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Abstract

Graph coarsening is a technique for solving
large-scale graph problems by working on a
smaller version of the original graph, and possibly
interpolating the results back to the original graph.
It has a long history in scientific computing
and has recently gained popularity in machine
learning, particularly in methods that preserve
the graph spectrum. This work studies graph
coarsening from a different perspective, devel-
oping a theory for preserving graph distances
and proposing a method to achieve this. The
geometric approach is useful when working with
a collection of graphs, such as in graph classifica-
tion and regression. In this study, we consider a
graph as an element on a metric space equipped
with the Gromov—Wasserstein (GW) distance,
and bound the difference between the distance
of two graphs and their coarsened versions.
Minimizing this difference can be done using
the popular weighted kernel K-means method,
which improves existing spectrum-preserving
methods with the proper choice of the kernel. The
study includes a set of experiments to support
the theory and method, including approximating
the GW distance, preserving the graph spectrum,
classifying graphs using spectral information, and
performing regression using graph convolutional
networks. Code is available at https:
//github.com/ychen-stat-ml/
GW-Graph-Coarsening.

1. Introduction

Modeling the complex relationship among objects by us-
ing graphs and networks is ubiquitous in scientific applica-
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Figure 1: An example of graph coarsening. Three nodes
v1, V2, and vz are merged to a supernode v} in the coarsened

graph, while each of the other nodes (v4, v5, and vg) is a
separate supernode.

tions (Morris et al., 2020). Examples range from analysis
of chemical and biological networks (Debnath et al., 1991;
Helma et al., 2001; Dobson & Doig, 2003; Irwin et al.,
2012; Sorkun et al., 2019), learning and inference with
social interactions (Oettershagen et al., 2020), to image un-
derstanding (Dwivedi et al., 2020). Many of these tasks are
faced with large graphs, the computational costs of which
can be rather high even when the graph is sparse (e.g., com-
puting a few extreme eigenvalues and eigenvectors of the
graph Laplacian can be done with a linear cost by using the
Lanczos method, while computing the round-trip commute
times requiring the pesudoinverse of the Laplacian, which
admits a cubic cost). Therefore, it is practically important to
develop methods that can efficiently handle graphs as their
size grows. In this work, we consider one type of methods,
which resolve the scalability challenge through working on
a smaller version of the graph. The production of the smaller
surrogate is called graph coarsening.

Graph coarsening is a methodology for solving large-scale
graph problems. Depending on the problem itself, one may
develop a solution based on the coarsened graph, or interpo-
late the solution back to the original one. Figure 1 illustrates
a toy example of graph coarsening, whereby a cluster of
nodes (v, v2, and v3) in the original graph are merged to
a so-called supernode (v}) in the coarsened graph. If the
problem is graph classification (predicting classes of multi-
ple graphs in a dataset), one may train a classifier by using
these smaller surrogates, if it is believed that they inherit the
characteristics of the original graphs necessary for classifica-
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tion. On the other hand, if the problem is node regression,'

one may predict the targets for the nodes in the coarsened
graph and interpolate them in the original graph (Huang
etal., 2021).

Graph coarsening has a long history in scientific computing,
while it gains attraction in machine learning recently (Chen
et al., 2022). A key question to consider is what characteris-
tics should be preserved when reducing the graph size. A
majority of work in machine learning focuses on the spectral
properties (Loukas & Vandergheynst, 2018; Loukas, 2019;
Hermsdorff & Gunderson, 2019; Jin et al., 2020). That is,
one desires that the eigenvalues of the original graph G are
close to those of the coarsened graph G(¢). While being
attractive, it is unclear why this objective is effective for
problems involving a collection of graphs (e.g., graph clas-
sification), where the distances between graphs shape the
classifier and the decision boundary. Hence, in this work,
we consider a different objective, which desires that the
distance of a pair of graphs, dist(G1, G2), is close to that of

their coarsened versions, dist(G\”, G{”).
To achieve so, we make the following contributions.

* We consider a graph as an element on the metric
space endowed with the Gromov—Wasserstein (GW) dis-
tance (Chowdhury & Mémoli, 2019), which formalizes
the distance of graphs with different sizes and different
node weights. We analyze the distance between G and
G(©) as a major lemma for subsequent results.

* We establish an upper bound on the difference of the
GW distance between the original graph pair and that
of the coarsened pair. Interestingly, this bound depends
on only the respective spectrum change of each of the
original graphs. Such a finding explains the effectiveness
of spectrum-preserving coarsening methods for graph
classification and regression problems.

* We bridge the connection between the upper bound and
weighted kernel K-means, a popular clustering method,
under a proper choice of the kernel. This connection leads
to a graph coarsening method that we demonstrate to
exhibit attractive inference qualities for graph-level tasks,
compared with other spectrum-preserving methods.

2. Related Work

Graph coarsening was made popular by scientific comput-
ing many decades ago, where a major problem was to solve
large, sparse linear systems of equations (Saad, 2003). (Ge-
ometric) Multigrid methods (Briggs et al., 2000) were used

"Machine learning problems on graphs could be on the graph
level (e.g., classitying the toxicity of a protein graph) or on the
node level (e.g., predicting the coordinates of each node (atom)
in a molecular graph). In this work, our experiments focus on
graph-level problems.

to solve partial differential equations, the discretization of
which leads to a mesh and an associated linear system.
Multigrid methods solve a smaller system on the coarsened
mesh and interpolate the solution back to the original mesh.
When the linear system is not associated with a geometric
mesh, algebraic multigrid methods (Ruge & Stiiben, 1987)
were developed to treat the coefficient matrix as a general
graph, so that graph coarsening results in a smaller graph
and the procedure of “solving a smaller problem then inter-
polating the solution on the larger one” remains applicable.

Graph coarsening was introduced to machine learning as
a methodology of graph summarization (Liu et al., 2018)
through the concepts of “graph cuts,” “graph clustering,
and “graph partitioning.” A commonality of these concepts
is that graph nodes are grouped together based on a cer-
tain objective. Graph coarsening plays an important role
in multilevel graph partitioning (Karypis & Kumar, 1999).
The normalized cut (Shi & Malik, 2000) is a well-known
and pioneering method for segmenting an image treated as a
graph. Dhillon et al. (2007) compute weighted graph cuts by
performing clustering on the coarsest graph resulting from
hierarchical coarsening and refining the clustering along the
reverse hierarchy. Graph partitioning is used to form convo-
lutional features in graph neural networks (Defferrard et al.,
2016) and to perform neighborhood pooling (Ying et al.,
2018). Graph coarsening is used to learn node embeddings
in a hierarchical manner (Chen et al., 2018). For a survey of
graph coarsening with comprehensive accounts on scientific
computing and machine learning, see Chen et al. (2022).

I

A class of graph coarsening methods aim to preserve the
spectra of the original graphs. Loukas & Vandergheynst
(2018) and Loukas (2019) introduce the notion of “restricted
spectral similarity” (RSS), requiring the eigenvalues and
eigenvectors of the coarsened graph Laplacian, when re-
stricted to the principal eigen-subspace, to approximate
those of the original graph. Local variation algorithms are
developed therein to achieve RSS. Jin et al. (2020) suggest
the use of a spectral distance as the key metric for measuring
the preservation of spectral properties. The authors develop
two coarsening algorithms to maximally reduce the spec-
tral distance between the original and the coarsened graph.
Hermsdorff & Gunderson (2019) develop a probabilistic
algorithm to coarsen a graph while preserving the Laplacian
pseudoinverse, by using an unbiased procedure to minimize
the variance.

Graph coarsening is increasingly used in deep learning. One
limitation of traditional coarsening methods is that they
mean to be universally applicable to any graphs, without the
flexibility of adapting to a particular dataset or distribution
of its own characteristics. Cai et al. (2021) address this limi-
tation by adjusting the edge weights in the coarsened graph
through graph neural networks (GNNs). Conversely, graph
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coarsening techniques can be applied to scale up GNNs by
preprocessing the graphs (Huang et al., 2021). On a separate
note, graph condensation (Jin et al., 2021) is another tech-
nique to accelerate GNNs, which uses supervised learning
to condense node features and the graph structure. Further-
more, graph pooling can assign a node in the original graph
to multiple supernodes (Grattarola et al., 2022), similar to
the relaxation-based graph coarsening strategy explored in
the algebraic multigrid literautre (Ron et al., 2011).

3. Notations and Preliminaries

In this section, we set up the notations for graph coarsening
and review the background of Gromov—Wasserstein dis-
tance. Additional information can be found in Appendix A.

3.1. Graphs and Laplacians

We denote an undirected graph as GG, whose node set is
Vo= {UT}f\Ll with size N = |V| and whose symmetric
weighted adjacency is A := [a;;]. The N-by-N (combina-
torial) Laplacian matrix is defined as L := D — A, where
D := diag (Aly) is the degree matrix. The normalized
Lapalcian is £ := D2 LD~ 2. Without loss of generality,
we assume that G is connected, in which case the smallest
eigenvalue of L and L is zero and is simple.

3.2. Graph coarsening and coarsened graphs

Given a graph G, graph coarsening amounts to finding a
smaller graph G(°) with n < |V| nodes to approximate
G. One common coarsening approach obtains the coars-
ened graph from a parititioning P = {Py, Pa, ..., Py} of
the node set V (Loukas & Vandergheynst, 2018). In this
approach, each subset P; of nodes are collapsed to a supern-
ode in the coarsened graph and the edge weight between
two supernodes is the sum of the edge weights crossing the
two corresponding partitions. Additionally, the sum of the
edge weights in a partition becomes the weight of the su-
pernode. In the matrix notation, we use C), € {0, 1}"XN to
denote the membership matrix induced by the partitioning
P, with the (k, %) entry being C),(k, i) = 1(,,cp,}» Where
1;.; is the indicator function. For notational convenience,
we define the adjacency matrix of the coarsened graph to
be A(®) = CpACg . Note that A(©) includes not only edge
weights but also node weights.

If we similarly define D(©) := diag (A(®1,,) to be the
degree matrix of the coarsened graph G(), then it can
be verified that the matrix L(°) = C,LC} = D) —

A is a (combinatorial) Laplacian (because its smallest
eigenvalue is zero and is simple). Additionally, £ =

_1 _1
(D(C)) 2 L© (D(C)) ? is the normalized Laplacian.

In the literature, the objective of coarsening is often to mini-

mize some difference between the original and the coarsened
graph. For example, in spectral graph coarsening, Loukas
(2019) proposes that the L-norm of any /N-dimensional vec-
tor 2 be close to the L(®)-norm of the n-dimensional vector
(CT)*x; while Jin et al. (2020) propose to minimize the
difference between the ordered eigenvalues of the Lapla-
cian of G and those of the lifted Laplacian of G(©) (such
that the number of eigenvalues matches). Such objectives,
while being natural and interesting in their own right, are
not the only choice. Questions may be raised; for example,
it is unclear why the objective is to preserve the Laplacian
spectrum but not the degree distribution or the clustering
coefficients. Moreover, it is unclear how preserving the spec-
trum benefits the downstream use. In this paper, we consider
a different objective—preserving the graph distance—which
may help, for example, maintain the decision boundary in
graph classification problems. To this end, we review the
Gromov—Wasserstein (GW) distance.

3.3. Gromov-Wasserstein distance and its induced
metric space

The GW distance was originally proposed by Mémoli (2011)
to measure the distance between two metric measure spaces
My and M- y.2 However, using metrics to characterize the
difference between elements in sets X and ) can be too
restrictive. Peyré et al. (2016) relaxed the metric notion
by proposing the GW discrepancy, which uses dissimilar-
ity, instead of metric, to characterize differences. Chowd-
hury & Mémoli (2019) then extended the concept of GW
distance/discrepancy from metric measure spaces to mea-
sure networks, which can be considered a generalization of
graphs.

Definition 3.1 (Measure network). A measure network is a
triple (X, wx, px ), where X is a Polish space (a separable
and completely metrizable topological space), px is a fully
supported Borel probability measure, and wx is a bounded
measurable function on X2

In particular, a graph G (augmented with additional infor-
mation) can be taken as a discrete measure network. We
let X be the set of graph nodes {vi}ilil and associate with
it a probability mass ux = m = [mq,...,my|" € Rf,
vazl m; = 1. Additionally, we associate G' with the node
similarity matrix S = [s;;] € RV*N, whose entries are
induced from the measurable map wx: s;; = wx (v;, vj).
Note that the mass m and the similarity .S do not necessar-
ily need to be related to the node weights and edge weights,
although later we will justify and advocate the use of some
variant of the graph Lapalcian as S.

2A metric measure space My is the triple (X, dx, x ), where
(X,dx) is a metric space with metric dx and px is a Borel
probability measure on X
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For a source graph G, with Ng nodes and mass m and a
target graph G; with N; nodes and mass m;, we can define
a transport matrix T' = [t;;] € RN<=*Nt_ where t;; specifies
the probability mass transported from v; (the ¢-th node of
Gy) to v§ (the j-th node of G;). We denote the collection
of all feasible transport matrices as Il ;, which includes
all T that satisfy T1 = mg, and T71 = my. Using the
¢, transportation cost L(a,b) = (a — b)?, Chowdhury &
Mémoli (2019) define the GW, distance for graphs as

Ns Ny
GW (GsyGt _Trglllrslt Z Z ’I‘zz ’-Tjj
i,j=114",j'=1
Tlgﬁf,,K ,T), )]

whre the cross-graph dissimilarity matrix M € RN+ *N¢ has
entries Mj; = 3 5 i " Ty (which by them-

i |5ig
selves are dependent on T').

The computation of the GW,, distance (GW distance for
short) can be thought of as finding a proper alignment of
nodes in two graphs, such that the aligned nodes v; and
v}, have similar interactions with other nodes in their re-
spective graphs. Intuitively, this is achieved by assigning
large transport mass T}/ to a node pair (v v] +) with small
dissimilarity M ;,, making the GW dlstance a useful tool
for graph matching (Xu et al., 2019b). We note that variants
of the GW distance exist; for example, Titouan et al. (2019)
proposed a fused GW distance by additioanlly taking into
account the dissimilarity of node features. We also note that
computing the GW distance is NP-hard, but several approx-
imate methods were developed (Xu et al., 2019a; Zheng
et al., 2022). In this work, we use the GW distance as a
theoretical tool and may not need to compute it in action.

On closing this section, we remark that Chowdhury &
Mémoli (2019, Theorem 18) show that the GW distance
is indeed a metric for measure networks, modulo weak iso-
morphism.? Therefore, we can formally establish the metric
space of interest.

Definition 3.2 (GW,, space). Let NV be the collection of all
measure networks. For p > 1, we denote by (N, GW,,) the
metric space of measure networks endowed with the GW,,
distance defined in (1) and call it the GW, space.

4. Graph Coarsening from a
Gromov-Wasserstein Geometric View

In this section, we examine how the GW geometric perspec-
tive can shape graph coarsening. In Section 4.1, we provide
a framework that unifies many variants of the coarsening ma-
trices through the use of the probability mass m introduced

3>The weak isomorphism allows a node to be split into several
identical nodes with the mass preserved. See Definition 3 of
Chowdhury & Mémoli (2019).

in the context of measure networks. Then, in Section 4.2, we
analyze the variant associated with the similarity matrix S.
In particular, we establish an upper bound of the difference
of the GW distances before and after coarsening. Based on
the upper bound, in Section 4.3 we connect it with some
spectral graph techniques and in Section 4.4 we advocate a
choice of S in practice.

4.1. A unified framework for coarsening matrices

The membership matrix C), is a kind of coarsening matri-
ces: it connects the adjacency matrix A with the coarsened
version A(©) through Ale) = CpACg . There are, however,
different variants of coarsening matrices. We consider three
here, all having a size n x N.

(i) Accumulation. This is the matrix C),. When multiplied
to the left of A, the i-th row of the product is the sum
of all rows of A corresponding to the partition P;.

(i) Averaging. A natural alternative to summation is
(weighted) averaging. We define the diagonal mass
matrix W = diag (mq,--- ,my) and for each parti-
tion P;, the accumulated mass ¢; = jep: My for all
i € [n]. Then, the averaging coarsening matrix is

011) = diag(cl_la T ;1)0 w.

This matrix takes the effect of averaging because of the
division over ¢;. Moreover, when the probability mass
m is uniform (i.e., all m;’s are the same), we have the
relation C;f = CJ.
(iii) Projection. Neither C), nor C,, is orthogonal. We
define the projection coarsening matrix as
C, = diag(cl_l/Q, e ,051/2)CPW%,
by noting that C,,C] is the identity and hence C,,
has orthonoral rows. Therefore, the N-by-/N matrix
= W%CgéwW_% = CIC, is a projection
operator.

In Section 3.2, we have seen that the combinatorial Lapla-
cian L takes C), as the coarsening matrix, because the re-
lationship L(¢) = CpLC] inherits from Al = C,AC].
On the other hand, it can be proved that, if we take the
diagonal mass matrix W to be the degree matrix D, the
normalized Laplacian defined in Section 3.2 can be written
as L9 = C,, LCT (see Appendix B.1). In other words,
the normalized Laplacian uses C, as the coarsening ma-
trix. The matrix £ is called a doubly-weighted Lapla-

cian (Chung & Langlands, 1996).

For a general similarity matrix S (not necessarily a Lapla-
cian), we use the averaging coarsening matrix C,, and
define §(© := C,SCJ. This definition appears to be
more natural in the GW setting; see a toy example in Ap-
pendix B.2. It is interesting to note that Vincent-Cuaz et al.
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(2022) proposed the concept of semi-relaxed GW (stGW)
divergence, wherein the first-order optimality condition of
the constrained srtGW barycenter problem is exactly the
equality S(©) = C,,SCT. See Appendix B.3.

In the next subsection, we will consider the matrix U :=
Wz SW z. We define the coarsened version by using the
projection coarsening matrix C,, as in U(®) := C,UC].
We will bound the distance of the original and the coarsened
graph by using the eigenvalues of U and U(®). The reason
why U and S use different coarsening matrices lies in the
technical subtlety of Wa: C,, absorbs this factor from C,,.

4.2. Graph distance on the GW;, space

Now we consider the GW distance between two graphs. For
theoretical and computational convenience, we take the ¢
transportation cost (i.e., taking p = 2 in (1)). When two
graphs G; and G5 are concerned, we inherit the subscripts 1
and 5 to all related quantities, such as the probability masses
m; and mo, avoiding verbatim redundancy when intro-
ducing notations. This pair of subscripts should not cause
confusion with other subscripts, when interpreted in the
proper context. Our analysis can be generalized from the
GW,, distance to other distances, as long as the transporta-
tion cost satisfies the following decomposable condition.

Proposition 4.1. (Peyré et al., 2016) Let T* € RN1xN2
be the optimal transport plan from my to ms,* and S, €
RNeXNe pe similarity matrices for k = 1, 2. If the transport
cost can be written as L(a,b) = f1(a)+ f2(b)—hi(a)ha(b)
for some element-wise functions (f1, f2, hi, he), then we
can write M in (1) as

fl(Sl)mllTN2 =+ lNlmng(Sg)T — hl(Sl)T*hQ(SQ)T.

Clearly, for the squared cost L(a,b) = (a — b)?, we may
take f1 (a) = a2, fg(b) = 62, hl(a) = a, and hg(b) = 2b.

We start the analysis by first bounding the distance between
G and G©),

Theorem 4.2 (Single graph). Consider a graph G with
positive semi-definite (PSD) similarity matrix S and diag-
onal mass matrix W and similarly the coarsened graph
GO, Let A1 > Ao > -+ > Ay be the sorted eigenvalues
of U =W2SW? and A\ > -+ > A\ be the sorted
eigenvalues of U®) = C,,UCT. Then,

GW%(G’ G(()) < )\N—n-i-l Zn: ()\z - /\56)) + C(U,na ()

i=1
where Cyn = > i AN — A D+ N A2is
Un — i=1 i\ g N—n+1i i=n+1"'%
non-negative and is independent of coarsening.

“The existence of T is guaranteed by the fact that the fea-
sible region of T' is compact and the object function (M, T') is
continuous with respect to T'.

Remark 4.3. (i) The bound is tight when n = N because
the right-hand side is zero in this case. (ii) The choice of
coarsening only affects the spectral difference

A= (0 =N, 3)
i=1

because Cys , is independent of it. Each term \; — )\EC) in A
is non-negative due to the Poincaré separation theorem (see
Appendix D.1). (iii) A is a generalization of the spectral
distance proposed by Jin et al. (2020), because our matrix U
is not necessarily the normalized Laplacian. For additional
discussions, see Appendix B.4. (iv) When U is taken as
the normalized Laplacian, our bound is advantageous over
the bound established by Jin et al. (2020) in the sense that
A is the only term impacted by coarsening and that no
assumptions on the K -means cost are imposed.

We now bound the difference of distances. The following
theorem suggests that the only terms dependent on coarsen-
ing are A; and A, counterparts of A in Theorem 4.2, for
graphs GG and G, respectively.

Theorem 4.4. Given a pair of graphs G1 and G, we extend
all notations in Theorem 4.2 by adding subscripts 1 and 5 re-

spectively for G1 and G. We denote the optimal transport
plan induced by GW4(G1, G2) as T* and let the normal-
1 1

ized counterpart be P = W, *T*W,, 2. Additionally, we
define Vi = PWQ% Sng PT with eigenvalues v1,1 >

> > vy, and Vo = PTW,SiW; P with
eigenvalues vo 1 > Va9 > -+ > Vo N,, both independent
of coarsening. Then, ’GW% (G(lc), Géc)) — GW3(Gy, Gy)
is upper bounded by

V1,2 > ...

max {Al,Nl—nl—‘rl : Al + CUl,nl
+ A2, Ny—not1 - D2 + Cuy s

2. [Vl,lenlJrl A+ CUI»Vl’nl

+ V2, Ny—ny+1 A + CU2,V2,TL2] }7

where Cyy, n, is from Theorem 4.2 and the other coarsening-
independent terms Uy, Cu, n,, CU, Vi no > CU, Vo ng are
introduced in Lemma E.5 in Appendix E.

Remark 4.5. (i) The above bound takes into account both
the differences between two graphs and their respective
coarsenings. Even when the two graphs are identical G; =
(2, the bound can still be nonzero if the coarsened graphs
G and GY) do not match. (i) The decoupling of A;
and A, offers an algorithmic benefit when one wants to
optimize the differences of distances for all graph pairs in a
dataset: it suffices to optimize the distance between G and
G for each graph individually. This benefit is in line with
the prior practice of directly applying spectrum-preserving
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coarsening methods for graph-level tasks (Jin et al., 2020;
Huang et al., 2021). Their experimental results and our
numerical verification in Section 6 show that our bound is
useful and it partly explains the empirical success of spectral
graph coarsening.

4.3. Connections with truncated SVDs and Laplacian
eigenmaps

The spectral difference A = Y7 ()\7; - )\gc)) in Theo-
rem 4.2 can be used as the loss function for defining an
optimal coarsening. Because A + Ef\inﬂ Xi =Tr(U) -
Tr(C,UCY]) and because Zf\[:n 41 Ai is independent of
coarsening, minimizing A is equivalent to the following
problem

min Tr (U — I, UTL,) )

Cy

by recalling that II,, = CJIC,, is a projector. The
problem (4) is a well-known trace optimization problem,
which has rich connections with many spectral graph tech-
niques (Kokiopoulou et al., 2011).

Connection with truncated SVD. At first sight, a small
trace difference does not necessarily imply the two matrices
are close. However, because II,, is a projector, the Poincaré
separation theorem (see Appendix D.1) suggests that their
eigenvalues can be close. A well-known example of using
the trace to find optimal approximations is the truncated
SVD, which retains the top singular values (equivalently
eigenvalues for PSD matrices). The truncated SVD is a tech-
nique to find the optimal rank-n approximation of a general
matrix U in terms of the spectral norm or the Frobenius
norm, solving the problem

min Tr(U — CTCUCTC),
CcecOo,

where O, is the class of all rank-n orthogonal matrices. The
projection coarsening matrix C, belongs to this class.

Connection with Laplacian eigenmaps. The Laplacian
eigenmap (Belkin & Niyogi, 2003) is a manifold learning
technique that learns an n-dimensional embedding for N
points connected by a graph. The embedding matrix Y
solves the trace problem miny pyr—y, Tr (YLYT). If we
letY =YD 2, the problem is equivalent to

min Tr (YEYT) .
YecO,

Different from truncated SVD, which uses the top singular
vectors (eigenvectors) to form the solution, the Laplacian
eigenmap uses the bottom eigenvectors of £ to form the
solution.

4.4. Signless Laplacians as similarity matrices

The theory established in Section 4.2 is applicable to any
PSD matrix S, but for practical uses we still have to define
it. Based on the foregoing exposition, it is tempting to
let S be the Laplacian L or the normalized Laplacian L,
because they are PSD and they reveal important information
of the graph structure (Tsitsulin et al., 2018). In fact, as a
real example, Chowdhury & Needham (2021) used the heat
kernel as the similarity matrix to define the GW distance
(and in this case the GW framework is related to spectral
clustering). However, there are two problems that make such
a choice troublesome. First, the (normalized) Laplacian is
sparse but its off-diagonal, nonzero entries are negative.
Thus, when S is interpreted as a similarity matrix, a pair of
nodes not connected by an edge becomes more similar than
a pair of connected nodes, causing a dilema. Second, under
the trace optimization framework, one is lured to intuitively
look for solutions toward the bottom eigenvectors of .S, like
in Laplacian eigenmaps, an opposite direction to the true
solution of (4), which is toward the top eigenvectors instead.

To resolve these problems, we propose to use the signless
Laplacian (Cvetkovié et al., 2007), D + A, or its normal-
ized version, Iy + D*%AD’%, as the similarity matrix
S. These matrices are PSD and their nonzero entries are all
positive. With such a choice, the spectral difference A in (3)
has a fundamentally different behavior from the spectral dis-
tance used by Jin et al. (2020) when defining the coarsening
objective.

5. Computational Equivalence between Graph
Coarsening and Weighted Kernel /i -means

By recalling that U = W2SW 2 and that IT,, = (GAR O
is a projector, we rewrite the coarsening objective in (4) as

Tr (W%SW%) T (CwW%SW%C;) G

When S is PSD, it could be interpreted as a kernel matrix
such that there exists a set of feature vectors {¢; } for which
Si;j = (¢i,¢;) fori,j = 1,...,N. Then, with simple
algebraic manipulation, we see that (5) is equivalent to the
well-known clustering objective:

Z Z m;l|¢i — Hk”2 with  pp = Z %¢“ (6)

k i€Py i€P

where the norm || - || is induced by the inner product (-, -).
Here, py is the weighted center of ¢; for all nodes ¢ be-
longing to cluster k. Hence, the weighted kernel K -means
algorithm (Dhillon et al., 2004; 2007) can be applied to
minimize (6) by iteratively recomputing the centers and up-
dating cluster assignments according to the distance of a
node to all centers. We denote the squared distance between
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Algorithm 1 Kernel graph coarsening (KGC).
Input: S: similarity matrix, m: node mass vector, n: num-
ber of clusters
Output: P = {P;},_,: node partition

1: function KGC {S,m,n}

2:  Initialize the n clusters: P(®) = {771(0), e

C§O) = Zkep7§o) my,Vj € [n]
3:  Set the counter of iterations ¢t = 0.
4: fornodei=1to N do
5: Find its new cluster index by (7):

1(10)}.

idx(7) = argmin dist;-t) (7).
i€

6:  end for
7:  Update the clusters: for all j € [n],

PIY = fividx(i) = 5} = 3T mye
kep ()

8: if the partition P(**1) is invariant then
9: return P(+1)

10:  else
11: Sett =t + 1 and go to Line 4.
12:  endif

13: end function

¢; and any p; by dist?(i), which is

Si;i —2 Z mkSki/cj =+ Z mklmkzsklk,z/c?. (7)
keP; k1,k2€P;

The K-means algorithm is summarized in Algorithm 1 and
we call this method kernel graph coarsening (KGC).

KGC as a post-refinement of graph coarsening. KGC
can be used as a standalone coarsening method. A potential
drawback of this usage is that the K -means algorithm is sub-
ject to initialization and the clustering quality varies signifi-
cantly sometimes. Even advanced initialization techniques,
such as K-means++ (Arthur & Vassilvitskii, 2006), are
not gauranteed to work well in practice. Moreover, KGC, in
the vanilla form, does not fully utilize the graph information
(such as node features), unless additional engineering of the
similarity matrix S is conducted. Faced with these draw-
backs, we suggest a simple alternative: initialize KGC by
the output of another coarsening method and use KGC to im-
prove it (Scrucca & Raftery, 2015). In our experience, KGC
almost always monotonically reduces the spectral difference
A and improves the quality of the initial coarsening.

Time complexity. Let 7" be the number of K -means iter-
ations. The time complexity of KGC is O (T (M + Nn)),
where M = nnz(.S) is the number of nonzeros in S. See

Appendix B.5 for the derivation of this cost and a compar-
ison with the cost of spectral graph coarsening (Jin et al.,
2020).

6. Numerical Experiments

We evaluate graph coarsening methods, including ours,
on eight benchmark graph datasets: MUTAG (Debnath
et al., 1991; Kriege & Mutzel, 2012), PTC (Helma et al.,
2001), PROTEINS (Borgwardt et al., 2005; Schomburg
et al., 2004), MSRC (Neumann et al., 2016), IMDB (Ya-
nardag & Vishwanathan, 2015), Tumblr (Oettershagen et al.,
2020), AQSOL (Sorkun et al., 2019; Dwivedi et al., 2020),
and ZINC (Irwin et al., 2012). Information of these datasets
is summarized in Table 1.

Table 1: Summary of datasets. |V| and |E| denote the
average number of nodes and edges, respectively. All graphs
are treated undirected. R(1) represents a regression task.

Dataset  Classes  Size V] |E|
MUTAG 2 188 17.93  19.79
PTC 2 344 1429 14.69
PROTEINS 2 1113 39.06 72.82
MSRC 8 221 3931  77.35
IMDB 2 1000 19.77  96.53
Tumblr 2 373 53.11 199.78
AQSOL R(1) 9823 17.57 17.86
ZINC R(1) 12000 23.16 49.83

We compare our method with the following baseline meth-
ods (Loukas, 2019; Jin et al., 2020): (D) Variation Neigh-
borhood Graph Coarsening (VNGC); (2 Variation Edge
Graph Coarsening (VEGC); 3 Multilevel Graph Coars-
ening (MGC); and @) Spectral Graph Coarsening (SGC).
For our method, we consider the vanilla KGC, which uses
K-means++ for initialization, and the variant KGC(A),
which takes the output of the best-performing baseline
method for initialization. More implementation details are
provided in Appendix C.

6.1. GW distance approximation

For a sanity check, we evaluate each coarsening method
on the approximation of the GW distance, to support our
motivation of minimizing the upper bound in Theorem 4.2.

We first compare the average squared GW distance, by using
the normalized signless Laplacian Iy + D~ 2 AD" 7 as the
similarity matrix S (see Section 4.4). We vary the coarsened
graph size n = [¢xN forc = 0.3,--- ,0.9. For each graph
in PTC and IMDB, we compute GW3(G, G(©)) and report
the average in Table 5, Appendix C.1. We obtain similar
observations across the two datasets. In particular, KGC and
KGC(A) outperform baselines. When c is small, it is harder
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Table 2: Change of the matrix of GW distances (computed
as Frobenius norm error) and coarsening time. Dataset: PTC.
Results are averged over 10 runs. MGC is a deterministic
method and therefore standard deviation is 0. KGC(A) is
initialized with the MGC output.

Coars. Mat. | Methods Frob. Error| Time|

VNGC 182.85£0.02 6.38£0.01

Projection VEGC 54.81 £0.02 3.81 £0.
MGC 13.69 £ 0. 6.71 £0.01
SGC 1241 £0.04 30.24 +£0.07
VNGC 17.34 £0.01 6.55 £0.18
VEGC 9.22 £ 0.02 3.75£0.01
Averaging MGC 5.31 £0. 6.59 £ 0.02
SGC 6.06 £ 0.02 28.06 £ 0.10
KGC 4.454+0.03 1.34+0.33

KGC(A) 5.28 + 0. 0.27 +0.

for K-means clustering to find the best clustering plan and
hence KGC(A) works better. When c gets larger, KGC can
work better, probably because the baseline outputs are poor
intiializations.

We then report the average gap between the left- and right-
hand sides of the bound (2) in Table 6, Appendix C.1. For
all methods, including the baselines, the gap is comparable
to the actual squared distance shown in Table 5, showcasing
the quality of the bound. Moreover, the gap decreases when
c increases, as expected.

We next compute the matrix of GW distances, Z (be-
fore coarsening) and Z (©) (after coarsening), and com-
pute the change ||Z — Z(°)||r. Following previous
works (Chan & Airoldi, 2014; Xu et al., 2020), we
set 7 = | Nmax/10g(Nmax)]- The similarity ma-
trix for the coarsened graph uses the averaging coars-
ening matrix as advocated in Section 4.1; that is,

SO — ¢, (IN + D—%AD—%) C1. Additionally, we

use a variant of the similarity matrix, s = I, +
1

_1 _1
(D(C)) 2 Al (D(C)) ?, resulting from the projection
coarsening matrix, for comparison.

Table 2 summarizes the results for PTC. It confirms that
using “Averaging” is better than using “Projection” for
the coarsening matrix. Additionally, KGC(A) initialized
with MGC (the best baseline) induces a significantly small
change (though no better than the change caused by KGC),
further verifying that minimizing the loss (4) will lead to
a small change in the GW distance. The runtime reported
in the table confirms the analysis in Section 5, showing
that KGC is efficient. Moreover, the runtime of KGC(A) is
nearly negligible compared with that of the baseline method
used for initializing KGC(A).

—— UNGC  —— MGC  —— KGC
—$- VEGC —$- SGC ——- KGC(A)
_____ .
102— _____ -
e
o __ e

Runtimes (sec)

-
o
=

L

10° 4

Relative error

0.10 0.15 0.20 0.25 0.30 0.35 0.40
Coarsening ratio

Figure 2: Runtime of coarsening methods and relative error
for spectrum preservation on Tumblr. KGC(A) is initialized
with SGC (the black dashed curve); its error curve (the red
solid curve) is slightly below SGC.

6.2. Laplacian spectrum preservation

We evaluate the capability of the methods in preserving
the Laplacian spectrum, by noting that the spectral objec-
tives of the baseline methods differ from that of ours (see
remarks after Theorem 4.2). We coarsen each graph to
its 10%, 20%, 30%, and 40% size and evaluate the metric

ENG) )
i Zle % (the relative error of the first five largest
eigenvalues). The experiment is conducted on Tumblr and
the calculation of the error metric is repeated ten times.

In Figure 2, we see that KGC has a comparable error to
the variational methods VNGC and VEGC, while incurring
a lower time cost, especially when the coarsening ratio is
small. Additionally, KGC(A) consistently improves the
initialization method SGC and attains the lowest error.

6.3. Graph classification using Laplacian spectrum

We test the performance of the various coarsening methods
for graph classification. We follow the setting of Jin et al.
(2020) and adopt the Network Laplacian Spectral Descrip-
tor (Tsitsulin et al., 2018, NetLSD) along with a 1-NN clas-
sifier as the classification method. We set n = 0.2N. For
evaluation, we select the best average accuracy of 10-fold
cross validations among three different seeds. Additionally,
we add two baselines, EIG and FULL, which respectively
use the first n eigenvalues and the full spectrum of £ in
NetLSD. Similarly to before, we initialize KGC(A) with the
best baseline.

Table 3 shows that preserving the spectrum does not neces-
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Table 3: Classification accuracy with coarsened graphs five times smaller than the original graphs.

Datasets MUTAG PTC PROTEINS MSRC IMDB Tumblr
VNGC 76.11 £ 2.25 56.69 £ 2.52 65.44 £ 1.57 14.92+1.57  53.90£0.50  50.43 +2.62
VEGC 84.59 £ 2.02 56.39£2.03 64.08+1.11 16.80 £2.15  64.20£1.90 48.26=+1.71
MGC 84.15 £ 3.14 54.66 £3.59  66.16 £ 1.64 1536 £1.80 69.50+1.42 50.14 +2.67

SGC 84.44 £+ 2.86 53.79£2.28  63.91+1.51 16.76 £2.50  66.00 £1.26  48.53 +2.35
KGC 81.90£2.74 61.58+249 63.45+0.83 19.84+223 67.80+1.65 52.52 £ 2.81
KGC(A) 86.23+269 57.25+2.16 66.43+092 17.17+£291 69.20£1.37 52.57 £2.22

EIG 85.61 £1.69 56.08 £2.28  64.35+1.43 12.19+2.79  68.70 £1.71 49.57 +£1.95
FULL 84.59 £ 2.51 54.37 £ 2.12 67.51 £0.82 23.58 £2.50 6990140  52.57+3.36

Table 4: Graph regression results on AQSOL and ZINC.
The asterisk symbol * indicates the TestMAE improvement
of KGC(A) over its VEGC initialization is statistically sig-
nificant at the 95% significance level in an paired ¢-test.

(a) AQSOL.

Methods | TestMAE+s.d. TrainMAE+s.d. Epochs
VNGC | 1.403 £ 0.005 0.629 £ 0.018 135.75
VEGC | 1.390 £ 0.005 0.702 £ 0.003 107.75

MGC | 1.447£0.005 0.628 +0.012 111.00
SGC | 1.48940.010 0.676 £ 0.021 107.00
KGC | 1.389£0.015 0.678 £0.013 112.00

KGC(A) | 1.383 +0.005* 0.657 £0.013 124.75

FULL | 1.372 4 0.020 0.593 £ 0.030 119.50
(b) ZINC.

Methods | TestMAE+s.d. TrainMAE+s.d. Epochs
VNGC | 0.709 + 0.005 0.432 £ 0.012 120.00
VEGC | 0.646 £+ 0.001 0.418 £ 0.008 138.25

MGC | 0.677 +0.002 0.414 £ 0.006 112.50
SGC | 0.649 £ 0.007 0.429 £ 0.008 111.75
KGC | 0.737£0.010 0.495 £ 0.012 113.50

KGC(A) | 0.641 + 0.003* 0.433 £0.013 126.50

FULL | 0.416 4+ 0.006 0.313 £0.011 159.50

sarily leads to the best classification, since EIG and FULL,
which use the original spectrum, are sometime outperformed
by other methods. On the other hand, our proposed method,
KGC or KGC(A), is almost always the best.

6.4. Graph regression using GCNs

We follow the setting of Dwivedi et al. (2020) to perform
graph regression on AQSOL and ZINC (see Appendix C.4
for details). For evaluation, we pre-coarsen the whole
datasets, reduce the graph size by 70%, and run GCN on
the coarsened graphs. Table 4 suggests that KGC(A) ini-
tialized with VEGC (the best baseline) always returns the
best test MAE. On ZINC, KGC sometimes suffers from
the initialization, but its performance is still comparable to
a reported MLP baseline (Dwivedi et al., 2020, TestMAE
0.706 £ 0.006).

7. Conclusions

In this work, we propose a new perspective to study graph
coarsening, by analyzing the distance of graphs on the GW
space. We derive an upper bound on the change of the
distance caused by coarsening, which depends on only the
spectral difference A = Y7 | (/\i - )\EC)). This bound in
a way justifies the idea of preserving the spectral informa-
tion as the main objective of graph coarsening, although
our definition of “spectral-preserving” differs from prior
spectral coarsening techniques. More importantly, we point
out the equivalence between the bound and the objective
of weighted kernel K -means clustering. This equivalence
leads to a new coarsening method we termed KGC. Our
experiment results validate the theoretical analysis, show-
ing that KGC preserves the GW distance between graphs
and improves the accuracy of graph-level classification and
regression tasks.
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A Gromov-Wasserstein Geometric View of Spectrum-Preserving Graph Coarsening

A. List of notations

Notations Meaning
L(L©) (coarsened) graph Laplacian matrix
£(L£) (coarsened) normalized graph Laplacian matrix
G coarsened graph
D(D) (coarsened) degree matrix
A(A) (coarsened) adjacency matrix

C, | membership matrix, coarsening matrix with entries € {0, 1}
C,, | orthogonal coarsening matrix, a variant of coarsening matrix
Cy weighted averaging matrix, a variant of coarsening matrix

11, projection matrix induced by C',
w diagonal node mass matrix
S(S(©) (coarsened) similarity matrix

We elaborate more about the family of coarsening matrices here. Specifically, we define the matrix C,, € R™*" as

1 i € P,
C,plkyi)y=4 STk
0 otherwise
Let p; = |P;| be the number of nodes in the i-th partition P; and n be the number of partitioning. Then, we define the
weight matrix W = diag(my, -+ ,my) andletc; = > jep; M- We can thus give the definition of the weighted averaging
matrix as
1
Cc1
_ 1
C, = c2 Cc,W

and the orthogonal coarsening matrix

Let the projection matrix be IL,, = C] C,,. We can check that IT2, = IT,,.

B. Derivations Omitted in the Main Text
B.1. Weighted graph coarsening leads to doubly-weighted Laplacian

We show in the following that C,, LC'T can reproduce the normalized graph Laplacian £, 1In this case, C,, =
(C,DC}) " * C,D? and interestingly C, DC] = diag (C,ACJ1) = diag (A(®1) = D'®), indicating

_1
2

C.LCI =1,—C,D 2AD :C],
_1
C,D*D ¥ AD~3D3C] (D(C)) :
1

~1, — (D<c)>
-1, — (D@)‘% A© (D<c>)‘f —r

The results above imply we can unify previous coarsening results under the weighted graph coarsening framework in this
paper, with a proper choice of similarity matrix .S and node measure (.

13
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B.2. A toy example of coarsening a 3-node graph

Consider a fully-connected 3-node graph with equal weights for nodes and the partition {{v;},{vo,v3}}. Its similarity
matrix S = D + A and the three possible coarsened similarity matrices will respectively be

2 1 1
- 2 1 2 V2 2 2
— T — T — T —
S = i ? ; , CwSCw_(l 3/2>, Cwscw_<\/5 3), Cpscp_<2 6).

It is clear that C\,, SCT, which will have the most appropriate entry magnitude to give the minimal GW-distance, is different
from C,SC] proposed in Jin et al. (2020) and (Cai et al., 2021). We note in .S (c) = C’wSC'ITU the edge weight (similarity)
is still 1, since we explicitly specify the node weight of the supernode becomes 2. The new GW geometric framework thus
decouples the node weights and similarity intensities.

B.3. Deriving the “Averaging” magnitude from the constrained srGW barycenter problem

We first introduce the definition of srGW divergence. For a given graph G with node mass distribution m € AN~1 and
similarity matrix S, we can construct another graph G(¢) with given similarity matrix S(©) and unspecified node mass distri-
bution m(®) € A", To better reflect the dependence of GW% (G ,G (C)) on node mass distribution and similarity matrix,
we abuse the notation GW5 as GW3 (S, m, ), m(©)) and I (m,m®) := {T e RY*" : T1 =m,TT1 =m()} in
this subsection. Vincent-Cuaz et al. (2022) then defined

STGW2 (s,m, S(")) ~ min GW} (5, m, S(c>7m<c>) ,

and we can further find an optimal (w.r.t. the srGW divergence) by solving the following srGW barycenter problem with
only one input (S, m), i.e.

; 2 (¢)
min stGW;3 (S,m,S ) : ®

We can then do the following transform to Equation (8) to reveal its connection with our proposed “Averaging” magnitude
C.,SCT for the coarsened similarity matrix S(¢).

min erW% (S,m7 S(C)) = min min GW% (S,m, S(C),m(c))
S(e) S(e) my (o)
= min min min <M (S, S(C),T) ,T (m7m(c)>>

S m© Tell(m,m)

- m<c>,TeHrlli(I:n,m<c>) P <M (S’ s, T) T (m7 m(c))>

= min min <M (S, S(C),T) 7T>.
TeRY ™" :T1=m S

In the display above, we use M (S 8, T) and T (m, m(c)) to show the dependence terms of the cross-graph dissimilarity
matrix M and the transport matrix 7. The last equation holds since for a given transport matrix 71" the new node mass
distribution (%) is uniquely decided by m(®) = T'71.

Notably, there is a closed-form solution for the inner minimization problem ming., (M (S, S, T),T). Peyré et al.
(2016, Equation (14)) derive that the optimal S () reads
—1 -1
diag (m(c)) TTSTdiag (m(c)) .

If we then enforce the restriction that the node mass transport must be performed in a clustering manner (i.e., the transport
matrix T' = WCJ € RN*" for a certain membership matrix C,), we exactly have S () = C,SCT. The derivation above
verifies the effectiveness of the “Averaging” magnitude we propose.

14
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B.4. Comparing spectral difference A to spectral distance in Jin et al. (2020)

Jin et al. (2020) proposed to specify the graph coarsening plan by minimizing the following full spectral distance term (c.f.
their Equation (8)):

k1 ko N
S (G.G9) =3 IAG =A@+ 3 M@ =1+ D IAG) = Acli = N +n)]
i=1 i=ki1+1 i=kg+1
k1 N+ ' ko
=Y A =A@+ D AG) = Al -N+n)+ > AG) -1],
=1 i=ko+1 i=ky+1

where A(i)’s and A, (i)’s correspond to the eigenvalues (in an ascending order) of the normalized Laplacian £ and £(°), and
k1 and ko are defined as k1 = arg max; {i : Ac(¢) < 1},k2 = N —n + k;. The last equation holds due to their Interlacing
Property 4.1 (similar to Theorem D.1).

We note (i) the two “spectral” loss functions, A and S Dy, refer to different spectra. We leverage the spectrum of C,,U C’g
while they focus on graph Laplacians. Our framework is more general and takes node weights into consideration. (ii) They
actually divided A.(7)’s into two sets and respectively compared them to A() and A(i + N — n); the signs for A(¢) — A.(¢)

and A(i + N — n) — A\.() are thus different.

B.5. Time complexity of Algorithm 1

We first recall the complexity of Algorithm 1 stated in Section 5. Let 7" be the upper bound of the K -means iteration, the
time complexity of Algorithm 1is O (T (M + Nn)), where M = nnz(S) is the number of non-zero elements in S.

The cost mainly comes from the computation of the “distance” (7), which takes O (M) time to obtain the second term in
Equation (7) and pre-compute the third term (independent of ¢); obtaining the exact dist,(¢) for all the Nn (i, j) pairs
requires another O(Nn) time. Compared to the previous spectral graph coarsening method (Jin et al., 2020), Algorithm 1
removes the partial sparse eigenvalue decomposition, which takes O (R(M n+ N nz)) time using Lanczos iteration with R
restarts. The K -means part of spectral graph coarsening takes O(T'Nn?) for a certain choice of the eigenvector feature
dimension k; (Jin et al., 2020, Section 5.2), while weighted kernel K -means clustering nested in our algorithm can better
utilize the sparsity in the similarity matrix.

C. Details of Experiments

We first introduce the hardware and the codebases we utilize in the experiments. The algorithms tested are all implemented
in unoptimized Python code, and run with one core of a server CPU (Intel(R) Xeon(R) Gold 6240R CPU @ 2.40GHz) on
Ubuntu 18.04. Specifically, our method KGC is developed based on the (unweighted) kernel K -means clustering program
provided by Ivashkin & Chebotarev (2016); for the other baseline methods, the variation methods VNGC and VEGC
are implemented by Loukas (2019), and the spectrum-preserving methods MGC and SGC are implemented by Jin et al.
(2020); The S-GWL method (Xu et al., 2019a; Chowdhury & Needham, 2021) is tested as well (can be found in the GitHub
repository of this work), while this algorithm cannot guarantee that the number of output partition is the same as specified.
For the codebases, we implement the experiments mainly using the code by Jin et al. (2020); Dwivedi et al. (2020), for
graph classification and graph regression respectively. More omitted experimental settings in Section 6 will be introduced
along the following subsections.

C.1. Details of GW distance approximation in Section 6.1

We compute the pair-wise GW, distance matrix G for graphs in PTC and IMDB, with the normalized signless Laplacians
set as the similarity matrices. For the computation of the GW, distance, we mainly turn to the popular OT package POT
(Flamary et al., 2021, Python Optimal Transport).

The omitted tables of average squared GW distance GW3(G(®), G) and average empirical bound gaps are presented in
Tables 5 and 6.

Regarding time efficiency, we additionally remark our method KGC works on the dense graph matrix, even though it has
a better theoretical complexity using a sparse matrix; for small graphs in MUTAG, directly representing them by dense
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Table 5: Average squared GW distance GW3(G(), G) on PTC and IMDB dataset.

Dataset | Methods ¢=0.3] ¢=05] ¢=07] ¢=09]
VNGC  0.05558 0.04880 0.03781 0.03326
VEGC 0.03064  0.02352 0.01614  0.00927
MGC 0.05290  0.04360  0.02635  0.00598

PTC SGC 0.03886  0.03396  0.02309  0.00584
KGC 0.03332  0.02369  0.01255  0.00282

KGC(A) 0.03055 0.02346 0.01609  0.00392

VNGC  0.05139 0.05059 0.05043  0.05042

VEGC 0.02791  0.02106 0.01170  0.00339

IMDB MGC 0.02748 0.02116  0.01175  0.00339

SGC 0.02907  0.02200  0.01212  0.00352
KGC 0.02873  0.02111  0.01137  0.00320
KGC(A) 0.02748 0.02106 0.01170  0.00337

Table 6: Average empirical bound gaps (in Theorem 4.2) on PTC and IMDB dataset.

Dataset | Methods c¢= 0.3 c=0.5 c=07 c=0.9
VNGC 0.06701 0.06671 0.05393 0.04669
VEGC 0.06246  0.06129 0.04424  0.02577
MGC 0.03203 0.03200  0.02167 0.00540

PTC SGC 0.04599  0.04156  0.02488  0.00554
KGC 0.05145  0.05173  0.03530  0.00852

KGC(A) 0.06519  0.06402  0.04702  0.00372

VNGC  0.009281 0.00927 0.009278 0.009268

VEGC  0.016879 0.016735 0.01636  0.008221

IMDB MGC 0.017307  0.01663  0.016309 0.008179

SGC 0.015719 0.015793 0.015934  0.008049
KGC 0.016054 0.016679 0.016687  0.008347
KGC(A) 0.017307 0.016735 0.01636  0.008177
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matrices would even be faster, when a modern CPU is used.

C.2. Details of Laplacian spectrum preservation in Section 6.2

We mainly specify the evaluation metric for spectrum preservation in this subsection Following the eigenvalue notation in
(e)

Theorem 4.2, we define the top-5 eigenvalue relative error as = ZZ 1 A ’\ . Here for all coarsening methods \; — \;°
always non-negative thanks to Poincaré separation theorem (Theorem D 1)

C.3. Details of Graph classification with Laplacian spectrum in Section 6.3

We remark the graph classification experiments are mainly adapted from the similar experiments in Jin et al. (2020,
Section 6.1). For MUTAG and PTC datasets we apply Algorithm 1 to D + A; for the other four datasets, we utilize the
normalized signless Laplacian Iy + D~ s AD™

C.4. Details of Graph regression with GCNs in Section 6.4

We mainly follow the GCN settings in Dwivedi et al. (2020). More detailed settings are stated as follows.

Graph regression. The procedure of graph regression is as follows: Taking a graph G as input, a GCN will return a graph
embedding yg € R%; Dwivedi et al. (2020) then pass y¢ to an MLP and compute the prediction score ypred € R as

Ypred = P. RCLU(ng),

where P € R4, Q € R¥*?. They will then use |ypred — y|, the L loss (the MAE metric in Table 4) between the predicted
Score Ypred and the groundtruth score ¥, both in training and performance evaluation.

Data splitting. They apply a scaffold splitting (Hu et al., 2020) to the AQSOL dataset in the ratio 8 : 1 : 1 to have 7831, 996,
and 996 samples for train, validation, and test sets.

Training hyperparameters. For the learning rate strategy across all GCN models, we follow the existing setting to choose
the initial learning rate as 1 x 1073, the reduce factor is set as 0.5, and the stopping learning rate is 1 x 107°. Also, all
the GCN models tested in our experiments share the same architecture—the network has 4 layers and 108442 tunable
parameters.

As for the concrete usage of graph coarsening to GCNs, we discuss the main idea in Appendix C.4.1 and leave the technical
details to Appendix C.4.2.
C.4.1. APPLICATION OF GRAPH COARSENING TO GCNS

Motivated by the GW setting, we discuss the application of graph coarsening to a prevailing and fundamental graph
model—GCNP. After removing the bias term for simplicity and adapting the notations in this paper, we take a vanilla 1-layer
GCN as an example and formulate it as

1T
y = Yo (D*%AD*%HWGCN) :

where y is the graph representation of a size-/V graph associated with the adjacency matrix A, o is an arbitrary activation
function, H is the embedding matrix for nodes in the graph, and Wy is the weight matrix for the linear transform in the

T
layer. We take the mean operation IWN in the GCN as an implication of even node weights (therefore no w subscript for

coarsening matrices), and intuitively incorporate graph coarsening into the computation by solely replacing D~ 3AD:
. 1 1 . .
with ITID~2 AD~2II and denote y(°) as the corresponding representation. We have

(y@)T — T (C‘D*%AD*%CPC'HWGCN) : )

and the graph matrix D :AD 3% is supposed to be coarsened as C’D_%AD_%CP, which can be extended to multiple
layers. Due to the space limit, we defer the derivation to Appendix C.4.2 and solely leave some remarks here.

>We omit the introduction to GCN here and refer readers to Kipf & Welling (2017) for more details.
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The propagation above is guided by the GW setting along this paper: even the nodes in the original graph are equally-
weighted, the supernodes after coarsening can have different weights, which induces the new readout operation cT (c is the
mass vector of the supernodes). Furthermore, an obvious difference between Equation (9) and previous designs (Huang
et al., 2021; Cai et al., 2021) of applying graph coarsening to GNNs is the asymmetry of the coarsened graph matrix
CD :AD: C,. The design (9) is tested for the graph regression experiment in Section 6.4. More technical details are
introduced in the subsequent subsection.

C.4.2. DERIVATION OF THE GCN PROPAGATION IN THE GW SETTING
We consider a general layer-L GCN used by Dwivedi et al. (2020). We first recall the definition (normalization modules are

omitted for simplicity):

YT = N g
N )
HO = g(Zz0), z0 = (D*%AD*%> HI-YWO, vie L],
H® .= Xx , the embedding matrix for each nodes,

where o is an activation function and from now on we will abuse P here to denote D=2 AD~2; H® is the embedding
matrix of the graph nodes in the I-th layer, and W () is the weight matrix of the same layer.

To apply the coarsened graph, we enforce the following regulations:
HED = g(z@0), z©) — mp) HG-YWO | vie[L)].

To reduce the computation in node aggregation, we utilize the two properties that IT = CJ Cand o (C’II B ) = CJo (B),
for any element-wise activation function and matrix B with a proper shape (considering C simply “copy” the rows from
B); for the top two layers, we then have

1T ~ 17T = ~
y" = —Yo(CJCPIH VWD) = Kcro (CPC;CH(C’L_”W(L)) ,

HE) = o (CICPCICH DWW D) = Clo (CPCJCH W (E-1)
Note CJ C C] = C]; for the top two layers we finally obtain
T— ﬁCT CPCTCHCLVOWW)) = T (CPCTo (CPCTCH L2 W -1 ) w(L)
y' =G0 i =cTo o A ,

implying that we can replace P with C_Z’PC; in the propagation of the top two layers. The trick can indeed be repeated for
each layer, and specifically, in the bottom layer we can have

HED = Clo {(C“PC,I) (C’H“))) W(l)} :

which well corresponds to the node weight concept in the GW setting: C H (¥ uses the average embedding of the nodes
within the cluster to represent the coarsened centroid. We then finish the justification of the new GCN propagation in
Equation (9).

D. Useful Facts

D.1. Poincaré separation theorem

For convenience of the reader, we repeat Poincaré separation theorem (Bellman, 1997) in this subsection.

Theorem D.1 (Poincaré separation theorem). Let A be an N X N real symmetric matrix and C ann X N semi-orthogonal
matrix such that CCT = I,,. Denote by \;,i =1,2,...,N and )\l(-c),i = 1,2,...,n the eigenvalues of A and CAC'T,
respectively (in descending order). We have

X > A > Ay, (10)

%

18



A Gromov-Wasserstein Geometric View of Spectrum-Preserving Graph Coarsening

D.2. Ruhe’s trace inequality

For convenience of the reader, Ruhe’s trace inequality (Ruhe, 1970) is stated as follows.

Lemma D.2 (Ruhe’s trace inequality). If A, B are both N x N PSD matrices with eigenvalues,
Az 2An 20, 12> 2>2wy 20,

then

N

N
> Nivn—it1 < tr(AB) SZ

1=1

E. Proof of Theorem 4.2 and Theorem 4.4

We will first prove an intermediate result Lemma E.1 for coarsened graph G gc) and un-coarsend graph G to introduce
necessary technical tools for Theorem 4.2 and Theorem 4.4. The ultimate proof of Theorem 4.2 and Theorem 4.4 will be
stated in Appendix E.2 and Appendix E.3 respectively.

E.1. Lemma E.1 and Its Proof

We first give the complete statement of Lemma E.1. In Lemma E.1, we consider the case in which only graph G is coarsened,
and the notations are slightly simplified: when the context is clear, the coarsening-related terms without subscripts specific
to graphs, e.g. C,,, C,,, are by default associated with G unless otherwise announced. We follow the simplified notation in
the statement and proof of Theorem 4.2, which focuses on solely GW5(G(®), G) and the indices 1,2 are not involved. For
Theorem 4.4, we will explicitly use specific subscripts, such as C), 1, éw’g, for disambiguation.

LemmaE.1. Let P = Wl_%T* WQ_%. If both Sy and Ss are PSD, we have

IGW2(G1, G2) — GW2(GY?, Gy)| < max {ANI_,M“ 3 (/\i - AEC)) + Cum,s

(11)
2 <I/N1 n1+1Z()\ —)\ )—I—CUan)}.
=1
Here, )\:(LC) > > )\gf) are eigenvalues of IL,UIL,,, U = Wlé S1 Wlé with eigenvalues \y > XAy > -+ > Ay, and V =
1 1
PW2 SoW22 PT with eigenvalues vy > vy > -+ > v, and we let Cyr y = Y ity Ni(Ai — Any— nlﬂ) + ZZ N A2

and Cy v n, = Y ity Ni (Vi — Uny—ig1) + Zl o, 41 Aivi be two non-negative constants.

Remark E.2. Take Gy = (G1, and we have T* = W; which implies P = Iy and V = Wlé S Wé = U. This directly
leads to the bound in Theorem 4.2 though with an additional factor 2. In Appendix E.2 we will show the approach to obtain
a slightly tighter bound removing the unnecessary factor 2.

To illustrate our idea more clearly, we will start from the following decomposition of GW5, distance. The detailed proofs of
all the lemmas in this section will be provided to Appendix E.4 for the readers interested.

Lemma E.3. For any two graphs G1 and G2, we have
GW3(Gy,Ga) = I + I, — 213,
where

I = ((W S W )(W slwz)) I = ((W SZW%) (W2

Nl
U
[ V)
N o
N————
N———

do not depend on the choice of transport map, while
13 =Tr (SlT*SQ (T*)T)

requires the optimal transport map T from the graph G to the graph Gs.
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Replacing the G -related terms in Equation (15) with their G gc) counterparts, we know that the distance between G gc) and
Go is GWo(GY), Go) = I + I, — 214, where:

I =Tr ({(Wﬁ)é s() (Wﬂ)ﬂ 2) . =Tt (S{C>Tjos2 (T:O)T) . (12)

IIPRL)

T € H(ugc), 2) (co represents the transport from the “c”oarsened graph to the “o’riginal graph) here is the optimal
transport matrix induced by the GW distance and S %C) = C,S:CJ.

The key step to preserve the GW distance is to control the difference |I; — I]| and |I5 — I}|, since Is = I} will cancel each
other. We will start from the bound of |I; — I7].

1 1
Lemma Ed. Let U := W S;Wp. If the similarity matrix S1 € RN*Y is PSD, we have
n
0<h =1 < Avnin > (A= A7) + Cun
i=1

Here, \1 > Ay > -+ > Ay are the eigenvalues of U, and Cy , = 2?:1 Ail\i = AN—n+i) + Zf-vzn_H )\? is non-negative.

We can similarly bound I3 — I} with an additional tool Ruhe’s trace inequality (a variant of Von Neumann’s trace inequality
specific to PSD matrices, c.f. Appendix D.2).

—1 _1 1 1
Lemma E.5. Let P = W, *T*W,, * be the normalized optimal transport matrix, and V := PW3 SoW PT with
eigenvalues vy > vy > -+ > vy. If both S1 and S5 are PSD, we have

0< I — B <vnnnd (M- A7)+ Cova
=1

Here, Cuyv = o N (Vi —UN—it1) + Zim_l \;V; is non-negative.
Now we have

IGW3(G1,Ga) — GWE(GYY, Ga)| = I — I +2(I} — Is)| < max{L — I{,2(I5 — I})}
considering that I; — I{ > 0 and I — I3 < 0. Then, combining all the pieces above yields the bound in Lemma E.1.

E.2. Proof of Theorem 4.2

With the above dissection of the terms I1, I, we can now give a finer control of the distance GW3(G EC), G1). We first
expand GW2(G!V, Gy ) as

GW3(GY,Gh) = I + 1} — 2T (ST, 81 (T2,)T)

where the notation 7" is now abused as the optimal transport matrix induced by GW3(G §C>, G1). Applying the optimality
inequality in Lemma E.7, we have

GW2(G\),G) < I+ 1, —2Tr (Sf)cpwlslwlcg) :

where we remark C), W is a qualified transport matrix for G §C) and G.

To further simplify the upper bound above, we show the equivalence between 1] and Tr (S;C) C,W,15:W,C] ) as follows:

Tr (S}C)prl slwlc;) = Tt (C,,$1C.,C, W1 $ W1 CT ) = Tr (TL,UTL,U) = Tr (L, 1T, UTL,IL,U)
— Ty (M, UM, I, UTL,) = I..
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Combing the above pieces together, we obtain
GW3(GY?,G) < I+ 1} =21 < Avonin D (A = A7) + Cun,
i=1

which uses Lemma E.4 for the last inequality. The proof of Theorem 4.2 is now complete.

Remark E.6. Theorem 4.2 can be leveraged to directly control ‘GWg(G%C), ch)) — GW3(Gy, Gs) ‘ Note that GW5 is a
pseudo-metric and satisfies triangular inequality (Chowdhury & Mémoli, 2019), which implies

GW5 (G, G5”) — GW5(G1, Gz) < GWa(GLY, Gh) + GWa (G, Ga) + GWa(Ga, G”) — GW3 (G, Ga)
= GW,(G'Y,G1) + GW4(Ga, GI)

Nl=

< V2 (GW3(G1,Gh) + GW3 (G2, G5) )7
and similarly we have

1
2

GW,(G1,Ga) — GW2 (G, G5)) < GWL(GLY, Gy) + GWa(Ga, GY)) < V2 (GW§(G§C), G1) + GW2(Ga, ch>)) .

This implies

[N

IGW5 (G, GY) — GWa (G, Go)| < V2 (ng(ch), G1) + GW2(Ga, ch)))
n1 no %
S \[2()\1’1\[1_”1_;,_1 Z (/\171' - )\&3) + CU1JL1 + /\2,N2—n2+1 Z ()\2,71 - Aéﬁ?) + CUQ,"Q)
=1 =1

Here, the last inequality is due to Theorem 4.2. We comment the above result obtained from a direct application of triangle
inequality is indeed weaker than the result stated in Theorem 4.4; we will then devote the remaining part of this section to
the proof thereof.

E.3. Proof of Theorem 4.4

For one side of the result, we can follow the derivation in Lemma E.3 and apply Theorem 4.2 to have
GW2(G1,Gy) —GW2A(G) .G\ =l — T + L, — I, + 21, — ;) < I, — I + I, — I}

ni ng
g)\Nl—n1+l Z (>\z - >\§C)) + CUl,nl + )\Ng—n2+1 Z ()\1 - )\EC)> + CU277L27
i=1 i=1
where we recall I3 := 1\T*Ss and I} now is is the optimal transport matrix for
h Il Iy := Tr (S;T* S5 (T*)7) and I now is Tr ( S\9T.8{” (T)T) (T~ is the optimal ix f
G\ and G{).
For the other side, we still decompose the object GW2(G\?, G{?) — GW2(G1, Ga) as (I — Iy) + (Ib — Ip) + 2(Is — I}),

and similarly we can follow Lemma E.4 to bound the first two terms. The next task is to disassemble I3 — IJ.

1 1
We first prepare some notations for the analysis. To clarify the affiliation, we redefine U; := W* §; W,* with eigenvalues
1 1 1 1
)\1’1 > )\1’2 > 2> )‘1,N1’ ‘/1 = 1‘_)VV22 SQW22 PT with eigenvalues V11 > V1,2 > e 2> VLN16, U2 = W22 SQW22
1 1
with eigenvalues Ay 1 > Ao o > -+ > Ay n,, Vo = PTWS; W? P with eigenvalues v51 > 122 > -+ > 12 n,, and
similarly re-introduce Cp 1, Cy,1, Cy,1, Cp.2, Cip 2, C 2, and

1
2

SIS

:CT

1 _ — 1 _ _
Hw71 = W12 CT Cw71W1 = C;L’lcw_’l, Hw,g = W22 C;’ch’QWQ w,2

p,1

Cyo.
6 . i i . oy s . . . .
'We index PW,? SoW,? PT as Vi since it is associated with U; and is an N1 x N1 matrix.
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Recalling Lemma E.7, we can analogously obtain I5 — I3 < 0; replacing T, with C,,JT*C;,Q, we have
Is — I <Tr (S;T*So (T*)T) — Tr (S}C)CPJT*C;QS?)CP,Q (T*)T C;J)
=Tr (U, PU,PT) — Tr (11, 1 U111, 1 PIL, 2 UI1, o PT) ,

where we apply the same derivation as in Equation (16) to obtain the second line above. For simplicity, we let Uil :=
I, U 1L, and U := 11, 2UIL,, 5. We can now bound I3 — I} as

I; — I <Tr (U, PU,PT) — Tt (U{'PU}' PT)
Tr (U PU,PT) — Tr (U{' PU,PT) + Tr (U]' PU, PT) — Tr (U{' PU,' PT)
=Tr (U, - U") PU,PT| + Tr [U]'P (U, - UY') PT] a3
=Tr (U, - UJ") PU,PT| + Tr [U, P (U, — U,') PT]

—~Tr [U1 (U, - U3") PT| + Tr [U'P (U, — Uy') PT]
T (U - UM Vi] + T [Va (U - OF)] - T (U — UM P (U~ UFY) P,
The first two terms in the last line above can be directly addressed by Lemma E.S5; for the last term, we can bound it as
T (U~ UP) P (U~ UF) PT)| <[ (U - ) P || (0 - OF) P,
<o =il IPl|[T. = ' |1 P < [|[Un = UY'| - [ = U2
where Lemma E.8 shows || P|| < 1 and justifies the last inequality.

We now give another useful fact that [; — I] = ||U1 — U1H||§

L-1 9T [UF - (U] =T [UF + (U] - 2T (I, U1T0,,.0)
—Tr [Uf + (U{I)Z} — Tt (I 1 Uy Iy, Uy ) — Tt (UL, UM, 1) = Tt {(U1 - U{I)Q}
= vy - ul;,

where (i) comes from Equation (17). Analogously we have I, — I}, = HUQ — Ul H - Combining the above pieces together
we can bound the object as

c c 2 2
GW3(GY?,GY)) — GW3(G1,Ga) < — O, U, = [|U: = U35
2T [(Ur - UT) Vi + 2T [V (U = Uy')] +2]|Un = U U2 = 03|
<L2Tr [(Uy —UM) Vi] +2Tx [V (U — Uy
(4) L
<2- lV1,N1—n1+1 Z (Al,i - A&?) +Cu, vin +
i=1
no
V2, Ny—np+1 Z ()\2,1' - Aé‘?) + CU27V2,n2] ;
i=1
where we reuse Inequality (17) to attain (). The proof of Theorem 4.4 is then completed.
E.4. Proof of some technical results
E.4.1. PROOF OF LEMMA E.3
Proof. Following the definition in Equation (1), we rewrite the GW distance in the trace form and have
<M, T*> = <f1(.5'1)m1 ]_TN27 T*> + <1N1 mng(Sz)T, T*> — (hl(sl)T*hQ(Sz)T, T*>
= Tr (f1(S1)mal}, (T™)7) + Tr (f2(S2)mal}, T*) — Tr (h1(S1)T*ha(S2)T (T*)7)
= Tr (m] f1(S1)ma) + Tr (m] f2(S2)m2) — Tr (ha(S1)T"ha(S2)™ (T7)T) ; (14)

22



A Gromov-Wasserstein Geometric View of Spectrum-Preserving Graph Coarsening

the third equation above holds because for any T' € II(pq, p2), T1ly, = m; and TT1y, = mo.
In the classical square loss case, we can immediately have f1(S1) = S1 ® S1, f2(S2) = S2 ® S2,h1(S1) = S1 and

ha(S2) = 2S5, where @ denotes the Hadamard product of two matrices with the same size. We can accordingly expand the
first term in Equation (14) as

Tr (mIfl (Sl)ml) = m{ (Sl ® Sl) my ="Tr (SIdlag(ml)Sldlag(ml)) R

in which the proof of the last equation is provided in a summary sheet by Minka (2000). We note W} := diag(m) and Sy
is constructed symmetric; combining the pieces above we have

Te (m] f1(S1)my) = Tr ((Wﬁslwé) (Wﬁslwﬁ)) :

1 1 1 1
and similarly we obtain Tr (mJ] f3(S2)ms) = Tr ((Wf Sa Wf) (Wf SZWS)). The GW distance (14) can be there-
fore represented as

T (Wisiwi) (We siwi ) ) + T (W5 S ) (W $; W5 ) ) 2T (ST S, (T)T). (1)

=:I; =:Iy =5
¢
E.4.2. PROOF OF LEMMA E.4
Proof. First, recall that IL,, = Wlé cy Cy Wf% = C7C,. So, we have
1 — — 112
I ="Tr ([(prlc;)z (CuSICL) (CuWiCL)¥| )
= Tr [(C,WiC]) (Cu 8 CT) (CuWiCT) (CuSiCT)]
— Ty WﬁCTC*wSlé;cwwlc;éwslc;Cpr) (16)
— T (I, U, T 1L, UL 11, )
= Tr [(HwUlnw)ﬂ .
This implies I, — I} = Tr [UZ (L, UH,w)2]. Applying Lemma E.9 yields I; — I{ > 0.
To bound the other direction, we have
L1 = [ (I1,UTL,) }
oL (¢) 2 (l) (¢)
Y- (/\ ) Z)\Q ZA AN-nti
=1
ni Nl
=3 (N AEC’) SIS ) WEVS N B St
i=1 i=1 i=n141
ny
= Z ()\i - )\EC)) ANy —ny+i + Cuom,y
(i) .
< AN —ni+1 Z (Ai - /\E )> +Cu,n,s a7
Here, both (i) and (ii) are by Theorem D.1. &
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E.4.3. PROOF OF LEMMA E.5

Proof. By applying Lemma E.7, we have

0<Tr (S{.r*S2 (T - ST 8, (T;,;)T) < Tr[(U - ,UTIL,) V]
=Tr(UV)-Tr(Cc,uCcrIc,vcCy).
Recall that {)\EC)} ' are eigenvalues of C,,UCT, and let v; > v5 > -+ > v, be eigenvalues of C,,V CI. Applying

i=1
Ruhe’s trace inequélity (c.f. Appendix D.2), we further have

. N ni ... Ny ni
(i) . . (ii) s
Te (UV) = Tt (CLUCLC,VCE) <> i = S MW <3 i = > A um, —in
i=1 i=1 i=1 i=1
ni ni N1 n1
= Z (/\i - )\Ec)) UNy—it1 + Z Ni (Vi — UNy—ig1) F Z Aivi = Z (Az‘ - /\Ec)) N, —i+1 + Cu,von,
i=1 i=1 P i=1
(i) 71 ©
< vnmin 3 (M= A7) + Covn, (s)
i=1

(1) is by Ruhe’s trace inequality (Lemma D.2), since both U and V are PSD, and both (ii) and (iii) are by Poincaré separation
theorem (Theorem D.1). &

E.5. Other technical lemmas

Lemma E.7. We have

0< T (ST S, (") = ST, 82 (T2,)T) < Tr[(U - MLUIL,) V].

Proof. The proof is based on the optimality of T}, i.e. the GW distance induced by T} must be upper bounded by any
other transport matrix. Intuitively, we can imagine the mass of a cluster center is transported to the same target nodes in G

as the original source nodes within this cluster, which corresponds to the transport matrix T, := C ,T*. We can verify
T, € TI(1?), o) is feasible, since (Cy ,T*)1y, = Cy,my =m!? and (C1 ,T*)T 1,,, = (T*)T1y, = ms.

To derive the upper bound, applying the optimality of T yields

Tr (slT*s2 (T)T - 8917 8, (T;O)T) < Tr (8,T*S, (T*)T) — Tr (S§C>:FC(,52:F;) (19)
=Tr ($1T*S2 (T*)") — Tr ((CS1CL) (C,T*) S2 (C,T*) ) (20)
=Tr (S$1T"82(T*)") — Tr (C,S$1CLC,T* S5 (T*)TCY) (1)

—Tr (8 (Wﬁpwj)sg(WﬁPWE)T) T (éwslé;cp(wﬁpwj)&(WjPTWﬁ)c;)

—Tr (slwﬁpwf S;W; PTWi ) —Ta (C‘wslégvcpwﬁpwj S;W; PTWC])

T | | WESiWE - WiECTC,S.CIC, Wy | PW; S, Wi PT| . 22)

D,

The treatment is similar for the lower bound. We replace T with T := CIT: € Tl(u1, p2). Then again due to the
optimality of T™:

Tr (S%C)TC*OSQ (T:O)T — 8, T*S, (T*)T) <Tr (S§C)T:OS2(TC*0)T) — Tr (SlfSQTT) =0
given our definition. ¢
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Remark. An intuitive scheme to control the upper bound (22) is to upper bound the trace of the GG -related matrix difference
Dy, since in coarsening (G; we have no information about G2; we will shortly showcase the term is the key to bound the
whole GW distance difference |(15) — (12)| as well.

Lemma E.8. Consider a non-negative matrix T € R™ >Nz ijn which all the elements t;; > 0. We keep to denote
W, = diag (T'ln,), Ws = diag (T'"1y, ), and P = W, 2*TW, 2. Then we have || P|| < 1.

Proof. Motivated by the regular proof for bounding the eigenvalues of normalized Laplacian matrices, with two arbitrary
vectors u € RVt v € R™2 on the unit spheres we can recast the target statement as

1—u™Pv >0, Vu,vst|ul|=1,|v||=1. (23)
We denote the diagonals for Wi and W, respectively as m; = [mi1,Mm12,...,m1,n,]7T and my =
[m271, Mo 2,...,Ma, N,]T; then we can rewrite the right-hand-side quantity in Inequality (23) as
1 Mot s
L—uTPv = o (|lul® + [v]*) —ud
2 g s
SEDM AT B SR W R
1o M — Ty M2, 121 VM ima
i=1j ] i= =1 j=
Ny N,

2
()

i=1 j=1 mi,i ma,j
where the second equation holds due to the conditions E;\El t;j = my; and vazll t;; = mea j, and the last inequality holds
since tij > O,Vi S [Nl],j S [NQ] <>

Lemma E.9. Consider a positive semi-definite (PSD) similarity matrix S € RN*N qalong with the probability mass
vector m and the diagonal matrix W := diag (m). For any non-overlapping partition { Py, Pa, ..., P, }, we denote the
corresponding coarsening matrices C,,, C,, and the projection matrix I1,, = CJ C,,. Let A := W2 SW 2. Then we have

Tr (4%) > Tr | (I, ATL,)* . (24)
Proof. We first transform Tr [(HwAHw)Q} as follows:

Tr [(HwAHw)ﬂ = Tr (IT,, AIL, I, AIL,) = Tr (CL.C, ACIC, ACLC,,) = Tt (C,, ACILC,ACT)

and the last two equations hold due to C,,CT = I,,.

We notice A :== W2 SW 2 is symmetric and we can apply Poincaré separation theorem (c.f. Appendix D.1 for the complete
statement) to control the eigenvalues of C,, AC]. Specifically, let A\; > A9 > --- > Ay be the eigenvalues of A, and

let )\EC) > o> A pe the eigenvalues of C,, ACT; for all i € [n] we have \; > /\z(-c) > 0 (being non-negative due
2
to the PSD-ness of A); and a further conclusion \? > (A§C)> ,Vi € [n]. We can therefore complete the proof with

T (42) =2 2 > T, (A9) = [, am,,)?). o
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