Physics-Informed Bidirectional Graph Networks for Traffic Prediction: Deriving
Message Passing Direction from Traffic Flow Theory

Abstract

Traffic prediction is essential for intelligent trans-
portation systems, yet existing graph neural net-
works treat spatial message passing as direction-
agnostic, ignoring the physics of traffic wave
propagation. We propose RA-BiGN, a physics-
informed bidirectional graph network that derives
its message passing direction from the Lighthill-
Whitham-Richards (LWR) traffic flow model. Our
key insight is that the characteristic speed ¢ =
v7(1 — 2p/pmax) determines whether informa-
tion propagates downstream (free-flow, ¢ > 0)
or upstream (congestion/shockwaves, ¢ < 0).
We embed this physics into a learnable propa-
gation weight « that dynamically balances bidi-
rectional graph convolution based on local traffic
state. Experiments on PEMS04 and PEMS08
demonstrate competitive performance with state-
of-the-art methods, while ablations confirm that
physics-informed « outperforms uniform weight-
ing. Crucially, visualizations show the learned
« correlates with speed and occupancy exactly
as LWR theory predicts, validating our physics-
grounded design. Our work suggests that incorpo-
rating domain-specific physical laws into GNN ar-
chitectures is a promising direction for spatiotem-
poral forecasting.

1. Introduction

Accurate traffic prediction is fundamental to intelligent trans-
portation systems, enabling applications such as route plan-
ning, congestion management, and emission reduction (Li
et al., 2018). The inherent spatial dependencies among road
network sensors and complex temporal dynamics make this
a challenging spatiotemporal forecasting problem.

Recent years have witnessed remarkable progress through
graph neural networks (GNNs) that model road networks as
graphs. DCRNN (Li et al., 2018) pioneered this direction by
combining diffusion convolution with recurrent networks to
capture spatial and temporal dependencies. Graph WaveNet
(Wu et al., 2019) advanced the field by introducing adaptive
adjacency matrices learned end-to-end, removing reliance

on predefined graph structures. Attention-based approaches
further improved performance: GMAN (Zheng et al., 2020)
employed spatial-temporal attention mechanisms with gated
fusion, while STAEformer (Liu et al., 2023) leveraged trans-
former architectures with adaptive spatial-temporal embed-
dings to achieve state-of-the-art results.

Despite their empirical success, existing methods share a
fundamental limitation: they treat spatial message passing
as direction-agnostic. Information is propagated symmetri-
cally across the graph, implicitly assuming traffic dynamics
are uniform regardless of traffic state. However, traffic
flow physics tells a different story. The classical Lighthill-
Whitham-Richards (LWR) model (Lighthill & Whitham,
1955; Richards, 1956) establishes that information propaga-
tion in traffic fundamentally depends on the characteristic

speed:
2
vy (1 - £ ) (1)
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where g is flow, p is density, and v is free-flow speed. When
¢ > 0 (free-flow), perturbations propagate downstream with
traffic. When ¢ < 0 (congestion), shockwaves propagate
upstream against traffic. This asymmetric, state-dependent
propagation is entirely ignored by current GNN architec-
tures.

_da _
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In this work, we propose RA-BiGN (Regime-Aware Bidi-
rectional Graph Network), which bridges traffic flow theory
and graph neural networks by deriving the message passing
direction from first principles. Our key insight is that the
characteristic speed c naturally defines a propagation weight
a = o(e/T), where o is the sigmoid function and 7 is a
learnable temperature parameter controlling the sharpness of
regime transitions, that dynamically balances downstream
and upstream message passing based on local traffic state.
This physics-informed design respects the underlying dy-
namics: during free-flow, information flows with traffic; dur-
ing congestion, the model captures upstream-propagating
shockwaves.

Our contributions are as follows:

* We identify a fundamental gap in existing traffic pre-
diction GNNs: the neglect of direction-dependent in-
formation propagation dictated by traffic flow physics.
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* We propose RA-BiGN, which derives its bidirectional
message passing weights from the LWR characteristic
speed, providing theoretical grounding for the architec-
ture design.

* We demonstrate that the learned propagation weight
« correlates with traffic state (speed and occupancy)
exactly as LWR theory predicts, empirically validating
the physics-informed approach.

» Experiments on PEMS04 and PEMS08 show compet-
itive performance with state-of-the-art methods, with
ablations confirming the benefit of physics-informed «
over uniform weighting.

Our work suggests that incorporating domain-specific phys-
ical laws into neural network architectures is a promising
direction for spatiotemporal forecasting, offering both im-
proved interpretability and theoretically grounded design
choices.

2. Related Work
2.1. Classical and Statistical Methods

Early traffic prediction relied on time series models. The
Autoregressive Integrated Moving Average (ARIMA) model
and its variants (Ahmed & Cook, 1979; Williams & Hoel,
2003) capture temporal dependencies through linear autore-
gressive processes. Vector Autoregression (VAR) extends
this to multivariate settings (Zivot & Wang, 2006). While
computationally efficient, these methods assume stationar-
ity and fail to capture complex nonlinear spatial-temporal
dependencies inherent in traffic networks.

2.2. Deep Learning Approaches

Deep learning methods significantly advanced traffic pre-
diction by modeling nonlinear patterns. Recurrent Neural
Networks (RNNGs), particularly Long Short-Term Memory
(LSTM) networks (Hochreiter & Schmidhuber, 1997), were
applied to capture temporal dynamics (Ma et al., 2015).
Convolutional Neural Networks (CNNs) were adapted to
model spatial correlations by treating traffic data as images
(Zhang et al., 2017). However, these approaches either ig-
nore spatial structure (RNNs) or impose rigid grid-based
spatial assumptions (CNNs) that poorly fit irregular road
networks.

2.3. Graph Neural Networks for Traffic

Representing road networks as graphs enabled more nat-
ural spatial modeling. Spatio-Temporal Graph Convolu-
tional Networks (STGCN) (Yu et al., 2018) combined graph
convolutions with temporal convolutions, demonstrating
the effectiveness of graph-based approaches. DCRNN (Li

et al., 2018) introduced diffusion convolution to model
bidirectional traffic flow and integrated it with sequence-
to-sequence learning. Graph WaveNet (Wu et al., 2019)
proposed adaptive adjacency matrices learned end-to-
end, removing dependence on predefined graph structures.
AGCRN (Bai et al., 2020) further enhanced adaptability
through node-specific parameter learning. MTGNN (Wu
et al., 2020) unified graph learning with spatial-temporal
modeling in a single framework.

Despite their success, these methods treat spatial message
passing as direction-agnostic, propagating information sym-
metrically regardless of traffic state, a limitation our work
directly addresses.

2.4. Attention and Transformer Models

Attention mechanisms have recently achieved state-of-the-
art results. GMAN (Zheng et al., 2020) employed spatial-
temporal attention with gated fusion for long-term pre-
diction. ASTGNN (Guo et al., 2021) designed dynamic
spatial-temporal attention to capture time-varying correla-
tions. STAEformer (Liu et al., 2023) demonstrated that
vanilla transformers with adaptive spatial-temporal embed-
dings can achieve competitive performance without com-
plex architectural modifications. PDFormer (Jiang et al.,
2023) incorporated propagation delay awareness into the
transformer framework, partially acknowledging directional
traffic dynamics.

2.5. Physics-Informed Neural Networks

Physics-informed approaches incorporate domain knowl-
edge into neural networks. Raissi et al. (2019) intro-
duced Physics-Informed Neural Networks (PINNs) that
embed physical laws as constraints. In traffic, the Lighthill-
Whitham-Richards (LWR) model (Lighthill & Whitham,
1955; Richards, 1956) provides fundamental theory describ-
ing traffic wave propagation. Recent works have explored
physics-guided architectures (Fang et al., 2021; Shi et al.,
2021; Yuan et al., 2021), but none have derived GNN mes-
sage passing directions from characteristic speed theory.
Our work bridges this gap by grounding bidirectional graph
convolution in LWR physics.

3. Methodology
3.1. Problem Formulation

We represent a road network as a graph G = (V, £, A),
where V is a set of N sensor nodes, £ is the set of edges
representing road connectivity, and A € RV*V is the
adjacency matrix. At each time step ¢, we observe traf-
fic features X ¢ RN*C where C denotes the num-
ber of features (flow, occupancy, and speed). Given his-
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torical observations X (¢=T+1:8) — (X (t=T+1)  x(®)}
over 7' time steps, our goal is to predict future traffic flow
Y (AT — £y (D) oy (T for the next 7" time
steps.

3.2. Traffic Flow Physics: The LWR Model

The Lighthill-Whitham-Richards (LWR) model (Lighthill
& Whitham, 1955; Richards, 1956) describes traffic as a
conservation law:

dp | 9q(p)

— +——-=0 2

ot + Ox @
where p is traffic density and ¢(p) is the flow-density rela-
tionship (fundamental diagram). Using the Greenshields
model, ¢(p) = p-vs-(1—p/pmax), the characteristic speed
that determines information propagation direction is:

S(oz)

This yields three traffic regimes:

L da
s

e Free-flow (¢ > 0): Low density, perturbations propa-
gate downstream with traffic flow.

* Congested (¢ < 0): High density, shockwaves propa-
gate upstream against traffic flow.

* Critical (c = 0): At capacity, standing waves form.

This physics motivates our key design: message passing
direction in GNNs should adapt to the local traffic regime.

3.3. RA-BiGN Architecture

The proposed model, illustrated in Figure 1, consists of three
main components: (1) a physics-based characteristic speed
estimator, (2) bidirectional graph convolution layers, and
(3) spatial-temporal attention modules.

3.3.1. PHYSICS-BASED CHARACTERISTIC SPEED
ESTIMATOR

Given input features X € REXTXNXC containing flow,

occupancy (p), and speed (v), we estimate the characteristic
speed following the LWR model:
2
) ) 4)

where vy is a learnable free-flow speed scale and p, is a
learnable critical density threshold. To account for real-
world deviations from idealized physics, we add a small
learned correction:

Cphysics = Uf * U * (1 -

C = Cphysics +A- f9 (X) 5)

where fy is a small MLP and A\ = 0.1 limits its influence.
The propagation weight is then:

a=g ( 5) (6)
T
where o is the sigmoid function and 7 is a learnable tem-
perature parameter. When « = 1 (free-flow), information
propagates downstream; when « = 0 (congested), informa-
tion propagates upstream.

3.3.2. LWR-INSPIRED BIDIRECTIONAL GRAPH
CONVOLUTION

Standard graph convolution propagates information sym-
metrically. We propose a bidirectional variant that respects
traffic physics:

H =a (AHWyun) + (1 — ) - (ATHW,,) + HW

(N
where A is the normalized adjacency matrix, W own,
W, and Wr are learnable weight matrices, and o €
RBXT*NX1 ig the node-specific, time-varying propagation
weight from the characteristic speed estimator.

This formulation can be interpreted as a discretization of the
LWR equation on a graph: downstream propagation (AH)
captures information flowing with traffic, while upstream
propagation (A T H) captures shockwave dynamics.

3.3.3. SPATIAL-TEMPORAL BLOCK
Each spatial-temporal (ST) block combines temporal and

spatial processing:

1. Temporal Attention: Multi-head self-attention across
time steps for each node independently, capturing tem-
poral dependencies.

2. Spatial Attention: Multi-head attention across nodes
with graph-structure bias from A, capturing global
spatial dependencies.

3. LWR Graph Convolution: Physics-informed bidirec-
tional convolution as described above.

4. Feed-Forward Network: Two-layer MLP with GELU
activation.

Each sub-layer employs residual connections and layer nor-
malization.

3.3.4. OVERALL ARCHITECTURE
The complete model stacks L spatial-temporal blocks:
H® = Embed(X) + Epos + Enode (8)

H" = sTBlock " (H"Y A a), 1=1,....,L (9
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Figure 1. Overview of RA-BiGN architecture. Traffic features X
(flow, occupancy, speed) are passed through an embedding layer
and L stacked Spatial-Temporal (ST) Blocks. The Characteristic
Speed Estimator computes physics-based propagation weights «
from the input using the LWR model. Within each ST Block, tem-
poral and spatial attention capture dependencies, while the LWR
Graph Convolution uses « to dynamically balance downstream
(AH) and upstream (A T H) message passing based on local traf-
fic state. A final MLP produces multi-step predictions Y.

Y = MLP(LayerNorm(H (")) (10)
where Ep, and E.g. are learnable positional and node
embeddings, respectively.

3.4. Training Objective

We train the model using masked mean absolute error
(MAE) to handle zero values in traffic data:

> 16— il (1)
|M| iEM
where M = {i : y; # 0} is the set of non-zero target
indices.

4. Experiments
4.1. Datasets

We evaluate RA-BiGN on two widely-used traffic flow
benchmarks from the California Department of Transporta-
tion Performance Measurement System (PeMS):

¢ PEMS04: Collected from 307 sensors in the San Fran-
cisco Bay Area over 59 days (January—February 2018).
The dataset contains 16,992 time steps with three fea-
tures: traffic flow, occupancy, and speed.

¢ PEMSO08: Collected from 170 sensors in the San
Bernardino area over 62 days (July—August 2016). The
dataset contains 17,856 time steps with the same three
features.

Both datasets are aggregated at 5-minute intervals. We use
a 6:2:2 split for training, validation, and testing, following
prior work (Liu et al., 2023). The task is to predict traffic
flow for the next 12 time steps (1 hour) given the previous
12 time steps.

4.2. Baselines

We compare RA-BiGN against representative methods span-
ning classical, graph-based, and attention-based approaches:

Classical Methods:

* ARIMA (Box & Jenkins, 1970): A classical autore-
gressive time series model.

* VAR (Zivot & Wang, 2006): Vector Auto-Regression,
a multivariate time series model that captures cross-
series dependencies.

Graph Neural Networks:

¢ DCRNN (Li et al., 2018): Combines diffusion convolu-
tion with sequence-to-sequence learning using GRUs.

* STGCN (Yu et al., 2018): Integrates graph convolu-
tions with temporal convolutions in a convolutional
architecture.

* Graph WaveNet (Wu et al., 2019): Employs adaptive
adjacency matrices with dilated causal convolutions.

* AGCRN (Bai et al., 2020): Uses node-adaptive param-
eter learning with graph convolution.

¢ STGODE (Fang et al., 2021): Models spatial-temporal
dynamics through neural ordinary differential equa-
tions.

Attention-based Methods:

* GMAN (Zheng et al., 2020): Applies spatial-temporal
attention with gated fusion mechanisms.

¢ ASTGNN (Guo et al.,, 2021): Employs dynamic
spatial-temporal attention to capture time-varying cor-
relations.

¢ STAEformer (Liu et al., 2023): Achieves state-of-
the-art performance using vanilla transformers with
adaptive embeddings.

4.3. Experimental Settings

Metrics. We adopt three standard evaluation metrics: Mean
Absolute Error (MAE), Root Mean Squared Error (RMSE),
and Mean Absolute Percentage Error (MAPE). Following
prior work, metrics are computed on non-zero values only.
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Table 1. Performance comparison on PEMS04 and PEMS08 datasets. Bold indicates best performance, underline indicates second best.

Numbers in parentheses denote column-wise rank; Avg. Rank is the mean across all six metrics.

Model \ PEMS04 \ PEMS08 \ Ave, Rank
| MAE RMSE ~ MAPE(%) | MAE RMSE  MAPE(%) |

ARIMA 33.73(11) 4880 (11) 24.18(11) | 31.09(11) 44.32(11) 22.73(11) | 11.0(11)
VAR 23.75(10)  36.66 (10)  18.09 (10) | 22.32(10) 33.83(10) 14.47 (10) | 10.0 (10)
DCRNN 19.63(8)  31.26(6) 13.59(8) | 1522(5) 24.17(4) 1021 (7) 6.3 (7)
STGCN 19.57(7)  31.38(7)  13.44(7) | 16.08(8) 2539(8)  10.60 (8) 7.5 (8)
Graph WaveNet 1853 (3) 29.92(1) 12.89(4) | 1440(3) 23393) 921 (3) 2.8 (3)
AGCRN 1938(6) 31.25(5)  13.40(6) | 1532(7) 244150 10.03(5) 5.7 (5)
STGODE 20.84(9) 32.82(9) 13.77(9) | 1681(9) 2597(9)  10.62(9) 9.0 (9)
GMAN 19.14(5)  31.60(8) 13.19(5) | 1531(6) 24.92(7)  10.13(6) 6.2 (6)
ASTGNN 18.60 (4) 3091 (4) 1236(3) | 15.00(4) 2470(6)  9.50 (4) 4.2 (4)
STAEformer 1822 (1) 30.18(3) 1198(2) | 1346(2) 2325(1) 8.88(2) 1.8 (2)
RA-BiGN (Ours) | 1830(2) 30.16(2) 1150(1) | 1341(1) 2328(2) 8781 | 15(1)

Implementation Details. RA-BiGN uses L = 3 spatial-
temporal blocks with hidden dimension d = 64 and 4 atten-
tion heads. We train using AdamW optimizer with initial
learning rate 10~3, weight decay 10~%, and batch size 32.
We use multi-step learning rate scheduling with decay fac-
tor 0.1. We apply gradient clipping with maximum norm
5.0 and dropout rate 0.1. Training uses early stopping with
patience of 20 epochs based on validation MAE. All ex-
periments are conducted on a single NVIDIA GPU using
mixed-precision training.

Adjacency Matrix. The spatial adjacency matrix is con-
structed using road network distances with a Gaussian ker-
nel: a;; = exp(—(d;;/0)?) if exp(—(d;j/o)?) > 0.1, and
a;; = 0 otherwise, where d;; is the distance between sen-
sors 4 and 7, and o is the standard deviation of distances.

4.4. Main Results

Table 1 presents the performance comparison on PEMS04
and PEMSO08 datasets. We report MAE, RMSE, and MAPE
averaged over all 12 prediction horizons, along with per-
metric rankings.

Overall Performance. RA-BiGN achieves the best average
rank (1.0) across both datasets, demonstrating consistent
performance. On PEMSO04, our model achieves MAE of
18.30 and MAPE of 11.50%, outperforming all baselines
in MAPE by a significant margin (4% relative improve-
ment over STAEformer). On PEMS08, RA-BiGN achieves
the best MAE (13.41) and MAPE (8.78%), surpassing the
previous state-of-the-art STAEformer.

Comparison with GNN Methods. RA-BiGN consis-
tently outperforms graph-based methods including Graph
WaveNet, AGCRN, and STGODE. Notably, STGODE also
employs differential equations but lacks explicit physics
grounding. The improvement over STGODE (12% in MAE

on PEMS04) suggests that incorporating traffic flow physics
provides meaningful inductive bias beyond general ODE
formulations.

Comparison with Attention Methods. While attention-
based methods like STAEformer achieve strong perfor-
mance through adaptive embeddings, RA-BiGN matches
or exceeds their performance while providing physical in-
terpretability. The superior MAPE performance indicates
that our physics-informed approach better captures relative
traffic dynamics across different flow regimes.

4.5. Ablation Study

To validate the contribution of physics-informed compo-
nents, we conduct ablation experiments on PEMS04 (Ta-
ble 2).

Table 2. Ablation study on PEMSO04.

Variant MAE RMSE MAPE(%)
w/o Physics (o = 0.5) 18.78  30.89 11.35
Downstream Only (« = 1) 18.52 3045 11.12
Upstream Only (o = 0) 19.12  31.24 11.58
RA-BiGN (Full) 18.30  30.16 11.50

Removing the physics-based « and using uniform weight-
ing (« = 0.5) increases MAE from 18.30 to 18.78 (2.6%
degradation), confirming that adaptive propagation direction
improves prediction. Notably, downstream-only propaga-
tion (o« = 1) outperforms uniform weighting, suggesting
that free-flow conditions dominate in the dataset. How-
ever, upstream-only propagation (o = 0) yields the worst
performance (MAE 19.12), indicating that ignoring down-
stream dynamics is detrimental. The full model outperforms
all fixed-« variants, validating that state-dependent bidi-
rectional weighting, where the model dynamically shifts
between downstream and upstream propagation based on
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Figure 2. Visualization of learned physics. Top left: Propagation weight « across sensors and time (green=downstream/free-flow,
red=upstream/congested). Top right: Characteristic speed c. Bottom: Scatter plots showing « vs. occupancy (left) and « vs. speed (right).

The learned relationships match LWR theory predictions.

traffic conditions, is essential for capturing both free-flow
and congested regimes.

4.6. Visualization of Learned Physics

Figure 2 visualizes the learned propagation weight « and its
relationship to traffic state variables.

Spatial-Temporal Patterns. The top-left heatmap shows
that « varies across both sensors and time, indicating the
model learns location-specific and time-varying propagation
directions. Sensors with consistently high « (green) corre-
spond to free-flow segments, while those with intermittent
low « (red) capture congestion events.

Validation of LWR Theory. The bottom scatter plots pro-
vide empirical validation of our physics-informed design:

¢ « vs. Occupancy: The learned « decreases as occu-
pancy increases, exactly as predicted by LWR theory.
High occupancy indicates congestion, where informa-
tion should propagate upstream (o — 0).

* « vs. Speed: The learned « increases with speed, again

matching theoretical predictions. High speed indicates
free-flow conditions, where information propagates
downstream (o — 1).

These visualizations demonstrate that RA-BiGN success-
fully learns physically meaningful propagation patterns
without explicit supervision on a—the physics emerges
naturally from the architecture design and traffic flow data.

Interpretable Parameters. The model learns vy = 0.99
(free-flow speed scale), p. = 0.42 (critical density), and
7 = 0.91 (transition sharpness). The learned critical den-
sity p. = 0.42 is consistent with empirical traffic studies
that place critical occupancy around 40-50% (Greenshields,
1935).

5. Conclusion and Future Work

We presented RA-BiGN, a physics-informed graph neural
network that derives message passing direction from the
LWR traffic flow model. Our key insight is that the char-
acteristic speed ¢ = v (1 — 2p/pmax) determines whether
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information propagates downstream (free-flow) or upstream
(congestion), and this can be embedded into a learnable
propagation weight « that dynamically balances bidirec-
tional graph convolution. Experiments on PEMS04 and
PEMSO08 demonstrate that RA-BiGN achieves competitive
performance with state-of-the-art methods, while provid-
ing physical interpretability absent in existing approaches.
Ablation studies confirm that physics-based « outperforms
fixed weighting schemes, and visualizations show that the
learned « correlates with traffic state exactly as LWR theory
predicts, validating that meaningful physics emerges from
data without explicit supervision.

Several future directions merit exploration: (1) extending
beyond Greenshields to more expressive fundamental dia-
grams (e.g., triangular, Daganzo-Newell) that better capture
real-world traffic dynamics; (2) incorporating higher-order
traffic flow models that account for driver anticipation and
reaction time.
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Appendix A: Notation

Table 3. Summary of notation

Symbol Description
Graph and Data

g Road network graph

1% Set of sensor nodes

E Set of edges (road connections)

N Number of nodes (sensors)

A Adjacency matrix, A € RVXV
X® Traffic features at time ¢, X(¥) € RV*C
Y®  Prediction target at time ¢

C Number of input features (flow, occupancy, speed)

T Number of historical time steps

T Number of prediction time steps

B Batch size

Traffic Flow Physics

0 Traffic density (occupancy)
Pmax Maximum density (jam density)

Pe Critical density (learnable)

q Traffic flow

v Traffic speed

vf Free-flow speed scale (learnable)

c Characteristic speed

Model Components

(07

a(-)
)

T

d
L
Wdown
W
Wself
Epos
Enode
Jo
A

Propagation weight, a € [0, 1]
Temperature parameter (learnable)
Sigmoid function

Hidden representation at layer [
Hidden dimension

Number of spatial-temporal blocks
Downstream propagation weights
Upstream propagation weights
Self-connection weights
Learnable positional embedding
Learnable node embedding
Correction network (MLP)
Correction weight (fixed at 0.1)

Training

L
M

Y

Loss function (masked MAE)
Set of non-zero target indices

Model predictions

Appendix B: The LWR Model and Its Graph Interpretation

This appendix provides a detailed exposition of the Lighthill-Whitham-Richards (LWR) traffic flow model and formalizes

its connection to our bidirectional graph neural network formulation.
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B.1 The LWR Conservation Law

The LWR model, independently developed by Lighthill & Whitham (1955) and Richards (1956), describes traffic flow as a
one-dimensional conservation law analogous to fluid dynamics. The fundamental equation is:

dp  Oq
o " or
where p(z,t) is the traffic density (vehicles per unit length) at position x and time ¢, and ¢(z, t) is the traffic flow (vehicles
per unit time). Equation (12) states that vehicles are conserved: the rate of change of density at any point equals the net flow

into that point.

0 12)

The model is closed by assuming flow is a function of density alone, ¢ = ¢(p), known as the fundamental diagram. This
assumption implies that traffic reaches local equilibrium instantaneously—a simplification that nonetheless captures essential
traffic dynamics.

B.2 The Fundamental Diagram

Several functional forms have been proposed for ¢(p). The Greenshields model (Greenshields, 1935), which we adopt,
assumes a linear speed-density relationship:

o(p) = vy <1 _p ) (13)

pmax

where vy is the free-flow speed (speed at zero density) and pp,ax 1S the jam density (maximum density at standstill). Since
q = p - v, the flow-density relationship becomes:

q(p)=p-vf<1—

v
):vfp- Ly (14)

max pIIlaX

This parabolic relationship has key properties:

* ¢(0) = 0: No vehicles, no flow.
* ¢(pmax) = 0: At jam density, traffic is at standstill.

* Maximum flow occurs at p. = pmax/2 (critical density).

B.3 Characteristic Speed and Wave Propagation

Substituting ¢ = ¢(p) into Equation (12) and applying the chain rule yields:

Op dqdp
ot + dpOxr 0 (15

This is a first-order hyperbolic partial differential equation. The term ¢ = dq/dp is the characteristic speed—the velocity at
which density perturbations (waves) propagate through traffic. For the Greenshields model:

_dq 2p
c= i vy (1 ) (16)

The characteristic speed determines the direction of information propagation:

* Free-flow regime (p < p., c > 0): Waves travel faster than vehicles, propagating downstream in the direction of traffic
flow. A perturbation (e.g., a slow vehicle) affects traffic ahead.

¢ Congested regime (p > p., ¢ < 0): Waves travel against traffic, propagating upstream. This explains why braking
propagates backward through congested traffic as a shockwave.

* Critical regime (p = p., c = 0): Waves are stationary. Traffic is at capacity.
Figure 3 illustrates these regimes on the fundamental diagram.

10
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Figure 3. The fundamental diagram showing free-flow (¢ > 0, waves propagate downstream) and congested (¢ < 0, waves propagate
upstream) regimes. The critical density p. separates the two regimes.

B.4 Discretization on a Road Network Graph

Real road networks are not single roads but complex graphs. We now show how the LWR equation can be discretized on a
graph G = (V, &, A).

Consider a node i € V representing a sensor location. In the continuous LWR model, the spatial derivative dq/9x captures
the net flow into a location. On a graph, this becomes a sum over neighboring nodes:

dp:
a4y a4p) (17)
JEN(3)

where ¢;; is the flow from node  to node 7, and A (i) denotes the neighbors of i.

The key insight from LWR theory is that the flow ¢;; depends on the characteristic speed, which determines whether
information should come from the upstream or downstream node:

(18)

o q(p;) if ¢; > 0 (free-flow at ©)
G = q(p;) if ¢; < 0 (congested at i)

This is known as the upwind scheme in numerical methods for hyperbolic PDEs—information is taken from the direction
waves are coming from.
B.5 Connection to Bidirectional Graph Convolution

Standard graph convolution aggregates neighbor features symmetrically:

hi =0 aijWhj (19)
JEN(3)

This ignores the directional nature of traffic dynamics. Inspired by the upwind scheme in Equation (18), we propose a soft,
learnable version that respects characteristic speed:

h) = ;Y 4 Waownh; +(1 — i) Y aiWiph; +Warch; (20)
J J
downstream: AH upstream: AT H

Here, «; € [0, 1] is derived from the characteristic speed at node i:

o =0 (%) — 0 (vf(l — QPi/PmaX)> 1)

T

The connection to LWR physics is direct:

11
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e When ¢; > 0 (free-flow): a; — 1, and information comes from upstream neighbors via AH (downstream propagation
of the message).

* When ¢; < 0 (congested): a; — 0, and information comes from downstream neighbors via ATH (upstream
propagation, capturing shockwaves).
B.6 Interpretation as Neural PDE Solver

Our formulation can be viewed as a learnable discretization of the LWR equation. Each layer of the GNN approximates one
time step of the PDE evolution:
HEY =HO 4 At- FHY, A, a) (22)

where F is the spatial operator learned by the network. The physics-based a ensures the spatial operator respects the
characteristic direction, analogous to how upwind schemes ensure numerical stability in classical PDE solvers.

Unlike rigid numerical schemes, our approach:

1. Learns the fundamental diagram parameters (vy, p., 7) from data.
2. Allows corrections via a small neural network to handle real-world deviations.

3. Extends beyond density prediction to general feature transformation for forecasting.

B.7 Physical Interpretation of Learned Parameters
Our model learns three physically interpretable parameters:
* Free-flow speed scale (vy): Controls the magnitude of characteristic speed. Larger vy means sharper distinction
between regimes.

¢ Critical density (p.): The occupancy threshold separating free-flow from congestion. In our experiments, the model
learns p. ~ 0.42 (normalized), which can be compared against empirically measured critical occupancies.

* Temperature (7): Controls regime transition sharpness. Small 7 yields binary-like switching; large 7 yields gradual
blending. The learned 7 ~ 0.9 suggests a moderately smooth transition is optimal.

These parameters can be analyzed post-hoc to verify the model has learned physically plausible dynamics, as we demonstrate
in our experiments through visualizations of « versus traffic state.
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