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Abstract

We study Markov potential games under
the infinite horizon average reward criterion.
Most previous studies have been for dis-
counted rewards. We prove that both algo-
rithms based on independent policy gradient
and independent natural policy gradient con-
verge globally to a Nash equilibrium for the
average reward criterion. To set the stage
for gradient-based methods, we first estab-
lish that the average reward is a smooth func-
tion of policies and provide sensitivity bounds
for the differential value functions, under cer-
tain conditions on ergodicity and the second
largest eigenvalue of the underlying Markov
decision process (MDP). We prove that three
algorithms, policy gradient, proximal-Q, and
natural policy gradient (NPG), converge to
an e-Nash equilibrium with time complexity
O(Z%), given a gradient/differential Q func-
tion oracle. When policy gradients have
to be estimated, we propose an algorithm
with O(m) sample complexity to
achieve 0 approximation error w.r.t the /¢
norm. Equipped with the estimator, we de-
rive the first sample complexity analysis for
a policy gradient ascent algorithm, featuring
a sample complexity of O(1/€%). Simulation
studies are presented.

1 INTRODUCTION

Multi-agent reinforcement learning (MARL) (Buso-
niu et all 2008} Zhang et al., [2021a) features inter-
actions among multiple agents, with each agent hav-
ing its own objective and decision-making process. It
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finds applications in various domains, such as video
games (Vinyals et al., 2019; Samvelyan et al., [2019);
robotics (Yang and Gul, [2004; [Perrusquia et al.l [2021));
economics (Zheng et al.| 2022); and networked sys-
tem control (Chu et al. [2020). Unlike single-agent
RL, interactions among agents create a dynamic and
non-stationary environment, making the learning pro-
cess more challenging. Under the criterion of dis-
counted reward, theoretical investigations have exam-
ined Markov general-sum games (Song et al., [2021)),
zero-sum games (Zhang et al.; |2020)), and Markov po-
tential games (Leonardos et al., [2021; [Zhang et al.|
2021b; Ding et al., [2022).

In infinite-horizon tasks, it is more natural to use
the average reward over the entire life-span for con-
tinuing tasks where optimizing stable, long-term per-
formance becomes crucial, e.g., resource allocation in
data centers, congestion games, and control problems
(Xu et all 2014). As shown in (Zhang and Ross|
2020)), algorithms designed for discounted reward crite-
rion can lead to unsatisfactory performance under the
long-term average cost criterion. However, the average
reward criterion which suits long-term strategic games
remains largely unexplored. This paper delves into the
challenges of employing the average reward criterion in
the realm of MARL, specifically for Markov potential
games.

Among different approaches to reinforcement learning,
policy-based methods are appealing due to the ease of
applying function approximation for large state and
action spaces. However, most of the existing literature
on average reward RL is either based on model-based
methods (Auer et al., [2008; |Azar et al., [2017), value-
based methods (Wei et al., 2020]), or based on reduc-
tion to discounted MDPs (Jin and Sidford, |2021)), with
relatively fewer works dedicated to exploring policy-
based methods (Li et al.l|2022} [Wei et al. [2020). This
paper examines policy-based methods in the context
of average reward Markov potential games and demon-
strates the convergence to a Nash policy, which is the
primary goal of theoretical investigations in MARL
(Leonardos et al.,|2021; |Ding et al.,|2022;|Zhang et al.|
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2022).

1.1 Contributions

e We address the problem of average reward Markov
potential games and analyze three algorithms,
policy gradient ascent, proximal-Q, and natural
policy gradient. We show that with access to a
gradient oracle, they converge to an e-Nash equi-
librium with time complexity O(Z%).

e When the policy gradient has to be estimated,
we propose a single-trajectory policy gradient es-
timator that estimates the policy gradient with

O(m) sample complexity and § approxima-

tion error w.r.t. the 5 norm. We also provide

the first sample complexity bound O(e%) for the

projected policy gradient ascent algorithm.

e On the technical side, we rigorously show that the
average reward is an L-smooth function of the
policy under an ergodicity assumption. This is
the first theoretical analysis of policy gradient for
the average reward. We note that the concurrent
work of assumes L-smoothness
without proving it. We also establish sensitivity
bounds for differential value functions for general
single-agent average reward MDPs, which play an
important role in providing regret bound inde-
pendent of the size of the action set (Section 5).
These bounds can potentially be used in smooth-
ness analysis of other parameterized policy pa-
rameter classes and function approximation anal-

ysis, under a further assumption of (Xu et al.
2020, Assumption 1).

Comparison with Previous Works To obtain a
sample complexity bound for a projected policy gradi-
ent algorithm, existing work (Leonardos et all 2021)
attempts to establish such a bound for a policy pro-
jected from a true deterministic gradient, instead of
one projected from a gradient estimated from samples
(details in Appendix . The only work that ana-
lyzes the estimation error of policy gradient under the
average reward setting that we are aware of is a recent
work which separately estimates two
parts of policy gradient. Even though they have the
same sample complexity, our algorithm calls the esti-
mation algorithm O(1/[ % ]) times less than theirs, thus
reducing the computational burden.

1.2 Related Works

Markov Potential Games originate from
|derer and Shapley| (1996)), who proposed static po-
tential games. Later, Dechert and O’Donnell| (2006)

addressed the problem of stochastic lake water usage
modeling it as a Markov potential game with known
transition probabilities. With the emergence of rein-
forcement learning, Leonardos et al.| (2021)) and [Zhang
extended the Markov potential game to
the unknown dynamics setting, where they analyzed
the convergence to Nash equilibrium by extending the
policy gradient techniques developed by [Agarwal et al.|
(2021)) and Mei et al.|(2020) to the multi-agent setting.
Later Ding et al| (2022)) proposed a policy ascent al-
gorithm, projecting from the Q-function instead of di-
rect policy gradient. |Cen et al/| (2022)), Zhang et al.|
(2022)), and |Sun et al.| (2024) have studied the natural
policy gradient algorithm in the static and Markov set-
tings. Recently, variants of networked Markov poten-
tial games and a-Markov potential games have been
studied by |Zhou et al. (2023) and |Guo et al.| (2023).
However, all these results are restricted to the dis-
counted reward setting.

Average Reward MDPs date back to the clas-
sic results of [Howard, (1960); Blackwell (1962); [Put-|
lerman| (2004); Kakade| (2001); |[Sutton et al. (1999).
When system dynamics are known, average reward
MDPs can be solved by linear programming, value it-
eration, or policy iteration (Howard, 1960; Puterman,
2004)). A survey can be found in|Dewanto et al.|(2020).
When the dynamics need to be learned, model-based
methods like UCRL2 and UCBVI were proposed in
Auer et al| (2008) and Azar et al| (2017), and the
reward-biased method originally proposed by
and Becker| (1982) has been recently reexamined in
Mete et al| (2021). For model-free algorithms, |Wei
et al.| (2020) proposed optimistic mirror ascent, Zhang
et all studied TD()) and Q learning, and [Li
@ analyzed the policy gradient methods un-

der the mirror descent framework. [Zhang and Xie
(2023) and |Jin and Sidford| (2021]) proposed algorithms

utilizing a reduction to the discounted reward setting.

2 PRELIMINARIES

In this section, we introduce the average reward
Markov potential game (AMPG), Nash equilibria, and
differential value functions for the average reward
MDP.

2.1 Average Reward Markov Potential
Games

An N-agent infinite-horizon tabular average-reward
Markov game (AMG) is represented by a tuple
AMG(S, {A:} N1, P, {r;}}¥)). S denotes a finite state
space, A; is a finite action space for agent ¢, and
A= A3 X Ay X ... x Ay is the joint action space
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for all agents. We denote by S, A, ...,An their re-
spective cardinalities. P denotes the transition prob-
abilities, i.e., P(:|s,a) € A(S) is the probability dis-
tribution of the next state under a joint action profile
a = (a1,as,...,ay) € A when the current state is s,
and A(S) denotes the probability simplex over set S.
ri : S x A — [0,1] is the one-step reward function for
agent 1.

A randomized stationary policy for an agent is defined
by a map m; : S — A(A), ie., mi(+]s) € A(A;). De-
note by II; := (A(A;))S the set of all randomized poli-
cies for agent i. We use m = {m;})¥., to represent the
joint policy of all agents, and 7_; = {m;};-; to repre-
sent all policies but 7. II = II; xII3 x...x Iy is the in-
dependent joint policy set. Similarly, we denote a_; :=
{aj}j# and H,i = H1 X ...Hi,1 X H7;+1 oo X HN.
Under a given joint policy 7, the long-term average
reward for agent ¢ starting from initial state s is

T-1

1
Ty T B (0))40) _
pr(s): hTHimeEﬂ tE:O ri(s*,a'")]s s|. (1)

In this work, we will restrict our attention to an er-
godic underlying MDP:

Assumption 1. For any joint policy m € II, the in-
duced Markov chain is irreducible and aperiodic.

Under Assumption 1, there exists a unique sta-

tionary distribution »™ € A(S) independent
of the initial state s (Puterman| [2004) i.e.,
() = Jim 2B [TIUI60 = ))s0 = 5] =

limy_ oo Ex [H(S(T) = 5[50 = 3] for any s € S. As
a result, the average reward pf(s) = (v™,rF) is also
independent of the initial state s and we write it as p]
for simplicity.

Definition 1 (Average reward Markov potential
games). The average reward Markov potential game
(ARMPG) is a special case of AMG, where there ex-
ists a potential function ®(m) : Iy x Iy x ..IIny — R,
such that for any i, m;,w, € II; and m_; € 11,

(i, ) — O(mj,mq) =p; " —p T
Denote by Cg := maz | ®(7) —P ()| the span of the
potential function ®. Note that Cy < N since for any
joint policies m and 7/, |®(7) —®(7')| = |p™ —p™ 2N +
_ p“1‘2-,7f3:N + ...+ pTri:N—l’TrN _ p”l| < N.

Definition 2 (Nash and e-Nash equilibrium). A policy

7* is a Nash equilibrium if for each agent i,

pﬂ'i:ﬂ'z;N

*

PRI > pTT L Yy € T,
or an e-Nash equilibrium if
prOTS > P e Yy e I

It may be noted that the maximizer of the potential
function is a Nash equilibrium, while the converse may
not be true since there could be multiple Nash equi-
libria.

2.2 Value Functions and Their Properties

The differential value function

V)= B lZws“% a®) — )l = ] o)

t=0

captures the accumulated deviation from the station-
ary performance. The differential Q function and dif-
ferential advantage function are defined respectively
as:

o0

Q7 (s,a) :=E,

t=0

A?(Sv a) = Q?(Sva) - Vﬂ-(sva)'

Taking the expectation with respect to other policies
except j, we can describe how agent j affects QT by:

> moilal9)Q7 (s,a5,a-5). (3)

a_j;€EA_;

Q;T;i(sa Clj) =

To simplify notation, we will use @f to repre-

U

sent Q;;, and define r7(s) = Eaur(|s)ri(s,a),
,,i"—j (S,(Lj) = Ea_j,\,ﬂ._jus)?“i(s,aj7a7j)7 and
A7 (s,a:) = S 7w i(a_i|s)AT(s,ai,a_;).

a_;€EA_;

With P, € R%*S denoting the state transition proba-
bility matrix induced by policy 7, and PT € RS4x54
denoting the induced state-action transition probabil-
ity matrix, the differential value function V] and dif-
ferential Q function Q[ are solutions of the following
equations, up to a constant shift (Puterman) [2004)):

VT =r] —pils+ P V™,

Q —ri—pi15A+P Q.

Lemma 1 (Performance difference lemma). For any

policies ;, 71'; € Iy, and m_; € I1_;, the difference

between the average rewards for each agent i is

’
T, —j T —j

Pi Py
=By (Q55 7 (5,7),m5(-]s) — 7 (-]s))

. {A .
=B mirs Y mi(ag]s) A5 (s, a).
aj

Let €(s,a;) € {0,1}°%4 denote the unit vector
where the only non-zero term has the index (s, a;).

S ri(s,20) — pD)ls® = 5,20 = a] |
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With the definition of Fréchet derivative (Dieudonné,
2011)), we can verify that there exists a linear operator

A= Y v (s)Y,, €(5,0;)Q (s, a;) mapping the
set U = {u € RS> ; Daca, uls; aj) = 0 Vs € S}

T, i _
to RS*45 gt. lim )1, -0 o™ = |I|)7ZH2 (Al
0. This can be shown by the performance difference
lemma.

Lemma 2 (Partial derivative). For any i,j, and any
policies m; € 11;, m_; € I1_,

P BT (s e (s
87Tj((lj|$) - Q];z( ) ]) ( )7
78(1)(71-) = S,a S
Omj(ajls) = Qe

Let {\i(M)}i=1,... n be the eigenvalues of matrix M €
R™ ™ where |\ (M) > [Ma(M)| > ... > [A(M)].
The largest eigenvalue of P™ is 1 corresponding to the
eigenvector v™ P™ = v™ [Puterman (2004). The second
largest eigenvalue is strictly less than 1 and is related
to the mixing time of the Markov chain induced by 7
(Kale, 2013 Lemma 2.1).

Definition 3 (Li et al| (2022)). Let 1 — T be the
probability of the least visited state of the MDP, with
I' '=1—mingemses v™(s). Note that T' € (0,1).
Definition 4. The mizing coefficient of the MDP is
defined as:

1
0T T — (P

Unlike our definitions of I and xq, some literature in
the field of average reward MDP employs the concepts
of hitting time tp;; := max, maxg V%(é) and mixing
time i = max,; min{t > 1|[|(P™)(|s) — v™|1 <
%,Vs € S} of the underlying MDP, (Wei et al.| [2020;
Bai et al.l [2023). We can establish a close relationship
between these two sets of definitions. Specifically I is
related to the hitting time as tp;y = ﬁ, and from
Lemma [3] E ko is related to the mixing time as t,,;, =

sy

Toa (T )) It is also evident that k¢ is finite under

Assumptlon [[]in the tabular setting.

Lemma 3. Let C)

anJ‘ Then for any policy T,

=min{y/1%5, 12} and o :=1—

supl|(P™)!(:|so = s) — |1 < Cpo",V t > 0.

S
Definition 5. Define k := max; max, minyeg|/@; +
bl||co for any reward function r € [0, 1].

By Lemma [3] the span of the differential Q functlon

can be bounded as & < ||Q; ||lso < 14C, Yoot =1+

Cpg < Cpkop. Details are in Appendix Propos1t10n

1—

2.3 Performance Metric

We study “independent” policy optimization. By
this we mean that at step ¢, each agent ¢ updates
its policy 7! to 7Tt+l based on the information it
can collect locally without coordinating with other
agents. The goal is to find a Nash equilibrium, and
we quantitatively measure the closeness of the joint
policy 7 to a Nash equilibrium by the Nash-gap(t) :=
t t t

max; maxyem, (p, " — p;' ). The optimization al-
gorithm is evaluated by the following notions of Nash
regret,

T-1

1
Nash-Regret(T) =7 Z Nash-gap(¢),

T-1

. Z Nash-gap(t)?.

=0

Nash-Regret*(7T') :

It is clear that the Nash gap is positive and policy 7t is
an e-Nash equilibrium if Nash-gap(t) < e. Moreover,
if the Nash regret (or Nash regret*) is less than e, the
policy ¥~ with ¢* € arg min, Nash-gap(t), is an € (or
v/€)-Nash equilibrium.

3 POLICY GRADIENT
ALGORITHM

We now analyze the independent projected policy gra-
dient algorithm for average reward Markov potential
games. The algorithm adopts a direct policy param-
eterization. At each step, each agent i updates its
policy independently along the gradient direction and
projects it back to the policy space via Projy, (7) :=

arg mingem, ||p — 7|2

We first consider the oracle-based setting, where the
algorithm has access to a gradient-oracle that can ex-
actly calculate the policy gradient of a given policy.
We study the convergence performance in this setting
and its time complexity. Subsequently, we consider the
setting where there is no access to any oracle. We pro-
pose a gradient estimator based on trajectory samples,
and study its sample complexity.

The key step in the analysis relies on the smoothness
of the average value function. Unlike the discounted
setting where the gradient has a closed form expression
since I — yP7™ is invertible and its power series can
be bounded (Agarwal et al. [2021; [Leonardos et al.|
2021)), in the average case, a similar analysis can not
be applied since v = 1. In the following Lemmald], with
the help of perturbation theory of stochastic matrices
we show that the average reward function is smooth
in both single-agent and multi-agent situations. The
proof is in Appendix [C.2]
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Algorithm 1 Independent projected policy gradient
ascent
1: Input: learning rate 5 > 0

2: Initialization: 7r( )(ai|s) =1/A; for any i, s, a;
3: fort—OtoT—l do

4: 7r§t+1) = Projy, (7} + BV pT ), Vi

5: end for

Lemma 4 (Smoothness of p and ®). Denote Apax :=
max; A;, L := K%S?’/ZAmax + KoV SAmax, and Lo =
N(Hgsg/QAmax + K:O(SAmax + 2Amax) + Amax)-

(a) For any i, and m_; € II_;, the average value pf is
ﬁ%S?’/QAi + KoV SA;-smooth with respect to policy ;.
Moreover, for any @, pf is L- smooth with respect to
policy i, . V2,07 ™ =Vl o < Lim—nla
forV i, and m;, 6 1I;.

(b) The potential function ®(7) is Lg-smooth with re-
spect to joint policy m, i.e. ||[V®(m) — VO(x')||s <
Lo||m — 7|2 forV m,« €Il

We note that compared to the smoothness factor in

discounted reward settings (2(1”4‘““ for single-agent,
% for multi-agent), the smoothness factor for

the average reward setting has an extra dependence
on state size S. The reason is that the second or-
der linear derivative of p™ depends on the ¢; norm of
the linear derivative of v™, while Definition [4] can only
guarantee an {5 bound. The exchange between ¢; and
{5 norms introduces the factor S.

3.1 Policy Gradient Algorithm with
Gradient Oracle

We first introduce the distribution mismatch coeffi-
cient, which also appears in the convergence behavior
of the policy gradient algorithm in discounted single-
agent MDPs (Agarwal et all |2021) and discounted
Markov potential games (Ding et al.l |2022; |Leonardos
et al., 2021)).

Definition 6 (Distribution mismatch coefficient).
D = maxq pen|| %7 oo-

In the average reward setting, the coefficient D can
be upper bounded by ﬁ The independent pro-
jected policy gradient ascent algorithm is given in Al-
gorithm [1} the regret of which is bounded as follows,
with its proof given in Appendix [C.2]

Theorem 1. Choose learning rate § := . Then the

La
Nash-regret* of Algomthm is bounded by

D?*L
Nash-regret*(T) = O < (I)C(I)S)
T

Therefore, by setting time

Algorithm 2 Policy gradient ascent with estimation
1: Input: learning rate 8 > 0, K, N1, No, N3

2: Initialization: 7r§0) (ai|s) = 1/A; for any 1, s, a;

3:fort=0to7T —1 do

4: agents take action independently and syn-
chronously for N7 + K Ny time steps to collect
trajectories {7;'}

5. for agent ¢ do

6: gl «+ gradient estimation(7;', 7!, K, N1, Na, N3)
1 . ~

7: D Projy, (7} + B8g})

8: end for

9: end for

NCyD?S°/? Apmaxid . . .
0 0 "), it yields an e-Nash equi-

librium.

The analysis has two parts. Based on the smoothness
estimated in Lemma 4] the algorithm will converge to
a stationary point by the optimization theory of gra-
dient ascent. We then show that the stationary policy
is a Nash equilibrium in the average reward Markov
potential game, which establishes the convergence of
the algorithm.

3.2 Sample-Based Policy Gradient Estimate

In practice, we usually do not have access to a gra-
dient oracle. To apply the policy gradient algorithm,
we need to estimate the gradient from trajectory sam-
ples. We propose a gradient estimator (Algorithm
which only relies on a single trajectory and is thus
more practical in real applications since it does not
require resetting the Markov process or a generative
model. The sample-based policy gradient ascent algo-
rithm is described in Algorithm [2]

The estimator g; in Algorithm [3]is based on Lemma[2]
which relates the policy gradient with Q (s,a;), and
we approximate it by R;(t) = Sop_,(ri(s'H, atth) —
pi). Tt is generally hard to estimate the pohcy gradi-
ent in the average reward case. Unlike the discounted
reward criterion, the policy gradient might be un-
bounded under average reward setting. We resolve this
issue by adapting the sample length N based on the
mixing rate in Lemma [3| However, §; may have large
variance when ;(aj|s’) is small. To overcome this, we
restrict the policy class to Il = II; o X ... X N q,
where II; , = {(1 — &)m + aw|Vm; € II;} with
; = (Unif4,) € II; being the uniform policy. Such
restriction has been considered in [Leonardos et al.
(2021)); Ding et al.| (2022) previously. We can balance
the representation power of the policy class and the
variance of the gradient estimator by adjusting a.

Lemma 5. For any agent i, consider the gradient es-



Provable Policy Gradient Methods for Average-Reward Markov Potential Games

Algorithm 3 Gradient estimation

Algorithm 4 Independent proximal-Q

trajectory T = (s°,a%,r?, ..., st al, 1),

1: Input: s Wity y Y g
policy m;, K, Ny, Na. (t = Ny + KNy — 1)
« Ni—1
pi N% Zt:l% T
g+ 0
for k=0to K —1do

tr (*N1+kN2

todNo—1, + 4

R(k) < 207007 — p)

g4 g+ R(k)Vx, logm;(aj*|s")
end for

gi +— ¥
Output:g;

._.
e

timate g; defined in Algorithm[3 Given the (s, a,r)-
trajectory of length K No+ Ny and the policy m; € II; ,
that generated it, the estimated gradient has fo error
bounded as

. 0pT o 1 2Amax N3
Ellg— —|2 <= +1) 222
16: = 5 ||2_(a+ ) i

AC, Amax [ [2 N2
PR i ——— — 2 4 2
Ry (y/ajtf) fra

16 AmaxCp Nj N 2 AmaxC?
(1-0)% N? (1-0)?

We can guarantee an 5 error of O(8) by choosing Ny =
Ny =0O(log 1), and K = O(%). A detailed proof is
in Appendix
Theorem 2. If all players independently and syn-
chronously run Algorithm|9with learning rate 8 = i,
the Nash regret is bounded as:

D2SLgCy 9 9

E[Nash-regret” (7')] :O<# + K

n KQDAmaxLé5).

We can therefore determinate an e-Nash equilibrium
2a5/2 2
by choosing T' = O(NC‘I’D Sﬁz Am”%), a=0(5),0=

2 ~ ~
O(m), K= O(%), and Ny = Ny = 0(1)

Substituting the bound for k and Lg, the sample com-
. . A NSDSC<I>S7A5 K{)
plexity is then T(K Ny + Np) = 0(60(1——1“)375“0)

To analyze Algorithm [2] we introduce the shadow pol-
icy #t! := Projp_(n* 4+ BV,®(n")) projected from
the true deterministic policy gradient. The distance
between 7t and 7t is bounded by the estimation error.
Since the shadow policy 7! can capture the optimality
criterion in the update rule in Algorithm [2] a bound
on the Nash gap with policy improvement w.r.t. po-
tential value can be provided for each time step. To-
gether with the bounded distance from true policy 7,
the conclusion follows.

P 2N,

: Input: learning rate g > 0
: Initialization: 7r§0) (ai|s) = 1/A; for any 1, s, a;
:fort=0toT —1do

nH(ls) =

t

argmax {B(Q; (s,-),p(-[s)).a, —
PCIs)EA(A)

lp(-ls) = wi(-[)I3} Vs, i
5: end for

W N

Remark. We note that there are some mistakes in
the analysis of the sample-based policy gradient in
(Leonardos et al., 2021, Theorem 4.7) about the mini-
mizer of the Moreau envelope and the update analysis,
which are elaborated in Appendix[C.4] We address the
difficulties in analyzing the sample-based policy gradi-
ent algorithm, and as far as we are aware, Theorem [2]
is the first sample-based projected policy gradient al-
gorithm for Markov potential games with a rigorous
performance guarantee.

4 PROXIMAL-Q ALGORITHM

In this section, we analyze another algorithm, the
proximal-@Q algorithm, under the assumption of the
availability of an oracle for the differential value func-
tion. The more general case where there is no ora-
cle, and its sample complexity analysis are addressed
in Appendix Instead of the policy gradient
873(’;2\5) = Q; (s,a;)v™(s), Algorithm 4| uses the dif-
ferential Q function as the ascent direction, which is
less sensitive for states s with a small visiting rate
v™(s). The key part of the regret analysis is to con-
nect the one-step policy update rule with the difference
between the respective potential values. The analysis
in the discounted setting is based on the performance
difference lemma and second order performance differ-
ence lemma (Ding et al., 2022, Lemma 21), both rely-
ing on the backward induction enabled by the discount
factor v < 1, which are unfortunately not applicable
in the average reward setting. To bound the second
order difference for the average reward, we can use its
smoothness property established in Lemma[d] or care-
fully analyze the sensitivity of the two parts Q™ and v™
in the performance difference Lemma We empha-
size that the sensitivity bounds for differential value
functions also play an important role in establishing
the regret bound independent of the size of the action
set, as shown in Section 5.

Define ||7]|1,00 = maxs||w(:|s)]1 and [Mle :=
max|x|..=1|[Mx||s for matrix M. One may note that
My + Mofleo < [Mifloc + [[Mafloc, [[MiMsf[oc <
M [|o [[Mz2loc, and [[M[oc < max; 3 ; [Mi;].

Let P™>® .= ((v™)7, ..., (v™)]T, with v™ € (0,1)*9,
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denote the infinite-step state transition matrix. There
exists a closed form expression V™ = (I — P™ +
P™o) =L — P™°°)r™ (Putermanl, [2004]).

Definition 7. For any policy = € II, (I — P™ +
P™) s invertible (Puterman| (2004))). Define ki :=
max, ||(I — P™ 4+ P™>®) 7} ».

Note that (I — P™ + P™>®)~1 = [ 4+ > (P~
pm™)t By Lemma [3| and PTP™® = PTOPT =
Pmoo, PTOOPTO = PTOO we have /ﬁ < HI||Oo
Ztoi1||(Pﬂ) Pﬂoo”oogl"'Zt 1 Q —1+Op

Consider a general average reward MDP with reward
function r. pff, V™ and Q7 can be defined similarly as
in Section 2.

Lemma 6 (Sensitivity bounds for average reward
MDP). For any reward function taking values in [0, 1],
and any policies w, 7" € 11, the following bounds hold:

V™ (s) — ™ ()] <kl|m — 7|[1.00, VS €S

’
lor — o | <kllm =71 00,

IV =V lloo <k1(2+ S(k + 1) + Skr) | = 7 [[100,

QT — QT loe <(k + 21 + Sk (5 + r1) + Skr?)

X || — 7|1, 00-

Proofs are provided in Appendix [D] Lemma [f] is
a general result for both single-agent and multi-
agent settings. Consider a joint policy m(als) =
m1(a1]s)ma(azls)..my(anls). If m = (Wa, —j), T =
(7%, m—;), then || — m'[[1 00 = [|7j — 7}|[1,00- The fol-
lowmg proposition is directly derived from Lemma [6]

Proposition 1. [|Q]"" 7 — Qﬂj’m loo < Kollm; —
Ti|1,00, Where kg 1= K+ 2k1 + Sk1(k + K1) + SkKR3.

Theorem 3. If the learnmg rate is chosen as B <
L1 then Algomthml has

1—
max{ = 1)(KQ+SH2)A,,,M7 2L
a bounded Nash regret:

S \/E(K’ Amaz + z) V 2BO¢'L

Nash-regret(T) 3 T

If we set the learning rate to [ %, the

time complexity for an e-Nash equilibrium is T =
O(NC@DSS/QAW,QIHS)

1-I")e?
pendix @

5 NATURAL POLICY GRADIENT

The proof is given in Ap-

Finally, we analyze the natural policy gradient (NPG)
algorithm under the average reward setting. NPG is
a powerful technique to accelerate the convergence of
policy update with Fisher information via precondi-
tioning (Kakade, |2001). We consider the independent

Algorithm 5 Independent natural policy gradient as-
cent
1: Input: learning rate 5 > 0
2: Initialization: 7r( )(ai|s) =1/A; for any i, s, a;
3: fort—OtoT—ldo
4: mtl(|s) = argmax {B(
p(ls)EA(A;)
Di (s)} Vs,i

5: end for

Qr (5,),p(15))a, —

NPG Algorithm [5] under the availability of a differen-
tial value function oracle.

Under the softmax parameterization, the joint policy
7 = (xr, . 7%y with @ = (61,...,0N) € R54 is

7%i(s,a) = Ze:/pe(%“). The gradient of p (or ®)

w.r.t. 0 is 66‘)(3 = a V”(s)w(a|s)m%67w62f(s,a)
(Sutton et all [1999). With the Fisher
information  matrix defined as  F;(0) =

dlog 7% (a; dlog 7% (a;
Eswu"'e,aiwﬂgi(-|s)[( Oggei(a \S))( ng{;ei(a IS))T]

(Kakade, [2001)), the natural policy gradient update
is 01t = 0! + Fi(ﬁi)TVQip?G. It can be shown that
the NPG update is equivalent to the update in
Algorithm [5| (the proof is provided in Appendix. In
Algorithm , Dr(s) :== 3", plals)log Z)Eal\sg is the Kull-
back—Leibler (KL) Divergence between distributions
p(+|s) and ¢(+|s). There is a closed-form expression for

the update, mi ™ (a;|s) oc 7t (as|s) exp (ﬁQ (s,ai)> o

ot
7t (a;|s) exp (ﬁAZr (s,ai)), which can be verified by
the Karush-Kuhn-Tucker (KKT) condition. This
does not require the calculation of the inverse of the
Fisher information matrix and the gradient oracle, but
employs a differential value function oracle instead.

We first show the monotonic improvement property of
the NPG one-step update.

Lemma 7. Let Z\"° := >, T (ails) exp (Bzz(s,ai)).

When 5 < max{ m—5575:5 1)1H£+S,Qz), To -1

1
(') — d(xt) > 3 S>E i logZH® > 0.

In the discounted reward setting, the performance
difference lemma provides a bound for the mono-
tone improvement (Zhang et all [2022] Lemma 20)
which is applicable only when the potential function
®(7) can be decomposed as the discounted summa-
tion of some state action reward function ®(7) =
Eqmr,son 2oy V0(s,a). Here we do not need such
an additional assumption, but utilize the smoothness
(Lemma [4)) or the sensitivity bound for differential Q
function (Lemma [f]) instead.
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Let ¢(t) := min; ming Za; Corgmaze e, (5:0:)
which is also considered in [Zhang et al| (2022).

indicates the exploration power of the policy , i.e.,
the probability mass covering the optimal actions.
Define ¢ := inf; ¢(t). The following lemma shows that
¢ is strictly positive, which is key to bounding the
convergence rate. The proofs are given in Appendix|[E]

Lemma 8. If all stationary points of the po-
tential function ®(0) = P®(w(0)) are isolated,
B < mln{maX{Wclm, 1L;F 5=}, Algomthmﬁ
asymptotically converges to a Nash equilibrium. Then

c> 0.

Theorem 4. If all stationary points of the poten-
tial function ®(0) = ®(w(0)) are isolated, [ <
min{max{w7 quF , 5=}, the regret of Al-
gorithm[3] can be bounded as

Nash-regret” (T) < m.

Substltutlng the bound for x and kg, B =
, the time complexity is T =

S2,

3/2,.2
NS3/2g mln{Amax,(1 e

2
NC@SS/QN(Q, mm{77 1
73 »“imax .
o= p§12 7 ).  When the action

set has a large cardinality Apax, it gives an A
independent bound for the chosen learning rate.

6 EXPERIMENTS

We first illustrate the convergence of the algorithms in
the oracle setting. We randomly generate a Markov
potential game model with S = 100 states, and A; =
4, Ay = 3, A3 = 2 actions for the N = 3 agents.
We choose the largest learning rate. This yields the
fastest convergence for each algorithm. The numeri-
cal experiments corroborate our theoretical findings in

Theorems [T} B} and [

Recall that in the theorems, a small least visited rate
(LVR) (1 —T') has a negative impact on the conver-
gence rate. As shown in Fig. |1(a)| and [1( -the small
LVR impedes the convergence of all three algorithms.
Comparing the theoretical findings of policy gradient
and that of proximal-Q and NPG, we note that the
complexity of the former is of order S%/2 while the lat-
ter is of order S3/2. This is also verified in Fig.
and the effect is more significant when LVR is small.
In addition, the convergence of NPG depends on the
exploration factor c(t). We generate a reward function
with a small reward gap (RG) between the optimal ac-
tion and the second best optimal one, which increases
the exploration difficulty and results in a small value of
¢(t). Despite ¢(t) nearing 1, with very small RG, NPG
updates can become minor, causing the algorithm to

i (ails),

— PG

— PG
=5 —— ProxQ -5

— ProxQ

'%\-10 NPG 30 NPG
o-15 o-15
é—zo § -20
g-2 B-25

0 10 20 30 40 50 0 50 100 150
iteration iteration

(a) Large LVR, large RG ~ (b) Small LVR, large RG

— P | 10
-5 —— ProxQ
NPG 0.8

log(Nash gap)

c of NPG

100 200 300 400 500 0 100 200 300 400 500
iteration iteration

(c) Large LVR, small RG  (d) Large LVR, small RG

- PG | — PG
15 0.28
aQ
\ gu.zl
<
]
]
=z

0.14
05
\ 0.07 \

0.0 —— T 0.00 ———

L1 accuracy
-
o

20 40 60 80 100 20 40 60 80 100
iteration iteration

(e) €1 accuracy (f) Nash gap

Figure 1: (a)(b)(c)(d) are results for the oracle setting.
Since the Nash gap can be as low as 0.0, we truncate
the log(Nash gap) at —35 from below. (d) depicts the
change in ¢(t) of the NPG algorithm for Fig. (e)
and (f) present the results of Algorithm [2l The solid
lines are the means of trajectories over seven random
seeds and shaded regions are the standard deviations.

get stuck near a Nash equilibrium (Fig. [L(d)]). Further
discussion is in Appendix [A]

We further demonstrate that the proposed sample-
based independent policy gradient Algorithm [2| con-
verges to the desired policy in Fig. and un-
der both the ¢, accuracy, i.e., + Zil||7rf —7f|l1 and
Nash gap.

To illustrate the potential of the independent learning
scheme in averaged reward MARL, a more complex
robot navigation task is conducted. There are two
controllers (linear speed controller and angular speed
controller) in a robot with each viewed as an agent.
The agents gain rewards when the robot is moving
toward the target. We implement a practical version of
the independent average NPG algorithm with a neural
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Figure 2: Training process of robot navigation task.
The solid line is the mean of trajectories over three
random seeds and shaded regions are the standard de-
viations.

network, which is inspired by Algorithm 1 of Ma et al.
(2021)), and showcase its performance in Fig.

7 CONCLUSION

In this paper, we study Markov potential games under
the average reward criterion and analyze three algo-
rithms, policy gradient ascent, proximal-Q, and NPG
under the access to an oracle. We establish time com-
plexity that matches the results in discounted reward
settings. We also propose a gradient estimator, which
only relies on a single trajectory. The sample-based
policy gradient ascent algorithm is shown to converge
to a Nash equilibrium, and a sample complexity is pro-
vided. We also close several technical gaps in the anal-
ysis of policy gradient methods between the discounted
and average reward settings.
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A EXPERIMENTAL DETAILS

A.1 Oracle-based Algorithms

We provide more details regarding the numerical experiments described in Section 6. In the oracle setting, when
the state set size is greater than the size of the action set, according to Theorem [} Theorem [3] and Theorem [4]
the time complexities for projected policy gradient ascent, proximal-Q and NPG are

NCS%2 Aoy (NC¢S3/2AmMn%) and O (NC@S?’/ ZAmaxn%)
1-1)22 ) 1-rp2e c1-132e 7

respectively. Notably, projected policy gradient ascent exhibits an additional S dependency, while NPG has
an additional dependency on % Meanwhile, a small least visited rate (LVR) 1 — I' has a negative effect on all
algorithms. To illustrate these effects, we conducted simulations on Markov potential games with large state
spaces, varying LVR (large or small), and different exploration factors (large or small ¢), as described in the next
paragraph.

We randomly generate a cooperative Markov potential game with the following parameters: S = 100, A; = 4,
As = 3, and A3 = 2. To control the LVR (1 — I'), the elements of the transition probability matrix P €
[0, 1]9414243%5 are generated as follows. First, each entry is generated using a uniform distribution Unif[0, 1].
Then we randomly select half of the states (denoting chosen states by s’) and generate the probabilities P(s'|s, a)
for every action profile a according to a uniform distribution Unif[0,0.01] (for small LVR), or Unif[0,0.1] or
Unif[0, 1] (for large LVR). Subsequently, each row of the matrix is normalized. To reduce the exploration factor
¢, we generate a reward function with a small reward gap (RG) between the reward of the best action and
that of the second best action, thereby increasing exploration difficulty and leading to a smaller ¢. The reward
function is identical for all agents. It is randomly generated and denoted as R € [0, 1]5414243 For scenarios
with a small RG, we use a uniform distribution Unif[0, 1] for all entries, or set reward r(s,a’) to be 0.001 smaller
than max, r(s,a). This setup can indeed make c¢(t) smaller as illustrated in Fig. In cases with a large
RG, we select an action profile for each state at random and generate rewards according to Unif][0.4, 1], with the
remaining entities generated according to Unif[0,0.6]. We observed that a larger learning rate leads to faster
convergence, therefore, we chose the largest learning rate.

A.2 Sample-based Algorithm

In the sample-based setting, we run Algorithm [2] for a manually designed Markov potential game with S = 2,

Ay = Ay = 2, an action-independent transition probability matrix P = (82 8;), and a reward function that
is identical for each agent. Th ds for states 1 and 2 are By = ( - U2) and Ry = (02 1), wh
is identical for each agent. e rewards for states 1 and 2 are Ry = { o 'y ) and By = {7} ), where

columns indicate actions for agent 1, and rows indicate actions for agent 2. To achieve a = 0.01 and ¢ = 0.01,
Theorem [2[suggests a learning rate 8 ~ m ~ 0.01 and trajectory length K No+N; ~ 10%. To reduce the
number of samples needed, we choose a trajectory length K No+ N7 = 51000 with N7 = 1000, N2 = 50, K = 1000,
and reduce the step size every 20 steps, from initially 0.5 to eventually 0.0001, to accommodate inaccurate gradient
estimates.

A.3 Robot Navigation Task

We demonstrate the efficacy of average reward MARL by solving a complex robot navigation task for TurtleBot,
a two-wheeled mobile robot (Zhou et al.,[2024; Rengarajan et al., 2022aljb)) in a simulation platform, Gazebo. The
navigation task is to guide the robot to any designated target within a 2-meter radius. The state space is defined
by a continuous 2-dimensional space representing the distance and relative orientation between the robot and the
target. The robot is equipped with two controllers: an angular controller with control effect ranging from -1.5
rad/s to 1.5 rad/s, and a linear velocity controller with control effect ranging from 0 cm/s to 15 cm/s. To model
the agents’ control strategy, we implemented two independent agents to manage the angular and linear speeds,
following an empirical adaptation of Algorithm [5] The reward function is formulated to be proportional to the
product of the distance and the scaled orientation between the robot and the target. Hitting the boundary incurs
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a penalty of -200, while reaching the target yields a reward of 200. Each trajectory terminates upon collision,
achievement of the goal, or after 500 simulation steps have elapsed.

All experiments were conducted on a CPU with an 11th Gen Intel(R) Core(TM) i7-11700 @ 2.50GHz.

B PROOFS OF SECTION 2

We first explore a sufficient condition for a Markov game to be a potential game. Previous works have studied
the sufficient condition for the discounted reward setting (Leonardos et al., [2021; |Zhang et al., 2021a; |[Narasimha
et al. |2022)). These conditions encompass some important Markov games.

Proposition 2. Consider a Markov game that is a static potential game r;(s,a) at every state s € S, i.e
there exists a common potential function ¢(s,a) and an utility function u;(s,a—;) for each agent i, such that
ri(s,a) = &(s, a) +u;(s,a—;). If one of the following conditions is satisfied, then the Markov game is an average
reward Markov potential game:

1. The transition probabilities do not depend on the action a taken, i.e., P(s'|s,a) = P(s'|s) for all a.

2. For every agent i, there exist a constant ¢; such that w; *(s) == Y., (Ijzimj(az|s))ui(s,a_;) satisfies
Vi) (V™0 ') = ¢ila, for every state s and policy .

Proof. Let ¢ (s) := >oam(als)e(s,a). pf = (v T + @, *). If condition 1 is satisfied, ™ = v, then (v, @) is
the potential function.

If condition 2 is satisfied, pf = (V7,4 ) + (v™,w; ). With the interpolation of differential function, for any

’
T, — 4

policies 7;, 7, and 7_;, there exist a constant a € [0,1], 7} = m; + a(7, — m;), such that p™ ™ — p/ """ =
W @) = (e G (= Vi 0T ) = (T, 8T) = (T 6T (- wcila,) =
<zﬂ,$”> — (y“iv“—i,gr“ﬂ*i}. Therefore, <u”,$ﬂ) is the potential function. O

Remark A fully cooperative game, where all agents have the same reward function r; = r, is an important
special case of a Markov potential game. It satisfies Condition 2 in Proposition [2] with u; = 0, while the lake
usage problem (Dechert and O’Donnell, [2006]) satisfies Condition 1.

Lemma 9 (Restatement of Lemma [1)).

P = p T =By Q5T (50) 75 (L) — 75 (1)) 4]

7"] T—j )
_EgNV T —j Zﬂ-] a’]| (570’_7)' ( )

Proof.

TG>T —j TG~

I A ]

=pi T = p T A By gy VT () = By e, VT (5)]

=B, ss am(ay e [T1(5:@) = 07T B p ) [V ()] = VT (s)]
=B, i iy [QF T (5,0) = (@) (18), 75(15)) 4, )

=B, eyms [Bayen Q" (5005) = (@57 (1 9), 75 (1)) )]

Z]ngﬁjmj[@j; (8,°), 75 (-[s) = 75(-[5)) 4;]
Eooms ZQWM "(s,a5)75(az]s) = Vi T (s)]

=E, _zm j[z (Q}E’” (s,0;) = Vi7" (5)) 5(a;19)]

srvz/ i Z’”J aJ' e (870’]-)}'
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Lemma 10 (Restatement of Lemma [2)
8pf _ " ™ aq)(ﬂ-) _ " T
07rj(aj|s) - Qj;i(s’a’])y <5>7 57rj(aj\s) - Q] (S’aj)y (S)
Proof. Recall that Qj,(s,a;) = > 7 j(ajls)Qf(s,a5a-;) = > 7 j(a_jls)(r(s,a) — pF +
aij.A j aijAfj
(s a;). Differentiating with respect to =,

By p([s,a)ViT(s"). Therefore, V7(s) = 37, m;(a;]5)Q;

oV (s
aﬂ.j 371' ZWJ CL]| S CL])

or;i(a; | 8@ i(s,a5)

_Z J : ];saJ +Z7TJG’J| ]7r- !
J

pi +Banp(lsasay)asjmm s (19)Vi (5)

0
-3t af' (o) + el 07 )~
8p’7 oV (s)
- : +Es’~P-s,a, ~m(-|s - '
Clo el g

_ Z 871'3 aJ| O (s,0;) :
Jsi ;

Vi (s) N~ Om;(ajls) y_ 90f V" (s')
ZV (s) o, —ZV (S)Z or, Qj.i(s,a;) o, +Eyopr o,

S

Multiplying each side with v7(s), taking the summation over s, with the definition of stationary distribution

)

Esorm,s ~P(:|s,a),a~7(-|s) = Egnpn, we obtain

7T

. omi(a;|s) =n 0p]
0= 3007 (0) 30 TLIG] () - G

9p; x .
p) ,:ZV (S)Z?(s’aj)Qj;i(svaj)~
uy - ”
™ —r i
= ey = @ (5,05)v7(s). 0

80 ()

By the definition of the potential function, it can be noted that o7 (0519)
J J
Given a Markov chain with transition probability matriz

Lemma 11 (Kale) 2013 Theorem 3.1, equation (4))
P € R5*S | let v be its stationary distribution. For any s,s' € S, we have

pi(s Ao (P)?
| (S,|S) _ 1| < 2( ) )
v(s) ()
Lemma 12 (Restatement of Lemma . There exist constants Cp, := min{,/ =% F, = F} and ¢ := 1 — — such
Ye(-lso=8) —v™|l1 < Cpo',V t > 0.

that for any policy m:
sups||(P
2(PT) o Lemma Then Y, |[(P7)!(s'|s) — v7(s')] <

|(P”7)r((59)| s) _ 1] < W
t

Ao (PT)E D0 Vu:((s < (1 - (1—)\21(P”))_1) 2 Wﬁ <(- ?lo)t r

2P < 220 then X2, [(P7)!(s']s) — v7(s')] < 22 = (1 -
U

Similarly, recall |w 1] < T S 1T

1y2_1
e
Proposition 3. For any policy m and any agent i, the differential @ function has a bounded ¢, morm

Proof. For any policy 7 € II,

1-T

Q7 lloe < Cprio-
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Proof. For any s,a and joint policy 7, |QF(s,a)] = |[E[>;2,(ri(st,a’) — pF)|s® = s,a’ = a]| < 1+
Burmp(io S (P () — 07,7 < 1+ 555, Crgf = 1 G2 = 14 Cy g — 1) < o 0

C PROOFS OF SECTION 3

C.1 Auxiliary Lemmas

Lemma 13 (Leonardos et all, 2021, Lemma 4.1). Let m = (71, 7o, ..., 7)) be the policy profile for all agents and
let 7' = w4+ AV, ® () be the result from a gradient step on the potential function with learning rate X > 0. Then

Projnlx...xHN (ﬂ-/) = (PI‘OjHl (771)7 ey PrOjHN (ﬂ-;\i))

Lemma 14 (Agarwal et all [2021] Proposition B.1). Let f(mw) be an l-smooth function. Define the gradient
mapping G() := %(PI’OjH(TF—‘rBVﬂ—f(T())—TF). Then the update rule for the projected gradient is 1+ = m+ BG(7).
If |G(m)||2 <€, then

TVAf(nT) < e(Bl+1).

max )
nt45€lL||8]]2<1

There is a typographical mistake in proposition B.1 of |Agarwal et al.[(2021); the underlying max should be taken
on 7T +§ € Il instead of w4 6 € II.

Lemma 15 (Bubeck et all 2015, Lemma 3.6). Let f be an l-smooth function over a convex domain C. Let
z € C, xt =Projo(x — BV f(z)). Then :

I 1
fah) = f@) < (5 - - 3.
Lemma 16. Assume function f(-) is l-smooth over a convez set C. Let x := Po(x — Bg) with x € C. Then
31 1
F@) = £@) < (F = e =" B+ 71920 @) — gl

Proof.

(@ 1 l 1,2 - l
< — 2l =2t B+ et - 2l + S (GIVS @) - Val @)E + et - 2]3)
B 2 21 2
3 1 1
=(F = )lle =13 + 719:1() - gl

1 2 2
We use the property of projection in (a) (z7 — (z — 8g),zT —2) < 0 and (z,y) < M for any positive

constant a. O

C.2 Proofs of Lemma 4 and Theorem 1

Lemma 17 (Restatement of Lemma . Denote Apax = max; A;, L = /185'3/2Amax + koVSAmax, and Le =
N(K%’Sg/QAmax + HO(SAmax + 2Amax> + Amax)-

(a) For any i, and w_; € II_;, the average value p is KJ(Q)S?’/ZAi + koV/SA;-smooth with respect to policy ;.

Moreover, for any i, p¥ is L-smooth with respect to policy m;, i.e. ||[Vapr " " =V, pi" '|la < Lljm; — 7l||2 for

Vi, and m;,w; € II;.

(b) The potential function ®(m) is Lg-smooth with respect to policy profile w, i.e. [|[V®(m) — VO(n')|l2 <
Lo||m — 7|2 forV m,« €1l
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Proof. By the potential function property ®(m;, 7_;) — (7}, 7_;) =p; " —p; " " %@(m—, T_i) = 50 9_primi

and V,® = (g—’;ll, ey gfr—f;)T. To show the smoothness,

IV=®(m) — V2 2(r)]13

N
= IV, 8(x) — Ve 200

N
:ZHVTM(D(W) - Vﬂ'i(I)(Tri) WQNN) + vﬂ'i(b(ﬂ-/lﬁﬂ-QNN) - vﬂ'qzq)(ﬂ-i,%ﬂ-l’»NN) + ...
+ V’ﬂ’iq)(ﬂ—lfv(N—l)v’fr?V) - V’IHCI)(W/)HE

N N
<D D NIVa®(Tinjo1, Tjon) = Vi, (M1 1) 3

i=1 j=1
’
7T1"’J 1,7 JNN 8 T1ngs T i1 N

:ZZN” -

’L

If we can show B ” is L2 -lipschitz for any 7; within I1;, the above inequality implies that |V, ® () =V, ® (') |3 <
e O N J J 2
ZZ 1 Z] 1 N H7rj — 7|3 = Lg|lm — 7'||3. In the following proof, we will fix i and denote p = p;.

2
Define p(e) = p:’+eu“ﬂ “and p(T1,¢€) = pfﬁw“ﬁﬁm“ﬂ’“ We wish to show that \%| <L, |lidp7| < Lﬁ’ for any

u;, uj, and any €, 7 € R such that m; + eu; € I, |Juslla < 1, m; + 7u; € IL;, |luj]l2 < 1 and any 7 € II. Note that
Da, wilails) =0, 3, u](aj\ s) =0 for any s.

We first note that the unit eigenvector X (€) of the perturbed square matrix P™+eP"¢ corresponding to the simple
eigenvalue 1 is an analytic function [Kazdan| (1995). Recall that for any €, X (¢) = cv™1¢%>"=i for some constant
¢ # 0, thus Y g Xs(e) # 0. vmitewm™i = (3 X,(e)) ' X(e) is therefore analytic, which guarantees the

existence of directional derivatives of both V’“““i T and p¢. Then by |Garrett| (2005), v&7 = pTiteuwi, Ui m—ij
d2ymireni T

is jointly analytic, and thus i . and & Jea- exist.
We first show |d | < L. Since ple) = >  v(s)m(als)r(s,a) = >, , voreemi(s)(m(ails) +
eu;(a;]8))r™i(s,a;), we have
dp(e e du”ﬁe““’“ s _
A S e sl (5,0) + 3 BT ) + el )™ (5,0),
¢ s,a; S,a; (6)
d2 € dVﬂ'iJreuiﬂr,i s d2 T+ EU; , T s .
dLg) = 22 d—“ul(al\s) =i (s,a;) + Z —()(m(ads) + eui(ag|8))r™ (s, a;).
€ S,a; € S$,a4
— e,y = ribeus ;=
Since the stationary distribution satisfies v™T€%:"—i 1" = 1, we have % = 0 and % 1 =
0. In other words, T and dz"ﬂ”(;i'hi are orthogonal to 1. Taking derivatives on both sides of
de de
V”i"l‘ﬁu'iaﬂ—i — V'ﬂ'i"l‘eui17r—'iP7T'i+6uia7T—'i gives
dyTitenim—i _ ey dPTitewim—i  Jymiteui, T [——
de de de ’ (7)
dQVm—&-eu,;,ﬂ',i _ VTr,—Q—eu,,ﬂ', d2p7r,+eu,,7r i N 2dym+eu,;,7r,1; de—&-euiJr,i N d2y7ri+eui,7r,i Pﬂ'i+eui,7r7i.
de? de? de de de?

T teu; T

By Definition [4f and the fact that d’“% is orthogonal to the all-1 vector 1,

dyﬂ'i"rﬁuiv‘ﬂ'—i dPﬂ'i+eui,7r_7; dl/m—&-eu,,,ﬂ'_i

< €U, T4 Priteui,m—;
| e < o M=
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i Feu; i beu Ty
‘du Feug,m_j Titeu;,m_; dP iteui T

which implies | — ll2 < kollv el

P7r i teu;

Denote P (s'|s, a;) := Yo, T—ila—i|s)P(s'|s,ai,a_;). We have AP (S )s) = >, ui(ai|s)P" (s |s, as),
since PRt i (/ls) = S S 1 lai]s)(mi(acls) + cua(asls)) P(s']5,a). For any v € A(S),

dp7ri+eumr_i 5 , 9
I eI = e P ¢ aiuteds)
<Z ma:pg|ZP (s']s, a;)u(as|s)])? < Z maxgHu s)|[1)? < 1

(a) follows from ), wu(a;|s) = 0 for any s and the fact that |}_, P(s|s,a;)u(a;|s)| is dominated by either the
positive part or the negative part of u(:|s). (b) is due to [|u(-|s)||1 < VA;||u(:|s)]|2 and ||u(:|s)|2 < 1. Thus,

dPTeT /O

dl/ﬂi+€ui,ﬂ’—i
Ti+ew; , m—_;

ll2 <rollv

= e s
Since % — 0’ we have ||d21’7r1:;#||2 < 2K0||d1,7‘7‘,+;:1:,7r,i dP‘rriere:iwr,zi HQ by Eq .

dI/TFrFﬁU«iJT—i dPﬂ'iJreui,ﬂ', iew; , T g

1= — o € Zud” ||QZZ (s'|s, as)u(ails))?
\/an”wu“”WbZAZ u(asls) (8)

(b) d]/7T7,+€LL“7T KoSA;
SN s

‘dz Ly +eul

where (a) follows from (z,y) < ||z||2|lyll2 and (b) is due to ||ul|2 < 1. Thus | o < KESA,;.

6

2
Substituting the above inequalities back to d in Eq. (EI)

V Titeuq, m—;

d2p(6) (a) dV‘n’,—i—euz,Tr,
Rl U Tl v [ P ki

(a) is due to Y, dVﬂ#FZi’ti(s)ui(ails)r”*i(&ai) < ||d"m+% — |2 \/Z a; Wilails)rm=i(s,a;))? <
mideug, g

1 ll2 /2= T C )5

We will next show |li2de| < LW‘I) Use &7 1= pMiTeumitTu,m—ij PeT .= priteui,m+7ui,m-ij Differentiating twice

gives

d?p(e, ) _ d?veT (s)
dedt — dedt

|1 < koV/SA; + k2S3/2A; < L.

(mi(ails) + eui(as|s))(m;(as|s) + Tuj(ajls))m_ij(a_i;ls)r(s,a)
+E DD (k) + el )y )i a—iy)r(s.)

+ Z dy;’i;@)w(ails)(ﬂj(aﬂﬂ + Tuj(az]s))mij(a—ij|s)r(s, a)

+Zv syus(ai|s)u(az|s)m_ij(a—i|s)r(s, a),

Lete), Hd”’
dedTt - dd

fll

dI/E,T dVE,T cr
1 +2y Aj||7||2||uj||2 +2v Ai||7TH2||Ui||2 + [l maxus (- )[l maxfu; (-[s)[|
H2+2\/ H H2+2\/ || H2+\/Az'Aj-
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Similarly, as before, LU = pem LT o (At Ty (dPITy 4 (dviTy(dPITy  (dve Ty per ) dunt ) o roy/SAL

dedT dedT dr de de dr dedT — 2 ’
or SA; dzpe ( s
||d1;7_ ll2 < V dgd: = Z%aj P (s[5, a, aj)ui(as|s)u;(aj|s). For any v € A(S):
d P€ T
= ———13=>Y_O_vls) > P(s'ls, ai, a;)ui(ai|s)u;(a;]s))?
s’ S a;,a;
< Z max | > P[5 i, a5)ui(as|s)u;(ag]s)])
a;,a;
< Z max Z lui(a;|s)u;(a;ls )|)
aq,a;

< S(msaXIIUi(-IS)Ill max|u;(-]s)[l1)* < SA;A;.

For the last inequality, we use ||z|1 < /nllz|2 and ||u;|l2 < 1, [Ju;ll2 < 1.

ve ’ Ve : Ve )
1T < o (e EE D AP et AP
dedTt 2="0 dedTt 2 dr de 2 de dt 2

dQPG’T /ioSA' /ioSA'
< €,T T J .
< Ko <||V | 5t ) (apply Eq. [§))

A, + A
< kol 49/11‘/%’*‘%)

d?p(e, T koS3 A +A4)) L
| 56(657 | < ko(S\/A A, + =2 ) 4 2V/SAA;) + JAA; < W‘P
Therefore, the Lg-smoothness follows. O

Theorem 5 (Restatement of Theorem . Choose learning rate = %’ Then Nash-regret* of Algorz'thm 15
bounded by

32D2SCy N (k2S%/2 Appax + K0(S Amax + 2Amax) + Amax)

Nash-regret™(T) < T

D?k255/2 A1ax NCy

=0( - ).

Proof. First, we bound the Nash-gap for time ¢:

t,*

Nash-gap(t) & pf* ™ — pr

K2

t

=B cteor (@7 (5,7 (13) = mi(]3))
< S o) (L ma @07 ) =)
< mex Vu(s>(8) (Va,@(x'), 0’ — )

(c)
< 2DVS max 6TV, ®(nt)
7T,f+5€HL,H5H2S1

(d)
< 2Df||7r?—7r?‘1|| (L + Lg)

<201+ )D\FHW T2 L.

In (a) we use ¢ to denote the agent that achieves the maximum of Nash-gap, i.e., ¢ € argmax; maxper, (pp’”ii —

t t
T t,x wt .
P; ), and m;”" € arg maxper, (o7

7rt e

—p; ). (b) is true since maxﬂ/(.‘s)eA(Aiﬂ@:t (s,7), 7' (:|s) —mi(:|s)) >0
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771—t
and aq()éﬂ‘s)) =™ (s)Q; (s,a;). We also use 7' to represent the policy that achieves the maximum. (c) is due

to |7 — i3 < S 17 (c|s) — wi(|s)||F < 4S. (d) is obtained from Lemma and that ®(m;,m_;) is L-smooth
w.r.t. m; for any w_; € I1_;.

Since 1+ % < 2, we can bound the Nash-regret* as follows

T

T
> " Nash-gap(t)? < 16D* L3S Y [l — w13
t=1 t=1

(a) T 9
< 16D’LES Y | —(D(mi—1) — B(m))
=1 Le

=32D%LgS(® (7o) — ®(77))
< 32D2L¢C¢S
32D2L¢C¢S

Nash-regret* (T') < T

(a) is due to Lemma [15| by applying f = —. O

C.3 Proof of Lemma 5 and Theorem 2

Lemma 18 (Restatement of Lemmal5). For any agent i, consider the gradient estimate g; defined in Algorithm @
Given the (s, a,r)-trajectory of length K No+ Ny and the policy m; € I1; o that generated it, under the assumption
that all the other policies w_; are fixed during the generation of the trajectory, the estimated gradient has {s error
bounded as

2C
E Ai _ )T < p N1/27
[E[p:] pzl_i(lig)ng
1
E(p; — pr 244
(i —pF)? < (2+ Cry )N1
o 907 |12 2 N3 2N 1 8N3 N 2 2N.
E [ . < Amax ! ! 2 3
H g aﬂ'i ”2 — Cp 1— QQNQQ + (1 )2 N2 0 + (1 — 9)29
8p77 1 2A N2 40 A JV2 1614mauxcf2 N2 214ma,xCV2
E|g — 2PL|2 < (= 4 1) 2max2 pfmax [ 2 9) 22 Ns p V2 Ny P 2N;
16 = Gl < G+D=F =+ T % 2 4 V) R Cp el Ay s
Proof. Note that E[p;] = E[E[p;]so]], E[ps] — pf = E[E[ps]s0] — p7],
Np—1
[E[pi]s0] — IZ Z ") (sls0) — v () Y _ w(als)ri(s, a)l
T a
9 Ni—1
A > O (P (sls0) = v™(s)) Y wlals)ri(s, a)|
tzﬂ s a
N;i—1
<2 3 STUP slso) — v (5)
1 & s
2 N;—1
<= Cpo'
w2
- 2
< io QNl/2 1
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Therefore, [E[p;] — pF| < = C’pgNl/2 1 . Use F}, to denote all the (s,a,r) pairs until episode k.

Ni—1
E(ﬁl - Z ’f' _pz
g Nl
= 70l R —pF)? +2) El(rf — p])(r] = p})])
1 t—% t<T
<+ NQZE ri = pD)ElT — 7 |F)]
t<T
2
<+ E[|r; — pf||E[r] — o7 |F4]l]
RS 93
2
= NZZ;EUET Al
9 Ni—1 7—1
=~ N, N2 ZCPQ = N2 Z Z Cpo™™
t<t N1 t,ﬂ
< 2 8 o M 1 0 4

SN TOwToo e Th TGN

Note that t, = Ny + kNj is the starting time step for the k-th episode, R(k) = S%"™ 7 (pm — 5,) is the

T=tp
accumulated bias for the Np-length interval. Then §; = % 2{2—01 R(k)V ., log m;(al¥|s*) € RS*A: where
V. logm(a;|s) = %? sa) € RS*4i is a unit vector with the only non-zero element corresponding to
108 milaq]s) © (s.a:)
(s,a;).
opr
Egi — =I5
IEg: - S I
] el B
=ll7z 2_ E[R(k)Vx, log (@[] = Bomr agmm, (16 [Q; (8,00) Vi, logmi(ails)] |13
k=0
=
<lle S ELRE) Vo, log milal |s™)) = Byvy e iy [ROO) Vi, log milal*]s™ )3
k=0
= B
oo 2o B r otk o) [B(K) Vi, log i(a*[8™)] = B asmn(19)[@; (5,05) Vi, log mi(ails)]) 3
k=0

K—1tpr+N2—1

<||* Z Z Z Vo, log mi(al*|s™ ) (P(s', alk) — v™ (™, a!*))P(s7, al|s™, at* ) (r(s™,al) — pi)||3

T=tk gtk g% s7.q T

ke
- Z 1B et [CROE) = @ (51, 014)) Vi, Togms(al® )] 3

K— 1tk+N2 1

I*Z Yo D C (P (s s0) = (s™)II3

T=lr gty atk
1 K-1
= 2 DD v o EI(R(K) — Q7 (s, a*) ", ai*] 3
k:O fk stk
1 Kl K—
N3 32D OIPT) (s s0) — v + ZZZV S5 EI(R(K) — @ (s, al)) ", al*]|.
k=0 tk st tk stk



Provable Policy Gradient Methods for Average-Reward Markov Potential Games

Starting from any s = s and a? = a;, the difference between R = ZNz Y(r t — p) and Q; (s,a;) can be bounded
as below:

Nay—1 o]
\E[Z(ns at) Zns a’) — pM)]|
t=0 t=0
No—1
=[E[ Y (oF — pi)] — E[ Z (ri(s',a") = p)]]
t=0 t—N2
2C,
<N. P N1/2+ C
S 2( )Nl tZN pQ
2
:NQAQNM? & Na.
(1-0)Ny 1-p
Therefore, we can bound ||Eg; — gfé 2 as:
) = 1
i = Sl <o Y N Aman(Cot™ + Ana(Na =™/ 12 + Gy )2
k=0

K—
1
7§: NN A (N, c N2 —— 4 Cpo™ g
K 2 max ) + max( 2 p0 1— + p0 1— Q)

N2 1 8N2 2
<02Anlax 2 2N1 2 N 2No )
-7 (1—92N2Q +(1—9)2 Nz ® +(1—9)29

Denote R(k) := Egti oy gt mn(.|s) [R(K)Vr, log m;(al¥|s*)]. As above, we can bound the variance as:

o
]E”gl - aL;_ZZHQ <2]E|| Z R 7|'1 IOg ﬂ—i(a?ﬂ ‘Stk) - Estkwu‘”,atkwﬂ'ﬂs) [R(k)vﬂ'z logﬂl(a§k|stk)]||g
+ 2||]E tk ~ou™ atk ~om(-]s) [R(k)v‘m log ’]Ti(a?C |stk)] - Eswu”,aww(ﬁS)[Q?(& a’)vﬂ'i log 7TZ(G‘Z|S)]||§
<@ Z E||R(k)Vy, logmi(af*]s'*) — R(k)[3

+ ﬁ Z E(R(k)Vx, logmi(at*|s') — R(k), R(T)Vx, log 7;(al™|s'") — R(1))
k<t

1
+ 2 Amax(N2 CQN1/21 o O )"

We bound the first two terms separately.

E||R(k)Vx, logmi(ai*]s"™) — R(k)|3
<2E||R(k)Vr, log mi(a* [s™)|3 + 2|[R(K)|13

1 - .
=2 Z IP tk tk|stk)]E[Hﬂ-,(atk|stk)R(k)estkﬂlt-ng'Stk)azk]
i i
stk a

+2||Zy ') ZIE )e stk tk|5tk at*]||3
stk
1
SR O RO W w Bt

stk atk

2AmaX
<

N2 + 2Aa< N2, VE,
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and

E[(R(k) Vi, log mi(a*[s'*) — R(k), R(T)V.r, log mi(al"|s'") — R(r))]
=E(R(K)Vr log m(al* %) = (k). ELR(7) Vr, log mi(a”|s"7) = R(r)| Fu]
<E[IIR()Vr, log (e |5) — R(E) 2 |BIR() Vi, log mi(al"|5'7) — ()| Fi]
<E[ IRV, Tog ma ) = ROE) 2l S ((P7)= 1 (s'|st%) — v (s')) 3O EIR(r)

st

sbb

;7|2

tr
€ 51’77‘% a

[R5V, Tog mi(alt]s'*) = OB 2 1P (615) = 17 (5)]y/ N A
<E||R(k)V, log m(af’“ |s™) — R(k) ||2Cpg(7_t)N2N2\/m

(b) —
2\ JEIR(0) Y, log ma(a™ [51%) — R(OIBCH "IN Ny y/ A

© [ [2Amax

< < TUMXNZ /2 Amax NE ) Cpo " IN2 Ny /Ao
2 (t—t)N. 2
~+ V2| Cho 2 Amax N2

In (a) we used the fact ||z|2 < ||z|]1 in (a). (b) is due to Jensen’s inequality, (c) is due to va? + b? < a + b for
any positive a,b. Therefore, we can bound the variance as

- 601 2 1 40y 2 > N, L
g - S|} < 2( +1>AmaxN2§+ Ll (5 VD AN

1
+ 2Amax(No— OQN1/21 +0@N21 )2.

Theorem 6 (Restatement of Theorem . If all agents independently and synchronously run Algorithm @ with
learning rate 8 < L%p’ then Nash regret is bounded by:

48D*S(L + 5)*B
Ly

1., N
Nash-regret* (T) < 48D*S(L + 5)26? + 12k%0? + < + 6K% Apax 8% + 24D?S(2LG + 1)2> 5.

Proof. Let #*! = Py (nt 4V, be the projection after a exact gradient step. Since 7/ ™! = Py,  (7t+84!),
7 1, 1 1,p’L .] g 1,0 K3
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t+1

we have |7, 7y < BV, pF — 3|2 by the non-expansion of projection. Then

@ttt _
=B e (@7 (5,0, 707 (1s) = 7(19))]

=B e (@7 (5,0, (1) = RN + B e o @7 (s5,), 7 Cls) — L)

SE_ e (@7 (5,0, 707 (1s) = 7C1) + wmax|LCls) — 7t (1s)a

SE_ it [@?(s, )s (1= )t (ls) + aual(]s) = FCL)) + @B e o (@1 (52,70 (1s) = wil-]5))

(b) —T¢ ~ Tt ~
SE e, [T{pg%_ Qi (5,), (1 = a)mi(-]s) + aui(-|s) — T (-[s)] + 2a[|Q; “[loe + £V Amaxl|T; — 7|2
() v (s) / o~ ~t
<maX7( ] (Va, (1Y), (1 — )7} + aqu; — 7L) + 20k + £/ Amax|| 7L — 7L |2
s vt (s

<2DV'S max 6TV, ®(7') + 20k + 5/ Amax||7E — 7|2

FEHOETL o, ||0]l2<1

<2DVS  max 6TV, &7t 7t,) +2DVS max 6T (Va, ®(nt) — Vi, ®(7L, 7))
FI48€Il,,|6]2<1 TEHOEI o, |[6]]2<1

+ 20k + K/ Amax|| 7L — 7r¢||2

<2Df||7r — 72 (L + )+2D\/§LH7T§—ﬁfH2+2an+m/AmaxH7~rf—waQ

B
1
:2D\/§(L+ﬁ)||7r — 77 Y|g + 20k + (kv Amax + 2DVSL) |7t — 7tz
1
§2D¢§(L+B)(||7r — 7o 4 |7t = 7 |2) 4 2ak + (kv Amax + 2DVSL) |7 — 7t
1
§2D¢§(L+3)Ilw5fwf‘ll\ﬁ?aw K\ Amax + 2DV'S( 2L+6))6\|Vmpi P

In (a) we have used ¢ to denote the agent that achieves the maximum of Nash gap, ie., i €
¢ Lty X t Lty
argmax; maxper, (PP — p; ), and m" € argmaxper, (0P — p; ). We use (z,y) < [|#]|sollylh

and [|m;(*]s)|li = 1 in (b). (c) is true since maxﬂ/(.‘s)eA(Ai)<@?t(s,~),7r’(~\s) —i(-s)) > 0. We also use 7 to
represent the policy that achieves the maximum. (d) comes from Lemma |14] (note that II; , is convex) and that
®(7) is L-smooth w.r.t. m; for any 7_; € II_;.

Applying Lemma (16 u 6 with f = =@, E[®(x'*!) — &(")] > (5 - SLe) Bt — wt*1)3 — 5 3,6, Choosing a
learning rate 8 < -, 48E[®(r"+!) — &(7")] + i—’i >0 > E||lnt — 7|3, we arrive at
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1 1
E[Nash-gap(t)?] <12D?S(L + B)2E||7rt — 7Y% 4+ 120262 + 3(k\/Amax + 2DV S(2L + E))QBQCS,

1 4 2 2 1 2 1 A t+1 t 4ﬁ 2.2
E[f;Nash-gap(t)]SmD S+ 2)" | Bl D AB(@ () — o(nh)] + —= D 6 | + 1207k

— =1 L

+ (6K% Apax 3% 4+ 24D*S(2L3 + 1)%)6
<48D?S(L + %)%E[@(WT) - @(WO)]% + 1202 K2

(48D25(L +5)28Cs
_|_
Ly

+ 652 Apax 8% + 24D*S (2L + 1)2> 5

1
<48D?S(L + 5)26% + 12a°K2

<48D25(L +5)76Cs
_|_
Ls

+ 6K% Apax 8% + 24D?S(2LS + 1)2> 5.

C.4 Notes of Previous Work

The proof of Theorem 4.7 in [Leonardos et al.|(2021)), where they established a sample complexity result, appears
to have two mistakes. In their latest version, the first equation on p. 16 was derived based on:

R VA R L HEPNCD) )
where 't = Projp (7! + nV,®, (")), oa(r") = mingen(— P, (y) + +|ly — 7*||3). Note that Eq. @) is equivalent
to y!*! reaching the minimizer of ¢ (7!). However, it should be noted that the minimizer of Moreau envelope
argminger (—®,(y) + 5[ly — 7'[|3) may not be the one step updated policy of the projected gradient ascent
algorithm. A counterexample can be found in [Beckl 2017, chapter 6.2.3. In [Davis and Drusvyatskiyl 2018|
Theorem 2.1, which the proof in (Leonardos et al., 2021) mostly follow, y**! was defined as the minimizer of the
Moreau envelope arg minyer(—®,,(y) + 5 |ly — 7'[|3), and it was only established that ||V ¢x(7")||2 is bounded,
not that ||[V,®,(7")||2 is bounded. However, the latter appears critical in establishing the bounded Nash gap in
Leonardos et al.l 2021 Theorem 4.7.

Furthermore, Eq. (14) in [Leonardos et al.| (2021) shows that there exists a time t* s.t. [y *' — 7" | can
be bounded. Subsequently, the authors used their Lemma D.3 and Lemma 4.2 to show a bounded Nash gap.
However, Lemma D.3 only guarantees that y* t1, instead of 7", is a e-stationary point, accordingly an e-Nash
equilibrium. It should further be noted that y is not tractable with a finite number of samples.

D PROOFS OF SECTION 4

Lemma 19 (Restatement of Lemma@. For any reward function r € [0,1], any policies w, 7’ € II, the following
bounds hold, where we replace V; with V,. to indicate a general reward function:

W™ (s) — ™ (s)| < kllT — 7||1.00, VS €S
lpr = o | < BT — 7' ||100,
IV =V lloo < K1(2+ Sk + k1) + Skrr) |7 — 711,00,

1QF — QT [loo < (k4 2k1 + Sk1(k + k1) 4+ Skk2) X |7 — 7' 1.00-

Proof. First, we provide the sensitivity analysis of the policy-induced reward and the state transition probability
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matrix:

[r™(s) = 7™ (s)| = IZ ) — ' (als))r(s,a)] < [[w(-[s) = 7'(-[s)]1, Vs €,
[P (s']s) — P (s'|s)| = IZ ) —7'(als))P(s'|s,a)| < [In(-|s) — 7' (-|s)ll1, Vs,s" € S.

From Deﬁnitionand Lemma taking [(- = s) as the reward function, it follows that [|™ —™ || s < &||7T—7"||100-
Similarly by the performance difference lemma, |p™ — p™ | < &[|7 — 7||1.00-

HT _Hﬂ'/ :(I_PW +P7r7oo)71(l— Pﬂ',oo) _ (I— P‘n" +PW’,OO)71(]_P7T',OO)
_ ((I— pr +P7r,oo)—1 _ (I_P‘n-’ _|_P7r/,oo)—1) (I— Pw,oo) + (I_P‘n-’ _|_P7r/,oo)—1(P7r/,oo . PW,OO)
_ ((I— P +P7r,oo)—l(Pw _ pmoo _ PTr’ +P7T/7OC)(I—P7TI +P7r',oo)—l) (I— Pﬂ',OO)
+ (I = P™ 4 P™) (P pmey,
V™=V oo = HT7 — BT |
=|[H™(r™ = ™) + (H™ = H™ )™ [l
<IHT(0T =1 ) oo + (I = PT 4 PT0)THPT — PR
+ ||((I _ p7 +1371',00)71(1:)# _ pmoo Pﬂ" +P'n",oo)(l B P7r’ +]37#,00)71) (I . Pﬂ,oo),r'n"”OO
SIH oo [l =1 Yoo + [[(1 = P A4 PT2) 7|5 [ P72 — P |o
+ ||(I— P +P7T,OO)—1(P7I’ _ pm® _Pﬂ" +P7T/,OO>(I_ PTI'/ +Pw/,oo)—1||oo
(a) ’ ’ ’ ’
<261 [ =™ oo + R[0T = v 1+ KIIPT = P oo + R[0T =27 ||y
<k1(2+ Sk + K15 4+ k1SK)||[T — 7' ||1.00-
Above (a) is due to ||P’T/’Oo — P"| < |¥™ — V’T/||1, | P™ — P”/Hoo < mazsy,, |PT(s'|s) — P”/(s’|s)| and
(I = P™°)r™ ||, < 1. Now
|Q7r(87a) -Q" (s,a)\ = |p7r —-p" + <P('|s’a)7vTr -V >|7
Q™ = Qoo < Ip™ = p™ [+ V™ = V™ [loo < (5 + 251 + Skr (5 + k1) + Sksd) |7 — 7|1 00-
O
Remark In the case of large state set S but with finite cardinality S < oo, the general parameterized policy
classes (Xu et all 2020, Assumption 1) is commonly utilized. With the (Xu et al., 2020, Assumption 1(3)),

Q™ — Q™' ||oo < Kgllm — 7'||1,00 < kQCr|lw — w'||2, thus their derivatives in Appendix B still hold. The
smoothness of average reward with respect to the general parameterized policy classes can be shown.

Lemma 20 (policy improvement (a)). Let w¢ to be the policy at time t of Algom'thm

B - a(a) 2 5 (1 p e L5 W>Z¥” (5) 7 Cls) = ) 3

Proof. As in Ding et al| (2022), we can derive a bound of ®!*! — ®! with the decomposition:

N
O — @t =S (@(xl T 7L,) — (7))
i=1
Diff;
N N
£ D @ a T m ) - @t ) — Bt ) + Rt ot n),
i=1 j=i+1

Diff,
(10)
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tt+1
(where 7° (ig) = (mh i 1itlmj—1 jiiwv))

First we bound each term in Diffs:

(P(Wt’t+1 t+1 t+1) o CI)(Trt’t+1 t t+1) o (I)(Wt’tJrl t+1 ,n_t) + (I)( t,t41 t t)

—(igy i 0T (i) T T (i) T —(ig)? 0 T
:pjizj:;)’ :+137T;+1 _pjizj;)’ﬂ:’ﬂf+ _pji?jjl)’ :+1: T —f—pz i?j]l)v fv U
fﬂ"it+1 7rt 7rt+
:Es U"izijl')’ﬁ*l,fr;*lKQi R (-,8),7Tf+1('|8) —71':(|S)>A1]
AT t4+1 t
—E et en (G T(as)ym T (Cls) = mi(ls)) Al
. tt+1 t pttl ottt t
SE o e en (@0 () = QO 5), mEF(Js) — (1)) a
S~

abtFl ttl t+1 tt+l_t+1 ¢ gttt bt
+Z T (o) — ™G ™ () (@0 (), m () — wL(]s) s
gbtFL ot ot Attt t ﬂ_t
> —max][Q; T () =@ T (4 8) oo man| | (s) = L (-]s)

t+1 +1 tt+1 +1
— KSH]/ —(7 ™ t J — v (4, J)’Trt o t ||oomax||ﬂ't+1( |S) — 7Tt(|5)||1

> — kl|lmit —

Yt o — k2SI = 1 ol = w10
~rg + S 2l 2l

(;) KQ + SK?

2 5 Um ™ = il e + I = il ),

where (a) is due to ab < a2'2"b2 for any a,b. Therefore, we have

N
Diff, > N = Dlkg + 5x7) Sttt

t
2 P i”l,oo
(N — 1) (kg + Sk?) Amax
> - 2(‘5* ZEW et e [l CLs) = wCs)3.
To bound Diff;, we write
N t4+1 _t N it
Diff; =Y pf¢ " = 2E et [@T (0 ms) (s
i=1 i=1
| N
233 e 7t Cls) = wiCIs)3
i=1

The last inequality comes from the optimality criterion of the update rule in Algorithml The update 7rt+1( |s) €
argmaxpus)eA(Ai){B(@:t(s,'),p(~|s)> . — 2lp(-|s) — 7t(|s)|13} is a concave maximization problem. Therefore,

BQ: (s,) — w1 (|s) + wi(-]s) is not an increasing direction:

(BQ:" (s:) = w1 (ls) + (L), p(-]s) = w7 ([s))a, <0, Vp(]s) € A(Ay).
The last inequality of Eq. is derived by substituting p = 7! in the above inequality.

Lemma 21 (policy improvement (b)). Let wt to be the policy at time t of Algorithm

1 Lo o
(rtt) — () > Bl— - ? ZE

e T Cls) = mCls) 3.

S~y

(12)

O
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Proof. Bound each term in Diff; of Eq. :

(I)(,nﬂiﬂ‘l 7.(.?+1 7Tt-+1) _ (I)(,]_(_t7t+1 t t+1) _ (I)( t,t+1 t+1

t tt+1 t t
RS 260y ™0 T T gy ™)+ (T2 gy, i, )
t,t+1 t+1 t+1 t,t41 t t+1 t,t+41 t+1 t t,t41 t
TGy 0T Ty T —( T ay™ 0T TG, T 7 (13)
=P P; P; P; :
I, Iy

2
From the derivative of Lemma I 68 Pi i L -Lipschitz w.r.t. 7; or 7;, for any m;, 7;. We aim to bound I; — I

with 12 norms of ||7f — 71|y and ||7r - 7rt+1 |l2. Using the interpolation for a differentiable function, there exists
a,b € [0, 1], such that

itj»l ,ﬂ't+1 7TT+1 Witjl 57TIg7Tt+ 8p71'
I =p, 09 I i _ <6‘7‘r24 (Wit(jjl), a1 4 g(nt 71_;_5+1)’7T§+1)’7T§+1_ﬂ_;5>7
K2
tt+1) 1+17 itj» , a 7\'
By =p] T T (S (e (et — ), ) ),
7
= I =( (RS nt* batat = b)) = 2 (At alot = )t -
7 7
op] 0
(G (740 A el =), ) — G (R bt ), )
apT opT
> = Nl (el mi almf =), with) — S (el m T alm = ), m) el = e
K2
8;07'r tt+1 oy tt+1
— g i = w1, ) = L bt = ) el —
> Lo t+1 ¢t t+1 ¢t 7L7<I> _p o t+l t+1 t
> — 57l = il = il = S la = blllwd — w7 ol — il
Ly 1 Lg 1
> — o UIm T = mls 4 T = wils) = Sl —
L<b t+1 3Le t+1 )2
= = St I - Rt R,

Since the permutation of agents’ indexes does not change the above result, we have:
Dﬁ' >_(N—-1 Lj t+1 )12
iffy > —( )N ZH”z mill2

—Lo Z ZIIW?“('\S) —m(1s)lI3

v

v [wECls) = wtCls) 3

s~V i

Therefore, by the same bound for Diff; in Lemma [20| we can lower bound the policy improvement as

1
) (@) 2 (5 = 7o) DUE, e I Cls) = I3

O

Theorem 7 (Restatement of Theorem . If B < max{ = 1)(Hé+FSK2)AmX, e L Algomthml has a bounded
Nash regret:

Nash-regret(T) < VD(kv/Amax + %)\/25(}@%. (14)
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Proof.

’ t t t

Nash-gap(t) = max(max p, """ — p; 7" ")
K2

=E_ ot J(@ (5.0, (]s) —wlCls)a, + (@ (s.)milCls) = P Cls)a,)

11 12

In (1), we use m; to represent the policy that achieves arg max, in the previous expression and assume that i
attains the maximum in max;. We will bound I; and I, separately.

Recall Eq. for any p in the feasible policy set, (8Q; (s,-) — wit1(-|s) + i (-|s), p(-|s) — 7T (-]s)) 4, < 0. We
can bound I; and Iy as

L= @ (s,),mi(ls) = 71 (18)) s
= %wf*lus) — wt(|s) mi]s) — 7 LCLs) A,
¢ ;n H1(13) — 7t (18) loellmi:15) — 7 LCIS)]
2 t+1 t
< SImECl) = 7)o 15)
< Zn 1 Js) — 7t ([3) |2,

b)

< wlm T ls) = miCls)h

< &V Ail|m T (Cls) = i (C]s) 2
(a) and (b) result from (z,y) < ||z]|1]|y]lco-
Therefore we can bound the Nash-gap as:

Nash-gap(t) < 3™ (s)(sv/Ai + 5 D)l Cls) — mhCls)l

< D) (R A+ mnwt“( [8) = wi(13)]l2

< VD(ky Amas + %>Z\/Vm’”t"‘(8)\/ TSl (L) — L)1,

!

—1

S

~
Il
o

(a) 9 |1 ALt wttl ot
NaSh—gap(t) < \/E(H Amax + B) Z o Z Z o )H,]Tt+1( |S) - ﬂ—zt(‘s)”%
t=0
T—

1

~VD(x W+ VT ZZW““ T (s) — 7t (1) 3.

S

(a) is due to the Cauchy-Schwarz inequality.
From Lemma 20] and Lemma [21] we have:

N

K £2) Amax Rt 41 ¢
(r' ) — @(x') > ; (1 —ﬁmm{( 1)(2(?j1§; = ’ 1L_®F}) YD ovm ()| wE (L) — wlC1s)3.

i=1 s
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Algorithm 6 proximal-Q algorithm with sample estimates

1: Input: learning rate (5, gradient estimation parameters B, N;
2: Initialization: 7r§0) (a;|s) =1/A; for any s € S, a; € A;
3:fort=0to7T —1 do
4:  all agents take action independently and synchronously for B time steps to collect trajectories {7;'}
for agent ¢ do

for s € S do

Gt (s, ) < Q estimation(7}, s, 7!, B, Ny)
end for

T (s) = argmax {B(G7 (s,-),p(|9))a; — Lllp(|s) — t(]s)|3}, Vs € S
p(-|s)EDG(AL)

10:  end for
11: end for

Algorithm 7 Q estimation [Wei et al., [2020, Lemma 6

Input: trajectory 7 = (s°,a,7?,...,s%, aP,rB), state s, policy ;, parameters B and N;

70
k<« 0
while 7 < B — N; do
if s = s then
k+—k+1
R« ZT+N1 1 Tf
Yk < wi(aqf\s) [a’ - a:] (yk € RAi)
T4+ 7+ 2N;
else
T 1741
end if
: end while
: if k£ # 0 then
return ; 2521 Yj
: else
return O

: end if

—_ =

e e e e
0N DU W N

2(1-T) 1-T
kQ+SK2)Amax’ Lo 1

Therefore, by substituting learning rate 5 < %max{ S

T-1

z Nash-gap(t) < VD(kv/Amas + Z 2B(@(mttt) — (7))

t=0

<VD(kv Apmar + %)\/T\/wc@.

D.1 Sample Complexity of proximal-Q

Lemma 22 (Wei et al] [2020, Lemma 6). Let Ei[z] denote the expectation of a random variable x conditioned
on all history before episode t (note that wt is updated at the end of episode t — 1). If B is large enough, such
that there exists No < B with CpgN2 < %(1 —T), then for any t, s, a;, the estimated § from Algorithm[)] satisfies:
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ot . 20 Q B N 02 02Q2N1 (1_ 1—F)n'+ 2N;1+n' Ny
Ee[(q} (s, ai) — (Q; (s,a:) + Nipf ))?] <6(1+ =2=— —L P4 P 2 5
e[(Gi (s,a:) = (Q; (s,a:) + Nipf ))7] <6( 1T 2N1) (=02 T 1-0p2 1_(1_1;r)L3N§1J
20,0°Nt B 2C%p*M 1-T 5=85y, C
S Mt 1 Gt L SRR G R | e~rl B
A Rl s v > )Ty

(16)

For completeness, we provide a brief proof below.

Proof. We define some notation first. Let 7; be the evoked time at line 5 (s = s), w; be the waiting time,

where w; = 7; — (1j1 +2Ny) for j > 1, and wq = 7y for j = 1. Furthermore let ¢7 (s, a;) = Q; (s,a) + Ny p™,

ql J( -) = y;(+) where y; is defined in line 8 of Algorithm (7} and ¢7(s,-) = ¢ Zj 147 (s,+) if k > 0; otherwise,
=0.

The main difficulty of analyzing the bias and variance of ¢ (s,a;) lies in the random number k, which is the
times state s is visited (used in line 14 of Algorithm [7)), determined by {w;,ws, ...} only. In the proof of [Wei
et al.| (2020), they first calculate the bias and variance under an ”imaginary” world, where the state distribution
is reset to v™ at any time 7; + 2N7. Then, they demonstrate that the event {71, 7, ...} has a similar probability
measure between the real world and the imaginary world. Since 7;41 and 7; are independent, it is easier to
bound the bias and variance under an imaginary world. We use E’ to denote the expectation in the imaginary
world and E for the real world.

Step 1: Bound the bias and variance under imaginary world

E'[q7 (s,a:)] =P(wy < B — Ny)E'[= ZE’ a7 (s, a;)|wi]lwy < B— N]+P(w; > B—Np) x 0
_] 1

@ )}P’(wl <B-N)E[~ qu s,a;) — (s, a))]

(:b)qf(s, a;) — &' (s, a;).

In (a), tail is defined as (s, al) = Epﬂ[ZfiNlJrl(r(s,a) —p™)|s® = s,a? = a;]. Tt is easy to bound it by
6(5,00)] < 52, Cpot = Cpo™ (b), & (s,a) = (1~ Blun < B — Ny)(af (5, 01) — 6(s, ) + (5, ).
To give a bound for ¢’(s, a;), let’s analyze g7 (s, a;)| and P(wy < B—Nj) separately. By Proposition[3||¢7 (s, a;)| <

Cpko+ Ni. 1 —P(wy; < B— Ny) is the probability of never visiting s during time 0 to time B — N;. If B is large
enough there exists No < B such that Cp,o™? < (1 —T'), which means |P(s™ = s[s* = s') —v™(s)| < 3(1 - T)

and P(s™2 = s|s® = §') > v™(s) — 1(1-T) > $(1—T) for any s’. Therefore, P(w; > B—N;) < (1-151) B

=0"(s, as)|

1-T, 5™ 1
3(1—7)L oy (Cplio—f—Nl)—f—CpgNl?

[B'[¢7 (s, ai)] = 47 (s, i)
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To bound the variance, denote A; = §7; (s,a;) — ¢ (s,a;) +6(s,a;). Then E'[Aj|w;] =0
E'[(G7 (s, a:) — qf (5, 0))°]
=P(wy < B— N)E'[(G] (s,ai) — g} (s,a:))*|wy < B— N1] +P(wy > B — Ny)|g] (s, a;)|?

k
1-T —Ny
SE/ kZAJ 8 al |’LU1§.B—Z\71]-‘1-(1—T)L Na J(Cplﬂlo—f—Nl)Q
j=1

k

<E'[2 %ZAJ 1 28(s,a))?Jws < B — Ni] + (1 — 225 (oo + N1 )2
j=1

gE’[2(% 3 A wy < B — Ny| + W +(1- S)LB,’VSIJ(CMO + V)2
= (1-0)? 2

SE’[% zk:]E’[Aﬂwlnwl <B- N+ 2(1013_921; (- 1;F)LB,;51J(CPHO N
j=1

(%)6 (ngis) +2C2K5mi(as]s) + 2N7m;(a;]s) + CW) ]E’[%|w1 < B— N]

2(?5_921)\;1 +(1— %)LBE?J(CPHO + Np)2.

M1

In (a) we use E'[A%|w1] < mi(aq]s)(3 (a |S)2 + 3(2C7 kG + 2N7) + 3% = 9)2 ).

If trajectory length B is large enough, there exists a waiting period length n’ Ny such that ky = Lmj > 1,

Pk < ko) < P(wy; > n'Ny) < (1— %)”/ is small enough. Then we can bound the average visiting time and
variance by:
P(k < ko) x 1 +P(k > ko)
P(wl S B — Nl)
(1 _ %)n' + 2N1-|l-3n'N2

1
E’[E|w1 S B — Nﬂ S

<

B—N;

I (-5

. N2 C2Q2N17T1(a2|8) (1 _ 17F)n/ + 2N1+’IL/N2
E/ ™ _ AT i 2 < RS S 2 2 (a; 2N2 (a; p 2
[(Bz (870,) Bz (870,)) ]—6 (771(011 )+ C 507(- (a‘| )+ 17r(a |S)+ (1_9)2 1_(1_1 F)L NNlJ
2 2N
2C,0 1_~_(1_1_F)LLE;\IIJ Chp .
(1-0)? 2 1—o

Step2: bound the difference between imaginary world and real world

Since 7 (s,a;) is determined by X = (k,71,71,72, T2y s Tks Ti), let 47 (s,a;) = f(X). Then Bl (s.a)l

E/[GT (s,ai)]
% < max, JP”(())(( ?) We can bound P/(())(( ? Va as follow:

P(X =2) P(r|m,T1)..P(re|m-1, Te—1)

]P/(X:.’E) ]P)/(TQ|T1,7-1)... (Tk|7—k71777€71)

(a) P(sT1 2N — ¢ P(s™—1+2N1 — /|1,
< (max (s i ‘Tl))...(max (s L 1))
s/ v (s') s/ v (s)
2N 2N 2N
<(1+ CPQ 1)% S 601)1971‘1% S 1+ 2Cp0 ! B

= 1-T 1-T 2N,
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Here (a) is derived by that:

P(7j41l75,Tj) = Z P(r; + 2Ny = §'|7;, T;)P(s" # 8,V t € [1; + 2N1 + 1, 7541 — 1], 8™ = s|1; + 2N, = §'),
s'#s
P (7j41]75, T;) = Z v (sP(s' # s,V t € [1; +2N1 + 1,751 — 1],8™ = s|1; + 2N; = §'),
s'#s
for 7541 # 75 +2N1. When 741 = 75 + 2N, we have:

P(7j41l75, T;) = P(7j + 2Ny = sl|75, T;), P(1j11l75,T;) = v™ (s).

Therefore, the following result can be derived:

AT T 2 I7( AT T 2 Cpgle B
{7 (500) = (500)°] <16 (5. 00) = (5,021 + 2 50)
2N1 B N2 202 02 2N, 1— 1-T\n' + M
§6(1+Opg —) |+ +—E 5 + 2N} + @ . ( ) B
1-T N o (1—@) (1-@) 17(17%)[ NQJ
2N, 202 021 1_T 5.n
+(1+C”9 B 2%e +(1-—)t natl_Cp ).
1-T N7 (1—p)? 2 1-p

Let n’ = N1 = O(log 5), N2 = O(log =), B = O(%) For any agent ¢, time ¢, state s, and action a;,
E[(¢7 (s, a5) — qf (5,0:))°] < 0.

Lemma 23. (Policy improvement)

N
1 1 L
D)~ 0(n) > (5 - 5 - 7o ) B, I C8) = wCID)B
i=1

2
1 . ,
— 3D B DT (s,a) = aT (s,00))’).

Proof. We use the same decomposition as Eq. .
Similar as Lemma Diff, > — L2 SN E o 7 (ls) — wCls)l3

Note that 7! ™! (:|s) = argmax {847 (s,-),p(-|s))a, — |lp(-|s) — mt(:|s)|13)}. Deriving from the optimality we
p(-[s)€Aa(A)
have:

(Ba7 (s,-) — w71 (ls) + mi(ls), p(-[s) — w1 ([s))a, < 0, Vp(]s) € Aa(Ai). (17)
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To bound Diffy,

f+1 t t t
i 7r DT
Diff; = g pl L —p; ’

N t
=SB (@ (5w (L) — wCls)) a
=1
N t
=SB e [@F (s,) + Nipl wlt (s) — wi(ls)) )
=1 S~
N t
=D B e [T (5,7 (ls) = mi(C[s))a]
1=1
N t
DB o a7 (s,00) = a7 (5,0, m 7 (ls) = miCls))al]
=1
(a)l N A,_.rt N _-n,t NI H_l. 4y 9
ZBZE e T ) = )2 — ZE e g7 (s-) —af (s, )||2—2|—||7rl (|s) — mt(-]s)]12
- v s~
1 1 t t
:(E - 5) ZEeNV"zH’”tJ ||7Tf+1( |s) — ||2 -5 ZEGNV e Z(g? (s5,a;) — qF (s,al—))2].
i=1 ; py
(a) is derived by applying p = 7} to equation (27). 0

Theorem 8. If all players run Algomthm@ independently and synchronously, 8 < (1 + f Y=L, the Nash regret
will be bounded by:

E[Nash-regret(T)] < ( 2

73 + v/ AmaxS) VD + (% + £/ B)DV/'N Apmaxd + 2v/ Amaxd + 2k0v.

T

Proof.

Nash-gap(t)

=mgX(H}T%pr Ty
DBt Q7 (5,),m13) = wEC1s)a]
B et (@7 (5,0, (1= )miCls) + aus(Cls) = mCls)a) + 0B oo (@ (5,),miCls) = uslcls)).a
SE_ ot @7 (5, (1= @)mills) + aus(s) — 7l ([s))a,] + 20
“E__ ot (@7 (3. (1 = @)mills) + aus(Cls) = (30 + B, oot [@F (5, )7 (Js) = i)
+ 2ak
B et G (5,0, (1= )miC]s) + au(]s) = mFL(C[s)).a
FE_ net 107 (5,) =7 (5:0), (L= @)mils) + aui(-[s) = 7f ™ (]9)a,]
FE et [@F (5,0, w1 Cls) = mt([s))a ] + 20

In (a), we assume agent i achieved the max; and m; achieved max,.
;

By Eq. :

(Bai(s,) = m 7 (ls) + mi(ls), (1 = @)mi(-]s) + aui(s) — 7 (+]s)).a, <0,



Min Cheng, Ruida Zhou, P. R. Kumar, Chao Tian

we can bound the first term of Eq. as:

(@ (s,), (1 = a)mils) + aui(|s) — 77 ()., _;< i) = mi(ls), (L — a)mi]s) + aui(:[s) — mFH(-]s)a,
2 it (|s) — wi(|s
sglmi Cls) = mils)ll:

The last inequality comes from ||7'(:|s) — 7w(:|s)[l2 < ||7'(:|s) — 7(:|s)]]1 < 2.

Therefore, the Nash gap can be bounded as:

Nash-gap(t)

(a) 2 b ot
SE_ ot (G177 Cl8) = w19z + 207 (50 = 67 () + 1 Arlnt () = (1) + 20
2 t ot
(G 5V A B et 75 (1) = 7 (1)l 2B, e 7 (5,) = 47 (5, + 20
2 7r“71'71 T, t+1 wt
<2+ 5 ) \/ mZ% it (Il fs) — w3
FE 5,12 + 2ax

<G+ wmwﬁ Z Wwiws)%ﬂf*lﬂii(s)Hﬁ“(ws) — 7t (1)l

+ 2ESNVﬂi,wii IIq’rt (s,") — (jﬂt (5,2 + 2ak.

Applying Lemma [23] and the approximation error bound leads to

BIE, oo 07 (5:7) =07 (5,) o] < JBIE coor lla™ (5,) = 7 (5. )R]

s~V i i

(g)\/E[Zymﬂrti(S)Et[Z(qwt(&al) qr (8 al))ZH

s a;

S Amax6~

In (a) we can exchange E; and ) V”i’”t—i(s) since m; only depends on 7', i.e. m; only depends on F;_;.
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Sum over t:

T-1

E Z Nash-gap(t)
t=0

T—1
s(% 13/ A VDELS S fum () () [74 (fs) — (1) 3] + 20/ Amand T + 20T
t=0 s

(a) 2 ! oot fy S
S(E RS 12N D 3D BESTOND DD B DU LA ORI
t=0 s t=0 ¢ s

+ 2/ Amax0T + 2axT
(b) 9 T-1 N )
(5 + 5/ Amax) VDTE, | | 28D (@(x+1) — ®(xt)) + 3 ZZ]E ot (@7 (s,0) = g7 (s, 00))>
t=0 )
+ 20/ Amax0T + 2axT
9 T—1 N
g(g + 8V A ) VDT (V2BCe + By |BY Y S E oo (67 (s,@) — qf ' (5,0:))?)

t=0 i=1 a;
4+ 20/ Amax0T + 2axT
(c) 9 T—1 N

(6+m/Amax)F( 280+ |BED D D E e (67 (s,0) — ¢ (s,0:))?)

t=0 =1 a; s
—|— 2V Amax0T + 2axT
+ kv Amax) VDT (v/26Cs + /BTN Amnaxd) + 27/ AmaxdT + 2akT,

where (a) is due to Cauchy-Schwarz inequality. (b) is derived by Lemma and learning rate 8 < (14 2L2)~1,
Note that ®(77) — ®(7°) < Csp. (c) is Jensen’s inequality.

E[Nash-regret(T)] < (% + kv Amax) 20;,)1) + (% + v/ AmaxB) VN Amax0 + 2v/ Amaz0 + 250,

O

If g =1+ QLQ) ', E[Nash-regret(T)] = O(\/C(I’N?f‘mlfxs i \/N A“‘“‘SS/Q'{“ + ka). To obtain an e-Nash

equilibrium, let T' = O(%W), 0= O(%) and o = O(%). By Lemma B = O(i) =
max 0

CeN3DA3  S™/2 0)

N2 AmmXS ng
O( (1-T)5/2¢5

YR ). Therefore, the sample complexity for Algorithm |§| isTB = O(

Comparing
. . . . . A2 §T/2,.2
with sample complexity of Algorithm 2| in Theorem the sample complexity of Algorithm |§| is O(%FO)

smaller.

E PROOFS OF SECTION 5

L 24. 20 _ o i
emma 24. ppi— = v (s)mo, (ails)A; " (s, ai).

Proof. From the policy gradient theorem (Sutton et al.,|1999)), 889’);: =Ygl (s)m(a|s)%f‘sl)@” (s,a),

while 7my(a|s) = TN 7, (a;|s) and %"f‘s) = 1{a; = a;, s’ = s} — 1{s’ = s}my,(a;|s). Therefore, 89:’@_ =

v (s)mo, (ai|s) A7’ (5, ;). O




Min Cheng, Ruida Zhou, P. R. Kumar, Chao Tian

Lemma 25 (Lemma 9-12 [Zhang et al.| (2022)). The update rule 017" = 6 + BF;(04) Vg, p* is equivalent to
7Tf+1(a7| ) o wh(ails) exp (BZ? (s, ai)), where F;(0) = Egymo ]anffei(‘lS) [V, log mg, (a;]$) Vo, log ng(ai‘s)T] and
™= ot
Lemma 26 (Policy improvement, Lemma 7). If 5 < max{WM, e L1 the policies updated by Algo-
rithm [d have:
t+1 t 1 t,s
(rttl) — o(nt) > 3 ZESNM?I,W? log Z!°.
i

O —@f =N (@(r 7t ,) — B(xf, 7))

1 M —q

£330 @ At w ) - et al w ) — (rt a ) Bt At ),

Diff,
tt+l t+1
(where 725y 2= (M1 1) Ty TG yen) )-
Similar to Lemma @
@(Wt,tJrl t+1 7Tt+1) o (I)(,/Tt,tJrl t t+1) 7 (I)(,n_t,tJrl t+1 t) + (I)( t,t+1 t t)

—Gig) i 0T —(ig) T T —(ig) i 0T (i) T T
19)
kg + SK? (
> = RO (rtd — 2 el w2 ).
Let s; € arg maxses||m T (-]s) — ! 1. By Pinsker’s inequality, we get:
3
N N
. N —1)(kg+ S 2 ﬂ_t+1
Diff, > ! )(2Q ~) S lmtt = wlll o = —(N = 1)(kq + Sk?) ZDﬂ% (20)
i=1 i=1

Define Z"* = > a, Ti(ails) exp (ﬁZE(S,ai)) By the update rule 7/ (a;]s) = mi(aile) e);(fAi(s’ai)), Zz(s,ai) =

%(log(ﬁ) +log Z}"*). Hence

Attt bt

(b(ﬂj}-i_lvﬂ-t ) 7(1)(,”577# z) :pib e 7/7 e
=E 1. Zﬂ't"’l a;|s)A; (s,ai)

S~V i

L t+1(a| ) t,s
= o ;H»l t ZTF al| logﬁ—l—l gZ )

ZEEM e (DI <s>+;w§“<ai|s>long’5>

(a)l —T i+l 1 t,
>——D i (s;)+=E 1. logZ”.
ﬁ U ( ) ﬁ Srou z+ )
Therefore,

1-T 1 1 »
Diff; ETZDTF; (si)—l—BZE Jit o log 207,

- s~
%
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At

where (a) comes from 1 —T'" < p™ ’”*1( ;) < T for any 7.
If the learning rate is chosen as 8 < % then combining the above results:
1-T N 1
B(rt ) — B(x) 2(7 — (N = 1) (ko + SK?)) ZD:%_H(Sz) t3 Y>E i .logZ
) i=1 (21)
ZB ZE5~V L log Zf’s

If we use Lemma [21] to bound each term in Diffs, then by ||z||3 < [|z[|? and Pinsker’s inequality:

. 2L ﬂ_t+1
lefg2—L¢ZZH7T€+1(.|5)—Wf(-‘s)”%Z 2 ZE g DI (s).

A similar result for Eq. can be derived:
o (7't — ®(x') =Diff; + Diff,

1 2L e

ZB ; ]ESNV‘":+1 ﬂ-i (Dﬂ-é (S) + log Zf S) N 1 _q}‘ ;Eéwl/ E+1 i 1D7T% (S)
! 2L<I> ﬂfrl 1 t,s

- (5 1 F) ;ESNVW’:+1 mt LDwf (s)+ = ;EMV 1t log Z;

1 t
>— E 1 log Z;7°

5 ; S~V 1 7

herefore, it < max{Wg‘*‘Sﬁz)’ 2Ls } O(rt*t) — o(n') > %ZZ Es~mf+1‘w§ log Zit’s. O

With the above monotone improvement, the sufficient condition for asymptotic convergence established by |[Zhang
et al.| (2022)) is satisfied.

Lemma 27 (Section 12.0.2|Zhang et al.| (2022)). If all stationary points of the potential function ®(0) = ®(mw(0))
are isolated, B||A™||o < 1 for any 7, and non-negative improvement ®(r'*1) — ®(xt) > %ZZ E o logZ)®
exists, algorithm [5 asymptotically converges to a Nash equilibrium. Also ¢ > 0.

Note that [[A7[|oc < [[Q|loc + ||V |loc < 2k for any 7 € II. With Lemma [26and Lemma [27] the following lemma
holds.
Lemma 28 (Restatement of Lemma [§). If all stationary points of the potential function ®(0) = ®(n(0)) are

isolated, 8 < max{w, 2]@} and B8 < 1 Algomthm@ asymptotically converges to a Nash equilibrium.
Also ¢ > 0.

Lemma 29 (Lemma 21 Zhang et al.| (2022)). When B||A™||so < 1 for any =, log Z}"® > £(8 maxg, A7 (s, a:))2.

Theorem 9 (Restatement of Theorem [)). If all stationary points of the potential function ®(0) = ®(w(9)) are

isolated, when [ < maX{WM, ﬁ} and B < i, the regret of Algorz'thm@ is bounded

3Cs

Nash-regret™(T') < BO-DT

Proof.

’ t ﬂ,t 7'rt X
Nash-gap(t) = max(maxp,” ~* —p,"" ")
7 ’

Vg S mlals) AT (s.a)

— gt
<maxA; (s,a;).
5,ai



Min Cheng, Ruida Zhou, P. R. Kumar, Chao Tian

In (a), assume i attains the maximum in max; and m; belongs arg max,: . Apply the result in Lemma

1
(mtt) — d(xh) 25 S>E i logZl®

1-T —t
maxf(ﬂmaxAi (s5,a;))* >

cB(1-T)
s 3

>
- 3

Nash-gap(t)?.

Therefore, we have

(xT) ~ B(x") _eB(1-T)
T - 3

Nash-regret™(T').

Note that ®(77) — ®(7°) < Cg, the desired result can be shown.
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