≜ X+UB(V−I)UT
BX.115

We have: (a) If V ∈ JB and X ∈ J , then X+ ∈ J . (b) ∥X+ − X∥2F ≤ ∥X∥2F · ∥V − I∥2F. (c)116

∥X+ −X∥2H ≤ ∥V − I∥2Q for all Q ≽ Q ≜ (Z⊤ ⊗UB)
⊤H(Z⊤ ⊗UB), Z ≜ U⊤

B X ∈ Rk×n.117

▶ The Main Algorithm. Using the above update rule, we consider the following iterative procedure:118

Xt+1 ⇐ X t
B (V̄

t), where V̄t ∈ argminV f(X t
B (V)). However, the resulting subproblem could be119

still difficult to solve. This inspires us to use sequential majorization minimization [38, 33] to address120

it. This technique iteratively constructs a surrogate function that upper-bounds the objective function,121

allowing for effective optimization and gradual reduction of the objective function. We derive:122

f(X t
B (V))

①
≤ f(Xt) + 1

2∥X
t
B (V)−Xt∥2H + ⟨X t

B (V)−Xt,∇f(Xt)⟩
②
≤ f(Xt) + 1

2∥V − I∥2Q+θI + ⟨V − I, [∇f(Xt)(Xt)T]BB⟩ ≜ G(V;Xt, Bt), (3)

where step ① uses Inequality (2); step ② uses Claim (c) of Lemma 2.1, θ ≥ 0 and the fact that123

⟨UB(V − I)UT
BX,∇f(X)⟩ = ⟨V − I, [∇f(X)XT]BB⟩, and the choice of Q ∈ R4×4 that:124

Q = Q, or Q = ςI2, with ∥Q∥ ≤ ς ≤ Lf . (4)

Therefore, the function G(V;Xt, Bt) becomes a majorization function of f(X) at Xt ∈ J for all Bt ∈125

Ω. We can consider the following optimization problem to find V
t
: V

t ∈ argminV G(V;Xt, Bt).126

We summarize the proposed GS-JOBCD in Algorithm 1.127

Although the J-orthogonality constraint typically has a sorted diagonal with diag(J) ∈ {−1,+1}n,128

GS-JOBCD is also applicable to problems with more general constraints XTJX = J where129

diag(J) ∈ {±1}n is unsorted.130

▶ Solving the Small-Sized Subproblem. We now elaborate on how to find the global op-131

timal solution of Problem (6). We notice that V ∈ JB ≜ {V |VTJBBV = JBB}, where132

JBB ∈ {( 1 0
0 −1 ), (

1 0
0 1 ), (

−1 0
0 −1 )}. We now concentrate on the first case where JBB = ( 1 0

0 −1 ). The133

following proposition provides a strategy to decompose any J-orthogonal matrix.134
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Algorithm 1: GS-JOBCD: Block Coordinate Descent Methods using a Gauss-Seidel Strategy
for Solving Problem (1)

Init.: Set X0 to satisfy J-orthogonality constraints (e.g., via Hyperbolic CS Decomposition).
for t from 0 to T do

(S1) Choose a coordinate Bt with |Bt| = 2 from the set Ω randomly and uniformly (with
replacement) for the t-th iteration. Denote B = Bt.

(S2) Choose a matrix Q ∈ R4×4 using Formula (4).
(S3) Solve the following small-size subproblem globally.

V
t ∈ arg min

V∈JB

1
2∥V − I∥2Q+θI + ⟨V − I, [∇f(Xt)(Xt)T]BB⟩+ f(Xt) (5)

= arg min
V∈JB∈R2×2

1
2∥V∥2

Q̇
+ ⟨V,P⟩+ c (6)

where P ≜ [∇f(Xt)(Xt)T]BB −mat(Q̇ vec(I2)), Q̇ = Q+ θI and
c ≜ f(Xt)− ⟨I2, [∇f(Xt)(Xt)T]BB⟩+ 1

2∥I∥
2
Q̇

is a constant.

(S4) Xt+1(B, :) = V
t
Xt(B, :)

end

Proposition 2.2. (Hyperbolic CS Decomposition [41]) Let V be J-orthogonal with signature135

(p, n − p). Assume that n − p ≤ p. Then there exist vectors ċ, ṡ ∈ Rn−p with ċ ⊙ ċ −136

ṡ ⊙ ṡ = 1, and orthogonal matrices U1,V1 ∈ Rp×p and U2,V2 ∈ R(n−p)×(n−p) such that:137

V = [ U1 0
0 U2

][
Diag(ċ) 0 Diag(ṡ)

0 Ip−(n−p) 0

Diag(ṡ) 0 Diag(ċ)
][ VT

1 0

0 VT
2
].138

Applying Proposition 2.2 with n = 2, p = 1, and U1 = U2 = V1 = V2 = ±1, c̃2 − s̃2 = 1 with139

c̃, s̃ ∈ R, we parametrize V as: V = (±1 0
0 ±1 ) · ( c̃ s̃

s̃ c̃ ) · (
±1 0
0 ±1 ), where we denote s̃ as sinh(µ), c̃ as140

cosh(µ), and t̃ as tanh(µ)for some µ ∈ R, for simplicity of notation. It is not difficult to show that141

Problem (6) reduces to the following one-dimensional search problem:142

µ̄ ∈ min
µ

1
2 vec(V)TQ̇ vec(V) + ⟨V,P⟩, s. t. V ∈ {( c̃ s̃

s̃ c̃ ), (
c̃ −s̃

− s̃ c̃ ), (− c̃ −s̃
s̃ c̃ ), ( c̃ −s̃

s̃ −c̃ )}. (7)

We apply a breakpoint search method to solve Problem (7). For simplicity, we provide an analysis143

only for the first case. A detailed discussion of all four cases can be found in Appendix Section B.1.144

For the case where V = ( c̃ s̃
s̃ c̃ ), Problem (7) reduces to the following problem:145

min
c̃,̃s

a c̃ +b s̃ +c c̃2 +d c̃ s̃ +e s̃2, (8)

where a = P11 + P22, b = P12 + P21, c = 1
2 (Q̇11 + Q̇41 + Q̇14 + Q̇44), d = 1

2 (Q̇21 + Q̇31 +146

Q̇12 + Q̇42 + Q̇13 + Q̇43 + Q̇24 + Q̇34), and e = 1
2 (Q̇22 + Q̇32 + Q̇23 + Q̇33). Then we perform147

a substitution to convert Problem (8) into an equivalent problem that depends on the trigonometric148

functions: (i) c̃2 = 1

1−t̃
2 ; (ii) s̃2 = t̃

2

1−t̃
2 ; (iii) t̃ = s̃

c̃ . The following lemma provides a characterization149

of the global optimal solution for Problem (8).150

Lemma 2.3. (Proof in Section C.2) We let F̆ (c̃, s̃) ≜ ac̃+ bs̃+ cc̃2 + dc̃s̃+ es̃2. The optimal so-151

lution µ̄ to Problem (8) can be computed as: [cosh(µ̃), sinh(µ̃)] ∈ argmin[c,s] F̆ (c, s), s. t. [c, s] ∈152

{[ 1√
1−(t̄+)2

, t̄+√
1−(t̄+)2

], [ −1√
1−(t̄−)2

, −t̄−√
1−(t̄−)2

]}, where t̄+ ∈ argmint p(t) ≜ a+bt√
1−t2

+ w+dt
1−t2 ;153

t̄− ∈ argmint p̃(t) ≜ −a−bt√
1−t2

+ w+dt
1−t2 . Here w = c+ e.154

We now describe how to find the optimal solution t̄+, where t̄+ ∈ argmint p(t) ≜ a+bt√
1−t2

+155

w+dt
1−t2 ; this strategy can naturally be extended to find t̄−. Initially, we have the following156

first-order optimality conditions for the problem: 0 = ∇p(t) =[b(1− t2) + (a+ bt)t]
√
1− t2 +157

[d(1− t2) + (w + dt)(2t)] ⇔ dt2 + 2wt+ d = −[b+ at]
√
1− t2. Squaring both sides yields the158

following quartic equation: c4t4+ c3t3+ c2t2+ c1t+ c0 = 0, where c4 = d2+a2, c3 = 4wd+2ab,159

4



c2 = 4w2 +2d2 − a2 + b2, c1 = 4wd− 2ab, c0 = d2 − b2. This equation can be solved analytically160

by Lodovico Ferrari’s method [46], resulting in all its real roots {t̄1, t̄2, . . . , t̄j} with 1 ≤ j ≤ 4.161

For the second and third cases, Problem (6) essentially boils down to optimization under orthogonality162

constraints. The work of [51] derives a breakpoint search method for finding the optimal solution for163

Problem (6) with JBB ∈ {( 1 0
0 1 ), (

−1 0
0 −1 )} using the Givens rotation and Jacobi reflection matrices.164

2.2 Variance-Reduced Jacobi Block Coordinate Descent Algorithm165

This subsection proposes the VR-J-JOBCD algorithm, a randomized block coordinate descent166

method derived from GS-JOBCD. Importantly, by leveraging the parallel framework of a Jacobi167

strategy [17, 9], VR-J-JOBCD integrates variance reduction techniques [39, 30, 18] to decrease168

oracle complexity in the minimization of finite-sum functions. This makes the algorithm effective for169

minimizing large-scale problems under J-orthogonality constraints.170

Notations. We assume n is an even number in this paper. We create (n/2) pairs by non-overlapping171

grouping of the numbers in any arbitrary combination, with each pair containing two distinct numbers172

from the set [n]. It is not hard to verify that such grouping yields CJ = (n!)/(2n/2 n
2 !) possible173

combinations. The set of these combinations is denoted as Υ ≜ {B̃i}CJ
i=1 ≜ {B̃1, B̃2, . . . , B̃CJ

} 1.174

▶ Variance Reduction Strategy. We incorporate state-of-the-art variance reduction strategies from175

the literature [30, 5] into our algorithm to solve Problem (1). These methods iteratively generate a176

stochastic gradient estimator as follows:177

G̃t =

{
1
b

∑
i∈St+

∇fi(Xt), with probability p;

G̃t−1 + 1
b′

∑
i∈St∗

(∇fi(Xt)−∇fi(Xt−1)), with probability 1− p.
(9)

Here, {St+, St∗} are uniform random minibatch samples with |St+| = b, |St∗| = b′, and G̃0 =178
1
b

∑
i∈S0+

∇fi(X0). We drop the superscript t for {St+, St∗} as t can be inferred from context. We179

only focus on the default setting that [30, 5]: b = N , b′ =
√
b and p = b′

b+b′ .180

▶ Jacobi Block Coordinate Descent Method. The proposed algorithm is built upon the parallel181

framework of a Jacobi strategy. In each iteration t, we randomly and uniformly (with replacement)182

select a coordinate set Bt ≜ {Bt(1), B
t
(2), · · · , B

t
(n
2 )} from the set Υ with Bt ∈ Nn

2 ×2 and Bt(i) ∈ N2.183

For all t, we have: Bt(i) ∩ Bt(j) = ∅ and ∪n/2
i=1(B

t
(i)) = [n]. We drop the superscript t if t can be184

inferred from context.185

The following lemma shows how to choose a suitable matrix Q so that the Jacobi strategy can be186

applied.187

Lemma 2.4. (Proof in Section C.3) We let Bt ≜ {Bt(1), B
t
(2), · · · , B

t
(n
2 )} ∈ Υ for all t. We let Q = ςI4,188

where ς is some suitable constant with ς ≤ Lf . For any Bt(i) and Bt(j) with i ̸= j, their corresponding189

objective functions as in Equation (3) are independent.190

We consider the following block coordinate update rule in VR-J-JOBCD: Xt+1 ⇐ X̃ t
B (V:) ≜191

Xt + [
∑n/2

i=1 UB(i)(Vi − I2)U
⊤
B(i) ]X

t. The following lemma provides properties of this rule.192

Lemma 2.5. (Proof in Section C.4) We let B ∈ Υ, Vi ∈ JB(i) , X ∈ J , and i ∈193

[n2 ]. We define X+ ≜ X̃B(V:) ≜ X + [
∑n/2

i=1 UB(i)(Vi − I2)U
⊤
B(i) ]X. We have: (a)194 ∑n

2
i=1 ∥UB(i)(Vi − I2)U

⊤
B(i)X∥2F = ∥

∑n
2
i=1 UB(i)(Vi − I2)U

⊤
B(i)X∥2F. (b) ∥X+ −X∥2F ≤ ∥X∥2F ·195 ∑n/2

i=1 ∥Vi − I2∥2F. (c) ∥X+ −X∥2H ≤
∑n/2

i=1 ∥Vi − I2∥2Q with Q = ςI4. (d) For all G̃ ∈ Rn×n, it196

follows that: 2
∑n/2

i=1⟨Vi−I2, [(∇f(X)−G̃)X⊤]B(i)B(i)⟩ ≤ ∥X∥2F
∑n/2

i=1 ∥Vi−I2∥2F+∥[∇f(X)−197

G̃]∥2F.198

▶ The Main Algorithm. Using the update rule above, we consider the following iterative procedure:199

Xt+1 ⇐ X̃ t
B (V:), where V̄t

: ∈ argminV:
f(X̃ t

B (V:)). We establish the majorization function for200

1Taking n = 4 for example, we have: Υ = {{(1, 2), (3, 4)}, {(1, 3), (2, 4)}, {(1, 4), (2, 3)}}.
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f(X̃ t
B (V:)), as follows:201

f(X̃ t
B (V:))

①
≤ f(Xt) + ⟨X̃ t

B (V:)−Xt,∇f(Xt)⟩+ 1
2∥X̃

t
B (V:)−Xt∥2H

②
≤ f(Xt) +

∑n/2
i=1{⟨Vi − I2, [∇f(X)(X)⊤]B(i)B(i)⟩+ 1

2∥Vi − I2∥2(θ+ς)I} (10)

where step ① uses the results of telescoping Inequality (2) over i from 1 to N ; step ② uses Xt+1 −202

Xt = [
∑n/2

i=1 UB(i)(Vi − I2)U
⊤
B(i) ]X

t, Claim (c) of Lemma 2.5, θ ≥ 0, and Q = ςI.203

Instead of computing the exact Euclidean gradient ∇f(Xt) as GS-JOBCD, VR-J-JOBCD maintains204

and updates a recursive gradient estimator G̃t using a variance-reduced strategy as in Formula (9).205

We consider minimizing the following function instead of the one on the right-hand side of Inequality206

(10):207

T (V:;X
t, Bt) ≜ f(Xt) +

∑n/2
i=1⟨Vi − I2, [G̃

t(Xt)⊤]B(i)B(i)⟩+ 1
2∥Vi − I2∥2Q̈. (11)

Here, T (V:;X
t, Bt) can be termed as a stochastic majorization function of f(X̃ t

B (V:)) at the current208

solution Xt. Therefore, we can consider the following optimization problem to find {V:} using:209

V̄t
: ∈ argminV:

T (V:;X
t, Bt), which can be decomposed into (n/2) independent subproblems and210

solved in parallel. It is important to note that each Vi in Problem (12) is identical to Problem (6),211

which can be efficiently solved in O(1) using the breakpoint search method, as in GS-JOBCD.212

We summarize the proposed VR-J-JOBCD in Algorithm 2. Notably, when N = 1, VR-J-JOBCD213

simplifies to a direct Jacobi strategy for solving Problem (1), which we refer to as J-JOBCD.214

Algorithm 2: VR-J-JOBCD: Block Coordinate Descent Methods using a variance-reduced and
Jacobi strategy for Solving Problem 1

Init.: Set X0 to satisfy J-orthogonality constraints (e.g., via Hyperbolic CS Decomposition).
for t from 0 to T do

(S1) Choose a coordinate Bt from the set Υ randomly and uniformly (with replacement) for
the t-th iteration. Denote B = Bt. In our implementation, we simply randomly permute the
set {1, 2, ..., n} and then output the grouping {[1, 2], [3, 4], [5, 6], · · · , , [n− 1, n]}.

(S2) Use a variance-reduced strategy (9) to obtain G̃t.
(S3) Solve small-sized subproblems in parallel with Q = ςI ∈ R4×4.

for i = 1 to n/2 in parallel do

V
t
i ∈ arg min

Vi∈JB(i)

1
2∥Vi − I∥2

Q̈
+ ⟨Vi − I, [∇f(Xt)(Xt)T]B(i)B(i)⟩+ f(Xt)

= arg min
Vi∈JB(i)

1
2∥Vi∥2Q̈ + ⟨Vi,Pi⟩ (12)

where Pi ≜ [∇f(Xt)(Xt)T]B(i)B(i) −mat(Q̈ vec(I2))− θI2, Q̈ = (ζ + θ)I.
(S4) Update the solution Xt+1 in parallel as follows:

for i = 1 to n/2 in parallel do
Xt+1(B(i), :) = V̄t

iX
t(B(i), :)

end

3 Optimality Analysis215

This section provides an optimality analysis for the proposed algorithms.216

Initially, we define the first-order optimality condition for Problem (1). Since the matrix XTJX217

is symmetric, the Lagrangian multiplier Λ corresponding to the constraints XTJX = J is also a218

symmetric matrix. The Lagrangian function of problem (1) is L(X,Λ) = f(X)− 1
2 ⟨Λ,X

TJX− J⟩.219

We obtain the following lemma for the first-order optimality condition for Problem (1).220

Lemma 3.1. (Proof in Section D.1, First-Order Optimality Condition) We let J ≜ {X |XTJX =221

J}. We have (a) A solution X̌ ∈ J is a critical point of problem (1) if and only if: 0 =222
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∇J f(X̌) ≜ ∇f(X̌)− JX̌[∇f(X̌)]⊤X̌J. The associated Lagrangian multiplier can be computed as223

Λ = JX̌T∇f(X̌). (b) The critical point condition is equivalent to the requirement that the matrix224

X∇f(X̌)TJ is symmetric, which is expressed as XGTJ = [XGTJ]T.225

Remarks. While our results in Lemma 3.1 show similarities to existing works focusing on problems226

under orthogonality constraints [45], this study marks the first investigation into the first-order227

optimality condition for optimization problems under J-orthogonality constraints.228

The following definition is useful in our subsequent analysis of the proposed algorithms.229

Definition 3.2. (Block Stationary Point, abbreviated as BS-point) Let θ > 0. A solution Ẍ ∈ J is230

termed as a block stationary point if, for all B ∈ Ω ≜ {B1,B2, . . . ,BC2
n
}, the following condition is231

satisfied: I2 ∈ argminV∈JB G(V; Ẍ, B).232

The following theorem shows the relation between critical points and BS-points.233

Theorem 3.3. (Proof in Section D.2) Any BS-point is a critical point, while the reverse is not234

necessarily true.235

4 Convergence Analysis236

This section provides a convergence analysis for GS-JOBCD and VR-J-JOBCD.237

For GS-JOBCD, the randomness of output (V
t
,Xt+1) for all t are influenced by the random variable238

ξt ≜ (B1; B2; · · · ; Bt). For VR-J-JOBCD, the randomness of output (V̄t
: ,X

t+1) are influenced by239

the random variables ιt ≜ (B1, S1+, S
1
∗; B

2, S2+, S
2
∗; · · · ; Bt, St+, St∗).240

We denote X̄ as the global optimal solution of Problem (1). To simplify notations, we define:241

ut = ∥G̃t −∇f(Xt)∥2F, and ∆i = f(Xi)− f(X̄).242

We impose the following additional assumptions on the proposed algorithms.243

Assumption 4.1. There exists constants {X,V} that: ∥Xt∥F ≤ X, and ∥Vt∥F ≤ V for all t.244

Assumption 4.2. There exists a constant G that: ∥∇f(Xt)∥F ≤ G, and ∥G̃t∥F ≤ G for all t.245

Assumption 4.3. For any X ∈ Rn×n, Ei[∥∇fi(Xt)−∇f(Xt)∥2F] ≤ σ2, where i is drawn uniformly246

at random from [N ].247

Remarks. (i) Assumption 4.1 is satisfied as the function fi(X) is coercive for all i. (ii) Assumption248

4.2 imposes a bound on the (stochastic) gradient, a fairly moderate condition frequently employed in249

nonconvex optimization [26]. (iii) Assumption 4.3 ensures that the variance of the stochastic gradient250

is bounded, which is a common requirement in stochastic optimization [30, 5].251

4.1 Global Convergence252

We define the ϵ-BS-point as follows.253

Definition 4.4. (ϵ-BS-point) Given any constant ϵ > 0, a point Ẍ is called an ϵ-BS-point if: E(Ẍ) ≤ ϵ.254

Here, E(X) is defined as E(X) ≜ 1
C2

n

∑C2
n

i=1 dist(I2, argminV G(V;X,Bi))
2 for For GS-JOBCD,255

while it is defined as E(X) ≜ 1
CJ

∑CJ

i=1 Eιt [dist(I2, argminV: T (V:;X, B̃i))
2] for VR-J-JOBCD,256

where the expectation is with respect to the randomness inherent in the algorithm [30].257

We have the following useful lemma for VR-J-JOBCD.258

Lemma 4.5. (Proof in Section E.1) Suppose Assumption 4.3 holds, then the variance Eιt [uk] of the259

gradient estimators {G̃t} of Algorithm 2 is bounded by: Eιt [u
t] ≤ p(N−b)

b(N−1)σ
2 + (1− p)Eιt−1 [ut−1]+260

L2
f X2

(1−p)

b′ Eιt−1 [
∑n/2

i=1 ∥V
t−1
i − I2∥2F]261

The following two theorems establish the iteration complexity (or oracle complexity) for GS-JOBCD262

and VR-J-JOBCD.263

Theorem 4.6. (Proof in Section E.2) GS-JOBCD finds an ϵ-BS-point of Problem (1) within O(∆0N
ϵ )264

arithmetic operations.265
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Theorem 4.7. (Proof in Section E.3) Let b = N , b′ =
√
N , and p = b′

b+b′ . VR-J-JOBCD finds an266

ϵ-BS-point of Problem (1) within O(nN + ∆0

√
N

ϵ ) arithmetic operations.267

Remark. Theorems 4.6 and 4.7 demonstrate that the arithmetic operation complexity of GS-JOBCD268

is linearly dependent on N , while VR-J-JOBCD is linearly dependent on
√
N . Therefore, VR-J-269

JOBCD reduces the iteration complexity significantly.270

4.2 Strong Convergence under KL Assumption271

We prove algorithms achieve strong convergence based on a non-convex analysis tool called Kurdyka-272

Łojasiewicz inequality[2].273

We impose the following assumption on Problem (1).274

Assumption 4.8. (Kurdyka-Łojasiewicz Property). Assume that f◦(X) = f(X) + IJ (X) is a KL275

function. For all X ∈ dom f◦, there exists σ ∈ [0, 1), η ∈ (0,+∞] a neighborhood Υ of X and a276

concave and continuous functionφ(t) = ct1−σ, c > 0, t ∈ [0, η) such that for all X′ ∈ Υ and satisfies277

f◦(X′) ∈ (f◦(X), f◦(X) + η), the following holds: dist(0,∇f◦(X′))φ′(f◦(X′)− f◦(X)) ≥ 1.278

We establish strong limit-point convergence for VR-J-JOBCD and GS-JOBCD.279

Theorem 4.9. (Proof in Section E.5, a Finite Length Property). The sequence {Xt}∞t=0 of GS-280

JOBCD has finite length property that: ∀t,
∑t

i=1 Eξt [∥Xt+1 −Xt∥F] ≤ O(φ(∆1)) < +∞, where281

φ(·) is the desingularization function defined in Proposition 4.8.282

Theorem 4.10. (Proof in Section E.4, a Finite Length Property). Choosing b = N , b′ =
√
N283

and p = b′

b+b′ , then the sequence {Xt}∞t=0 of VR-J-JOBCD has finite length property that:284

∀t,
∑t

i=1 Eιt [∥Xt+1 − Xt∥F] ≤ O(φ(∆1)
N1/4 ) < +∞, where φ(·) is the desingularization function285

defined in Assumption 4.8.286

5 Applications and Numerical Experiments287

This section demonstrates the effectiveness and efficiency of JOBCD on three optimization tasks:288

(i) the hyperbolic eigenvalue problem, (ii) structural probe problem, and (iii) Ultra-hyperbolic289

Knowledge Graph Embedding problem. We provide experiments for the last problem in Section F.2.290

▶ Application to the Hyperbolic Eigenvalue Problem (HEVP). The hyperbolic eigenvalue problem291

refers to the generalized eigenvalue problem in hyperbolic spaces [40]. This problem is a fundamental292

component in machine learning models, such as Hyperbolic PCA [43, 6]. Given a data matrix293

D ∈ Rm×n and a signature matrix J with signature (p, n − p), HEVP can be formulated as the294

following optimization problem: minX − tr(XTDTDX), s. t. XTJX = J.295

▶ Application to the Hyperbolic Structural Probe Problem (HSPP). The Structure Probe (SP) is296

a metric learning model aimed at understanding the intrinsic semantic information of large language297

models [20] [7]. Given a data matrix D ∈ Rm×n and its associated Euclidean distance metric298

matrix T ∈ Rm×m, HSPP employs a smooth homeomorphic mapping function φ(·) to project299

the data D into ultra-hyperbolic space. Subsequently, it seeks an appropriate linear transformation300

X ∈ Rn×n constrained within a specific structure X ∈ J , such that the resulting transformed301

data Q ≜ φ(D)X ∈ Rm×n exhibits similarity to the original distance metric matrix T under the302

ultra-hyperbolic geodesic distance dα(Qi:,Qj:), expressed as Ti,j ≈ dα(Qi:,Qj:) for all i, j ∈ [m],303

where Qi: is i-th row of the matrix Q ∈ Rm×n. This can be formulated as the following optimization304

problem: minX
1

m2

∑
i,j∈m(Ti,j − dα(Qi:,Qj:))

2, s. t. Q ≜ φ(D)X, X ∈ J . For more details305

on the functions φ(·) and dα(·, ·), please refer to Appendix Section F.1.306

▶ Datasets. To generate the matrix D ∈ Rm×n, we use 8 real-world or synthetic data sets for both307

HEVP and HSPP tasks: ‘Cifar’, ‘CnnCaltech’, ‘Gisette’, ‘Mnist’, ‘randn’, ‘Sector’, ‘TDT2’, ‘w1a’.308

We randomly extract a subset from the original data sets for the experiments.309

▶ Compared Methods. We compare GS-JOBCD and VR-J-JOBCD with 3 state-of-the-art310

optimization algorithms under J-orthogonality constraints. (i) The CS Decomposition Method311

(CSDM) [48]. (ii) Stardard ADMM (ADMM) [19]. UMCM: Unconstrained Multiplier Correction312

Method [31, 13].313
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Table 1: Comparisons of the objectives for HEVP across all the compared methods. The time limit
is set to 90s. The notation ‘(+)’ indicates that GS-JOBCD significantly improves upon the initial
solution provided by CSDM. The 1st, 2nd , and 3rd best results are colored with red, green and blue,
respectively. The value in (·) stands for

∑n
ij |X⊤JX− J|ij .

dataname(m-n-p) UMCM ADMM CSDM GS-JOBCD J-JOBCD CSDM+GS-JOBCD
cifar(1000-100-50) -1.05e+04(3.0e-09) -1.05e+04(3.0e-09) -5.28e+04(5.4e-09) -1.03e+05(2.6e-08) -1.11e+05(1.4e-07) -1.24e+05(2.6e-08)(+)

CnnCal(2000-1000-500) -5.89e+02(2.9e-08) -5.89e+02(3.1e-10) -1.11e+03(5.2e-10) -1.07e+03(1.3e-09) -9.16e+03(6.9e-08) -1.15e+03(6.9e-10)(+)
gisette(3000-1000-500) -3.22e+06(3.1e-10) -3.22e+06(3.1e-10) -8.53e+06(4.9e-10) -9.49e+06(1.2e-09) -1.36e+07(2.6e-08) -9.65e+06(7.9e-10)(+)
mnist(1000-780-390) -8.65e+04(4.1e-10) -8.65e+04(4.1e-10) -2.56e+05(5.6e-10) -3.14e+05(1.2e-09) -1.20e+06(4.1e-08) -3.06e+05(7.6e-10)(+)

randn(10-10-5) 1.29e+02(9.7e-02) 1.29e+02(9.7e-02) 2.45e+02(2.3e-01) -3.96e+01(9.7e-02) -3.97e+02(9.7e-02) 1.55e+01(2.3e-01)(+)
randn(100-100-50) -1.03e+04(3.0e-09) -1.03e+04(2.5e-07) -1.98e+04(4.4e-09) -2.28e+04(5.6e-08) -4.37e+04(2.6e-07) -2.41e+04(4.2e-08)(+)

randn(1000-1000-500) -1.16e+06(3.1e-10) -1.16e+06(3.1e-10) -1.93e+06(5.0e-10) -1.22e+06(6.9e-10) -1.04e+07(2.3e-07) -1.95e+06(6.7e-10)(+)
sector(500-1000-500) -3.61e+03(3.1e-10) -3.61e+03(3.1e-10) -7.90e+03(4.9e-10) -9.24e+03(1.3e-09) -1.06e+04(2.0e-08) -8.51e+03(6.4e-10)(+)

TDT2(1000-1000-500) -4.25e+06(3.1e-10) -4.25e+06(3.1e-10) -9.39e+06(4.8e-10) -1.05e+07(1.1e-09) -1.42e+07(2.1e-08) -1.04e+07(6.5e-10)(+)
w1a(2470-290-145) -3.02e+04(1.1e-04) -3.02e+04(1.1e-04) -5.72e+04(2.7e-05) -9.21e+04(1.1e-04) -9.32e+06(1.1e-04) -7.94e+04(2.7e-05)(+)

(a) Gisette (3000-100-50) (b) Sector (500-1000-500) (c) wla (2470-290-145)

Figure 1: The convergence curve for the HEVP across various datasets with different parameters
(m,n, p).

(a) Cifar (10000-50-45) (b) Gisette (6000-50-45) (c) News20 (7967-50-45)

Figure 2: The convergence curve for HEVP across various datasets with different parameters
(m,n, p).

▶ Experiment Settings. All methods are implemented using Pytorch on an Intel 2.6 GHz processor314

with an A40 (48GB). For HSPP, we fix α to 1. Each method employs the same random J-orthogonal315

matrix. The built-in solver Admm is used to solve the unconstrained minimization problem in CSDM.316

We provide our code in the supplemental material.317

▶ Experiment Results. Table 1 and Figure 1 display the accuracy and computational efficiency318

for HEVP, while Figure 2 presents the results for HSPP, leading to the following observations: (i)319

GS-JOBCD and JJOBCD consistently deliver better performance than the other methods. (ii) Other320

methods frequently encounter poor local minima, whereas GS-JOBCD effectively escapes these321

minima and typically achieves lower objective values, aligning with our theory that our methods322

locate stronger stationary points. (iii) VR-J-JOBCD outperforms both J-JOBCD and CSDM when323

dealing with a large dataset characterized by an infinite-sum structure.324

6 Conclusions325

In this paper, we propose a new approach JOBCD, which is based on block coordinate descent, for326

solving the optimization problem under J-orthogonality constraints. We discuss two specific variants327

of JOBCD: one based on a Gauss-Seidel strategy (GS-JOBCD), the other on a variance-reduced328

Jacobi strategy. Both algorithms capitalize on specific structural characteristics of the constraints to329

converge to more favorable stationary solutions. Notably, VR-J-JOBCD incorporates a variance-330

reduction technique into a parallel framework to reduce oracle complexity in the minimization of331

finite-sum functions. For both GS-JOBCD and VR-J-JOBCD, we establish the oracle complexity332

under mild conditions and strong limit-point convergence results under the Kurdyka-Lojasiewicz333

inequality. Some experiments on the hyperbolic eigenvalue problem and structural probe problem334

show the efficiency and efficacy of the proposed methods.335
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Appendix478

The appendix is organized as follows.479

Appendix A introduces some notations, technical preliminaries, and relevant lemmas.480

Appendix B concludes some additional discussions.481

Appendix C presents the proofs for Section 2.482

Appendix D offers the proofs for Section 3.483

Appendix E contains the proofs for Section 4.484

Appendix F contains several extra experiments, extensions and discussions of the proposed methods.485

A Notations, Technical Preliminaries, and Relevant Lemmas486

A.1 Notations487

In this paper, we denote the Lowercase boldface letters represent vectors, while uppercase letters488

represent real-valued matrices. We use the Matlab colon notation to denote indices that describe489

submatrices. The following notations are used throughout this paper.490

• N : Set of natural numbers491

• R : Set of real numbers492

• [n]: {1, 2, ..., n}493

• ∥x∥: Euclidean norm: ∥x∥ = ∥x∥2 =
√

⟨x,x⟩494

• xi: the i-th element of vector x495

• Xi,j or Xij : the (ith, jth) element of matrix X496

• vec(X) : vec(X) ∈ Rnn×1, the vector formed by stacking the column vectors of X497

• mat(x) ∈ Rn×n, Convert x ∈ Rnn×1 into a matrix with mat(vec(X)) = X498

• XT : the transpose of the matrix X499

• sign(t) : the signum function, sign(t) = 1 if t ≥ 0 and sign(t) = −1 otherwise500

• X⊗Y : Kronecker product of X and Y501

• det(D) : Determinant of a square matrix D ∈ Rn×nD ∈ Rn×n502

• C2
n : the number of possible combinations choosing k items from n without repetition.503

• 0n,r : A zero matrix of size n× r; the subscript is omitted sometimes504

• Ir : Ir ∈ Rr×r, Identity matrix505

• X ⪰ 0(or ≻ 0) : the Matrix X is symmetric positive semidefinite (or definite)506

• Diag(x): Diagonal matrix with x as the main diagonal entries.507

• tr(A) : Sum of the elements on the main diagonal A: tr(A) =
∑

i Ai,i508

• ∥X∥∗ : Nuclear norm: sum of the singular values of matrix X509

• ∥X∥ : Operator/Spectral norm: the largest singular value of X510

• ∥X∥F : Frobenius norm: (
∑

ij X
2
ij)

1/2511

• ∇f(X) : classical (limiting) Euclidean gradient of f(X) at X512

• ∇J f(X) : Riemannian gradient of f(X) at X513

• Iξ(X) : the indicator function of a set ξ with Iξ(X) = 0 if X ∈ ξ and otherwise +∞514

• dist(ξ, ξ′) : the distance between two sets with dist(ξ, ξ′) ≜ infX∈ξ,X′∈ξ′ ∥X−X′∥F515

• Iξ(x) : the indicator function of a set ξ with Iξ(x) = 0 if x ∈ ξ and otherwise +∞.516
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A.2 Relevant Lemmas517

Lemma A.1. (Lemma 6.6 of [51]) For any W ∈ Rn×n, we have:
∑Ck

n
i=1 ∥W(Bi,Bi)∥2F =518

k
nC

k
n

∑
i W

2
ii + Ck−2

n−2

∑
i

∑
j,j ̸=i W

2
ij . Here, the set {B1,B2, · · · ,BCk

n
} represents all possible519

combinations of the index vectors choosing k items from n without repetition.520

Lemma A.2. We have S+ be the set of |S+| = b samples from [N ], drawn with replacement and
uniformly at random. Then, ∀t,Xt ∈ Rn×n, we have:

Eιt [∥ 1
b

∑
i∈S+ ∇fi(Xt)−∇f(Xt)∥2F] = N−b

b(N−1)Eιt [∥∇fi(Xt)−∇f(Xt)∥2F].

Proof. The proof is exactly the same as in Lemma 2.8 of [5].521

Lemma A.3. The tangent space TXJ of manifold constructed by X⊤JX = J, with X ∈ Rn×n, is :522

TXJ ≜ {Y ∈ Rn×n | X⊤JY +Y⊤JX = 0}, (13)

where Y = tỸ with t is a positive scalar approaching 0.523

Proof. Assuming point X ∈ Rn×n lies on manifold J , we have: h(X) = X⊤JX− J. Moving524

along Y ∈ Rn×n in the tangent space of X, we obtain:525

h(X+Y) =(X+Y)⊤J(X+Y)− J

=X⊤JX+X⊤JY +Y⊤JX+Y⊤JY − J

①
=X⊤JY +Y⊤JX+Y⊤JY

②
=tX⊤JỸ + tỸ⊤JX+ t2Ỹ⊤JỸ

where step ① uses X⊤JX = J; step ② uses Y = tỸ.526

Since t is a positive scalar approaching 0, we can ignore the higher-order term: t2Ỹ⊤JỸ. Ac-527

cording to the properties of the tangent space of any manifold, we have: h(X+Y) = 0, In528

other words, X⊤JY + Y⊤JX = 0, i.e. we obtain the defining equation for the tangent space:529

TXJ ≜ {Y ∈ Rn×n | X⊤JY +Y⊤JX = 0}.530

B Additional Discussions531

B.1 On the Global Optimal Solution for Problem (7)532

In Section 2.1, we have demonstrated how to use the breakpoint search method to obtain an optimal533

solution for the case of V = ( c̃ s̃
s̃ c̃ ) of Problem (7). Since the structure of the other three cases534

V ∈ {( c̃ −s̃
− s̃ c̃ ), (− c̃ −s̃

s̃ c̃ ), ( c̃ −s̃
s̃ −c̃ )} is exactly the same except for the coefficients of Problem (8), we535

will provide the corresponding coefficients in Problem (8): minc̃,̃s a c̃ +b s̃ +c c̃
2 +d c̃ s̃ +e s̃2, and536

omit the specific analysis process.537

Case (a). V = ( c̃ −s̃
− s̃ c̃ ): a = P11 + P22, b = −P12 − P21, c = 1

2 (Q̇11 + Q̇41 + Q̇14 + Q̇44),538

d = − 1
2 (Q̇21+Q̇31+Q̇12+Q̇42+Q̇13+Q̇43+Q̇24+Q̇34), and e = 1

2 (Q̇22+Q̇32+Q̇23+Q̇33).539

Case (b). V = (− c̃ −s̃
s̃ c̃ ):a = −P11 +P22, b = −P12 +P21, c = 1

2 (Q̇11 − Q̇41 − Q̇14 + Q̇44),540

d = 1
2 (Q̇21− Q̇31+ Q̇12− Q̇42− Q̇13+ Q̇43− Q̇24+ Q̇34), and e = 1

2 (Q̇22− Q̇32− Q̇23+ Q̇33).541

Case (c). V = ( c̃ −s̃
s̃ −c̃ ):a = P11 − P22, b = −P12 + P21, c = 1

2 (Q̇11 − Q̇41 − Q̇14 + Q̇44),542

d = 1
2 (−Q̇21+Q̇31−Q̇12+Q̇42+Q̇13−Q̇43+Q̇24−Q̇34), and e = 1

2 (Q̇22−Q̇32−Q̇23+Q̇33).543

C Proofs for Section 2544

C.1 Proof of Lemma 2.1545

Proof. Defining JBB = J(UB,UB) , then we have: JUB = UBJBB, U⊤
B J = JBBU

⊤
B , and U⊤

B JUB =546

JBB.547
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Part (a). For any V ∈ R2×2 and B ∈ {Bi}
C2

n
i=1, we have:548

[X+]⊤JX+ −X⊤JX
①
= X⊤JUB(V − I2)U

⊤
B X+ [UB(V − I2)U

⊤
B X]⊤JX

+[UB(V − I2)U
⊤
B X]⊤J[UB(V − I2)U

⊤
B X]

= X⊤[JUB(V − I2)U
⊤
B +UB(V − I2)

⊤U⊤
B J+UB(V − I2)

⊤U⊤
B JUB(V − I2)U

⊤
B ]X

= X⊤[UBJBB(V − I2)U
⊤
B +UB(V − I2)

⊤JBBU
⊤
B +UB(V − I2)

⊤JBB(V − I2)U
⊤
B ]X

= X⊤UB[JBB(V − I2) + (V − I2)
⊤JBB + (V − I2)

⊤JBB(V − I2)]U
⊤
B X

= X⊤UB[V
⊤JBBV − JBB]U

⊤
B X

②
= 0.

Part (b). Using the update rule for X+ = X+UB(V − I2)U
⊤
B X ∈ Rn×n, we derive:549

∥X+ −X∥F = ∥UB(V − I2)U
⊤
B X∥F

①
≤ ∥UB∥F · ∥(V − I2)U

⊤
B X∥F,

②
≤ ∥UB∥F · ∥(V − I2)∥F · ∥U⊤

B ∥F · ∥X∥F,
③
= ∥V − I2∥F · ∥X∥F,

where step ① and step ② use the norm inequality that ∥AX∥F ≤ ∥A∥F · ∥X∥F for any A and X;550

step ③ uses ∥UB∥ = ∥U⊤
B ∥ = 1.551

Part (c). We define Z ≜ U⊤
B X. We derive:552

∥X+ −X∥2H = ∥UB(V − I2)Z∥2H
①
= vec(UB(V − I2)Z)

⊤Hvec(UB(V − I2)Z)
②
= vec(V − I2)

⊤(Z⊤ ⊗UB)
⊤H(Z⊤ ⊗UB)vec(V − I2)

= ∥V − I2∥2(Z⊤⊗UB)⊤H(Z⊤⊗UB)

③
≤ ∥V − I2∥2Q,

where step ① uses ∥X∥2H = vec(X)⊤Hvec(X); step ② uses (Z⊤ ⊗R)vec(U) = vec(RUZ) for553

all R, Z and U of suitable dimensions; step ③ uses the choice of Q ≽ Q ≜ (Z⊤ ⊗UB)
⊤H(Z⊤ ⊗554

UB).555

C.2 Proof of Lemma 2.3556

Proof. We denote w = c+ e. According to the properties of trigonometric functions, we have: (i)557

c̃2 = 1

1−t̃
2 ; (ii) s̃2 = t̃

2

1−t̃
2 ; (iii)̃t = s̃

c̃ , leading to: c̃ = ±1√
1−t̃

2
, s̃ = ± t̃√

1−t̃
2

with | t̃ | < 1.558

We discuss two cases for Problem (8).559

Case (a). c̃ = 1√
1−t̃

2
, s̃ = t̃√

1−t̃
2

. Problem (8) is equivalent to the following problem: µ̄+ =560

argminµ
a+t̃ b√
1−t̃

2
+ w+t̃ d

1−t̃
2 − e. Therefore, the optimal solution µ̄+can be computed as:561

cosh(µ̄+) =
1√

1−(t̄+)2
, and sinh(µ̄+) =

t̄+√
1−(t̄+)2

(14)

Case (b). c̃ = −1√
1−t̃

2
, s̃ = − t̃√

1−t̃
2

. Problem (8) is equivalent to the following problem: µ̄− =562

argminµ
−a−t̃ b√

1−t̃
2
+ w+t̃ d

1−t̃
2 − e. Therefore, the optimal solution µ̄−can be computed as:563

cosh(µ̄−) =
−1√

1−(t̄−)2
, and sinh(µ̄−) =

−t̄−√
1−(t̄−)2

. (15)
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We define the objective function as: F̆ (c̃, s̃) ≜ ac̃+ bs̃+ cc̃2 + dc̃s̃+ es̃2. In view of (14) and (15),564

the optimal solution pair [cosh(µ̄, sinh(µ̄)] for problem (8) can be computed as:565

[cosh(µ̄), sinh(µ̄)] = argmin
[c,s]

F̆ (c, s),

s. t. [c, s] ∈ {[cosh(µ̄+), sinh(µ̄+)], [cosh(µ̄−), sinh(µ̄−)]}

Importantly, it is not necessary to compute the values µ̄+ for (14) and µ̄− for (15).566

567

C.3 Proof of Lemma 2.4568

Proof. The objective function for Bt(i) as in Equation (3) is formulated as :

f(Xt) + 1
2∥Vi − I∥2Q+θI + ⟨Vi − I, [∇f(Xt)(Xt)T]Bt

(i)
Bt
(i)
⟩

Part (1). For the part of 1
2∥Vi − I∥2Q+θI, it is obviously irrelevant.569

Part (2). For the part of ⟨Vi − I, [∇f(Xt)(Xt)T]Bt
(i)

Bt
(i)
⟩, we note that [∇f(Xt)(Xt)⊤]Bt

(i)
Bt
(i)

=570

[∇f(Xt)](Bt(i), :)[(X
t)⊤](:, Bt(i)) = [∇f(Xt)](Bt(i), :)[(X

t)(Bt(i), :)]
⊤ , which just use the informa-571

tion of block Bt(i). The proof ends.572

C.4 Proof of Lemma 2.5573

Proof. Part (a). For the purpose of analysis, we define the following: ∀i ∈ [n2 ],Ki = UB(i)(Vi −574

I2)U
⊤
B(i)X.575

∥
∑n

2
i=1[UB(i)(Vi − I2)U

⊤
B(i)X]∥2F

①
=

∥∥∥∥∥∥∥∥


K1

K2

...
Kn

2


∥∥∥∥∥∥∥∥
2

F

②
= ∥K1∥2F + ∥K2∥2F + · · ·+ ∥Kn

2
∥2F

③
=

∑n
2
i=1[∥UB(i)(Vi − I2)U

⊤
B(i)X∥2F]

where step ① uses the definition of Ki and the assumption that B ∈ Υ; step ② uses the definition of576

Squared Frobenius Norm; step ③ uses the definition of Ki.577

Part (b). Using the update rule for X+ = X+ [
∑n/2

i=1 UB(i)(Vi − I2)U
⊤
B(i) ]X ∈ Rn×n, we have the578

following inequalities:579

∥X+ −X∥2F = ∥[
∑n/2

i=1 UB(i)(Vi − I2)U
⊤
B(i) ]X∥2F (16)

①
=

∑n/2
i=1 ∥[UB(i)(Vi − I2)U

⊤
B(i) ]X∥2F (17)

②
≤

∑n/2
i=1 ∥Vi − I2∥2F · ∥X∥2F, (18)

where step ① uses the conclusion of Part (a); step ② uses the same proof process of Part (b) of lemma580

2.1.581

Part (c). We derive the following results:

1

2
∥X+ −X∥2H = 1

2∥[
∑n/2

i=1 UB(i)(Vi − I2)U
⊤
B(i) ]X∥2H

①
= 1

2

∑n/2
i=1 ∥[UB(i)(Vi − I2)U

⊤
B(i) ]X∥2H

②
≤ 1

2

∑n/2
i=1 ∥Vi − I2∥2Q
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where step ① uses the conclusion of Part (a); step ② uses the same proof process of Part (c) of lemma582

2.1.583

Part (d). We derive the following results:584 ∑n/2
i=1⟨Vi − I2, [(∇f(X)− G̃)X⊤]BiBi⟩

=
∑n/2

i=1⟨[UB(i)(Vi − I2)U
⊤
B(i) ]X, [(∇f(X)− G̃)]⟩

= ⟨X+ −X, [(∇f(X)− G̃)]⟩
①
≤ 1

2∥X
+ −X∥2F + 1

2∥[∇f(X)− G̃]∥2F
②
≤ 1

2∥X∥2F
∑n/2

i=1 ∥Vi − I2∥2F + 1
2∥[∇f(X)− G̃]∥2F (19)

where step ① uses ∀A,B, 12∥A−B∥2F = 1
2∥A∥2F + 1

2∥B∥2F − ⟨A,B⟩ ≥ 0, with A = ∥X+ −X∥2F585

and B = ∥[∇f(X)− G̃]∥2F; step ② uses the conclusion of Part (b).586

D Proofs for Section 3587

D.1 Proof of Lemma 3.1588

Proof. We consider the Lagrangian function of problem (1):589

L(X,Λ) = f(X)− 1
2 ⟨Λ,X

TJX− J⟩. (20)

Setting the gradient of L(X,Λ) w.r.t. X to zero yields:590

∇f(X)− JXΛ = 0. (21)

Part (a). Multiplying both sides by XT and using the fact that XTJX = J, we have JΛ =591

XT∇f(X). Multiplying both sides by JT and using J⊤J = I, we have Λ = JX⊤∇f(X). Since Λ592

is symmetric, we have Λ = ∇f(X)TXJ. Putting this equality into Equality (21) yields the following593

first-order optimality condition for Problem (1):594

∇f(X) = JX[∇f(X)]TXJ. (22)

Part (b). We let G = ∇f(X). We derive the following results:595

G = JXGTXJ
①⇒ JXT ·G = JXT · JXGTXJ
②⇒ JXTG = GTXJ
③⇒ X(JXTG)XT = X(GTXJ)XT

④⇒ XJXTGXTJ︸ ︷︷ ︸
≜GT

J = JJXGTXJ︸ ︷︷ ︸
≜G

XT (23)

⑤⇒ (XGTJ) · JX = (JGXT) · JX
⑥⇒ XGTX = JGJ
⑦⇒ JXGTXJ = G,

where step ① uses the results of left-multiplying both sides by JXT; step ② uses J·XTJX = JJ = I;596

step ③ uses the results of left-multiplying both sides by X and subsequently right-multiplying them597

by XT; ④ uses G = JXGTXJ; step ⑤ uses the the results of right-multiplying both sides by JX;598

step ⑥ uses JJ = I and XTJX = J; step ⑦ uses the results of left-multiply both sides by J and599

right-multiplied by J.600

Given Equality (23), we conclude that the critical point condition is equivalent to the requirement601

that the matrix X∇f(X̌)TJ is symmetric, which is expressed as XGTJ = [XGTJ]T.602

D.2 Proof of Theorem 3.3603

Proof. We use Ẍ and X̌ to denote any BS-point and critical point, respectively.604

17



For all B ∈ Ω ≜ {B1,B2, . . . ,BC2
n
}, we have:605

I2 ∈ arg min
V∈JB

G(V; Ẍ, B).

where G(V;X, B) ≜ f(X) + 1
2∥V − I2∥2Q+θI + ⟨V − I, [∇f(X)(X)T]BB⟩.606

The Euclidean gradient of G(V; Ẍ, B) can be computed as:607

G̈ ≜ mat((Q+ θI2) vec(V − I2)) + [∇f(Ẍ)(Ẍ)T]BB. (24)

Given Lemma 3.1, we set the Riemannian gradient of G(V; Ẍ, B) w.r.t. V to zero, leading to the608

following first-order optimality condition:609

0 = ∇J G(V; Ẍ, B) = G̈−UT
B JVG̈⊤VJUB. (25)

Letting V = I2, and using the definition of G̈, we have:610

02,2 = [∇f(X)(X)T]BB − JBBG̈
⊤JBB, ∀B ∈ {Bi}

C2
n

i=1

⇒ 02,2 = U⊤
B [∇f(Ẍ)ẌT]UB − JBBU

⊤
B [Ẍ∇f(Ẍ)T]UBJBB, ∀B ∈ {Bi}

C2
n

i=1

①⇒ 02,2 = U⊤
B [∇f(Ẍ)ẌT]UB −U⊤

B J[Ẍ∇f(Ẍ)T]JUB, ∀B ∈ {Bi}
C2

n
i=1

②⇒ 0n,n = [∇f(Ẍ)ẌT]− J[Ẍ∇f(Ẍ)T]J,

③⇒ [J∇f(Ẍ)ẌT] = [J∇f(Ẍ)ẌT]T,

where step ① uses U⊤
B J = JBBU

⊤
B and JUB = UBJBB; step ② uses the the following results for any611

W ∈ Rn×n:612

(∀B ∈ {Bi}
C2

n
i=1,02,2 = U⊤

B WUB = WBB) ⇒ (W = 0n,n); (26)

step ③ uses the fact that both sides are left-multiplied by J. We conclude that the matrix J∇f(Ẍ)ẌT613

is symmetric. Using Claim (b) of Lemma 3.1, we conclude that Ẍ is a also a critical point.614

Notably, the condition in Equation (25) is a necessary but not sufficient condition. This is because615

BS-point is the global minimum of Problem: argminV∈JB G(V; Ẍ, B), according to Definition616

3.2.617

E Proofs for Section 4618

E.1 Proof of Lemma 4.5619

Proof. By the definition of G̃t, we have620

Eιt [∥G̃t −∇f(Xt)∥2F]
①
= pEιt [∥ 1

b

∑b
i=1 ∇fi(Xt)−∇f(Xt)∥2F] +

(1− p)Eιt [∥G̃t−1 + 1
b′

∑b′

i=1(∇fi(Xt)−∇fi(Xt−1))−∇f(Xt)∥2F]
②
= pEιt [∥ 1

b

∑b
i=1 ∇fi(Xt)−∇f(Xt)∥2F] + (1− p)Eιt−1 [∥G̃t−1 −∇f(Xt−1)∥2F]

+(1− p)Eιt [∥ 1
b′

∑b′

i=1(∇fi(Xt)−∇fi(Xt−1))−∇f(Xt) +∇f(Xt−1)∥2F]

18



where step ① uses formula (9); step ② uses that G̃t−1 −∇f(Xt−1) is measurable w.r.t. ιt−1 and621

Eιt [∥ 1
b′

∑b′

i=1(∇fi(Xt)−∇fi(Xt−1))−∇f(Xt) +∇f(Xt−1)∥2F] = 0. We further have622

Eιt [∥G̃t −∇f(Xt)∥2F]
①
≤ pEιt [∥ 1

b

∑b
i=1 ∇fi(Xt)−∇f(Xt)∥2F] + (1− p)Eιt−1 [∥G̃t−1 −∇f(Xt−1)∥2F]

+(1− p)Eιt [∥ 1
b′

∑b′

i=1(∇fi(Xt)−∇fi(Xt−1))∥2F]
②
≤ p(N−b)

b(N−1)Eιt [∥∇fi(Xt)−∇f(Xt)∥2F] + (1− p)Eιt−1∥G̃t−1 −∇f(Xt−1)∥2F]

+ 1−p
b′ Eιt−1 [∥∇fi(Xt)−∇fi(Xt−1)∥2F]

③
≤ p(N−b)

b(N−1)σ
2 + (1− p)Eιt−1 [∥G̃t−1 −∇f(Xt−1)∥2F]

+
L2

f X2
(1−p)

b′ Eιt−1 [
∑n/2

i=1 ∥V
t−1
i − I2∥2F] (27)

where step ① uses that for any random variable X,E[(X− E[X])2] ≤ E[X2]; step ② uses lemma623

A.2; step ③ uses assumption 4.3, Inequality (2) and Part (b) of lemma 2.5.624

E.2 Proof of theorem 4.6625

Proof. For simplicity, we use B instead of Bt. We will show that the following inequality holds :626

θ
2∥V̄

t − I2∥2F ≤ f(Xt)− f(Xt+1). (28)

Since V̄t is the global optimal solution of Problem (5), we have:

G(V̄t;Xt, B) ≤ G(V;Xt, B),V ∈ JB

Letting V = I2, we have: G(V̄t;Xt, B) ≤ G(I2;Xt, B). We further obtain:627

1
2∥V̄

t − I2∥2Q+θI + ⟨V̄t − I, [∇f(Xt)(Xt)⊤]BB⟩ ≤ 0. (29)

Using Inequality (2) with N = 1 and Part (c) of Lemma 2.1, we have:628

f(Xt+1) ≤ f(Xt) + ⟨V̄t − I2, [∇f(Xt)(Xt)⊤]BB⟩+ 1
2∥V̄

t − I2∥2Q. (30)

Adding Inequality (29) and (30) together, we obtain the inequality in (28). Using the result of Part (b)629

in Lemma 2.1 that ∥X+−X∥2
F

∥X∥2
F

≤ ∥V − I2∥2F, we have the following sufficient decrease condition:630

f(Xt+1)− f(Xt) ≤ − θ
2∥V̄

t − I2∥2F ≤ − θ
2
∥Xt+1−Xt∥2

F

∥Xt∥2
F

(31)

We now prove the global convergence. Taking the expectation for Inequality (31), we obtain a lower
bound on the expected progress made by each iteration for Algorithm 1:

Eξt+1 [f(Xt+1)]− Eξt [f(X
t)] ≤ −Eξt [

θ
2∥V̄

t − I2∥2F].

Summing up the inequality above over t = 0, 1, . . . , T , we have:

Eξt [
θ
2

∑T
t=0 ∥V̄t − I2∥2F] ≤ f(X0)− EξT+1 [f(XT+1)] ≤ f(X0)− f(X̄).

As a result, there exists an index t̄ with 0 ≤ t̄ ≤ T such that631

Eξt̄ [∥V̄t̄ − I2∥2F] ≤ 2
θ(T+1) [f(X

0)− f(X̄)]. (32)

Furthermore, for any t, we have:632

E(Xt) ≜ 1
C2

n

∑C2
n

i=1 dist(I2, argminV G(V;Xt,Bi))
2 = Eξt [∥V̄t − I2∥2F] (33)

Combining Inequality (32) and equality (33), we have the following result:633

Eξt [∥V̄t − I2∥2F] = E(Xt̄) ≤ 2(f(X0)−f(X̄))
θ(T+1) . (34)
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We will give the arithmetic operations of GS-JOBCD. By the chosen parameters and Inequality (34),
we have

E(Xt̄) ≤ 2(f(X0)−f(X̄))
θ(T+1) ≤ ϵ.

We define ∆0 = f(X0)− f(X̄) and set T + 1 = 2∆0

ϵθ . Denoting mt to be the number of arithmetic
operations at t-th iteration, we have for t ≥ 1:

Eξt [mt] = O(2N).

Then we have for t ≥ 1, the total number of arithmetic operations MT in T iterations to obtain
ϵ-BS-point is

EξT [M
T ] = Eξt [

∑T
t=0mt] = 2(T + 1)N = O((T + 1)N).

We have (T + 1)N = N 2∆0

ϵθ = O(∆0N
ϵ ).634

E.3 Proof of Theorem 4.7635

Proof. For simplicity, we use B instead of Bt. Defining V̄:
t as the global optimal solution of

argminV:
T (V:;X

t, B), we have:

T (V̄:
t
;Xt, B) ≤ T (V:;X

t, B),∀i,Vi ∈ JB(i)

Letting Vi = I2,∀i, we have: T (V̄:
t
;Xt, B) ≤ T (I2;X

t, B). We further obtain:636

1
2

∑n/2
i=1 ∥V̄t

i − I2∥2(ζ+θ)I +
∑n/2

i=1⟨V̄t
i − I, [G̃t(Xt)⊤]B(i)B(i)⟩ ≤ 0. (35)

Using the results of telescoping Inequality (2) over i from 1 to N with Part (c) of Lemma 2.5, we637

have:638

f(Xt+1) ≤ f(Xt) +
∑n/2

i=1⟨V̄i − I2, [∇f(X)X⊤]B(i)B(i)⟩+ 1
2

∑n/2
i=1 ∥V̄i − I2∥2ζI. (36)

Adding inequality (35), and (36) together, we obtain the inequality in (37).639

θ
2

∑n/2
i=1 ∥V̄t

i − I2∥2F
≤ f(Xt)− f(Xt+1) +

∑n/2
i=1⟨V̄t

i − I, [(∇f(Xt)− G̃t)(Xt)⊤]B(i)B(i)⟩
①
≤ f(Xt)− f(Xt+1) + 1

2∥X
t∥2F

∑n/2
i=1 ∥V̄t

i − I2∥2F + 1
2∥[∇f(X

t)− G̃t]∥2F (37)

where step ① uses Part (d) of Lemma 2.5.640

Taking expectation on both sides of inequality (37) with respect to all randomness of the algorithm,641

and adding the inequality in Lemma 4.5 × 1
2p to (37), we have:642

( θ−X2

2 − L2
f X2

(1−p)

2pb′ )Eιt [
∑n/2

i=1 ∥V̄t
i − I2∥2F]

≤ Eιt [f(X
t)]− Eιt+1 [f(Xt+1)] + (N−b)

2b(N−1)σ
2 + 1−p

2p (Eιt [u
t]− Eιt+1 [ut+1]) (38)

Summing up the inequality above over t = 0, 1, . . . , T , we have:643

( θ−X2

2 − L2
f X2

(1−p)

2pb′ )EιT [
∑T

t=0

∑n/2
i=1 ∥V̄t

i − I2∥2F]

≤ f(X0)− EιT [f(X
T )] + (T+1)(N−b)

2b(N−1) σ2 + 1−p
2p (u0 − EιT+1 [uT+1])

≤ f(X0)− f(X̄) + (T+1)(N−b)
2b(N−1) σ2 + 1−p

2p (u0 − EιT+1 [uT+1]) (39)

As a result, there exists an index t̄ with 0 ≤ t̄ ≤ T such that644

( θ−X2

2 − L2
f X2

(1−p)

2pb′ )(T + 1)Eιt̄ [
∑n/2

i=1 ∥V̄t̄
i − I2∥2F]

≤ f(X0)− f(X̄) + (T+1)(N−b)
2b(N−1) σ2 + 1−p

2p (u0 − EιT+1 [uT+1]) (40)

Defining ϖ = θ−X2

2 − L2
f X2

(1−p)

2pb′ , furthermore, for any t and ∀i, we have:645

E(Xt) = 1
CJ

∑CJ

i=1 Eιt [dist(I2, argminV:
T (V:;X

t, B̃i))
2] = Eιt [

∑n/2
i=1 ∥V̄t

i − I2∥2F] (41)
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Combining inequality (40) and (41) , we have the following result:646

E(Xt̄)≤ 1
(T+1)ϖ (f(X0)− f(X̄) + (T+1)(N−b)

2b(N−1) σ2 + 1−p
2p (u0 − EιT+1 [uT+1])) (42)

By the chosen parameters and Inequality (42), we have

E(Xt̄) ≤ 1
(T+1)ϖ (f(X0)− f(X̄) + (T+1)(N−b)

2b(N−1) σ2 + 1−p
2p (u0 − EιT+1 [uT+1])) ≤ ϵ.

We define ∆0 = f(X0)− f(X̄) and set T + 1 = ∆0

ϵϖ . Denoting mi
t to be the number of arithmetic

operations to update the i-th block at t-th iteration, we have for t ≥ 1

Eιt [m
i
t] = O(2(pb+ (1− p)b′)).

Letting mt be the number of arithmetic operations in the t-the iteration, we have for t ≥ 1

Eιt [mt] = Eιt [
∑n/2

i=1m
i
t] = O((pb+ (1− p)b′)n/2× 2) = O(n(pb+ (1− p)b′)).

Hence, the total number of arithmetic operations MT in T iterations to obtain ϵ-BS-point is

EιT [M ] = Eιt [
∑T

t=0mt] = O(bn) + Eιt [
∑T

t=1mt] = O(bn+ Tn(pb+ (1− p)b′)).

Since b = N, b′ =
√
b and p = b′

b+b′ , ϖ = θ−X2

2 − L2
f X2

(1−p)

2pb′ = 1
2 (θ − X

2 − L2
fX

2
), we have

nT (pb+ (1− p)b′) = n ∆0

ϵ(θ−X2−L2
f X2

)

2bb′

b+b′ ≤
n∆0

ϵ(θ−X2−L2
f X2

)
2b′ = O(∆0

√
N

ϵ ).

647

E.4 Proof of Theorem 4.10648

Proof. For simplicity, we use B instead of Bt. We notice that the Riemannian gradient of T (V:;X
t, B)649

at the point Vi = I2,∀i . Defining G = G̃t[Xt]⊤ and using JUB = UBJBB, U⊤
B J = JBBU

⊤
B ,we650

have:651

∇J T (V: = I2;X
t, B) =

∑n/2
i=1 U

⊤
B(i)GUB(i) −U⊤

B(i)JG
⊤JUB(i) (43)

Then, we prove the following important lemmas.652

Lemma E.1. We have the following result for VR-J-JOBCD: Eιt+1 [∥G̃t − G̃t+1∥F] ≤ pEιt [
√
ut]+653

LfEιt+1 [∥Xt −Xt+1∥F]654

Proof. By the definition of G̃t, with the choice of b = N , b′ =
√
b and p = b′

b+b′ , we have655

Eιt+1 [∥G̃t − G̃t+1∥F]
①
= Eιt+1 [∥G̃t − p

b

∑b
i=1 ∇fi(Xt+1)− 1−p

b′

∑b′

i=1(∇fi(Xt+1)−∇fi(Xt))− (1− p)G̃t∥F]

= Eιt+1 [∥pG̃t − p
b

∑b
i=1 ∇fi(Xt+1)− 1−p

b′

∑b′

i=1(∇fi(Xt+1)−∇fi(Xt))∥F]
②
≤ pEιt+1 [∥G̃t −∇f(Xt+1)∥F] + 1−p

b′ Eιt [∥
∑b′

i=1 ∇fi(Xt+1)−∇fi(Xt)∥F]
③
≤ pEιt [∥G̃t −∇f(Xt)∥F] + pEιt+1 [∥∇f(Xt)−∇f(Xt+1)∥F]

+ 1−p
b′ Eιt+1 [∥

∑b′

i=1 ∇fi(Xt+1)−∇fi(Xt)∥F]
④
≤ pEιt [

√
ut] + pEιt+1 [∥∇f(Xt)−∇f(Xt+1)∥F] + (1− p)Eιt+1 [∥∇fi(Xt+1)−∇fi(Xt)∥F]

⑤
≤ pEιt [

√
ut] + LfEιt+1 [∥Xt −Xt+1∥F]

where step ① uses formula (9); step ② uses norm inequality and 1
b

∑b
i=1 ∇fi(Xt+1) = ∇f(Xt+1)656

with b = N and norm inequality; step ③ uses triangle inequality that ∥A − B∥F ≤ ∥A −C∥F +657

∥C−B∥F, for any A, B and C; step ④ the definition of ut; step ⑤ uses Inequality (2) and the results658

of telescoping it over i from 1 to N .659
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Lemma E.2. (Riemannian gradient Lower Bound for the Iterates Gap) We de-660

fine ϕ ≜ (3X + VX)G + (1 + V
2
+ n

2 (X
2
+ V

2
X

2
))Lf + (1 + V

2
)θ. It holds that:661

Eιt+1 [dist(0,∇J T (I2;X
t+1, Bt+1))] ≤ ϕ · Eιt [

∑n/2
i=1 ∥V̄t

i − I2∥F] + np
√
ut

2 (X + V
2
X).662

Proof. For notation simplicity, we define:663

Ωi0 ≜U⊤
B(i) [G̃

t+1][Xt+1]⊤UB(i) ,∀i (44)

Ωi1 ≜U⊤
B(i) [G̃

t+1][Xt]⊤UB(i) ,∀i, (45)

Ωi2 ≜U⊤
B(i) [G̃

t − G̃t+1][Xt]⊤UB(i) ,∀i. (46)

First, using the optimality of V̄t
i , i ∈ {1, · · · , n2 } for the subproblem, we have:664

02,2 = G̃i − JB(i)V̄
t
iG̃

⊤
i V̄

t
iJB(i) (47)

where G̃i = mat((Q+ θI2) vec(V̄
t
i − I2))︸ ︷︷ ︸

≜Υi1

+U⊤
B(i)G̃

t(Xt)⊤UB(i)︸ ︷︷ ︸
≜Υi2

. (48)

Using the relation that G̃i = Υi1 +Υi2, we obtain the following results from the above equality:665

02,2 = (Υi1 +Υi2)− JB(i)V̄
t
i(Υi1 +Υi2)

⊤V̄t
iJB(i)

①⇒02,2 = Υi1 +Ωi1 +Ωi2 − JB(i)V̄
t
i(Υi1 +Ωi1 +Ωi2)

⊤V̄t
iJB(i)

⇒Ωi1 = JB(i)V̄
t
i(Υi1 +Ωi1 +Ωi2)

⊤V̄t
iJB(i) −Υi1 − Ωi2, (49)

where step ① uses Υi2 = Ωi1 +Ωi2. Then we derive the following results:666

Eιt+1 [dist(0,∇J T (V: = I2;X
t+1, Bt+1))] = Eιt+1 [∥∇J T (V: = I2;X

t+1, Bt+1)∥F]
①
= Eιt+1 [∥

∑n/2
i=1 U

⊤
Bt+1
(i)

(G̃t+1[Xt+1]⊤ − JXt+1[G̃t+1]⊤J)UBt+1
(i)

∥F]

②
= Eιt [∥

∑n/2
i=1 U

⊤
B(i)(G̃

t+1[Xt+1]⊤ − JXt+1[G̃t+1]⊤J)UB(i)∥F]
③
= Eιt [∥

∑n/2
i=1 Ωi0 − JB(i)Ω

⊤
i0JB(i)∥F]

④
= Eιt [∥

∑n/2
i=1(Ωi0 − Ωi1) + Ωi1 − (JB(i)Ω

⊤
i0JB(i) − JB(i)Ω

⊤
i1JB(i))− JB(i)Ω

⊤
i1JB(i)∥F]

⑤
≤ Eιt [∥

∑n/2
i=1 Ωi0 − Ωi1∥F] + Eιt+1 [∥

∑n/2
i=1 JB(i)Ω

⊤
i0JB(i) − JB(i)Ω

⊤
i1JB(i)∥F]

+Eιt+1 [∥
∑n/2

i=1 Ωi1 − JB(i)Ω
⊤
i1JB(i)∥F]

⑥
≤ Eιt [∥

∑n/2
i=1 Ωi0 − Ωi1∥F] + Eιt+1 [∥

∑n/2
i=1 Ω

⊤
i0 − Ω⊤

i1∥F] + Eιt+1 [∥
∑n/2

i=1 Ωi1 − JB(i)Ω
⊤
i1JB(i)∥F]

⑦
≤ 2Eιt [∥

∑n/2
i=1 Ωi0 − Ωi1∥F] + Eιt+1 [∥

∑n/2
i=1 Ωi1 − JB(i)Ω

⊤
i1JB(i)∥F]

⑧
= 2Eιt [∥

∑n/2
i=1 Ωi0 − Ωi1∥F]

+Eιt [∥
∑n/2

i=1 JB(i)V̄
t
i(Υi1 +Ωi1 +Ωi2)

⊤V̄t
iJB(i) −Υi1 − Ωi2 − JB(i)Ω

⊤
i1JB(i)∥F]

⑨
≤ 2Eιt [∥

∑n/2
i=1 Ωi0 − Ωi1∥F] + Eιt [∥

∑n/2
i=1 JB(i)V̄

t
iΥ

⊤
i1V̄

t
iJB(i) −Υi1∥F]+

Eιt [∥
∑n/2

i=1 V̄
t
iΩ

⊤
i1V̄

t
i − Ω⊤

i1∥F] + Eιt [∥
∑n/2

i=1 JB(i)V̄
t
iΩ

⊤
i2V̄

t
iJB(i) − Ωi2∥F] (50)

where step ① uses Equality (43) ; step ② uses the fact that both the working set Bt and Bt+1 are selected667

randomly and uniformly; step ③ uses the definition of Ωi0 in (44); step ④ uses −Ωi1 + Ωi1 = 0668

and −Ω⊤
i1 +Ω⊤

i1 = 0; step ⑤ uses the norm inequality; step ⑥ uses the norm inequality; step ⑦ uses669

the norm inequality; step ⑧ uses Equality (49); step ⑨ uses the norm inequality. We now establish670

individual bounds for each term for Inequality (50).671
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For the first term 2Eιt [∥
∑n/2

i=1 Ωi0 − Ωi1∥F] in (50):672

2Eιt [∥
∑n/2

i=1 Ωi0 − Ωi1∥F] = 2Eιt [∥
∑n/2

i=1 U
⊤
B(i) [G̃

t][Xt −Xt]⊤UB(i)∥F]
①
= 2Eιt [∥

∑n/2
i=1[G̃

t][UB(i)(V̄
t
i − I2)UB(i)X

t]⊤∥F]
②
≤ 2XGEιt [∥

∑n/2
i=1 V̄

t
i − I2∥F]

③
≤ 2XGEιt [

∑n/2
i=1 ∥V̄t

i − I2∥F] (51)

where step ① uses [Xt −Xt]BiBi = UB(i)(V̄
t
i − I2)U

⊤
B(i)X

t; step ② uses the inequality ∥XY∥F ≤673

∥X∥F∥Y∥F for all X and Y repeatedly and the fact that ∀t, ∥G̃t∥F ≤ G and ∀t, ∥Xt∥F ≤ X; step ③674

uses the norm inequality.675

For the second term Eιt [∥
∑n/2

i=1 JB(i)V̄
t
iΥ

⊤
i1V̄

t
iJB(i) −Υi1∥F] in (50):676

Eιt [∥
∑n/2

i=1 JB(i)V̄
t
iΥ

⊤
i1V̄

t
iJB(i) −Υi1∥F]

①
≤ Eιt [∥

∑n/2
i=1 V̄

t
iΥ

⊤
i1V̄

t
i∥F] + Eιt [∥

∑n/2
i=1 Υi1∥F]

②
≤ (1 + V

2
)Eιt [∥

∑n/2
i=1 Υi1∥F]

③
= (1 + V

2
)Eιt [∥

∑n/2
i=1 mat((Q+ θI2) vec(V̄

t
i − I2))∥F]

≤ (1 + V
2
)∥Q+ θI2∥F · Eιt [∥

∑n/2
i=1 V̄

t
i − I2∥F]

④
≤ (1 + V

2
)(Lf + θ) · Eιt [

∑n/2
i=1 ∥V̄t

i − I2∥F] (52)

where step ① uses the triangle inequality; step ② uses the inequality ∥XY∥F ≤ ∥X∥F∥Y∥F for all677

X and Y and ∀t, ∥Vt∥F ≤ V; step ③ uses the definition of Υi1; step ④ uses the choice of Q ⪯ LfI678

and the norm inequality.679

For the third term Eιt [∥
∑n/2

i=1 V̄
t
iΩ

⊤
i1V̄

t
i − Ω⊤

i1∥F] in (50), we have:680

Eιt [∥
∑n/2

i=1 V̄
t
iΩ

⊤
i1V̄

t
i − Ω⊤

i1∥F]
①
= Eιt [∥

∑n/2
i=1 V̄

t
iΩ

⊤
i1(V̄

t
i − I2) + (V̄t

i − I2)Ω
⊤
i1∥F]

②
≤ (1 + V)Eιt [

∑n/2
i=1 ∥Ωi1∥F · ∥V̄t

i − I2∥F]
③
≤ (X + VX)Eιt [

∑n/2
i=1 ∥G̃t∥F · ∥V̄t

i − I2∥F]
④
≤ (X + VX)GEιt [

∑n/2
i=1 ∥V̄t

i − I2∥F] (53)

where step ① uses the fact that −V̄t
iΩ

⊤
i1I2 + V̄t

iΩ
⊤
i1 = 0; step ② uses the norm inequality and681

∀t, ∥Vt∥F ≤ V; step ③ uses the fact that ∥Ωi1∥F = ∥U⊤
B(i)G̃

t[Xt]⊤UB(i)∥F ≤ X∥G̃t∥F,∀i which682

can be derived using the norm inequality ; step ④ uses the fact that ∀X, ∥G̃t∥F ≤ G.683

For the fourth term Eιt [∥
∑n/2

i=1 JB(i)V̄
t
iΩ

⊤
i2V̄

t
iJB(i) − Ωi2∥F] in (50), we have:684

Eιt [∥
∑n/2

i=1 JB(i)V̄
t
iΩ

⊤
i2V̄

t
iJB(i) − Ωi2∥F]

①
≤ Eιt [∥

∑n/2
i=1 V̄

t
iΩ

⊤
i2V̄

t
i∥F] + Eιt [∥

∑n/2
i=1 Ωi2∥F]

②
≤ (1 + V

2
)Eιt [∥

∑n/2
i=1 Ωi2∥F]

③
= (1 + V

2
)Eιt [∥

∑n/2
i=1 U

⊤
B(i) [G̃

t − G̃t][Xt]⊤UB(i)∥F]
④
≤ n

2 (X + V
2
X)Eιt [∥[G̃t − G̃t]∥F]

⑤
≤ n

2 (X + V
2
X)(pEιt [

√
ut] + LfEιt [∥Xt −Xt∥F])

⑥
≤ np

2 (X + V
2
X)Eιt [

√
ut] +

nLf

2 (X
2
+ V

2
X

2
)Eιt [

∑n/2
i=1 ∥V̄t

i − I2∥F] (54)
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where step ① uses the triangle inequality; step ② uses the norm inequality and ∀t, ∥Vt∥F ≤ V; step ③685

uses the definition of ∀i,Ωi2 = U⊤
B(i) [G̃

t − G̃t][Xt]⊤UB(i) in (46); step ④ uses the norm inequality686

and ∀t, ∥Xt∥F ≤ X; step ⑤ uses Lemma E.1; step ⑥ uses Part (b) in Lemma 2.5 and ∀t, ∥Xt∥F ≤ X.687

In view of( 51), (52), (53), (54), and (50), we have:688

Eιt+1 [∥∇J T (I2;X
t+1, Bt+1)∥F]

≤ np
2 (X + V

2
X)Eιt [

√
ut] + (c1 + c2 + c3 + c4) · Eιt [

∑n/2
i=1 ∥V̄t

i − I2∥F]

= np
2 (X + V

2
X)Eιt [

√
ut] + ϕEιt [

∑n/2
i=1 ∥V̄t

i − I2∥F]

where c1 = 2XG, c2 = (1 + V
2
)(Lf + θ), c3 = (X + VX)G, and c4 = n

2 (X
2
+ V

2
X

2
)Lf .689

Lemma E.3. We have the following results: dist(0,∇J f(X
t)) ≤ γ · ∥∇J T (I2;X

t, B)∥F +690

2X
2√Eιt [ut] with γ ≜ X

√
C2

n.691

Proof. We have the following inequalities:692

∥∇J f(X
t)∥F

①
= ∥∇f(Xt)− JXt(∇f(Xt))⊤XtJ∥F
②
= ∥∇f(Xt)(Xt)⊤JXtJ− JXt(∇f(Xt))⊤JJXtJ∥F
③
≤ ∥∇f(Xt)(Xt)⊤ − JXt(∇f(Xt))⊤J∥F∥JXtJ∥F
④
≤ X∥∇f(Xt)(Xt)⊤ − JXt(∇f(Xt))⊤J∥F

where step ① uses the definition of ∇J f(X
t); step ② uses JJ = I and X⊤JX = J ⇒ X⊤JXJ =693

JJ = I; step ③ uses the norm inequality and ; step ④ uses ∀t, ∥Xt∥F ≤ X.694

We Consider ∥∇f(Xt)(Xt)⊤ − JXt(∇f(Xt))⊤J∥F:695

∥∇f(Xt)(Xt)⊤ − JXt(∇f(Xt))⊤J∥F
①
≤ ∥G̃t(Xt)⊤ − JXt(G̃t)⊤J∥F + ∥(∇f(Xt)− G̃t)(Xt)⊤ − JXt(∇f(Xt)− G̃t)⊤J∥F
②
≤ ∥G̃t(Xt)⊤ − JXt(G̃t)⊤J∥F + ∥∇f(Xt)− G̃t∥F · ∥Xt∥F + ∥Xt∥F · ∥∇f(Xt)− G̃t∥F
③
≤ ∥G̃t(Xt)⊤ − JXt(G̃t)⊤J∥F + 2X

√
Eιt [ut]

where step ① uses ∀A,B, ∥A∥F − ∥B∥F ≤ ∥A−B∥F; step ② uses the norm inequality; step ③696

uses ∀t, ∥Xt∥F ≤ X. Thus,697

∥∇JF (X
t)∥F ≤ X∥G̃t(Xt)⊤ − JXt(G̃t)⊤J∥F + 2X

2√Eιt [ut]

①
≤ X

√
C2

n · ∥
∑n/2

i=1 U
⊤
B(i) [G̃

t(Xt)⊤ − JXt(G̃t)⊤JUB(i)∥F] + 2X
2√Eιt [ut]

②
= X

√
C2

n · ∥∇J T (I2;X
t, B)∥F + 2X

2√Eιt [ut]

where step ① uses Lemma A.1 with W = G̃t(Xt)⊤ − JXt(G̃t)⊤J and k = 2; step ② uses the698

definition of ∇J T (I2;X
t, B).699

We now present the following useful lemma.700

Lemma E.4. We define TXJ ≜ {Y ∈ Rn×n | AX(Y) = 0} and AX(Y) ≜ X⊤JY +Y⊤JX.
For any G ∈ Rn×n and X⊤JX = J, the unique minimizer of the following optimization problem:

Ȳ = argminY∈TXMJ h(Y) = 1
2∥Y −G∥2F,

satisify h(Ȳ) ≤ h(G− JXG⊤XJ).701

Proof. We note that Ȳ = argminY∈TXJ
1
2∥Y −G∥2F = argminY

1
2∥Y −G∥2F,702

s.t. X⊤JY +Y⊤JX = 0. Introducing a multiplier Λ ∈ Rn×n for the linear con-703

straints X⊤JY +Y⊤JX = 0, we have following Lagrangian function: L̃(Y;Λ) =704
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1
2∥Y −G∥2F + ⟨X⊤JY +Y⊤JX,Λ⟩. We naturally derive the following first-order optimality705

condition: Y −G+ JXΛ = 0, X⊤JY +Y⊤JX = 0. Incorporating the term Y = G− JXΛ706

into X⊤JY +Y⊤JX = 0, we obtain:707

X⊤XΛ+Λ⊤X⊤X = G⊤JX+X⊤JG (55)

Any Λ satisfying formula (55) is a feasible point, so we can easily find :708

X⊤XΛ = X⊤JG
①⇒ XΛ = JG
②⇒ X⊤JXΛ = X⊤JJG
③⇒ JΛ = X⊤G
④⇒ Λ = JX⊤G
⑤⇒ Λ = G⊤XJ (56)

where step ① uses the fact that any matrix X satisfying the J-orthogonality constraint has a determinant709

of 1 or -1, thus inv(X) exists; step ② multiply both sides of the equation by XJ;step ③ uses710

XTJX = J and JJ = I; step ④ multiply both sides of the equation by J and uses JJ = I; step ⑤711

uses the fact that Λ is a symmetric matrix.712

Therefore, a feasible solution Y can be computed as Y = G− JXΛ = G− JXG⊤XJ. Since Ȳ713

is the optimal solution, there must be h(Ȳ) ≤ h(G− JXG⊤XJ).714

We now present the proof of this lemma.715

Lemma E.5. For any X ∈ Rn×n, it holds that dist(0,∇f◦(X)) ≤ dist(0,∇J f(X)).716

Proof. For the purpose of analysis, we define the nearest J orthogonal matrix to an arbitrary matrix717

Y ∈ Rn×n is given by PJ (X). Similarly, we have PTXJ (∇f(X)) for projecting gradient ∇f(X)718

into space TXJ .719

We recall that the following first-order optimality conditions are equivalent for all X ∈ Rn×n :720

(0 ∈ ∇f◦(X)) ⇔ (0 ∈ PTXJ (∇f(X))). (57)

Therefore, we derive the following results:721

dist(0,∇f◦(X)) = infY∈∇f◦(X) ∥Y∥F (58)
= infY∈P(TXJ )(∇f(X)) ∥Y∥F (59)

We let G ∈ ∇f(X) and obtain the following results from the above equality:722

dist(0,∇f◦(X))
①
≤ ∥G− JXG⊤XJ∥F, (60)
②
= ∥∇J f(X)∥F ≜ dist(0,∇J f(X)). (61)

where step ① uses Lemma E.4; step ② uses ∇J f(X) = G− JXG⊤XJ with G ∈ ∇f(X).723

First of all, since f◦(X) ≜ f(X) + IJ (X) is a KL function, we have from Proposition 4.8 that:724

1
φ′(f◦(X′)−f◦(X)) ≤ dist(0,∇f◦(X′))

①
= ∥∇J f(X

′)∥F, (62)

where step ① uses Lemma E.5. Here, φ(·) is some certain concave desingularization function. Since725

φ(·) is concave, we have:726

∀∆ ∈ R,∆+ ∈ R, φ(∆+) + (∆−∆+)φ′(∆) ≤ φ(∆). (63)

Applying the inequality above with ∆ = f(Xt)− f(X̄) and ∆+ = f(Xt+1)− f(X̄), we have:727

(f(Xt)− f(Xt+1))φ′(f(Xt)− f(X̄))

≤ φ(f(Xt)− f(X̄))− φ(f(Xt+1)− f(X̄)) ≜ Et. (64)
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With the sufficient descent condition as shown in Theorem 4.7, we derive the following inequalities:728

Eιt [
θ
2

∑n/2
i=1 ∥V̄t

i − I2∥2F]

≤ Eιt [f(X
t)− f(Xt+1)] +

1

2
Eιt [∥Xt∥2F]Eιt [

∑n/2
i=1 ∥V̄t

i − I2∥2F] + 1
2Eιt [u

t] (65)

①⇒ Eιt [
θ−X2

2

∑n/2
i=1 ∥V̄t

i − I2∥2F]≤Eιt [f(X
t)− f(Xt+1)] + 1

2Eιt [u
t] (66)

(67)

where step ① uses ∀t, ∥Xt∥F ≤ X.729

Eιt [
θ−X2

2

∑n/2
i=1 ∥V̄t

i − I2∥2F]
①
≤ Eιt [

Et

φ′(f(Xt)−f(X̄))
] + 1

2Eιt [u
t]

②
≤ Eιt [Et∥∇J f(X

t)∥F] + 1
2Eιt [u

t]

③
≤ Eιt [Etγ∥∇J T (I2;X

t, B)∥F + 2EtX
2√Eιt [ut]] +

1
2Eιt [u

t]

④
≤ Eιt [Etγϕ

∑n/2
i=1 ∥V̄

t−1
i − I2∥F] + Etγ np

2 (X + V
2
X)

√
Eιt [ut]

+2EtX
2√Eιt [ut] +

1
2Eιt [u

t]

⑤
≤ Eιt [Etγϕ

√
n
2

√∑n/2
i=1 ∥V̄

t−1
i − I2∥2F

+Et(2X
2
+ γ np

2 X + γ np
2 V

2
X)

√
Eιt [ut]] +

1
2Eιt [u

t]

⑥
≤ Eιt [

nEt2γ2ϕ2

4θ′ + θ′

2

∑n/2
i=1 ∥V̄

t−1
i − I2∥2F +

θ̄Eιt [u
t]

2

+
Et2(2X2

+γ
np
2 X+γ

np
2 V2X)2

2θ̄
] + 1

2Eιt [u
t]

⑦
= Eιt [Et2A2 + θ′

2

∑n/2
i=1 ∥V̄

t−1
i − I2∥2F] + θ̄+1

2 Eιt [u
t] (68)

where step ① uses the sufficient descent condition as shown in Theorem 4.7; step730

② uses Inequality (64) and (62) with X′ = Xt and X = X̄; step ③ uses lemma731

E.3 ; step ④ uses Lemma E.2 ; step ⑤ uses ∀xi ∈ R, x1+···+xn

n ⩽
√

x2
1+···+x2

n

n732

; step ⑥ applies the inequality that ∀θ′ > 0, a, b, ab ≤ θ′a2

2 + b2

2θ′ with733

a =

√∑n/2
i=1 ∥V̄

t−1
i − I2∥2F, b = Etγϕ

√
n
2 ; a =

√
Eιt [ut], b = Et(2X

2
+ γ np

2 X + γ np
2 V

2
X);734

step ⑦ denote A2 ≜
(2X2

+γ
np
2 X+γ

np
2 V2X)2

2θ̄
+ nγ2ϕ2

4θ′ . To simplify the formula, we define735

ℵt =
∑n/2

i=1 ∥V̄t
i − I2∥2F .736

Multiplying both sides by 2 and taking the square root of both sides, we have:737

Eιt [

√
θ − X

2√ℵt] ≤
√
Eιt [Et2A2 + θ′ℵt−1] + (θ̄ + 1)Eιt [u

t]

≤
√
Eιt [Et2A2] + Eιt−1 [

√
θ′ℵt−1] +

√
(θ̄ + 1)Eιt [ut]

≤ EtA+
√
θ′Eιt−1 [

√
ℵt−1] +

√
(θ̄ + 1)

√
Eιt [ut] (69)

To recursively eliminate term
√

(θ̄ + 1)Eιt [ut], we take the root of both sides of the Inequality in738

Lemma 4.5:739 √
Eιt [ut] ≤

√
p(N−b)
b(N−1)σ

2 +
√
(1− p)Eιt−1 [ut−1] +

√
L2

f X2
(1−p)

b′ Eιt−1 [ℵt−1]

≤
√

p(N−b)
b(N−1)σ

2 +
√
(1− p)

√
Eιt−1 [ut−1] +

√
L2

f X2
(1−p)

b′

√
Eιt−1 [ℵt−1] (70)
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Adding Inequality
√

θ̄+1

1−
√
1−p

× (70) to (69)740

Eιt [

√
θ − X

2√ℵt] ≤ EtA+ (
√
θ′ +

√
L2

f X2
(1−p)

b′

√
θ̄+1

1−
√
1−p

)Eιt−1 [
√
ℵt−1] +

√
1−p

√
(θ̄+1)

1−
√
1−p

(
√

Eιt−1 [ut−1]−
√
Eιt [ut]) +

√
θ̄+1

1−
√
1−p

√
p(N−b)
b(N−1)σ

2(71)

With the choice
√
θ′ =

√
θ−X2

2 −
√

L2
f X2

(1−p)

b′

√
θ̄+1

1−
√
1−p

, we have:741

Eιt [

√
θ − X

2√ℵt] ≤ EtA+ (

√
θ−X2

2 )Eιt−1 [
√
ℵt−1] +

√
1−p

√
(θ̄+1)

1−
√
1−p

(
√

Eιt−1 [ut−1]−
√
Eιt [ut]) +

√
θ̄+1

1−
√
1−p

√
p(N−b)
b(N−1)σ

2(72)

Rearranging terms, we have:742

Eιt [

√
θ − X

2√ℵt]− Eιt−1 [

√
θ−X2

2

√
ℵt−1]

≤ EtA+
√
1−p

√
(θ̄+1)

1−
√
1−p

(
√
Eιt−1 [ut−1]−

√
Eιt [ut]) +

√
θ̄+1

1−
√
1−p

√
p(N−b)
b(N−1)σ

2 (73)

Summing the inequality above over t = 1, 2 . . . , T , we have:743

EιT [

√
θ − X

2√ℵT ] + EιT−1 [

√
θ−X2

2

∑T−1
t=1

√
ℵt]

≤ A
∑T

t=1 Et +
√
1−p

√
(θ̄+1)

1−
√
1−p

(
√

Eι0 [u0]−
√

EιT [uT ]) +
T
√

θ̄+1

1−
√
1−p

√
p(N−b)
b(N−1)σ

2 +

√
θ−X2

2

√
ℵ0

≤ A
∑T

t=1 Et +
√
1−p

√
(θ̄+1)

1−
√
1−p

√
N−b

b(N−1)σ
2 +

T
√

θ̄+1

1−
√
1−p

√
p(N−b)
b(N−1)σ

2 + Eιt [

√
θ−X2

2

√
ℵ0]

≤ A
∑T

t=1 Et +
√
1−p

√
(θ̄+1)

1−
√
1−p

√
N−b

b(N−1)σ
2 +

T
√

θ̄+1

1−
√
1−p

√
p(N−b)
b(N−1)σ

2 +

√
θ−X2

2

√
n
2 (V +

√
2)2

where step ① uses the fact that EιT [u
T ] ≥ 0 and Eι0 [u

0] ≤ N−b
b(N−1)σ

2; step ② uses ∀t, ∥V∥F ≤ V,744

then, ∥Vi − I2∥2F ≤ (∥Vi∥F + ∥I2∥F)2 ≤ (X +
√
2)2 and

∑n/2
i=1 ∥V̄0

i − I2∥2F ≤ n
2 (V +

√
2)2.745

Define C =
√
1−p

√
(θ̄+1)

1−
√
1−p

√
N−b

b(N−1)σ
2 +

T
√

θ̄+1

1−
√
1−p

√
p(N−b)
b(N−1)σ

2 and rearrange terms, we have:746

Eιt [
θ−X2

2

∑T
t=1

√
ℵt] ≤ A

∑T
t=1 Et + C+

√
θ−X2

2

√
n
2 (V +

√
2)2 (74)

Considering A
∑T

t=1 Et, we have:747

A
∑T

t=1 Et ①
= A

∑T
t=1 φ(f(X

t)− f(X̄))− φ(f(Xt+1)− f(X̄))

②
= A[φ(f(X1)− f(X̄))− φ(f(XT+1)− f(X̄))]
③
≤ Aφ(f(X1)− f(X̄)) (75)

where step ① uses the definition of E i in (64); step ② uses a basic recursive reduction; step ③ uses the748

fact the desingularization function φ(·) is positive. Combining Inequality (74) and (75), we obtain :749

Eιt [
θ−X2

2

∑T
t=1

√
ℵt] ≤ Aφ(f(X1)− f(X̄)) + C+

√
θ−X2

2

√
n
2 (V +

√
2)2

Using the inequality that ∥X+−X∥2
F

X2 ≤ ∥X+−X∥2
F

∥X∥2
F

≤
∑n/2

i=1 ∥V̄i − I2∥2F as shown in Part (b) in Lemma750

2.5, we have:751

Eιt [
θ−X2

2X

∑T
t=1 ∥Xt+1 −Xt∥F] ≤ Aφ(f(X1)− f(X̄)) + C+

√
θ−X2

2

√
n
2 (V +

√
2)2

Since b = N, b′ =
√
b and p = b′

b+b′ , C =
√
1−p

√
(θ̄+1)

1−
√
1−p

√
N−b

b(N−1)σ
2 +

T
√

θ̄+1

1−
√
1−p

√
p(N−b)
b(N−1)σ

2 = 0,
we can get the expression for C:

Eιt [
∑t

j=1 ∥Xj+1 −Xj∥F] ≤ C
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752

C ≜ 2X
θ−X2 (Aφ(f(X1)− f(X̄)) +

√
θ−X2

2

√
n
2 (V +

√
2)2)

Considering that:
√
θ′ =

√
θ−X2

2 −
√

L2
f X2

(1−p)

b′

√
θ̄+1

1−
√
1−p

=

√
θ−X2

2 −
√
L2
fX

2
(1 + θ̄)((1+N

1
2 )

1
2 +753

N
1
4 ) = O(N

1
4 ), we have: A =

√
(2X2

+γ
np
2 X+γ

np
2 V2X)2

2θ̄
+ nγ2ϕ2

4θ′ = O( 1
N1/4 ). Finally, we have754

C = O(φ(f(X1)−f(X̄))
N1/4 )755

E.5 Proof of Theorem 4.9756

Proof. For simplicity, we use B instead of Bt. Initially, we prove the following important lemmas.757

Lemma E.6. (Riemannian gradient Lower Bound for the Iterates Gap) We define ϕ ≜ (3X+VX)G+758

(1 + X
2
+ V

2
+ V

2
X

2
)Lf + (1 + V

2
)θ. It holds that: Eξt+1 [dist(0,∇J G(I2;Xt+1, Bt+1))] ≤759

ϕ · Eξt [∥V̄t − I2∥F].760

Proof. The proof process is exactly the same as in lemma E.2 and will not be repeated here.761

The following lemma is useful to outline the relation of ∥∇J f(X
t)∥F and ∥∇J G(I2;Xt, B)∥F.762

Lemma E.7. We have the following results:763

dist(0,∇J f(X
t)) ≤ γ · Eξt−1 [dist(0,∇J G(I2;Xt, B))] with γ ≜ X

√
C2

n.764

Proof. We have the following inequalities:765

∥∇J f(X
t)∥2F

①
= ∥Gt − JXt(Gt)⊤XtJ∥2F
②
= ∥Gt(Xt)⊤JXtJ− JXt(Gt)⊤JJXtJ∥2F
③
≤ ∥Gt(Xt)⊤ − JXt(Gt)⊤J∥2F∥JXtJ∥2F
④
≤ X

2∥W∥2F, with W ≜ Gt(Xt)⊤ − JXt(Gt)⊤J

⑤
≤ X

2
C2

n · Eξt−1 [∥U⊤
B [G

t(Xt)⊤ − JXt(Gt)⊤J]UB∥2F]
⑥
= X

2
C2

n · Eξt−1 [∥∇J G(I2;Xt, B)∥2F]

where step ① uses the definition of ∇J f(X
t); step ② uses JJ = I and X⊤JX = J ⇒ X⊤JXJ =766

JJ = I; step ③ uses the norm inequality and ; step ④ uses the definition of W ≜ Gt(Xt)⊤ −767

JXt(Gt)⊤J and ∀t, ∥Xt∥F ≤ X ; step ⑤ uses Lemma (A.1) with k = 2; step ⑥ uses the definition768

of ∇J G(I2;Xt, B). Taking the square root of both sides, we finish the proof of this lemma.769

Finally, we obtain our main convergence results. First of all, since f◦(X) ≜ f(X) + IJ (X) is a KL770

function, we have from Proposition 4.8 that:771

1
φ′(f◦(X′)−f◦(X)) ≤ dist(0,∇f◦(X′))

①
≤ ∥∇J f(X

′)∥F, (76)

where step ① uses Lemma E.5. Here, φ(·) is some certain concave desingularization function. Since
φ(·) is concave, we have:

∀∆ ∈ R,∆+ ∈ R, φ(∆+) + (∆−∆+)φ′(∆) ≤ φ(∆).

Applying the inequality above with ∆ = f(Xt)− f(X̄) and ∆+ = f(Xt+1)− f(X̄), we have:772

(f(Xt)− f(Xt+1))φ′(f(Xt)− f(X̄))

≤ φ(f(Xt)− f(X̄))− φ(f(Xt+1)− f(X̄)) ≜ Et. (77)
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We derive the following inequalities:773

Eξt [
θ
2∥V̄

t − I2∥2F]
①
≤ Eξt [f(X

t)− f(Xt+1)]

②
≤ Eξt [

Et

φ′(f(Xt)−f(X̄))
]

③
≤ Eξt [Et∥∇J f(X

t)∥F]
④
≤ Eξt [Etγ∥∇J G(I2;Xt, B)∥F]
⑤
≤ Eξt−1 [Etγϕ|V̄t−1 − I2∥F]
⑥
≤ Eξt−1 [ θ

′

2 ∥V̄
t−1 − I2∥2F +

(Etγϕ)2

2θ′ ],∀θ′ > 0,

where step ① uses the sufficient descent condition as shown in Theorem 4.6; step ② uses Inequality774

(77); step ③ uses Inequality (76) with X′ = Xt and X = X̄; step ④ uses Lemma E.7; step ⑤ uses775

Lemma E.6; step ⑥ applies the inequality that ∀θ′ > 0, a, b, ab ≤ θ′a2

2 + b2

2θ′ with a = ∥V̄t−1 − I2∥F776

and b = Etγϕ.777

Multiplying both sides by 2 and taking the square root of both sides, we have:778

√
θEξt [∥V̄t − I2∥F] ≤

√
(Etγϕ)2

θ′ + θ′Eξt−1 [∥V̄t−1 − I2∥2F],∀θ
′ > 0

①
≤

√
θ′Eξt−1 [∥V̄t−1 − I2∥F] + Etγϕ√

θ′ ,∀θ
′ > 0,

where step ① uses the inequality that
√
a+ b ≤

√
a+

√
b for all a ≥ 0 and b ≥ 0. Summing the779

inequality above over i = 1, 2 . . . , t, we have:780

√
θEξt [∥V̄t − I2∥F]−

√
θ′Eξ0 [∥V̄0 − I2∥F] +

∑t−1
i=1(

√
θ −

√
θ′)Eξi [∥V̄i − I2∥F]

≤ γϕ√
θ′

∑t
i=1 E i

①
= γϕ√

θ′

∑t
i=1 φ(f(X

i)− f(X̄))− φ(f(Xi+1)− f(X̄))

②
= γϕ√

θ′ [φ(f(X
1)− f(X̄))− φ(f(Xt+1)− f(X̄))]

③
≤ γϕ√

θ′φ(f(X
1)− f(X̄)),

where step ① uses the definition of E i in (77); step ② uses a basic recursive reduction; step ③ uses781

the fact the desingularization function φ(·) is positive. With the choice θ′ = θ
4 , we have:782

√
θEξt [∥V̄t − I2∥F] +

√
θ
2

∑t−1
i=1 Eξi [∥V̄i − I2∥F]

≤ 2γϕ√
θ
φ(f(X1)− f(X̄)) +

√
θ
2 Eξ0 [∥V̄0 − I2∥F] (78)

①
≤ 2γϕ√

θ
φ(f(X1)− f(X̄)) +

√
θ
2 (V +

√
2), (79)

where step ① uses ∀t, ∥V∥F ≤ V,then, ∥V − I2∥F ≤ ∥V∥F + ∥I∥F ≤ V +
√
2. Finally, we obtain783

from Inequality (79):784

1

2

∑t
i=1 Eξi [∥V̄i − I2∥F] ≤ 2γϕ

θ φ(f(X1)− f(X̄)) + 1
2 (V +

√
2)

①⇒ 1
2

∑t
i=1 Eξi [∥Xi+1 −Xi∥F] ≤ ( 2Xγϕ

θ φ(f(X1)− f(X̄)) + X
2 (V +

√
2))

where step ① uses the inequality that ∥Xi+1−Xi∥F

X
≤ ∥V̄i − I2∥F as shown in Part (b) in Lemma 2.1.

Finally, we can get the expression for C:

C ≜ 4Xγϕ
θ φ(F (X1)− F (X̄)) + X(V +

√
2) = nO(φ(f(X1)− f(X̄)))

785
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F Additional Experiment Details and Results786

F.1 Additional Details for Hyperbolic Structural Probe Problem787

To begin with, we give the definition of the Ultrahyperbolic manifold Up,q
α , which will be used in788

Ultra-hyperbolic geodesic distance dα(x,y) and Diffeomorphism φ(·).789

▶ Ultrahyperbolic manifold. Vectors in an ultrahyperbolic manifold is defined as Up,q
α = {x =790

(x1, x2, · · · , xp+q)
⊤ ∈ Rp,q : ∥x∥2q = −α2}[48], where α is a non-negative real number denoting791

the radius of curvature. ∥x∥2q = ⟨x,x⟩q , ∀x,y ∈ Rp,q, ⟨x,y⟩q =
∑p

i=1 xiyi −
∑p+q

j=p+1 xjyj is792

a norm of the induced scalar product. The hyperbolic and spherical manifolds can be defined as793

:Hα = Up,1
α , Sα = U0,q

α .794

▶ Ultra-hyperbolic geodesic distance. The ultra-hyperbolic geodesic distance [27][28] dγ(·, ·) is795

formulated: ∀x ∈ Up,q
α ,y ∈ Up,q

α and α > 0, dα(x,y) = { α cosh−1(| ⟨x,y⟩qα2 |) if | ⟨x,y⟩qα2 | ≥ 1

α cos−1(| ⟨x,y⟩qα2 |) otherwise.
.796

▶ Diffeomorphism. [Theorem 1 Diffeomorphism of [49]]: Any vector x ∈ Rp ×Rq
∗ can be mapped797

into Up,q
α by a double projectionφ = ϕ−1◦ϕ, withψ(x) = (

s
α t

∥t∥
), ψ−1(z) = (

v√
α2+∥v∥2

α u
),798

where x = (
s
t
) ∈ Up,q

α with s ∈ Rp and t ∈ Rq
∗ · z = (

v
u

) ∈ Rp × Sqα with v ∈ Rp and u ∈ Sqα.799

F.2 Additional application: Ultra-hyperbolic Knowledge Graph Embedding800

The J orthogonal matrix can be used as an isometric linear operator in the Ultrahyperbolic manifold,801

[48] et al. extended the knowledge graph model from hyperbolic space to Ultra-hyperbolic space802

(named as UltraE) by this property. The UltraE model is formulated as follows:803

min
R,E,b

L(R,E,b) ≜ − 1
N

∑
(h,r,t)∈∆

(log s(h, r, t) +
∑

(h′,r′,r′)∈∆′
(h,r,t)

log(1− s(h′, r′, t′)))

s.t.

{
s(h, r, t) = σ(−d2α(RrEh,Et) + bh + bt + δ)
R⊤

r JRr = J

where E ∈ Rne×n with Eh = E(h, :) ∈ Up,q
α , b ∈ Rnr with bh = b(r) ∈ R, R ∈ Rnr×n×n with804

Rr = R(r, :, :) ∈ Rn×n and J = [
Ip 0
0 −Iq

]; ∆ ∈ NN×3 is the set of positive triplets, ∆′
(h,r,t) ∈805

NN×k×3 denotes the set of negative triples constructed by corrupting (h, r, t); δ is a global margin806

hyper-parameter, σ(·) is the sigmoid function, ne represents the number of entities and nr represents807

the number of relations; dα(·) stands for the Ultra-hyperbolic geodesic distance (refer to F.1).808

▶ Experiment Details. We selected a batch of FB15K and WN18RR respectively as the data set for809

the Ultra-hyperbolic Knowledge Graph Embedding problem, (training set size, test set size, number810

of entities, number of relations) are (719,308,135,22) and (545,233,208,5) respectively. n = 36,811

p = 18, δ = 5, α = 1 and k = 50. In order to highlight the difference between J orthogonal812

optimization, in the UltraE model, all entities and biases of the optimization algorithm are optimized813

using ADMM by Pytorch, lr = 5e− 4. We use the Adagrad optimizer in Pytorch to optimize the814

J-orthogonality constraint variable in the CS model.815

F.3 Experiment result816

▶ Hyperbolic Eigenvalue Problem. Table 2 and Figure 3, 4, 5 are supplementary experiments for817

HEVP. Several conclusions can be drawn. (i) GS-JOBCD often greatly improves upon UMCM,818

ADMM and CSDM. This is because our methods find stronger stationary points than them. (ii)819

J-JOBCD is a parallel version of GS-JOBCD and thus exhibits significantly faster convergence. (iii)820

The proposed methods generally give the best performance.821

▶ Hyperbolic Structural Probe Problem. Table 3 and Figure 6, 7 are supplementary experiments822

for HSPP. Several conclusions can be drawn. (i) J-JOBCD often greatly improves upon UMCM,823

ADMM and CSDM (ii) VR-J-JOBCD is a reduced variance version of J-JOBCD and thus exhibits824
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significantly faster convergence for problems with large samples. (iii) The proposed methods generally825

give the best performance.826

▶ Ultra-hyperbolic Knowledge Graph Embedding Problem. Figure 8, 9, 10 and 11 are supplemen-827

tary experiments for UltraE. Several conclusions can be drawn. (i) In terms of Epoch performance,828

J-JOBCD and VR-J-JOBCD often greatly improves upon CSDM, thus they show better MRR and829

hits results. (ii) In models with limited sample sizes, the computational efficiency of VR-J-JOBCD830

is inferior to that of J-JOBCD. This discrepancy arises because each iteration in VR-J-JOBCD831

necessitates two instances of backpropagation, thus consuming substantial computational resources.832

(iii) The proposed methods generally give the best performance.833
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F.3.1 Hyperbolic Eigenvalue Problem834

Table 2: The convergence curve of the compared methods for solving HEVP. (+) indicates that after
the convergence of the CSDM, UMCM and ADMM, utilizing the GS-JOBCD for optimization
markedly enhances the objective value. The 1st, 2nd , and 3rd best results are colored with red, green
and blue, respectively. (n, p) represents the dimension and p-value of the J orthogonal matrix (square
matrix). The value in () stands for

∑n
ij |X⊤JX− J|ij .

dataname (m-n-p) UMCM ADMM CSDM GS-JOBCD J-JOBCD UMCM+GS-JOBCD ADMM+GS-JOBCD CSDM+GS-JOBCD
time limit=30s

cifar (1000-100-50) -1.05e+04(3.0e-09) -1.05e+04(3.0e-09) -5.28e+04(4.8e-09) -7.76e+04(1.6e-08) -1.19e+05(8.1e-08) -7.96e+04(1.1e-08)(+) -5.86e+04(8.4e-09)(+) -8.50e+04(1.2e-08)(+)
CnnCaltech (2000-1000-500) -5.89e+02(2.9e-08) -5.89e+02(3.1e-10) -7.86e+02(3.8e-10) -7.68e+02(5.2e-10) -3.90e+03(2.3e-08) -6.71e+02(2.9e-08)(+) -6.73e+02(3.6e-10)(+) -8.49e+02(4.3e-10)(+)

gisette (3000-1000-500) -3.22e+06(3.1e-10) -3.22e+06(3.1e-10) -5.16e+06(3.9e-10) -7.13e+06(5.9e-10) -1.15e+07(1.5e-08) -4.63e+06(3.7e-10)(+) -4.74e+06(3.7e-10)(+) -6.31e+06(4.6e-10)(+)
mnist (1000-780-390) -8.65e+04(4.1e-10) -8.65e+04(4.1e-10) -1.63e+05(4.9e-10) -2.23e+05(6.6e-10) -6.99e+05(2.1e-08) -1.59e+05(4.7e-10)(+) -1.48e+05(4.7e-10)(+) -2.04e+05(5.7e-10)(+)

randn10 (10-10-5) 1.29e+02(9.7e-02) 1.29e+02(9.7e-02) 3.03e+02(2.3e-01) -3.96e+01(9.7e-02) -2.98e+02(9.7e-02) -7.05e+01(9.7e-02)(+) -1.75e+01(9.7e-02)(+) 2.29e+02(2.3e-01)(+)
randn100 (100-100-50) -1.03e+04(3.0e-09) -1.03e+04(2.5e-07) -1.98e+04(5.1e-09) -1.49e+04(2.7e-08) -3.44e+04(1.3e-07) -1.33e+04(1.4e-08)(+) -1.31e+04(2.5e-07)(+) -2.20e+04(1.8e-08)(+)

randn1000 (1000-1000-500) -1.16e+06(3.1e-10) -1.16e+06(3.1e-10) -1.47e+06(3.9e-10) -1.20e+06(4.4e-10) -4.83e+06(7.3e-08) -1.18e+06(3.5e-10)(+) -1.18e+06(3.5e-10)(+) -1.49e+06(4.7e-10)(+)
sector (500-1000-500) -3.61e+03(3.1e-10) -3.61e+03(3.1e-10) -5.35e+03(3.9e-10) -6.68e+03(5.8e-10) -1.07e+04(1.2e-08) -4.73e+03(3.7e-10)(+) -4.85e+03(3.6e-10)(+) -6.47e+03(4.6e-10)(+)
TDT2 (1000-1000-500) -4.25e+06(3.1e-10) -4.25e+06(3.1e-10) -6.37e+06(4.0e-10) -8.20e+06(6.0e-10) -1.32e+07(1.2e-08) -5.67e+06(3.7e-10)(+) -5.93e+06(3.7e-10)(+) -7.85e+06(4.8e-10)(+)
w1a (2470-290-145) -3.02e+04(1.1e-04) -3.02e+04(1.1e-04) -5.42e+04(4.4e-04) -5.74e+04(1.1e-04) -6.73e+05(1.1e-04) -4.76e+04(1.1e-04)(+) -4.57e+04(1.1e-04)(+) -6.32e+04(4.4e-04)(+)
cifar (1000-100-70) -7.32e+03(1.9e-09) -7.32e+03(1.9e-09) -3.29e+04(3.2e-09) -6.01e+04(1.5e-08) -1.12e+05(7.4e-08) -4.84e+04(1.0e-08)(+) -4.30e+04(7.6e-09)(+) -7.52e+04(1.3e-08)(+)

CnnCaltech (2000-1000-700) -4.33e+02(2.1e-08) -4.33e+02(2.2e-10) -5.43e+02(2.5e-10) -5.69e+02(3.6e-10) -2.88e+03(1.6e-08) -4.86e+02(2.1e-08)(+) -4.85e+02(2.6e-10)(+) -5.98e+02(3.0e-10)(+)
gisette (1000,700) -2.45e+06(2.2e-10) -2.45e+06(2.2e-10) -3.59e+06(2.5e-10) -5.02e+06(4.2e-10) -9.17e+06(1.0e-08) -3.15e+06(2.5e-10)(+) -3.25e+06(2.5e-10)(+) -4.25e+06(2.7e-10)(+)
mnist (1000-780-500) -7.05e+04(3.1e-10) -7.05e+04(3.1e-10) -1.21e+05(3.6e-10) -1.81e+05(5.3e-10) -6.28e+05(1.9e-08) -1.14e+05(3.5e-10)(+) -1.21e+05(3.6e-10)(+) -1.59e+05(4.3e-10)(+)

randn10 (10-10-7) 1.61e+02(5.6e-02) 1.61e+02(5.6e-02) 3.46e+02(1.8e-01) -4.14e+11(2.1e+02) -1.64e+00(5.6e-02) 3.69e+01(5.6e-02)(+) -8.63e+02(5.6e-02)(+) 2.96e+02(1.8e-01)(+)
randn100 (100,70) -8.00e+03(1.9e-09) -8.00e+03(1.8e-07) -1.41e+04(2.9e-09) -1.10e+04(1.9e-08) -2.37e+04(8.5e-08) -9.68e+03(9.3e-09)(+) -9.75e+03(1.8e-07)(+) -1.64e+04(1.3e-08)(+)

randn1000 (1000-1000-700) -8.88e+05(2.2e-10) -8.88e+05(2.2e-10) -1.07e+06(2.7e-10) -9.15e+05(3.4e-10) -3.24e+06(4.3e-08) -9.04e+05(2.6e-10)(+) -9.05e+05(2.5e-10)(+) -1.09e+06(3.2e-10)(+)
sector (500-1000-700) -2.66e+03(2.2e-10) -2.66e+03(2.2e-10) -3.63e+03(2.5e-10) -4.57e+03(3.8e-10) -8.93e+03(9.1e-09) -3.16e+03(2.4e-10)(+) -3.26e+03(2.4e-10)(+) -4.12e+03(2.8e-10)(+)
TDT2 (1000-1000-700) -3.15e+06(2.2e-10) -3.15e+06(2.2e-10) -4.33e+06(2.5e-10) -5.32e+06(3.4e-10) -1.23e+07(9.1e-09) -3.80e+06(2.5e-10)(+) -3.75e+06(2.4e-10)(+) -4.77e+06(2.8e-10)(+)
w1a (2470-290-200) -2.77e+04(8.0e-10) -2.77e+04(8.0e-10) -3.93e+04(1.1e-09) -5.19e+04(4.1e-09) -3.97e+05(5.6e-08) -4.05e+04(1.8e-09)(+) -3.73e+04(1.7e-09)(+) -5.45e+04(2.9e-09)(+)
cifar (1000-100-90) -6.42e+03(1.2e-09) -6.42e+03(1.2e-09) -1.59e+04(1.2e-09) -4.51e+04(1.4e-08) -5.05e+04(5.6e-08) -2.64e+04(6.3e-09)(+) -3.35e+04(7.0e-09)(+) -3.89e+04(6.7e-09)(+)

CnnCaltech (2000-1000-900) -3.10e+02(1.1e-08) -3.10e+02(1.2e-10) -3.41e+02(1.3e-10) -3.64e+02(1.7e-10) -1.65e+03(8.0e-09) -3.29e+02(1.1e-08)(+) -3.32e+02(1.3e-10)(+) -3.61e+02(1.4e-10)(+)
gisette (3000-1000-900) -1.74e+06(1.2e-10) -1.74e+06(1.2e-10) -2.05e+06(1.2e-10) -2.57e+06(1.8e-10) -6.46e+06(8.0e-09) -2.00e+06(1.3e-10)(+) -1.99e+06(1.2e-10)(+) -2.33e+06(1.4e-10)(+)
mnist (1000-780-650) -5.19e+04(1.9e-10) -5.19e+04(1.9e-10) -6.12e+04(2.2e-10) -1.02e+05(2.9e-10) -4.03e+05(1.2e-08) -6.75e+04(2.1e-10)(+) -6.58e+04(2.1e-10)(+) -7.54e+04(2.4e-10)(+)

randn10 (10-10-9) 5.33e+02(1.7e-01) 5.33e+02(1.7e-01) 4.28e+02(1.3e-01) -1.03e+12(5.5e+02) 3.64e+02(1.7e-01) 2.21e+02(1.7e-01)(+) -3.46e+02(1.7e-01)(+) 1.54e+02(1.3e-01)(+)
randn100 (100-100-90) -6.14e+03(1.1e-07) -6.14e+03(1.2e-09) -8.14e+03(1.4e-09) -8.31e+03(1.5e-08) -1.31e+04(5.8e-08) -7.74e+03(1.2e-07)(+) -7.77e+03(1.3e-08)(+) -9.69e+03(1.1e-08)(+)

randn1000 (1000-1000-900) -6.33e+05(1.2e-10) -6.33e+05(1.2e-10) -6.84e+05(1.3e-10) -6.46e+05(1.9e-10) -1.87e+06(1.8e-08) -6.39e+05(1.3e-10)(+) -6.39e+05(1.3e-10)(+) -6.90e+05(1.5e-10)(+)
sector (500-1000-900) -1.92e+03(1.2e-10) -1.92e+03(1.2e-10) -2.18e+03(1.2e-10) -2.50e+03(1.6e-10) -5.84e+03(6.5e-09) -2.12e+03(1.2e-10)(+) -2.13e+03(1.2e-10)(+) -2.34e+03(1.4e-10)(+)
TDT2 (1000-1000-900) -2.26e+06(1.2e-10) -2.26e+06(1.2e-10) -2.58e+06(1.2e-10) -2.90e+06(1.6e-10) -7.40e+06(6.6e-09) -2.53e+06(1.2e-10)(+) -2.51e+06(1.2e-10)(+) -2.83e+06(1.3e-10)(+)
w1a (2470-290-250) -2.03e+04(5.4e-10) -2.03e+04(5.4e-10) -2.41e+04(5.9e-10) -3.74e+04(2.9e-09) -2.59e+05(3.3e-08) -2.82e+04(1.2e-09)(+) -3.17e+04(1.4e-09)(+) -3.78e+04(1.5e-09)(+)

time limit=60s
cifar (1000-100-50) -1.05e+04(3.0e-09) -1.05e+04(3.0e-09) -5.28e+04(4.7e-09) -9.03e+04(2.2e-08) -1.14e+05(1.1e-07) -8.07e+04(1.5e-08)(+) -6.87e+04(1.3e-08)(+) -1.01e+05(1.6e-08)(+)

CnnCaltech (2000-1000-500) -5.89e+02(2.9e-08) -5.89e+02(3.1e-10) -9.79e+02(4.6e-10) -9.58e+02(9.9e-10) -6.68e+03(4.7e-08) -7.13e+02(2.9e-08)(+) -7.23e+02(4.3e-10)(+) -1.05e+03(5.9e-10)(+)
gisette (3000-1000-500) -3.22e+06(3.1e-10) -3.22e+06(3.1e-10) -6.54e+06(4.3e-10) -8.84e+06(9.7e-10) -1.29e+07(2.1e-08) -5.55e+06(4.1e-10)(+) -5.67e+06(4.2e-10)(+) -8.02e+06(6.4e-10)(+)
mnist (1000-780-390) -8.65e+04(4.1e-10) -8.65e+04(4.1e-10) -2.28e+05(5.3e-10) -2.75e+05(9.5e-10) -9.32e+05(3.2e-08) -1.80e+05(5.4e-10)(+) -1.88e+05(5.4e-10)(+) -2.83e+05(6.8e-10)(+)

randn10 (10-10-5) 1.29e+02(9.7e-02) 1.29e+02(9.7e-02) 2.43e+02(2.2e-01) -3.96e+01(9.7e-02) -7.07e+01(9.7e-02) -2.27e+05(9.7e-02)(+) -3.46e+02(9.7e-02)(+) -2.94e+05(2.2e-01)(+)
randn100 (100-100-50) -1.03e+04(3.0e-09) -1.03e+04(2.5e-07) -1.98e+04(5.4e-09) -1.81e+04(4.3e-08) -3.88e+04(1.9e-07) -1.41e+04(1.9e-08)(+) -1.44e+04(2.5e-07)(+) -2.41e+04(2.9e-08)(+)

randn1000 (1000-1000-500) -1.16e+06(3.1e-10) -1.16e+06(3.1e-10) -1.79e+06(4.7e-10) -1.21e+06(6.0e-10) -7.79e+06(1.5e-07) -1.19e+06(3.9e-10)(+) -1.19e+06(4.0e-10)(+) -1.81e+06(5.7e-10)(+)
sector (500-1000-500) -3.61e+03(3.1e-10) -3.61e+03(3.1e-10) -6.63e+03(4.5e-10) -8.22e+03(9.1e-10) -1.11e+04(1.7e-08) -5.53e+03(4.2e-10)(+) -5.63e+03(4.3e-10)(+) -7.83e+03(5.8e-10)(+)
TDT2 (1000-1000-500) -4.25e+06(3.1e-10) -4.25e+06(3.1e-10) -8.31e+06(4.4e-10) -9.87e+06(8.9e-10) -1.43e+07(1.7e-08) -6.51e+06(4.1e-10)(+) -6.80e+06(4.2e-10)(+) -9.33e+06(5.3e-10)(+)
w1a (2470-290-145) -3.02e+04(1.1e-04) -3.02e+04(1.1e-04) -5.63e+04(1.0e-04) -7.13e+04(1.1e-04) -2.07e+06(1.1e-04) -5.44e+04(1.1e-04)(+) -5.42e+04(1.1e-04)(+) -6.91e+04(1.0e-04)(+)
cifar (1000-100-70) -7.32e+03(1.9e-09) -7.32e+03(1.9e-09) -3.29e+04(3.3e-09) -6.94e+04(1.9e-08) -9.31e+04(9.6e-08) -5.69e+04(1.4e-08)(+) -5.87e+04(1.4e-08)(+) -8.58e+04(1.8e-08)(+)

CnnCaltech (2000-1000-700) -4.33e+02(2.1e-08) -4.33e+02(2.2e-10) -6.99e+02(3.2e-10) -6.74e+02(5.7e-10) -4.74e+03(3.1e-08) -5.23e+02(2.1e-08)(+) -5.21e+02(2.7e-10)(+) -7.62e+02(4.1e-10)(+)
gisette (1000,700) -2.45e+06(2.2e-10) -2.45e+06(2.2e-10) -4.99e+06(2.8e-10) -6.15e+06(6.0e-10) -1.15e+07(1.6e-08) -3.71e+06(2.6e-10)(+) -3.86e+06(2.7e-10)(+) -5.81e+06(3.7e-10)(+)
mnist (1000-780-500) -7.05e+04(3.1e-10) -7.05e+04(3.1e-10) -1.62e+05(4.3e-10) -2.19e+05(6.8e-10) -8.50e+05(2.6e-08) -1.34e+05(4.0e-10)(+) -1.41e+05(3.9e-10)(+) -2.00e+05(5.1e-10)(+)

randn10 (10-10-7) 1.61e+02(5.6e-02) 1.61e+02(5.6e-02) 3.81e+02(1.6e-01) -3.45e+16(9.0e+06) 4.37e-01(5.6e-02) -2.19e+04(5.6e-02)(+) -2.03e+04(5.6e-02)(+) 3.39e+02(1.6e-01)(+)
randn100 (100,70) -8.00e+03(1.9e-09) -8.00e+03(1.8e-07) -1.41e+04(2.9e-09) -1.37e+04(3.2e-08) -2.69e+04(1.4e-07) -1.04e+04(1.3e-08)(+) -1.08e+04(1.8e-07)(+) -1.83e+04(2.7e-08)(+)

randn1000 (1000-1000-700) -8.88e+05(2.2e-10) -8.88e+05(2.2e-10) -1.31e+06(3.0e-10) -9.25e+05(4.5e-10) -5.49e+06(9.7e-08) -9.09e+05(2.8e-10)(+) -9.09e+05(2.7e-10)(+) -1.33e+06(3.8e-10)(+)
sector (500-1000-700) -2.66e+03(2.2e-10) -2.66e+03(2.2e-10) -5.05e+03(3.0e-10) -5.74e+03(5.6e-10) -1.13e+04(1.4e-08) -3.74e+03(2.7e-10)(+) -3.74e+03(2.7e-10)(+) -5.65e+03(4.0e-10)(+)
TDT2 (1000-1000-700) -3.15e+06(2.2e-10) -3.15e+06(2.2e-10) -6.13e+06(3.1e-10) -6.94e+06(5.7e-10) -1.45e+07(1.4e-08) -4.55e+06(2.7e-10)(+) -4.54e+06(2.8e-10)(+) -6.99e+06(4.1e-10)(+)
w1a (2470-290-200) -2.77e+04(8.0e-10) -2.77e+04(8.0e-10) -4.00e+04(1.1e-09) -7.13e+04(1.2e-08) -3.42e+06(5.3e-07) -4.71e+04(3.6e-09)(+) -5.28e+04(4.3e-09)(+) -6.55e+04(5.1e-09)(+)
cifar (1000-100-90) -6.42e+03(1.2e-09) -6.42e+03(1.2e-09) -1.60e+04(1.5e-09) -4.91e+04(2.0e-08) -4.97e+04(9.3e-08) -4.12e+04(1.2e-08)(+) -4.83e+04(1.6e-08)(+) -4.87e+04(1.7e-08)(+)

CnnCaltech (2000-1000-900) -3.10e+02(1.1e-08) -3.10e+02(1.2e-10) -3.15e+02(1.2e-10) -4.25e+02(3.1e-10) -2.37e+03(1.4e-08) -3.44e+02(1.1e-08)(+) -3.41e+02(1.4e-10)(+) -3.45e+02(1.4e-10)(+)
gisette (3000-1000-900) -1.74e+06(1.2e-10) -1.74e+06(1.2e-10) -2.59e+06(1.4e-10) -3.09e+06(2.6e-10) -8.40e+06(1.2e-08) -2.21e+06(1.3e-10)(+) -2.19e+06(1.3e-10)(+) -2.79e+06(1.7e-10)(+)
mnist (1000-780-650) -5.19e+04(1.9e-10) -5.19e+04(1.9e-10) -6.81e+04(2.4e-10) -1.35e+05(4.4e-10) -5.92e+05(2.0e-08) -7.34e+04(2.2e-10)(+) -7.07e+04(2.3e-10)(+) -9.21e+04(2.8e-10)(+)

randn10 (10-10-9) 5.33e+02(1.7e-01) 5.33e+02(1.7e-01) 5.07e+02(2.3e-01) -1.28e+19(4.2e+09) 3.41e+02(1.7e-01) -2.71e+04(1.7e-01)(+) 4.49e+02(1.7e-01)(+) 2.41e+02(2.3e-01)(+)
randn100 (100-100-90) -6.14e+03(1.1e-07) -6.14e+03(1.2e-09) -8.14e+03(1.7e-09) -1.08e+04(2.6e-08) -1.56e+04(9.7e-08) -8.18e+03(1.2e-07)(+) -8.15e+03(1.2e-08)(+) -1.12e+04(2.1e-08)(+)

randn1000 (1000-1000-900) -6.33e+05(1.2e-10) -6.33e+05(1.2e-10) -7.65e+05(1.5e-10) -6.49e+05(2.4e-10) -2.77e+06(3.5e-08) -6.42e+05(1.4e-10)(+) -6.41e+05(1.4e-10)(+) -7.72e+05(1.8e-10)(+)
sector (500-1000-900) -1.92e+03(1.2e-10) -1.92e+03(1.2e-10) -2.66e+03(1.4e-10) -2.80e+03(2.1e-10) -7.48e+03(1.1e-08) -2.23e+03(1.3e-10)(+) -2.32e+03(1.4e-10)(+) -2.82e+03(1.7e-10)(+)
TDT2 (1000-1000-900) -2.26e+06(1.2e-10) -2.26e+06(1.2e-10) -3.18e+06(1.4e-10) -3.33e+06(2.0e-10) -8.81e+06(9.7e-09) -2.72e+06(1.4e-10)(+) -2.73e+06(1.3e-10)(+) -3.37e+06(1.7e-10)(+)
w1a (2470-290-250) -2.03e+04(5.4e-10) -2.03e+04(5.4e-10) -2.42e+04(7.0e-10) -4.96e+04(7.1e-09) -1.56e+06(2.5e-07) -3.55e+04(3.2e-09)(+) -3.67e+04(2.9e-09)(+) -4.36e+04(2.8e-09)(+)

time limit=90s
cifar (1000-100-50) -1.05e+04(3.0e-09) -1.05e+04(3.0e-09) -5.28e+04(5.4e-09) -1.03e+05(2.6e-08) -1.11e+05(1.4e-07) -8.38e+04(1.7e-08)(+) -8.39e+04(1.9e-08)(+) -1.24e+05(2.6e-08)(+)

CnnCaltech (2000-1000-500) -5.89e+02(2.9e-08) -5.89e+02(3.1e-10) -1.11e+03(5.2e-10) -1.07e+03(1.3e-09) -9.16e+03(6.9e-08) -7.44e+02(2.9e-08)(+) -7.51e+02(4.6e-10)(+) -1.15e+03(6.9e-10)(+)
gisette (3000-1000-500) -3.22e+06(3.1e-10) -3.22e+06(3.1e-10) -8.53e+06(4.9e-10) -9.49e+06(1.2e-09) -1.36e+07(2.6e-08) -6.21e+06(4.6e-10)(+) -6.23e+06(4.9e-10)(+) -9.65e+06(7.9e-10)(+)
mnist (1000-780-390) -8.65e+04(4.1e-10) -8.65e+04(4.1e-10) -2.56e+05(5.6e-10) -3.14e+05(1.2e-09) -1.20e+06(4.1e-08) -2.05e+05(5.8e-10)(+) -2.11e+05(6.1e-10)(+) -3.06e+05(7.6e-10)(+)

randn10 (10-10-5) 1.29e+02(9.7e-02) 1.29e+02(9.7e-02) 2.45e+02(2.3e-01) -3.96e+01(9.7e-02) -3.97e+02(9.7e-02) 1.17e+01(9.7e-02)(+) -2.66e+09(1.1e+00)(+) 1.55e+01(2.3e-01)(+)
randn100 (100-100-50) -1.03e+04(3.0e-09) -1.03e+04(2.5e-07) -1.98e+04(4.4e-09) -2.28e+04(5.6e-08) -4.37e+04(2.6e-07) -1.50e+04(2.5e-08)(+) -1.54e+04(2.6e-07)(+) -2.41e+04(4.2e-08)(+)

randn1000 (1000-1000-500) -1.16e+06(3.1e-10) -1.16e+06(3.1e-10) -1.93e+06(5.0e-10) -1.22e+06(6.9e-10) -1.04e+07(2.3e-07) -1.19e+06(4.1e-10)(+) -1.19e+06(4.4e-10)(+) -1.95e+06(6.7e-10)(+)
sector (500-1000-500) -3.61e+03(3.1e-10) -3.61e+03(3.1e-10) -7.90e+03(4.9e-10) -9.24e+03(1.3e-09) -1.06e+04(2.0e-08) -5.56e+03(4.3e-10)(+) -5.69e+03(4.3e-10)(+) -8.51e+03(6.4e-10)(+)
TDT2 (1000-1000-500) -4.25e+06(3.1e-10) -4.25e+06(3.1e-10) -9.39e+06(4.8e-10) -1.05e+07(1.1e-09) -1.42e+07(2.1e-08) -6.65e+06(4.4e-10)(+) -6.89e+06(4.2e-10)(+) -1.04e+07(6.5e-10)(+)
w1a (2470-290-145) -3.02e+04(1.1e-04) -3.02e+04(1.1e-04) -5.72e+04(2.7e-05) -9.21e+04(1.1e-04) -9.32e+06(1.1e-04) -5.74e+04(1.1e-04)(+) -6.40e+04(1.1e-04)(+) -7.94e+04(2.7e-05)(+)
cifar (1000-100-70) -7.32e+03(1.9e-09) -7.32e+03(1.9e-09) -3.29e+04(3.1e-09) -7.19e+04(2.1e-08) -1.36e+05(1.2e-07) -6.05e+04(1.8e-08)(+) -6.42e+04(1.8e-08)(+) -9.76e+04(2.5e-08)(+)

CnnCaltech (2000-1000-700) -4.33e+02(2.1e-08) -4.33e+02(2.2e-10) -7.42e+02(3.1e-10) -7.76e+02(8.4e-10) -6.63e+03(4.7e-08) -5.23e+02(2.1e-08)(+) -5.38e+02(3.0e-10)(+) -8.08e+02(4.2e-10)(+)
gisette (1000,700) -2.45e+06(2.2e-10) -2.45e+06(2.2e-10) -5.56e+06(3.1e-10) -6.76e+06(7.5e-10) -1.13e+07(1.9e-08) -3.90e+06(3.0e-10)(+) -4.02e+06(3.0e-10)(+) -6.62e+06(4.4e-10)(+)
mnist (1000-780-500) -7.05e+04(3.1e-10) -7.05e+04(3.1e-10) -1.71e+05(4.5e-10) -2.51e+05(8.4e-10) -1.09e+06(3.5e-08) -1.58e+05(4.3e-10)(+) -1.46e+05(4.4e-10)(+) -2.23e+05(5.9e-10)(+)

randn10 (10-10-7) 1.61e+02(5.6e-02) 1.61e+02(5.6e-02) 3.33e+02(1.7e-01) 6.45e+01(5.6e-02) 5.58e+01(5.6e-02) 1.15e+02(5.6e-02)(+) 8.86e+01(5.6e-02)(+) 1.67e+02(1.7e-01)(+)
randn100 (100,70) -8.00e+03(1.9e-09) -8.00e+03(1.8e-07) -1.41e+04(3.0e-09) -1.43e+04(3.0e-08) -2.60e+04(1.7e-07) -1.05e+04(1.4e-08)(+) -1.08e+04(1.8e-07)(+) -1.87e+04(3.2e-08)(+)

randn1000 (1000-1000-700) -8.88e+05(2.2e-10) -8.88e+05(2.2e-10) -1.36e+06(3.1e-10) -9.25e+05(4.6e-10) -7.05e+06(1.4e-07) -9.10e+05(2.8e-10)(+) -9.10e+05(2.8e-10)(+) -1.37e+06(4.2e-10)(+)
sector (500-1000-700) -2.66e+03(2.2e-10) -2.66e+03(2.2e-10) -5.64e+03(3.2e-10) -5.40e+03(5.2e-10) -1.53e+04(1.8e-08) -3.67e+03(2.6e-10)(+) -3.80e+03(2.8e-10)(+) -5.94e+03(4.0e-10)(+)
TDT2 (1000-1000-700) -3.15e+06(2.2e-10) -3.15e+06(2.2e-10) -6.78e+06(3.2e-10) -6.43e+06(5.0e-10) -1.33e+07(1.6e-08) -4.49e+06(2.9e-10)(+) -4.51e+06(2.6e-10)(+) -7.19e+06(4.2e-10)(+)
w1a (2470-290-200) -2.77e+04(8.0e-10) -2.77e+04(8.0e-10) -4.00e+04(1.1e-09) -7.60e+04(1.2e-08) -8.13e+06(1.3e-06) -5.33e+04(4.8e-09)(+) -5.40e+04(4.5e-09)(+) -6.47e+04(5.6e-09)(+)
cifar (1000-100-90) -6.42e+03(1.2e-09) -6.42e+03(1.2e-09) -1.60e+04(1.3e-09) -3.78e+04(1.3e-08) -5.24e+04(1.2e-07) -2.77e+04(6.1e-09)(+) -2.53e+04(4.8e-09)(+) -3.60e+04(7.8e-09)(+)

CnnCaltech (2000-1000-900) -3.10e+02(1.1e-08) -3.10e+02(1.2e-10) -4.05e+02(1.6e-10) -3.99e+02(2.6e-10) -3.16e+03(2.0e-08) -3.45e+02(1.1e-08)(+) -3.42e+02(1.4e-10)(+) -4.36e+02(2.0e-10)(+)
gisette (3000-1000-900) -1.74e+06(1.2e-10) -1.74e+06(1.2e-10) -2.84e+06(1.4e-10) -2.76e+06(1.9e-10) -9.30e+06(1.6e-08) -2.16e+06(1.3e-10)(+) -2.15e+06(1.3e-10)(+) -3.06e+06(1.6e-10)(+)
mnist (1000-780-650) -5.19e+04(1.9e-10) -5.19e+04(1.9e-10) -6.85e+04(2.4e-10) -1.28e+05(4.0e-10) -7.18e+05(2.5e-08) -8.43e+04(2.3e-10)(+) -8.21e+04(2.3e-10)(+) -1.06e+05(2.7e-10)(+)

randn10 (10-10-9) 5.33e+02(1.7e-01) 5.33e+02(1.7e-01) 4.54e+02(2.1e-01) -2.28e+05(1.7e-01) 4.62e+02(1.7e-01) 1.80e+01(1.7e-01)(+) -6.43e+00(1.7e-01)(+) -1.06e+02(2.1e-01)(+)
randn100 (100-100-90) -6.14e+03(1.1e-07) -6.14e+03(1.2e-09) -8.14e+03(1.5e-09) -1.12e+04(2.5e-08) -1.36e+04(1.2e-07) -8.09e+03(1.2e-07)(+) -8.48e+03(1.7e-08)(+) -1.11e+04(2.1e-08)(+)

randn1000 (1000-1000-900) -6.33e+05(1.2e-10) -6.33e+05(1.2e-10) -7.87e+05(1.5e-10) -6.50e+05(2.5e-10) -3.36e+06(4.5e-08) -6.42e+05(1.5e-10)(+) -6.44e+05(1.5e-10)(+) -7.94e+05(2.0e-10)(+)
sector (500-1000-900) -1.92e+03(1.2e-10) -1.92e+03(1.2e-10) -2.89e+03(1.5e-10) -2.80e+03(1.9e-10) -8.81e+03(1.3e-08) -2.26e+03(1.3e-10)(+) -2.30e+03(1.3e-10)(+) -2.99e+03(1.7e-10)(+)
TDT2 (1000-1000-900) -2.26e+06(1.2e-10) -2.26e+06(1.2e-10) -3.46e+06(1.5e-10) -3.38e+06(2.0e-10) -1.29e+07(1.4e-08) -2.73e+06(1.3e-10)(+) -2.65e+06(1.3e-10)(+) -3.57e+06(1.7e-10)(+)
w1a (2470-290-250) -2.03e+04(5.4e-10) -2.03e+04(5.4e-10) -2.42e+04(6.2e-10) -5.60e+04(8.5e-09) -9.37e+06(1.1e-06) -3.95e+04(3.5e-09)(+) -3.90e+04(3.5e-09)(+) -5.02e+04(3.4e-09)(+)
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Figure 3: The convergence curve of the compared methods for solving HEVP with varying (m,n, p).
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Figure 4: The convergence curve of the compared methods for solving HEVP with varying (m,n, p).
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Figure 5: The convergence curve of the compared methods for solving HEVP with varying (m,n, p).

35



F.3.2 Hyperbolic Structural Probe Problem835

Table 3: The convergence curve of the compared methods for solving HSPP. (+) indicates that
after the convergence of the CSDM, utilizing the J-OBCD for optimization markedly enhances the
objective value. The 1st, 2nd , and 3rd best results are colored with red, green and blue, respectively.
(n, p) represents the dimension and p-value of the J orthogonal matrix (square matrix). The value in
() stands for

∑n
ij |X⊤JX− J|ij .

datasetname (m-n-p) ADMM UMCM CSDM J-JOBCD VR-J-JOBCD CSDM+J-JOBCD
time limit=30s

20News (9423-50-25) 6.47e+04(2.4e-03) 6.47e+04(2.4e-03) 6.45e+04(2.0e-03) 6.40e+04(2.4e-03) 6.26e+04(2.4e-03) 6.31e+04(2.0e-03)(+)
Cifar (10000-50-25) 1.49e+07(2.4e-03) 1.49e+07(2.4e-03) 1.49e+07(2.0e-03) 1.46e+07(2.4e-03) 1.45e+07(2.5e-03) 1.46e+07(2.0e-03)(+)

cnnCaltech (3000-96-48) 3.08e+04(3.5e-09) 3.08e+04(3.5e-09) 3.03e+04(2.3e-05) 1.64e+04(4.0e-08) 1.64e+04(4.7e-08) 1.74e+04(2.3e-05)(+)
E2006 (5000-100-50) 5.54e+04(3.5e-09) 5.54e+04(3.5e-09) 5.54e+04(1.9e-05) 5.53e+04(9.0e-08) 5.53e+04(1.2e-07) 5.53e+04(1.9e-05)(+)
gisette (6000-50-25) 1.61e+05(2.4e-03) 1.61e+05(2.4e-03) 1.52e+05(1.6e-03) 9.06e+04(2.4e-03) 7.48e+04(2.4e-03) 8.65e+04(1.6e-03)(+)
Mnist (6000-92-46) 6.94e+06(3.6e-09) 6.94e+06(3.6e-09) 6.93e+06(2.1e-05) 6.50e+06(4.0e-05) 6.48e+06(8.7e-05) 6.93e+06(2.1e-05)

news20 (7967-50-25) 6.12e+04(2.4e-03) 6.12e+04(2.4e-03) 6.12e+04(2.0e-03) 6.12e+04(2.4e-03) 6.12e+04(2.4e-03) 6.12e+04(2.0e-03)
randn5000 (5000-100-50) 1.84e+06(3.5e-09) 1.84e+06(3.5e-09) 1.84e+06(2.0e-05) 1.77e+06(1.4e-07) 1.56e+06(9.9e-05) 1.84e+06(2.0e-05)

randn10000 (10000-50-25) 2.66e+06(2.4e-03) 2.66e+06(2.4e-03) 2.66e+06(2.5e-03) 2.64e+06(2.4e-03) 2.34e+06(2.5e-03) 2.66e+06(2.5e-03)
w1a (2477-100-50) 2.71e+04(3.5e-09) 2.71e+04(3.5e-09) 2.47e+04(1.6e-05) 2.05e+04(3.6e-08) 1.92e+04(5.1e-08) 2.47e+04(1.6e-05)

20News (9423-50-35) 7.89e+04(3.7e-09) 7.89e+04(3.7e-09) 7.85e+04(2.4e-05) 7.85e+04(8.6e-09) 7.71e+04(2.7e-08) 7.64e+04(2.4e-05)(+)
Cifar (10000-50-35) 1.48e+07(5.5e-03) 1.48e+07(5.5e-03) 1.48e+07(6.2e-03) 1.43e+07(5.5e-03) 1.43e+07(5.7e-03) 1.43e+07(6.2e-03)(+)

cnnCaltech (3000-96-70) 3.75e+04(2.0e-09) 3.75e+04(2.0e-09) 3.71e+04(1.3e-05) 2.40e+04(2.5e-08) 1.87e+04(3.4e-08) 2.15e+04(1.3e-05)(+)
E2006 (5000-100-75) 6.79e+04(1.0e-03) 6.79e+04(6.3e-04) 6.79e+04(5.8e-04) 6.65e+04(6.3e-04) 6.34e+04(6.3e-04) 6.69e+04(5.8e-04)(+)
gisette (6000-50-35) 1.89e+05(5.5e-03) 1.89e+05(5.5e-03) 1.83e+05(4.7e-03) 1.24e+05(5.5e-03) 1.03e+05(5.5e-03) 1.17e+05(4.7e-03)(+)
Mnist (6000-92-70) 6.75e+06(2.0e-09) 6.75e+06(2.0e-09) 6.74e+06(1.4e-05) 6.30e+06(7.7e-05) 6.20e+06(3.7e-04) 6.24e+06(7.0e-05)(+)

news20 (7967-50-35) 7.26e+04(5.5e-03) 7.26e+04(5.5e-03) 7.26e+04(4.9e-03) 7.26e+04(5.5e-03) 7.25e+04(5.5e-03) 7.26e+04(4.9e-03)
randn5000 (5000-100-75) 1.75e+06(6.3e-04) 1.75e+06(6.3e-04) 1.75e+06(6.1e-04) 1.44e+06(6.6e-04) 1.70e+06(6.3e-04) 1.75e+06(6.1e-04)

randn10000 (10000-50-36) 2.56e+06(3.7e-09) 2.56e+06(3.7e-09) 2.56e+06(2.0e-05) 2.56e+06(5.9e-09) 2.54e+06(2.2e-08) 2.56e+06(2.0e-05)(+)
w1a (2477-100-75) 3.36e+04(6.3e-04) 3.36e+04(6.3e-04) 3.16e+04(5.5e-04) 2.53e+04(6.3e-04) 2.48e+04(6.3e-04) 2.90e+04(5.5e-04)(+)

20News (9423-50-45) 8.79e+04(4.8e-03) 8.79e+04(4.8e-03) 8.73e+04(4.6e-03) 8.62e+04(4.8e-03) 8.60e+04(4.8e-03) 8.68e+04(4.6e-03)(+)
Cifar (10000-50-45) 1.47e+07(4.8e-03) 1.47e+07(4.8e-03) 1.47e+07(4.6e-03) 1.46e+07(4.8e-03) 1.41e+07(7.2e-03) 1.46e+07(4.6e-03)(+)

cnnCaltech (3000-96-85) 4.13e+04(9.2e-04) 4.14e+04(4.4e-04) 4.11e+04(6.5e-04) 2.59e+04(4.4e-04) 2.25e+04(4.4e-04) 2.65e+04(6.5e-04)(+)
E2006 (5000-100-90) 7.44e+04(1.2e-09) 7.44e+04(1.2e-09) 7.44e+04(7.5e-06) 6.95e+04(6.5e-08) 6.92e+04(3.8e-07) 6.93e+04(7.5e-06)(+)
gisette (6000-50-45) 2.25e+05(4.8e-03) 2.25e+05(4.8e-03) 2.10e+05(5.2e-03) 1.42e+05(4.8e-03) 1.50e+05(4.8e-03) 1.54e+05(5.2e-03)(+)
Mnist (6000-92-85) 6.73e+06(1.0e-03) 6.73e+06(1.0e-03) 6.73e+06(1.1e-03) 6.67e+06(1.0e-03) 6.22e+06(1.1e-03) 6.61e+06(1.1e-03)(+)

news20 (7967-50-45) 8.24e+04(4.8e-03) 8.24e+04(4.8e-03) 8.24e+04(4.5e-03) 8.24e+04(4.8e-03) 8.24e+04(4.8e-03) 8.24e+04(4.5e-03)
randn5000 (5000-100-85) 1.72e+06(1.3e-03) 1.72e+06(1.3e-03) 1.72e+06(1.4e-03) 1.70e+06(1.3e-03) 1.56e+06(1.3e-03) 1.72e+06(1.4e-03)

randn10000 (10000-50-45) 2.54e+06(3.3e-09) 2.54e+06(3.3e-09) 2.54e+06(1.9e-05) 2.53e+06(4.9e-09) 2.46e+06(3.3e-08) 2.54e+06(1.9e-05)
w1a (2477-100-90) 4.10e+04(1.2e-09) 4.10e+04(1.2e-09) 3.76e+04(6.4e-06) 3.77e+04(4.2e-09) 3.27e+04(1.1e-08) 3.48e+04(6.4e-06)(+)

time limit=60s
20News (9423-50-25) 6.47e+04(2.4e-03) 6.47e+04(2.4e-03) 6.42e+04(1.9e-03) 6.32e+04(2.4e-03) 6.35e+04(2.4e-03) 6.29e+04(1.9e-03)(+)

Cifar (10000-50-25) 1.49e+07(2.4e-03) 1.49e+07(2.4e-03) 1.49e+07(1.7e-03) 1.45e+07(2.5e-03) 1.45e+07(2.5e-03) 1.45e+07(1.7e-03)(+)
cnnCaltech (3000-96-48) 3.08e+04(3.5e-09) 3.08e+04(3.5e-09) 3.00e+04(2.4e-05) 1.92e+04(3.8e-08) 1.52e+04(4.8e-08) 1.67e+04(2.4e-05)(+)

E2006 (5000-100-50) 5.54e+04(3.5e-09) 5.54e+04(3.5e-09) 5.54e+04(2.3e-05) 5.51e+04(1.6e-07) 5.23e+04(3.9e-07) 5.51e+04(2.3e-05)(+)
gisette (6000-50-25) 1.61e+05(2.4e-03) 1.61e+05(2.4e-03) 1.46e+05(2.1e-03) 9.76e+04(2.4e-03) 7.20e+04(2.4e-03) 8.40e+04(2.1e-03)(+)
Mnist (6000-92-46) 6.94e+06(3.6e-09) 6.94e+06(3.6e-09) 6.93e+06(2.1e-05) 6.47e+06(1.4e-04) 6.45e+06(3.0e-04) 6.93e+06(2.1e-05)

news20 (7967-50-25) 6.12e+04(2.4e-03) 6.12e+04(2.4e-03) 6.12e+04(2.0e-03) 6.12e+04(2.4e-03) 6.12e+04(2.4e-03) 6.12e+04(2.0e-03)
randn5000 (5000-100-50) 1.84e+06(3.5e-09) 1.84e+06(3.5e-09) 1.84e+06(1.9e-05) 1.59e+06(8.3e-05) 1.51e+06(4.9e-04) 1.84e+06(1.9e-05)

randn10000 (10000-50-25) 2.66e+06(2.4e-03) 2.66e+06(2.4e-03) 2.66e+06(2.5e-03) 2.58e+06(2.4e-03) 2.37e+06(2.4e-03) 2.66e+06(2.5e-03)
w1a (2477-100-50) 2.71e+04(3.5e-09) 2.71e+04(3.5e-09) 2.41e+04(1.5e-05) 2.33e+04(1.3e-08) 1.89e+04(6.0e-08) 2.41e+04(1.5e-05)

20News (9423-50-35) 7.89e+04(3.7e-09) 7.89e+04(3.7e-09) 7.84e+04(2.1e-05) 7.63e+04(3.3e-08) 7.60e+04(5.3e-08) 7.84e+04(2.1e-05)
Cifar (10000-50-35) 1.48e+07(5.5e-03) 1.48e+07(5.5e-03) 1.48e+07(6.5e-03) 1.43e+07(5.6e-03) 1.42e+07(5.7e-03) 1.43e+07(6.5e-03)(+)

cnnCaltech (3000-96-70) 3.75e+04(2.0e-09) 3.75e+04(2.0e-09) 3.69e+04(1.1e-05) 1.93e+04(3.2e-08) 1.89e+04(3.6e-08) 2.19e+04(1.1e-05)(+)
E2006 (5000-100-75) 6.79e+04(1.0e-03) 6.79e+04(6.3e-04) 6.79e+04(5.6e-04) 6.48e+04(6.3e-04) 6.36e+04(6.3e-04) 6.39e+04(5.6e-04)(+)
gisette (6000-50-35) 1.89e+05(5.5e-03) 1.89e+05(5.5e-03) 1.80e+05(4.4e-03) 1.14e+05(5.5e-03) 9.97e+04(5.5e-03) 1.24e+05(4.4e-03)(+)
Mnist (6000-92-70) 6.75e+06(2.0e-09) 6.75e+06(2.0e-09) 6.74e+06(1.3e-05) 6.21e+06(5.4e-04) 6.17e+06(2.0e-04) 6.21e+06(3.4e-04)(+)

news20 (7967-50-35) 7.26e+04(5.5e-03) 7.26e+04(5.5e-03) 7.26e+04(4.8e-03) 7.25e+04(5.5e-03) 7.25e+04(5.5e-03) 7.25e+04(4.8e-03)(+)
randn5000 (5000-100-75) 1.75e+06(6.3e-04) 1.75e+06(6.3e-04) 1.75e+06(6.1e-04) 1.44e+06(7.2e-04) 1.35e+06(9.9e-04) 1.75e+06(6.1e-04)

randn10000 (10000-50-36) 2.56e+06(3.7e-09) 2.56e+06(3.7e-09) 2.56e+06(2.0e-05) 2.56e+06(5.4e-09) 2.41e+06(2.6e-07) 2.56e+06(2.0e-05)
w1a (2477-100-75) 3.36e+04(6.3e-04) 3.36e+04(6.3e-04) 3.10e+04(5.4e-04) 3.32e+04(6.3e-04) 2.57e+04(6.3e-04) 3.10e+04(5.4e-04)

20News (9423-50-45) 8.79e+04(4.8e-03) 8.79e+04(4.8e-03) 8.71e+04(4.5e-03) 8.73e+04(4.8e-03) 8.57e+04(4.8e-03) 8.66e+04(4.5e-03)(+)
Cifar (10000-50-45) 1.47e+07(4.8e-03) 1.47e+07(4.8e-03) 1.47e+07(4.5e-03) 1.46e+07(4.8e-03) 1.46e+07(4.8e-03) 1.46e+07(4.5e-03)(+)

cnnCaltech (3000-96-85) 4.13e+04(9.2e-04) 4.14e+04(4.4e-04) 4.09e+04(7.2e-04) 2.69e+04(4.4e-04) 2.44e+04(4.4e-04) 2.40e+04(7.2e-04)(+)
E2006 (5000-100-90) 7.44e+04(1.2e-09) 7.44e+04(1.2e-09) 7.44e+04(6.1e-06) 6.92e+04(8.2e-08) 6.90e+04(1.3e-07) 6.94e+04(6.1e-06)(+)
gisette (6000-50-45) 2.25e+05(4.8e-03) 2.25e+05(4.8e-03) 2.10e+05(5.2e-03) 1.63e+05(4.8e-03) 1.37e+05(4.8e-03) 2.10e+05(5.2e-03)
Mnist (6000-92-85) 6.73e+06(1.0e-03) 6.73e+06(1.0e-03) 6.73e+06(1.1e-03) 6.65e+06(1.0e-03) 6.12e+06(1.3e-03) 6.73e+06(1.1e-03)

news20 (7967-50-45) 8.24e+04(4.8e-03) 8.24e+04(4.8e-03) 8.24e+04(4.4e-03) 8.24e+04(4.8e-03) 8.24e+04(4.8e-03) 8.24e+04(4.4e-03)
randn5000 (5000-100-85) 1.72e+06(1.3e-03) 1.72e+06(1.3e-03) 1.72e+06(1.4e-03) 1.65e+06(1.3e-03) 1.56e+06(1.3e-03) 1.72e+06(1.4e-03)

randn10000 (10000-50-45) 2.54e+06(3.3e-09) 2.54e+06(3.3e-09) 2.54e+06(1.9e-05) 2.53e+06(9.0e-09) 2.34e+06(2.5e-07) 2.54e+06(1.9e-05)
w1a (2477-100-90) 4.10e+04(1.2e-09) 4.10e+04(1.2e-09) 3.64e+04(6.0e-06) 3.45e+04(1.0e-08) 3.16e+04(1.0e-08) 3.34e+04(6.0e-06)(+)

time limit=90s
20News (9423-50-25) 6.47e+04(2.4e-03) 6.47e+04(2.4e-03) 6.41e+04(1.8e-03) 6.31e+04(2.4e-03) 6.25e+04(2.4e-03) 6.41e+04(1.8e-03)

Cifar (10000-50-25) 1.49e+07(2.4e-03) 1.49e+07(2.4e-03) 1.49e+07(2.0e-03) 1.45e+07(2.5e-03) 1.45e+07(2.6e-03) 1.45e+07(2.0e-03)(+)
cnnCaltech (3000-96-48) 3.08e+04(3.5e-09) 3.08e+04(3.5e-09) 2.98e+04(2.2e-05) 1.89e+04(4.0e-08) 1.52e+04(4.5e-08) 1.74e+04(2.2e-05)(+)

E2006 (5000-100-50) 5.54e+04(3.5e-09) 5.54e+04(3.5e-09) 5.54e+04(2.1e-05) 5.34e+04(2.7e-07) 5.22e+04(3.0e-07) 5.30e+04(2.1e-05)(+)
gisette (6000-50-25) 1.61e+05(2.4e-03) 1.61e+05(2.4e-03) 1.42e+05(2.3e-03) 9.50e+04(2.4e-03) 8.14e+04(2.4e-03) 7.44e+04(2.3e-03)(+)
Mnist (6000-92-46) 6.94e+06(3.6e-09) 6.94e+06(3.6e-09) 6.93e+06(2.0e-05) 6.45e+06(3.6e-04) 6.42e+06(1.4e-03) 6.93e+06(2.0e-05)

news20 (7967-50-25) 6.12e+04(2.4e-03) 6.12e+04(2.4e-03) 6.12e+04(1.9e-03) 6.12e+04(2.4e-03) 6.12e+04(2.4e-03) 6.12e+04(1.9e-03)
randn5000 (5000-100-50) 1.84e+06(3.5e-09) 1.84e+06(3.5e-09) 1.84e+06(1.9e-05) 1.63e+06(1.4e-05) 1.52e+06(6.9e-04) 1.84e+06(1.9e-05)

randn10000 (10000-50-25) 2.66e+06(2.4e-03) 2.66e+06(2.4e-03) 2.66e+06(2.5e-03) 2.65e+06(2.4e-03) 2.25e+06(2.7e-03) 2.66e+06(2.5e-03)
w1a (2477-100-50) 2.71e+04(3.5e-09) 2.71e+04(3.5e-09) 2.34e+04(1.5e-05) 2.24e+04(1.9e-08) 2.00e+04(4.3e-08) 1.90e+04(1.5e-05)(+)

20News (9423-50-35) 7.89e+04(3.7e-09) 7.89e+04(3.7e-09) 7.84e+04(2.3e-05) 7.66e+04(4.5e-08) 7.57e+04(1.6e-07) 7.70e+04(2.3e-05)(+)
Cifar (10000-50-35) 1.48e+07(5.5e-03) 1.48e+07(5.5e-03) 1.48e+07(7.0e-03) 1.43e+07(5.6e-03) 1.42e+07(6.2e-03) 1.43e+07(7.1e-03)(+)

cnnCaltech (3000-96-70) 3.75e+04(2.0e-09) 3.75e+04(2.0e-09) 3.67e+04(1.4e-05) 2.33e+04(2.3e-08) 2.29e+04(2.5e-08) 2.16e+04(1.4e-05)(+)
E2006 (5000-100-75) 6.79e+04(1.0e-03) 6.79e+04(6.3e-04) 6.79e+04(5.5e-04) 6.37e+04(6.3e-04) 6.36e+04(6.3e-04) 6.38e+04(5.5e-04)(+)
gisette (6000-50-35) 1.89e+05(5.5e-03) 1.89e+05(5.5e-03) 1.78e+05(4.2e-03) 1.16e+05(5.5e-03) 9.77e+04(5.5e-03) 1.10e+05(4.2e-03)(+)
Mnist (6000-92-70) 6.75e+06(2.0e-09) 6.75e+06(2.0e-09) 6.74e+06(1.2e-05) 6.18e+06(7.5e-04) 6.15e+06(2.4e-03) 6.22e+06(6.7e-04)(+)

news20 (7967-50-35) 7.26e+04(5.5e-03) 7.26e+04(5.5e-03) 7.26e+04(4.6e-03) 7.25e+04(5.5e-03) 7.25e+04(5.5e-03) 7.25e+04(4.6e-03)(+)
randn5000 (5000-100-75) 1.75e+06(6.3e-04) 1.75e+06(6.3e-04) 1.75e+06(6.1e-04) 1.39e+06(1.2e-03) 1.38e+06(1.0e-03) 1.75e+06(6.1e-04)

randn10000 (10000-50-36) 2.56e+06(3.7e-09) 2.56e+06(3.7e-09) 2.56e+06(2.0e-05) 2.56e+06(4.4e-09) 2.51e+06(3.5e-08) 2.56e+06(2.0e-05)
w1a (2477-100-75) 3.36e+04(6.3e-04) 3.36e+04(6.3e-04) 3.04e+04(5.2e-04) 2.64e+04(6.3e-04) 2.58e+04(6.3e-04) 2.56e+04(5.2e-04)(+)

20News (9423-50-45) 8.79e+04(4.8e-03) 8.79e+04(4.8e-03) 8.70e+04(4.4e-03) 8.66e+04(4.8e-03) 8.58e+04(4.8e-03) 8.61e+04(4.4e-03)(+)
Cifar (10000-50-45) 1.47e+07(4.8e-03) 1.47e+07(4.8e-03) 1.47e+07(4.4e-03) 1.46e+07(4.8e-03) 1.41e+07(8.6e-03) 1.41e+07(5.7e-03)(+)

cnnCaltech (3000-96-85) 4.13e+04(9.2e-04) 4.14e+04(4.4e-04) 4.07e+04(8.2e-04) 2.47e+04(4.4e-04) 2.38e+04(4.4e-04) 2.91e+04(8.2e-04)(+)
E2006 (5000-100-90) 7.44e+04(1.2e-09) 7.44e+04(1.2e-09) 7.44e+04(8.7e-06) 6.89e+04(9.4e-08) 6.99e+04(7.9e-08) 7.09e+04(8.7e-06)(+)
gisette (6000-50-45) 2.25e+05(4.8e-03) 2.25e+05(4.8e-03) 2.09e+05(5.2e-03) 1.83e+05(4.8e-03) 1.34e+05(4.8e-03) 2.09e+05(5.2e-03)
Mnist (6000-92-85) 6.73e+06(1.0e-03) 6.73e+06(1.0e-03) 6.73e+06(1.1e-03) 6.72e+06(1.0e-03) 6.14e+06(1.1e-03) 6.73e+06(1.1e-03)

news20 (7967-50-45) 8.24e+04(4.8e-03) 8.24e+04(4.8e-03) 8.24e+04(4.2e-03) 8.24e+04(4.8e-03) 8.24e+04(4.8e-03) 8.24e+04(4.2e-03)
randn5000 (5000-100-85) 1.72e+06(1.3e-03) 1.72e+06(1.3e-03) 1.72e+06(1.4e-03) 1.46e+06(1.3e-03) 1.55e+06(1.3e-03) 1.72e+06(1.4e-03)

randn10000 (10000-50-45) 2.54e+06(3.3e-09) 2.54e+06(3.3e-09) 2.54e+06(1.9e-05) 2.53e+06(5.8e-09) 2.52e+06(9.7e-09) 2.54e+06(1.9e-05)
w1a (2477-100-90) 4.10e+04(1.2e-09) 4.10e+04(1.2e-09) 3.56e+04(6.5e-06) 3.86e+04(2.3e-09) 2.95e+04(1.7e-08) 3.07e+04(6.5e-06)(+)
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Figure 6: The convergence curve of the compared methods for solving HSPP by epochs with varying
(m,n, p).
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Figure 7: The convergence curve of the compared methods for solving HSPP by time with varying
(m,n, p).
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F.3.3 Ultra-hyperbolic Knowledge Graph Embedding836
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Figure 8: Epoch performance of CS, J-JOBCD, and VR-J-JOBCD in training UltraE on FB15k.
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Figure 9: Time performance of CS, J-JOBCD, and VR-J-JOBCD in training UltraE on FB15k.

0 20 40 60 80 100
Epoch

0

200

400

600

800

1000

1200

1400

Cu
m
ul
at
iv
e 
lo
ss

J-JOBCD
VR-J-JOBCD
CSDM

(a) Train accumulated loss

0 20 40 60 80 100
Epoch

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

M
RR

J-JOBCD
VR-J-JOBCD
CSDM

(b) Test MRR

3

(c) Test Hits

Figure 10: Epoch performance of CSDM, J-JOBCD, and VR-J-JOBCD in training UltraE on
WN18RR.
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Figure 11: Time performance of CSDM, J-JOBCD, and VR-J-JOBCD in training UltraE on WN18RR.

39



NeurIPS Paper Checklist837

1. Claims838

Question: Do the main claims made in the abstract and introduction accurately reflect the839

paper’s contributions and scope?840

Answer: [Yes]841

Justification: In the abstract, we highlighted our contributions, including algorithm develop-842

ment, theoretical analysis, and empirical study.843

Guidelines:844

• The answer NA means that the abstract and introduction do not include the claims845

made in the paper.846

• The abstract and/or introduction should clearly state the claims made, including the847

contributions made in the paper and important assumptions and limitations. A No or848

NA answer to this question will not be perceived well by the reviewers.849

• The claims made should match theoretical and experimental results, and reflect how850

much the results can be expected to generalize to other settings.851

• It is fine to include aspirational goals as motivation as long as it is clear that these goals852

are not attained by the paper.853

2. Limitations854

Question: Does the paper discuss the limitations of the work performed by the authors?855

Answer: [Yes]856

Justification: Please refer to the assumptions made for the optimization problem outlined in857

the introduction and Section 4.858

Guidelines:859

• The answer NA means that the paper has no limitation while the answer No means that860

the paper has limitations, but those are not discussed in the paper.861

• The authors are encouraged to create a separate "Limitations" section in their paper.862

• The paper should point out any strong assumptions and how robust the results are to863

violations of these assumptions (e.g., independence assumptions, noiseless settings,864

model well-specification, asymptotic approximations only holding locally). The authors865

should reflect on how these assumptions might be violated in practice and what the866

implications would be.867

• The authors should reflect on the scope of the claims made, e.g., if the approach was868

only tested on a few datasets or with a few runs. In general, empirical results often869

depend on implicit assumptions, which should be articulated.870

• The authors should reflect on the factors that influence the performance of the approach.871

For example, a facial recognition algorithm may perform poorly when image resolution872

is low or images are taken in low lighting. Or a speech-to-text system might not be873

used reliably to provide closed captions for online lectures because it fails to handle874

technical jargon.875

• The authors should discuss the computational efficiency of the proposed algorithms876

and how they scale with dataset size.877

• If applicable, the authors should discuss possible limitations of their approach to878

address problems of privacy and fairness.879

• While the authors might fear that complete honesty about limitations might be used by880

reviewers as grounds for rejection, a worse outcome might be that reviewers discover881

limitations that aren’t acknowledged in the paper. The authors should use their best882

judgment and recognize that individual actions in favor of transparency play an impor-883

tant role in developing norms that preserve the integrity of the community. Reviewers884

will be specifically instructed to not penalize honesty concerning limitations.885

3. Theory Assumptions and Proofs886

Question: For each theoretical result, does the paper provide the full set of assumptions and887

a complete (and correct) proof?888
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Answer: [Yes]889

Justification: We have added a hyperlink before each theoretical result, which points to the890

complete proof located in the appendix.891

Guidelines:892

• The answer NA means that the paper does not include theoretical results.893

• All the theorems, formulas, and proofs in the paper should be numbered and cross-894

referenced.895

• All assumptions should be clearly stated or referenced in the statement of any theorems.896

• The proofs can either appear in the main paper or the supplemental material, but if897

they appear in the supplemental material, the authors are encouraged to provide a short898
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• We recognize that the procedures for this may vary significantly between institutions1148
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