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ABSTRACT

In-context learning (ICL) can be used for two different purposes: task retrieval
and task learning. Task retrieval focuses on recalling a pre-trained task using
examples from the task that closely approximates the target pre-trained task, while
task learning involves learning a task using in-context examples. To rigorously
analyze these two modes, we propose generative models for both pretraining data
and in-context samples. Assuming we use our proposed models and consider the
mean squared error as a risk measure, we demonstrate that in-context prediction
using a Bayes-optimal next-token predictor equates to the posterior mean of the
label, conditioned on in-context samples. From this equivalence, we derive risk
upper bounds for in-context learning. We reveal a unique phenomenon in task
retrieval: as the number of in-context samples increases, the risk upper bound
decreases initially and then increases subsequently. This implies that more in-
context examples could potentially worsen task retrieval. We validate our analysis
with numerical computations in various scenarios and validate that our findings are
replicable in the actual Transformer model implementation.

1 INTRODUCTION

Large language models (LLMs) exhibit a significant improvement in predictive performance when
provided with in-context samples (Brown et al., 2020; Zhao et al., 2021; Liu et al., 2022a; Lyu et al.,
2023). To explain such phenomenon, namely in-context learning (ICL), researchers have introduced
both theoretical and empirical analyses drawing on concepts like Bayesian inference and gradient
descent (Olsson et al., 2022; Min et al., 2022; Yoo et al., 2022; Han et al., 2023b). Recently, two
distinct modes of ICL have been proposed by Pan et al. (2023). Slightly different from Pan et al.
(2023), we define two modes of ICL as follows. The first mode aims to learns a new task, specifically
a mapping function from « to y, which is termed as in-context task learning (Xie et al., 2022; von
Oswald et al., 2022; Zhang et al., 2023b). The second mode aims to retrieves the most relevant task
learned during pretraining, referred to as in-context task retrieval (Kojima et al., 2022; Kim et al.,
2022; Liu et al., 2022a; Rubin et al., 2022; Liu et al., 2022b; Lyu et al., 2023).

Current analyses often neglect the two modes, lacking a comprehensive explanation. Garg et al.
(2022); Akyiirek et al. (2023); von Oswald et al. (2022); Dai et al. (2023) suggest Transformers
inherently use gradient descent with in-context samples, implying task learning with in-context
samples rather than task retrieval. Xie et al. (2022); Raventos et al. (2023); Wang et al. (2023) link
ICL with Bayesian inference, suggesting it learns arbitrary concepts with continuous concept space
and retrieves the closest concept with discrete concept space, failing to explain both retrieval and
learning within the same prior distribution. Meanwhile, the majority of these theoretical explanations
overlook the impact of pre-training distributions. Conversely, several empirical studies explore the
influence of pre-training distribution on ICL. Chan et al. (2022) offer an empirical analysis of how
the properties of pre-training distributions affect ICL. Raventos et al. (2023) empirically examine the
effect of pre-training distribution diversity on ICL.

In our study, we propose data generative models for pretraining data, leveraging the properties of the
pre-training distribution to explain task retrieval and learning. Extending Raventos et al. (2023), we
assume that the pretraining data is drawn from a mixture of noisy task distributions, each centered
around a clean task. We further give definitions to task learning and retrieval: (i) task learning aims
to learn a task using in-context examples, and (ii) task retrieval aims to recall a pre-trained clean
task with in-context examples from the task that approximates the target task. We assume the model
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is pretrained with mean squared error and show inferencing a Bayes-optimal next-token predictor
is equivalent to the posterior mean of the label. We further prove that the upper bound for task
learning shows a quadratically decaying rate as k increases, while the bound for task retrieval follows
a U-shaped curve. This suggests that task retrieval performance may be optimal with a specific
number of in-context examples, rather than with an infinite number of samples. Beyond theoretical
bounds, we perform numerical computations to validate our analyses and conduct experiments to
show our findings are replicable in actual Transformer model implementations.

We outline our contributions as follows:

* We introduce the generative models for both pretraining data and in-context samples to explain the
two modes of ICL: task retrieval and task learning.

* We show that using a pre-trained Bayes-optimal next-token predictor is equivalent to the posterior
mean of the label, conditioned on in-context samples. We then derive upper bounds for task retrieval
and learning risks. We show that the risk bound of task learning follows a quadratic decreasing
pattern and uncover a U-shaped pattern for the risk bound of task retrieval. These findings are
further illustrated through numerical computations alongside mathematical derivation.

* We finally conduct experiments to demonstrate that our findings are not just supported by numerical
calculations, but can also be reproduced in a real-world Transformer setup.

We put the comprehensive notation table to Appendix B.

2 RELATED WORK

Two Modes of ICL A significant body of research (Akytirek et al., 2023; von Oswald et al., 2022;
Garg et al., 2022; Li et al., 2023a; Zhang et al., 2023b) delves into the mechanisms behind the
success of ICL in learning the task from in-context samples. Yet, they often overlook the two distinct
scenarios of ICL: task retrieval and task learning, recently introduced by Pan et al. (2023). In contrast
to existing literature, our research delves into both these task categories.

Explaining ICL via Bayesian Inference Xie et al. (2022) first analyze ICL via the perspec-
tive of Bayesian inference, assuming that the next token is generated via Hidden Markov Model
(HMM) (Ghahramani & Jordan, 1995; Rabiner, 1989). Wang et al. (2023) further stand on the
Bayesian lens and proposes an in-context sample selection algorithm to improve the few-shot per-
formance. These works explain that the pretrained LLM can learn the exact task of the in-context
samples when the number of in-context samples is large enough. However, Xie et al. (2022) and Wang
et al. (2023) ignore the effect of the pretraining concept/task distribution on the ICL phenomenon and
failed to explain the two modes of ICL in the same setting. Differently, we explain two modes of ICL
in the same setting with the help of further assumptions on the pretraining data distribution.

Explaining ICL via Gradient Descent Beyond Bayesian Inference, Garg et al. (2022); Akyiirek et al.
(2023); von Oswald et al. (2022); Dai et al. (2023) understand ICL from the perspective of “gradient
descent”. Garg et al. (2022) hinted at the possibility that under ICL, the Transformer might be
implicitly executing gradient descent. This notion was subsequently expanded by several works (Garg
et al., 2022; Akyiirek et al., 2023; von Oswald et al., 2022; Dai et al., 2023), which provided a more
detailed examination of the topic. Lastly, Mahankali et al. (2023); Ahn et al. (2023); Zhang et al.
(2023a) indicate that the global minimizer of the pretraining loss implements gradient descent.

Explaining ICL (Others) In addition to Bayesian inference and gradient descent, Han et al. (2023a)
explain ICL as kernel regression with the attention mechanism. Some recent works study ICL via
the lens of the algorithm. Giannou et al. (2023) show Transformer can be constructed to emulate
in-context learning algorithms, such as SGD. Li et al. (2023b) study the aspects of generalization
and stability. Bai et al. (2023) show transformers can perform in-context algorithm selection,
i.e., adaptively selecting different ICL algorithms such as gradient descent, least square, or ridge
regression.

Analyzing ICL via Pretraining Dataset Distribution Researchers also study the property of the
pretraining dataset of language models (Chan et al., 2022; Raventos et al., 2023). Chan et al. (2022)
identifies three properties of natural language datasets: (i) burstiness, (ii) label multiplicity, and (iii) a
long-tailed class distribution. Raventos et al. (2023) show as the diversity of the pretraining dataset
increases, the Transformer model transitions from doing task retrieval to learning the underlying task
structure and becoming capable of doing task learning.
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Prior Parameters

Figure 1: The probabilistic graphical model (PGM) for pretraining data generation process, assuming
a particular Gaussian mixture model. (See Sec. 3.3 for more details.) The task (u, w) is drawn N
times from the task prior, then for each time, K labeled samples are drawn from the chosen task.

3  PRETRAINING: DATA GENERATIVE MODELS AND OPTIMAL MODEL

Consider a next-token prediction model F, pretrained on a dataset to produce F. The next-token
prediction model can take 2k + 1 elements (odd-numbered elements with dimension d and even-
numbered elements with dimension 1) for k£ > 0, where the first 2k elements are k labeled samples
and the last element is an unlabeled test sample. The goal of the next-token prediction model is to
predict the (2k + 2)™ token, which corresponds to the label of the last element. This prediction is
possible if the model can discern hidden patterns within the “in-context” k samples.

3.1 GENERATIVE MODELS FOR PRETRAINING DATA

In the pretraining phase, we assume the next-token prediction model is pretrained on diverse tasks,
each representing a joint (continuous) distribution of (x, y). Each task is defined by vectors p (for the
@ distribution) and w (for the conditional distribution y | @), together forming the joint distribution of
(z,y). Unlike our model, Raventos et al. (2023) assumed identical « distributions across tasks (same
1, different w). The pretraining data consists of a large number of sequences, and each sequence
consists of K labeled samples drawn from a certain task. Our generative model can be formally
described in Assumption 1 and Fig. 1.

Assumption 1 (Pretraining Data Generative Model). For a given integer K > 0, a task prior
DPrier = D,, v, and a joint conditioned sampler Dy, ,,(p, w), we generate a sequence Sk as follows:
(a) Sample a task: (p,w) ~ DPror;

(b) Sample K labeled examples: Vi € {1,2,..., K}, (z;,y;) ~ Dgy(p, w).

(¢) Define a sequence: Sk = [€1,y1,- .., K, YK]-

The sequence of the first 2k elements of Sk will be denoted by Si, and the sequence of the first
2k + 1 elements will be indicated by Sx,®x 11, €.g., So = [ ], and S;Bxs = [x1, y1, T2].

3.2 PRETRAINING OBJECTIVE AND BAYES-OPTIMAL NEXT-TOKEN PREDICTOR

We consider the following pretraining objective: £L(F) = Es, [% ZkK:_Ol (F(Sk®xrs1) — yk+1)2} .

In other words, for each sequence, we pretrain F to predict each intermediate label based on
preceding samples, measuring risk with the squared loss. Due to the linearity of expectation, we

have: £L(F) = + ZkK:_Ol E [(F(Sk®®k+1) — yrt1)’] - A highly expressive F can be viewed as
Sk
K separate models Fo, ..., Fx_1, Where Fj, takes exactly 2k + 1 tokens as input. Thus, pretraining

can be decomposed into K separate optimization problems:

Fr = arg];:min;E [(Fr(Sk®xry1) — yk+1)2], vk e {0,...,K —1}.

The solution denoted F; is an MMSE estimator (Van Trees, 2004, page 63) to each &, and thus the
prediction F*(Sp®xrr1) = Fi (Sk®xi41) satisfies:

F*(Sk®xpy1) = E Y1 | Sk@Thr1] = E | E [yrs1 | w, @py1] Sk@wk-&-l} Y
K

MW | Yk+1

F*(Sk®xpy1) is the expectation of E [yg+1 | w, @r41] on task posterior observing Sy BTy 1.
Yk+1
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3.3 GAUSSIAN/LINEAR ASSUMPTIONS ON DATA GENERATIVE MODEL

Let us now elaborate on assumptions extending the generation process | for a tractable posterior
and insights into ICL behaviors. Assumption 2 defines the task prior distribution of (u, w) using a
Gaussian mixture and the noisy linear prediction task. Assumption 3 provides further clarifications
for ICL phenomena. Assumption 4 specifies the distribution of test-time in-context samples.

Assumption 2 (Gaussian/Linear Model for Pretraining Data).

; M M
(@) (p,w) ~ D" P(u,w) = > 5 m5Tp = Y gy mpN (1 | ps, op DN (w | wg, o0 1),
where g is the mixture weight of the 3™ mixture component T, 0 < mg < 1, 22/1:1 T3 =1,

(g, wp) is the center of the 3™ mixture component, and all components share the same covariance

matrix controlled by Ui and o2 ;

(b) &~ Dalu) : Pla| p) = Nz | 02T
(©) y| @~ Dya(w) : Ply | @,w) = N(y | w',02);
(d) x,pm, ps, w,wg € R4 T € RIX4,

We outline the rationale behind our modeling for pretraining task distribution. Assumption 2(a)
implies training the next-token prediction model on M components, reflecting real-world LLMs
trained across diverse tasks. The center of the mixture component signifies a primary clean task,
with variance indicating interpretative deviations, i.e., different data sources such as different labelers
interpret a clean task differently, resulting in generating data based on “noisy” versions of the clean
task, namely noisy tasks. This noise is modeled by a Gaussian distribution, creating a Gaussian
mixture task prior. Assumptions 2(b) and 2(c) dictate that interpreters generate (x, y) pairs from
these noisy tasks. Specifically, Assumption 2(b) posits x distribution of each task as a multivariate
Gaussian, sharing common covariance across tasks. Assumption 2(c) treats tasks as noisy linear
regressions with shared Gaussian noise in labels.

Assumption 3. Further assumptions on the pretraining distribution:

(@) VB, llmgll = llwgll = 1; (b) Fr > LthatVo# B, < 22 <1y (¢) 0 K 04,00 < 0y
Assumption 3(a) simplifies subsequent analysis. Assumption 3(b) posits comparable probabilities
m across different mixture components. Assumption 3(c) states the variances of p and w, the task
noises, are notably less than sample noises of x and y, implying high-quality training data.

Assumption 4 (Gaussian/Linear Model for Demonstration Data at Test Time). Af test time:
(@) i ~ N(p*, 721), yi = (@i, w*), Vi; (b) ||p*[| = |w*| = 1.

The Assumption 4(a) says that in-context sample (x, y) follows task (p*, w*), and there is no noise
in the labels. The Assumption 4(b) is used to simplify the subsequent analysis.

4  ANALYSIS OF THE POSTERIOR DISTRIBUTION 11, of Prior and y1* of Demonstrations
)

We have shown performing ICL with the optimally pretrained model 9 Ha
.

is equivalent to computing the posterior mean in Sec.3.2. With as-
sumptions in Sec. 3.3, we are able to derive a closed-form expression
for the posterior D given Sp®x 11 in Sec. 4.1. The posterior
will be utilized to simplify the prediction of F*(Sp®xi11) to a
closed-form expression in Sec. 4.2. Then we analyze the two factors
that determine the posterior: (i) Component Re-weighting (CR) in
Sec. 4.3 and (ii) Component Shifting (CS) in Sec. 4.4. We further \
compare these two factors under different pretraining task noises in uf.%\ s
Sec. 4.5 to show how the task noises of the pretraining distribution af- Yoy »

fect these two factors. Along with mathematical derivations, we also
perform numerical computations using the Tetrahedron setting with Figure 2: The illustration of
4 mixture components as shown in Fig. 9 with detailed descriptions the prior distribution. We set
in Appendix C.1. pg=wg VP € {1,2,3,4}.
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4.1 POSTERIOR

In this section, we give the closed-form expressions of the posterior derived from the prior after
observing ICL input Sy®x+1. Consequently, we have the following Lemma 1 for the posterior:

Lemma 1. Under Assumption 2, the posterior probability of task (p, w) given Sp®x 1 is:
M

P(l"aw | Sk@warl) = Zﬁﬁp(ll”w ‘ Tﬁ)v
p=1 ~
where the mixture component Tz in the prior is mapped to the mixture component Tz in the posterior
and the probability of the mixture component is changed from g to 7g. Specifically, we have:

g =ngCicycy, @)
ot = exp(—(lusll? — lpes + (k + Doty yns, )0/ (202),
cg =exp(~(|lwsl® — ws + kdw [ty 15, 5.,)-1)/(200)),
P(p,w | Tp) =N (pe | fg op (I + (k+1)6,5) N (w | g, 00 (I + k6wZw) "), (3)
fig =(I+ (k+ 1)0u30) " (s + (k + 1)),
W =(I + kb)) (wp + kbypw),
where C normalizes the mixture weights such that 5 T = 1. See Appendix D for proof details.
it T S = Zlekmﬂ?

2 2 —
N g o —
J— 2 p— P— — —
For notations, we have 0, = o5 Ow = T%U’ and ¥, = I, i = =

s

w = Zkﬂ# (Notice (I + (k+1)8,%,,) and (I + kbyy3.) are positive definite and invertible.)

Lemma 1 states that the posterior remains a Gaussian mixture, with its components from the prior
being shifted and re-weighted. Therefore, to understand the effect of demonstrations on ICL, it is
essential to understand how demonstrations affect the following two factors:

+ Component Re-weighting (CR). Eq. 2: the 3" component is re-weighted by a re-weighting coef-

. sl —lles+(k+1), a7 5.y—1 lws ||*—||ws+kéw@|? S.,)—1
ficient exp ( T (1) Bp) exp ([ — (ItkowSw) =L )

2 2
2(7“ 2Uw

« Component Shifting (CS). Eq. 3: the 5" component center is shifted from (s, wg) to (fig, ws),
where fig = (I+ (k+1)0,2,) (s + (k4 1)0uin), Ws = (I + kb Saw) " (wp + k).

4.2 PREDICTION WITH IN-CONTEXT DEMONSTRATIONS

With Assumption 2 and Lemma 1, we have the following Corollary for the prediction 7* (S ®x41):

Corollary 2. Let w = 221:1 mgwg. Under sample generation process 1 and Assumption 2, if the
pretrained model F* minimizes the pretraining loss, then the prediction on any sequence Sk, ®x 1

by F* is as follows: F*(Sp®DTi41) = <E§i1 TaWg, $k+1> = (W, Tpy1)-

Proof. By applying Assumption 1 to Bq. 1, F*(Sk@xx11) = E(u,w)~prir[(W, Thi1) | Sk@Tpr1].

Using Lemma 1, this reduces to Zjﬁu:l g E _ [(w,xk41)]. Due to the linearity of expectation
(1, w)~Tg
and that of the inner product, it can be simplified as (Zéil TRWg, Tit1) = (W, Tpp1). O

Thus the prediction is a convex combination of predictions by the centers of those re-weighted and
shifted mixture components in the posterior. We are interested in, how 73 and wg change to 7z and
wg with increasing k, and how the pretraining distribution properties affect these changes.

4.3 ANALYSIS OF COMPONENT RE-WEIGHTING

In this section, we analyze the CR effect on 7z as k increases. We focus on whether 7, of fa
surpasses 7g of any other T with § # o, where « is the index of the closest clean task to the task
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Figure 3: Numerical computation of ¥,,, ¥,,,, and 7 for CR with varying task noise parameters.

o1 3 7 naws o1 3 7 Bas 91T 3 7T nar e Yo 13 7636

which in-context samples follow as Assumption 4. We assess this via the ratio (o, 8) of 7, to Tg:
T W CrcHc? Ta
= —=——292 - = v \I/'w ) ’ 4
T(O{, /8) ﬁﬂ ﬂ_BClc/J,cw g exp( H(av ﬂ) + (OL /8)) ( )
where we define two functions W, (a, 8) = log(ck /cfy) and W, (, §) = log(cly /c}), and aim to

analyze whether/how r(a, B) changes with increasing k.

Analysis of ¥, (o, 5) We further simplify the function ¥, (o, §) as follows:
k+1 k+1

(e, 8) = O llms = @ill> = e — @)/ (202 (1 + (k + 1)57))- ©)

(See Appendix E.1 for deri1\7altion.) Since x; ij/(u*, 72I) and p* is closer to o, ¥, (v, 3) tends
to be positive, contributing to (e, 8) > 1. Yet, as k grows large, ¥, (v, () stabilizes rather than
increasing infinitely: limy o W, (a, 8) = (|l — p*||* — | ta — 1*[|?)/207%. The left side column
of Fig. 3 shows the numerical computation of ¥, (c, 5) with varied task noises under Tetrahedron

setting (Appendix C.1). The smaller 9,, = Zg , the easier for ¥, («, 3) to grow large as k increases.

Analysis of U, (a, ) We further simplify the function ¥,, («, 8) as follows:
Woal@,8) = (w5 — w121 sposy s — 100 — 072 psosy 1)/20% (6)

(See Appendix E.2 for derivation.) Since kdwYw = 0w Ele x;x], (see definition of ¥, in
Lemma 1.) which is at least semi-positive definite, thus choosing w* closer to w,, tends to make
the whole term positive. However, one should be caution that ||ws — w*||? > ||lw, — w*|?

does not necessarily imply ||wg — w > |wa — As k

2 2
*HI—(I+k&U2w)*1 uﬁ”I—{I+k&uSw)*P

_ k e T
approaches infinity, limg_, oo K0y X = limg oo kéwzji:l% = kéw(u*u*—r + 72I). Thus
limg oo I — (I 4+ k6pXew) ™! — I and U, (a, B) stabilizes rather than increasing infinitely:
limy 00 Yoy (v, B) = (lwp — w*||? — |wa — w*||?)/202 The top side row of Fig. 3 shows the nu-

merical computation of ¥,,(«, 3) with varied task noises under Tetrahedron setting (Appendix C.1).
2

The smaller d,, = ‘;‘5’, the easier for W, (v, 8) to grow large with increasing k.
Y
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Figure 4: Numerical computations of ||fig — p*||, ||ws — w*|| for Component Shifting (CS).

Numerical Computations of Component Re-weighting We have seen how noises o, and o, of
the task prior affect the influence of number % of in-context samples on ¥,, and W,,,. We further show
the numerical computation of 7g in the center of Fig. 3. The figure shows the smaller J,, and d,, are,

the larger ¥, (v, §) and ¥, (c, 3) will be, and therefore the easier for the mixture component T,
dominates the other components with an increasing number of in-context samples.

4.4 ANALYSIS OF COMPONENT SHIFTING

The Component Shifting in Eq. 3 of Lemma 1 consists of shifting parts for fig and wg separately:
fos = (I+ (k+1)0,35) " (mp + (k + 1)0uft), (™)
W = (I + kbywSe) H(wp + kdypw). ®)
In the following analysis, we examine these two shiftings with increasing k.
f13 Analysis Eq. 7 indicates the shifting of any f15. We further derive (see Appendix F.1) fi3 as:
s = (s + kSu) /(1 + (k+1)3,). ©)

koo
Thus when £ increases, f13 moves close to the value of Z"’? Zi and limy_s oo pg = p*. We also
show the numerical computation of the distance between shifted f13 and p* in the first row of Fig. 4.

wg Analysis Eq. 8 indicates the shifting of any wg. We further derive (see Appendix F.2) wg as:
W = (I + kbypSe) H(ws — w*) + w™. (10)

_ k T _
Notice when k — 00, k6 Sy = ko 222520 5 k6, (721 + w*w* ), thus Ag(kSuS) — 00,
and limy,_,, wg = w*, where \4(A) indicates the minimum eigenvalue of A. We also show the
numerical computation of the distance between shifted wg and w™ in the second row of Fig. 4.

4.5 THE RELATIONSHIP BETWEEN CR/CS AND TASK NOISES

Fig. 3, shows the factor of Component Shifting (CS), we observe that the smaller the value of o,
and o, the faster the value of 7, becomes close to 1 thus dominates the other 7. Fig. 4 shows, the
smaller the value of o, (0,) is, the slower the center f15 (wg) shifts towards to p* (w*).

5 RISK BOUNDS FOR TWO MODES OF ICL

We give definitions to task retrieval and learning (Sec. 5.1) and derive risk bounds (Sec. 5.2).

5.1 FORMAL DEFINITIONS OF TASK RETRIEVAL AND LEARNING

Shown in Table | are the formal definitions of task retrieval and learning. Further, we present further
assumptions for our analysis.

Assumption 5. The target task of task retrieval and learning in addition to Assumption 4:

(a) task retrieval assumes VB # o, || — 1|2~ |t — ¥ > @2, s —w* |2~ |w, — w2 >
d2,, and 72 ||wg —w*||2 — (1+72) |lwa —w*||?> > 72u2,, and aims at F*(SpDTr11) = (Tk11, Wa);
(b) task learning aims to have prediction F* (S®x k1) = (Tpt1, w*) and V3, w* # wg.
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Table 1: The learning goal and performance of two modes in ICL.

Mode Task Retrieval Task Learning
In-context (x,y) pairs approximately follow (x,y) pairs exactly follow the target
the target clean task, i.e., new (noisy) task, i.e., the target task
sample * * dVvi i tl *, w™*) and Vi
distribution M~ Ha» W ~ W, and Vi is exactly (u é'w ) and Vi,
L i~ Nt 7o D), yi = (@i, w). 2~ N(p', 771, ys = (zi,w).
Goal of retrieve w,, of a clean task, i.e., learn w* of a new (noisy) task, i.e.,
__themode __aiming at F(S) = (wa, p41). __aimingat F(S) = (w*, zey1)
Performance  The risk of input Sy ®xy 1 is The risk of input S Sxyy1 is
metric (F*(Sk@Tpt1) — (Wa, Tr41))®  (FH(Sp@2pi1) — (w* @p41))?
Ou= /8L G =1/81 | 0, =1/9, 0w =1/9 || Su=10w=1 | 8,=90w=9 5=8Ld,=8 R
05 0.5 0 — | 05 05 - :
)\ 'k B 4
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Figure 5: Numerical computations of thexsquareehdesses of task learning/retrieval under varied task

noise conditions with increasing k. For the fifth row, w = Z‘;Zl Tgwg. In the sixth row, F* is the

0.C 0.C

abbreviation of F* (S, Pxk41), ka = (®p41,w™) indicates the desired prediction of Sy®x 1 on
task learning, and y}j 1= (Tp+1,w,) indicates the desired prediction of Sk a1 on task retrieval.

Assumption 5(a) states that task retrieval aims to retrieve a clean task, with demonstrations’ parameters
(p*, w*) closer to (pq, Wy ). Assumption 5(b) suggests task learning focuses on learning a new task.

Numerical Computations of the Prediction With these new definitions, we numerically compute the
squared losses of task learning and retrieval. Fig 5 shows the computed risks under varied task noise
conditions with increasing k. The first row in Fig 5 shows the effect of CR. The second to the fourth
rows in Fig 5 show the effect of CS. The fifth and sixth rows in Fig 5 show the simulated squared error
of the predicted w and prediction measured on task learning and retrieval. A unique phenomenon is
that when ¢ w and 0. are small, the squared error of task retrieval decreases and then increases with
increasing k. This is because when variances are small and k is small, the CR effect dominates first,
and then when £ is large, the CS effect dominates.

5.2 RISK BOUNDS

We show upper bounds on the risks of task learning and retrieval with the following theorems:

Theorem 3. Consider a next-token prediction model attaining the optimal pretraining risk. Then, the
task learning risk is upper bounded by:

4(1 +dr2)

a5 o0+ Ok~ 2)

Esk [ﬁi] <
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where § is an arbitrarily small positive constant. The bound decreases as the square of the inverse of
k when k is large.

The notations 6,,, d,, and % are colored for easier observation. (See Appendix G.2 for proof details)

Theorem 4. Consider a next-token prediction model attaining the optimal pretraining risk. Then, the
task retrieval risk is upper bounded by:
4, d 27,V/dk3 1
R ©w x
Esk [Ek] < 16TMCk:0 eXp(f(m —+ ﬁ))(l =+ ?
(See Appendix G.3 for proof details) where § is an arbitrarily small positive number and Cr—g is a
constant depends on the setting as Eq. 17. We also show that when d,, and 6., are sufficiently small
(training data has high quality), there is a special region for k such that when k in that region:
2

) +4(1 +d2) + O(E™1),

d 2.2 .3
Es, [£k] < 16rM Chmo exp(—k (g5 + “éf;f ) +16(1 +d72) (1 4 77)%6u 2k + 3exp(—§2)).
T Y

(See Appendix G.3 for proof details.) We observe that in this region when k is small, the first and
third terms dominate and exponential decay, and then when k is large, the second term dominates,
therefore we observe a U-shaped pattern in Fig. 5 and Fig. 6.

Lemma 5, a simple variation of the above theorem, can be used to explain zero-shot ICL, an ICL
algorithm that oeprates with random or no labels (Lyu et al., 2023).

Lemma 5. Assuming a next-token prediction model attains the optimal pretraining risk, and As-
sumptions 2 with only two mixture component with centers (o, Wo) and (g, wg) = (—fa, —Ha),
when performing ICL with in-context samples following x; ~ N'(u* | 72I) and y; = 0, thus y does
not provide information to the task. When ||p* — pgl|* — [|u* — po||* = d2,, the task learning risk
is upper bounded by:

d? o, Vdks—i
Esy[£f] < 16rCiop exp(— 2 5) (1 + #) +4(1+ dr?) + O(k™Y)
W w

(See Appendix H for proof details) where § is an arbitrarily small positive number and Ci—q is a
constant depends on the setting as Eq. 17. We also show that when d,, and 6., are sufficiently small
(training data has high quality), there is a special region for k such that when k in that region:

d2k L3
Es, [£F] < 16rCj—o exp(—g'j7) +4(1 4 dr2) max{1,4k%6,2 (1 + 72)?} + 48(1 + d7?) exp(— ).

(See Appendix H for proof details.) We observe that in this region when k is small, the first and third
terms dominate and exponential decay, and then when k is large, the second term dominates.

6 TRANSFORMER SIMULATION

We further examine if a Transformer trained on samples from generative model 6 following Assump-
tion 2, matches the performance of Bayesian inference. We consider three factors of the prior in our
experiment: task noise, number of components, and feature dimension. For scalar y, we transform it to
a d-dimensional vector [y, 0, ..., 0]. Thus, input S, Pxk1 forms a (2k 4+ 1) x d matrix, comprising
k pairs of (x;,y;) and €4 1. The prediction of the Transformer is denoted as F and the prediction of
Bayesian inference is denoted as F*. From Fig 6, Fig 7 and Fig 8, we are able to observe that the
pretrained Transformer model are able to approximate Baeys-optimal predictor under varied settings.
(Due to the page limitation, we put Fig 6, Fig 7, Fig 8 and the training setting into Appendix A.)

7 CONCLUSION

We analyze in-context learning’s two modes: task retrieval and task learning. Our findings show
that with a Bayes-optimal pretrained next-token prediction model, in-context inference predicts the
posterior distribution’s mean given in-context samples. Task learning risk decreases quadratically
with more in-context samples, while task retrieval risk follows a U-shaped pattern. These findings are
validated through numerical computations and Transformer experiments.

We conclude our paper with the limitations of our current model: (i) the gap between linear regression
tasks and complex, non-linear real-world NLP tasks; (ii) the unverified existence of a U-shaped
phenomenon in real LLMs; and (iii) demonstration labels are assumed to be noiseless.
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8 REPRODUCIBILITY STATEMENT

The code for all experiments reported in this paper is publicly accessible. For the purpose of
reproducibility, the code can be found at the following anonymized GitHub repository: https:
//anonymous.4open.science/r/ICLMODES—-1B28.
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Figure 6: The figure shows the simulation of the Transformer under varied noise levels. 7* indicates
the prediction of Bayesian inference while F indicates the prediction of the trained Transformer. One
can observe that the lower the values of §,, and d,,, i.e., the noise levels, the stronger the dip-and-rise
phenomenon and the harder for the Transformer to approach the Bayesian inference.
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A ADDITIONAL RESULTS OF TRANSFORMER SIMULATION

The Fig 6, Fig. 7 and Fig. 8 of experimental results of the Transformer model discussed in Sec. 6 are
shown here due to the page limitation.

In Fig 6, we consider the Tetrahedron setting (see Apendix C.1) under varied task noises (J,, =
dw € {1/256,1/64,1/16,1/4,1}). The results show that the lower the variance, the stronger the
dip-and-rise phenomenon in both Bayesian and Transformer inference, and it is also harder for the
Transformer to capture the Bayesian prediction. It also takes more training epochs for the Transformer
to catch the Bayesian prediction when task noises are small. In Fig 7, we consider settings of regular
shapes (see Appendix C.1) with different numbers of vertices/components (M € {4,6,8,12,20}).
In Fig 8, we consider settings with varied dimensions (see Appendix C.2, d € {2,4, 8,16, 32}).

We conduct experiments using a 10-layer, 8-head Transformer decoder with 1024-dimensional
feedforward layers, and the input dimension is set to d, equivalent to the dimension of x. In each
training epoch, we train the model with 10000 batches and each batch contains 256 samples. We use
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Figure 7: The figure shows the simulation of the Transformer under varied component densities.

F* indicates the prediction of Bayesian inference while F indicates the prediction of the trained
Transformer. M indicates the number of mixture components on the sphere with radius 1, and
Op = O = %. It is observed that the higher the component density, the harder for the Transformer
to approach the Bayesian inference.
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Figure 8: The figure shows the simulation of the Transformer under varied dimensions. F* indicates
the prediction of Bayesian inference while F indicates the prediction of the trained Transformer.
d indicates the dimension as well as the number of mixture components on the sphere with radius
1,and 0, = 6y = %. It is observed that the higher the number of dimensions, the harder for the
Transformer to approach the Bayesian inference.

AdamW Loshchilov & Hutter (2017) as the optimizer with weight decay as 0.00001, and the learning
rate is set to 0.00001.
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B NOTATIONS

This section collects all notations used in the main paper.

Notations initially introduced in Sec. 3

F: a next-token prediction model.

F:a pretrained next-token prediction model.

F*: anext-token prediction model that attains Bayes risk minimization.

Fi: anext-token prediction model for k in-context samples.

Fp anext-token prediction model that attains Bayes risk minimization for k in-context samples.
a and y: input and label for a task, e.g., x and y of a linear regression task y = x| w.

k: the number of in-context samples.

K the max number of in-context samples in a sequence.

Sk a sequence of k in-context samples, [€1,y1, ..., Lk, Yk

Sk a sequence of K in-context samples, [€1,y1, ..., Tk, Yk]-

Sp@xr+1:  a sequence of k in-context samples and xpy; pending to be predicted,
[mlay17"'amk7yk7mk’+l}~

p and w: the parameters control a task. p controls the distribution of  and w controls how x
maps to y.

DPir and D,, 42 D" = D, 4, and they represent the task prior distribution where each task is
controlled by parameters p and w.

D4 (p): the conditional distribution of @ conditioned on p of the task (u, w).
Dy (1, w): the joint distribution of (x, y) in the task (p, w).

Dy|(w): the joint conditional distribution of 3 conditioned on the input 2 and w of the task
(1, w).

P(p, w): the task probability of (u, w) in the task prior DP"°",

P(x | p): the probability of  in Dy (p).

P(y | ©,w): the probability of y in Dy, (w).

L(F): the risk of F on samples generated from generation process 1.

M the number of mixture components in a Gaussian mixture prior.

a, (: the index of a mixture component in a Gaussian mixture prior.

Tp: the 8" mixture component in a Gaussian mixture prior.

mg: the mixture weight of the 8™ mixture component in a Gaussian mixture prior.
pp and wa: (g, wg) is the mean of the B mixture component.

o, and o,: the task noises, i.e., the noise scales of p and w.

o and o,: the sample noises, i.e., the noise scales of « and y.

d: the dimension of the x.

r: the max ratio of two mixture weights of two tasks.

Notations initially introduced in Sec. 4

T

e ||z||%: for any vector z, ||z||® =z " z.

s ||z||4: for any vector = and matrix A, ||z||%} = = Az.

» P(p,w | S;"): the probability of task (g, w) in the posterior after observing S;' .

. fg: the 3™ mixture component in the Gaussian mixture posterior.
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75: the mixture weight of the 3™ mixture component in the Gaussian mixture posterior.
f15 and wg: the center of the 3™ mixture component in the Gaussian mixture posterior.

P(p,w | Tg)! the probability of task (g, w) in the 3™ mixture component.

w: the mean of w in the task posterior.

cg and c: parts of the re-weighting coefficient of Component Re-weighting.

U, (o, B) and ¥, (e, B): functions defined to help analyze the phenomenon of Component
Re-weighting.
r(a, B): the ratio of the mixture weight 7o of T, over the mixture weight 7 of Tﬁ.

Ag(A): the d™ largest eigenvalue of matrix A. In this paper A € R¥9, thus \g(A)
represents the smallest eigenvalue value of matrix A.

A1(A): the 1% largest eigenvalue of matrix A.

Notations initially introduced in Sec. 5

A2 VB # a, |lpp — w*])? = | — w*||? > d2,, the squared pu-margin of any other 13 over
Ha-

d2: VB # a, |wg — w*||? — ||w, — w*||? > d2,, the squared w-margin of any other wg
over w,,.

u: VB # o, lwsg — w*||? — (1 + 72)|[[wa — w*||? > 72u2,, the weighted squared
w-margin of any other wg over w,,.

Y- 1: the label or the target prediction of task learning. yE 11 = (Try1, w")

YR, 1: the label or the target prediction of task retrieval. yR, | = (p41, wa)

C PRIOR EXAMPLE

In this section, we introduce some examples of prior we use in simulation experiments. We split
the examples based on the shape of the centers of the topics in the priors. Those shapes include
3-dimensional regular polyhedrons in Sec. C.1, and d-dimensional examples in Sec. C.2.

C.1 REGULAR POLYHEDRONS

For the abstract of the task prior, we consider 3-dimensional regular polyhedrons including Tetrahe-
dron (4 vertices/centers), Octahedron (6 vertices/centers), Hexahedron (8 vertices/centers), Icosahe-
dron (12 vertices/centers), and Dodecahedron (20 vertices/centers), listed with increasing density.

A regular polyhedron of a task prior with M/ components is set as follows including all the parameters
used Assumption 2:

Dimension d = 3, number of mixture component M = M, and 8 € {1,...,M};
The probabilities of all topics are the same, 73 = 1/M, forall § € {1,..., M},
For noises of the input « and the label y, we have 0, = 0, = 1,and 7, = 1;

For noises of p and w, they are set equal to 0.25 if not specified;
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pg of Prior and p* of Demonstrations wp of Prior and w* of Demonstrations

Figure 9: The illustration figure of the prior distribution. g and wg for 8 € {1,2, 3,4} are mixture
component centers in the prior. p, and w,, for « = 1 (numbers are noted in the center of circles)
are the centers of the target task for task learning. Both p* and w* govern the distribution of
demonstrations. The dotted purple lines highlight the distance of 1 from the origin (0,0, 0) to any
point represented by p or w.

* The centers of mixture components shape a regular polyhedron with M vertices, and for all
B, s = wg;

¢ For demonstrations, we have p*
argmin,, . [|ps — pal.

2w t+wo
2w +wa|

2p1+po

SeAE2 L and w*
12001 +pe2]l

where po €

We will mainly use the Tetrahedron setting in the experiment, therefore, we further visualize the
setting and give the description. We introduce the setting of the prior Tetrahedron including all the
parameters used Assumption 2. The 3D visualization of the clean tasks in the prior and the task of
demonstrations are shown in Fig. ??. The exact parameters are shown as follows:

 Dimension d = 3, number of topics M =4, and 8 € {1,2,3,4};

* The probabilities of all topics are the same, 73 = 1/4, i.e., forall 8 € {1,2,3,4};

* For noise of the input « and the label y, we have 0, = 0y = 1, and 7, = 1;

* For noises of i and w, they are set equal to 0.25 if not specified;

* The centers of topics shape a tetrahedron as shown in Fig. 2? p; = w; = [0,0, —1]T

w2:[ 57075} ,[,L3:’UJ3:[_\/;,+ 373] andﬂ4—’w4— \/;7 \/%%

: * . 2pu1+p2+0.2us3 _ 2wi+ws+0.2ws
e For demonstrations, we have pu* = T tret02me] and w* = 2w Fwat0 2wa] (We

slightly shift the center towards (3, ws) for visualization purpose, so that § = 3 and § = 4
could produce slightly different results.)

C.2 d-DIMENSIONAL EXAMPLES

We consider d-dimensional examples with exact d centers where d € {2,4,8,16,32}. A d-
dimensional example with d vertices is set as follows:

* Dimension d = d, number of mixture component M = d, and 5 € {1,...,d};
* The probabilities of all topics are the same, 7g = 1/d, forall 5 € {1,...,d};

* For noise of the input « and the label y, we have 0, = 0y = 1, and 7, = 1;
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* For noises of i and w, they are set equal to 0.25 if not specified;

1 ifi=
e Forall 8, pug,; = wg,i = {0 if 4 #g’

B element is 1, and wg is equal to pg.

i.e., pg is a vector with all elements 0 except the

2w +wo
= T2witwsl’

2p1+po

=BTz and w*
= T2uitpe]l

 For demonstrations, we have p*

D THE DERIVATION OF POSTERIOR

This section provides detailed derivations for Lemma 1. We begin by showing the posterior is
potentially still a Gaussian mixture in Sec. D.1. Then in Sec. D.2 we show how Eq. 11 is proportion
to Eq. 12, which is exactly still a Gaussian mixture.

D.1 PRIOR TO POSTERIOR

We start by showing the posterior is potentially still a Gaussian mixture:

P(p,w | Sp®&Tk11)

O(]D(,u7 w | Sk@a:k+1)P(Sk®:ck+1)
=P(u, w, Spy®xk11)
P(Ivh JP(Sk®p11 | p,w)
ZWBP pow | T3)) P(Sp@ki1 | gy w)
B=1
M
=Y maP(p,w | Tp) P(Sp@aps1 | g, w) (11)
B=1
M ~
oY #pP(p,w | Tp), (12)
B=1

D.2 CLOSED-FORM SOLUTION FROM EQ. 11 TO EQ. 12

We analyze each component (indicated by a specific 3) in Eq. 11. Forall 8 € {1,..., M} and all
(p, w), we have:

P(p,w | Tp)P(Sk@zrs1 | 1 w)

s — p)? S e — ) |lws — wl|? S e w — g2
X exp(f 20_2 )exp(i 20_% )exp(i 20_121) )eXp(i 20_3 )
2 2
U o
letd, = 5, 0y = —%
(let 5, = 2% U§>
k+1 k+1
(lpsll? = 2] o+ 1)) + 0 ((k + Dl = 27 S0 s + 5 i)
=exp(— 202 )
k
(lwp]|? = 2w w + [[w]|?) + 0o (1 wT ] w — 2wT YL @iy + S 4?)
Xp( 20-2 )
k
sl + (1 + (k+ D3|l — 20 + 8, S5 ;)
xexp(— 252 )
0’
lwg|* +w (I + 60 Sy @iz )w — 2w(ws + 0w b, Tiy:)
exp(— 52 )
O—’LU
k p T
(letSy = 1,5, = 72'::1;’% )

17
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k+1
leesl® + Il13 hgrys,s, — 20" (Bp + 00 2000 i)

=exp(—

202
k
lwsl? + wll, 5.5, — 20" (w5 + 0w 327y Tiyi)
exp(— 952 )
k+1 S
(let p = Zw“w = %)
o4 102 e, — 204 s+ (-4 30
=exp(— 52 )
1%
[wgl|? + w2, 5. 5. — 2w (wg + kdww)
xp(— )

202,
(Let Afp = (k + 1)0u 8, AW = kbpw, A, = (k+1)6,5,, ATy = kb Sw)
leasll? + (3 4 a = 27 (0 + AR) + 15 + DRI, psey-1) = s + AR a5, )

:exp(— 20_12” )
el 5, =207 000+ 850) 05+ 800y y0) 909+ A0 50
P 202
lpsll® = lls + AR, A5,y I = (I +AS.) " s + AR, as,
=exp(— 557 ) - exp(— 902 )
n b
sl — l[ws + AwIE, a5, o — (T + ASu) " (ws + Aw) |2, 55
eXp(_ 252 ) : exp(— 252 )
lsll” = s + (k + 1), pl? 5 lws|* = llwps + kdww]|? S
ocexp(— K (I+(k+1)6u,2u) " ) exp(_ (IT4kbwEa) 1 )

202
N | (I+(k+1)6,5)" (HB+(k+1)5uﬁ)agi(I+(k"‘l)‘suiu)_l)'
N(w | (I + kb Zap) " Hwp + k@), 02 (I + kb Se) 1)

2
20%,

E DERIVATION COLLECTION OF ¥ ,(a, 5) AND ¥, (a, 5)

This section collects derivations for ¥, (v, 3) and W, (c, 3). The derivation of ¥, («, 3) is collected
in Sec E.1 and the derivation of W, (a, §) is collected in Sec E.2.

E.1 DERIVATION OF ¥, (c, /3)

This section collects the derivation of ¥, (c, 8) in Eq. 5 of Sec. 4.3:

Vp(a, B)
sl = Nl + (k + 1)0uAl? iryss) leall? = e + (b + V0wl o1ys 5, )0
zlog(exp(f 202 (I+( )ouZpy) )/exp(i 202 (I+( )0uEp) ))
(A (R + 108 lps 1 = Dl + 0, it @all> (L4 (b + D3l = llBa + 6 S @4l
202 (1+ (k+ 1)) 202(1+ (k+1)8,)
s+ 5 S wil? e+ 60 2 @
202(1+ (k+1)6,) 202 (1+ (k+ 1))
k k
lal? = 20 (B 0 @) — 1160 S50 P ol — 2] (00 SO0 i) — [0 S ]2
207 (14 (k +1)6,) 2071+ (k +1)d,)
(b D0ullansl® = 20 (0 S35 @) + 00 S I@ill® (k4 1)0ullptall® = 2080 (0 S4H @) + 0 YA ]
202 (1+ (k+ 1)) 202(1+ (k+1)8,,)

18
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k+1 k+1
ity dulles —mill® D dullpe —xill?

" 202 (1+ (k+ 1)3,,) 202(1+(k+ 1)3,.)

k+1 k+1
_ s = il = 35 (e — il
220+ (k£ D32

E.2 DERIVATION OF U, (cv, 3)

This section collects the derivation of ¥, (c, 8) in Eq. 6 of Sec. 4.3:
Vo (at, B)
HwﬁHQ Hwﬂ + k6ww” (I +kS e Sep) 1

2
202,

2 (|2
Hwa” - Hwa + kéww||(1+k6wiw)—l )/ (_
20_2 exp

)

— log(exp(—

sl — w5 + K|y 1 wal? — [ + k0wl 5.
202, a 202,
k k
(Note kbW = Oy Za},y, = dw Z cci:ciT'w* = kb Spw™)
i=1 i=1
|wgs|? — [Jwgs + kdwiww*“%prk&wiw)—l lwa|| = |wea + kbwSww
202, B 202,

lws]|? = (ws — w*) + (I + kdwSuw) [wal? = [(wa = w*) + (I + kdwSw)

2
*H(1+kawiw)—1

2 2
w*||(I+k6wi}w)*1 w*||(I+k6wi}w)*1

202, a 202,
H'wﬁ”2 - H'wﬂ - w*H?I-i-kéwiw)—l - 2(“’5 - w*)Tw* ||wa||2 — lwa — *”(I—H’cé Sw)-1 2(wq — w*)T'w*
N 202, 202,
s — w2~ s — 0By = 07— w7y o
202, 202,

w*”i(umwiw)fl — Jlwa —w*|7

2
202,

_ lws — —(T4h6p D)1

F  DERIVATION COLLECTION OF ft3 AND wg

This section collects derivations for f13 and wg. The derivation of fi1z is collected in Sec F.1 and the
derivation of ¥, is collected in Sec F.2.

F.1 DERIVATION OF fig

This section collects the derivation of 3 in Eq. 9 of Sec. 4.3:

fip = (I + (k+1)8,5.) " (s + (k + 1)0./)
k+1
= (I + (k+1)0,D) " (pp + 6 Y _ 1)

B+6 Zk+1
1+ (k+ 1),

F.2  DERIVATION OF wg

This section collects the derivation of wg in Eq. 10 of Sec. 4.3:
5 = (I + kb)) M (ws + kbypyw)

k k
(recall £y = Oy Z ;Y = Ow Z :niw;-rw* = KOy Xppw™)
i=1 i=1

19
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= (I + kb Zew)  H(wp + kb Sww™)
= (T4 kb Zew)  H(ws — w* + (I + kbypZep)w™)
= (I + k0p¥e) H(ws — w*) + w* (13)

G PROOF OF THEORIES FOR TWO MODES

G.1 PRrROOF ToOLS

We use the following inequalities in our proofs:

G.1.1 GAUSSIAN TAIL BOUND

If Z; ~ N(0,1), then for ¢ > 0 we have:

k
g 2
P(Ll? > t) SeXp(—% )
k
Y 7 kt?
P(Ll? < —1) < exp(—=)

G.1.2 CHI-SQUARED TAIL BOUND

If X ~ x(k), e, X = Y% | 72 where Z; ~ N'(0,1) then:

P(% — 1> 2Vt +2t1) < exp(—kt?)

X
P(? — 1< =2V1)) < exp(—kt})

As a looser but symmetric bound, for ¢ > 0 we have:

2
P(% s < exp(f%)
2
p(% C1<-f)< exp(f%)

(See Chi-square Tail Bound.)

G.1.3 NORM TAIL BOUND
Ife; ~ N(0,721), ¢; € RY T € R™4, then for t > 0 we have:
SF e 72d kt?

P(IEELL ) > 221+ 1)) < exp(—)

Proof.
) k
Zi:l € ”2

k
(Notice €; ; ~ N(0,77) and let Z; = 2iz1 iy ~ N(0,1))
. VE

_Tz2d Z:'i:1 Zi2
Tk d

20
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therefore by section G.1.2 we have:

r2d Y 72 r2d et
Pl =17 o 2P 4 ) < M
(BE2=L2 5 Bl 4 ) < exp(——)
O
G.1.4 EIGENVALUE CONCENTRATION BOUND
k k
Lemma 6. [fz; ~ N(u,72), A = ri L wiw] , and 271 S— Zi:l(km”_“), we have ¥t > 0::
SE e it
P(L < X\g(A) <X\ (A) < Uand ||#|| < T/l + 1) >1— 3€xp(—?)

where L=712(1— 5 —7)? =20,9V/1+t, U =14+ 72(1 + § +7)* + 21,7V 1 + t and \i(A) is
the i biggest etgenvalue of the matrix A and v = %.

k e T k T o, T
We begin with decomposing A to three components A = zz:l# =pp’ + M +

koo T . .
%, where x; = p + €;, then consider the eigenvalues of them.

Firstly, we have:
0 < Aa(pp’) < M(pp’) <1

Then by Gaussian Case Covariance Estimation we have for s > 0:
d 1 Sk eie] 1 Sk €€ \/E ks?
P((l—s—+/— Ag(E=i=L (&=L Ty < (1 1—2 —
(T—s \/;)_T2 (==, )<T§ (=) < (U 4s+4/0)7) > exp(——-)

k T T
Finally we examine M Forall [|al = 1and 0 < ¢ < 1 we have:

k T ) k
|aT Zi:l(l"’el +€p ) Zz 161|| —

e
! 2q t?
(Notice by Norm Tail Bound G.1.3, we have P(||721 1€ | > 7-967(1 +1) < exp(—?))
2d kel kT 24 L2
P2y Z00 1) < eust ) o eu=t ) <o /B0 ) > 1 (-

Lety = \/g and s = t/2, we have:

P(Tﬁ(l—%—7)2—271’y\/1+t§)\d(A)§)\1(A)<1+7' (1+ +79)2 +27,9V1 +1) > 1 —3exp(—

2

G.2 TASK LEARNING

In this subsection, we introduce the proof of Theorem 3.

Proof. Assuming we are using in-context samples following Assumption 4(a), i.e., x; ~
N (", 721),y; = (x;,w*), and we aim to have the prediction on Sy Dy 1 as (Ty1,w*), i.e., to

learn the predlctlon of the demonstration task. Let L% indicate the squared loss (F* (Sk@mkH)
(Tps1, w*))? on SpBx k1. With the help of Lemma l and Corollary 2, we can derive the expected

21
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squared loss on the prediction F*(Sp@x+1) as follows:

Esk@fﬂk+1 [‘CH
=Es, [(F*(Sk®wrs1) — (", Tps1))?]

=Es, (D 7a(tp, rr1) — (", wp41))7]
p=1
M
=Es, (D 7p(5 — w"), @r41))’]
p=1
(See Eq. 13 for the derivation of wg)

=Es [((Q_ (I + kwSw) ™ (ws — w") + w* — w”), @p41))?]

&ME

(Let AYyy = kduSw)

=Es, [((I + ASy Zm ws —w"), 1))’
=Es, [((I + AZy,) Z Tpws — w"), Tyr1))’]

(Let A= (I+AS,) ' b= Zﬁﬁwﬁ —w*)

=Es, [(b" Az 11)]
(A is a random matrix only depending on S, while b is a random vector depending on both Sy and @ 1.)

<Es; [(16]A1(A) || r4111)?)
(Notice ||b]] < 2)
<Esy [2°21(A) @k [|°]
<dEs, [)‘%(A)]Emk+1 [Hwk-l-l ||2]
=4(1 + dr})Es, [\ (A)]
Apply Lemma 6, we have the upper bound on the expected loss we have:
Esk@wk-H [‘C]I;]
<4(1 +dr7)Es, [A(A)]
1
<4(1 + dTa?)ESK [( Sk miml )2]
L+ ko Ag(==4)
1 9 kt?
+3 -
[T kg (21— =77 —2mvisy) ooy

8
Lett = k%~ %, where % > § > 0 we have:

<4(1 +dm3)((

4(1 +dr2)

5—3
74452 |2 JrO(k 2)

Esk Pxpi1 [ﬁllg] <

G.3 TASK RETRIEVAL

In this subsection, we introduce the proof of Theorem 4.

Proof. Assuming we are using demonstrations following Assumption 4(a), i.e., x; ~
N(w*, 721),y; = (x;,w*), and we aim to have the prediction on S®T k11 as (Tpr1, Wy ), i-e., tO

22
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retrieve the prediction of the clean task . In order to have an upper bound on the loss, we consider

x; ~ N (u*, 721) in two regions: (1) C: L < )\d(Z?:lkmiwiT) < A1(2§:lkmiw:) < U (see Lemma 6
for L and U) and (2) —C: either the previous inequality does not hold. The probability of —C is
bounded by:

2
P(-C) <3 exp(f%).

Let LY indicate the squared loss (F*(Sy®@k+1) — (Tht1, Wa))? on Spdxk1. With the help of
Lemma | and Corollary 2, we can derive the expected squared loss on the prediction F*(Sy® k1),
and then based on C and the target task o, we split the expected squared loss into three parts:

E$k®wk+1 [EII:]
M
=Es, [(Y_ 7p (5, 1) — (Wa, zp11))°]
B=1
M
(Notice Zﬂ'[g =1)
p=1
M
=Es, [(Y 7s((g, Trs1) — (Wa, xr11)))?]
f=1

M M
(Notice Z sap)? < Z 7gaj, since Ela]® < E[a”])
5=1 p=1

SESK[Z (s, Thr1) — (Wa, Tp1))’]
B=1

=Es, [Z (W5 — Wa, Tpi1))?]

M
=P(C)Es, [y _ 7p({thp — wa, wr41))” | Cl+
B=1

P(=C)Es, [y 7s((p — wa, @k11))* | =C]

B=1
—P(C)Es, [y #p((tp — wa, @r41))” | Cl+ (14)
pB#a
P(C)Esy [Ta((Wa — Wa, z141))? | Cl+ (15)
M
P(~C)Es, Z b — Wa, @r41))° | ~C] (16)

We firstly analyze the first term P(C)Es, [>_ 5., Ts((Ws — wa, xk11))? | C]in Part. 14, we have:

P(C)Es [ Y 7s((bp — wa, Tk11))” | C]
B#a

<P(C)Es, Y =

e T8 + 7

Tg/fa
—P(C)ESK [é m«w,ﬁ - 'wmmk+1>)2 ‘ C}

<P(C)Es. [ =" ((tbs — wa, 2x11))* | C]
Bta *

(4o — wa, xa11))? | C)

23
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o, -
<P(C)Es[Y ;ﬁllwﬁ — wol*llzk1* | €]
Brta "
T -
<P(OEs, [ =" [[ds — wal [z * | €]
Bta @
(See Eq. 13 for the derivation of wg)

7 _
=P(OEs [D 27T+ kowSw) " (ws —w") + w" —wa*|lzi]* | €]
pta "
(Let AYyy = K Xep)
=P(O)Es, [y 221+ A%w) ! (ws — w) + w" — wp +ws — wal @i |* | €
pa
@ N — *
=P(O)Es, [ 22— (I = (T + ASw) )5 — w°) + (w5 — wa) *laxsa | €]
Bta *
ﬁ- N — *
=P(C)Es;[) ﬁi(QII(I — (I + A%w) ) (ws —w)|* + 2] (ws — wa)|*)Jzes1|* | €]
BHta *
ﬁ- _ — *
<2P(C)Es, [ | %(Af(f — (I + A%w) Hll(ws — w)|? + [[(ws — wa) |*) |@r41]* | €]
Ba "
(where A1 (A) is the largest eigenvalue of matrix A)

7
<2P(C)E5K[Z ;(12 44+ 4)||zpi1]? | C)
Ba @
<I6P(OEs, [y 2 @i ? | €
Ba @

Apply Eqgs. 4, 5, and 6 and Assumption 3(b) to :—B, we have:

T3
Esi[Y ;Ilmmll2 | C]
B#ta

k k
D i s — wsz + > i e — ‘131”2)

<16Eg, [Z rexp( 202(14 (k+1)d,)

BF#a

—lwg — w*||§—(I+Aiu,)*1 + [lwa — W*Hi_(l_._Aiw)—l
exp( 202 )
Uw

—lls — o1 |? + | a — Trsa|? 2
202(1+ (k+1)d,,) Mzl €]

k k
— i ks — 2l + 30 (e — wz”z)
202(1+ (k+1)6,)

exp(

=16r Z Es, [exp(
B#a

—lwg — W*||§_(1+A§‘;w)—1 + [lwa — w*H?—(I-o-Aiu,)*l
exp( 202 )
Uw

2 2
”p’ﬁ ZH Hl'l’oé 1” )||513k+1H2 | C]

(4 bt 1)5,.)

Recall in case C we have:

Z]'C—lei
|15 < T E
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Therefore, when conditioned on case C we have:

k
2im1 (s — @il + e — i*)
L+ (k+1)6,
(Letx; = p* +€;)

* * ) 2 —pa €
_p e = I” = s — 7|+ Thes 25 o)

1+ (k+1)0,
k .
ol = P~ s — P 2 — o), =)
1+ (k+1)d,
e = % = llps — po|* + 4TI £ 1
1+ (k+1)0,

(Branch to purple for asymptotic bound or to for the bound for the U-shaped pattern.)

(Lett = k%% and § is small.)

2
_ Vs oge
Op Op
Recall in case C we have:
k ol k 7
L < /\d(Zizl wlwz )< )\1(21:1]:311:1 )< U

Therefore when conditioned on case C we also have:

—Nws = wll7_ (ryas,)-1 + lwa = w7 (15,
< —|lwg — w*[PAe(I = (I + ASy) ™) + lwe — w*[|* A (T — (I + ASy) ™)
(where A\;(A) and \y(A) indicate the maximal and minimal eigenvalues of the matrix A € R?*%)

1 . 1
) + [lwa — w*|*(1 )

* (12
< — — 1—— -
lws = w70 = 055 1+ kU
(Branch to purple for asymptotic bound or to for the bound for the U-shaped pattern.)
lre — 12 2 lws — w|* [wa — w*||?
=l = w0 [+ = 2) 4+ (e e
(Lett = k%% and § is small.)
‘2 2y o Jws —w'? lwe — w*|? -3
= B — - a T - - c O(k 2
(I = w2 — e — " 2) o (P — sy 4 0
4 s 3
<—(d2 El oS3
(@) + g™ + O )
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Further, we have:

2 2
=g — Tpy1||” + |[Ha — Tk
P(C)Es, fexp( 12 202(§'+(k+1)5) ) a7 )
z M

—lls — @i | + e — $k+1||2)
202(1+4 (k+1)d,)

(Let g1 =" +€)

—llps — ' — €l® + o — 1 — €|f?

<Es, [exp(

[y

=FE 2
Sk [exp( 20,2(1 I (k+ 1)(;“) )Hmk+1” ]
(s = I + e — 1)1 + (2(15 — o) €) 2
=K
SK[eXp 202(1+(k+1)6 ) )HwarlH }
(Let —[lpp = p*[* + [ltta — p*[I* = =D, 203 (1 + (k + 1)0,) = E,b = 2(1up — pa))
~D+ble
i [exp(— ks )
-D+ble .
<Es, [exp(—=5) 27| + 2e]?)]
—-D+b'e —-D+b'e
=2(Es, lexp(—— 1)) + Escexp(——p——) el]?)
726> D -D+be
—2(ep(L - — 2) + Eslesn(———) ¢l?)
mZlbl* Dy, TQIIbIIZ zlbl* D > T2bl* D
=2(exp( x2E2 — E) +7;(1+ £E2 ) exp( x2E2 — E) + (d = 1)1 exp( x2E2 - E))
20|12 20112
_ 20, Tzlbll bl* D
*2(1+Tx(d+ E2 ))exp( 2E2 - E)
=Cl=0 17)
Thus we have:
T
P(C)Es, [ =" |zisll | €]
Ba "
— i g — il + 3 e — @il
<16 P(C)E = = .
Tﬂ; el 202(1+ (k + 1)6,) )
(_Hwﬁ - U’*”%_(“_Agw)—l + |lwa —w ”1 (I+ASw)~ 1)
exp )
—llus —zil® + [[pa — zil? 2
C
exp( 20_%(1 n (k)+ 1)(;“) )Hmk+1” | ]
(Branch to purple for asymptotic bound or to for the bound for the U-shaped pattern.)
d, | ar f s_3 2 5—32
e AmeVdps -3 4 Ok ) —dz, + 1+ Ok 2)
5 6
167 Z - _
<167 ;}exp( 20,% )exp( 205 )Ck—O
2 4 Ar Ak + O(k! —d2 4 sk Ok 3)
=167 M Cl—q exp(—= ! ( ))exp(— O )
202 202,

We then deal with the second term P(C)Es,, [To ({05 — Wa, 1)) | C), the part 15:
P(C)Es; [fa((Wa — wa, xr41))* | C]
<P(CEs, [l = (I = (I + ASw) ) (wa — w”) + (Wa — wa)|*[zr41]* | C]
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< Jlwa — w*|PP(C)Es, [N (I — (I + ASw) )| @rsa[* | €]
(Let A1 (A) be the maximal eigenvalue of the matrix A)
<AP(C)Es, M (I = (I + Aw) )z ]* | €]

1
4P(C)Es, [(1 — ————)? 2
AP(CEs [~y lewn [ €]
1
4k 1 - —————)3
<ABsc [l 70 = 1575
1
=4(1 (1 — ————)?
(L+dr)( - 5.0
(Branch to purple for asymptotic bound or to for the bound for the U-shaped pattern. )
(Lett = k°~2)
: 1 3
=4(1+dr2)(1 — —————5= + O(k°"2))?
(1 dm2)(1 = s + O
2

=4(1 + dr2)(1 — )+ Ok~ %)

kb (1 4+ 72)

Finally for the third term P(—C)Eg, [224:1 75((Wps — Wa, Trt1))? | ~C), the part 16:

M
P(=C)Es, [Y_ 7p((Wp — wa, Tp11))* | =C]
B=1

E

=P(=C)Es,[)_ sl + AZw) ™ (wp — w") +w” — wa? |z [|* | ~C]

T
I

NE

<P(-C)Es [} (2T + ASw) ™ (ws — w) | + 2llw” — wal*)[#r41[* | 2C]

=®
Il
-

NE

<P(-C)Es. [y 7p(2- 4+2 4)l|lxpr? | ~C]

i
I

M
=16P(—C)Es, [Z Tallzria? | ~C]
p=1
<16P(~C)Es, [|@rs1]* | ~C]
<16P(—C)Es; [|zr11]%]
<16(1 + dr2)P(=C)
k,26

Summarizing three terms, we have:

Esk DTpt1 [511?]

(Branch to purple for asymptotic bound or to for the bound for the U-shaped pattern.)

—d2, + Ar,VdkE T+ O(k) ~ 0y + 5z + O(K )

<167 M Cj—o exp(
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41 +dr))(1 - ﬁ) +O(K=2) 4 48(1 + dr2) exp(—%%)
<167 M Clr=o exp(— (;—22 + QCZQU)) exp(47—x\gi§g‘f1 + Ok 1)+
A1 +dr2)(1— m) +O(K %)
=161 M Cj—o exp(—(;f% 2d:3} N+ QTI\/&;) +4(1 +dr2)+ 0>k
The region for the are:
k< mm{d 5w72}

/ L dy
A,y 14+ k771) < 7“

—Ullwg —w*||* > 7 uw/2

U< 2(1+73)

Lljwg — w"||?

H PROOF OF LEMMA 5

In this subsection, we introduce the proof of Lemma 5. The proof techniques are very similar to the
proof techniques for task retrieval in Sec. G.3.

Proof. We are using in-context samples following &; ~ N (u*, 72I),y; = 0, i.e., w* = 0, and we

aim to have the prediction on Sy Px 41 as (Lr41, Wa), i-€., to retrieve the prediction of the clean

task . In order to have an upper bound on the loss, we consider x; ~ N (u*, 72I) in two regions:
k T

(HC:L< /\d(%) < )\1(2#) < U (see Lemma 6 for L and U) and (2) —C: either

the previous inequality does not hold. The probability of —C is bounded by:

2
P(-C) <3 exp(—%).

Let LR indicate the squared loss (F*(Sx®@x+1) — (Tht1, Wa))? on Spday41. With the help of
Lemma | and Corollary 2, we can derive the expected squared loss on the prediction F*(S,® k1),

and then based on C and the target task o, we split the expected squared loss into three parts similar
to Sec. G.3:

E5k®wk+1 [5113]
F((Wp — Wa, Trt1))? | Cl+ (18)

<P(C)Es[7
P(C)Es [fa((Wa — wa, Tk11))” | Cl+ (19)
P(—C)Es, Z b5 — Wa, Tp1))? | 7C] (20)

We firstly analyze the first term P(C)Es, [75((Ws — wa, Tk4+1))? | C] in Part. 18. Similar to
Sec. G.3, we have:

P(C)Esy [5((s — wa, zk41))* | C]
T
<16P(C)Esy [=[|zxs|* | €]
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Apply Egs. 4, 5, and 6 and Assumption 3(b) to Z—’S, we have a different results from Sec. G.3 since
we have wg = —w, and w* = O:

0
Esi [ = ler|® | C]

B#a "¢
S0 s — )2+ 8 (g — 2
<16[E 1= = .
Sk [ﬁ%;lrexp( 202(1+ (k + 1)5,) )
_”wﬁ - w*||§7(I+Aiw)71 + ”wa - w*H%f(IJrAiw)*l
exp( 53 )-
aw
s — 2pa ® + e — ®ra|)?
exp(—— k| | €]

202(14+ (k4 1)6,)
(Notice w* = 0, wg = —w,)

k k
— iz s — wsz + > i e — 1%”2
202(1+ (k+1)6,)

:167“ZE3K [exp( )-
BF#a
—llps — xil® + 1o — =42

202(1+ (k + 1)d,,)

I?

exp( Mk ]* | €]

Recall in case C we have:

ZI‘C—I €i
”ZT” < TeyV1+t

Therefore, when conditioned on case C, similar to Sec. G.3, we have:
k
>ica (llps — il + e — i)
1+ (k+1)d,
(Branch to purple for asymptotic bound or to for the bound for the U-shaped pattern. )
(Lett = k%~ % and § is small.)

<—ﬁ + s Vd
5, o,

k28 4Ok

And similar to Sec. G.3 we have:

0
P(C)Es, [ =[xl | C]
BHta  *
(Branch to purple for asymptotic bound or to for the bound for the U-shaped pattern. )

2
—ge V- 4 Ok

o 6/-"
<167 Z exp( 502
B#a v

)Cr=0

3

—d;, + 47, Vdk> 5 + O(k™")

2
2”#

=167rCr—o exp( )

The analysis for the second term P(C)Es, [T ((Ws — Wa, Tx+1))? | C], the part 19 and the third
term P(—C)Eg, [22321 7g((Ws — Wa, Tx1+1))? | ~C], the part 20, are the same as Sec. G.3.
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Summarizing three terms, we have:

]ESk Bxp41 [‘C}l:]

(Branch to purple for asymptotic bound or to for the bound for the U-shaped pattern.)
—d? + 4r, Ak + Ok
<167rCj—g exp(—*~ 5 ( ))+
205,
2 k20

41 +dr2)(1 - )—Q—O(k‘s_%)+48(1+d7§)exp(—?)

kdw(1+73)

d? 4T, \/&k%’%
167Ch— S — k!
<16rCjl—g exp( 207 ) exp( 202 + Ok~ )+
c 2 S 3
41 +drH (1 — ——— Y+ O(k* =
d? 27, \/&k%7%
—16 [d z 2 —1
=16rCr—g EXp(fﬁﬁ)(l + T) + 4(1 + dT‘T’) + ()(k )

I DEMO PROBLEM AS A WARMUP

We study how demonstrations of ICL affect the prediction of a pretrained LM, and how the pretraining
distribution affects this phenomenon. In other words, the LM denoted as f is initially pretrained on a
dataset distribution to produce the minimum risk minimizer f*, and then the pretrained f* is used to
predict the y value of the input 2. However, instead of directly inferencing via f(z), we consider
inferencing with additional k demonstrations {z;}%_, via the format f([z1,...,z,z]). We aim
to theoretically examine the effect of demonstrations {x;}¥_, on the prediction f([z1,...,zx, z]).
Before going to the formal problem setting, we introduce this demo section to illustrate the basic
phenomenon for better delivering our work.

The following demo subsections are organized as follows. We first introduce the problem setting
in Sec. [.1. We then connect ICL with Bayesian inference in Sec. I.2. Further, we introduce the
assumptions for the pretrained dataset in Sec. I.3. And finally, we derive a closed-form posterior and
introduce two phenomena “Topic Shifting” and “Topic Re-weighting” in Sec. 1.4.

1.1 DEMO: PROBLEM SETTING

ICL (In-context learning) involves two important components: the pretraining dataset, and the LM
(language model) supporting varied input lengths. We assume the LM f : Uke{(],“.,Kfl}Rbd —
R1*1 can fit the pretraining distribution exactly with enough data and expressivity. Each sample is
generated from firstly picking a task p from underlying task distribution D,,, and then we generate
context/tokens from a distribution D, (1) based on the task p. The sample generation process is
described below:

Assumption 6 (Demo Generation Process). Given a task prior distribution D,,, and a condi-
tioned x sampler D, () conditioned on task p, the process of generating a sequence/sample
Sk = [z1, 22, ..., xK] with length K follows:

(a) Sample a Task 11 from the Prior: . ~ D,,, and the probability of y is indicated by P(p);

(b) Sample x from the Conditioned x Sampler: Fori € {1,2,..., K}, x; ~ D,(u), and the
probability of x; = x is indicated by P(z|u);

(¢) Define a Sequence: For capital K, S = [x1,...,xk]; and for lowercase k, the sequence
of the first k demonstrations of Sk is indicated by Sy, = [z1, ..., 2], e.g., S2 = [T1, X2].
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Remark 1. The generation process is related to real-world scenarios via two points: (1) For sampling
step (i), the LM is trained on varied tasks; (2) For sampling step (ii), when one person/agent produces
texts for one task, the generated text could be varied. An instance of the two points is that, given
several tasks such as describing the fruit market, describing a football game, and describing the
world environment, etc, one person picks the task of describing the fruit category, and he potentially
has multiple ways to describe it.

Now we consider training the LM f(-) using the sample Sk generated via above generation process 6
via squared loss:

K—-1
D=5 g, (2 e o
i€{l,....K}

How is this prediction related to Bayesian inference? We show the relationship between the prediction
and Bayesian inference in the next Sec. [.2.

1.2 DEMO: CONNECTING ICL WITH BAYESIAN INFERENCE

In this subsection, we try to connect ICL to Bayesian inference. Starting from Eq. 21, we can
disentangle the loss function for inputs with different token lengths as follows:
K-1

Lf)= B [ E [D (F(Sk)—zas)’|ul]

Dy xi~D(p),

ic{l,..k} =0
K—1
= gE DY (f(Sk) = zig1)?]
K k=0
K—1
= ] [(f(Sk) — zr41)?].
k=0 "¥

Thus when the model f has enough expressivity, the optimization problem argmin ; £(f) of mini-
mization of the loss function £( f) could be regarded as K different minimization tasks:

argmin [(f(Sk) = @ri1)?], k €{0,..., K —1}.

Thus the solution for each k is a minimum mean square error (MMSE) estimator. Assuming f has
enough expressivity, exists f* that satisfy f* € argmin; E [(f(Sk) — rp1)?), k€ {0,..., K -1}
Sk

simultaneously, and the prediction of f*(Sy) satisfies:

f(Sk)=Elzkt1lS]= E [ E  [me+1lp, SellSel= E [ E_ [zpta|p]|Sk] (22)
Sk u~Dy x;~D(u), u~Dy xpy1~D(p)
ie{l,....K}
Where the prediction is the expectation of E  [®k+1|p] under the posterior of D,, after observ-
zp41~D(p)
ing Sy.

1.3 DEMO: ASSUMPTIONS

Now in the previous Sec. 1.2, we connect ICL with Bayesian inference. From Eq. 22 we observe that
the prediction f*(Sx) depends on the posterior. We are interested in how the demonstrations affect
the prediction of ICL, i.e., how observation affects the posterior/prediction of Bayesian inference. In
order to make further derivation on the posterior, we make further assumptions on the pretraining
dataset as follows:

Assumption 7 (Demo Prior Distribution). Assumptions on the task prior distribution D,,, and the
conditioned token sampler D, (1) conditioned on task pu:

(a) The distribution D,, is a mixture of M Gaussian distributions: D, = 224:1 mglp =
224:1 g N (g, 0?), where ug is the center of the mixture component Tg, and all M mixture
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Figure 10: The left part of the figure indicates the LM is pretrained on samples generated from the
prior distribution according to Assumption 7, and without demonstration, the pretrained LM predicts
based on the prior. The right part of the figure indicates that with demonstrations, the pretrained
language model predicts based on posterior, regarding the demonstrations as observed samples.

components share the same variance o>;
(b) The distribution D, (u) is a Gaussian distribution: N (p, 7%), where 72 is the variance of the

Gaussian and could be regarded as the noise scale when sampling 1,

Remark 2. In our setting, we train the LM on M tasks, mirroring real-world LM pretrained on
varied topics including environment, market, movie, sports, etc. These tasks have text sequences
from diverse sources like individuals, agents, and websites. Given that each source interprets tasks
uniquely, they effectively provide “noisy” versions of the same task. We model this using a Gaussian
mixture for the task prior. Each component’s mean represents a specific task, while its variance
captures the interpretive noises. Consequently, our invariant generator produces tokens based on
these “noisy” task interpretations.

1.4 DEMO: DERIVATION OF POSTERIOR

With further Assumption 7 on the prior, i.e., the pretraining distribution of ICL in Sec. 1.3, we can
make further derivation on the posterior:

M
P(u|Sk) o< Y 7aN (s, 5°)

m=1

(23)

kg
(/14[3 _ 21761 )2

2(12 4 ko?)

(75 = mg exp(

From Eq. 23, we observe two factors when comparing the posterior with the prior in Assumption 7:
(i) Topic-Shifting: after observing Sy, = [z1,Z2,..., k], each mixture component’s center is

2 2 k )
shifted to T K8to" 2 iy i

P ; (i1) Topic Re-weighting: each mixture component’s mixture weight g

DS IRE TR
is re-weighted by multiplying exp(%) (which needs to be further normalized so that

re-weighted mixture weights sum to 1). Fig. 10 illustrates the phenomena of Topic Shifting and Topic
Re-weighting when observing samples transferring prior to posterior.

J PROOF OF POSTERIOR DERIVATION IN DEMO

In this section, we give a detailed derivation of the posterior in Eq. 23 in Sec. [.4:

P(p| Sg) o< P(u, Sy)
= P(Sk | n)P(p)
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= (I, P(x; | 1) P(n)

M
(N | ) S N (| g, %)
m=1
o (Hf:1 exp(———*— Z 7 exp(— (p QUZLB) )

k 2
:exp( Zz 1 ‘r’b Zﬂ, eXp /u‘ Mﬁ) )

272 202

= %ﬂ-ﬂexp(_T (b — pp)* +0° 21:1(951' _N)2)

2 2
ot 21%0
u A+ o) = 2u(rss + 0 i) + (P + 0 )
= Z T exp(— 97252 )
m=1
2 2 ; 2 2+ 2 3 2 2 ;
d (i — TUEEE)? 4 THAIE T — (TR
= Z w3 exp(— PR )
m=1 T2tko2
E,’; i 2 ug+o? Zf: Ti\2
x Z”Bexp((uﬁ_%y)exp( (=~ ™) )
2 22 + ko?) e
M
o Y 7gN(u| fig,5°)
m=1
E?: i k
(ﬂ_ . eXp( /"Lﬁ_ kl )2) /:2 :T2uﬁ+022i:1$i)2 6’2: 7'20'2
A p 2(r2 + ko2) 7’ A 72 + ko? ’ 72 4+ ko?
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