Diffusion Network Inference for Cross-layer Cascades
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Abstract

A cascade over a network refers to the diffusion process where behavior changes
occurring in one part of an interconnected population lead to a series of sequen-
tial changes throughout the entire population. In recent years, there has been a
surge in interest and efforts to understand and model cascade mechanisms since
they motivate many significant research topics across different disciplines. The
propagation structure of cascades is governed by underlying diffusion networks
that are often hidden. Inferring diffusion networks thus enables interventions in
cascading process to maximize information propagation and provides insights
into the Granger causality of interaction mechanisms among individuals. In this
project, we propose a novel double network mixture model for inferring latent
diffusion network in presence of strong cascade heterogeneity. The new model
represents cascade pathways as a distributional mixture over diffusion networks
that capture different cascading patterns at the population level. We develop a
data-driven optimization method to infer diffusion networks using only visible
temporal cascade records, avoiding the need to model complex and heterogeneous
individual states. Both statistical and computational guarantees are established
for the proposed method. We apply the proposed model to analyze research topic
cascades in social sciences across U.S. universities and uncover the latent research
topic diffusion network among top U.S. social science programs.

1 Introduction

Cascades over network refer to the diffusion processes where behavior changes in a part of an
interconnected population lead to a series of sequential changes throughout the entire population. In
recent years, there are surging interests and efforts to understand and model the cascade mechanism
since it motivates many significant research topics in different areas, including social influence
[12, 113} 20]], information propagation via social media [32, |1]], diffusion of policy and social norms
[4)133]], viral marketing [25} 9], and contagion of infectious diseases [21}35]].

One fundamental problem is to understand the diffusion networks that govern cascade propagation
patterns. However, diffusion networks are often hidden and need to be inferred from observed
cascading behaviors. For example, in the case of infectious diseases, we can observe when an
individual is infected but need to impute the missing information on who infects this individual.
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More importantly, real-world cascading behaviors often exhibit strong heterogeneity and are jointly
governed by different diffusion patterns. For example, in information cascade and epidemiology,
cascades can diffuse among population via different transmission channels building on various
social relations, and thus lead to heterogeneous propagation speeds and scales [24}30]. Furthermore,
cascading heterogeneity originates from the variability of individuals’ statuses in engaging the cascade
[39 [11]]. In social media like X and Instagram, the spreading pattern and the speed of messages
heavily depend on users’ activity status. An active user will respond more instantly to interesting
messages and accelerate the information cascade compared to inactive users [10]]. As for volatility
cascades in financial markets, structure heterogeneity in volatility diffusion depends on different
time horizons of the agents in the market [41]]. In these scenarios, individual statuses determine the
transmission channels engaging in the cascades, and changes of individual statuses can also change
the downstream cascade diffusion patterns. To conclude from these examples, diffusion patterns can
exhibit combinatorial complexity as population grows. We present an example of cascade diffusion
when transmission channels of individuals vary in Figure (T).
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Figure 1: A cascade diffuses through nodes {A;B;C;D;E;F} on a two-layer network. Yellow nodes:
activated nodes; gray nodes: inactivated nodes. {B; D} are activated via the observed network and {E; C; F }
are activated via the latent network.

In this paper, we propose a novel double network mixture model to infer multiple diffusion networks
simultaneously from heterogeneous cascade data. The proposed model introduces a distributional
mixture of diffusion networks to capture the heterogeneous cascading patterns, where diffusion
networks provide complementary connection information. The main advantage of the distributional
mixture is to avoid modeling the complex individual status changes. Specifically, the proposed
model can describe the diffusion process over multi-layer networks where cascades propagate across
different layers alternatively. Compared to existing methods, the proposed method can uncover
latent diffusion networks even when the number of diffusion patterns is exponential to the number of
nodes. Furthermore, the parameter estimation in our model can be solved by a sequence of convex
optimization problems, which leads to both statistical and computational guarantees for our diffusion
network estimation.

2 Related works

Various directed probabilistic graphical models have been developed to infer diffusion networks
from observed cascade samples [[17, (19} 311 18, 22| [18]]. Generally, these models treat infection
time as a continuous random variable and construct the likelihood of cascade samples based on
the target diffusion network under local Markov assumption. To capture heterogeneous diffusion
patterns, several multi-pattern cascade models have been proposed [37, 40], where cascade samples
are adaptively clustered into groups and each group corresponds to a distinct diffusion network.
Among these methods, ConNle [29], NetRate [31], and MMRate [37] are popular representatives.
Specifically, ConNIe employs a maximum likelihood formulation via convex programming, incor-
porating an l;-type penalty to promote sparsity in the inferred network. Building upon ConNIe,
NetRate explicitly represents diffusion as a continuous-time probabilistic process, characterized
by edge-specific transmission rates governing edge-wise diffusion probabilities. MMRate further
extends this framework by accommodating multiple distinct diffusion patterns, assuming multiple
heterogeneous latent networks, with each cascade diffusing via one network according to a certain
probability.



3 Methodology

3.1 Continuous-time cascade on single network

Consider a network wittlN nodes where each node has two infection conditions in a single cascade:
infected (activated) and uninfected (inactivated), and an infected node will always remain infected. A
cascade is &l -dimensional temporal recotd p ty;t5; ; tn g wheret; is the infection time of
thei-th node. Instead of in nite time horizon, we observe a cascade within a nite time window of
lengthT,i.e.,@t; Pitg;tg Ts wheretg: ming o N ttjuis the infection time of source node.

We denote the infection time of the nodes not infected in the observation windiw a$ . Without

loss of generality, we assuntg 0 in this paper.

A cascade diffuses nodewisely over edges of a diffusion network. The continuous-time model
formulates the cascade transmission from an infected poodl@nother infected nodewith survival
analysis models. Speci cally, given a nofibeing infected at timg, letf t; | tj; ;i gdenote the
likelihood of nodei being infected by node at timet;, wheret; ¥ t;. The transmission rate;
represents how fast cascagles diffuse from joenodei. Accordingly, the cumulative probability

functionisFpt; | t;; i g :, fps|tj; ;i ods. We consider the hazard rate function de ned as
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whereSgt; | tj; ja 1 Fp | tj; ji qis the survival function that indicates the probability
of nodei not being infected by nodg until time t;. Typical parametric forms of hazard rate
functions are Exp modeki gt | t;; g  ji; PowmodelHpt [t; g i ﬁ Ray model:
Hpt [t 5i 9 ik tjg Given that ji controls the likelihood and speed of transmission
between nod¢ to nodei, the global cascading pattern over network can be captured by matrix

p 9 PRN N where rows represent sender nodes and columns represent receiver nodes. Note
that can be asymmetric, i.e.; ii » Wwhen nodé andj are different in the capacity of launching
transmission.

Heti [t 5ig

The diffusion process is typically modeled by independent cascade m@@glahere any infected
nodes can infect a node independently and a node stays infected once another node infects it.
Therefore, one can formulate the likelihood of nadeeing infected by potential parent nodes
tj 1t tjuattimet; as
1
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On the other hand, if nodeis not activated by any parent nodes in the observation window, then the
corresponding likelihood fari : t;  Tuis
1
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Since infections of each node are conditionally independent given the corresponding parent nodes,
we can decompose the likelihood of a cascade the multiplication of a series of conditional
probabilities:
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Therefore, the full likelihood of independent cascade sampRE&S , is ™~ f L PR™% g The
advantage of the above model is that each cascade sample induces a directed acyclic graph, whose
local Markov property allows the decomposition of likelihood and thus a reduction in computational
complexity of inferring the diffusion network .



3.2 Double network mixture model

In many applications such as social media, there exist multiple networks among an interconnected
population that re ect different types of relations. Cascade diffusion pattern can change over different
networks, and cascade can proceed on different networks alternatively and simultaneously due to
the inter-layer interactions. The diffusion process on multi-layer networks can greatly increase the
degree of freedom in possible diffusion pathways, which leads to strong heterogeneity in cascade
observations. To model the multi-network cascade behavior, we propodeubk network mixture
model. Consider two diffusion networks and among the same population with units, where

j and j are the transmission rate from node i to node j corresponding to two relations. We
introduce double diffusion indicato#® P t0; 1usuch that

Zici'i'dBerrpiqi 1, ;;N;c 1, ;C:

For cascade, nodei is activated via diffusion pathway on networkif Z¢ 1, andZf 0if via
network .Denote t U, P10;1s¥ where ; is the probability of nodé engaging cascade
via network . Then the diffusion pathway of the cascadean be represented as

cprN N z¢ 1 pl1 Z8%q 1; ;Z% w~ Pl Z%q n;c 1, ;C (3)

Therefore, ¢ is column-wise mixture of and , which can vary for different cascades. Different

to conventional mixture model, the proposed method alldfiso vary across different cascade
samples and nodes. Therefore, the proposed model (3) can generat2Nuglifterent types of
diffusion patterns, which grows exponentially as network size increases. Therefore, the proposed
method has the principled heterogeneity modeling for the diffusion patterns. The likelihood of the
proposed double mixture model can be also explicitly formulated. FolloRingndPy in (1), we

have the probability for nodiebeing infected in the-th cascade given speci ¢ network as:
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and following (2) the probability for nodienot being infected is
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DenoteZ t quiN?Cl;C 1, the joint distribution of diffusion indicators is
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Then we have the joint distribution of cascade samples and diffusion indicatass
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where p ; ; qdenote model parameters. And the marginal distribution of cascade samples is
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Another advantage of our model is that the posterior distribution of diffusion inditZfarcan be
calculated in an explicit form
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3.3 Model identi cation

In this subsection, we establish the identi ability of the double network mixture model. Denote
R, :tjPtl; ;Nu| j i OuandR; :t jPtl ;Nu]| j i Ouas the sets of nodes

that can directly reach nodeon and , andtg, P10;TdRi YRil: t t; |j PR; YR, uasthe
infectious times of these nodes. We have the following identi ability result for model in (9).

Proposition 1. For each nodé; i 1; ;N,assumethatl) i} } i}1i Oandthere exists
j isuchthat j ji » and 2) survival function satis eSgt; | tj; ;g expt ; hpti tjqu
for some differentiable functidmp q Then, the parameters;; ;; jgassociated with nodein

(9) are identi able, i.e., if

iPip; g pl PR g P Tig plo P T g or

iPupt; 9 pl1  iPupt; 9 ~Pupt;Tig pl ~dPup; ~iq
foranyt; andtg, ,then ; ~, ; Tj,and ;7.
Assumption 2) can be satis ed by popular risk models including Exp model, Pow model, Ray model,
and other additive risk models of information propagation, such as kernel hazard funttpasd
feature-enhanced hazard functioB€][ Proposition 1 shows that the network preferertcgsi® ;
are identi able and diffusion networks and are column-wise identi able. However, similar
to the labeling non-identi ability issue in nite mixture modeRB], and may still not be
globally identi able without structural constraints due to column permutation. Speci cally, the data
distribution does not change if we swap; and in and with other columns xed.

Layer-speci ¢ network structure constraint Motivated by real-world applications, one can interpret

as the diffusion pathways over an observed social netwofk t0; 1N N . Therefore, we can
impose support constraints onas

j ¥ OifAij 1; i OifAij 0:

Due to the sparse nature of real-world social networks, the support constraint also implicitly imposes
sparsity constraint on . On the other hand, one can interpretas the diffusion pathways via latent
social relations of individuals that are not captured by the social netiorkhe magnitude of ;;
re ects the social distance between individuandj in terms of their latent factors. It has been
found that social distance typically has or can be approximated by low-rank stru@4ugs[27],
since high-dimensional social factors can always be embeded into a low dimensional latent space that
preserves social distances [34]. Therefore, we impose low-rank structureagn

ranp qer; l1ar N:

Imposing the above support constraint and low-rank structure allo@sd to capture comple-

mentary diffusion patterns driven by different types of relations. In addition, the structure constraints

solve the above column-wise permutation issﬂe [Speci cally, we introduce the matrix sub-

space 1p q N PRN N | supportpNg, A" . We also perform SVD on u v’

whereU;V P RN ' andr is the ranli of . Then, we de ne another matrix subspace as
op g  UX? YV XY PRN X' We have the following result:

Proposition 2. Given that the assumptions in Proposition 1 hold, theand are identi able if:

max N max N 1; 11
NP 1p q:}N}aul} b2 NP 2p q;}N}zﬂl} o (1)

where} }, and} }g denote matrix operation norm and largest element in magnitude.

The rstterm in (23) controls the rank of given a xed sparsity level, where a larger value indicates
a lower rank. The second term controls the sparsity level gfiven a xed rank, where a larger
value indicates a lower sparsity level. Intuitively, networksand can be globally identi ed given
that they are well-separated in terms of either rank or sparsity.

3.4 Model estimation

Combining the distribution of cascade samples in Section 3.2 and the network structure constraints in
Section 3.3, we estimate the model parametev$a constrained likelihood maximization as
C
1.
argmax ~ logP ™% g st dpl Ag O;rankp gor;
t i u¥e



wherel is aN-by-N matrix with all elements beingj. However, both the likelihood function and

the rank regularization are dif cult to directly optimize. Therefore, we maximize the evidence lower
bound of the log-likelihood function and replace the low-rank penalty with its convex relaxation as
nuclear norn} } . The optimization problem can thus be reformulated as follow

1 C

argmaxEqz q = logPp™%Z; q EgwgloggeZzq st. dpl Agq 0;} } = ;

arZ g C c 1

whereE 4z 4 is the expectation of over distributiongpZ g The above objective function can be
optimized via EM algorithm by iteratively updatirgpZ qand . Speci cally, with the estimated
parameters P9 from thes-th step:

1C 1IN
E-stepqnz; g Pz | t% P
c li 1
1 C
M-step: P 1d argmax = Equ; g logPp™4Z: g st dpl Aq 0} } =:
c 1
In E-step, the posterior distribution of network indicatdr$ PRzt | tk9 P4q can
be, explicitly updated via 10). In M-step, the objective functiorQp | Psaq
é flEqu; psaq 10gP @>% Z; g can be decomposed @p | P99 Qip | ™9
Q2p | ™9 Qzp | ™9 Thearguments, ,and canthus be updated parallelly in M-step
as
M1: P 1 argmaxQp | PYgst dpl Ag O (12)
M2: P10 agmaxQ.p | ™igst} } o (13)
M.3: P 10 argmaxQsp | P (14)

When the structural network is not observed, one can impdsenorm penalty to pursue sparsity

structure in . Accordingly, the constraint in optimization (12) is replacediby}; @ s!, where

sti Ois the sparsity tuning parameter. The main advantage of the proposed relaxation is that the

M-step becomes a series of convex optimization problems. Speci cally, denote parameter spaces
pg:t PO, (N N| dpl Ag Ouwiths } A}o, pag:t P10 N N |

} o uand it Pr;1 SNu where 1; , are nonnegative constants ahd 0:5.
We have the following result:
Theorem 3.1. The parameter spaces psg  p gand  are convex setsforarg/j 0; | O,

2 1.

andQsp | PYqis concave on . If the hazard functiom gt | t gsatis esBHgiLt'q Ofor
t ¥ tL thenQ.p | P9%andQ,p | PYjare concaveon and ,respectively. Furthermore, if
for any nodd, the probabilities of being source no®gvq i 0forv PR whereR denotes the set of
nodes from whichi is reachable via a directed path, th&rQ.p | P9gsandE:rQ.p | ™9gs

are also strictly concave in terms of and , respectively.

Theorem 3.1 guarantees that the optimization in M-step has a unique and optimal solution. Combining
the theorem with the convergence guarantee of EM algorithm for convex ancillary fupion

msdg[2, 38], the above likelihood maximizet is guaranteed to converge to the trueln addition,
the convexity assumption on hazard function can be satis ed by popular risk models including Exp
model, Pow model, Ray model, and other additive risk models. We summarize and provide details
for the above optimization process in the Appendix.

4 Numerical experiments on synthetic cascading data

We investigate the performance of the proposed method in recovering the diffusion networks based
on synthetic cascading data. The performance of global transmissign rates estimation on a network

is measured by normalized mean absolute error (MABJAEp ( ij | i i { . The



performance of network probability estimation is measured 8AEp q P10 il{ i-In
addition, we investigate the performance of recovering the structure of diffusion network. Speci cally,
given a diffusion network we consider thrge topology estimation metrics accuracy, precision, and

recallasAcep 4 [1p"59 Ip jal{p ; Ip"5a ;1R jaqPrep 4 ;PP 4
Ip jqaf ; Ip"jgandRecalb g  ;pp jq Ip jga{ ; Ip jGwherelpq 1if

i Oandlp g Ootherwise. In the following numerical experiments, we X the size of diffusion
networks aN 200

4.1 Benchmark comparison under different network topologies

We compare the proposed method with baseline methods including Ne82htBIMRate [37], and
ConNle R9] on diffusion network recovery. We generate diffusion networkand to mimic
different structure of real-world networks. Speci cally, we consider the diffusion netwoegand

its supportA as random network, network with community structure, and scale-free network. On
the other hand, we x the latent diffusion network to be both low-rank (rank 5) and sparse (edge
density 0.05). Given and , we generat€  2;000independent cascade samples based on
double mixture model with Exp transmission model and observation window length BeingO.

Table 1 shows the proposed method outperforms both NetRate and MMRate by achieving lower
MAE of transmission rate estimation on diffusion networkunder three network topologies and
lower MAE of corresponding latent diffusion network. MAE comparison does not include ConNle
since it only estimates network topology. In addition, we compare the proposed method with baseline
methods in terms of network topology recovery on bottand joint network™ Y " for a fair
comparison since benchmark methods NetRate and ConNle do not distinguish the different diffusion
networks by design. Table 1 shows the proposed method achieves higher accuracy on topology
recovery via both latent network and joint network™ Y " than NetRate, MMRate, and ConNle
under different underlying structures in. It also shows that under different settings, our method
signi cantly outperforms all other methods in precision while remains higher recall than MMRate and
ConNle, and achieves similar recall to NetRate. Since only MMRate differentiates diffusion networks
and estimates probabilities of cascading diffusing over a speci ¢ network, we comffdEp g

from the proposed method with that from MMRate. Table 1 shows that our method also outperforms
MMRate in estimation of network selection probability under different network topologies.

Table 1: Diffusion network estimations from different methods under threéepologies (standard
deviation in parenthesis, best performance highlighted in blue).

MAE MAE MAE Acc Pre Rec Acc v Pre vy Rec v

Rand 0.315(0.011) 0.544(0.007) 0.047(0.002) 0.842(0.006) 0.757(0.008) 0.948(0.006) 0.889(0.006) 0.829(0.006) 0.958(0.004)
OurAlg Com 0.264(0.005) 0.507(0.004) 0.049(0.002) 0.846(0.005) 0.767(0.007) 0.942(0.004) 0.888(0.004) 0.832(0.006) 0.954(0.003)
Scale 0.312(0.006) 0.545(0.006) 0.050(0.002) 0.833(0.005) 0.750(0.007) 0.937(0.005) 0.883(0.004) 0.826(0.007) 0.949(0.003)

Rand 0.865(0.001) 2.998(0.026) - 0.172(0.002) 0.095(0.001) 0.964(0.005) 0.207(0.003) 0.116(0.002) 0.942(0.004)
NetRate Com  0.851(0.000) 3.103(0.014) - 0.180(0.002) 0.099(0.001) 0.975(0.004) 0.216(0.002) 0.122(0.001) 0.955(0.003)
Scale 0.855(0.000) 2.897(0.018) - 0.179(0.002) 0.099(0.001) 0.929(0.003) 0.220(0.002) 0.125(0.001) 0.922(0.003)

Rand 0.637(0.007) 1.490(0.030) 0.888(0.133) 0.201(0.023) 0.120(0.015) 0.632(0.023) 0.265(0.028) 0.164(0.019) 0.695(0.019)
MMRate Com  0.630(0.008) 1.665(0.036) 0.881(0.137) 0.219(0.017) 0.130(0.012) 0.705(0.008) 0.281(0.020) 0.173(0.015) 0.755(0.006)
Scale 0.668(0.006) 1.477(0.027) 0.928(0.028) 0.211(0.019) 0.126(0.013) 0.650(0.009) 0.278(0.023) 0.173(0.018) 0.710(0.007)

Rand - - - 0.519(0.006) 0.397(0.005) 0.752(0.010) 0.638(0.006) 0.530(0.006) 0.800(0.008)
ConNle Com - - - 0.519(0.005) 0.398(0.005) 0.748(0.007) 0.638(0.005) 0.532(0.007) 0.796(0.006)
Scale - - - 0.523(0.006) 0.402(0.005) 0.748(0.009) 0.646(0.006) 0.543(0.006) 0.797(0.008)

4.2 Network recovery under different transmission models

In this subsection, we investigate the performance of our diffusion network estimation when cascade
samples are generated from popular transmission models including Exp, Pow, and Ray models,
respectively. Table 2 illustrates the transmission rates recovery and network topology recovery on
under different transmission models and cascade sampleGiz&s the sample siz€ increases,

both the parameter estimations (MAE) and topology recovery metrics (Acc, Pre, Rec) improve under
different transmission models. In addition, the degree of improvement decreases as more cascade
samples become available. This pattern indicates the consistency of the proposed diffusion network
estimators, and the convergence of the proposed EM-type optimization. Notice that the diffusion
network recovery based on cascade samples generated from Pow transmission model is better than



Exp and Ray model. This is because the Pow model introduces an additional parameter as time lag
lower bound, which lowers the variation of activate time and overestimation of transmission rates.

Table 2: Diffusion network estimations from the proposed method under different cascade models
and sample sizes.

MAE MAE MAE Acc Pre Rec

C=500 0.320(0.019) 0.871(0.019) 0.095(0.006) 0.564(0.010) 0.431(0.011) 0.817(0.010)
C=1000 0.235(0.013) 0.667(0.007) 0.091(0.005) 0.743(0.009) 0.653(0.014) 0.862(0.007)
C=1500 0.216(0.012) 0.601(0.008) 0.085(0.004) 0.817(0.006) 0.746(0.008) 0.903(0.006)
C=2000 0.187(0.011) 0.562(0.007) 0.082(0.004) 0.857(0.004) 0.794(0.006) 0.930(0.005)

C=500 0.287(0.018) 1.053(0.056) 0.152(0.008) 0.605(0.018) 0.525(0.024) 0.714(0.013)
C=1000 0.211(0.015) 0.990(0.100) 0.130(0.008) 0.712(0.019) 0.605(0.026) 0.866(0.012)
C=1500 0.179(0.011) 0.629(0.091) 0.134(0.004) 0.795(0.017) 0.702(0.026) 0.916(0.007)
C=2000 0.188(0.012) 0.605(0.081) 0.137(0.004) 0.807(0.011) 0.709(0.019) 0.937(0.011)

C=500 0.171(0.008) 0.433(0.012) 0.144(0.010) 0.882(0.015) 0.832(0.024) 0.939(0.009)
C=1000 0.129(0.006) 0.328(0.007) 0.131(0.007) 0.956(0.004) 0.932(0.007) 0.982(0.004)
C=1500 0.112(0.005) 0.290(0.004) 0.125(0.008) 0.969(0.002) 0.946(0.004) 0.993(0.002)
C=2000 0.106(0.006) 0.271(0.004) 0.129(0.011) 0.973(0.003) 0.950(0.005) 0.997(0.001)

Exp

Ray

Pow

5 Real cascading data analysis

In this section, we study the cascading patterns of research topics in sociology by discovering
the diffusion networks among US universities. Geographic proximity is known to facilitate idea
exchanges through collaborations and citations among colleagues within the same institution or
nearby locationsd], which can be due to dependence on shared research resources and the need
for coordination 2§]. It is also known that research diffusion can happen via the latent network of
scholars, which is also sometimes called the "invisible collegggblhighlight the role of informal
networks and latent ties. Our goal is to infer the latent research topic diffusion network and compare
its difference with the geographic network in terms of topic cascading.

Data preparation and preprocessWe select universities in both the list of 1965 ASA Guide to
Graduate Departments of Sociology and the list of 2022 US News Best Sociology Programs in
America. In addition, we exclude the universities whose sociology programs were established after
1965. Based on the above conditions, we nalike 104 universities, which are considered as the
target population of our study. We then create a geographical nefwdko; 1N N among the
selected universities, wheke;  1if universityi andj are located in the same state.

(a) Geographical network (b) Latent diffusion network

Figure 2: Cascade transmission rates over geographical netwarld latent diffusion network .

To construct research topics, we use Elsevier's Scopus API to compile a dataset of 29,725 unique
articles from 23 top generalist sociology journals, including information on authors, their af lia-
tions, article titles, and abstracts. Multiple keywords are extracted from the titles and abstracts of
articles. After these preprocesses, we obtain 3,033 unique research topics that cover major research
elds in sociology. For each research tomicwe construct the corresponding cascade samples as
p§;ts; sty qwheretf @ tf t§, with t§ being the publication date of the rst article that involves

topic ¢, andt’ being the publication date of the rst article that involves top&nd is published by

any scholar af liated with university. If universityi never publishes any article that involves topjc

we sett? to be year 2022.

Diffusion networks inference We simultaneously estimate the geographic diffusion networdnd
the latent diffusion network based on the proposed model. Figure (2) illustrates the inferred diffu-
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