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Abstract

We delve into the challenge of semi-supervised
node classification on the Contextual Stochastic
Block Model (CSBM) dataset. Here, nodes from
the two-cluster Stochastic Block Model (SBM)
are coupled with feature vectors, which are de-
rived from a Gaussian Mixture Model (GMM)
that corresponds to their respective node labels.
With only a subset of the CSBM node labels ac-
cessible for training, our primary objective be-
comes the accurate classification of the remain-
ing nodes. Venturing into the transductive learn-
ing landscape, we, for the first time, pinpoint the
information-theoretical threshold for the exact re-
covery of all test nodes in CSBM. Concurrently,
we design an optimal spectral estimator inspired
by Principal Component Analysis (PCA) with the
training labels and essential data from both the ad-
jacency matrix and feature vectors. We also eval-
uate the efficacy of graph ridge regression and
Graph Convolutional Networks (GCN) on this
synthetic dataset. Our findings underscore that
graph ridge regression and GCN possess the abil-
ity to achieve the information threshold of exact
recovery in a manner akin to the optimal estimator
when using the optimal weighted self-loops. This
highlights the potential role of feature learning in
augmenting the proficiency of GCN, especially in
the realm of semi-supervised learning.

1. Introduction

Graph Neural Networks (GNNs) have emerged as a pow-
erful method for tackling various problems in the domain
of graph-structured data, such as social networks, biolog-
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ical networks, and knowledge graphs. The versatility of
GNNs allows for applications ranging from node classifica-
tion to link prediction and graph classification. To explore
the mechanism and functionality behind GNN:ss, it is natural
to assume certain data generation models, such that the fun-
damental limits of certain tasks appear mathematically. In
particular, we focus on the synthetic data sampled from Con-
textual Stochastic Block Model (CSBM), first introduced by
(Deshpande et al., 2018).

In the literature, the existing work has been focused on
the generalization property of GNN (Esser et al., 2021),
(Bruna & Li, 2017), (Baranwal et al., 2021), the role of non-
linearity (Lampert & Scholtes, 2023) and oversmoothing
phenomenon (Wu et al., 2022). We focus on the fundamental
limits of CSBM and the following questions: (1) When do
we expect to classify all nodes correctly? (2) What is the best
possible accuracy we can achieve when given the parameters
of the data generation model? (3) Can we design an efficient
estimator to accomplish the previous tasks and how well
GNN performs under this evaluation metric? In addressing
this challenge, we venture into the transductive learning
landscape. For the first time, we identify the information-
theoretical limits required for classifying all nodes correctly
for CSBM, specifically in transductive learning setting. This
discovery is pivotal as it sets a benchmark for evaluating the
performance of various models and algorithms on this type
of data for the node classification problem.

Related work

Graph machine learning on CSBM CSBM has become
a popular model for theoretical analysis on the performance
of GCNs(Kipf & Welling, 2017). For instance, (Wu et al.,
2022) studied over-smoothing on CSBM; the generaliza-
tion performance of GCNs and graph attentions has been
considered in (Baranwal et al., 2021; 2023a; Fountoulakis
et al., 2023; Chen et al., 2019); the expressivity of GCNs
on CSBM (Oono & Suzuki, 2019); bayesian-inference on
nonlinear GCNs (Wei et al., 2022; Baranwal et al., 2023Db).
Although (Huang et al., 2023) analyzed the feature learning
on modified CSBM (SNM therein) and (Lu, 2022) showed
the learning performance on SBM, currently, there is no
complete analysis of the training dynamics for GCNs on
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CSBM.

Generalization theory of GCNs Many works have stud-
ied the generalization of GCNs, e.g. Bruna & Li (2017)
explored the community detection for SBM with GCNs;
(Tang & Liu, 2023) (Shi et al., 2024; Duranthon & Zde-
borova, 2023) conjectures and algorithms for the constant
degree regime. The roles of self-loops and nonlinearity in
CCNs have been analyzed in (Lampert & Scholtes, 2023;
Kipf & Welling, 2017). Our results in GCNs also provide
a way to choose the optimal self-loop weight in GCN to
achieve optimal performance.

Semi-supervised linear regression Semi-supervised lin-
ear regression has been studied in a line of research work,
e.g. (Azriel et al., 2022; Ryan & Culp, 2015; Chakrabortty
& Cai, 2018; Tony Cai & Guo, 2020; Belkin et al., 2004).
(Lelarge & Miolane, 2019) proves the asymptotic Bayes
risks for GMM in semisupervised learning, whereas we ex-
tend this to CSBM under perfect recovery setting. (Nguyen
& Couillet, 2023) explored asymptotic Bayes risk of semi-
supervised multitask learning on Gaussian mixture.

Main contributions

Our contribution lies in the following three perspectives.

* Mathematically, we derive the necessary and sufficient
conditions for classifying all nodes correctly under the
CSBM. For scenarios where perfect classification is
impossible, we characterize the asymptotic misclassifi-
cation ratio and design efficient estimators to achieve
the lowest possible error rate.

* We discover the optimal spectral method for the exact
recovery of all unknown labels in this semi-supervised
learning which achieves the information theoretical
(IT) threshold for SNR.

* At the same time, we evaluate the efficacy of graph
ridge regression and GCN on the CSBM dataset to
achieve exact recovery. We find the optimal weight for
self-loop in the graph to attain IT bound. This provides
new insight into modifying the architectures of GCNs
for optimal performance.

2. Preliminaries
2.1. Node classification

Let V and & denote the set of vertices and edges of graph G
respectively, with |V| = N € N, . Assume that V is com-
posed of two disjoint sets V,,V_,i.e.,V =V, UV_ and
VinV_ =0. Lety == [y1,...,yn]" € {£1}" denote
the label vector encoding the community memberships, i.e.,

Vi={ie€[N]:y; >0}and V_ = {i € [N] : y; < 0}.
Assume the access to G in practice. The goal is to recover
the underlying y using the observations. Let 4 denote some
estimator of y. To measure the performance of the above
estimator, define the mismatch ratio between y and ¥y by

Un(9,8) = = min [{i€[N]:y, £5 B

N se{+1}
For the symmetric case, |V | = |V_| = N/2, the random
guess estimation, i.e., determining the node label by flipping
a fair coin, would achieve 50% accuracy on average. An
estimator is meaningful only if it outperforms the random
guess, i.e., ¥n(y,y) < 0.5. If so, ¥ is said to accomplish
weak recovery. See (Abbe, 2018) for a detailed introduction.

In this paper, we aim to address another interesting scenario
when all the nodes can be perfectly classified, i.e., Yy = 0,
which leads to the concept of exact recovery.

Definition 2.1 (Exact recovery). The Y is said to achieve
the exact recovery (strong consistency) if

lim P(yy(y,y)=0)= lim Py ==+y)=1
N—o0 N—o0

2.2. Contextual Stochastic Block Model

It is natural to embrace certain data generation models to
study the mathematical limits of algorithm performance.
The following model is in particular of our interests.

Definition 2.2 (Binary Stochastic Block Model, SBM).
Assume 1Ty = 0, ie, [Vi| = [V_| = N/2. Given
0 < a,8 < 1, for any pair of node i and j, the edge
{4,7} € & is sampled independently with probability « if
y; = yj, l.e, P(A;; = 1) = a, otherwise P(A;; = 1) = B.
Furthermore, if A € {0, 1}V*N s symmetric and A;; = 0
foreach i € [N], we then write A ~ SBM(y, a, ).

For each node 7 € V, there is a feature vector x; attached
to it. We are interested in the scenario where x; is sampled
from the following Gaussian Mixture Model.

Definition 2.3 (Gaussian Mixture Model, GMM). Given
N,d € Ny, label vector y € {£1}" and some fixed p €
St with |||z = 1, we write {x;}}.; ~ GMM(u,y, 0)
ifx; = Oyip + z; € R for each i € [N], where 6 > 0
denote the signal strength, and {z;}}Y., C R? are i.i.d.
random column vectors sampled from N'(0,14). Then by
denoting Z = [z1, ..., zN]T, we re-write X € RYN*d g

X:: [ml,m27...7$N]T:0yﬂT+Z- (21)

In particular, this paper focuses on the scenario where G and
X are generated in the following manner.
Definition 2.4 (Contextual Stochastic Block Model, CSBM).

Suppose that N;d € Ny, 0 < o, < 1and 0 > 0. We
write (A, X)) ~ CSBM(y, u, a, 3, 0) if
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(a) the label vector vy is uniformly sampled from the set
{£1}V, satisfying 1Ty = 0;

(b) independently, u is sampled from uniform distribution
over the ST™1 := {v € R?: ||v|z = 1};

(c) giveny, independently, we sample A ~ SBM(y, «, 3)
and X ~ GMM(pu, y, 9).

CSBM was first introduced in (Deshpande et al., 2018),
where a tight analysis for the inference of latent community
structure was provided. The information-theoretic thresh-
olds on exact recovery (Abbe et al., 2022) and weak recovery
(Lu & Sen, 2023) were established under the unsupervised
learning regime, i.e., none of the node labels is revealed.
However, the modern learning methods (Kipf & Welling,
2017) performed on the popular datasets (Yang et al., 2016;
Bojchevski & Giinnemann, 2018; Shchur et al., 2018) rely
on the model training procedure, i.e., a fraction of node
labels are revealed, which is the regime we will focus on.

2.3. Semi-supervised learning on graph

Assume that n € [0, N) node labels are revealed, de-
noted by wyi,...,y, without loss of generality. Let
L = {(xi,y:)}~, denote the training samples and U =
{z;} éV:n 1 denote the set of feature vectors corresponding
to the unrevealed nodes. Each vertex v € V is assigned to ei-
ther Vi, or Vy depending on the disclosure of its label, where
n = VL|,m = [Vy| with N = n+m. Let 7 := n/N
denote the training ratio. For simplicity, let y; € {£1}"
and yy; € {£1}™ denote the revealed and unrevealed label
vectors. We further denote Vi + = {i € VL : y; > 0},
V[["f:{iEVLiyi<0},V]U,+:{Z'EV[UZy7;>O}
and Vy_ = {i € Vy : y; < 0}. For instance in Figure 1,
we aim to recover the labels of Vy ; and Vy _ based on
known labels in Vy, 1 and Vi, _. Under the semi-supervised
regime, the graph G and feature matrix X are generated in
the following manner.

Definition 2.5 (Semisupervised CSBM). Suppose that y;,
yy are uniformly sampled from {£1}", {£1}™ respec-
tively, satisfying ljl Yy = ljnyU = 0. After concatenat-
ingy = [y, yh]", we have (A, {x;} ) sampled from
CSBM(y, p, o, 8, 0) in model 2.4.

Remark 2.6. It reduces to the unsupervised regime if n = 0.

Let X = span({z;},) denote the feature space and ) =
{£1}" denote label space. In practice, the access to the
graph G = (V, &), the feature vectors {z;}Y ; and the
revealed labels y; are guaranteed. At this stage, finding a
predictor h : X x G x Y, — Yy is our primary interest. Let
Yy denote some estimator of yy;. The mismatch ratio under
the semi-supervised regime can be re-written as

oy, Bo) = — min_[{i € [m] : (o) # 5@)i}

m se{£1}

Figure 1. An example of SBM under semi-supervised learning.
Red: Vi +; blue: Vi _; yellow: Vy 4; and orange Vy,—.

2.4. Graph-based transductive learning
To efficiently represent the training and test data, we define

the following two sketching matrices.

Definition 2.7. Define Sy, € {0,1}"*N, Sy € {0, 1}m*¥N
(S]L)ij = ]].{Z = j} n ]].{’L S V[L},

Immediately, y;, = SLy, yy = Svy. Define Xy, == S1. X,

Xy = SuX, then X = [X[,X]T. The adjacency
matrix A € RV*N adapts the following block form

A A;,  Aw| _ [SLAS]
T |Aw Au | |SuAS]

T
S]LAS[[% 2.2)
SvASy

In inductive learning, algorithms are unaware of the nodes
for testing during the learning stage, i.e., only Ay, and X
are used for training. The test graph Ay is disjoint from
Ay, and entirely unseen by the algorithm during the training
procedure, since Ay is not used either. Notably, this kind
of information wastage will reduce the estimator’s accuracy.

In contrast, the entire graph A is used for algorithm training
under transductive learning. The estimator benefits from the
message-passing mechanism among seen and unseen nodes.

3. Main results

To state our main results, we start with several basic as-
sumptions. Recall that 7 := n/N denotes the training ratio,
where 7 € (0, 1) is some fixed constant.

Assumption 3.1 (Asymptotics). Let q,, be some function
of m and G, — 00 as m — oo. For CSBM(y, p, o, 3, 6)
in model 2.4, we assume « = a - ¢ /mand § =b- ¢ /m,

for some constants a # b € R, and
¢ = 04 (6% + (1 —7)d/m)] 7", 3.1

is a fixed positive constant as m — oo. Furthermore, we fix
n/N =1 € (0,1) as N,n,m — oc.
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For instance, 7 = 0.2, & = 0.3 and § = 0.05 in Figure 1.
For a,b € RT, denote a, = (1 — 1) ta, b, = (1 — 1)~ !b.
Define the following rate function by

I(ar,br,cr) = [(Var — \/5)2 +¢r]/2,

which will be applied to our large deviation analysis.

(3.2)

3.1. Information-theoretic limits

Note thaty = [y ,yg]". (4, X) ~ CSBM(y, 1, o, B, 6),
we first present the necessary condition for any estimator
Yy to reconstruct yy; exactly.

Theorem 3.2 (Impossibility). Under Assumption 3.1 with
gm = log(m), as m — oo, every algorithm will mis-
classify at least 2 vertices with probability tending to 1
ifI(a;,br,c;) < 1.

We explain the proof sketch above. For the node classifi-
cation problem, the best estimator is the Maximum Likeli-
hood Estimator (MLE). If MLE fails exact recovery, then
no other algorithm could achieve exact recovery. When
I(a,b;,c;) < 1, we can prove that with high probability,
MLE will not return the true label vector yy;, but some other
configuration yy; # yy instead, which leads to the failure
of exact recovery. Similar idea showed up in (Abbe et al.,
2015; Kim et al., 2018; Wang, 2023) before. On the other
hand, the following result concerns the fundamental limits
of any algorithm.

Theorem 3.3. Under Assumption 3.1 with q,, > 1, any
sequence of estimators Yy satisfies

lim inf ¢,." log B¢ (Y1, ) = —1(ar, by, cr).
m— 00

Informally, the result of Theorem 3.3 can be interpreted
as By, (yy, gy) > e (arbrer)am which gives the lower
bound on the expected mismatch ratio for any estimator yy;.
This rate function I(a,, b, ¢;) in (3.2) is derived from the
analysis of the large deviation principle (LDP) for A and
X, with details deferred to Lemma A.1.

3.2. Optimal spectral estimator
3.2.1. THE CONSTRUCTION OF SPECTRAL ESTIMATORS

Define the hollowed Gram matrix G = H(XX') e
RN*N by G,; = (@i, ;) 1{; 2. Similarly, G adapts the
block form as in (2.2). Let A\;(A), \;(Ay) (resp. A\i(G),
Ai(Gu)) denote the i-th largest eigenvalue of A, Ay (resp.
G, Gy), and u;(Ay), u;(Gy) are the corresponding unit
eigenvectors. Define the index ¢* = 2-1{a > b}+m-1{a <
b} and the ratio

A (Ay) + A= (Ap) )

Fer = log (/\1(AU) — A (Avp)

The index ¢* is used to differentiate the homophilic (a > b)
and heterophilic (a < b) graphs. We then define

~ —~ 1
YspM = Ker (\/EAU]L'!J]L + A= (AU)’u,g* (AU))
2)\1(G) G[U]LyL

+ )\1 (GU)u1 (G[U)> .

Yomm = @) + dN( Jm

It is natural to discard the graph estimator when a = b
reflected by %¢« = 0, since no algorithm could outperform
random guess on the Erdds-Rényi graph. Consequently,
the ideal estimator, inspired by semi-supervised principal
component analysis, is given by sign(ypc, ) with

Ypca = Yspm T YaMms 3.4

where the estimated partitions are collected by 9U7+ ={ie
V[U : (@PCA)’i > 0} and V{[L, = {Z c V[U : (@PCA)i < 0}

3.2.2. THE REGIME ¢, 2 log(m)

~

Theorem 3.2 and Theorem 3.4 (a) establish the sharp thresh-
old for exact recovery, i.e., I(a,,b,,c;) = 1, verified by
the numerical simulations in Figures 2 and 3.

Theorem 3.4. Let Assumption 3.1 hold and q,, 2, log(m).

~

(a) (Exact). When I. = I(ar,br,cr) > 1, Ypca achieves
exact recovery with probability at least 1 — m'~ 1.
(b) (Optimal). When I. = I(a;,b;,c;) < 1, it follows

limsup g,,," log B, (yy, Ypca) < — I

m—r o0

Informally, the second part of Theorem 3.4 can be under-
stood as Et,,, (yy, yy) < e~ {7, which establishes an
upper bound of the expected mismatch ratio. It matches the
lower bound in Theorem 3.3. In that sense, even though
exact recovery is impossible when I(a,,b,,c;) < 1 by
Theorem 3.2, the estimator Yp o in (3.4) arrives the lowest
possible error rate when ¢,,, 2 log(m).

3.2.3. THE REGIME 1 < ¢, < log(m)

When the graph becomes even sparser, where the expected
degree of each vertex goes to infinity slower than log(m),
the previous estimator Ype, in (3.4) is no longer valid.
There are two main issues. First, kg« was designed for
the estimation of log(a /b, ), but it does not converge to
log(ar/b;) anymore when 1 < ¢, < log(m), since
A1(Ayp) and Mg (Ay) no longer concentrate around #
and % (Feige & Ofek, 2005). To get rid of that, we refer
to the quadratic forms 17 A1 and y; Apy;, which still
present good concentration properties. Formally, we use the
following kg instead

1TA]L]. + yHTALyL)

R * = 1 (
e o8 1TALL —y ALy
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Figure 2. Performance of Yp, in (3.4): fix N = 800, 7 = 0.25 and vary a (y-axis) and b (z-axis) from 1 to 10.5. For each parameter
configuration (a-, br, c;), we compute the frequency of exact recovery over 20 independent runs. Light color represents a high chance of
success. Phase transitions occurs at the red curve I(a-, b;, c;) = 1, as proved by Theorems 3.2 and 3.4.

The second issue is that, the entrywise eigenvector analysis 021
of us(Ay) breaks down due to the lack of concentration.
To overcome that, we let Yo = sign(yagyng). Note that
Aypyg is closed to /mAp (Ay)ue (Ay), then the new o]
graph estimator is defined through

Yspm = Res (Aunyy + Auvgg) /vVm (3.5)

Loglerror rate)/log({m)

Combining the above reasoning together, the estimator for
under the general case is given by sign(ypcy ), Where

1.2

—1.4

Ypca = Ysem T YoM

The following result shows that yp 4 achieves the lowest : ‘ ° : ©
possible expected error rate when 1 < ¢,,, < log(m).

Theorem 3.5. Let Assumption 3.1 hold, then it follows Figure 3. The y-axis is ¢,," log(Etr ), the average mismatch ratio

on the logarithmic scale. The z-axis is a, varying from 0 to 10.5.

lim sup q;Ll log Etpy, (,le7 Sign(ﬂpCA)) < _](a_r’ b, CT)' Fix b =5, 7 = 0.25, ¢; = 0.5. The red curve is — I (a-, b-, ¢+),

m—00 the lower bound predicted by Theorem 3.3. The experiments over

different N shows that §p, achieves the information-theoretical
limits, as proved in Theorems 3.4 and 3.5.

3.2.4. COMPARATION WITH UNSUPERVISED REGIME

When only the sub-graph Gy = (Vy, &) is observed,
it becomes an unsupervised learning task on Gy, where
the data is equivalently sampled from (Ay, {z;}/*,) ~
CSBM(yy, i, @, 8, 0) with o = ag, /m and 8 = bg,, /m.
The rate function can be obtained by simply taking 7 = 0
with ag = a, by = b, and co = ¢} (02 + d/m) 104, align-
ing with the result in (Abbe et al., 2022). The difference For CSBM(y, u, «, 3, 6), in this section, we focus on ana-
between the two boundaries I(a,,b;,c.) = 1 (red) and lyzing how these parameters a, b, ¢, and 7 defined in As-
I(ag,bo,co) = 1 (blue) is presented in Figure 2. A crucial sumption 3.1 affect the learning performances of the lin-

observation is that, the extra information from Xy, Ay and
Ay shrinks the boundary for exact recovery, making the
task easier compared with the unsupervised regime.

3.3. Performance of ridge regression on linear GCN
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ear graph convolutional networks. We consider a graph
convolutional kernel h(X) € RY*? which is a function
of data matrix X and adjacency matrix A sampled from
CSBM(y, i, o, 3, 0). We add self-loops and define the new
adjacency matrix A, := A + pIy, where p > 0 represents
the intensity of self connections in the graph. Let D, be the
diagonal matrix whose diagonals are the average degree for
Ay e, [D,]i; =+ 3L S (A,) for each i € [N].
For the linear graph convolutional layer, we will consider
the following normalization:

(3.6)

Denote D := Dy, indicating no self-loop added, and D as
the first diagonal of D. We study the linear ridge regression
on h(X). Compared with the general GCN defined in (Kipf
& Welling, 2017), here we simplify the graph convolutional
layer by replacing the degree matrix of A by the average de-
gree among all vertices. In this case, we can directly employ

h(X) = %\/WAPX to approximate the h(X), where

d is the expected average degree defined by (C.1). Notice
that for sparse graph A under Assumption 3.1, the degree
concentration for each degree is not guaranteed, which is a
different situation from (Baranwal et al., 2021; 2023a).

We now consider transductive learning on CSBM following
the idea from (Baranwal et al., 2021; Shi et al., 2024). Recall
that the vertex set V is split into two disjoint sets V|, and Vy,
where n = |VL|, m = |[Vy| and N = n + m. The training
ratio T = % as N — oo. From Definition 2.7, we know that
Sp € [0,1]™*N, 8y € [0,1]™*N, L X = Xy, € R™*4,
and SyX = Xy € R™*? Then, the empirical loss of
linear ridge regression (LLR) on h(X) can be written as

1 A
L(B) = ~ISL(h(X)8 ~ )13 + Z11BI3,
for any A > 0, where the solution to this problem is
[Ai = argmin L(3)
BER?

= (W(X)"PLh(X)+ M) *h(X) PLy, 3.7)

where Py, = S Sy € RV*V is a diagonal matrix. Simi-
larly, define Py = Sy} Sy € RV*N. Then the estimator of
this linear ridge regression for A > 0 is

Urrr = Svh(X)(W(X) T PLh(X)+M,) 'h(X) " Pry.

(3.8)
In the following, we aim to analyze the misclassification
rate ¥ (Yy, Yrr ), the associated test and training risks in
mean square error (MSE) defined by

RO = Su(X)B-9)li (9
EN = ~ISLX)B )i G10)

Notice that Shi et al. (2024) also studied the asymptotic
test and training risks for CSBM on linear GCNs but in a
sparser graph A with constant average degree. They utilized
statistical physics methods with some Gaussian equivalent
conjecture to compute the asymptotic risks. Below, we
provide detailed statements for the exact recovery thresholds

of Y rRr-

Theorem 3.6 (Exact recovery for graph convolution linear
ridge regression). Consider the ridge regression on the lin-
ear graph convolution h(X) defined in (3.6) with estimator
YLLr in (3.8). Assume that p < g, 02 = (1 + 0(1))ergm
and G S d < A/ Nqp.Then, under Assumption 3.1, we can
conclude that

(a) When p = 0, then P(¢m (yy, sign(Yprr)) = 0) — 1
as long as I(a,,b,,0) > 1.
(b) When
2¢,
.. SRV 3.11
? = Tog(ar /) G0

then P(Yp, (yy, sign(Yrrr)) = 0) — 1 as long as
I(ar;,brycr) > 1.
(c) When p = sqp, for some constant s € R, then

P(¢ (yy, sign(yrrr)) = 0) — 1

when J(ar,br,cr,C,8) > 1, as m — oo, where ¢ :=
ey and K= \/cr - %for)\ > 0. Here rate
Sunction J(ar,br,c;,C, ) is defined in Lemma C.2.
Additionally, we know that the exact recovery region
{(ar,brycr)  J(ar,br,cr,C, 8) > 1} is a subset of
the optimal region {(ar,br,c;) : I(ar,br,c;) > 1}
Consequently, p = b;(%qm is the optimal weighted self-
loop to attain the exact recovery of labels yy; in this semi-
supervised learning with linear ridge regression on h(X).
This is because in this case, the exact recovery for Yy rp
matches the information-theoretic lower bound in Theo-
rem 3.3, i.e., below this threshold, no algorithms can per-
fectly recover all the unknown labels in Vy.

Theorem 3.7 (Asymptotic training and test errors). Con-
sider (A,X) ~ CSBM(y,pu,a,3,0). Suppose that
p/qm — s € Rand d < N. Under the Assumption 3.1, the
training and test errors for linear ridge regression on h(X)
defined by (3.7) are asymptotically satisfying the following
results. For any fixed \ > 0, both training and test errors
in MSE loss defined in (3.9) and (3.10) satisfy

)\2

almost surely, as m, N — oo, where k is defined in Theo-
rem 3.6 (c).
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Figure 4. Performance of y; gy in (3.8). Fix N = 800, 7 = 0.25, ¢, = 0.5. Compute the frequency of exact recovery over 20
independent runs. When I(a, b, c.) > 1, Y gy achieves exact recovery, as proved in Theorem 3.6 (a) and (b).
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Figure 5. The y-axis is Et)y, , the average mismatch ratio over 20
independent runs. The x-axis is a, varying from O to 10.5. Fix b =
4,7 =0.25, ¢, = 0.5, N = 400. The red curve is m ' (*7bm¢7),
the lower bound predicted by Theorem 3.3 with ¢,,, = log(m).
The experiments shows that Y; pz achieves a lower mismatch ratio
when adding self-loop in the area I(a-,b,,c;) < 1, where the
exact recovery is impossible.

3.4. Performance of GCN with gradient-based training

In this section, we study the feature learning of GCN on
(A, X) ~ CSBM(y, i, a, 3,0) with n known labels and
m unknown labels to be classified. We focus on gradient-
based training processes. From Section 3.3, we can indicate
that the self-connection (or self-loop) weight p plays an im-
portant role in exact recovery on test feature vertices. It turns
out that we need to find the optimal p in (3.11) for self-loop
weight to ensure the exact recovery threshold approaches to
the IT bound studied in Section 3.1 for graph learning. A

similar idea is also mentioned in (Kipf & Welling, 2017),
whereas the equal status of self-connections and edges to
neighboring nodes may not be a good assumption for a gen-
eral graph dataset. Hence, we raise a modified training pro-
cess for GCNs: in general, learning on graphs also requires
learning the optimal self-loop weight for the graph, i.e., we
should also view parameter p in graph A, = A+ pIy asa
trainable parameter. Although the optimal p in Section 3.3
for CSBM on semisupervised learning is due to LDP analy-
sis (see Appendix C.1), we can generally apply a spectral
method to achieve oracle p in (3.11).

For simplicity, in this section, we denote

As=A+squly, Ds=squIy+ D,

where D is a diagonal matrix with the average degree for
each diagonal. In this section, we view s € R as a train-
able parameter. Let us consider a general two-layer graph
convolutional neural network defined by

f(X):= \/%U(Ds_lASXW)a

where the first-layer weight matrix is W € R%*X and
second layer weight matrix is a € R¥ for some K € N.
Here, W s are training parameters for this GCN. We aim
to train this neural network with training label y; to predict
the labels for vertices in V. Notice that when training W,
we want W to learn (align with) the correct feature p in the
dataset. As studied in (Baranwal et al., 2021), for CSBM
with a large threshold, the data point feature is linearly
separable, hence there is no need to introduce a nonlinear
convolution layer in (3.12). So we will consider o(z) = x
below. In practice, nonlinearity for node classification may

(3.12)
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not be important in certain graph learning problems (Wu
etal., 2019; He et al., 2020).

We train this GCN in two steps. First, we train the W with
a large gradient descent step on training labels. By choosing
the suitable learning rate, we can allow W to learn the
feature . Let us define the MSE loss by

LW, 5) = 5-(F(X) — ) Pulf(X) ~ ).
The analysis for GD with a large learning rate to achieve
feature learning is analogous with (Ba et al., 2022; Damian
et al., 2022). We extend this analysis to one-layer GCNss.
Precisely, we take a one-step GD with a weight decay \;
and learning rate 7;:

W = WO = (Vo W, 5@) 4 AW ).

Secondly, we find out the optimal s based on (3.11). Here,
we only use training labels yy . Let

2
1) _ T W 1
S( ) N ’I’LQQm (y]L X]L ( )a)/log(

1TA1 -y Avy;,

This construction resembles the spectral methods defined in
(3.5). Meanwhile, we can also replace this estimator with
the gradient-based method to optimize s in MSE loss which
is shown in Appendix D. However, to attain the IT bound,
the nonlinearity of o(x) in (3.12) plays an important role
when applying GD to find optimal self-loop weight s. This
observation is consistent with results by Wei et al. (2022);
Baranwal et al. (2023b), where nonlinearity needed for GCN
to obtain certain Bayes optimal in sparse graph learning.

Assumption 3.8. Consider N,d,K — oo, n =< N,
K < N, q, = log(m) and d = o(q?,). We assume

that at initialization s = 0, and VK - [W(O)]ij Lid.

N(0,1), VK -[a]; "~ Unif{&1}, foralli € [d], j € [K].

With initialization stated in Assumption 3.8 and trained
parameters W and s, we derive a GCN estimator for
unknown labels which matches with Theorems 3.3 and 3.2.

Theorem 3.9. Under Assumptions 3.1 and 3.8, suppose
that learning rate 1, = O(K/\/qm) and weight decay
rate \y = 0y '. Then, estimator Yocn = Suf(X) with
W =wWWand s = s satisfies that

P(¢m (yy, sign(Ygen)) =0) — 1

when I(a;,br;,c;) > 1, as m — oo. Hence, GCN can
attain the IT bound for the exact recovery of CSBM.

Remark 3.10. (Duranthon & Zdeborovd, 2023) proposed
the AMP-BP algorithm to solve the community detection
problem under CSBM, where the expected degree of each

]_TA]. + y{ALyL)
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Figure 6. Mismatch ratio difference of g When with or without
self-loop for fixed b = 4, ¢; = 0.5, N = 400.

vertex is constant, i.e., q,, = O(1). By contrast, this
manuscript focuses on the regime q,, > 1 as in Assump-
tion 3.1. Theorem 3.9 shows that the GCN achieves exact re-
covery when I(a;,b.,c;) > 1. However, the performance
of the GCN is not characterized when I(a;,br,c;) < 1,
and it is still unclear whether it would match the lower
bound proved in Theorem 3.3, i.e., the optimality of GCN
remains open. From simulations in Figure 6, we observe
that below the IT bound (1(a,,b;,c;) < 1), there is a gap
between theoretical optimal error (red curve) and the simu-
lated mismatch ratio by GCN estimators.

4. Numerical simulations
4.1. Optimal spectral method

The efficacy of the spectral estimator Ypc is demonstrated
in Figures 2 (a) and 3 for ¢, = 0.5 and Figure 2 (b) for
c; = 1.5. We fix N = 800, 7 = 0.25, but vary a (y-axis)
and b (z-axis) from 1 to 10.5 in Figure 2, and compute the
frequency of exact recovery over 20 independent trials for
each parameter configuration (a,, b, ¢, ). Here, a lighter
color represents a higher success chance. The (red) and
(blue) curves represent the boundaries for exact recovery
under semi-supervised and unsupervised regimes respec-
tively. A larger ¢, implies a stronger signal in node features,
which shrinks the boundary for exact recovery and makes
the problem easier. In Figure 3, we fix b = 5 but vary a
(z-axis) from 1 to 10.5. The simulations for the average
mismatch ratio are presented on the logarithmic scale over
different choices of N. Clearly, log E¢,,, will approach the
lower bound (red curve) as proved in Theorems 3.3, 3.4 (2).

4.2. Ridge regression on linear GCNs

The efficacy of the ridge estimator Y,y is presented in
Figures 4 and 5. We fix N = 800, 7 = 0.25 and ¢, = 0.5
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(a) Exact recovery counts without self-loop.
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Figure 7. Performance of §cn when N = 400, 7 = 0.25, ¢ = 0.5.

in Figure 4, but vary a (y-axis) and b (z-axis) from 1 to
10.5, where 20 independent trials are performed on each
(ar,br,c;). The difference between the (a) and (b) lies on
the choice of the self-loop density p, where we take p = 0 in
(a) but p = 2¢, ¢, log(a, /b;) in (b) as (3.11). In Figure 5,
we fix b = 4, N = 400 but vary a (z-axis) from 1 to
10.5. When I(a,,b;,c,) < 1, the performance difference
between the choices of p are presented. From simulations,
the average mismatch ratio is closer to the predicted lower
bound (red curve) when the optimal self-loop is added.

4.3. Gradient-based training on GCN

The efficacy of Yy is presented in Figures 6 and 7. Sim-
ilarly, we fix N = 400, 7 = 0.25 and ¢, = 0.5, but vary
a (y-axis) and b (z-axis) from 1 to 9 in Figure 7. For each
(ar,br,c;), 10 independent trials are performed. We plot
the performance when adding self-loops to the graph data,
where we take p = 0 in (a) but p = 2¢, ¢y, log(a, /b, ) in
(b) as (3.11). In Figure 6, we fix b = 4, ¢, = 0.5, N = 400
but vary a (z-axis) from 1 to 9. The performance difference
between the choices of p when I(a,,b,,c;) < 1 are pre-
sented. From the simulations, the average mismatch ratio is
closer to the predicted bound (red curve) when the optimal
self-loop is added.

5. Discussion and conclusion

Firstly, as shown in £* and K¢«, our results for spectral
method, ridge regression, and GCNs all cover Erdés-Rényi
graph (a = b), homophilic graphs (a > b) and heterophilic
graphs (¢ < b). When a = b, we can only utilize the
node feature from GMM for classification, which returns to
the semisupervised learning on GMM (Lelarge & Miolane,
2019; Oymak & Cihad Gulcu, 2021; Nguyen & Couillet,

2023). For heterophilic graphs with a < b, the optimal self-
loop strength p defined in (3.11) is negative, which validates
the observation in Figure 5 of (Shi et al., 2024).

Our research pioneers the investigation of the exact recovery
threshold in semi-supervised learning on CSBM. We present
various strategies for achieving exact recovery, including
the spectral method, linear ridge regression applied to linear
Graph Convolutional Networks (GCNs), and gradient-based
training techniques for GCNs. For each method, we es-
tablish precise asymptotic lower bounds that depend on
the sparsity of the Stochastic Block Model (SBM) and the
signal-to-noise ratio (SNR) in Gaussian Mixture Models
(GMM), which, in many instances, are optimal when com-
pared to the information-theoretic (IT) bound. Crucially, our
findings support the notion that GCNs, when equipped with
certain gradient-based training protocols, can flawlessly re-
cover all unlabeled vertices provided the SNR exceeds the
IT bound. This finding underscores the effectiveness of
GCNss in addressing classification problems within CSBM
settings. For future work, we can delve into the exact recov-
ery rates for more intricate and nonlinear graph models, such
as XOR-SBM and geometric Gaussian graphs. Additionally,
we intend to shed light on the process of feature learning
in GCNs and identify the optimal GCN architectures that
prevent over-smoothing and meet IT bounds.
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A. Information-theoretic limits

In this section, we will provide the proofs for Theorem 3.2 and Theorem 3.3.

A.1. Impossibility for exact recovery
The proof sketch of Theorem 3.2 is presented in this section, with some proofs of Lemmas deferred.

Lety € {£1}" denote the true label vector with y = [y; ,y{j]", where y; and yy denote the observed and uncovered
label vector respectively. Assume (A, X) ~ CSBM(y, i, av, 3, 6) as in model 2.5, and the access to A, X, y;, are provided.
Let yy € {£1}™ denote an estimator of yy; obtained from algorithm. The probability that Yy, fails recovering every entry
of yy is

Praiy == ]P)(QIU # iyU) = Z [1 - P(@U = :tle‘Avay]L)] : ]P)(A’ X’ylL)’
A X,y

where the Maximum A Posteriori (MAP) estimator achieves its minimum. Since the prior distribution of y is uniform
sampled in Definition 2.5, the discussion on the ideal estimator can be transferred to Maximum Likelihood Estimation
(MLE),

UMLE = argmax P(Aly.,yy = 2) - P(X|yL, yy = 2)- (A.1)
ze{+1}m 1T 2=0

Furthermore, Lemma A.3 shows the function that MLE is maximizing over z € {£1}™

f(z) =logP(Alyy,yy = z) + log P(X |y, yy = 2). (A.2)

From the discussion above, MLE is equivalent to the best estimator MAP. No algorithm would be able to assign all labels
correctly if MLE fails. In the view of (A.2), the failure of MLE indicates that some configuration o € {£1}™ other than
the true yy; achieves its maximum, and MLE prefers o other than yy;.

To establish the necessity, we explicitly construct some o € {£1}™ with 1T o = 0 such that o # yy but f(o) > f(yy)
when below the threshold, i.e., I (a, b, ¢) < 1. An example of such o can be constructed as follows. Pick u € Vy 4 and
v € Vy,— where Vy + = Vy N V4, and switch the labels of « and v in yy; but keep all the others. Lemma A.1 characterizes
the scenarios of failing exact recovery in terms of v and v.

Lemma A.1. Given some subset S C V = [N], for vertex u € U, define the following random variable

2
Wm,u(s) = Yu (IOg(a/b) : Z Aujyj + m Z<mua xj>yj>- (A3)
jeS

jES

Denote by Wy, o, = W, ([N]\ {u}) for any u € Vy. Define the rate function

1 ar\? br\t 9
I(t,ar,br,cr) = E(aT—aT(b—) —&-bT—bT(—) ) — 2¢,(t+t%). (A.4)
Then, it supreme over t is attained at t* = —1/2,

1 —
Sup[(t?a’T7bT7C‘F) = I(_1/27aT7bT7C‘r) = 5((\/0/7' - b‘r)2 +CT) = I(aTabTacT)7
teR

where the last equality holds as in (3.2).

(a) Foranye < 2(‘111;) log(a/b) + 2¢, and § > 0, there exists some sufficiently large mq > 0, such that for 1(t,a,, b, c;)

in (A.4), the following holds for any m > my

P(Wiu < egm) = (14 0(1)) - exp ( —qm - (—0+ ilel]g{at +I(t,ar,bs, cT)})>

(b) For the pair u € Vy 4 and v € Vy _, the event {W, ,, < 0} N{W,, ., < 0} implies f(yy) < f(o) with probability
at least 1 — e~ 9™,

13
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However, for any pair u € Wy 4, v € Wy, —, the variables W, ,, and W,,, ,, are not independent due to the existence

of common random edges. To get rid of the dependency, let I be a subset of Vy with cardinality |U/| = dm where
§ = log™*(m), such that [/ N Vy | = [U N Vy,_| = §m/2. Define the following random variables
Um,u = m,u([N] \u)7 Jm,u = m,u(u \ {u})a Jm = I’Iéi%}x Jm,u (AS)
u€Vy

Obviously, for some (, > 0, {Unw < —Cmdm} N {Im < Gngm ) implies {W,,, , < 0} since Wi, o, = Uy + i e
Furthermore, {Up, < —(n@m } does not reply on {J,, < (ngm} since Jy, is independent to any vertex in U. Also,

{Um,u}uevy . nu is a set of independent random variables since no overlap edges. Thus the failure probability can be lower
bounded by

Pait >P(3u € Vy 4, v € Vu,— sit. f(yy) < f(o))
>]P’( Uuevy + {Wmu <0} nUUGVU {Wio < 0}) ( Uuevy 4ntd {Wmu < 0} ﬂUvevU,_mu{Wm,v < 0})
> P( Unevi st (U < =Gt} () Uvevt - {Umiw £ ~Cntin}|[{Iim < Gntn}) - P(In < Gnim)
> P( Uuevs, et (U < ~Contin}[{in < G}
P(Uneve,-rtt {Umaw € ~Cntmn}[{Jin < Gntn}) B Ui < Gintin)
=P(Unevo, et {Umau < ~Gm}) P Uevs, ot {Unw € Gt} - Pl < Gntim)

Lemma A.2. For (,, = (loglogm)~! and q,, = log(m) and some constant 5> 0, the following holds

ml—](ar,bﬁc.,.)—}-&

P(Jm S Cmqm) Z 1-— logij(m) : m_1+0(1)7 ]P)( UuEVU +NU {Umu S _CQO}) Z 1-—- €xXp ( - —3)
’ ’ 2log”(m)

With the lower bounds of the three components obtained in Lemma A.2, while I(a,,b,,c;) =1 — e < 1 for some € > 0

and 6 > 0, one has

1—I(ar,br,cr )40« -2 —1+0(1)
B = [1 —enp (= Y gty
2log”(m) log®(m)
5+g —1+0(1) 5+g —1+0(1)
21—26Xp<— m3 )_mg —eXp(— m3 >.m3 S
2log”(m) log®(m) 2log®(m)/  log®(m)

Therefore, the with probability tending to 1, the best estimator MLE (MAP) fails exact recovery, hence no other algorithm
could succeed.

A.2. Information-theoretic lower bounds

Proof of Theorem 3.3. For each node i € Vy, denote f(-\ﬁffjbﬂu_i) =Py, = |JA = AX = X,y, =
Y Yu,—i = ﬂu_i). Due to the symmetry of the problem, vertices are interchangeable if in the same community,
then it suffices to consider the following event

A= {f(yl |;i? X, g]]_n gU,—l) < f(_yl “Zv X, g]Lv gU,—l)}'
By Lemma F.3 in (Abbe et al., 2022) and symmetry between vertices, for any sequence of estimators gy, the following holds
m—1
“3m—1

Recall the definition of W), ,, in (A.3). We denote W, ; by takingw = 1 and S = [N] \ {u}. Define the following two
events

Etn (Yy, yy) > P(A).

B .:{llog( f(yl‘A7X7g]L7§U771) ) — Woa
(_y1|A7X7ﬂ]Lvﬂ[U,fl) ’

< Eqm}, C. = {Wm,l < —Eqm}.
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By triangle inequality, B. N C. implies A, thus B, N C. C A, and
Em Yy, yu) 2 P(A) 2 P(B: NC:) = P(C.) — P(B7).
According to Lemma B.1, P(B¢) <« e~ 9. Together with the results above, and by Lemma A.1, we have
lggigof g log En (Gy, yy) > — ilelﬂg{gt + I(a,b,cr,7)},
and the proof is finished by taking € — 0. O

A.3. Deferred proofs

For the sake of convenience, we introduce the following notations for the remaining of this section. For some realization
A=A X=X,y =y € {£1}" and p = 1, we write

P(Zaxagﬂ_,) =PA=A X=Xy, =9y), P(Aax‘ﬂbymzz) :]P’(A:E,X = Xy, =y, yy = 2)
P(Alyy,yy = 2) =P(A = Aly, =y, yp = 2), P(X|yp,yy=2) =P(X = Xy, =yp,yy = 2).

Lemma A.3. The MAP estimator minimizes the P, and MAP is equivalent to the MLE (A.1). The quantity that MLE is
maximizing is defined in (A.2).

Proof of Lemma A.3. From model 2.5, independently, y;, and yy; are uniformly distributed over the spaces {+1}™ and
{£1}™ respectively, thus the following factorization holds

Py, yy =2) =Py, = yr,yu = 2) =Py, = y.) - Plyy = 2),
which is some constant irrelevant to z. The first sentence of the Lemma can be established by Bayes Theorem, since

P(A, X|yp, yy = 2) - Py, yy = 2)

Yuap = argmax  Plyy = z[A, X,y ) =  argmax

ze{£1}™,1T2=0 ze{+1}™,1T2=0 P(A7X7yL)
= argmax P(A Xy, yy=2)= argmax P(Alyy,yy=2z) P(X[yL,yy = 2)
ze{+1}m 1T 2=0 ze{+1}m 1T 2=0

where P(yy, yy = z) and P(A, X, y; ) in the first line are factored out since they are irrelevant to z, and the last equality
holds due to the independence between A and X when given y. For the second sentence of the Lemma, the function f(z)
could be easily obtained by taking the logarithm of the objectve probability. O

Proof of Lemma A.1 (1). By definition of W, ;, we have

W 2t0?
E[e™™ily;] = E |exp | —5— (@i, )Yy | | Yi
NO? +d ,
JEINN{i}

-E |exp | tlog(a/b) Z Aijyiui | | vi| -E |exp tlog(a/b)ZAijyjyi Yi
F€Vu\{i} JevL

Following the same calculation as Lemma F.2 in (Abbe et al., 2022), we know that

2t6*
logE |exp NoZ1d Z (i, )y yi| = 2¢(t+ 1) (1 +0(1)gm
JelNI\{#}

1 a\t b\'
logE |exp | tlog(a/b) Y Ay | |vi| = 2<—a+a<b> —b+b<a>>(1+0(1))qm-
JeVu\i}

15
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Meanwhile, since
1
Ele~" v ily] = 14 2 (ale’ = 1)+ Be ™" — 1)),

we can get

E |exp | tlog(a/b) Z Aiyiyi
JEVL

<
S
I

nlog (1 + 5 (0l — 1) + 8™ - 1>))

Thus by using log(1 + ) =  when 2 = o(1), we obtain

yi] = lim_ <207(t+t2) + % (a (%)t —a+b <2)t b)) (1+0(1))

- — I(t, Qr, b-,—, C‘r)(1 + 0(1))

th,i

lim g, logEle

The proof is then completed by applying Lemma H.5 in (Abbe et al., 2022). O

Proof of Lemma A.1 (2). First, we plug in o, yy; into (A.2), and consider the effect of v and v,

flyy) = f(o) = log P(Alyy,, yy = o) — log P(Alyr, yy) + log P(X|yy, yy = o) — log P(X|yy, yy)
= 1OgP(A|yu =1y, = _Ly]L’yU\{u,v}) - IOgP(Akgu =-1y, = Ly]I_.ayU\{u,v})
+ IOgP(XkUu =Ly = _Ly]LyyU\{u,v}) - IOgP(Xk'Ju =-Ly, = 1’yIL’yIU\{u,v})'

By Lemma A 4, the term above can be further reformulated as

g (PAAlYwY ) op (PXXyuy )
f(yU) a f(o-) = log (pA(A| = Yu, y—u)) i (pX(X| - yuay—u))

pA(A|y7jvy7'U) pX(X|yU7y7'u)
+1 +1lo .
(pA<A| - yv,y_w) 5 (PX (X - yv,y_v>)

Note that y2 = 1, according to Lemmas A.5 and A.6, with probability at least 1 — e =%, we have

pa(Alyu,y_,) Px (X|Yu, Y_u) a 262
‘IOg (pA(A| - yu,y_u)) +log (px(X‘ _ ywy_u)) ~ Yulog (g) ;Aijyj YN d ;<$i7wj>yj

262
)) - yum ;@i,wﬁw
JF

) ( px (X |Yu, y_u)
og

+
Px(X| = Yu, ¥

e AL ()

<L Qm-

Consequently by triangle inequality, there exists some large enough constant ¢ > 0 such that with probability at least
1—e=“m,

|f<yU) - flo) - Winu — Wm,U|/‘1m =o(1),

The proof is then completed. O

Proof of Lemma A.2. First, J,,, = maxy,ey, Jm,u i (A.5), then it suffices to focus on P(J,, o, > (mqm ), since an argument
based on the union bound leads to

P(Jm > Cmgm) =P(Fu € Vu st T > Cnm) < Y P(Jmu > Gntlm)-
u€Vy
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We claim the following upper bound with the proof deferred later
Edpmu < exp(gm log ™3 m). (A.6)

Then by Markov inequality and the fact g,,, = log(m), one has P(J,, » > (mgm) < EJyw/(Cm@m) < n= 22 Thus by
the union bound

P(Jm < Cngm) =1 =P > (ngm) > 1 —ym - m 2t — 1 — log_g(m) o1,

For the second desired inequality, note that the difference between U, ., (A.5) and Wiy, ., (A.3) is relatively negligible
since |U|/m = log™3(m) = o(1), thus U,, ,, exhibits the same concentration behavior as W,, ,,. One could follow the

same calculation as in Lemma A.1 to figure out that for any m > mg and 5> 0, with I(t, ar, b, c;) defined in (A.4), the
following holds

IP)((]m,u < _CQO) = €xp ( —Qqm - <_5+ Sup{_Cmt + I(t7 ar,br, C‘r)}))
teR
Note that {Upn,y fuevy . nu is a set of independent for different since no edge overlap, then one has

P( muGVUY_*_ﬁZ/{ {Um,u S —CQO}) = H IP)([]m,u > —CQO)
UEVU,+ﬂu

5m/2 1—1I(ar,br,cr)+38
= (1 — _I(afvbT7CT)+5) m/ < eXp ( - mn

21og®(m) ) ’
where the last inequality holds since 1 — x < e™*, and it leads to our desired result

mli—I(arbrcr )+

]P( Uuevy 4 nuu {Um,u > Cmqm}) =1- (muGVU,+mU {Um,u < —CQO}) >1—exp ( - W)

‘We now establish the proof of (A.6). Recall that J,, ,, (A.5) is a summation of independent random variables where the
number of such type random variables is at most [U| = ym =< mlog™>(m). Denote A = IM\ T Zjeu\{u} x;y;.
Recall x; = Oy;p + z; with ||pf2 = 1 in 2. 1) then y;x; ~ N(0p,I;) given y;, and /|U| — RN

NG/ Ul —1 0w, 1), while y;x; and \/[U| — 1 @ 1" are independent. Following Lemma H.4 in (Abbe et al., 2022), for
allt € (—/[U| — 1, /U] — 1), one has

log E( exp(t(z, B ")yu)yu) = log E(exp(t// U] — Lzw, U — 1 B8)y)|ya)

+2 t
IMI 2 201,112 Viul-1 5 d t2
= ~1)- L “1p) - Llog (1
= S Pl (0t = ) )+ 122 BT i~ G 108 (1 )
[t If1 -1
t6> |t d 2 ()
= e (1 + 2 = 1)) — 5 log (1 “ 1) =log E(exp(t(zy, ' " )yu),

where the last inequality holds since the result above is independent of y,. We substitute s = 2tp/6%, where p =
04 (U] — 1)/(NO? + d). We focus on the critical case 8% =< ¢, = log(m), |U| = mlog > m, d/N = ~ = 1, thus
s2/(U| — 1) = m~log™3(m) = o(1), log(1 — ) = —x for & = o(1), then

o s0? Us N\ 4 st
logE(exp($<mu7H YYu) = T |MS\2,1 (1 + (U] — 1)) 92 log (1 ul - 1)
2 22
B ) d s tp d . 4t°p
=1+ 0(1)]s6%(1 + s/2) + 2 -1 =[1+o(1)]- [Qtp(l + 92> + 20U —1) 6% }

=[1+o(1)]- th[1+ i (1+92(|1j|l_1))] - [1+0(1)]~2ﬁt[(1+t

=[1+o(1)] - 2pt(1 + (1 — 7)log~*(m)).

2 —
HE)
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By (3.1), we focus on the critical case 62 =< g, = log(m), [U| = mlog™3m, d/N = v = 1, then

o 0| - 1)

- = - -2 _ -3
@+ (—ndm 4m, NeZ+d log™"(m) < ¢rqm - log™"(m),

Crdm =

which leads to
2
log E exp ( > <wu,w->y->
N 2 J/97
+d/0 jeu\{u}
= log E( exp(s(au, A" )y) = 2¢, (¢ + £2(1 = 7) log ™" (m)) log (1) - .

On the other hand, we have

LA,y 1 _ 1 0 _a 1 1
e 4wt |y, | = SE[eH4 ly,y; = 1] + SEle 4% gy, = —1] = S[aet + (1 a)] + 3[8et + (1 - B)

t —t
a(e — 1) ‘;ﬁ(e - 1) — E[e_tA“’jy“’yJ],

where the last equality holds since the result on the second line does not depend on y, again. Conditioned on y,,
{AyjYuy;} s are iid. random variables, then followed by o = agy, /m, § = bg,,/m and log(1 + z) = x for x = o(1),
we have

logE{exp (tlog a/b)yu Z Au]y])] = (|| - 1) - log (1 n agm[(a/b)t — 1]2—:anm[(b/a)t _ 1])
jeu\{u}

:@+00dewﬁ—u;m@my_

Due to the independence between the graph A and feature vectors X conditioned on y,, one has

Y 1og=3(m) - gn.

2
—1 I o —1 ,
q,, logEe q,, logEexp <N+d/92 | Z (Tu, )y, > +4q, logE[exp (tlog a/b)ys, Z Au]y])]
JeUN{u} jeu\{u}
t__ 1 t __ 1 .
=[1+o0(1)]- al(a/) ) —2|-b[(b/a) } + 2, (t+ 7 (1 — 1) logf?’(m))} log—3(m) =< log™3(m),

where the last line holds since a, b, ¢ < 1. The proof of (A.6) is then established once the large deviation results from graph
A and feature matrix X are added together. O

Lemma A.4. Denote by pa(- |E, Y_,;) the conditional probability mass function of A given y; = =1 € {:I:l} and

Yy, =Y_ i € {£1}N L. Denote by px (- \&,y ;) the conditional probability density function of X given y; = l; € {1}
andy_;, =y_; € {il}N L. Then

10g< P(A|Yus Yo, Y Y00 {u,0}) >1Og< Pa(Alyuw,Y_,) )+1o ( pa(Alys,y_,) )

P(A| = Yus —Yos Y, Y0\ {u,0}) pa(Al = yu,y_,) pa(Al —yu,y_,)/"

o ( P(leu7yvayLayU\{u,v}) ):10 ( pX<X|yu; —u) )+1Og< pX(X|yv7 —v) )
P(X| = Yus —Yv, Y, Y0 fu,0}) px(X| = Yu, y_y) px (X| =y, y_,)

Proof of Lemma A.4. We start with the graph part. For each vertex v € Vy, denote 7,, = {j € [N] \ v : y,y; = 1} and
Su={j€[N]\u:A, =1}, then

|Tuﬂ$y,| . (1 — a)llru\su‘ . Blsu\lru‘ . (1 — ﬁ)”N]\(TuUSuU{u})l’
ISATul . (1 — @) INNTubSuL{uh)l L gITunSul (1 — g)ITul\Sul

pa(Alyw,y_,) xa
pa(A|l — Yu,y_,) xa

where o< hides the factor not involving {Au]} —, and y,,. Then

log (pﬁ?ﬁ'y’;fy“l)) = (1708 =18\ Tl g (5) + (17 Sul = 1IN\ (72 U, U () tog (15).

18



Exact Recovery in Semi-Supervised Learning

For the left hand side, we assume y,, = 1,3, = —1 and factor out the terms irrelevant to « and v, then

P(A|yU7yU7y]L7yU\{u,U}) o 5Aw(1 _ 5)1—Aw.a|Tumsu,| (11— a)ITu\Su,\ .5|Su\Tu\ (11— ﬁ)I[N]\(%USuU{u})I
calTeNSel (1— a)m\sv\ . glsu\Tu\ (11— g)I[N]\(Tvusvu{v})l )

We perform the same calculation under the assumption y,, = —1,y,, = 1, which gives

P(A] = Yus =Yos Y Y uey) < B0 (1= )1 7w @lS\ el (1 — @) INNTuS bl glTunSul. (1 — )l TSl
LISAT L (1 — @) INNTUS,UEDT L gITnS.l . (1 _ g)|T\Sul

where the probability of generating edge (u, v) remains unchanged when flipping the signs of u and v at the same time. The
proof follows easily by rearranging and separating relevant terms.
For the second part, note that
1 2
px (Xly) o Bexp (= 5 3 llay —wpl3) o Buexp (X z05.m)).
Jjey JjeV
where o< hides quantities that do not depend on y. Consequently,

bx (X‘yu7 yfu)
pX(X| —Yu,Y_y

7= Eu exp(2yu, ).
For the left hand side, similarly, let o< hide the quantities independent of w, v, then
P(X Y, Yo, Y Yr () X By exp(yuy, g+ yo,) p) = By exp(yuz, p) - By exp(yoz,) p).
The conclusion follows easily by the linearity of expectation. [

Lemma A.5 (Lemma F.4, (Abbe et al., 2022)). Denote by px (|ZZ, Y_,;) the conditional probability density function of X

given y; = lz c{+1tandy_, =y_; € {£1}N 1. Then there exists some large enough constant ¢ > 0 such that for each
i € [N], with probability at least 1 — eV,

px (X|yi, y_;) 20°
1 - )Y,
Y; log <pX(X|yiay—i> N2 +d;<$, -’BJ>yJ

/an = o(1).

Lemma A.6 (Lemma F.5, (Abbe et al., 2022)). Denote by pa(- |l2, Y_;) the conditional probability mass function of A

giveny; = l; € {£1}andy_, =y_, € {£1}V L. Then there exists some large enough constant c > 0 such that for each
i € [N], with probability at least 1 — eIV,

A Y —q
yilog (pA(wy)) —log (%) > Ay,

gy = o(1).
px(Alyi, y_;) i fan W

B. Performance of optimal spectral estimator

According to (Abbe et al., 2022) and the discussion in Section 3.1, the ideal estimator for the label of the node ¢ € My could
be derived from

~ genie

i =argmax P(y; = y|A, X,y_,)
y==+1

Lemma B.1. For each given i € Vy, following the op(qm; gm ) notation in (Abbe et al., 2022), we have

Ply = 1|4, X,y ) . ) o
o (P(yi = —1|A,X,y,i)) - [log (5)Ay + mGyL = 0p(qm; Gm)-
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Proof of Lemma B.1. By definition of conditional probability and the independence between A|y and X |y, for vertex
i € Vy, one has

Io ( Ply: =114, X, y_y) ) _ ( P(A, Xy =1,y_,) )
P(yl = _1|AaXay—i) P(A?Xkyl = _17y—i)
P(Aly; =1,y_;) P(X|y; =1,y_,)

o8 (]P’(A\yi = fl,yﬂ-)) e (P(lei = fl,yﬂ-))

Then, one could apply Lemmas F.4, E.5 in (Abbe et al., 2022) separately to conclude the results for the two terms above. [

From Lemma B.1 above, the ideal estimator (72", ..., 75"¢)T can be approximated by

sign <1Og(a/b)(AU1Ly]L + Aypyy) + (GuLyy, + GIU’!JI[J)) . (B.2)

2
N +d/6?

Note that Ay, y;, and Gy, are accessible for us in semi-supervised setting. Below, Lemma B.2 indicates that a scaled
version of (B.2) is entrywisely close to Ypc, in (3.4) up to a global sign flip.

Lemma B.2. Denote u = yy//m. For eachi € U, define

= log(a/b) (AUJLyIL/\/TTL + Atuﬁ) + (GuLyL/vVm + Guu).

2
N +d/6?
Then for Yp o in (3.4), there exists some sequence {€m, }m going to 0 such that

P(min [|cGpcn — w0 > emm ™/ log(m)) S m™2.
c=
Proof of Lemma B.2. Define the following intermediate-term

_ 62
v = log (%) ‘ (AUL\/lT—nyL + M : Uz(AU)) + ﬁ (GUL \/1> Yy, + mb? UI(GU)>

By definition of « and /3 in Assumption 3.1, «/8 = a/b. We focus on the case a > b, then

[v — wlloo < log(a/b) - ||Ava — %W(AU)Hoo + %MHGUTL — mb*u1 (Gu)l|so
N A(A) + X (A) 1
o~ Brcall < log (32  tox(a/)|- = 4wl
A (A) (A) (@ —b)gm
+ |log (W)AQ(AU) - log(a/b)f “uz(Av) oo

20 (G 20 e ”
\F NA(G +dN T Ng2 1 q| 1TURYLlle

2>\1(G)/\1(GU) 2m94
NM(G)+dN N62+d [u1(GU)lloo-

+

_|_

Without loss of generality, we assume (uq(Guy,@)) > 0 and (uz(Ay,w)) > 0. Also, by Lemma B.1, Theorem 2.1 in
(Abbe et al., 2022), with probability at least 1 — e™",

M(G) = (1+0(1)-N6* M (Gu) = (1+0(1)) - mé?,
and for some large constant ¢ > 4, with probability at least 1 — n~¢, there exists some vanishing sequence {&,, },», such that
[u1(G) = Gua/(mb?)|loo S em-m ™2, Jur(Go)|loe S m™2

One can also obtain the upper bounds for || Ayr||2—00 and ||Gur||2— 0. The remaining procedure follows similarly as
Lemma F.1 in (Abbe et al., 2022) and Corollary 3.1 in (Abbe et al., 2020). O]
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Proof of Theorem 3.4 (1). First, for each node ¢ € Vy, if there exists some positive constant & such that
4 Vmyi(Ypea )i > €, then the estimator sign(ypca) recovers the label of each node correctly. Thus a sufficient
condition for exact recovery is

gt /m mln Yi(Ypca)i > &, for some positive constant &.

Remind the result of Lemma B.2, for some vanishing positive sequence {&,, }m, we have min.— 11 ||cypcp — Wlloo >
€m m~1/2q,, with probability at most m~2. Denote ¢ := argmin,_, ||c¥pca — W|loo and & = ¢ - Yp 5. Based on the
facts above, the sufficient condition for exact recovery can be further simplified as

q;ll\/%rirg{} yib; > q;f\/%gé%l Yiw; — Em > &,
where the last inequality holds since ¢,,, vanishes to 0. Then we have
Py = 0) =P(sign(ypca) = y) > P(%lmﬁgn Yi- (Ypca)i =€)
> Pg, Vmmingid; > &, g, Vim|[d —wlloo < em)
> Pla, Vimmin g 2 & a0 - w]e < )
> Plgy v mingiw; > §) — Plan'vml[o — wl > &)
>1- Z]P)(qfnl\/%yiwi <& -—m2=1-—m-P(g, ' Vmyw; <& —m 2

icU

Note that v/mw;y; = W, ;([N]) defined in Lemma A.1. We take 0 < ¢ < 2(1 5 log(a/b) + 2c;, then for any § > 0, there
exists some large enough positive constant M such that for m > M, e,,, < &, it follows that

P(vmw;y; < €gm) < exp ( - (sup {gt + I(t, aT,bT,cT))} + 5) . log(m)>.

teR
By combining the arguments above, the probability of accomplishing exact recovery is lower bounded by

P(4h, = 0) > 1 — ml=suPrer{€tritar bre)}+8 _ =2 m280

7

since I(ar, by, c.) = sup,cp{ét + I(t,a-,br,c-))} > 1 by assumption when choosing small enough & and 4. O

Proof of Theorem 3.4 (2). The proof procedure follows similarly to Theorem 4.2 in (Abbe et al., 2022), where we should
apply the large deviation results Lemma A.1 and Lemma B.2 instead. [

Proof of Theorem 3.5. The proof procedure follows similarly to Theorem 4.4 in (Abbe et al., 2022), where we should apply
the new large deviation result Lemma A.1 instead. The proof is simplified since y; is accessible under the semi-supervised
learning regime. O

C. The analysis of the ridge regression on linear graph convolution

For CSBM(y, u, o, 8, 0), in this section, we focus on analyzing how these parameters ¢, a, and b, defined in Assump-
tion 3.1 affect the learning performances of the linear graph convolutional networks. We consider a graph convolutional
kernel h(X) € RV*? which is a function of data matrix X and adjacency matrix A sampled from CSBM(y, u, o, 3, 6).
We add self-loop and define the new adjacency matrix A, := A + pIn, where p e R represents the intensity. Let D, be
the diagonal matrix whose diagonals are the average degree for A, i.e., [D,]ii = 7 Zl 1 Z] 1(Ap);; foreach i € [N].
Denote D := D, indicating no self-loop added. Recall that the normalization we applied for the linear graph convolutional
layer is

1

h(X) = TqD;lA,,X.
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Let us denote the expectation of the average degree of A, by

N
~ 1 ar +b;

= — E E[D,l;; = . .1
d N 2 [ p]n 9 Qm + p (C.1

However, h(X) is hard to deal with when we consider its large deviation principle. Instead, we use the following E(X ) for
analysis

~ 1
MX)==———A,X.
d- \% NQm
C.1. Large Deviation Results for Ridge Regression Estimators
For any ¢ € V, we denote N; C V as the neighborhood of vertex ¢ € V. We consider the case that the feature learned by the
GCN is (/qm p for some constant (, i.e., w = /¢, p. Notice that
h; = in\/ Qm(EDp)_l (ApX)i:p/

- M( Y ul(Byin+zg) + puT (Byip + Zi))

d JEN;
pCQ\/ dm 12 [ 5 PCV meiﬂ—rzi 49\/ dm || L 5 C\/ dm
= = el + = + ~H I2 Y Ay + =Y g Az (€2
d d d J#i d J#i
I Iz T A

Here N; is the neighborhood of vertex i € V.

Proposition C.1 (LDP for Ridge Regression). Under the Assumption 3.1 with (A, X) ~ CSBM(y, i, , 3,0) and p = sq,
Sor some constant s € R. Assume d/N < qy,, then for any fixed i € Vy and constant { > 0, we have

lgn qrnl logp(y7C(EDﬂ)71(APX)ilu' S 6\/ qWL) = - su}g{et + g(a” b7 Cv 7-7 C) 55 t)}
m—oo te

for sufficiently small € > 0 and all large m, where

g(a‘ra br,cr, ¢, 8, t) :gl(t) + 92<t)7
2tsCy/cr 2t252(?

)= == o (ar + by +25)?
) = = 5 [ (2505) —1] - o (- 2555 1]

Consequently, for any sufficiently small € > 0 and any § > 0, there exists some Ny > 0 such that for all N > Ny, we have

P(y;C(ED,) (A, X)i.pt < £3/qm) = exp (—qm[igﬂg{at +g(ar,brcr, ¢, 8,6)} —6))

Proof of Proposition C.1. Our goal is to calculate the following moment-generating function

Elexp(th;)] = Ea[Ex [exp(th;)|A]].
First, since ||p]]2 = 1, y? = 1, then in (C.2), I; = pCb, /qm/dj and it is deterministic. Second, pu" z; ~ N(0, 1), then
Iy ~ N(0, p?¢?qyn/d?), and
20°C g

242

where the last equality holds since the result we obtained is independent of y;, A. Let AV; denote the set of neighbors of
node ¢ and |V;| denote its cardinality.

Ex[exp(tls)|y;] = exp ( ) = Elexp(tl2)],
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Conditioned on A, y, p, then Iy ~ N(0, |N;|¢2¢m /d?), and

22N | gm
Ex[exp(tls)|A,yi, pu] = exp (Cigzl)

Note that |A;| = Zjvzl A,;, and I3 is independent of X, then

tCO0\/qm m
Eaxlexp (¢ + 10) A = exp (0L 57 (g + 6021 )
J#i

One could take the expectation over A conditioned on y, then

Ea {exp (tCG@Aij (yiyj + tC;g;Tn)) yz}

1 te,ﬁm t,ﬁm 160/Gm t\/m
2]EA[6XP( C 1 Zj C q ) _]- + EA{GXP< C ~q Aij(_ C 1 )) Yiy; = _1:|
d
O/ qm  t2C3q,, 0/ t2C2q, 1-—
0 (K \Nf Con) Lo B KOV ) 18
2 d 22 2 2 d 242 2
tCoO ™ 2,2 m O ™ 2,2 m
:1+a<exp(<iq A ) ( _ 1O | £ )—1)
2 d 242 d 2d>
B « tC0.\/qm B tC0\/qm
1—|—2<exp ((1+0(1))T) ~1)+% exp(—(l—i—o(l))T) —1),
where the last equality holds since d= Gms 8 < \/Gm, ¢ < 1, and for some fix ¢, 1 < |t<9\g/q7m| > ! gdgm = gt =o(1)

for sufficiently large m. At the same time, the result above is again independent of y;, u. Recall o = ag,,,/m = o(1),
B = bgm/m = o(1), % = ¢rqpm, in Assumption 3.1. By using log(1 + z) = x for 2 = o(1), we then have

4 log Ea [Ex [exp{t(I3 + 14)}]] = qim | [NZ]\{_}log (1 + % {exp (tCH:Z/an) - 1} + g[e){p < _ tCGZ?/qim) - 1})

=Nt (o (S04 ) i oo (- ) 1)

:2(1617)[‘”(‘) +2(17b_7)[e"p(_

- 2(1a—7') [exp (aftbcjjls) B 1] + 2(1b_7_)[exp( %) B 1}’

where the last equality holds since we apply d = (%t + $)gm and 0% = (1 + o(1))cr gy, since d/N < g, by assumption.
Combining the calculations above, we then compute the following rate function

(%55 -] ) -

9(ar,br,cr,C,5,t) = — g, log Elexp(thi)] = — g5, log Ea [Ex [exp(t(Ly + 2 + I3 + 1)) A]]
= = (9:(t) + g2(1))-
Then, we can apply Lemma H.5 in (Abbe et al., 2022) to conclude our results in this proposition. O

Lemma C.2. For function g(a,,b;,cr,(,s,t) defined in Proposition C.1, we know that

J(aTabTaC‘HCaS) = Supg(a‘rvb‘rvc‘HCvS?t) S I(a‘rvb‘rvc’r)
teR

and the equality is attained when s = log(iCT/b 5 = logQ(CaT/b)'
Moreover, if s = 0, then g1(t) = 0 and
J(aTabTacT?C7O) = I(a‘T7bT7O) S J(aT;bT;CTvc7S)'
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Proof of Lemma C.2. Notice that both g; () and go(t) are concave. First, g1 (¢) achieves its maximum at the point ¢; :=
cr(a+ b+ 2s)/(2s¢), and g2(t) achieves its maximum at the point ¢ := (a + b + 2s)log(b/a)/(4¢\/c;). Note that

supg(ar,br,cr, ¢, 8,t) < man1( )+ max ga(t) = g1(t1) + ga(t2), (C.3)
teR teR

where

gi(t1) = c;/2,  and ga(t2) = (va— vb)?/(2(1 — 7).
Thus, this proves the upper bound on J(a, b;, ¢;,, s).

Notice that the equality in (C.3) holds if t; = ¢5. It turns out that when s = logz(%’ then t; = to, and g1(¢1) = ¢, /2,
g2(t2) = (v/a — vb)?/(2(1 — 7)). Therefore, in this case, we have

(-n) " a- VBt
2

t) = =1 .
I?G%li(g(a’ b7 T, C? ) (aT? bT? CT)

C.2. Preliminary Lemmas on Ridge Regression Estimator

Note the facts that (B' B + I;)"'B' = BT(BB' + Iy)~! for any matrix BY*?, P} = Py, P? = Py and
Py = Iy — Py, then,

hX)B

h(X)(h(X) " PLh(X) + Ala)""h(X) " Pry
h(X)[(PLh(X)) " PLh(X) + Mg) " (PLh(X ))Ty
h(X)W(X) T PL[PLA(X)R(X)" PL+ M x| ty.

Consequently, the test risk can be written as
1
R(\) = EyTQTPUQy, where Q := h(X)h(X) " PL[PLA(X)h(X) " PL+ My| ' — Iy

Lemma C.3. Assume that |p| S ¢, and g, 2 10g N. Let D, be the diagonal matrix where each diagonal represents the
average degree of the graph A, after adding the self-loop p and let d denote the expected average degree of A,. Then
ID," = (d)~Y) < am’!? with probability at least 1 — e~ Furthermore, with probability at least 1 — 2N—10 — 2e=N,

1D, A, ~EA,/d| £ q,">.

Consequently, Dp_lApH < C with probability at least 1 — 2N 10 — 2e=N for some constant C > 0.

Proof of Lemma C.3. First, for any i € [N], note that [D,];; = + Zil\il(p + 22 Aig) =p+ + Zivzl > ji Aij, and

d= E[D,l; = TH’ Gm + p, then by Bernstein inequality,

P(|[D,)ii — d| > vam) = (!ZZ i —EAy)| = Nyan) S exp(-N).

i=1 j#i
Thus by comparing the entrywise difference of [D,];; — d, with probability at least 1 — e~ we have
1D, = (@) < 0. (C4)
For the second part of the statement, by the triangle inequality, we have

1D, A, ~EA,/d| <||D,'A, ~ D,'EA,| +|D,"EA, ~ EA,/d]
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For the first term, we proved that with probability at least 1 — e~ [D,];; = (1 + 0(1))d < ¢y, with deviation at most
\/Gm> then according to Lemma E.2, with probability at least 1 — 2N 19 — 2¢=~_ when ¢,,, > log(N), the following is
bounded by

1D, (A, —EA ) < (ld [ + 1D = d M) - 1(A, —EA)| < (40" + 00" *)Vam = 4,/

For the second term, note that |[EA,|| < g, then by results above

- 71— - - 1
I(D;! =) EA, | <D, = @7 - IBAN S —=-

Therefore, with probability at least 1 — 2N 10 — 2¢= N,
|ID,*A, ~EA,/d| < g,/
For the last part, ||EAP/JH < 1 since

7 1 (a‘ - b)an + 2P 1 T
EA,/d=—11T + ——™ T — .
o/ N Jr(a—i—b)qm—i—2p]\f

Then the proof is completed by triangle inequality since ¢,, > 1, and

1D,  A,ll < [EA,/d| + | D, ' A, —EA,/d|| S 1+4q,"* S 1.

Lemma C.4. Consider X ~ GMM(u, y, 0). Suppose that d < N, then we have

0
lax - el 7

with probability at least 1 — 2e~°N for some constants C, ¢ > 0.

Proof of Lemma C.4. Recall the concentration on the operator norm of the Gaussian random matrix for Z € RV X9 (see
(Vershynin, 2018)). Then for every ¢ > 0, there exists some constant ¢ > 0 such that

P(|Z|| > VN + Vd +t) < 2exp (—ct?). (C.5)

Then, we know that % 1 with probability at least 1 — 2e~°N by taking t = v/N. Then we have

R W
VNGm VNGm _VNQm VNagm \/qim

with probability at least 1 — 2=V, O

Lemma C.5. Consider (A, X) ~ CSBM(y, u, «, 3, 0). Under the Assumption 3.1, when d < N, we have that

C
1n(X) — H| < —
with probability at least 1 — cN—1°, where H : \FyuT and K., = Z;gigz . \/%, for all large m and n and some
constants ¢, C' > 0.
Proof of Lemma C.5. Notice that H = \/f]m (EA,)yp". We apply Lemmas C.3 and C.4 to derive that
0= #1000~ ean s+ a0 7 - ]
()~ H| < |h(X) - ~(B4,)—~— =
< L2+ N HD;lAp - seay)|+ B2 2 ] <1y
Vim d VNtm VN

with probability at least 1 — ¢ N ~10. Here we apply the fact that 6/, /g, < 1. O
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Lemma C.6. Consider (A, X) ~ CSBM(y, u, a, 8,0). Under the Assumption 3.1 with d < N, the ridge regression
solution (3 defined in (3.7) satisfies

1 5 = C
—lB-8ll < ——,
vN Vam
with probability at least 1 — cN 10, where B = gf?;u and K, = z;gigz . \/%, for all large m and n and some

,BH < \/N with probability at least 1 — ¢cN 19,

constants ¢, C' > 0. Moreover,

Proof. Notice that B = (HTP]LH + )\Id)*lHTP]Ly, where H is defined by Lemma C.5. From Lemma C.3, we know
that ||(X)| < 1 and |H| < 1 with probability at least 1 — 2N ~1°. Moreover, ||(H  PLH + A ;)~'|| < A~! and
|(W(X)T PLh(X) + M 4)~ || < A~L. Therefore, applying Lemma C.5, we derive that

\/%HB B < (H"PLH + M) " H" — (h(X) " PLh(X) + Ma) "' W(X) 7| - | PrLyll/VN
< (HTPLH + M) V|(H = h(X))| + [|(H"PLH + X\ o)™

NH = h(X)|| - (JH| + [RX)]) - I(h(X) T PLA(X) + M) 7| - [R(X))]
S H = MX)| S 1/v/ams

with at least 1 — ¢N 10, for some constant ¢ > 0. O

C.3. Exact Recovery Threshold for Ridge Regression on Linear GCN

Lemma C.7. Let h(X)T = [hy,...,hy] and W(X)T = [hy, ..., hy]. Foranyi € [N] and deterministic unit vector
u € RY, there exists some ¢, C > 0 such that

P(|(h; — h;) "u| < C/y/Ngn) > 1 —cN10, (C.6)
P(h; u| < C/VN) > 1— N, (C.7)

P (|lhill < CV/d/(Ngm)) > 1-eN71, €8
for all large n and m.

Proof. For any unit vector u € Reand i € [N], conditioning on event (C.4), we have

_ 1 ~
(hi — i) Tu| < —ll@

where we employ Lemma C.3. Then, for any ¢ € [N], we can further have

Uy =D [(ApX)sul S

1
g A0

(A, X)iul = | Oyip u+ 2 uw)+0pp u+pz/u
JEN;

O(N:| + p) + ‘ S 2wt pzlu (C.9)
JEN;

IN

Based on Lemma 3.3 in (Alt et al., 2021), we can upper bound the degree of each vertex by
P(IN;| < ClogN) > 1-CpN~7, (C.10)

for any ¢ € [N], some constants C, Cp > 0 and sufficiently large constant D > 0. Meanwhile, since each iju ~N(0,1),
by applying Hoeffding’s inequality (Theorem 2.6.2 in (Vershynin, 2018)), we can deduce that

T T _ ct?
P(‘%\;zju+pzi u‘gt’u\@pk)zl—%xp(—m), (C.11)
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for any k € N, ¢t > 0, and some constant ¢ > 0. Then combining (C.10) and (C.11), for any large D > 0, there exists some
constants C, Cp > 0 such that

(’ 3 2 utpz, u‘ < Clog N, |N;| <ClogN) >1-20p NP (C.12)
JEN;

Thus, with (C.9) and p = log N, we can conclude that |(A,X); u| < @l* with probability at least 1 — 2Cp N L.
Following with (C.9), we can conclude that

(‘h—h ’<C/\/qT)>1 N0,

For the second part, we can analogously get |ﬁzTu| <
(C.7).

m |(A,X);:u|. Then, we can apply (C.9) and (C.12) to conclude

Finally, notice that

1(AX)icll = |[ D Oy + z;) + Opp + pzi
JEN,

O(INi| + p) +H >z +pzif.
JEN;

IN

Applying Theorem 3.1.1 in (Vershynin, 2018), we know that
P(]|z;]| < 2\/8) >1—2exp(—cd)

for some constant ¢ > 0 and any ¢ € [N]. Thus, combining (C.10) and Lemma E.1, we have that with probability at least
1 —¢eN—10
d

1
hi| < =——=I(A,X):|| <
Il < 55 A X)ell % 4 -
because of the fact that g,,, < d and N < m. This completes the proof of this lemma. O

Inspired by (Abbe et al., 2020; 2022), we now apply a general version of leave-one-out analysis for 3 by defining the
following approximated estimator. For any 7 € Vy, denote by

8" = (O (X)TPLAO(X) + ML) HO(X) T Pry, (C13)

where h()(X) := —Z—D,"A,(X — Z) and 2 := [z1licnopiys - 2 lkeniops - AN Iveniog] | €

RN >4 Here, the difference between h() (X) and h(X) is that we turn off the feature noises z; for vertices A; U {i}. In

this case, conditional on y and 1, both ﬂ and 6 aIe independent with h; and h; given any i € Vy. Next, we present the
following properties for ﬁ
Lemma C.8. Assume that ¢, < d < Ngp,. For (3.7) and (C.13), we have

1 |G =
ol e EETPe
1687 < cvw,

with a probability at least 1 — cN 19, for some constants ¢, C > 0

Proof. Based on Lemma C.3, we have that

, 1 , : d
K(X) —hX)| = —=—|D;'4,27| < ZW| <\ | —
[P7(X) = h(X)]| \/mll , AZ| mll I N
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with probability at least 1 — ¢N 10, where we utilize (C.10) and (C.5) for Z") as well. Thus, we know that ||()(X)|| < 1
with probability at least 1 — ¢cN !0, Then, analogously with Lemma C.6, we have

V%Ilﬁ — B < 10O (X)TPLAD (X) + ML) O (X)T — (W(X)T PLA(X) + ML)~ h(X) |
< (X)) TPLAD (X)) + M)~ - I(hD(X) — R(X))|| + [|[(AD(X) T PLRD (X)) + ATg) 7|
AR(X) = (X)) ([RD(X)] + [|RX)]) - [[(R(X)TPLA(X) + M) || - [R(X)]]
d
S P(X) = MX)|| S N

with a probability at least 1 — ¢ N ~1, for some constant ¢ > 0. Also, with Lemma C.6, we can show that ||B(l) | <
with very high probability.

=

Lemma C.9. Under the same assumption as Lemma C.6, for each i € Vy the estimator B\(Z) defined in (C.13) satisfies

~0)
18

LT L T
VN = Vam

with probability at least 1 — cN 719, where B is defined in Lemma C.6, for all large m and n and some constants ¢, C > 0.

The proof of this lemma is the same as Lemma C.6, so we ignore the details here.

Proof of Theorem 3.6. Recall that

KT ar — b, + 2s

= - d =+/Cr- )
¢ RK2T + A anc \/FaT—i—bT—i—Zs

where both ¢ and ~ are some constants in R. Hence, we know that

ey = o)

Then, ﬁ / VN = Cu+ o(1/ VN ). Denote Yy, as the i-th entry of label yy;. Firstly, we consider the general case when
p = Sqp, for some fixed constant s € R. For each ¢ € Vy, we can utilize Lemmas C.7, C.8, and C.9 to obtain that

%Efﬁ%hfﬁ‘i %](ﬁﬁhfé\ 1 @ - B
—|n BB+ mﬁ”—,@)\
< C +C d )
VN¢m ~ Ngm

with probability at least 1 — ¢ N 19 for some constants ¢, C > 0. Here, we applied (C.6) when u = B/ VN and
u= (8- Bm)/\/ﬁ, (C.7) whenu = (B — B(z))/\/ﬁ, and (C.8). Then, if d < /N¢,,, we can conclude that

Yi hTB C
\F ‘ VN VNG

with very high probability for some universal constant C' > 0.
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Therefore, we can take &,,, = 1/,/qn, to get

-
o _yi-h! B
P (sgn(@y),yu) = 0) = B min yu, o, > 0) =P(mip * 5 > 0>

Y

Ce,, )

P(f?b%f?v"—’;h%)‘zp( vl SR

1€Vy

> P(Iggl yiC - (APX)Z':N > C\/gmem) — Cm™?
> 1- Z P(yz ' %(ApX)ZN < C\/ qmgm) - Cm_2
i€Vy

Y

1-—m- P(Z]l : %'(APX)vﬂ S C\/ qmgm) - Cm72

Z 1— ml7suptER{Emt+g(a,b,c,7,(,s,t)}+5 _ Cm72,

for any § > 0 and sufficiently large m, where in the last line we employ Proposition C.1. Thus, applying Lemma C.2, we
know that when J(a,,b;,cr,(,8) > 1, P(¢m (sign(yy), yy) = 0) = Lasm — oo.

When s = logz(%’ Lemma C.2 implies that J(a,,b,,¢;,(,s8) = I(ar, br,c,) defined in (3.2). Notice that
J(ar,br,cr, ¢, 8) < I(ar,br,c,)forany s € R. Whereas s = 0, Lemma C.2 implies that J(a,, b, ¢+, ¢, s) = I(ar, b, 0).
Hence, this completes the proof of this theorem. O

C.4. Asymptotic Errors for Ridge Regression on Linear GCN

Lemma C.10. Under the Assumption 3.1, there exist some constant ¢, C' > 0 such that with probability at least 1 — cN 2,

C
RA) —RAN| £ —,
R(A) =R NG
EN) £ < ——
— qm7
where
_ 1 N -
R(A) == %(Hﬁ —y) Py(HB —y),
_ 1 - -
EN) = ﬁ(Hﬁ —y) PL(HB - y).
Proof. From Lemmas C.5 and C.6, we know that
1 . ~ ~ 1
——||HB - h(X)B| < —|H| -8B+ —=|H - h(X)]|- 8] $ —.
vm \F \F Vam
with probability at least 1 — C'N ~2 for some constant C' > 0. Since || Py || and || Py|| are both upper bounded by one, we
can directly conclude Lemma C.10. O

Proof of Theorem 3.7. Based on Lemma C.10, we can instead compute £(\) and R(\). Recall that H = ”\/—%yuT and

ﬁfﬁ = 225 p. Thus, HpA= Kf?’;l/\y. Then, since -y Pyy = +y ' PLy = 1, we have
RO) = ~(HB—y) Pu(HB—y) = (1- 27 ) = X o)
S om v tu Y K2,Tn + A/ (K21 + ))2 ’
= 1 K27, 2 A2
E(A —(H "PL(H ( m7n> =— 1).
)= —( B-y) PLHB-y) = p—— (K27+/\)2+0( )
Then taking m — oo, we can get the results of this lemma. O
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D. Feature Learning of Graph Convolutional Networks

In this section, we complete the proof of Theorem 3.9 in Section 3.4. Recall that

wh —wO (VW<0>£(W(O)7 s + /\1W(0)). (D.1)
and
2 N-D +yTALy
1) = Tx,wla /1 07 gL - LIL D.2
s ngqmyl L a/ og N Do—y, Avy, )’ (D.2)

The algorithm we applied in Theorem 3.9 is given by Algorithm 1. Below, we first construct an optimal solution for this
problem and present the LDP analysis. Then, we present will use (Ba et al., 2022; Damian et al., 2022) to analyze the
feature learned from W (V. Finally, inspired by the optimal solution, we will prove s(!) is close to the optimal s in (3.11).
Meanwhile, we also present an additional gradient-based method in Algorithm 2 to approach the optimal s in (3.11). We
will leave the theoretical analysis for Algorithm 2 as a future direction to explore.

Algorithm 1 Gradient-based training for GCN in Theorem 3.9

Input: Learning rates 71, weight decay A;

TR T . . o(0) . B i.i.d. . ) i.i.d. . . .
Initialization: s(*) = 0, VK - [W];; "< N(0,1), VK - [a]; "< Unif{+£1}, foralli € [d],j € [K].
Training Stage 1:

Seto(z) =z in (3.12)
W« WO (Vi LW 50) 4 A\, w©)
Training Stage 2:

. T
s 50 4 nz%]m y;L—X]LW(l)a/ log (%ggf%iﬁt)

return Prediction function for unknown labels: sign (.S UDS_(}) A W(l)a)

D.1. Thresholds for GCNs and LDP analysis

Consider (A, X) ~ CSBM(y, i, a, 3,0). Let A € RV denote the adjacency matrix of the graph G and let us define the
degree matrix by Dy = diag{D, ..., Do} € RV*¥ where Dy = % Zj\;l va:l A;;. Let p = sq, denote the self-loop
intensity (Kipf & Welling, 2017; Wu et al., 2019; Shi et al., 2024) for some s € R, and A; = A+ pI, D, = D + pl
denote the adjacency, average degree matrices of the graph after adding self-loops, respectively.

The convolutional feature vector is &; := ((Ds)’lAsX ) .- Ideally, our goal is to prove that the convoluted feature vectors

i

are linearly separable, i.e., find some w € R? such that
~T . ~T .
T, w+b>0ify;, =1, =, w+b<0ify; = —1,

for some b > 0. We consider the case that the feature learned by the GCN is exactly g in GMM, i.e., the optimal margin is
w = p. Under this setting, we show the LDP results for this estimator. The proof is similar to Proposition C.1.

Proposition D.1 (LDP for GCNs). For (A, X)) ~ CSBM(y, u, o, 3, 0) with Assumption 3.1, when s = 2c. [ log(§) and
¢r = 0%/qm + o(1), we have that

lgn q;Ll log P(yv RV Qm(EDs)il(AsX)i:;Uf < EQm) = - SUP{Et + I(a‘rv br,cr, t), }
m— o0 teR

where sup,cp I(ar, by, cr,t) = I(ar, by, c;) defined in (3.2).
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Proof. For simplicity, let d = ~ Zl 1 D; = ado % Gm + p, denoting the expected degree of each node 7 € [N]. Then

hi ==1y:%, w = y0(ED) " (AX);.p

b6 ( > uT Oy + z5) + o (Oyip + Zi))

d JEN
p0?yillplls | pOyin"zi  07|pll3 0
= 2 ~— + H~ I2 ZAijyiyj + :Z yidijp' z; .
d d d — d =
— N————— J#i VED)
I I,

13 14

Our goal is to calculate the following moment-generating function
Elexp(th;)] = Ea[Ex [exp(th;)|A]].

First, since || pl|2 = 1, y? = 1, I; = p#2/d?, and it is deterministic. Second, g z; ~ N(0,1), then I, ~ N(0, p262/d?),
and

12202
2d2
where the last equality holds since the result we obtained is independent of y;. Let N; denote the set of neighbors of node ¢
and |\;| denote its cardinality. Conditioned on A, y, u, I; ~ N(0, |N;|6?/d?), and

202 | N | )
242

Ex [exp(th2) |y = exp (“2== ) = Elexp(th2)],

Ex[exp(tly)| A, y;, ] = exp (

Note that |A;| = Z;yzl A,;;, and I3 is independent of X, then

2

to t
Ex[exp (t(I3 + 11))|A, yi, p] = exp <~ E Ayj (yiyj + ~)>
d = 2d
J#i
One could take the expectation over A conditioned on y, then

2 2

2

o (o o)

:%EA[eXP (%A (yzy] + )) Yiyj = ] [eXp(tZ Aij (yiyj + 2%)) Yiy; = —1}
:;{aexp(ig—i—w;)—&-(l—a +ﬂexp(—2—ﬁ) (l—ﬂ)}

202 2 202 2
:1+%[exp(%+%) —1} +§[exp(%—%) —1}

where the result is again independent of y;, pu. Recall a = agy,/m = o(1), 5 = bgm /m = o(1), % = CrQm In
Assumption 3.1, thus 82 = (1 + 0o(1))¢, ¢y, By using log(1 + 2) = x for x = o(1), we then have

it ok A Exlesp (et + 1)) = og (14 5 [ (S5 + %) 1]+ e (5 - ) ~1])

=5lew (5 + ) -+ lew (G5 - F)
= oo (") 1] + 0+ o)y [ (- 1£) -1

Combining the calculations above, compute the following rate function

g(a,b,c,,t) == — q.  log Elexp(th;)].
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Recall « = agy,/m = o(1), 8 = bgy,/m = o(1), m = C; G in Assumption 3.1, thus 6% = (14 0(1))c,Gm. By
using log(1 + z) = z for x = o(1), the rate function g(a, b, c,, t) can be calculated as

tph?  t2p202 N-1 1202 162 1202 162
g(CL,b,CT,t):* p"'f L +( )[afaexp( >:|

—~ —_— 4 — +b*beX _— =
gmd  2¢md? 2m 242 d) p<2d2 d

1 [a(l . ( 2¢,t )) N b(l . ( 2¢,t ))} 2¢, st 2¢, 522
=— —exp|———— —exp| - —— - -
2(1—1) P larot2s P a+b+2s a+b+2s (a+b+2s)2

where in the last line, we used p = g, d = (“TH’ + $)¢m. By choosing s = m;(%’ we can conclude that

1—7)7t — Vb2 + e,
I* = supL{arbroep ) = STV ey
teR 2
which completes the proof. O
D.2. Gradient descent for the first layer weight matrix W
For simplicity, we denote X = D;'A, X = (%1,...,Zx)" where Z; € R? fori € [N] and s = 0. In this case, we

will explore the feature learning on W. Below, we will always fix a (at initialization in Assumption 3.8) and perform
gradient descent on W in (D.1). To ease the notions, we write the initialized first-layer weights as w© = Wy, and the
weights after one gradient step as W = W, where the learning rate of the first gradient descent is 77; > 0. Let (%) = 0.
Following the notions in (Ba et al., 2022), we denote that

1=T 1 1 — ~
G = -V, LWy,s) ==X || —= |y — —=0(XLW, T "(XLWo)|,
1 wo L(Wo,s™) = =X, ﬁylﬁa(mo)aa © o' (XLW))
where ’)?L = S]L,)\(/ € R™*4, @ is the Hadamard product, and o’ is the derivative of ¢ (acting entry-wise). Here K
represents the number of neurons in the hidden GCN layer in (3.12). Then, from (D.1) with \; =7, ! we have
Wy =Wo+m -Gy —Wy=mn-G.
Thus, our target is to analyze the gradient matrix G';. The following proposition is similar to Proposition 2 in (Ba et al.,
2022), implies that this gradient matrix is approximately rank one.
Proposition D.2. Under the same assumption as Theorem 3.9, we have that

< CQ’HL’
r- K

e Xema|
1 Wk L YL

with probability at least 1 — exp (—c¢ log2 N), for some constant ¢,C > 0.

Proof. First of all, analogously to the proof of Lemma C.5, we can show that

1% < VN, (D3)

with very high probability, since d < N. Moreover, ||y || = /7 and we can always view y as a deterministic vector in R,
By the definition, the gradient matrix G'1 under the MSE can be simplified as follows

G =%, [(1 ( L (XWo)a— yL> aT> o a’(SELWO)]

—0
n VK \VK

Lo e L (e W) o ool

=—.—X ——00(XLtWyla)a +— - —=X ——00( XL Wya)a' 0o (XLW ,
- K]L(?J]L \/?(]LO)) 0 VR Yy \/N(LO) 1 (XLWo)

where we utilized the orthogonal decomposition: ¢’(z) = p1 + o', (). By Stein’s lemma, we know that E[zo(z)] =
E[o’(z)] = p1, and hence E[o”, (z)] = 0 for z ~ N(0, 1). Notice that we consider o(x) = x, hence ;11 = 1 and 0’| (z) = 0.
Therefore, we have

T~ T
XIL X]LW()(IG .

A

32



Exact Recovery in Semi-Supervised Learning

Notice that ||a|| = 1 and we can apply (C.5) for Gaussian random matrix W . Thus, because of Lemma C.5,d S n < N
and d < K, we have that

Cqm
[Allr = |All £ —(1+ Vd/K),

with very high probability, which completes the proof of this proposition.
O

This proposition shows that for W at Gaussian initialization, the corresponding gradient matrix can be approximated in
operator norm by the rank-1 matrix only related to labels y; , feature matrix X7, and a.

In the following, we will use the parameter

L m Q'ma_ﬁ
Ci=er K a+p

Notice that ¢ = O(1) if K/ = O(\/¢m ). Then we can tune the learning rate 7); to ensure that this trained and normalized
weight matrix ﬁW(l) can be aligned with p perfectly.

Lemma D.3. Under the assumption as Theorem 3.9, we have that

1 N\/Gm @ — B m
——wWa — /e, — 01
| e v ] = o).

with a probability at least 1 — cN 10, for some constants ¢, C > 0.

—~T
Proof. Notice that W1 = 7; - G; and a"a = 1. Notice that Xy, =+VNgm - h(X)TP]Ly. Following from Proposi-
tion D.2 and Lemma C.7, we can have

1
—wWa - H H AaH—&-H X a aH
H\/? Cl'l’ \/> T CIJ’ LYL
Tqm
<
S KT R

T

with very high probability. Notice that here a < K to finish this proof. O

~

a = 1. Then, we can assume qm

D.3. Learning the optimal self-loop weight

Lemma D.4. Under Assumption 3.1, we know that

- C
‘DO - d’ 120
qm
with probability at least 1 — ce™™ for some constants c,C > 0, where d := 7“7'2%* Gm-

This is straightforward based on the proof of Lemma C.3, hence we ignore the proof here.

Lemma D.5. Under the assumption as Theorem 3.9, we have that

2 C
’ 3 yHTX]LW(Ua—%T <
n“qm N\/dm

with probability at least 1 — cN 10, for some constants ¢, C > 0.

Proof. By Proposition D.2 and Lemma D.3, we can replace wlgq by (. Notice that (D.3) and Lemma D.3 indicate that

Xl W ®a - Cull S 1/ (ngm),

vyl X (WWa - Cu)‘ <
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Algorithm 2 Gradient-based training for both W and s in GCN

Input: Learning rates 7, weight decay \;, number of steps T’
Initialization: s ~ Unif([—1,1]), VK - [Woly; "= N(0,1), VE - [a]; <" Unif{#1}, forall i € [d], j € [K].
Training Stage 1:
Seto(z) = x in (3.12)
wh w0 _ m (VWm)/:(W(O), s(0) 4 )\1W(0))
sV« 50
w® wlg
a<+1
Training Stage 2:
Set o(x) = tanh(z) in (3.12)
fort =2to 1 do
s gt=1) _ UtVSmE(W(l), st=D) 4 )\, st
end for
return Prediction function for unknown labels: sign(SUD;(lT) A 1) W(l)a)

with very high probability. for s = 0. Then, we can apply Lemmas E.1 and C.4 to conclude that

1+ 1
! Xilp— | S :
n2g L LCp —cr| S T
with a very high probability for sufficiently large n and m. O
Lemma D.6. Following the assumptions in Theorem 3.9, we have that
1 ar — b,
’ny]]—fA]Ly]L - TQm = O(qm)a

with a probability of at least 1 — cN 1, for some constants c, C' > 0.

Proof. This lemma follows from Lemma F.6 in (Abbe et al., 2022) and Corollary 3.1 in (Abbe et al., 2020). Notice that

1 + 1
SYLALYL = ‘ Z Aijyiy;
1,JEVL
1
=5 > Aij — > Aij.
4,7 in same block of Vy, 1,7 in different blocks of Vi,
Then, we can apply the proof of (F.23) in (Abbe et al., 2022) to conclude this lemma. O

Combining all the above lemmas in this section, we can derive the following lemma.

Lemma D.7. Following the assumptions in Theorem 3.9, we have that

2,
s _ €
o (52

with probability at least 1 — cN 1, for some constants ¢, C' > 0, where s(Y) is given by (D.2).

<

C
Vam’

D.4. Proof of Theorem 3.9

Let us recall that we consider K/ < /¢, and d = o(g?2,) with W; ; ~ N(0,1/K). Finally, we complete the proof of
Theorem 3.9 for Algorithm 1 as follows. Recall that D := (Dg + $q,,)I € R™*™, for any s € R, where Dy is the average
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degree of the graph. Denote that

2c,

Sopt *=
log (52)

D (1)As(1)X =: [/gla"'v/gN]T ERNXd7
D 'A, X =:1[g,,...,gx]" € RV*?,

.Sop[ Sopt

(Ci“‘som'qm) 'A,, X = [§1a--~7£~]N]T€RNXd7

Sopt

—W(l)a =: [
VE g
Then, by definition, ygcn ; = §jﬁ for i € Vy. As aremark, notice that Lemma C.7 verifies that with high probability
lg:| < V/d. Because of this bound, we can only consider the regime when d = o(q2,) for our following analysis. To
improve this to a high dimensional regime, e.g., d < N, we improve the following concentration without simply using

the bound of ||g;||. Similarly with the proof of Lemma C.8 in ridge regression of linear GCN part, we need to do certain
leave-one-out analysis to achieve a larger regime for d.

Next, based on the above decomposition, we follow the proof idea of Theorem 3.6 to complete the proof of Theorem 3.9.
Combining Lemmas C.7, D.3 and D.7, for each ¢ € Vy, we can obtain that

AT ~ - - _ _ —~ T~
lyi G B—yi 3 pl < ‘(gi —gi)Tu’ + ‘(gi —gi)Tu‘ +19; (B — u)‘ = 0(\/qm);

with probability at least 1 — ¢V ~10 for some constants ¢, C' > 0. Therefore, we can take ¢ = 1, €,,, = o(1) and p = Sopt - gm
to get

P(¢m (sign(Ygon), yy) =0) = P 11 Yu,i yGCN i 0) P<mlﬁ Yi gz n> 0)

( 1€Vy
> P(Zeglyz 3 1> e /ams [V G B— i @) 1l < Enn/Gm, Vi € VU)
U
> P g, o) — Plly: -6 06— v -a, G
- min y; - g; > Em/qm ‘yi g, b —Yig; /1'| > EmVAm

1€Vy pymy
U

Y

IP’(ng}n yiC - d(ApX)i;u > C\/qmam) —Cm™2

>1-) ]P’(yi : %(Apx)i:u < Cmem) —Cm™?

i1€Vy

v

1- mIP)(yZ : %'(APX)ZM S C\/ qmgm) - Cm72

> 1 — ml-suprer{emttg(@berlsont)}+6 _ oy, =2

b

for any § > 0 and sufficiently large m, where in the last line we employ Proposition D.1. Thus, applying Lemma C.2, we
know that when J(a-,b;,cr, 1, Sopt) = I(ar,br,cr) > 1, P(¢r, (sign(Ygeon)s Yy) = 0) = 1 asm — oo.

E. Auxiliary Lemmas and Proofs

Lemma E.1. Let Z € RY* defined in (2.1). Then, there exists some constant ¢, K > 0 such that for any t > 0

<‘ 1" Zp| > t) < 2exp (—ct?d),

2t
]P’(‘NITZZTy Zt) < 2exp (cdmin{Kz,K}>,

P i1TZZT1—1 >t) < 2e —cdmin ﬁ i
N =t) = e KUK ()
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Proof. Based on general Hoeffding’s inequality Theorem 2.6.3 in (Vershynin, 2018), we can get

S(ERAED I (KB SR

Similarly, by Bernstein’s inequality Theorem 2.8.2 in (Vershynin, 2018), we have
Lo, 7 :
P Nl ZZ y| <t]>1-2exp|—cdmin

1
]P’(‘NITZZTI— 1’ §t> > 1—2exp (—cdmin{K27

< t> <1 —2exp (—ct?d).

where K = [[£]]7, for & ~ N(0,1). O

Lemma E.2 (Theorem 3.1 in (Dumitriu & Wang, 2023)). Let G = ([N], E) be an inhomogeneous Erdds-Rényi graph
associated with the probability matrix P, that is, each edge e = {i,j} C [N]? is sampled from Ber(P;;), namely,
P(A;j = 1) = P;j. Let A denote the adjacency matrix of G. Denote Prpay = max; je[n) Pij. Suppose that

N - Ppax > clog N,
for some positive constant c, then with probability at least 1 — 2n=19 — 2e=N | adjacency matrix A satisfies

|A—-—EA| <Cgi - VN - Puax, (E.D

Lemma E.3 (Bernstein’s inequality, Theorem 2.8.4 of (Vershynin, 2018)). Let X1, ..., X, be independent mean-zero
random variables such that | X;| < K for alli. Let 0*> =Y " | EX?2. Then for everyt > 0,

" t2/2
P 1>t] <2 = ),
( 2= > = eXp( 02+Kt/3>
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