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Abstract

Knowledge distillation (KD) is typically improved through better divergence functions between
teacher and student models, while the role of the optimizer has received less attention. In this paper,
we argue that optimizer choice can also play an important role in KD, since both the divergence
and the optimizer reshape the training dynamics under a finite training budget. On CIFAR-100
distillation, replacing SGD with SOAP often improves accuracy more than replacing KD with
ABKD. On GPT-2 distillation with Dolly, preconditioned gradients provide little improvement,
whereas switching from KD to GKD or ABKD increases the critical batch size and enables large-
batch training, similar to the effect of preconditioned GD in large-batch training. We hope that this
paper serves as a first step toward understanding the role of preconditioned GD in distillation.

1. Introduction

Knowledge distillation (KD)[16] enhances the performance of small student models by transferring
knowledge from a resource-intensive teacher model. The student model’s probability distribution
p is trained to follow the probability distribution gy of the teacher model. The loss function plays
a crucial role in how well the student model can match the probability distribution of the teacher
model. Divergence functions such as variants of Kullback-Leibler divergence have become increas-
ingly common as a choice of loss function[1, 11, 14, 21, 23, 28].

In principle, a loss function using Kullback-Leibler divergence should lead to convergence of
the student and teacher probability distributions provided that the student model has sufficient ex-
pressive capacity to represent the teacher’s distribution, and the student model is trained for a suffi-
ciently long time [32, 37]. However, even when the two objectives converge to the same distribution
in function space, they may arrive at different solutions in weight space, leading to different gen-
eralization error. Moreover, in practice, where the available training budget is limited, differences
in convergence speed arising from distinct training dynamics also become a critical factor that de-
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termine the final performance. From this perspective, the choice of a divergence in KD can be
attributed not only to the divergence itself but also to the training dynamics it induces.

A closely analogous phenomenon arises in preconditioned GD methods such as Shampoo [15]
or Muon [18], where it is the optimization trajectory, rather than the optimization objective alone,
that shapes the final model parameters. Even when we train by preconditioned GD, the explicit loss
function remains unchanged, but its training trajectory differs, and as a result, the model converges
to solutions with different generalization performance [2, 19]. In addition, because preconditioned
methods use richer information via the second order curvature in a single update step, they can
improve the convergence of the training loss [5, 24, 29]. In short, the optimizer complements the
divergence function in KD: both reshape the training dynamics and thereby the final solution. In
spite of this, the role of the optimizer in KD has received less attention than role of the divergence.

Motivated by this analogy, we empirically investigate the interplay of the choice of optimizer
and divergence in distillation. Our findings are as follows.

1. On vision tasks, we identify cases in which the performance gain obtained by changing the
divergence of loss function is nearly identical to the gain obtained by changing the optimizer.

2. On the dolly language task [12], neither SOAP ;[35] nor Muon[18] yielded significant gains.
Although both are known to enable large-batch training here, they did not. Instead, switching
from forward KL to GKD or ABKD was what made larger batch training possible.

Together, these results show that divergence design and optimizer choice can play analogous
roles in shaping optimization trajectories under finite training budgets.

1.1. Related Works

Knowledge Distillation in LLM Knowledge distillation (KD) was originally proposed by Hin-
ton et al. [16] as a framework for transferring the soft output distribution of a large teacher model
into a smaller student model, and has since become a fundamental approach for model compres-
sion [38]. Divergence between two probability distributions can be achieved primarily through
mode-seeking [1, 14, 21, 23] or mean-seeking [11, 16, 28] divergence functions. While their solu-
tions coincide under certain conditions, their training dynamics differ substantially [32, 37]. Fur-
thermore, several works generalize the Kullback-Leibler divergence; for instance, ABKD uses the
«-f-divergence as such a generalization [36].

Preconditioned Gradient Descent Preconditioned gradient descent (GD) accelerates optimiza-
tion by modifying gradient updates with second-order statistics accumulated during training. A rep-
resentative example is Shampoo [15], which approximates full-matrix AdaGrad with a Kronecker-
factored preconditioner and has been shown to accelerate training [3, 7, 20]. SOAP [35] further im-
proves Shampoo by reducing computational overhead and stabilizing behavior through Adam-style
updates in the preconditioner’s eigenbasis. A related class is Spectral GD [8], which accelerates
training by normalizing or orthogonalizing gradient matrices. Muon [18] extends this by applying
momentum to orthogonalized updates and has recently attracted attention for large language model
training. Although Shampoo and Spectral GD arise from different motivations, their updates are
closely related [6, 30].

The benefits of preconditioned GD are not limited to faster per-step optimization. In large-
batch training, increasing the batch size improves parallel efficiency only up to the critical batch
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Figure 1: SOAP achieves high accuracy in distillation for vision tasks. We conducted distillation
experiments on CIFAR-100 using ResNet and VGG. Except for ResNet with a batch size
of 1024, switching the optimizer from SGD to SOAP while retaining KD yielded a larger
accuracy gain than replacing KD with ABKD while retaining SGD in all settings. For
ABKD, we set « = 0.5 and 8 = 0.5, which corresponds to the Hellinger distance.

size, beyond which additional samples yield diminishing returns [26, 27, 40]. By improving the
update direction, preconditioned GD can increase this critical batch size, enabling more efficient
large-batch training and thereby reducing training time at the system level [17, 29, 31, 39].

2. Experiments
2.1. SOAP Boosts Distillation Performance in Vision Tasks

We conducted distillation experiments on CIFAR-100 [22]. Specifically, we evaluated distillation
from ResNet56 to ResNet20 and from VGG13[33] to VGG8[34], with two distillation methods:
standard KD (forward Kullback-Leibler divergence) and ABKD. As shown in Figure 1, SOAP
achieves higher accuracy than distillation with SGD. Strikingly, in most cases, using KD with
SOAP yields higher accuracy than using ABKD with SGD. Muon outperforms SGD but falls short
of SOAP. These results suggest that in the vision distillation setting, the performance gains from
improving the divergence are primarily driven by enhanced trainability.

We further observe that when training ResNet with ABKD + SOAP, accuracy remains essen-
tially unchanged up to a batch size of 1024, whereas with KD + SOAP, accuracy at batch size 1024
degrades compared to batch size 256. This indicates that an additional benefit of using ABKD over
KD is the ability to train with larger batch sizes.

In Figure 2, we vary the values of « and 8 in ABKD. We observe that SOAP achieves the
highest accuracy regardless of the values of a and 3. We also observe that the optimal values of
o and S differ slightly across optimizers. As a side note, there is a regime where larger /3 leads to
higher train accuracy but lower test accuracy. In the low-f regime, the student can better exploit
the soft-label information from the teacher distribution; this acts as a form of regularization, so that
even as train accuracy decreases, test accuracy improves.

2.2. Preconditioned GD Shows Little to No Effect in Language Tasks with Dolly Dataset

Figure 5 reports our GPT distillation experiments, showing the average accuracy across five datasets
for ABKD, KD, GKD, and SFT. The results are obtained by first training the student and teacher
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Figure 2: Test Accuracy (solid line) and Train Accuracy (dashed line) in ABKD with different
« and 8. We conducted distillation experiments from ResNet56 to ResNet20 on CIFAR-
100. Regardless of the values of alpha and beta, SOAP consistently achieves the highest
train and test accuracy. Note that in this task, larger values of beta yield higher train
accuracy, but test accuracy is lower in this regime.
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Figure 3: (top) Teacher samples are drawn only from the right Gaussian component; consequently,
Forward-KL training is biased toward the right mode and tends to retain the left mode.
This is similar to a continual learning setup in which modes are learned sequentially [9].
(bottom) Teacher samples are drawn from the full two-component mixture (both left and
right modes), so training fits the student while observing both modes.

models with the initialization described in Section B.1, and each run is trained for 20 epochs. In
this GPT distillation setting, SOAP and Muon yield little to no improvement in accuracy; instead,
changing the divergence from KD (forward KL) to GKD or ABKD proves far more effective. Fur-
thermore, while KD’s accuracy decreases monotonically as the batch size grows, GKD maintains
nearly constant accuracy up to a batch size of 32,768. This suggests that GKD has a larger critical
batch size than KD, enabling training at substantially larger batch sizes.

2.3. Toy Example with Mixture of Gaussians

In the CIFAR-100 vision experiments, changing the optimizer had a large effect, whereas in the
language experiments it does not change so much. We show that these two distinct regimes also
emerge in a toy model with Gaussian mixtures, a common setting for analyzing distillation [10].
Both teacher and student are two-component GMMs of the form ¢(z) = 7 N (z | p1,01) + (1 —
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Figure 5: ABKD and GKD perform well across different batch size. This graph shows how
accuracy changes as the batch size is varied in the distillation with GPT. Increasing the
batch size from 512 to 131,072 leads to an accuracy drop of nearly 10% for SFT and
around 2% for KD. GKD with AdamW is the most robust to batch size scaling, exhibiting
almost no change in accuracy.

m)N(x | p2,02), and we compare standard GD against diagonal NGD under two divergences
(Forward / Reverse KL) and two sampling regimes (teacher samples drawn only from the right
component, or from the full mixture). Figure 3 shows that the gap between GD and diagonal NGD is
highly setting-dependent. Under Forward KL, or under Reverse KL with single-mode sampling, GD
and diagonal NGD behave qualitatively similarly: both either retain the existing left mode (Reverse
KL, since updates are confined to regions covered by teacher samples) or forget it (Forward KL,
which biases the student toward the observed right mode). In contrast, under Reverse KL with full-
mixture sampling, GD becomes trapped in a single-mode solution and fails to acquire the new mode,
whereas NGD recovers both modes. In this case, using diag-NGD becomes critically important like
in vision experiments.

The vector-field analysis of the simplified case where 1220 (r=02) dff;'iiz :(12::0;2)
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tion. Together, these observations show that precondi- m m
tioning can qualitatively alter the solution selected under

a finite training budget, but the magnitude of this effect Figure 4: Vector Fields for Reverse
depends on the task settings. KL Training.

3. Discussions

Exploration of New Optimizers. In the training of vision models, K-FAC has long been a popular
preconditioned GD for accelerating training [13, 25]. For language models such as GPT, however,
K-FAC has proven less effective [4], and Muon and SOAP have instead emerged as compelling
alternatives, attracting considerable attention in recent years. We expect a similar trajectory for
distillation: just as SOAP proved highly effective for vision-model distillation in our experiments,
developing new optimizers for GPT-style distillation is likely to be a promising direction for accel-
erating training.
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Numerical Stability of Optimizers. Any such optimizer, however, must also be numerically ro-
bust. Figure 6 shows the results when training is performed in FP16 instead of BF16. Performance
degrades across the board, but the drop is particularly severe for Muon: with ABKD or GKD, ac-
curacy collapses entirely at BS = 2048. Moreover, SOAP achieves the highest accuracy on ABKD
and this differs from the BF16 setting. These findings indicate that whether an optimizer improves
accuracy depends critically on its robustness to numerical precision, and that this sensitivity grows
with batch size. Consequently, future GPT distillation methods targeting large-batch training will
need to account for stability under reduced numerical precision as well.
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Appendix A. Additional Experimental Results
A.1. FP16 Training with Muon

Figure 6 reports GPT distillation on Dolly under FP16. In this setting, Muon becomes unstable as
the batch size grows. In contrast, SOAP does not suffer such a severe accuracy drop. Since FP16 is
rarely used for training in practice, Muon’s weakness under FP16 is not in itself a serious concern.
However, the fact that Muon becomes unstable when the exponent range is narrow will likely matter
going forward, as it bears on the design of optimizers that remain robust under low precision.

A.2. Accuracy Evaluation of Adaptive Muon

A recent variant, AdaMuon, augments Muon with Adam-style element-wise adaptivity and has
attracted growing attention. Figure 7 shows the results of training KD with AdaMuon. As the figure
indicates, replacing Muon with AdaMuon does not noticeably increase the critical batch size.

A.3. Hessian Spectrum in the Distillation of GPT

Figure 8 visualizes how the Hessian spectrum varies across methods. SFT exhibits a much larger
top eigenvalue, while the KD-based methods all show substantially smaller top eigenvalues. Among
the KD-based methods themselves, however, the spectra are nearly indistinguishable.

10
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Figure 8: Hessian spectra for GPT distillation. SFT exhibits substantially larger eigenvalues than
the distillation methods, while others produce comparable spectra.

Appendix B. Experimental Settings
B.1. Initialization of teacher and student

Our setup consists of a GPT2-XL (1.5B parameters) teacher model which is instruction tuned using
the dolly dataset. This is done using a supervised fine tuning for 10 epochs, with a hyper parameter
sweep where we vary the batch size and the learning rate, and taking the model checkpoint that
shows the best validation error. The student model is a GPT2-small (0.1B parameters) student
model which is instruction tuned using 3 epochs of dolly. Similar to the teacher model, we vary
the learning rate and batch size and choose the checkpoint with the best validation loss. The dolly
dataset, consisting of 15,000 rows, is split into a validation dataset of 1,000 rows and a training
dataset of 14,000 rows. We use a maximum context length of 512 for both teacher and student
models. A cosine annealing scheduler is used for varying the learning rate with 0 warmup iterations.

The AdamW optimizer is used for fine tuning both the student and the teacher. It uses a weight
decay of 1072, gradient clipping set to 1.0, 31 = 0.9, B2 = 0.99 and € = 1078,

B.2. Figure 6

We perform the following in order to choose the best measurement:

 For AdamW, we vary the learing rate 2.5 x 1076, 5 x 107, 1075, 2 x 107>, 4 x 1075,
8 x 1072, 16 x 1075 and 32 x 107°. It uses a weight decay of 10~2, gradient clipping set to
1.0, 1 = 0.9, B2 = 0.99 and € = 1078 for all measurements.

* For SOAP, we vary the learning rate 2.5 x 1079, 5 x 1076, 1 x 1075, 2 x 107>, 4 x 1075,
8 x 1072 and 16 x 107°. For all measurements, we use a precondition frequency of 10,
B1 = 0.95, B2 = 0.95, weight decay of 10~2, maximum preconditioner dimension of 10, 000,
¢ = 1078, All trainable parameters in all runs use SOAP.

* Muon is used on the 2D trainable parameters and AdamW is used on all other parameters.
The Muon learning rate is varied as 107°,107%,1073,2x107°%,2x 1074, 2x 1073, 4x 1074,
4x1073,8x 1074, 8 x 1073, 1.6 x 1073, 1.6 x 1072, 3.2 x 1073, 3.2 x 1072,6.4 x 1073
and 6.4 x 1072, The AdamW learning rate for each corresponing Muon learning rate is a
multiple of 1, 10 and 100 of the Muon learning rate. The Newton-Schulz co-efficients are
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Batch Dolly Eval Self-Instruct Vicuna Eval Super-Natural Unnatural Average
size | AddamW SOAP Muon| AdamW SOAP Muon | AdamW SOAP Muon |AdamW SOAP Muon | AdamW SOAP Muon |AdamW SOAP Muon
2 | 2650 2667 25.74| 13.05 1391 13.05| 1622 1573 14.55| 27.97 28.07 25.80| 2596 26.64 2447 | 21.94 2220 20.72
4 2697 26.67 26.69| 1347 1373 1335| 16.66 1625 16.19| 27.62 2799 27.15| 26.01 2656 25.75| 22.15 2224 21.82
8 26.72 26.84 26.55| 13.13  13.29 13.07| 16.80 16.68 17.02| 27.58 2791 27.02| 2575 2642 25.76| 22.00 22.23 21.88
16 26.65 26.69 26.57| 1290 13.08 1298 | 15.87 1640 16.70| 27.57 27.59 26.55| 2594 2585 2599| 21.79 2192 21.76
32 2717 2662 2629 | 12.69 12.68 1236 | 16.56 16.98 1549 | 2745 27.68 2624 | 2555 2536 2496 | 21.88 21.86 21.07
64 2648 2649 26.65| 12.60 1251 12.84| 1620 16.82 1690 | 27.44 27.59 26.57| 25.69 2575 25.62| 21.68 21.83 21.72
128 2649 26,51 2636 | 1262 1273 11.74| 16.16 1657 16.02| 27.19 2743 26.01| 25.65 25.11 23.89| 21.62 21.67 20.80
256 2635 2631 2643 | 12.87 12.61 12.66| 1644 16.72 16.95| 27.58 27.70 2691 | 25.55 2545 2627 | 21.76 21.76 21.85
512 2642 2653 26.07| 1246 1254 12.24| 1601 16.69 16.04 | 2732 27.54 25.81| 2554 2555 2526 | 21.55 21.77 21.08
1024 | 2631 2635 25.60| 1274 1238 1221 | 16.03 16.61 16.05| 2735 27.57 2530 | 2560 2547 25.64| 21.61 21.68 20.96
2048 | 2593 2588 21.14| 12.70 1270 10.58 | 16.74 16.58 17.03 | 27.22 27.19 21.30| 25.83 2541 2042| 21.68 21.55 18.10
4096 | 25.68 2577 12.11| 1247 1246 852 | 1652 1610 16.60| 2647 2680 8.12 | 2552 2646 1038 | 2133 2152 ILIS
8192 | 25.17 2525 793 1233 1237 5.60 16.15 1652 15.16 | 26.64 2689 444 | 2591 26.07 560 | 21.24 2142 7.5
Table 1: Evaluation results for ABKD with varying effective batch size.
Batch Dolly Eval Self-Instruct Vicuna Eval Unnatural Average
size | AdamW SOAP Muon |AdamW SOAP Muon|AdamW SOAP Muon | AdamW SOAP Muon|AdamW SOAP Muon
2 2422 2239 2143| 1050 9.71  9.60 14.82 1290 1341 | 20.11 1938 16.20| 17.41 16.10 15.16
4 2449 2275 2292| 1066 9.68 1041 | 1507 1349 13.58| 1891 18.54 1848 | 1728 16.12 16.35
8 2430 2253 23.75| 1041 994 11.11| 1508 13.63 14.73 | 1834 1831 20.70| 17.03 16.10 17.57
16 24.09 23.66 24.15| 1032 10.24 1096 | 15.11 13.88 14.94| 1894 19.22 20.00| 17.11 16.75 17.51
32 24.07 2391 24.11| 10.06 10.26 10.80| 14.85 14.38 14.85| 18.64 18.62 19.65| 1690 16.79 17.35
64 2343 2386 2430| 1046 10.19 10.70 | 1445 15.03 15.32| 1872 18.13 20.13| 16.76 16.80 17.61
128 23.70  23.64 2259 | 1034 1037 10.23 | 1471 1446 14.60| 17.82 18.15 19.35| 16.64 16.66 16.69
256 24.15 2295 2429| 1045 1042 10.53| 15.17 1457 15.61| 18.60 18.10 18.89| 17.09 16.51 17.33
512 22.54 2247 17.65| 10.14 1035 7.21 1449 1445 11.12| 17.76  17.81 1283 | 16.23 16.27 12.20
1024 | 2329 22.06 20.27 | 1033 10.25 8.37 1522 1437 1358 | 17.21 1770 1589 | 16.51 16.09 14.53
2048 | 21.85 21.55 1035| 9.66 9.84 533 14.09 1431 10.75| 17.14 17.12 5093 15.69 1570 8.09
4096 | 21.01 2125 4.67 9.64 9.72  3.05 13.70  13.89 6.00 1640 1625 4.22 15.19 1528 4.48
8192 | 20.81 20.77 343 9.21 922 246 13.66 13.89 543 16.67 1629 3.38 15.09 15.04 3.68

Table 2: Evaluation results for KD with varying effective batch size.

kept constant at 3.4445, —4.775 and 2.0315, weight decay is 107!, ¢ = 10~" and the number
of Newton-Schulz iterations is constant at 5.

For all the tuning runs above, we run the evaluation datasets 5 times with varying seed 10, 20,
30, 40 and 50, and take the average of these values for each evaluation dataset. The value that is
eventually plotted in Figure 6 is the checkpoint that corresponds to the highest average accuracy for
a particular combination of batch size and learning rate. Note that all hyper parameter sweeps use
cosine annealing scheduling.

Appendix C. Detailed results for batch size vs. accuracy

C.1. Detailed results with fp16

The detailed results for ABKD with all datasets, optmizers and batch sizes is shown in Section C.1.
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Batch Dolly Eval Self-Instruct Vicuna Eval Super-Natural Unnatural Average
size |AdamW SOAP Muon|AdamW SOAP Muon |AdamW SOAP Muon|AdamW SOAP Muon|AdamW SOAP Muon|AdamW SOAP Muon
2 18.90 26.26 25.06 6.73 12.38 1228 | 11.37 1546 1376 | 11.83 2683 25.12| 2533 2553 24.56| 14.83 21.29 20.16
4 2221 2621 2586| 891 1275 12.15| 1392 1553 15.04| 1533 26,79 26.04| 2553 25.63 25.37| 17.18 2138 20.89
8 2422 2632 2624| 1029 12.73 12.18| 1471 1588 15.75| 19.87 26.87 2641 | 2601 2578 25.55| 19.02 21.52 21.22
16 2554 2676 26.15| 11.09 1274 1244 | 14.63 1544 1591 | 2099 26.69 2634 | 2588 26.03 2530| 19.63 21.53 21.23
32 26.31  26.15 26.14| 1294 12,69 12.22| 1622 1584 15.89| 26.79 26.58 26.32| 2540 2592 2593 | 21.53 2144 21.30
64 2576 2624 2644 | 10.89 12.35 12.55| 15.66 1593 1596 | 24.16 26.66 2635 | 2225 2570 25.38| 19.74 2138 21.34
128 | 2641 2619 2635| 1297 1246 12.14| 1611 1605 1629 | 27.02 2642 2728 | 2536 26.06 26.05| 21.58 2143 21.62
256 | 2623 2630 26.10| 13.15 1242 1241 | 1597 1620 16.74| 2690 26.68 26.62| 25.50 2578 25.75| 21.55 2148 21.52
512 2641 26.08 26.05| 13.23 1235 12.53| 16.17 16.06 15.84| 27.05 26.76 26.10| 2536 26.08 2571 | 21.65 2147 21.25
1024 | 26.09 26.01 955 | 12.18 1238 6.81 1625 1651 12.02| 2660 26.52 7.32 | 2581 2563 10.62| 21.38 2141 9.26
2048 | 26.09 25.87 9.33 | 1297 12,15 723 | 1590 1599 1198 | 2659 26.60 8.57 | 25.61 2573 10.18| 2143 21.27 9.46
4096 | 2544 25.63 9.11 1267 1226 6.08 | 1557 1544 11.27| 2639 2635 696 | 2565 2557 891 | 21.14 21.05 847
8192 | 24.18 2541 1144 | 11.85 1226 5.10 1396 1570 13.42| 2456 26.60 6.46 24.68 26.07 6.54 19.84 2121 859
Table 3: Evaluation results for GKD with varying effective batch size.
Batch Dolly Eval Self-Instruct Vicuna Eval Super-Natural Unnatural Average
size |AdamW SOAP Muon|AdamW SOAP Muon |AdamW SOAP Muon | AdamW SOAP Muon|AdamW SOAP Muon|AdamW SOAP Muon
2 2499 NA 17.01| 1098 NA 7.78 | 14.63 NA 953 | 2276 NA 14.92| 2041 NA 1277 | 1875 NA 1240
4 2447 NA 2262| 1082 NA 10.13| 1536 NA 1322 21.77 NA 21.18| 1987 NA 20.29| 1846 NA 1749
8 24.14 NA 2356| 10.23 NA 10.71 15.32 NA 14.67 | 20.88 NA 2096 | 18.45 NA 1920 17.80 NA 17.82
16 24.10 NA 2393| 10.74 NA 1052 | 14.56 NA 14.68| 21.38 NA 21.53| 19.03 NA 19.80| 17.96 NA 18.09
32 NA 2398 2378 | NA 10.11 10.87 | NA 15.06 1473 | NA 18.16 2283 | NA 1579 21.13| NA 16.62 18.67
64 23.89 2433 2456| 1040 1041 11.39| 14.81 1562 1557 | 20.81 19.65 2228 | 1824 17.75 20.82| 17.63 17.55 18.92
128 23.12  24.08 20.76 | 1020 10.24 9.21 1469 1555 13.89| 20.65 20.11 1849 | 1791 17.23 16.69 | 17.31 17.44 15.81
256 | 23.63 24.02 23.08| 1039 1062 9.75 | 15.13 15.28 15.25| 20.61 20.83 18.64| 18.61 19.10 16.82| 17.67 17.97 16.71
512 | 2175 2320 11.99| 9.74 10.14 4.86 | 1409 1539 932 | 19.87 2018 7.52 | 1727 17.77 699 | 1655 1733 8.13
1024 | 21.79 2245 1441 | 9.65 9.87 560 | 1458 1482 1293 | 19.09 1934 823 | 1648 1696 850 | 1632 16.69 9.93
2048 | 20.07 20.09 6.77 9.12 9.25 425 13.89 14.04 934 16.84 16.61 5.14 15.03 1495 6.38 1499 1499 6.38
4096 | 1638 1637 6.16 7.76 791 425 | 1220 1224 10.19| 14.10 13.57 4.13 | 13.03 1283 574 | 12.69 12.58 6.10
8192 | 1447 1390 5.76 7.25 6.81 4.10 | 11.38 11.00 1033 | 13.18 11.72 346 | 1261 11.64 483 | 11.78 11.01 5.70

Table 4: Evaluation results for SFT with varying effective batch size.
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Table 5: Best mean ROUGE-L scores for ABKD across effective batch sizes, comparing AdamW,
SOAP, and Muon on Dolly Eval, Self-Instruct, Vicuna Eval, Super-Natural, Unnatural, and
the overall average.

Batch Dolly Eval Self-Instruct Vicuna Eval Super-Natural Unnatural Average
size | AdamW SOAP Muon |AdamW SOAP Muon |AdamW SOAP Muon |AdamW SOAP Muon|AdamW SOAP Muon|AdamW SOAP Muon
512 2638 2626 2634 | 12.61 1233 12.26| 1629 16.56 1649 | 2524 2543 2522| 2734 27.61 2732| 2157 21.64 21.53
2048 | 2629 26.07 2626 | 12.60 12.67 12.04| 1664 1626 1694 | 2514 2545 25.14| 2724 2722 27.22| 21.58 21.53 21.52
4096 - - 2642 - - 1183 - - 1624 - - 2599 - - 2787 - - 21.67
8192 | 2578 2557 26.00| 1236 12.14 1259 | 16.15 1638 1646 | 24.68 2510 24.16| 2641 2677 2639| 21.08 21.19 21.12
32768 | 24.84 25.09 2475 | 11.88 11.79 11.36| 15.62 1548 15.73| 24.87 24.74 23.83| 2534 25.18 24.48| 20.51 2046 20.03
131072 23.10 2023 22.68| 11.45 947 11.25| 1676 1320 1637 | 24.16 1550 23.86| 23.92 17.00 22.87 | 19.88 15.08 19.40

Table 6: Best mean ROUGE-L scores for GKD across effective batch sizes, comparing AdamW,
SOAP, and Muon on Dolly Eval, Self-Instruct, Vicuna Eval, Super-Natural, Unnatural,
and the overall average.

Batch Dolly Eval Self-Instruct Vicuna Eval Super-Natural Unnatural Average
size | AdamW SOAP Muon |AdamW SOAP Muon |AdamW SOAP Muon |AdamW SOAP Muon|AdamW SOAP Muon|AdamW SOAP Muon
512 2597 2599 2594| 1232 11.83 1206 | 1603 1625 16.05| 2501 23.66 2537| 2631 2482 26.60| 21.13 20.51 21.20
2048 | 2578 26.00 2591 | 11.94 11.64 12.12| 1590 16.04 15.69| 25.80 23.67 25.61| 26.66 2501 2630| 21.21 2047 21.13
8192 | 2529 2499 2544 | 1223 11.05 12.07 | 15.18 1552 15.25| 26.04 2243 25.64| 26.08 2256 2620| 2096 19.31 20.92
32768 | 2546 2438 2553 | 1258 11.34 1221 | 15.66 14.50 1547| 2697 25.14 26.56| 2673 2389 2685| 21.48 19.85 21.32
131072 2490 2023 24.04| 12.60 947 1233 | 13.60 13.20 13.79| 27.54 1550 2544 | 26.52 17.00 24.57 | 21.03 15.08 20.04

C.2. Detailed results with bf16

This subsection summarizes the best mean ROUGE-L results obtained at each effective batch size
for four training methods: ABKD, GKD, SFT, and KD. Each table compares AdamW, SOAP, and
Muon using the best run per optimizer and batch-size setting, reported across Dolly Eval, Self-
Instruct, Vicuna Eval, Super-Natural, Unnatural, and the overall average.

ABKD shows the strongest overall performance across the optimizer sweep, with SOAP and
Muon generally matching or slightly exceeding AdamW at moderate batch sizes.

GKD remains competitive across most batch sizes, with Muon often giving the strongest average
among the three optimizers while SOAP degrades more noticeably at the largest batch sizes.

SFT is substantially weaker than the distillation-based methods across the full sweep, and Muon
is only available at the largest batch size in this summary.

KD is more stable than SFT across batch sizes, with relatively small differences among opti-
mizers at the largest scale and modest gains from Muon at smaller and medium scales.
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Table 7: Best mean ROUGE-L scores for SFT across effective batch sizes, comparing AdamW,
SOAP, and Muon on Dolly Eval, Self-Instruct, Vicuna Eval, Super-Natural, Unnatural,
and the overall average.

Batch Dolly Eval Self-Instruct Vicuna Eval Super-Natural Unnatural Average

size | AdamW SOAP Muon |AdamW SOAP Muon |AdamW SOAP Muon |AdamW SOAP Muon|AdamW SOAP Muon|AdamW SOAP Muon
512 2250 2142 - 10.05 9.75 - 14.84 14.08 - 1828 17.63 - 20.17 1986 - 17.17 1655 -
2048 | 20.81 1890 - 9.23 8.56 - 1340 1328 - 1547 1500 - 17.68 1679 - 1532 1451

8192 1659 1452 - 7.31 7.11 - 12.12 1121 - 1268 1196 - 1340 13.13 - 1242 1158 -
32768 | 11.56 10.04 - 6.35 5.58 - 9.14 1068 - 11.17 892 - 1136 9.13 - 9.92 8.87
131072 9.70 636 8.55 522 459 483 920 10.57 9.53 9.14 448  8.00 6.67 469 7.15 7.99 6.14  7.61

Table 8: Best mean ROUGE-L scores for KD across effective batch sizes, comparing AdamW,
SOAP, and Muon on Dolly Eval, Self-Instruct, Vicuna Eval, Super-Natural, Unnatural,
and the overall average.

Batch Dolly Eval Self-Instruct Vicuna Eval Super-Natural Unnatural Average
size | AddamW SOAP Muon |AdamW SOAP Muon |AdamW SOAP Muon|AdamW SOAP Muon | AdamW SOAP Muon|AdamW SOAP Muon
512 2346 2266 2359 | 10.14 1038 1048 | 1535 14.17 1527 | 1737 18.02 1791 | 2022 2020 19.82| 17.31 17.09 17.41
2048 | 2198 21.52 22.68| 10.06 9.83 10.20| 14.38 14.16 1390 | 17.37 17.05 17.83| 1924 19.15 1998 | 16.61 1634 1692
8192 | 20.89 20.77 21.02| 9.64 939 10.05| 1333 1330 13.84| 1622 16.17 16.84| 1794 18.07 1832| 15.61 15.54 16.01
32768 | 20.39 20.30 20.38 | 8.86 9.12 885 1334 13.76 14.87 | 1593 1542 1520| 17.26 1691 16.33| 15.16 15.10 15.13
131072 20.20 20.23 20.02| 9.34 947 9.00 | 13.16 1320 13.86| 1553 1550 15.52| 17.09 17.00 16.89| 15.06 15.08 15.06
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