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Abstract

Reinforcement Learning with Verifiable Reward has become a central paradigm
for post-training Large Language Models (LLMs). Group Relative Policy Opti-
mization (GRPO) with the mean-based objective suffers from limited exploration
and reasoning gains. We propose Risk-based Policy Optimization (RiskPO), which
leverages risk measures from Operations Research to address these issues. In
particular, we introduce a Mixed Value-at-Risk objective and adopt a bundle-wise
training scheme that bundles multiple questions to provide stable and informative
signals. Numerical results show that RiskPO consistently outperforms GRPO
and its variants across multiple mathematical reasoning benchmarks, achieving
substantial improvements on both Pass@1 and Pass@k metrics. These results
highlight the effectiveness of risk-based optimization in enhancing exploration and
expanding the reasoning capabilities of LLMs.

1 Introduction

Reinforcement learning with verifiable reward (RLVR) has emerged as a powerful paradigm for
large language models (LLMs) post-training, particularly in enhancing their reasoning abilities.
Unlike traditional RL from human feedback, RLVR leverages objective and binary reward signals,
providing clear optimization feedback. Maximizing the expected average reward is anticipated to
improve task performance of LLMs. Within this framework, a series of efficiency-oriented extensions
have been developed from the classical policy-based RL method. Among them, Group Relative
Policy Optimization (GRPO) achieves substantial efficiency gains by discarding redundant structures
originally designed for standard RL tasks, and has become the de facto baseline in this area (Shao
et al.l 2024). Since then, several variants have been proposed. Yu et al.| (2025) integrate a set
of practical techniques into GRPO. |Liu et al.| (2025)) remove the length and standard deviation
normalization terms. [Zhao et al.| (2025) adopt the geometric mean of token-level rewards. |[Zheng
et al.| (2025) perform sequence-level clipping, rewarding, and optimization. These algorithms have
each demonstrated improvements to varying degrees on standard benchmarks.

However, RLVR methods that maximize average performance exhibit a fundamental limitation:
entropy collapse. Prior work shows that models trained with RLVR often experience rapid entropy
collapse in the early stages of training, leading to premature convergence and a plateau in performance
with little subsequent improvement (Cui et al., 2025). Entropy, as emphasized by several studies, is a
key indicator of exploration capacity in reinforcement learning (Wang et al.} 2025; |Cheng et al.| [2025
Hou et al.| |2025)). Once entropy collapses, the model becomes overconfident, reduces exploration
prematurely, and fails to acquire new knowledge effectively. As a consequence, LLMs do not truly
expand their intrinsic reasoning capacity; the observed improvements often reflect more efficient
sampling of known answers rather than genuinely stronger reasoning skills (see, e.g.,[Yue et al., 2025}
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Xiong et al., 20235). In practice, RLVR tends to improve fluency and proficiency on easier problems
but does not substantially advance the asymptotic reasoning capability of the base model.

We posit that a fundamental limitation of classical RL algorithms arises from their mean-based
objective, which disproportionately emphasizes common, high-probability trajectories while un-
derweighting rare but informative reasoning paths. Consequently, the optimization often suffers
from vanishing gradients on difficult problems, leading to restricted exploration and premature
convergence, as it primarily reinforces behaviors the model has already mastered. In contrast, risk-
sensitive objectives such as Conditional Value-at-Risk (CVaR) or Range Value-at-Risk (RVaR) (see,
e.g.,Hu et al., 2025 [Shao & Zhang| 2024) place greater emphasis on low-reward cases, thereby
mitigating overconfidence and encouraging the discovery of novel reasoning strategies. Inspired
by the risk measure from Operations Research (Glynn et al.,|2021)), we propose Risk-based Policy
Optimization (RiskPO), a risk-sensitive RL algorithm that enhances exploration and yields substantial
improvements on mathematical reasoning benchmarks.

2 Rethinking RLVR from a Distributional Perspective

We formalize the post-training problem of RLVR as follows. Given an input problem = sampled from
a dataset D, an LLM parameterized as 7y generates a response y ~ mg(-|). A rule-based verifier
R(-) then evaluates the correctness of the response, returning one if y is correct and zero otherwise.
Notably, no intermediate process-level feedback is provided. The standard objective in this setting is
to maximize the expected reward: J(0) = Eqp, yrmy(|2) [F2(y)]. With a score-function method, the
gradient can be given by V7 (0) = E[R(y) Ve Inmg(y|z)], resulting in a standard RL framework,
where a baseline or so-called value model is used for variance reduction.

As a widely adopted baseline for RLVR, GRPO (Shao et al.| 2024) replaces the value model with
sequence-level standardized rewards computed within a group of responses. We denote by y.; the
partial response consisting of the first ¢ tokens, i.e., 7o (y|x) = [ [, 7o (y¢|x, y<+). Specifically, given
a query z and a group of G responses {y; }$ , sampled from a reference model ¢/ (-|z), the GRPO
objective is defined as
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is the importance sampling ratio that enables multiple parameter updates per group of generated
data. Despite these modifications, GRPO remains fundamentally a method for optimizing the mean
performance of LLMs. Since the reward provided by the verifier is an indirect objective, we argue it
may not be the best practice for RLVR to optimize its expectation. Instead, we propose to adopt a
distributional perspective. The most challenging problems correspond to the left tail of the reward
distribution. These samples represent the questions that the model has not yet mastered. Such hard
cases often lead to gradient vanishing in GRPO. For example, when all responses are incorrect, the
computed advantage collapses to zero, which provides no meaningful training signal. As a result, the
model fails to improve on its weakest regions of the distribution.

where fli

Therefore, beyond optimizing the expectation, we claim that it is more beneficial to consider the
distributional structure of performance, particularly the lower tail. Incorporating risk measures, such
as CVaR or RVaR, into the training objective emphasizes hard problems in the tail of the distribution
and provides a finer-grained and more robust learning signal for RLVR.

3 Mastering the Uncertainty with Risk-based Policy Optimization

Denote the RLVR reward signal distribution by Fj(-), where the parameter 6 reflects the stochasticity
induced by the LLM 7y (-|z). RVaR is defined to capture the average performance within a specified
quantile interval of the distribution. Let F}, ' () be the a-level quantile of R(y). Then, for 0 < o <
B < 1, RVaR on the interval [« 8] is written as

Trvir...s (0) == E[R(y)|R(y) € [F, (@), F; 1 (B)]], (1)



that is, the conditional expectation of R(y) given that it falls between its a- and S-quantiles. To
optimize the RVaR through gradient descent algorithms, we first derive the gradient of RVaR as
shown in Theorem [T}

Theorem 1. Assume Fy(r) is continuously differentiable with respect to both the parameter 6 and
the variable r; the density is positive at the quantiles, i.e., fo(F, *(a)) > 0 and fo(F,*(8)) > 0;
and that the differentiation under the integral sign is justified. Then the gradient of RVaR is given by

1
b8 —«
where g(z,a,b) = (z —a)™ — (2 = b)* +a —b, and ()" = max{z,0}.

VQJRVaRa;ﬁ (6) =

E[g(R(y), Fy ' (), Fy ' (8)) Ve Inme(y|z)],

When a = 0, Jrvaro.4 (8) corresponds to the CVaRg, whose gradient from Theorem |1 reduces
to VoJovar, (0) = BE[ — (F; ' (B) — R(y))* Ve Inmy(y|z)]. Since RVaR effectively places a
window for control on the reward distribution, it provides a natural opportunity to combine multiple

RVaRs in order to better control the overall distributional shape. Therefore, we introduce a new
objective into RLVR, Mixed Value-at-Risk (MVaR), which integrates RVaR and CVaR as follows:

Imvare,, (0) = (14 w)Tevar,, (0) + (1 — w) Trvar .5 (6),

where w € [—1,1] controls the emphasis placed on tail samples during optimization, and high-
performance samples are excluded from the current training process.

However, the distributional information for a single question  is limited, as the feedback takes binary
values. Consider the advantage for GRPO, generating either all correct or wrong answers will lead to
zero advantage. When the LLM fails to answer a question z, the gradient on it essentially becomes
zero, which indicates that the model receives no gradient signal on initially unsolved problems,
preventing progress on its weakest areas. We propose to group several questions as a bundle, i.e.,
X = {331'}?:1 ~ D® and calculate the advantage according to the score of the bundle, i.e., the sum
of the questions’ scores in the bundle. We focus on optimizing the MVaR of the bundle’s score:

Expon fyimmaClet, [Bo((1+ @)1 (5, <ry ) + (0= 95 0rmyzry o))

where R, = Zf . R(y") denotes the bundle score. For each i € {1,...,b}, we sample Y :

{yJ}G 1 with y; ~ mg(+|z;) i.i.d., and define Y := {Y; 1. We can sample G bundles without
overlaps from the G x b responses of b questions. The gradient can be derived as
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where AW = 129 (P (0) — Ry (5))F + & Fag(Ru(4), F, o (@), F;1(B)) is the bundle-wise advan-

tage value, Ry(j) = Zle R(ygi(j)) is the bundle-wise score, £ is a permutation of {1, ..., G} that
independently draw £; ~ Unif (&) for every i, S¢ is the symmetric group on G element, and &; ()
is the j-th elements in the permutation. This construction yields G disjoint bundles: the j-th bundle
uses {yéi(j)}?:P so that for each fixed 4, {y¢, (1. - -, Y¢, ()} is a permutation of {y3,...,yg}. ie.,
every answer is used only once (without replacement).

To ensure stable improvement (Schulman et al 2017} 2015)) with multiple updates per bundle-wise
MVaR objective evaluation, we adopt a trust-region style update with clipping and sequence-level
importance sarnpling (Zheng et al| 2025). Since the reward in RLVR is only available at the sequence
level, i.e., 3/°. it is natural to define importance Werghts also at the sequence (response) level and then
aggregate them into the bundle objective. Formally, given b problems X = {z;}%_, and G responses
per problem Vi ={y! 1é -1, we independently draw &; ~ Unif(&¢) for each i, yielding G bundles:

= {y& ) }zzl, =1,...,G, where every responses is used without replication. We then define
the clipped MVaR objective at the bundle level as

b
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where s%(0) = (M) Vel is the sequence-wise importance sampling ratio.
bo1a (Ve () 171)

Every token within the same bundle shares the same MVaR-based advantage A), ensuring that
optimization is aligned with the unit of reward (the bundle score) and directs training toward the
left tail of the performance distribution. We track F,; ' («) and F,; *(/3) in an online manner. After
substituting the tracked quantiles into the advantage and deriving the gradient, we update the model
parameters accordingly. Therefore, RiskPO can be implemented as a two-timescale stochastic
approximation algorithm. The pseudocode of the proposed algorithm is provided in the appendix.

4 Experiments

Please refer to the appendix for detailed experimental settings. Table[I]reports Pass@1 accuracy
across six hard-level mathematical reasoning benchmarks. We observe that RiskPO consistently
achieves the best performance among all methods, outperforming both the base models and recent
GRPO variants. In particular, RiskPO attains an average score of 47.15, representing a +4.4 absolute
improvement over the strongest baseline DAPO (42.75) and a +7.9 improvement over vanilla GRPO
(39.30). The gains are especially pronounced on the most challenging AIME datasets, where RiskPO
surpasses DAPO by nearly 410 points (33.3 vs. 23.3). These results demonstrate that emphasizing
distributional risk through our MVaR objective substantially improves reasoning ability, not only
enhancing performance on easier datasets like AMC and MATHS00 but also pushing the frontier on
the hardest Olympiad-style tasks.

Figure [I] presents the curves of Pass@1 and Pass@16 on AMC and MATHS500 across training
steps. RiskPO achieves faster convergence and higher final accuracy on both metrics, highlighting
more efficient learning. Importantly, the gains go beyond merely improving sampling efficiency on
problems the model can already solve (e.g., turning “one success in sixteen attempts” into “one-
shot success”). RiskPO also enables the model to acquire genuinely new reasoning capabilities:
on previously unsolved problems where GRPO fails even after 16 attempts, RiskPO succeeds in
generating correct solutions within the same budget. This demonstrates that RiskPO not only improves
sample efficiency but also expands the reasoning frontier, equipping the model with novel solution
strategies that were unattainable under mean-based objectives.

Table 1: Comparison of Pass@1 performance across hard-level mathematical reasoning benchmarks.

Model AIME25 AIME24 AMC MATHS00 Minerva Oly. Avg.
Qwen2.5-Math-1.5B 6.6 10.0 434 61.8 15.1 284 27.55
Qwen2.5-Math-1.5B-Instruct 10.0 10.0 48.2 64.2 26.5 352 3235
DeepSeek-R1-Distill-Qwen-1.5B 133 133 325 59.8 20.3 305 28.28
Dr.GRPO-1.5B (Liu et al.|[2025) 20.0 16.6 54.7 774 26.3 38.1 38.85
GRPO-1.5B (Shao et al.||2024) 16.6 20.0 56.6 79.2 25.7 37.6  39.30
GPG-1.5B (Chu et al.|[2025) 16.6 20.0 55.7 74.5 28.8 37.6  38.90
DAPO-1.5B (Yu et al.|[2025) 233 26.6 58.6 78.2 30.2 39.6 4275
GMPO-1.5B (Zhao et al.||2025) 233 23.3 54.2 76.2 30.2 36.2 40.57
RiskPO-1.5B (Ours) 333 333 60.8 81.8 32,5 41.2 47.15
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Figure 1: The pass@1 and pass@ 16 learning curves on the AMC and MATHS500 datasets.
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A Theoretical Details

Proof of Theorem([l] Recall the definition of the RVaR functional:
1 1 1 F97 ! (B)
T, () = E[R)IRW) € [F; (@) 6)] = 0= [ rior)ar

B—aJr i)

To compute the RVaR gradient, we apply Leibniz’s rule for differentiation, yielding

)

1 E;N(B)
VoTrvir..., () = ( / Vo fo(r)dr + Fy ' (2) fo(Fy ' (2))VeF, ' (2)

B—a\Jr1(w
Note that, by the implicit function theorem the quantile gradient can be expressed as (see, e.g., Fu
et all 2009) Vo Fy ' (2) = =V Fy(F; ' (2))|;_,/fo(Fy *(2)). Substituting this identity into our

previous expression, we can obtain

VoTrvir,,.5 (0) = 5—04(/F—1( : Vo fo(r)dr — Fy 1 (2)VoFe(Fy ' (2))]5_, >

By the definition of CDF, we have Vy Fy(r ) VyE [1{R(y)<'r}] = E[I{R(y)<T}V9 In f@( ( ))}

Thus, with the score-function method, we rewrite the RVaR gradient in expectation form as

- Vo ln fo(R(y))
VGJRVaRa;g(e) :]E|:<R(y)1{R(y)e[F€l(a),Fel(B)]}_FQ 1(2)1{R(Q)SF91(2)}’ ) ﬁ—a .

Finally, since the distribution of R(y) is induced by the LLM 7y(+|-), we can apply the score-function
transformation to yield the final expression

1
B —«

which completes the proof. O

VoTrvar,.5 (0) = E[g(R(y), Fy (), Fe_l(ﬂ))ve In g (yla)],

B Experiment Details

B.1 Pseudocode

Algorithm 1 Risk-based Policy Optimization

Input: quantile levels «, 3, policy ., learning rates {7}, {7}, and # of iterations K
Initialize: policy parameter 6y, and quantile trackers g, qg
fork=1,--- K do
Sample b questions, X = {xi}le, from the dataset D
Generate G responses for each question, {y:}5_, ~ m(-|x;) and evaluate the reward R(y?)
Sample from the symmetric group for b times, &; ~ Unif(S¢), yielding G bundles

Track quantiles with batched bundles’ scores: ¢, = i + k(0 — & Z T HRy(j) < qp}),
Qi = ap (8~ & X5 HRW(G) < a7) ‘
8:  Evaluate the clip MVaR ob_]ective and its gradient Vg Jf,[l{,gR(Hk) via auto-differentiation

9:  Update policy parameter: 0y, = 0y + 0 VoJinlr (0k)
10: end for
11: Output: Final policy parameter 6k

AN GRE il - s

B.2 Training configuration

Model. We focus on mathematics reasoning tasks. We use DeepSeek-R1-Distill-Qwen-1.5B (Guo
et al.,2025) as our baseline model to evaluate different algorithms. We also compare our performance
with Qwen2.5-Math-1.5B and Qwen2.5-Math-1.5B-Instruct (Yang et al., 2024)).



Training. For the mathematics reasoning tasks. We use the DAPO-math-17k as the training set.
We set the clipping threshold € = 0.2. KL penalty and entropy regularization are omitted from the
loss objective. We use vLLM as the inference backend and FSDP as the training backend. We set the
temperature to 0.8 top_p to 1.0, and maximum output length as 3072. We generate 10 responses for
each problem. The batch size is 512, the mini-batch size is set to 128. For quantile level, we set o
to 0.1 and S to 0.9 correspondingly, and w = 0.5. The bundle size b is set to 5. All the training is
conducted on a machine with 8 NVIDIA H20 GPUs. Each GPU has 96 GB of memory.

Evaluation. We evaluate on six math reasoning datasets: AIME24 (MAA| [2024)) and AIME25
(MAA, 2025) with 30 problems from the American Invitational Mathematics Examination, both
targeting advanced pre-collegiate reasoning; AMC23 (MAA| 2023)) with 83 problems from the
American Mathematics Competitions, testing creative algebraic, geometric, and number-theoretic
skills; MATH-500 (Lightman et al., 2023)) with 500 graduate-level problems from the original MATH
dataset covering algebra, geometry, and number theory; Minerva Math (Lewkowycz et al.| [2022) with
272 undergraduate-level quantitative reasoning problems; and OlympiadBench (He et al., 2024)) with
675 Olympiad-style problems.
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