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Abstract001

Psychological research has long utilized cir-002
cumplex models to structure emotions, plac-003
ing similar emotions adjacently and oppos-004
ing ones diagonally. Although frequently005
used to interpret deep learning representations,006
these models are rarely directly incorporated007
into the representation learning of language008
models, leaving their geometric validity unex-009
plored. This paper proposes a method to in-010
duce circular emotion representations within011
language model embeddings via contrastive012
learning on a hypersphere. We show that while013
this circular alignment offers superior inter-014
pretability and robustness against dimension-015
ality reduction, it underperforms compared to016
conventional designs in high-dimensional set-017
tings and fine-grained classification. Our find-018
ings elucidate the trade-offs involved in apply-019
ing psychological circumplex models to deep020
learning architectures. Our code is available021
at https://anonymous.4open.science/r/022
EmpiricalCircumplexModel-D7E4023

1 Introduction024

In recent years, the mechanistic interpretability of025

large language models (LLMs) has emerged as a026

pivotal field for ensuring AI safety and control-027

lability (Zhao et al., 2024b; Bereska and Gavves,028

2024; Opitz et al., 2025). Central to this field are029

the Linear Representation Hypothesis and Super-030

position Hypothesis, which posit that models rep-031

resent human-interpretable concepts as linear di-032

rections within low-dimensional subspaces (Park033

et al., 2024; Elhage et al., 2022). This framework034

has been empirically validated through represen-035

tation engineering, where intervening in specific036

directions allows for the direct manipulation of037

model behavior (Li et al., 2023; Arditi et al., 2024).038

1Based on the circumplex model by Russell (1980). Re-
trieved from Wikimedia Commons (https://en.wikipedia.
org/wiki/File:Circumplex_model_of_emotion.svg).

Figure 1: (a) An example of the psychological circum-
plex model of emotion1. (b)(c)(d) PCA plots of the
embeddings from the models trained in this study.

However, recent studies suggest that not all con- 039

cepts are best captured by linear structures. Peri- 040

odic concepts, such as days of the week or months 041

of the year, have been found to form circular em- 042

beddings, and models undergoing the "grokking" 043

phenomenon in modular arithmetic ultimately ar- 044

range numerical representations in circular config- 045

urations (Engels et al., 2025; Park et al., 2025; Liu 046

et al., 2022; Nanda et al., 2023). These findings 047

raise a fundamental question: Are there other criti- 048

cal human concepts that are characterized by non- 049

linear, specifically circular, manifold structures? 050

In psychology, the Circumplex Model of Af- 051

fect has long proposed that emotions are arranged 052

in a circle defined by two axes: valence and 053

arousal (Figure 1(a)). Psychological emotion mod- 054

els are frequently employed in the analysis of ma- 055

chine learning models, with research investigating 056

whether language models actually reflect these un- 057
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derlying structures (Wang and Zong, 2025; Zhao058

et al., 2025; Reichman et al., 2025). However,059

since these analyses are often limited to post-hoc060

observations, such as centroid distances or label061

co-occurrence probabilities, they remain confined062

to analyzing general trends and do not extend to063

an analysis at the concept manifold level. Whether064

a language model expresses emotions in the same065

way humans do, or whether it should do so, cannot066

be rigorously discussed unless the manifold struc-067

ture of the model’s embedding representations is068

explicitly reconstructed.069

This paper investigates the validity of the cir-070

cular emotion structure by explicitly inducing it071

within the embedding space. To this end, we072

first collect and synthesize a text dataset anno-073

tated with emotions assumed to follow a circular074

structure. We then train emotion representations075

using nGPT (Loshchilov et al., 2025), an archi-076

tecture designed for hyperspherical representation077

learning, in combination with three contrastive loss078

functions: SINCERE (Feeney and Hughes, 2023),079

SoftCSE (Zhuang et al., 2024), and our proposed080

CircularCSE. These objectives calibrate distances081

between emotion labels according to psychologi-082

cally grounded circular distances (CD) (Zhao et al.,083

2024a). Finally, we evaluate the resulting repre-084

sentations across three backbone categories (BERT-085

like models, LLM-based encoders, and decoder-086

only LLMs) using a comprehensive set of metrics,087

including V-Measure for discriminative power and088

CD-r for psychological alignment.089

Our results reveal a stark structural dilemma.090

While the circular structure (CircularCSE) offers091

superior interpretability and remains robust in low-092

dimensional spaces or with few labels (Figure 1(d)),093

its performance degrades significantly in high-094

dimensional or fine-grained label settings com-095

pared to conventional designs. We provide a the-096

oretical explanation for this: SINCERE thrives in097

high dimensions by arranging labels as an orthogo-098

nal simplex (90◦ margins), whereas CircularCSE’s099

2D ring geometry forces much tighter boundary100

margins, inherently limiting discriminability as the101

number of labels increases.102

This conflict suggests that aligning models with103

human interpretation, which implicitly assumes104

low-dimensional manifold structures, comes at a105

structural cost to discriminative power. However,106

aligning model representations with human psy-107

chology offers diverse benefits, ranging from in-108

tuitive mechanistic interpretation to reduced com-109

putational costs. Our research re-examines the va- 110

lidity of incorporating human interpretability into 111

model design from the perspective of deep learn- 112

ing. 113

2 Related Work 114

Psychological models of emotion are generally 115

classified based on whether they represent emo- 116

tion in a continuous or discrete space. A repre- 117

sentative example of a continuous model is Rus- 118

sell’s Circumplex Model of Affect, which posits 119

that emotions are represented along two axes: va- 120

lence and arousal (Russell, 1980). Along with the 121

PAD model, which adds a dominance axis, it has 122

been widely adopted in recent years (Mehrabian 123

and Russell, 1974). In contrast, discrete emotion 124

models construct a space from a set of basic emo- 125

tions, where diverse emotional states are expressed 126

through the compounding or subdivision of these 127

basics. Plutchik proposed the "Wheel of Emo- 128

tions," consisting of eight basic emotions (Plutchik, 129

1980). Regardless of the continuous or discrete 130

space, most foundational psychological models rep- 131

resent emotions as a circular structure (Shaver et al., 132

1987; Ekman, 1992). This design reflects the clear 133

similarities (e.g., joy and excitement) and polarities 134

(e.g., positive and negative) inherent in emotions. 135

Geometry of LLM Representations. While the 136

analysis of emotion representations in LLMs is 137

common, many studies focus on examining the 138

macroscopic relationships between emotions in ex- 139

isting models based on co-occurrence probabilities 140

or the Euclidean distances between centroids (Guo 141

and Choi, 2021; Wang and Zong, 2025; Zhao et al., 142

2025; Reichman et al., 2025). Outside the domain 143

of emotion, it has been discovered that periodic 144

concepts and numerical values in modular addi- 145

tion tasks exhibit circular structures (Engels et al., 146

2025; Park et al., 2025; Liu et al., 2022; Nanda 147

et al., 2023). However, these findings are limited to 148

specific conditions, such as those involving sparse 149

autoencoders (Bricken et al., 2023) or grokking. To 150

the best of our knowledge, no study has success- 151

fully constructed a circular structure for emotion 152

representations within a standard language model. 153

Design of Contrastive Learning. Although many 154

studies employ improved or custom variants of con- 155

trastive loss functions, they are primarily designed 156

to enhance discriminative performance, with few 157

focusing on the explicit induction of manifold struc- 158

tures (Choi et al., 2020; Yang et al., 2021; Deng 159
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Figure 2: Overview of our experimental framework. (Left) Dataset construction procedure. Corresponding
emotion labels are extracted or synthesized to reproduce the circumplex emotion structure. (Right) Training of GPT
or nGPT heads across three backbone architectures using three distinct loss functions.

et al., 2022). In the domain of image emotion clas-160

sification, a prior study has incorporated angular161

differences based on a circular assumption into the162

loss function (Yang et al., 2021). However, because163

this method operates within Euclidean space and164

combines this term with other loss functions, it is165

highly probable that the resulting manifold struc-166

ture does not converge to a true circle.167

In this study, we design a loss function that in-168

duces a circular structure on a hypersphere, thereby169

explicitly reproducing this geometry within the lan-170

guage model’s embedding space. This allows us to171

rigorously discuss the utility and validity of apply-172

ing psychological circumplex models of emotion173

to deep learning.174

3 Methodology175

3.1 Overview176

Figure 2 presents an overview of our experimental177

framework. We collect datasets where emotions are178

assumed to be equally spaced on a circle and train179

the model to encode their representations. To repli-180

cate the circular structure, we employ the following181

two learning strategies:182

Geometry of the embedding space. By learn-183

ing emotion representations in a spherical space,184

we encourage the model to reproduce the circular185

structure, ensuring that differences are represented186

solely by angle distance (Section 3.3).187

Contrastive learning design. We align the rela-188

tionships between emotion labels by calibrating 189

pairwise distances or gradient weights between an- 190

chor and negative samples according to their po- 191

sitions on the Circumplex Model of Affect (Sec- 192

tion 3.4). 193

3.2 Preliminary 194

Figure 3 illustrates the basic circumplex emotion 195

arrangement employed in this study, which con- 196

sists of 12 emotion categories (hereafter referred 197

to as the Empirical Circumplex Model, or ECM). 198

While our model is primarily based on Russell’s 199

Circumplex Model of Affect (Russell, 1980; Yik 200

et al., 2011), certain emotions have been substi- 201

tuted to align with the labels available in real-world 202

datasets. For instance, although terms like "sleepy" 203

or "quiet" would ideally represent the state of de- 204

activation at 3π/2, we adopt "calmness" due to the 205

absence of datasets annotated with these specific 206

labels. Formally, we define each emotion label as 207

y ∈ E , where y denotes the class of emotion and E 208

denotes the complete set of emotion labels of size 209

E := |E|. In our experiments, we utilize a set of N 210

text-label pairs for a given emotion classification 211

dataset, denoted as D = {(xi, yi) | yi ∈ E}Ni=1. 212

3.3 Head Architecture 213

We append a single Transformer block (projection 214

head) to a pre-trained backbone, utilizing the head’s 215

output embedding space to represent the geometric 216
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Figure 3: Our empirical circumplex model (ECM) and
definition of Circumplex Distance (CD).

structure of emotions. Let t denote the index of217

the token in the input sequence [1, . . . , T ] and d218

denote the dimension of the model. A standard219

Transformer block consists of an attention mecha-220

nism (ATTN), a multi-layer perceptron (MLP), and221

normalization modules (RMSNorm), formulated222

as follows:223

h
′
t = h

′′
t + ATTN(RMSNorm(h

′′
t )),

ht = h
′
t + MLP(RMSNorm(h

′
t)),

(1)224

where ht, h
′
t, h

′′
t ∈ Rd. Here, h

′′
t denotes the back-225

bone output, which serves as the head input, and ht226

denotes the head output. This space corresponds227

to a d-dimensional Euclidean space where the ar-228

rangement of embeddings is unconstrained. Since229

the norm itself carries semantic meaning, it is in-230

herently difficult to induce a circular geometry.231

Therefore, we adopt the normalized Transformer232

Block (nGPT), an architecture explicitly designed233

for spherical space (Loshchilov et al., 2025). The234

operations within the nGPT block are defined as235

follows:236

h
′
t = Norm((1 − αA) ⊙ Norm(h

′′
t ) + αA ⊙ Norm(ATTN(h

′′
t ))),

ht = Norm((1 − αM ) ⊙ Norm(h
′
t) + αM ⊙ Norm(MLP(h

′
t))),

(2)237

where Norm() represents ℓ2 normalization,238

ht, h
′
t ∈ Sd−1, and αA, αM ∈ Rd are learnable239

parameters. nGPT removes normalization modules240

from standard transformer blocks and instead241

normalizes all hidden states and weights to unit242

norm along the feature dimension. Consequently,243

since the output of each module resides on a244

hypersphere and is updated along geodesics,245

the optimization process within the block can246

be viewed as traversing the spherical manifold.247

The rationale for adopting the nGPT architecture248

and further details regarding the intra-block 249

processing are provided in Appendices A and B. 250

In our experiments, we derive the final sentence 251

embedding e by applying a pooling operation to 252

the sequence of hidden states h1:T , followed by 253

normalization: 254

e = Norm(Pooling(h1:T )), (3) 255

where e ∈ Sd−1, h1:T ∈ RT×d. The specific pool- 256

ing operation depends on the backbone model and 257

is defined as follows: 258

Poolingcls := h1, Poolinglast := hT , Poolingmean :=
1

T

T∑
t=1

ht.

(4) 259

For comparison, a conventional Transformer block 260

(GPT head) is also trained as a baseline. 261

3.4 Training Objective 262

We perform contrastive learning by applying three 263

distinct loss functions. Since our focus is on the 264

quality of the manifold representation rather than 265

emotion classification alone, we utilize the embed- 266

dings e directly during evaluation. Consequently, 267

we employ neither additional linear classification 268

layers nor cross-entropy loss. This approach en- 269

sures that the distinct effects of each loss function 270

are directly reflected in the characteristics of the 271

embedding space. We employ the Supervised In- 272

foNCE REvisited (SINCERE) loss (Feeney and 273

Hughes, 2023) as our baseline to achieve maxi- 274

mum discriminability while avoiding the problem- 275

atic intra-class repulsion inherent in the original 276

Supervised Contrastive Loss (Khosla et al., 2020). 277

It computes the mean loss across all positive pairs 278

within the batch B of size B := |B| for a given 279

anchor as follows: 280

LSINCERE =

1

B

∑
i∈B

−1

|P|
∑
j∈P

log
exp(eTi ej/τ)

Zi

 (5) 281

where τ is a temperature, P is the in-batch positive 282

set of the anchor sentence xi, and Zi represents the 283

term corresponding to the positive sample as well 284

as the in-batch negative samples: 285

Zi = exp(eTi ej/τ) +
∑
k∈N

exp(eTi ek/τ) (6) 286

where N is the in-batch negative set. Since this 287

loss function computes the loss for all pairs within 288
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the batch, it induces a strong separation between289

positive and negative samples. However, because290

it applies equal weight to all negative samples, it291

fails to account for the specific degree of separation292

required between the anchor and each individual293

negative sample. Given that the ECM positions294

similar emotions nearby and opposing emotions at295

antipodes, the loss function should ideally dictate296

specific pairwise distances. Accordingly, we utilize297

SoftCSE for soft constraints and CircularCSE for298

hard constraints. We refine the ’weight individual-299

ization’ method proposed in previous SoftCSE re-300

search, as it offers a more intuitive formulation and301

greater numerical stability (Zhuang et al., 2024).302

SoftCSE assigns individual weights to the negative303

sample terms in the SINCERE loss:304

Zi = exp(eTi ej/τ) +
∑
k∈N

wik exp(e
T
i ek/τ), (7)305

306

wik =
1− cos(∆θik)

1
|N |
∑

k∈N (1− cos(∆θik))
(8)307

where ∆θik is the angular difference on the ECM.308

The numerator of wik is inversely proportional to309

the similarity of the emotion labels i and k i.e.,310

wik ∝ − cos(∆θik), meaning that the closer the la-311

bels are on the circle, the smaller the weight and the312

weaker the repelling force becomes. The denomina-313

tor acts as a normalization factor within the batch,314

adjusting the scale of the negative terms to match315

Equation (6) i.e.,
∑

k∈N 1 =
∑

k∈N wik = |N |.316

While the original paper employed eTi ek computed317

via a frozen encoder model instead of cos(∆θik),318

this approach incurs additional inference overhead319

during training and relies heavily on the perfor-320

mance of the encoder. Therefore, we pre-define321

pairwise distances based on the ECM. This design322

facilitates the straightforward assignment of indi-323

vidual weights to negative samples.324

As an even stronger constraint, we propose Cir-325

cularCSE, which directly learns distances on the326

circle:327

LCircularCSE =
1

B(B − 1)

∑
i,j∈B:i̸=j

ℓij ,

ℓij =

{
[max(0, |eTi ej − cos(∆θij)| −m)]2 if yi = yj
(eTi ej − cos(∆θij))

2 otherwise
(9)328

Here, m > 0 is a margin hyperparameter that al-329

lows for tolerance within classes. Although a mar-330

gin is desirable to account for variations in nuance331

and intensity among samples sharing the same la-332

bel, it inevitably lowers the model’s discriminabil-333

ity.334

4 Experiments 335

4.1 Experimental Setup 336

Datasets. Our experiments utilize three real-world 337

datasets: Emolit (Rei and Mladenić, 2023), Empa- 338

thetic Dialogue (Rashkin et al., 2019), SuperEmo- 339

tion (de Fortuny, 2025), and one synthetic dataset: 340

PersonaGen (Inoshita and Harada, 2025). Featur- 341

ing a wide range of emotion labels, these datasets 342

allow us to evaluate the geometric fidelity of the 343

embedding space by analyzing how emotional cat- 344

egories are structurally organized. We select sam- 345

ples annotated with labels that match or closely 346

resemble those in the ECM shown in Figure 3. For 347

each dataset, the training set consists of 500 in- 348

stances sampled per emotion label (450 for Super- 349

Emotion), and the test set comprises 100 instances 350

per label. Detailed descriptions of each dataset and 351

the construction pipeline for the synthetic dataset 352

are provided in Appendix C. 353

Models. To account for variations in embed- 354

ding space properties resulting from diverse ar- 355

chitectures and pre-training objectives, we cat- 356

egorize the models into three groups, selecting 357

two representatives from each: BERT-like En- 358

coders (mE5 (Wang et al., 2024) and mxbai (Lee 359

et al., 2024)), LLM-based Encoders (Qwen3- 360

Embedding-4B (Zhang et al., 2025) and Llama- 361

Embed-Nemotron-8B (Babakhin et al., 2025)), and 362

Decoder-only LLMs (Llama-3.2-3B (Grattafiori 363

et al., 2024) and OLMo-3-7B (OLMo Team et al., 364

2025)). 365

Implementation Details. We attach a single-layer 366

Transformer Block (GPT head) or a normalized 367

Transformer Block (nGPT head) to the final layer 368

of each backbone model. The head shares the same 369

attention mask, dimension size, and attention head 370

count as the backbone. Final sentence embeddings 371

are derived via specific pooling methods: the [CLS] 372

token for BERT-like encoders, the last token for 373

decoder-only LLMs and Qwen3-Embedding. For 374

Llama-Embed-Nemotron, we utilize mean pooling, 375

consistent with its original training methodology. 376

During training, BERT-like encoders are fully fine- 377

tuned, while the LLM backbones remain frozen 378

with only the heads being trained. Further imple- 379

mentation details are provided in Appendix D. 380

4.2 Evaluation Metrics 381

We assess how well the trained embeddings cap- 382

ture emotional expressions via clustering analy- 383

sis. Following the protocol of the MTEB clus- 384
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Training
Objective

Head
Arch.

mE5 Qwen3-Embedding-4B Llama-3.2-3B

VMeasure CD-r VMeasure CD-r VMeasure CD-r

Pretrained 0.342 0.574 0.495 0.522 0.094 0.217

SINCERE - GPT 0.760 0.317 0.756 0.305 0.725 0.358
- nGPT 0.744 0.221 0.739 0.545 0.577 0.425

SoftCSE - GPT 0.755 0.477 0.751 0.552 0.710 0.548
- nGPT 0.753 0.499 0.723 0.708 0.516 0.728

CircularCSE - GPT 0.717 0.757 0.643 0.747 0.579 0.728
- nGPT 0.720 0.764 0.659 0.753 0.382 0.708

Table 1: Summary of average performance across all datasets for selected models. Best results per model (excluding
Pretrained) are bolded, and worst are underlined. VMeasure indicates clustering quality, and CD-r indicates correlation
with the circumplex distance.

(a) Pretrained (b) SINCERE-nGPT (c) SoftCSE-nGPT (d) CircularCSE-nGPT
Figure 4: Average cosine similarity between emotion label pairs of mE5

tering tasks (Muennighoff et al., 2023), we parti-385

tion the test set into clusters using k-means (Mac-386

Queen, 1967), setting the number of clusters k387

equal to the number of ground truth labels, and388

evaluate performance using V-Measure (Rosenberg389

and Hirschberg, 2007). Given that our models are390

optimized for cosine similarity, we utilize Spher-391

ical k-means (Dhillon and Modha, 2001), which392

uses cosine distance instead of the Euclidean ℓ2393

metric. The algorithm is run 10 times with varied394

initializations, and the result with the minimum395

inertia is selected. We evaluate not only the dis-396

criminative power of the embedding space but also397

the extent to which its structure aligns with hu-398

man perception. Building upon the approaches399

of (Zhao et al., 2016, 2024a), we define the Cir-400

cumplex Distance (CD) on the ECM as follows:401

CD(yi, yj) := C + AngleDistance(yi, yj) where402

C represents the constant inter-polarity distance,403

and AngleDistance(yi, yj) denotes the number of404

steps between labels on the ECM. We define the405

distance between Neutral and Positive/Negative406

polarities as 2, the distance between Positive and407

Negative polarities as 4, and the distance between408

identical polarities as 0. This configuration ensures409

that the distance between opposing polarities con-410

sistently exceeds the distance between identical 411

polarities. By incorporating the premise that polar- 412

ity differences are cognitively more significant than 413

mere steps on the circle, CD reflects human psy- 414

chological emotion structure more faithfully. To 415

measure the alignment with this metric, we propose 416

the Pearson correlation with CD (CD-r): 417

CD-r := Pearson(CD(yi, yj), 1− AvgCosSim(yi, yj))
(10) 418419

AvgCosSim(yi, yj) :=
1

NiNj

Ni∑
k=1

Nj∑
l=1

eTk el (11) 420

with Ni and Nj representing the total number of 421

samples for each emotion label in the test set. 422

4.3 Results 423

Table 1 presents the average V-Measure and CD-r 424

across datasets for mE5, Qwen3-Embedding-4B, 425

and Llama-3.2-3B (comprehensive results are pro- 426

vided in Table 4 of Appendix E). 427

Regarding the training objectives, SINCERE and 428

SoftCSE yield higher V-Measure scores, whereas 429

CircularCSE underperforms. Conversely, for CD- 430

r, SINCERE scores are low, while CircularCSE 431

achieves higher results. This phenomenon can 432

be intuitively explained by referencing Figure 4, 433
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which illustrates the average cosine similarity be-434

tween emotion label pairs for each head. Pre-435

trained models typically form an anisotropic em-436

bedding space, resulting in high similarity across437

all emotion label pairs (Ethayarajh, 2019). In con-438

trast, SINCERE attempts to position negative sam-439

ples orthogonally, driving similarities toward zero.440

SoftCSE relaxes this constraint, and CircularCSE441

aligns the similarity of each emotion label pair with442

the corresponding cosine similarity on the circular443

manifold. Since clustering requires high discrimi-444

native power between labels, SINCERE is advanta-445

geous; however, it fails to sufficiently capture the re-446

lational structure between labels, leading to a lower447

CD-r. While CircularCSE successfully captures the448

ordinal relationships between labels, it makes dis-449

tinguishing between adjacent labels more difficult,450

resulting in a lower V-Measure. These results high-451

light a fundamental conflict between the objectives452

of deep learning, which prioritizes discriminative453

accuracy, and psychology, which emphasizes align-454

ment with human perception, creating a trade-off455

between accuracy and interpretability.456

Revisiting Table 1, we observe distinct trends457

across models; notably, for Llama-3.2-3B, the458

nGPT model exhibits a lower V-Measure. This459

suggests that Decoder-only models rely more heav-460

ily on vector norms to encode contextual informa-461

tion compared to Encoder models, implying that462

the normalization process leads to information loss.463

Furthermore, the significantly low accuracy of the464

pre-trained models indicates that while emotion465

information is latent within the embeddings, it is466

not explicitly separable; instead, the embedding467

space prioritizes contextual information or features468

required for next-token prediction.469

5 Analysis470

5.1 Conflict between Psychological and Deep471

Learning Models472

To better elucidate the differences between the in-473

dividual methods, we conduct further analysis. Fig-474

ures 1(b), (c), and (d) visualize the results of apply-475

ing PCA to the Emolit test set embeddings for each476

mE5 head. For SINCERE-nGPT and SoftCSE-477

nGPT, although the emotions separate into distinct478

clusters, the structures lack clear regularity, and479

the explained variance ratio of the principal com-480

ponents is low. In contrast, CircularCSE-nGPT481

exhibits a clear circular arrangement of emotions,482

with a significantly higher explained variance ratio.483

Hypothesizing that this difference in arrangement 484

would manifest clearly under distinct scenarios, we 485

conducted the following two experiments: 486

1. Robustness to dimensionality reduction. 487

2. Robustness to the number of emotion labels. 488

Figure 6: Clustering performance of mE5 heads under
different conditions. (a) Impact of PCA dimensionality
reduction. (b) Impact of the number of emotion labels.

The experimental results are presented in Figure 6. 489

Figure 6(a) shows the average V-Measure across 490

datasets when clustering with Spherical k-means 491

after reducing the dimensions of each mE5 head 492

via PCA. Figure 6(b) illustrates the change in V- 493

Measure on the Emolit dataset as the number of 494

emotion labels varies (results for other models and 495

details on label configurations are provided in Ap- 496

pendix F). CircularCSE maintains stable accuracy 497

even in low dimensions and performs compara- 498

bly to SINCERE and SoftCSE when the number 499

of emotion labels is small. However, its perfor- 500

mance degrades in high-dimensional settings or 501

with a large number of labels. These results can 502

be explained by the optimal solutions and opti- 503

mal margins of the respective loss functions. The 504

SINCERE loss function, given by Equations (5) 505

and (6), attains its theoretical lower bound when 506

the cosine similarity between all positive-negative 507

pairs equals −1
E−1 (Proof in Appendix G). In prac- 508

tice, however, due to the curse of dimensionality, 509

the positive-negative similarity often settles at a 510

local optimum of 0, resulting in an average bound- 511

ary margin of 90◦ (orthogonality). In contrast, 512

since CircularCSE arranges labels on a ring, the 513

geometry of its optimal solution is consistently a 514

2-dimensional circle, and the boundary margin be- 515

tween any positive-negative pair is at most π
E (for a 516

12-class classification problem, the maximum mar- 517

gin is 30◦). The optimal boundary margins of SIN- 518

CERE and CircularCSE coincide only in 2 dimen- 519

sions; otherwise, the gap in discriminative power 520

widens as the model dimensionality or the number 521

of labels increases. This indicates that arranging 522

emotions on a circular manifold, i.e., attempting to 523

make representations visualization-friendly or se- 524

7



Figure 5: Visualization of embedding representations from each module of the GPT and nGPT heads using
Multidimensional Scaling (MDS). Additional results for other models are presented in Appendix H.

mantically interpretable, implicitly imposes a low-525

dimensional manifold structure, which conflicts526

with the high-dimensional representations typical527

of deep learning. This limitation becomes more528

pronounced as model capacity increases (higher529

dimensionality) or as task demands rise (distin-530

guishing among a diverse set of emotions).531

5.2 Effects of Spherical Constraints532

We perform a qualitative evaluation of the head533

architectural differences using dimensionality re-534

duction. Specifically, we extract intermediate rep-535

resentations from within the transformer block of536

Qwen3-Embedding-4B and employ Multidimen-537

sional Scaling (MDS) for dimensionality reduc-538

tion (de Leeuw, 2005), followed by clustering and539

visualization. Since MDS arranges points to recon-540

struct the pairwise distance matrix of the samples,541

it is particularly effective at preserving global ge-542

ometry in high-dimensional spaces.543

The results are presented in Figure 5. The impact544

of the spherical constraint is prominently reflected545

in the structural differences of the representations.546

In the GPT head, the output of the MLP layer dom-547

inates the final result; the MLP amplifies differ-548

ences in magnitude (norm), effectively overwriting549

prior intermediate representations with vectors of550

larger norms. Additionally, clusters exhibit linear551

elongation, where concepts appear as directional552

basis vectors. Although this expansion increases553

intra-cluster variance—allowing for a wider range554

of captured representations—it hinders Euclidean-555

based classification, as points may inadvertently lie556

closer to external clusters than to their own.557

In contrast, in the nGPT head, the removal of558

the norm component results in the Attention and 559

MLP layers exhibiting similar output geometries, 560

with clusters adopting complex, non-linear struc- 561

tures rather than straight lines. We attribute this 562

to the fact that on the hypersphere, differences be- 563

tween concepts are expressed solely via angular 564

components rather than norms, causing directions 565

to encode composite rather than singular concepts. 566

These findings suggest that even when quanti- 567

tative evaluation metrics appear identical, the un- 568

derlying representation structures can differ vastly. 569

Manifold-aware research remains scarce, and deter- 570

mining the optimal manifold structure for specific 571

tasks is an open question for future work. 572

6 Discussion and Conclusion 573

We compared conventional models with those 574

reproducing psychological circular structures by 575

performing contrastive learning in Euclidean and 576

spherical spaces. Through this comparison, we dis- 577

covered an unavoidable structural dilemma: a trade- 578

off exists between discriminative performance and 579

human interpretability. This highlights the impor- 580

tance of selecting the appropriate method based 581

on the intended application. Although this study 582

focused on clustering, our framework is transfer- 583

able to representation learning for other concepts 584

or tasks. For instance, interpretable approaches can 585

potentially be applied to tasks such as identifying 586

underrepresented labels and verifying the validity 587

of emotion placement (Figure 14 in Appendix H 588

provides an example). Moreover, as interpretability 589

and visualization facilitate model controllability, 590

extending this approach to generation tasks is a key 591

direction for future research. 592
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Limitations593

• Task Simplification. We simplified the task594

formulation for our experiments. Real-world595

emotions are highly complex and often in-596

volve simultaneous conflicting states (e.g., bit-597

tersweet, calm anger). However, in this study,598

we operate under the assumption that each text599

corresponds to a single emotion label. Further-600

more, regarding the “Neutral” state, while we601

treated it as a distinct category belonging to602

neither Positive nor Negative extremes, it is603

intrinsically located at the center (origin) of604

Russell’s circumplex model. Integrating these605

complex cases into our current framework606

would require specialized mechanisms; devel-607

oping a more natural representation for such608

states remains a challenge for future work.609

• Modality Constraints. Emotion analysis610

spans not only text but also modalities such611

as images and audio. Certain emotional states612

(e.g., boredom or drowsiness) are more read-613

ily manifested through gestures or non-verbal614

cues rather than text. Capturing these nu-615

ances necessitates a multimodal architectural616

design.617

• Connection to Psychological Models. Al-618

though the circumplex model used in this619

study references Russell’s model, some emo-620

tion placements differ from the original con-621

figuration to align with the specific labels622

available in our dataset. Additionally, nu-623

merous circumplex models exist beyond Rus-624

sell’s proposal, and it is possible that our spe-625

cific arrangement does not perfectly reflect626

the true relationships between emotions (dis-627

cussed in Appendix C.4). However, since our628

conclusions are largely driven by the dimen-629

sionality of the embedding space, we antic-630

ipate obtaining similar results with other 2-631

or 3-dimensional visualizable psychological632

models. Reproducing higher-dimensional and633

more complex emotional models is an objec-634

tive for future research.635

Ethical Considerations This study primarily636

utilizes publicly available and properly licensed637

datasets and models, all of which permit research638

use. The sole exception is the generation of syn-639

thetic data, where we employed both open-source640

and proprietary models to create a new dataset.641

While this dataset may potentially contain harmful 642

content, it was used exclusively for training clas- 643

sification tasks; consequently, the trained models 644

themselves pose no safety risks. All datasets and 645

models were used in accordance with their intended 646

research purposes. 647

We used AI tools for proofreading and mathe- 648

matical typesetting in the preparation of this paper. 649

All content has been thoroughly reviewed and veri- 650

fied by the human authors. 651
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A Justification to use nGPT930

In this section, we provide a detailed rationale for931

adopting the nGPT architecture to reproduce the cir-932

cular structure within the model’s embedding space.933

Simply, normalizing the model’s embeddings at ev-934

ery step would satisfy the condition; this ensures935

all outputs lie on the unit hypersphere, meaning936

differences are expressed solely as angular differ-937

ences. However, this design introduces significant938

issues for gradient descent during training.939

Since the hypersphere is a non-Euclidean space940

where distance is geodesic, the standard linear vec-941

tor addition inherent in residual connections up-942

dates vectors in the direction of steepest descent943

without accounting for curvature. Consequently,944

the updated representations deviate from (or ’fall945

off’) the hypersphere. Therefore, we must employ946

Riemannian optimization instead of standard gradi-947

ent descent to account for the manifold’s curvature948

during training (Meng et al., 2019; Freenor and949

Alvarez, 2025), necessitating the design of a more950

sophisticated architecture. The nGPT architecture951

is particularly compatible with representation learn-952

ing for the following three reasons:953

Elimination of Weight Decay: Research on954

grokking suggests that weight decay is critical for955

the emergence of generalization circuits (Liu et al.,956

2022; Nanda et al., 2023). Models often memo-957

rize solutions within the magnitude (norm) of the958

weights; thus, weight decay is typically required959

to suppress these norm components and encour- 960

age structural generalization. In nGPT, however, 961

weights are normalized by design, compelling the 962

network to learn generalized structures directly 963

without relying on weight decay. 964

Feasibility of Head Training: To the best of our 965

knowledge, pre-trained weights for full-scale nGPT 966

models are not currently available, and training 967

from scratch is computationally expensive. How- 968

ever, in embedding tasks, it is standard practice 969

to freeze the backbone and train only a projection 970

head. Adopting an nGPT head aligns with this 971

convention while bypassing the cost of full pre- 972

training. 973

Angle-based Optimization: In the original pa- 974

per, nGPT was evaluated primarily as a causal lan- 975

guage model, focusing on convergence speed rather 976

than the implications of learning on a spherical 977

manifold. In embedding tasks, however, cosine 978

similarity (i.e., distance on the unit hypersphere) is 979

the standard metric. Therefore, nGPT enables con- 980

sistent angle-based optimization of representations 981

throughout both training and inference. 982

These advantages make this architecture highly 983

effective, not only for the current experiment but 984

also as a general design principle for training em- 985

bedding models. 986

B Transformer Block 987

This section describes the detailed computational 988

flow of the GPT head and the nGPT head adopted 989

in this paper. Let t denote the index of the token 990

in the input sequence [1, . . . , T ] and d denote the 991

dimension of the model. A standard Transformer 992

block consists of an attention mechanism (ATTN), 993

a multi-layer perceptron (MLP), and normalization 994

modules (RMSNorm), formulated as follows: 995

h
′
t = h

′′
t + ATTN(RMSNorm(h

′′
t )),

ht = h
′
t + MLP(RMSNorm(h

′
t)),

(12) 996

where ht, h
′
t, h

′′
t ∈ Rd. Here, h

′′
t denotes the input 997

to the block, and ht denotes the output. In our ex- 998

periments, we derive the final sentence embedding 999

e by applying a pooling operation to the sequence 1000

of hidden states h1:T , followed by normalization: 1001

e = Norm(Pooling(h1:T )), (13) 1002

where e ∈ Sd−1, h1:T ∈ RT×d. The specific pool- 1003

ing operation depends on the backbone model and 1004
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is defined as follows:1005

Poolingcls := h1, Poolinglast := hT ,

Poolingmean :=
1

T

T∑
t=1

ht,
(14)1006

The ATTN performs the following computations:1007

ATTN(h
′′
t ; h

′′
1:t) = Concat(A1, ...,Anheads

)WO,
(15)10081009

An = softmax

(
(h

′′
t W

n
Q)(h

′′
1:tW

n
K)T

√
dhead

)
(h

′′
1:tW

n
V ),

(16)1010

where W n
Q,W

n
K ,W n

V ∈ Rd×dhead ,WO ∈1011

Rd×d, dhead = d/nheads. For unidirectional mod-1012

els, the attention mask references tokens from 1 to1013

t, whereas for bidirectional models, it references1014

the entire sequence from 1 to T . The MLP opera-1015

tion is defined as follows1016

MLP(h
′
t) = (SiLU(h

′
tW u)⊙ h

′
tW v)W oMLP,

(17)1017

where W u,W v ∈ Rd×dMLP ,WoMLP ∈ RdMLP×d.1018

Next, we describe the architecture of the Normal-1019

ized Transformer Block (nGPT). The first primary1020

modification is that residual connections are com-1021

puted along geodesics:1022

h
′
t = Norm((1 − αA) ⊙ Norm(h

′′
t ) + αA ⊙ Norm(ATTN(h

′′
t ))),

ht = Norm((1 − αM ) ⊙ Norm(h
′
t) + αM ⊙ Norm(MLP(h

′
t))),

(18)1023

where ht, h
′
t, h

′′
t ∈ Sd−1, and αA, αM ∈ Rd are1024

learnable parameters. By constraining the vector1025

updates to the hypersphere, this process enables1026

pseudo-Riemannian optimization. The ATTN and1027

MLP modules incorporate the following modifica-1028

tions:1029

An = softmax(qkT ·
√
dhead)(h

′′
1:tW

n
V ),

where q = Norm(h
′′
tW

n
Q)⊙ sqk,

k = Norm(h
′′
1:tW

n
K)⊙ sqk,

(19)1030

with sqk ∈ Rdhead , and1031

MLP(h′t) = (SiLU(v)⊙ u)W oMLP,

where u = (h′tW u)⊙ su,

v = (h′tW v)⊙ sv
√
dMLP,

(20)1032

with su, sv ∈ RdMLP . Here, sqk, su, sv are learnable1033

scaling parameters introduced to compensate for1034

the absence of the learnable affine parameters typi-1035

cally found in RMSNorm. Furthermore, all weight1036

matrices W are normalized along their embedding1037

dimension at every training step.1038

C Dataset Collection 1039

This section outlines the selection criteria and con- 1040

struction procedures for the dataset. 1041

C.1 Real-world Emotion Dataset 1042

Our primary criterion for dataset selection was the 1043

availability of a diverse range of emotion labels. 1044

Reproducing a circular structure requires gathering 1045

emotions with distinct properties; in particular, low- 1046

arousal emotions (e.g., boredom, calmness) were 1047

critical yet often scarce in standard datasets. 1048

Emolit (Rei and Mladenić, 2023) is a large-scale 1049

emotion text dataset sourced from Project Guten- 1050

berg, annotated with 38 distinct emotion labels. 1051

Each text entry is accompanied by emotion pre- 1052

diction probabilities generated by a binary Natural 1053

Language Inference (NLI) model. The dataset is 1054

characterized by a well-balanced distribution of 1055

diverse emotion labels, achieved through rigorous 1056

preprocessing for noise removal and diversity en- 1057

hancement. For our experiments, we assigned the 1058

emotion with the highest predicted probability as 1059

the ground truth label for each text. 1060

Empathetic Dialogue (Rashkin et al., 2019) is 1061

a conversational emotion dataset. Each session 1062

consists of a Speaker and a Listener, where the 1063

Listener’s responses are designed to empathize 1064

with the Speaker’s emotional state. Although the 1065

dataset is annotated with 32 emotion labels, it is 1066

not grounded in a specific psychological emotion 1067

model; consequently, it contains numerous labels 1068

that are undefined in standard psychological frame- 1069

works. In our preprocessing, we used the speaker’s 1070

first utterance, and mapped ’afraid’ to ’fear’ and in- 1071

cluded ’faithful’ under the ’trust’ category to com- 1072

pensate for the deficiency of samples for the latter. 1073

SuperEmotion (de Fortuny, 2025) is a unified 1074

dataset merging existing sources into Shaver’s six 1075

basic emotions and Neutral (seven classes). We 1076

employed subsets of GoEmotions (Demszky et al., 1077

2020) and CrowdFlower (Van Pelt and Sorokin, 1078

2012) from this collection. Although GoEmotions 1079

is highly popular, it is characterized by significant 1080

class imbalance, particularly regarding the scarcity 1081

of negative samples. 1082

C.2 Synthetic Emotion Dataset 1083

Due to the scarcity of datasets fully covering the 1084

circumplex emotion model, we employ an exist- 1085

ing dataset synthesis framework to construct a new 1086

dataset specifically for our experiments. This ap- 1087

13



Dataset Train/Test Labels

Emolit 6000/1200 love, joy, excitement, surprise, anger, fear, disgust, sadness,
boredom, calmness, relief, trust

Empathetic Dialogue 4000/800 joyful, excited, surprised, angry, afraid, disgusted, sad,
(trusting, faithful)

SuperEmotion 4050/900 love, joy, excitement, surprise, anger, fear, disgust, sadness,
relief

PersonaGen 6000/1200 love, joy, excitement, surprise, anger, fear, disgust, sadness,
boredom, calmness, relief, trust

Table 2: Details of the datasets used in Section 4.3. All datasets are balanced, containing an equal number of samples
for each emotion label. For Empathetic Dialogue, we chose the labels that most closely match the categories in
Figure 3.

Pretrained Model intfloat/
multilingual-e5-large

mixedbread-ai/
mxbai-embed-large-v1

Qwen/
Qwen3-Embedding-4B

nvidia/
llama-embed-nemotron-8b

meta-llama/
Llama-3.2-3B

allenai/
Olmo-3-1025-7B

Backbone unfreeze freeze
Torch dtype bfloat16
Epoch 15
Learning Rate 5e-5
LR scheduler type constant
Train Batch Size 128
Random Seed 42
Hidden size d 1024 2560 4096 3072 4096
Num attention heads 16 32 24 32
Pooling strategy cls last mean last
(SINCERE, SoftCSE)-τ 0.05
CircularCSE-margin m 0

Table 3: Hyperparameters used to train models

proach mitigates the risk of representation space1088

distortion caused by missing labels while ensuring1089

a diverse range of emotional texts.1090

PersonaGen (Inoshita and Harada, 2025) is a1091

framework for generating diverse, high-fidelity text.1092

It assigns persona attributes using census-based1093

statistical distributions and utilizes LLMs to vali-1094

date the consistency of these attribute combinations.1095

This process ensures the creation of realistic per-1096

sonas that are highly likely to exist in reality.1097

PersonaGen prompt template
### System prompt :### You are a roleplay AI.
### User prompt :### Roleplay as the persona
below.
Speak 1-2 natural English sentences expressing
the emotion.

[Persona] {'Age ', 'Job ', 'Education ',
'Location ', 'Family '}

[Scene] {'Scene '}
[Style] {'Style '}
[Emotion] {'Emotion '}
Output:

Figure 7: Prompt template used in the dataset synthesis.

Figure 7 shows the PersonaGen prompt template.1098

We employed seven distinct LLMs to guarantee1099

diversity in the synthesized dataset:1100

• gpt-5-nano (OpenAI, 2025)1101

• Ministral-3-14B-Instruct-2512 (Mistral AI, 2025) 1102
• Olmo-3-7B-Instruct (Allen Institute for AI, 2025) 1103
• Qwen3-30B-A3B-Instruct-2507 (Qwen, 2025) 1104
• Phi-4-mini-instruct (Microsoft, 2025) 1105
• gemma-3-27b-it (DeepMind, 2025) 1106
• Llama-3.3-70B-Instruct (Meta AI, 2024) 1107

After randomly sampling from the model outputs, 1108

we removed duplicates and filtered for a length 1109

range of 3–50 tokens, ultimately collecting 600 1110

texts for each emotion category. 1111

C.3 Integration with ECM 1112

The final dataset specifications are presented in Ta- 1113

ble 2. Emotion labels for each dataset were filtered 1114

based on the configuration shown in Figure 3. We 1115

manually selected emotions that either exhibited 1116

exact name matches or possessed equivalent se- 1117

mantic properties. Furthermore, we balanced the 1118

emotion label distribution in each dataset through 1119

under-sampling to avoid embedding space distor- 1120

tion arising from class imbalance. The findings in 1121

Section 4.3 are based on these datasets. 1122

C.4 Differences between the ECM and 1123

Russell’s Circumplex Model of Affect 1124

Notable deviations from Russell’s Circumplex 1125

Model of Affect include the placement of love at 1126

14



0°, calmness at 270°, and trust at 330°.1127

• 0° (love): While this angle typically repre-1128

sents pleasant emotions such as "satisfied" or1129

"pleased," we adopted "love" because it is a1130

predominant emotion in real-world datasets1131

and is considered the polar opposite of "dis-1132

gust."1133

• 270° (calmness): This angle normally corre-1134

sponds to "tired" or "sleepy." However, to the1135

best of our knowledge, no text datasets anno-1136

tated with these specific labels exist. Conse-1137

quently, we substituted them with "calmness,"1138

which serves as the closest proxy for a deacti-1139

vated emotional state.1140

• 330° (trust): While "serene" is the standard1141

representative for this angle, it is rare within1142

corpora. We therefore adopted "trust" as it1143

approximates the polar opposite of "fear."1144

As discussed in the Limitations section, since our1145

experimental results are primarily driven by dimen-1146

sional constraints, the specific arrangement or se-1147

lection of emotion types does not significantly alter1148

our conclusions. However, effectively capturing1149

rare emotions within training corpora remains a1150

challenge for future work. We posit that Circu-1151

larCSE, with its ability to model inter-emotional1152

relationships, is particularly advantageous for learn-1153

ing low-frequency emotion labels.1154

D Implementation Details1155

Table 3 lists the hyperparameters used for training.1156

These values were determined through preliminary1157

experiments involving various combinations, se-1158

lected to ensure training stability. For any param-1159

eters not explicitly listed, we employ the default1160

settings.1161

E Overall Results1162

Table 4 presents the results obtained by training1163

six distinct backbone models across each dataset,1164

applying six combinations of head architectures1165

and loss functions. Observing the trends across1166

datasets, we find that all methods consistently1167

demonstrate significantly high accuracy on Per-1168

sonaGen, whereas performance remains low on1169

Empathetic Dialogue and SuperEmotion.1170

This suggests that compared to real-world data,1171

synthetic data lacks diversity and ambiguity, mak-1172

ing it an inherently easier dataset for emotion pre-1173

diction. Conversely, Empathetic Dialogue and Su- 1174

perEmotion originate from conversations and social 1175

media, respectively; these results imply that accu- 1176

rate emotion prediction on such datasets is difficult 1177

without clear context. 1178

F Robustness Experiments 1179

We illustrate the dimensionality robustness of mE5, 1180

Qwen3-Embedding-4B, and Llama-3.2-3B in Fig- 1181

ure 8, and the robustness to label count variations in 1182

Figure 10. Experiments regarding variations in the 1183

number of labels were conducted using the Emolit 1184

dataset. Figure 9 illustrates the arrangement and 1185

types of emotions within the circular model. We 1186

manually determined these label placements based 1187

on Russell’s Circumplex Model (Russell, 1980; Yik 1188

et al., 2011). 1189

G Lower Bound of SINCERE 1190

In this section, we provide a simplified proof re- 1191

garding the lower bound of SINCERE. To simplify 1192

the derivation, we posit the following assumption. 1193

Assumption 1 (Class Prototype). 1194

The representation of each class yi ∈ E = 1195

{y1, . . . , yE} is concentrated at a single point, de- 1196

noted by the unit vector ei ∈ Sd−1, ∥ei∥ = 1, and 1197

the positive example corresponding to an anchor is 1198

always ei. 1199

Assumption 2 (Class Uniformity). 1200

The dataset is class-balanced, i.e., p(y = i) = 1
E . 1201

We analyze the population (expected) SINCERE 1202

objective, under which an anchor from class yi 1203

contrasts against the representations of all other 1204

classes in expectation. Consequently, the negative 1205

set consists of the E − 1 class prototypes {ej}j ̸=i. 1206

Under these assumptions, given the formulation: 1207

LSINCERE =

EiEj∼P

[
− log

exp(eTi ej/τ)

exp(eTi ej/τ) +
∑

k∈N exp(eTi ek/τ)

]
(21) 1208

the following holds: 1209

Theorem. 1210

When there are E emotion classes, the lower bound 1211

of LSINCERE is achieved when the class representa- 1212

tions form a regular simplex, resulting in a positive- 1213

negative inner product (similarity) of − 1
E−1 . 1214

Here, a regular simplex is a configuration where 1215

the class representations satisfy the following con- 1216

ditions: 1217

• Zero Sum:
∑E

i=1 ei = 0 1218
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• Equal Norms1219

• Equal Pairwise Inner Products1220

It is well-established that Cross Entropy Loss and1221

Supervised Contrastive Loss also converge to a1222

regular simplex under certain conditions (Papyan1223

et al., 2020; Graf et al., 2021). For a more rigorous1224

proof, please refer to (Papyan et al., 2020; Graf1225

et al., 2021).1226

Proof.1227

LSINCERE =

EiEj∼P

[
− log

exp(eTi ej/τ)

exp(eTi ej/τ) +
∑

k∈N exp(eTi ek/τ)

]
= EiEj∼P

[
− log

exp(1/τ)

exp(1/τ) +
∑

k∈N exp(eTi ek/τ)

]

= EiEj∼P

[
log

(
1 +

∑
k∈N

exp

(
eTi ek − 1

τ

))]
(22)1228

Given that τ > 0, LSINCERE is monotoni-1229

cally increasing with respect to exp(eTi ek/τ).1230

Consequently, minimizing LSINCERE is equiva-1231

lent to minimizing the negative sample term1232 ∑
k∈N exp(eTi ek/τ) for each sample. For the set1233

of class vectors {e1, . . . , eE} ⊂ Sd−1, the squared1234

L2 norm of their sum is given by:1235

∥∥∥∥∥
E∑

i=1

ei

∥∥∥∥∥
2

=

E∑
i=1

∥ei∥2 +
∑
i̸=k

eTi ek = E +
∑
i̸=k

eTi ek ≥ 0

(23)1236

Therefore, it follows that:
∑

i̸=k e
T
i ek ≥ −E. Let1237

eTi ek denote the mean of the inner products for1238

all pairs. Using the relationship
∑

i̸=k e
T
i ek =1239

E(E − 1)eTi ek, we derive the inequality1240

eTi ek ≥ − 1

E − 1
(24)1241

This implies that the global average of the inner1242

products between a class vector and vectors of other1243

classes is lower-bounded by − 1
E−1 . We consider1244

the lower bound of the negative term. Since the1245

exponential function is convex, applying Jensen’s1246

inequality:1247

∑
k∈N

1

E − 1
exp

(
eTi ek
τ

)
≥ exp

(∑
k∈N

1

E − 1

eTi ek
τ

)
(25)1248

Based on Assumption 2, we derive:1249

∑
k∈N

exp

(
eTi ek
τ

)
≥ (E− 1) exp

(
eTi ek
τ

)
(26)1250

Applying Jensen’s inequality again, 1251

E∑
i=1

∑
k∈N

1

E
exp

(
eTi ek
τ

)

≥ (E − 1)

E∑
i=1

1

E
exp

(
eTi ek
τ

)

≥ (E − 1) exp

(
E∑
i=1

1

E

eTi ek
τ

) (27) 1252

Based on Equation (24), 1253

E∑
i=1

∑
k∈N

exp

(
eTi ek
τ

)
≥ E(E − 1) exp

(
−1

(E − 1)τ

)
(28) 1254

This is the lower bound of SINCERE Loss based 1255

on the Assumption. The condition for equality in 1256

Jensen’s inequality dictates that all pairwise inner 1257

products between class vectors must be equal, and 1258

their mean must be − 1
E−1 . Consequently, the class 1259

similarity between positive and negative samples 1260

required to achieve the lower bound is given by 1261

eTi ek = − 1

E − 1
∀ i ̸= k (29) 1262

Furthermore, the condition for equality in Equa- 1263

tion (24) is given by: 1264∥∥∥∥∥
E∑
i=1

ei

∥∥∥∥∥
2

= 0 ⇐⇒
E∑
i=1

ei = 0 (30) 1265

Summarizing these conditions, it is shown that the 1266

geometry required to achieve the minimum loss 1267

satisfies the properties of a regular simplex. 1268

H MDS Visualization 1269

Figures 11, 12, and 13 display the visualization 1270

results of the embedding representations from each 1271

module of mE5, Qwen3-Embedding-4B, Llama- 1272

3.2-3B on the Emolit dataset, projected using MDS. 1273

Figure 14 presents a MDS plot of the embeddings 1274

from the nGPT head of Qwen3-Embedding-4B, 1275

trained on the 12 emotion labels of Emolit used in 1276

Section 4.3. This visualization encompasses all 38 1277

emotion labels from the Emolit dataset, including 1278

those not seen during training. CircularCSE demon- 1279

strates the ability to position even unseen emotion 1280

labels in generally plausible locations. Further- 1281

more, the region surrounding "boredom" and "calm- 1282

ness" is sparsely populated; this suggests that such 1283

visualizations can be utilized to examine the bias 1284

and comprehensiveness of emotion labels within a 1285

newly proposed dataset. 1286
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(a) mE5 (b) Qwen3-Embedding-4B (c) Llama-3.2-3B
Figure 8: Robustness to dimensionality reduction.

Figure 9: Empirical circumplex models used in label variation experiments

(a) mE5 (b) Qwen3-Embedding-4B (c) Llama-3.2-3B
Figure 10: Robustness to the number of emotion labels.
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Figure 11: MDS visualization of mE5
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Figure 12: MDS visualization of Qwen3-Embedding-4B
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Figure 13: MDS visualization of Llama-3.2-3B
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Figure 14: MDS plot of all emotion labels in the Emolit dataset for Qwen3-Embedding-4B trained with ECM. The
plotted label names represent the centroids for each emotion class.
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Base Model Method Emolit Empathetic Dialogue SuperEmotion PersonaGen Average

VMeasure CD-r VMeasure CD-r VMeasure CD-r VMeasure CD-r VMeasure CD-r

mE5

Pretrained 0.437 0.631 0.237 0.512 0.170 0.554 0.525 0.599 0.342 0.574

SINCERE
- GPT 0.835 0.402 0.667 0.413 0.621 0.343 0.917 0.112 0.760 0.317
- nGPT 0.822 0.068 0.643 0.504 0.595 0.186 0.916 0.125 0.744 0.221

SoftCSE
- GPT 0.817 0.519 0.649 0.514 0.636 0.574 0.915 0.302 0.755 0.477
- nGPT 0.822 0.468 0.660 0.575 0.621 0.559 0.909 0.395 0.753 0.499

CircularCSE
- GPT 0.796 0.894 0.593 0.551 0.570 0.688 0.909 0.896 0.717 0.757
- nGPT 0.787 0.904 0.610 0.537 0.565 0.710 0.918 0.907 0.720 0.764

mxbai

Pretrained 0.603 0.740 0.502 0.326 0.285 0.490 0.670 0.625 0.515 0.545

SINCERE
- GPT 0.831 0.293 0.640 0.408 0.609 0.212 0.909 0.234 0.747 0.287
- nGPT 0.825 0.159 0.648 0.492 0.595 0.482 0.912 0.226 0.745 0.340

SoftCSE
- GPT 0.841 0.645 0.657 0.584 0.595 0.479 0.912 0.686 0.751 0.599
- nGPT 0.826 0.577 0.628 0.636 0.610 0.506 0.927 0.619 0.748 0.585

CircularCSE
- GPT 0.840 0.893 0.623 0.513 0.568 0.700 0.912 0.899 0.736 0.751
- nGPT 0.793 0.886 0.604 0.520 0.572 0.705 0.907 0.910 0.719 0.755

Qwen3
-Embedding
-4B

Pretrained 0.579 0.556 0.435 0.442 0.273 0.440 0.691 0.651 0.495 0.522

SINCERE
- GPT 0.859 0.122 0.651 0.595 0.588 0.490 0.927 0.013 0.756 0.305
- nGPT 0.840 0.519 0.673 0.471 0.554 0.579 0.895 0.613 0.741 0.545

SoftCSE
- GPT 0.846 0.647 0.646 0.673 0.578 0.487 0.932 0.403 0.751 0.552
- nGPT 0.836 0.729 0.643 0.587 0.523 0.731 0.890 0.786 0.723 0.708

CircularCSE
- GPT 0.709 0.893 0.530 0.520 0.471 0.675 0.860 0.900 0.643 0.747
- nGPT 0.741 0.880 0.603 0.560 0.443 0.660 0.850 0.911 0.659 0.753

Llama
-Embed
-Nemotron
-8B

Pretrained 0.271 0.373 0.227 0.258 0.160 0.118 0.494 0.715 0.288 0.366

SINCERE
- GPT 0.841 -0.041 0.696 0.591 0.601 0.461 0.940 -0.293 0.769 0.180
- nGPT 0.834 0.386 0.693 0.345 0.627 0.393 0.938 0.617 0.773 0.435

SoftCSE
- GPT 0.847 0.577 0.685 0.691 0.600 0.423 0.941 0.339 0.768 0.508
- nGPT 0.847 0.735 0.692 0.591 0.599 0.657 0.938 0.756 0.769 0.685

CircularCSE
- GPT 0.710 0.902 0.603 0.508 0.519 0.675 0.903 0.908 0.684 0.748
- nGPT 0.685 0.901 0.605 0.483 0.447 0.671 0.880 0.913 0.654 0.742

Llama-3.2
-3B

Pretrained 0.100 0.064 0.069 0.067 0.050 0.101 0.159 0.636 0.094 0.217

SINCERE
- GPT 0.780 0.404 0.627 0.548 0.566 0.363 0.926 0.116 0.725 0.358
- nGPT 0.752 0.419 0.357 0.262 0.296 0.566 0.903 0.451 0.577 0.425

SoftCSE
- GPT 0.760 0.600 0.616 0.723 0.549 0.476 0.913 0.391 0.710 0.548
- nGPT 0.628 0.881 0.362 0.522 0.276 0.676 0.798 0.833 0.516 0.728

CircularCSE
- GPT 0.588 0.891 0.484 0.457 0.425 0.657 0.817 0.909 0.579 0.728
- nGPT 0.489 0.902 0.250 0.465 0.196 0.564 0.592 0.900 0.382 0.708

Olmo-3
-7B

Pretrained 0.047 -0.005 0.024 -0.036 0.048 -0.014 0.133 0.265 0.063 0.053

SINCERE
- GPT 0.805 0.424 0.615 0.485 0.581 0.403 0.929 0.169 0.732 0.370
- nGPT 0.786 0.444 0.409 0.297 0.376 0.467 0.913 0.243 0.621 0.363

SoftCSE
- GPT 0.805 0.578 0.609 0.579 0.561 0.425 0.941 0.380 0.729 0.490
- nGPT 0.742 0.800 0.351 0.546 0.335 0.636 0.898 0.701 0.582 0.671

CircularCSE
- GPT 0.630 0.903 0.484 0.487 0.414 0.682 0.844 0.902 0.593 0.744
- nGPT 0.494 0.876 0.248 0.418 0.254 0.533 0.605 0.914 0.400 0.685

Table 4: V-Measure and Circumplex Distance correlation (CD-r) across datasets and models. Bold indicates the
maximum value and underlined indicates the minimum value across different configurations for each model.
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