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ABSTRACT

Graph Neural Networks (GNNs) perform computations on graphs by routing the
signal information between regions of the graph using a graph shift operator or
a message passing scheme. Often, the propagation of the signal leads to a loss
of information, where the signal tends to diffuse across the graph instead of be-
ing deliberately routed between regions of interest. Two notions that depict this
phenomenon are oversmoothing and oversquashing. In this paper, we propose an
alternative approach for modeling signal propagation, inspired by quantum me-
chanics, using the notion of observables. Specifically, we model the place in the
graph where the signal lies, how much the signal is concentrated at this place,
and how much of the signal is propagated towards a location of interest when ap-
plying a GNN. Using these new concepts, we prove that standard spectral GNNs
have poor signal propagation capabilities. We then propose a new type of spectral
GNN, termed Schrödinger GNN, which we show has a superior capacity to route
the signal between graph regions.

1 INTRODUCTION

Graph Neural Networks (GNNs) (23; 37) have emerged as powerful tools, enabling breakthrough
applications across diverse domains including molecular science, physics simulations, social net-
work analysis, and recommendation systems. A GNN is a layered architecture that takes a graph
with node features, often referred to as the signal, and returns some output, e.g., another signal on
the same graph. The hidden states of the signal across the layers can be interpreted as a gradual flow
or propagation of the node features, since the GNN computes the signal at the next layer using local
operations on the previous layer.

Often, to solve a problem on graphs, the GNN should be able to direct the propagation of the signal
from certain regions of the graph to others. For example, the function of an enzyme is often under-
stood through the notion of allosteric regulation: activation in one site of the enzyme (the receptor)
changes the dynamics of the molecule, leading to some change in another site, called the active site.
To be able to predict such a behavior using a GNN, the GNN should be able to propagate the signal
about the binding site, which captures structural properties of the receptor, to the distant active site.

However, one limitation of typical GNNs is that the signal gets diffused in all directions the more
layers are used in the network, rather than being propagated, or routed, in a coherent way between
regions in the graph. This limits the applicability of typical GNNs when a deliberate routing of the
signal is required to solve the task. Two standard notions that are commonly regarded as quantifying
this phenomenon are oversmoothing (9; 29; 31; 34; 46) and oversquashing (1; 2; 42)

However, the first notion, oversmoothing, which is often quantified via the Dirichlet energy (36; 39),
describes how quickly the signal varies, or oscillates, across the whole graph, not how much the
signal can be kept concentrated, or coherent, when propagating it from one region to another. The
second phenomenon, oversquashing, describes the phenomenon where long range information is
compressed through topological bottlenecks. Hence, analyses of oversquashing are typically based
on various definitions quantifying bottlenecks, e.g., curvature (42), Cheeger number (7; 11), and
effective resistance (2). Hence, such an approach focuses on structural properties of the graph, and
do not typically explicitly study how coherent the signal stays when routing it between regions. For
further details on oversmoothing and oversquashing see Appendix A.3.
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Our contribution. We aim to directly study how coherent the signal stays when it is routed between
regions of the graph. For this, we propose in the paper an alternative way to model and probe
different aspects of the content of the signal and its flow. Specifically, we model (i) the location
in the graph where the signal lies, (ii) how much the content of the signal is concentrated about
this location, and, (iii) how much of the signal is propagated from one location of the graph to
another when applying a GNN. These three concepts are defined via the notion of observables and
their mean and variance, similarly to the approach in quantum mechanics. Measuring signal content
using observables was also done in the past in the context of signal processing (16; 25–27). We
prove that standard spectral GNNs have poor signal propagation capabilities: they keep the location
of the content of the signal unchanged, and only increase the spread of the signal about this location.
Then, we propose a novel spectral GNN, called Schrödinger GNN, which has provably good signal
flow properties. Namely, with Schrödinger filters, we can direct the propagation of the signal in any
desired direction in the graph.

Schrödinger GNNs are based on two main components: a unitary graph shift operator (GSO), and
complex modulated signals. The unitary GSO is analogous to the Schrödinger operator in classi-
cal quantum mechanics, and specifically, in the free particle dynamics. It assures that the content
of the signal is transformed in a geometry preserving way, rather than being diffused. Moreover,
Schrödinger GNNs consider some of the input feature channels as encoding an abstract notion of
ambient location in the graph. We call these features formal locations. The rest of the feature chan-
nels are called the signal. The idea is to be able to shift the signal across the formal location, in
any desired direction. For illustration, in a social network, we might want to shift the income sig-
nal along the age direction, to allow comparing salaries of different age groups. To quantify the
propagation properties of signals, we consider an observable corresponding to each formal location
feature, namely, an operator that measures the formal location of signals. Moreover, to guarantee
that the formal location of signals shifts when applying GNNs, we form in the signal complex os-
cillations along the direction of each formal location. We show that this leads roughly to a constant
speed of the formal location of signals when applying linear Schrödinger filters.

We empirically validate our theory on graph classification and regression benchmarks, where
Schrödinger GNNs achieve comparable accuracy to state of the art GNNs.

2 MEASURING SIGNAL LOCALIZATION AND PROPAGATION

General Notations. For N ∈ N we denote [N ] = {1. . . . , N}. We use lowercase a, bold a, and
uppercase A for scalars, vectors, and matrices respectively. We also treat vectors f = (f1, . . . , fn) ∈
CN as functions f : [N ] → C, where f(n) = fn. The identity matrix is denoted by I . For a
matrix A, we denote by An,: and A:,k its n-th row and k-th column respectively. For complex
numbers, we denote complex conjugation by z, real part by Re(z), and imaginary part by Im(z).
A graph is G = (V,E) where the vertex set is V = [N ] and E ⊂ [N ]2. We denote by N (v) the
neighborhood of vertex v. We consider only undirected graphs, and denote the adjacency matrix by
A = (an,m)n,m ∈ RN×N . A graph-signal is a pair (G, f) where f = (f1, . . . , fK) : V → CK

is the signal. The signal can also be represented by a matrix X = (xn,k)n,k ∈ CN×K where
xn,k = fk(n). A graph shift operator (GSO), is any operator that encodes the graphs structure, e.g.,
the adjacency matrix or any graph Laplacian. We define the inner product of two single-channel
signals f, g ∈ CN by ⟨f, g⟩ =

∑
v∈V f(v)g(v), and define norm by ∥f∥22 = ⟨f, f⟩. The operator

norm is ∥A∥ = sup∥x∥2=1 ∥Ax∥2. for a signal f , we denote by diag(f) the diagonal matrix with
diagonal elements diag(f)n,n = fn. The commutator of two matrices is [X,Y ] = XY − Y X .

Observables and The Signal Routing Measure. In a general Hilbert space H of signals, an
observable is a self-adjoint operator A in H, i.e. A∗ = A. By the spectral theorem, any self-
adjoint operator in a finite dimensional spaces can be written as A =

∑
j λjPj where {λj}j are real

eigenvalues and {Pj}j are the orthogonal eigenprojections. This decomposition motivates treating
a self-adjoint operator as an observable of a physical quantity. Namely, we interpret the eigenvalues
as values that the physical quantity can attain, and Pj as projections upon spaces of signals that have
λj as the value of their physical quantity. For example, the diagonal operatorD : CN → CN defined
by (Dg)j = jgj can be thought of as a location observable on the line [1, N ]. Here, the eigenvectors
ej = (0, . . . , 0, 1, 0, . . . , 0) (with 1 only at the j-th entry) are thought of as pure states/signals with
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location exactly λj = j. Any signal g ∈ CN is a linear combination of the pure location states
{ej}j , i.e., g =

∑
j gjej with gj ∈ C. When the state g is normalized to ∥g∥2 = 1, we can

interpret |gj |2? as the weight, or probability, of g being at location j. While g does not have one
exact location, we can define its mean location as ED(g) =

∑
j |gj |2j, and its location variance as

VD(g) =
∑

j |gj |2
(
j − ED(g)

)2
. Using operator notations, these two quantities can be written as

ED(g) = ⟨Dg, g⟩ and VD(g) = ∥(D − ED(g)I)g∥22, where I is the identity operator in CN .

This discussion motivates the general construction of observables in quantum mechanics. For a self-
adjoint operator A and normalized state g ∈ H, the expected value (or mean) of A with respect to
g is defined to be EA(g) := ⟨Ag, g⟩. Note that when H = CN , we have EA(g) =

∑
i λi⟨Pig, g⟩,

which is interpreted just like the above example of location observable. The variance of A with
respect to g is defined to be

VA(g) := ∥(A− EA(g)I)g∥22 =
〈
(A− EA(g)I)2g, g

〉
= EA2(g)− EA(g)2.

In addition to the classical notions of mean and variance, we propose quantifying how well a signal
is transmitted towards a target value of the physical quantity. Consider a scenario where we have
an initial signal g0, and we would like to transmit this signal to be concentrated about some value r
with respect to some observable A. For that, suppose that we operate on g0, e.g., with a GNN, and
transform it to gt. The following definition quantifies how well gt achieves this goal.
Definition 2.1 (Signal Routing Measure). For an observable A, normalized initial signal g0 and
final signal gt, and a target value r ∈ R, the signal routing measure is defined to be

PA(g0, gt, r) =
⟨(A− Ir)2gt, gt⟩

VA(g0)
. (1)

In the setting of Definition 2.1, the observable A models some physical quantity. The term ⟨(A −
Ir)2gt, gt⟩ quantifies how much the values of the physical quantity of gt are concentrated about r,
and the denominator normalizes this with respect to how well the physical quantity of the initial
state g0 is concentrated. It is easy to verify the identity

PA(g0, gt, r) =
VA(gt) + (r − EA(gt))2

VA(g0)
. (2)

Hence, to minimize the routing measure, one should construct an operation that transforms g0 to
some gt, keeping the variance of gt small (relatively to the variance of g0), while making the ex-
pected value of gt as close as possible to r.

3 SIGNAL PROPAGATION IN SCHRÖDINGER GRAPH SIGNAL PROCESSING

Next, we introduce Schrödinger graph signal processing, and analyze signal propagation under it.

Feature Location Observables. Consider a graph-signal (G, q) with q = (q1, . . . , qM ) : V →
CM . We treat some of the feature channels of q as the signal and some as some abstract notion
of locations. Namely, for some 1 < J < M we call g = (q1, . . . , qJ) the signal, and call f =
(qJ+1, . . . , qM ) the feature locations. DenoteK =M−J and f = (f1, . . . , fK). As we show later,
working with complex-valued signals is important for routing signals between graph regions. Hence,
we consider g : V → CJ with ∥gj∥2 = 1, and consider real-valued feature locations f : V → RK ,
which need not be normalized. Define the feature location observables Xfk = diag(fk), for k ∈
[K]. By the fact that fk is real-valued,Xfk is self-adjoint. Now, EXfk

(gj) =
∑

n∈[N ] fk(n) |gj(n)|
2

is interpreted as the fk-value about which the energy of gj is centered, and VXfk
(gj) is the spread

of the energy of gj about this center.

Partial Derivatives and The Second Order Feature Derivative GSO. Our construction of
Schrödinger signal processing is based on a special constructions of a GSO based on derivatives.
Definition 3.1 (fk-partial derivative). Given a feature location fk : V → R, we define the fk-partial
derivative∇fk ∈ CN×N by: for n,m ∈ V

(∇fk)n,m = an,m(fk(n)− fk(m))

3
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It is easy to see that∇fk is skew-symmetric (i.e. ∇∗
fk

= −∇fk ), and hence ∇2
fk

is self-adjoint.

Definition 3.2 (Schrödinger Laplacian). Given K feature locations f = (f1, . . . , fK), the corre-
sponding Schrödinger Laplacian is defined to be

∆f = −
∑

k∈[K]

∇2
fk
.

The Schrödinger Laplacian is self-adjoint as a sum of bounded self-adjoint operators. This makes
the following operator unitary.

Definition 3.3 (Schrödinger Operator). Given feature locations f : V → RK and time t ∈ R, the
corresponding Schrödinger Operator is defined to be S[t, f ] = e−it∆f .

As we define in Section 3, Schrödinger graph signal processing is based on filtering signals using
Schrödinger operators as GSOs. In this paper, we develop the theory for Schrödinger operators
based on Schrödinger Laplacians, as these special GSOs lead to theoretical guarantees. However,
the Schrödinger signal processing methodology works also with Schrödinger operators based on
general GSOs, like standard Graph Laplacians.

Let us draw an analogy to the classical theory. In the free particle Schrödinger equation, we consider
the space R3 as the “graph,” consider the coordinates x, y, z as the locations, and ∂x, ∂y, ∂z as the
partial derivatives. Here, ∆x,y,z = −∂2x − ∂2y − ∂2z is the classical Laplace operator. Given a
wave function g0 : R3 → C representing a particle at time 0, gt = S[t;x, y, z]g0 is the particle at
time t. In our case, given a signal g(0) on the graph, thought of as the state at time 0, we denote
g(t) = S[t, f ]g, thought of as the signal at time t.

Analyzing Signal Propagation via Splitting. Note that typical signals are not localized about
one feature location. For example, the grayscale signal of an image is typically supported across
all x, y locations. Hence, the expected location and location variance are not meaningful local-
ization notions for such signals (see Figure 1 for illustration). Still, we can conceptually apply a
localization analysis with observables as follows. We decompose the signal g into a sum of chunks
g = g1, . . . , gL, e.g., by multiplying the signal by a window in the formal locations gl = wl(f)g,
where w1, . . . , wL : R → R form a partition of unity. Here we assume that each wj is well lo-
calized about one location value. Then, each chunk gl has a meaningful mean location, and we
can track how Schrödinger operators propagate this location. Moreover, by tracking how much the
Schrödinger operator increases the variance of the chunk, we interpret how much the content of the
signal in this chunk is diffused, scatters, or dispersed, when propagating it. Note that this analysis
makes sense by the linearity of the Schrödinger operator. Note as well that in our methodology, we
do not decompose g to chunks in practice, and this decomposition is just for conceptualizing the
signal propagation.

Figure 1: Decomposition of a signal g to g0 + g1. Expected feature locations are marked by a dot,
and the variance is signified by a color band.

Dynamics of 1D Signals via Feature Momentum. In the classical theory, the partial derivatives
are called the momentum observables. The mean iE∂x(g) is interpreted as the expected momentum,
or speed, of the particle g. Analogously, we interpret the fk-partial derivative i∇fk as observables of
momentum or velocity along fk. This interpretation can be made precise by developing dynamical
equations of signals under Schrödinger operator, as we do next.

In the following discussion, we consider the case of single-channel signal g = g1 and a single
feature location f = f1. We first show that the expected momentum of a signal is constant under
Schrödinger dynamics.

4
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Theorem 3.4 (Constant Expected Momentum). Let g : V → C be a normalized signal and f :
V → R a feature location. Then, for every t ∈ R,

Ei∇f
(gt) = Ei∇f

(g)

We then show that the rate of change of the expected location is equal to some smoothed version of
the expected momentum. For that, we first define smoothing with respect to feature directions.

Definition 3.5 (f -smoothing operator). Let f be a feature location. The f -smoothing operator
Wf : RN → RN is defined as follows. For every signal g ∈ CN and vertex v ∈ V

(Wfg)(v) =
∑

w∈N (v)

av,w(f(w)− f(v))2g(w).

By definition, the f -smoothing operator mixes the values of the signal g only along edges where the
feature f changes. It is hence interpreted as smoothing along the f direction.

Theorem 3.6 (Expected Feature Location Derivative under Schrödinger dynamics). Let g : V → C
be a normalized signal and f : V → R a feature location. Let g(t) = S[t, f ]g for every t ∈ R.
Then,

∂

∂t
EXf

(g(t)) = −2Re
(
⟨i∇fg

(t),Wfg
(t)⟩
)
. (3)

The right-hand-side of (3) is interpreted as a smoothed version of the expected momentum
Ei∇f

(g(t)) =
〈
i∇fg

(t), g(t)
〉
. Hence, Theorem 3.6 states that the rate of change of the expected

location is equal to a smoothed expected momentum. In Appendix C.2, we show that for smooth
enough signals, the rate of change of the expected location is close to the exact expected momentum.
Since the expected momentum is constant, the theorem suggests that the rate of change of the ex-
pected location is roughly constant, as long as the signal stays smooth enough. This analysis hence
justifies calling i∇f the momentum, or velocity, observable.

We note that Theorem 3.6 is analogous to the classical case, where the rate of change of the expected
location of a free particle is equal to its expected momentum, which is constant. See Appendix B
for more details.

Achieving Translations via Feature Modulation. We wish to be able to translate the expected
feature location of signals using Schrödinger operators. In typical graph data, all features are real.
However, as we show next, for real value signals, the expected momentum is always zero. Hence,
given a real-valued signal, to be able to route it between feature regions, we must first modify it to
be complex-valued. We do this via the feature modulation operator.

Definition 3.7 (Feature Modulation). Given a real-valued feature location h : V → R and a phase
θ ∈ R, the Feature Modulation Operator is defined to be D[θh] = diag(eiθh), where eiθh is the
vector with entry (eiθh)(v) = eiθh(v) for node v ∈ V .

Next, we show that modulating a real-valued signal gives nonzero expected momentum in general.

Theorem 3.8 (Expected Momentum of Modulated Signal). Given a signal g : V → R, feature
locations f, h : V → R, and a phase θ ∈ R, the expected momentum of D[θh]g satisfies

Ei∇f
(D[θh]g) = −2

∑
(m,n)∈E

am,ng(m)g(n)(f(n)− f(m)) sin(θ(h(n)− h(m))). (4)

Theorem 3.8 can be interpreted as follows. Consider the edge signals eg,h, ef : E → R defined by

eg,h(v, w) = g(v)g(w) sin
(
θ(h(w)− h(v))

)
, ef (v, w) = f(v)− f(w).

The right-hand-side of (4) is the edge-space inner product ⟨eg,h, ef ⟩. Hence, as long as we choose a
modulating feature h such that eg,h and ef are not orthogonal, the expected momentum of D[θh]g
will be nonzero.

5
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Dynamics of Multi-Channel Signals and Observables.
Theorem 3.9 (Expected multi-Feature Derivative). Given the Schrödinger Laplacian ∆f =
−
∑

k∈[K]∇2
fk

and a normalized signal g, we have

∂

∂t
EXfk

(g(t)) = −2Re
(
⟨i∇fkg

(t),Wfkg
(t)⟩
)
+
∑
j ̸=k

〈
[i∇2

fj , Xfk ]g
(t), g(t)

〉
. (5)

Ideally, we would like the rate of change of the expected Xfk location to be a smoothed version of
the expected ∇fk momentum. However, we see that in (5) there are additional cross terms. This
leads to the following definition.
Definition 3.10 (ϵ-Commuting Features). A sequence of feature locations {f1, f2, . . . , fK} is said
to be ϵ-commuting if for every pair i ̸= j ∈ [K], the matrixEi,j = [Xfi ,∇fj ] = Xfi∇fj −∇fjXfi
satisfies ∥Ei,j∥op ≤ ϵ.

For a sequence of ϵ commuting features, the dynamics is∥∥∥∥ ∂∂tEXfk
(g(t))− 2Re

(
⟨i∇fg

(t),Wfg
(t)⟩
)∥∥∥∥ ≤ (K − 1)ϵ.

Hence, here as well we have the interpretation that for smooth enough signals, the rate of change of
all expected locations are close to their corresponding expected momenta.

Orthogonalizing The Feature Directions. The signal q : V → RM in the raw data is not ϵ-
commuting in general. Hence, in Schrödinger GNNs, as a first step, we transform the feature y to
a sequence of features f1, . . . , fK which are ϵ-commuting. For example, one can plug each node
feature q(n) into a simple MLP or a linear transformation Θ, to obtain f(n) = Θ(q(n)). The
transformation Θ is optimized with respect to the following target.
Definition 3.11 (Position-Momentum Optimization). Given a signal q ∈ RN×M , a linear transfor-
mation T ∈ RM×K , mapping q to f = (f1, f2, . . . , fK) = qT ∈ RN×K , is optimized w.r.t

min
T∈RM×K

K∑
i ̸=j

∥[∇2
fj , Xfi ]∥2op + λ

K∑
k=1

(∥∇fk∥∞ − 1)
2
,

for some λ > 0.

Dynamics of the Variance. Next, we derive the dynamics of the variance.
Theorem 3.12 (Time Derivative of Variance). Let g : V → C be a signal and f : V → R a feature
location, and ∆f = −∇2

f . The first-order derivative of variance with respect to time t ∈ R is

∂

∂t
VXf

(g(t)) = Ei[∆f ,X2
f ]
(g(t)) + 4EXf

(g(t))Re
(
⟨i∇fg

(t),Wfg
(t)⟩
)

This mirrors the classical Schrödinger equation dynamics where variance evolution depends on both
the commutator [∆, X2] and the coupling between position and momentum. See Appendix B for
the classical correspondence.

Improving Signal Routing Through Modulation. Here, we show that in typical situations mod-
ulating real-valued signals improve their signal routing measure. Consider the following setting. We
have a multilayer network where at each layer l we have a real-valued signal g(l) that we are allowed
to modulate by choosing the free parameter θl ∈ R in D[θlh]g

(l). We then propagate the signal via
S[dt, f ]D[θlh]g

(l) for some small time step dt, and lastly apply a modulus nonlinearity to define the
signal at the next layer g(l+1) =

∣∣S[dt, f ]D[θlh]g
(l)
∣∣. Here, we can interpret g(l) as the signal at

time ldt, and the input to the network g(0) as the signal at time 0.

Suppose that we would like to rout the signal to the feature location r, i.e., we would like
PXf

(g(0), D[θlh]g
(l), r) to decrease in l by choosing appropriate θl. In this setting, since dt is

small, we can linearize the propagation of g(l) about t = 0, and obtain

PXf
(g(0), g(l+1), r) = PXf

(g(0), D[θlh]g
(l), r)+

∂

∂t
PXf

(g(0),S[t, f ]D[θlh]g
(l), r)|t=0dt+O(dt2)

6
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Figure 2: Signal transport under modulation.

= PXf
(g(0), g(l), r) +

∂

∂t
PXf

(g(0),S[t, f ]D[θlh]g
(l), r)|t=0dt+O(dt2),

where the last equality is due to the fact that PXf
(g(0), D[θlh]g

(l), r) does not depend on θl. We
would now like to know if modulating the signal at layer l improves the routing measure at layer
l + 1. For that, it is enough to show that the derivative of PXf

(g(0), g(l+1), r) with respect to θl is
nonzero at θl = 0. Observe that

∂

∂θl
PXf

(g(0), g(l+1), r) =
∂

∂θl

∂

∂t
PXf

(g(0),S[t, f ]D[θlh]g
(l), r)|t=0 +O(dt2).

Hence, our goal is to show that D := ∂
∂θl

∂
∂tPXf

(g(0),S[t, f ]D[θlh]g
(l), r)|t,θl=0 is nonzero in

general. As long as this is true, θl = 0 is not the minimizer of PXf
(g(0), g(l+1), r), so one can

always choose a better modulation than θl = 0.

We now simplify the notations and give a formula for D := ∂
∂θ

∂
∂tPXf

(g,S[t, f ]D[θh]g, r)|t=θ=0.
Claim 3.13 (Mixed Derivative of The Signal Routing Measure).

∂

∂θ

∂

∂t
PXf

(g,S[t, f ]D[θh]g, r)
∣∣∣
t=θ=0

=
⟨[Xh, [∆, X

2
f ]]Dθhg,Dθhg⟩+ 4r⟨[Xh,Wf∇f ]g, g⟩

VXf
(Dθhg)

We see that when h is constant, there is no modulation, D is zero.

In Figure 2 we give an example of a graph, initial signal g with EXf
(g) = −0.98, modulating feature

h = f , and desired location value r = 1. We show that by choosing an appropriate modulation θ and
propagating the signal using the Schrödinger operator to time t = 0.1 improves the signal routing
measure with respect to not modulating.

Schrödinger Signal Processing. We define Schrödinger filters by considering linear combinations
of the evolutions of the modulated signal with different modulations and times. Let f : V → RK be
location features and D ∈ N be the output feature dimension. To use linear algebra notations, let us
now treat signals and location features and vectors in CN×J and RN×K respectively. A Schrödinger
filter Ψ is parameterized by (tm ∈ R, θm ∈ R,W(m) ∈ CJ×D,T(m) ∈ RK×1)m∈[M ], and maps
signals g ∈ CN×J to

Ψ(g)F(g) =
M∑

m=1

S[tm, f ]D[θmf ·T(m)]g ·W(m).

Schrödinger GNNs. A Schrödinger GNNs first optimizes the input features via Definition 3.11,
and then applies a Schrödinger filter followed by a nonlinearity at each layer

4 EXPERIMENTS

Synthetic Experiment - Signal Propagation on a Cycle. Here, we showcase the capability of
Schrödinger GNN to direct the propagation of the signal with a toy regression experiment. Consider
a cycle graph discretizing the unit circle, and the locations feature x = cos(θ), where θ is the angle.
Each signal in the dataset is a Gaussian with random mean µ and variance σ2, and with additive

7
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white noise. The target for each signal is the same gaussian mean shifted by a predetermine value d.
The task is to learn a GNN that maps the input signal to the output signal. This experiment shows
that only Schrödinger GNN, with modulated input signal, can solve this task. A summary of dataset
statistics is available in Appendix F.3.

Figure 3: Cycle graph (ring) signal transport. Each panel is a cycle graph in which node color
intensity encodes the signal magnitude. All panels share the same color scale.

Table 1: Test Losses for Ring Signal Transport

Model Test Loss

GCN 0.488
Graph Attention 0.589
Schrödinger real-valued 0.781
Schrödinger 3.78e-04

Peptides Peptide-Func and Peptide-struct, two datasets taken from Long Range Graph Benchmark
(LRGB) (13) comprise datasets that specifically test the ability of graph neural networks to capture
long-distance dependencies between nodes. For this paper, we focus on the molecular property
prediction datasets Peptides-func and Peptides-struct. Peptides-func is a graph-level classification
task that determines functional characteristics of peptide molecules represented as graphs, while
Peptides-struct is a graph-level regression task that predicts structural properties of these molecules,
for more details F.5.

5 SUMMARY

We presented a new approach for defining and analyzing signal propagation across graphs. The
approach directly models where the information of the signal is, how well concentrated it is, and
how well it is routed between regions in the graph. We presented Scrödinger GNN, a graph neural
network that is able to route the information of the signal along any direction in the graph. We
showed that standard GNNs do not have this capability. One limitation of Scrödinger filters with
respect to simple polynomial filters is that applying the Scrödinger operator on a signal involves
approximating the exponential of the GSO, which involves applying the GSO several times.

6 ETHICS STATEMENT

This work presents theoretical and empirical contributions to graph neural networks using quantum-
inspired methods. All experiments use synthetic data or publicly available benchmarks (LRGB
Peptides, node classification datasets) with no privacy concerns or potential harm to subjects. The
research involves only technical graph data and raises no ethical concerns.

7 REPRODUCIBILITY STATEMENT

We provide detailed proofs for all theorems, with additional analysis in the appendices. Imple-
mentation details including matrix exponential computation (Appendix E.1), hyperparameters (Ap-
pendix F.5), and synthetic experiment setups (Appendices F.3, F.1) are fully documented. The
Position-Momentum Optimization is specified in Definition 3.11. Source code will be released
on GitHub upon publication.

8
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Table 2: Performance on Peptides-Func and Peptides-Struct. Bold values indicate the best perform-
ing models for each metric: the highest AP for Peptides-Func and the lowest MAE for Peptides-
Struct. The results for the models other than ours were taken from (17).

MODEL TYPE MODEL PEPTIDES-FUNC (AP ↑) PEPTIDES-STRUCT (MAE ↓)

Transformer

SAN+LapPE 63.84± 1.21 0.2683± 0.0043
TIGT 66.79± 0.74 0.2485± 0.0015
Speformer 66.86± 0.64 0.2550± 0.0014
Exphormer 65.27± 0.43 0.2481± 0.0007
G.MLPMixer 69.21± 0.54 0.2475± 0.0015
Graph ViT 69.42± 0.75 0.2449± 0.0016
GRIT 69.88± 0.82 0.2460± 0.0012

Rewiring
LASER 64.40± 0.10 0.3043± 0.0019
DRew-GCN 69.96± 0.76 0.2781± 0.0028
+PE 71.50± 0.44 0.2536± 0.0015

State Space Graph Mamba 67.39± 0.87 0.2478± 0.0016
GMN 70.71± 0.83 0.2473± 0.0025

GNN

ChebNet 69.61± 0.33 0.2627± 0.0033
ChebNetII 68.19± 0.27 0.2618± 0.0058
GCN 68.60± 0.50 0.2460± 0.0007
GRAND 57.89± 0.62 0.3418± 0.0015
GraphCON 60.22± 0.68 0.2778± 0.0018
A-DGN 59.75± 0.44 0.2874± 0.0021
SWAN 67.51± 0.39 0.2485± 0.0009
PathNN 68.16± 0.26 0.2545± 0.0032
CIN++ 65.69± 1.17 0.2523± 0.0013
S2GCN 72.75± 0.66 0.2467± 0.0019
+PE 73.11 ± 0.66 0.2447± 0.0032
Stable-ChebNet 70.32± 0.26 0.2542± 0.0030

Schrödinger
Basic 71.41± 1.539 0.2447± 0.00176
Non Modulated 71.29± 0.527 0.2467± 0.0011
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A BACKGROUND AND RELATED WORK

A.1 SPECTRAL GNNS

Spectral GNNs define graph convolutions via the spectral domain. Let ∆ be a self-adjoint GSO with
{vj}Nj=1 and {λj}N which are the eigenvectors and eigenvalues so that ∆ =

∑N
i=1 λi viv

⊤
i . Given

a signal X ∈ RN×d and a function Q : R → Rd′×d, the spectral filter Q(∆) : RN×d → RN×d′
is

defined by

Q(∆)X :=

N∑
i=1

viv
⊤
i XQ(λi)

⊤. (6)

A spectral GNN layer then applies Xℓ+1 = σ
(
Qℓ(∆)Xℓ

)
with trainable Qℓ and nonlinearity σ.

For more examples (4; 12; 28).

A.2 UNITARY GNNS

Unitary GNNs are a class of graph neural networks designed to address fundamental challenges
in deep graph learning, particularly over-smoothing and over-squashing, through the use of uni-
tary transformations that preserve signal norms and maintain feature distinctiveness across layers.
Known methods are Graph Unitary Message Passing (GUMP) (33) that transform the adjacency
matrix to be unitary, unitary group convolutions (UGConvs) (47) a unitary transform on groups and
Separable unitary convolution (UniConv) (21) that uses a unitary graph convolution. Unitary op-
erators are proven to mitigating over-smoothing, but some require complex weights matrices and
substantial parameter overhead. When stripped down to real weights, they lose much of their di-
rectional signal propagation capabilities. This motivated as to find the underline phenomena while
restricting the parameter overhead, thus, leading us to the Schrödinger GNN approach.

A.3 OVERSMOOTHING AND OVERSQUASHING

Most works addressing the over-smoothing and over-squashing problems begin by considering the
basic architecture of graph neural networks, the Message Passing Neural Network (MPNN) (15).
Definition A.1 (Message Passing Neural Network). Given a graph G = (V,E) with node features
X ∈ RN×d, an MPNN updates node representations through:

h(ℓ+1)
v = ϕℓ

h(ℓ)v ,
∑

w∈N (v)

ψℓ(h
(ℓ)
v , h(ℓ)w )


where h(0)v = xv , ϕℓ is the update function, and ψℓ is the message function.
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Over-smoothing in GNNs refers to the tendency of node representations to become indistinguish-
able as network depth increases (35). The Dirichlet energy provides a standard measure for this
phenomenon

Definition A.2 (Dirichlet Energy). For a signal f : V → R and normalized Laplacian ∆̃, the
Dirichlet energy is

⟨f, ∆̃f⟩ = 1

2

∑
(i,j)∈E

wij

(
f(i)√
di
− f(j)√

dj

)2

where wij are edge weights and di is the degree of vertex i.

While Dirichlet energy has emerged as the dominant measure for analyzing over-smoothing in
GNNs (35), it provides only a partial view of signal propagation dynamics. Dirichlet energy was
first introduced to the GNN literature as a measure of signal smoothness across graph structures (5).
It has since become the standard tool for analyzing over-smoothing phenomena. In the context of
quantum mechanical observables, Dirichlet energy can be interpreted as the expected value of the
observable Laplacian operator. However, this observable fundamentally measures the rate of change
between neighboring nodes, essentially capturing local gradient information in the spatial domain,
which corresponds to momentum space properties (see Theorem G.1). This perspective reveals
critical limitations of Dirichlet energy: its local focus only captures immediate neighborhood re-
lationships, missing long-range dependencies crucial for understanding over-squashing phenomena
and signals whose mass is concentrated in specific graph neighborhoods. For GNN analysis, it is
beneficial to have the ability to quantify signal ”transport” or understand relative signal localization.

Figure 4: signal transport

Beyond the well known over-smoothing effect, MPNNs also suffer from over-squashing, where
long-range information is compressed through topological bottlenecks and becomes effectively in-
visible to distant nodes. (1) showed first heuristics of over squashing and claim that the cause of
bottlenecks is due the exponential growth of the node receptive field (8)
Definition A.3 (Node Receptive Field Set). Given graph G = (V,E), r ∈ N and node v ∈ V the
Receptive Field is

Br(v) := {w ∈ V : dG(v, w) ≤ r},
where dG is the shortest path length on the graph

(1) argued that oversquashing occurs when exponentially many messages are compressed into fixed-
size vectors. (42) formalized this via sensitivity analysis:

Definition A.4 (Oversquashing via Sensitivity). Oversquashing occurs when the representation h(ℓ)v

at node v fails to be sufficiently affected by input features xw of distant nodes w. This is measured
by the Jacobian ∥∂h(ℓ)v /∂xw∥.
Lemma A.5 (r- distance Sensitivity Bound (42)). Let Sr(v) := {w ∈ V : dG(v, w) = r}. For an
MPNN with bounded gradients ∥∇ϕℓ∥ ≤ α and ∥∇ψℓ∥ ≤ β, if w ∈ Sr+1(v), then∥∥∥∥∥∂h(r+1)

v

∂xw

∥∥∥∥∥ ≤ (αβ)r+1(Ar+1)vw (7)

where A is the adjacency matrix and (Ar+1)vw counts paths of length r + 1 from w to v.
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This bound reveals oversquashing, when (Ar)vw decays exponentially with distance (e.g., in trees),
distant nodes have vanishing influence, creating information bottlenecks. (42) also connects to the
Cheeger constant,

2hG ≥ λ1 ≥
h2G
2

which is a result from the Cheeger constant (7; 11)

hG := min
S⊂V

hS , hS :=
|∂S|

min{vol(S), vol(V \ S)}

and to the Cheeger inequality,

2hG ≥ λ1 ≥
h2G
2

which bounds the spectral gap. Here, λ1 is the first non-zero eigenvalue of the normalized Laplacian;
∂S = {(i, j) : i ∈ S, j ∈ V \ S}; and vol(S) =

∑
i∈S di. The spectral gap can be interpreted as

how well two partitions of a graph are connected. They use the spectral gap to support their graph
curvature method and argue that negative edge curvature indicates its potential role in contributing
to the oversquashing issue.

Ric(i, j) =
2

di
+

2

dj
− 2 + 2

|#△(i, j)|
max{di, dj}

where #△(i, j) counts triangles containing edge (i, j). Negative curvature indicates potential over-
squashing bottlenecks. Later work argued that not only edges are an indicator of oversquashing, but
the relation between every two nodes on the graph. (2) base their method also on the spectral gap,
and showcase their form of measure between two nodes, the effective resistance

Definition A.6 (Effective Resistance). For two nodes u, v ∈ V their effective resistance is

Ru,v = (1u − 1v)
⊤∆†(1v − 1u)

where ∆† is the pseudoinverse of the graph Laplacian.

(2) generalized the sensitivity analysis to arbitrary node pairs using effective resistance:

Lemma A.7 (Effective Resistance Sensitivity Bound). For an MPNN with bounded gradients
∥∇ϕℓ∥ ≤ α and ∥∇ψℓ∥ ≤ β, the sensitivity between nodes u, v at layer r satisfies:∥∥∥∥∥∂h(r)v

∂xu

∥∥∥∥∥ ≤ (αβ)r · exp (−c · r ·Ru,v)

where Ru,v is the effective resistance and c > 0 is a constant depending on the graph.

This bound shows that sensitivity decays exponentially with both distance and effective resistance,
providing a more refined measure than path counting alone.

While these methods analyze oversquashing from graph topology, we propose that the choice of
graph shift operator (GSO) also critically affects susceptibility to oversquashing. Different GSOs
encode distinct notions of signal propagation, making some inherently more prone to information
bottlenecks than others.

B SCHRÖDINGER IN CLASSICAL QUANTUM MECHANICS

Our graph based Schrödinger framework extends classical quantum mechanics. Understanding the
classical case provides intuition for why real-valued graph signals require modulation to achieve
directional transport, and establishes the theoretical foundations for our propagation measures. In
this section, we establish the classical quantum mechanical foundations using our graph notation for
consistency. Here, g represents a continuous wavefunction g : R→ C, the feature location f(x) = x
is the spatial coordinate, and Xf is the position operator acting as (Xfg)(x) = x · g(x). This can
be understood both mathematically and intuitively: a real wave function represents a standing wave

14
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with equal probability of movement in opposite directions, resulting in no net momentum. More
formally, for a real-valued wave function g(x), we have

Ei∇f
(g) = ⟨g, i∇fg⟩ = −iℏ

∫
g(x)

∂

∂x
g(x)dx = 0

This property presents a challenge when we want to model directional information flow in graph
neural networks, as real-valued node features would similarly lack directional momentum. We wish
to understand how the wave function evolves in the classical case, so we need to understand the
expected location derivative, also known as the Heisenberg motion equation.
Theorem B.1 (Heisenberg Equation of Motion for Expected Values). Let gt = Stg where St =
e−it∆ is the Schrödinger evolution operator with Hamiltonian ∆. For any observableA, the deriva-
tive of its expected value with respect to t is

∂

∂t
EA(gt) = i⟨[∆, A]gt, gt⟩

Proof. We prove this using the limit definition and the expansion of the Schrödinger operator

∂

∂t
EA(gt) = lim

h→0

EA(gt+h)− EA(gt)
h

Since gt+h = Shgt and Sh = e−ih∆:

EA(gt+h) = ⟨Agt+h, gt+h⟩ = ⟨AShgt,Shgt⟩ = ⟨S−hAShgt, gt⟩

Expanding Sh = e−ih∆ = I − ih∆+O(h2) and S−h = I + ih∆+O(h2):

S−hASh = (I + ih∆)A(I − ih∆) +O(h2)

= A+ ih∆A− ihA∆+O(h2)

= A+ ih[∆, A] +O(h2)

Taking the limit

∂

∂t
EA(gt) = lim

h→0

⟨(A+ ih[∆, A])gt, gt⟩ − ⟨Agt, gt⟩
h

= i⟨[∆, A]gt, gt⟩

Theorem B.2 (Expected Position Evolution in Classical Case). Let gt = Stg with St = e−it∆

where ∆ = − ∂2

∂x2 . Then the expected position evolves linearly with t

EXf
(gt) = EXf

(g0)− 2tEi∇f
(g0)

Proof. From Theorem B.1, we have

∂

∂t
EXf

(gt) = i⟨[∆, Xf ]gt, gt⟩

Computing the commutator [∆, Xf ] = [− ∂2

∂x2 , Xf ]: for any function h,

[− ∂2

∂x2
, Xf ]h = − ∂2

∂x2
(xh) + x

∂2h

∂x2
= −2∂h

∂x
= 2i(i

∂h

∂x
) = 2i(i∇fh)

Therefore [∆, Xf ] = 2i(i∇f ) and

∂

∂t
EXf

(gt) = i⟨2i(i∇f )gt, gt⟩ = −2Ei∇f
(gt)

Next, we show that momentum is conserved:

∂

∂t
Ei∇f

(gt) = i⟨[∆, i∇f ]gt, gt⟩

15
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Since [∆, i∇f ] = [− ∂2

∂x2 , i
∂
∂x ] = 0

∂

∂t
Ei∇f

(gt) = 0

Thus Ei∇f
(gt) = Ei∇f

(g0) for all t. Integrating the position equation

EXf
(gt) = EXf

(g0) +

∫ t

0

(−2Ei∇f
(g0))ds = EXf

(g0)− 2tEi∇f
(g0)

For real-valued signals, the expected location remains constant under Schrödinger evolution, which
motivates the need for modulation to achieve directional transport.

Theorem B.3 (Linear Evolution of Expected Feature in the Classical Case). Given two real valued
signals g, h such that g is modulated by h at the initial state g0 = Diθhg, the evolution of the
expected feature is

EXf
(gt) = EXf

(g)− tθ
∫
h′(x)|g(x)|2dx

Proof. Using the basic evolution from Theorem B.2 and that expected location is invariant to mod-
ulation:

EXf
(gt) = EXf

(g0) + tEi∇f
(g0) = EXf

(g) + tEi∇f
(g0)

Isolating the expected momentum:

tEi∇f
(g0) = ti

∫
g(x)eiθh(x)

d

dx
(g(x)eiθh(x))dx = ti

∫
g(x)e−iθh(x)(g′(x)eiθh(x)+iθh′(x)g(x)eiθh(x))dx

= tEi∇f
(g)− tθ

∫
h′(x)|g(x)|2dx

Substituting back into the equation:

EXf
(gt) = EXf

(g)− tθ
∫
h′(x)|g(x)|2dx

Theorem B.4 (Real Signals Have Constant Expected Position). For any real-valued signal g : R→
R, the expected position remains constant under Schrödinger evolution:

EXf
(gt) = EXf

(g) for all t

Proof. From Theorem B.2, EXf
(gt) = EXf

(g)− 2tEi∇f
(g). For real-valued g, we have Ei∇f

(g) =

0 since ⟨g, i∇fg⟩ = −i
∫
g(x)g′(x)dx = 0. Therefore EXf

(gt) = EXf
(g).

Theorem B.5 (Time Derivative of Position Variance in the Free Schrödinger Case). Let g ∈ L2(R)
be a normalized wavefunction, and let gt = e−it∆ g denote the free Schrödinger evolution with
∆ = −∇2

f . Then the time derivative of the variance of position is:

∂

∂t
VXf

(gt) = Ei[∆,X2
f ]
(gt) + 4

(
EXf

(g)− 2t Ei∇f
(g)
)
Ei∇f

(g)

Proof of Theorem B.5. The variance of Xf at time t is:

VXf
(gt) = EX2

f
(gt)− EXf

(gt)
2.

Differentiating with respect to t and using the free particle result EXf
(gt) = EXf

(g) − 2t Ei∇f
(g)

and that the time derivative of the expected position equals the expected momentum (with our con-
ventions ∂

∂tEXf
(gt) = −2 Ei∇f

(g)):

∂

∂t
VXf

(gt) =
∂

∂t
EX2

f
(gt)− 2 EXf

(gt) ·
∂

∂t
EXf

(gt) =
∂

∂t
EX2

f
(gt) + 4 EXf

(gt) Ei∇f
(g).
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Under unitary Schrödinger evolution, for any observable A:

∂

∂t
EA(gt) = Ei[∆,A](gt).

Thus, substituting A = X2
f and EXf

(gt) = EXf
(g)− 2t Ei∇f

(g) yields

∂

∂t
VXf

(gt) = Ei[∆,X2
f ]
(gt) + 4

(
EXf

(g)− 2t Ei∇f
(g)
)
Ei∇f

(g).

C SCHRÖDINGER DYNAMICS

Theorem C.1 (Expected Momentum Conservation). For the Schrödinger evolution gt = Stg, the
expected momentum is conserved:

Ei∇f
(gt) = Ei∇f

(g) for all t

Proof of Theorem 3.4. We showed previously that the Schrödinger operator is unitary and that it
commutes with ∇f because it is represented by a sum of identity matrices and powers of ∇f itself,
thus we can say:

Ei∇f
(Stg) = ⟨i∇fStg,Stg⟩ = ⟨iS−t∇fStg, g⟩ = ⟨i∇fg, g⟩

Definition C.2 (ϵ − f Regular Signal). Let G = (V,E) be a graph, f : V → R be a signal, and
Wf be the f -smoothing operator, a signal g : V → C is called ϵ− f regular if there exists a signal
eg such that

Wfg = g + eg, ∥eg∥2 ≤ ϵ
Lemma C.3 (Smoothing Operator as Commutator).

Wf = −i[∇f , Xf ] = −i(∇fXf −Xf∇f )

Proof. For any signal g and vertex v:

([∇f , Xf ]g)(v) = (∇fXfg)(v)− (Xf∇fg)(v)

= i
∑
w∈V

av,w(f(w)− f(v))f(w)g(w)− f(v) · i
∑
w∈V

av,w(f(w)− f(v))g(w)

= i
∑
w∈V

av,w(f(w)− f(v))2g(w) = i(Wfg)(v)

Therefore Wf = −i[∇f , Xf ].

Lemma C.4 (Commutator Expansion for Schrödinger Laplacian). For the Schrödinger Laplacian
∆ = −∇2

f and feature operator Xf , we have:

i[∆, Xf ] = −i∇fWf − iWf∇f

where Wf = [∇f , Xf ] is the f -smoothing operator.

Proof. Using the product rule for commutators [AB,C] = A[B,C] + [A,C]B, we have:

i[∆, Xf ] = i[−∇2
f , Xf ] = −i[∇2

f , Xf ] = −i[∇f∇f , Xf ]

= −i∇f [∇f , Xf ]− i[∇f , Xf ]∇f

= −i∇fWf − iWf∇f

17
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Proof of Theorem 3.6. We start from the limit definition of the time derivative:

∂

∂t
EXf

(gt) = lim
h→0

EXf
(gt+h)− EXf

(gt)

h
.

Because gt+h = Shgt and St is unitary, we may write

EXf
(gt+h) = ⟨XfShgt,Shgt⟩ = ⟨S−hXfShgt, gt⟩.

Using the Hadamard lemma S−hXfSh = Xf + h i[∆, Xf ] + o(h) we obtain

EXf
(gt+h)− EXf

(gt) = ⟨h i[∆, Xf ]gt, gt⟩+ o(h)

= h ⟨i[∆, Xf ]gt, gt⟩+ o(h).

Dividing by h and taking h→ 0 gives

∂

∂t
EXf

(gt) = ⟨i[∆, Xf ]gt, gt⟩.

Substituting ∆ = −∇2
f and using Lemma C.4 yields

∂

∂t
EXf

(gt) = −
(
⟨i∇fWfgt, gt⟩+ ⟨Wf i∇fgt, gt⟩

)
i∇f is hermitian

= −
(
⟨Wfgt, i∇fgt⟩+ ⟨i∇fgt,Wfgt⟩

)
= −

(
⟨i∇fgt,Wfgt⟩+ ⟨i∇fgt,Wfgt⟩

)
= −2Re

(
⟨i∇fgt,Wfgt⟩

)
where we used the fact that Wf is self-adjoint, the properties of inner products, and the identities
Re(z) = z+z

2 and Im(z) = z−z
2i = −iRe(iz).

Proof of Theorem 3.8. For the modulated signal Dθhg(v) = g(v)eiθh(v):

(∇fDθhg(m) = i
∑
n∈V

am,ng(n)e
iθh(n)(f(n)− f(m))

The expected momentum is:

Ei∇f
(Dθhg) = ⟨i∇fDθhg,Dθhg⟩

=
∑
m∈V

g(m)eiθh(m) · i
∑
n∈V

am,ng(n)e
iθh(n)(f(n)− f(m))

= i
∑
m∈V

∑
n∈V

am,ng(m)g(n)eiθ(h(n)−h(m))(f(n)− f(m))

Using the symmetry of undirected graphs and Euler’s formula eiθ = cos(θ) + i sin(θ):

Ei∇f
(Dθhg) = i

∑
(m,n)∈E

am,ng(m)g(n)[eiθ(h(n)−h(m))(f(n)− f(m)) + eiθ(h(m)−h(n))(f(m)− f(n))]

= i
∑

(m,n)∈E

am,ng(m)g(n)(f(n)− f(m))[eiθ(h(n)−h(m)) − e−iθ(h(n)−h(m))]

= i
∑

(m,n)∈E

am,ng(m)g(n)(f(n)− f(m)) · 2i sin(θ(h(n)− h(m)))

= −2
∑

(m,n)∈E

am,ng(m)g(n)(f(n)− f(m)) sin(θ(h(n)− h(m)))
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Theorem C.5 (Deviation Bounds for expected feature Dynamics). For the Schrödinger operator
St = e−it∆ with ∆ = −∇2

f and signal g : V → C, if its evolved form gt = Stg is ϵ-f regular, the
deviation between the time derivative of expected feature and the expected momentum is bounded:∣∣∣∣ ∂∂tEXf

(gt)− Ei∇f
(g)

∣∣∣∣ ≤ 2ϵ∥∇f∥op∥g∥2

Proof of Theorem C.5. recall from 3.6 that

∂

∂t
EXf

(gt) = −2Re
(
⟨i∇fgt,Wfgt⟩

)
.

By the ϵ–f regularity assumption there exists egt with ∥egt∥2 ≤ ϵ such that Wfgt = gt + egt .
Substituting this identity gives∣∣∣∣ ∂∂tEXf

(gt) + 2 Ei∇f
(gt)

∣∣∣∣ = ∣∣∣−2Re(⟨i∇fgt, egt⟩
)∣∣∣

≤ 2 ∥i∇fgt∥2 ∥egt∥2 ≤ 2ϵ ∥∇f∥F ∥gt∥2 = 2ϵ ∥∇f∥F ∥g∥2

Proof of Expected multi-Feature Derivative Theorem 3.9. To prove the theorem, we start by consid-
ering the limit definition of the time derivative of the expected feature:

∂

∂t
EXfk

(gt) = lim
h→0

⟨Xfkgt+h, gt+h⟩ − ⟨Xfkgt, gt⟩
h

Since gt+h = Shgt and Sh = e−ih∆ is unitary, we have:

⟨Xfkgt+h, gt+h⟩ = ⟨XfkShgt,Shgt⟩
= ⟨S∗hXfkShgt, gt⟩
= ⟨S−hXfkShgt, gt⟩

Using the expansion Sh = I − ih∆+ o(h2) and S−h = I + ih∆+ o(h2), we compute:

S−hXfkSh = (I + ih∆+ o(h2))Xfk(I − ih∆+ o(h2))

= Xfk + ih∆Xfk − ihXfk∆+ o(h2)

= Xfk + ih[∆, Xfk ] + o(h2)

Therefore:
⟨S−hXfkShgt, gt⟩ − ⟨Xfkgt, gt⟩

h
=
⟨(Xfk + ih[∆, Xfk ] + o(h2))gt, gt⟩ − ⟨Xfkgt, gt⟩

h
= i⟨[∆, Xfk ]gt, gt⟩+ o(h)

Taking the limit as h→ 0:

∂

∂t
EXfk

(gt) = lim
h→0

i⟨[∆, Xfk ]gt, gt⟩+ o(h) = ⟨i[∆, Xfk ]gt, gt⟩

= −
∑
j

〈
[i∇2

fj , Xfk ]gt, gt

〉
= −2Im ⟨i∇fkgt,Wfkgt⟩+

∑
j ̸=k

〈
[i∇2

fj , Xfk ]gt, gt

〉
.

This completes the proof.

Theorem C.6 (Multi Channel Deviation Bounds for expected feature Dynamics). For the
Schrödinger operator St = e−it∆, the deviation between the time derivative of expected feature
and the expected momentum is bounded as follows: For signals {f1, . . . , fN} forming a δ-Position-
Momentum Commuting set, and gt = Stg being ϵ-fk regular for each k, with ∆ = −

∑N
n=1∇2

fn
:∣∣∣∣ ∂∂tEXfk

(gt)− 2Ei∇fk
(g)

∣∣∣∣ ≤ 2ϵ∥∇fk∥op∥g∥2 + δ
∑
j ̸=k

2∥∇fj∥op∥g∥22
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Proof of Theorem C.6. Using Theorem 3.9,

∂

∂t
EXfk

(gt) = ⟨i[∆, Xfk ]gt, gt⟩ = −
N∑

n=1

⟨i[∇2
fn , Xfk ]gt, gt⟩

We split the sum into the n = k term and the cross terms n ̸= k:

∂

∂t
EXfk

(gt) = −⟨i[∇2
fk
, Xfk ]gt, gt⟩ −

∑
n ̸=k

⟨i[∇2
fn , Xfk ]gt, gt⟩

For the main term (n = k), by the single-feature deviation bound (Theorem C.5):∣∣∣−⟨i[∇2
fk
, Xfk ]gt, gt⟩ − 2Ei∇fk

(g)
∣∣∣ ≤ 2ϵ∥∇fk∥op∥g∥2

Note that in the multi-feature case, Ei∇fk
(gt) may not be exactly constant, but we compare to the

initial value Ei∇fk
(g).

For each cross term n ̸= k, using the δ-commuting property [Xfk ,∇fn ] = Ek,n with ∥Ek,n∥op ≤ δ,
we expand:

[∇2
fn , Xfk ] = ∇fn [∇fn , Xfk ] + [∇fn , Xfk ]∇fn = −(∇fnEk,n + Ek,n∇fn)

Thus,

|⟨i[∇2
fn , Xfk ]gt, gt⟩| = |⟨i(−∇fnEk,n − Ek,n∇fn)gt, gt⟩| ≤ 2δ∥∇fn∥op∥gt∥22 = 2δ∥∇fn∥op∥g∥22

Summing over n ̸= k: ∣∣∣∣∣∣
∑
n ̸=k

⟨i[∇2
fn , Xfk ]gt, gt⟩

∣∣∣∣∣∣ ≤ δ
∑
n ̸=k

2∥∇fn∥op∥g∥22

Combining both parts:∣∣∣∣ ∂∂tEXfk
(gt)− 2Ei∇fk

(g)

∣∣∣∣ ≤ 2ϵ∥∇fk∥op∥g∥2 + δ
∑
j ̸=k

2∥∇fj∥op∥g∥22

Proof of the Variance Dynamics Theorem 3.12. Starting from the definition of variance:

VXf
(gt) = EX2

f
(gt)− EXf

(gt)
2

Taking the derivative with respect to t:

∂

∂t
VXf

(gt) =
∂

∂t
EX2

f
(gt)− 2EXf

(gt)
∂

∂t
EXf

(gt)

From the time evolution of expected feature for every observable, we know that:

∂

∂t
EX2

f
(gt) = Ei[∆,X2

f ]
(gt)

Substituting this into our expression:

∂

∂t
VXf

(gt) = Ei[∆,X2
f ]
(gt)− 2EXf

(gt)Ei[∆,Xf ](gt)

using theorem 3.6

= Ei[∆,X2
f ]
(gt) + 4EXf

(gt)Re
(
⟨i∇fgt,Wfgt⟩

)
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Proof of the Mixed Derivative of The Signal Routing Measure Claim 3.13 .

d

dt
PXf

(g, gt, r)|t=0 =
d

dt

VXf
(gt) + (r − EXf

(gt))
2

VXf
(g)

|t=0

=
Ei[∆,X2

f ]
(g0) + 4EXf

(g0)Re
(
⟨i∇fg0,Wfg0⟩

)
− 2(r − EXf

(g0))
d
dtEXf

(gt)|t=0

VXf
(g)|t=0

using the 3.6

=
Ei[∆,X2

f ]
(g0) + 4EXf

(g0)Re
(
⟨i∇fg0,Wfg0⟩

)
+ 4(r − EXf

(g0))Re
(
⟨i∇fg0,Wfg0⟩

)
VXf

(g0)

=
Ei[∆,X2

f ]
(g0) + 4rRe

(
⟨i∇fg0,Wfg0⟩

)
VXf

(g0)

Treating the measure derivative at t = 0 as a function of θ we get

Ei[∆,X2
f ]
(Dθhg) + 4rRe

(
⟨i∇fDθhg,WfDθhg⟩

)
VXf

(Dθhg)

Taking the derivative with respect to θ to show that for nontrivial signals when θ = 0 the value of
the derivative is nonzero, thus the use of modulation can minimize the measure value

d

dθ

Ei[∆,X2
f ]
(Dθhg) + 4rRe

(
⟨i∇fDθhg,WfDθhg⟩

)
VXf

(Dθhg)
=

=

d
dθEi[∆,X2

f ]
(Dθhg) + 4r d

dθRe
(
⟨i∇fDθhg,WfDθhg⟩

)
VXf

(g)

We can interpret Dθhg = eiθXhg = (I + iθXh + o(θ2))g

d

dθ
Ei[∆,X2

f ]
(Dθhg) = lim

ϵ→0

Ei[∆,X2
f ]
(D(θ+ϵ)hg)− Ei[∆,X2

f ]
(Dθhg)

ϵ

= lim
ϵ→0

⟨i(I − iϵXh + o(θ2)[∆, X2
f ](I + iϵXh + o(θ2)Dθhg,Dθhg⟩ − Ei[∆,X2

f ]
(Dθhg)

ϵ
= −⟨[[∆, X2

f ], Xh]Dθhg,Dθhg⟩
At θ = 0:

d

dθ
Ei[∆,X2

f ]
(Dθhg)|θ=0 = −⟨[[∆, X2

f ], Xh]g, g⟩

For the second term, we use the fact that for F (θ) = ⟨i∇fe
iθXhg,Wfe

iθXhg⟩:
d

dθ
Re(F (θ)) = Re

(
d

dθ
F (θ)

)
Computing the derivative:
d

dθ
⟨i∇fe

iθXhg,Wfe
iθXhg⟩ = ⟨i∇f (iXh)e

iθXhg,Wfe
iθXhg⟩+ ⟨i∇fe

iθXhg,Wf (iXh)e
iθXhg⟩

= −⟨∇fXhe
iθXhg,Wfe

iθXhg⟩ − i⟨i∇fe
iθXhg,WfXhe

iθXhg⟩
At θ = 0:

d

dθ
F (θ)

∣∣∣∣
θ=0

= −⟨∇fXhg,Wfg⟩+ ⟨∇fg,WfXhg⟩

∂

∂θ

∂

∂t
PXf

(g,S[t, f ]D[θh]g, r)
∣∣∣
t=θ=0

=

⟨[Xh, [∆, X
2
f ]]Dθhg,Dθhg⟩+ 4r⟨[Xh,Wf∇f ]g, g⟩

VXf
(Dθhg)
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D PROPERTIES OF UNITARY OPERATORS ON GRAPHS

In a general Hilbert space HG of graph signals, a unitary operator U : HG → HG satisfies
U∗U = UU∗ = I . Unitary operators generated by self-adjoint operators, such as the Schrödinger
operator St = e−it∆ where ∆ is self-adjoint, possess several fundamental properties that make them
particularly suitable for graph neural network applications. We establish these properties formally
below.

Theorem D.1 (Inner Product Preservation). A unitary operator U preserves the inner product struc-
ture of the Hilbert space. For any two signals f, g : V → C

⟨Uf,Ug⟩ = ⟨f, g⟩

The inner product preservation ensures norm preservation: ∥Uf∥ = ∥f∥ for any signal f , which
guarantees numerical stability during the evolution process, preventing signal amplification or atten-
uation that could lead to vanishing or exploding gradients in deep network architectures.

Theorem D.2 (Equivariance). Let P be a permutation matrix corresponding to a graph automor-
phism. A unitary operator U commutes with P if it is generated by a self-adjoint operator that
commutes with P . In particular, for the Schrödinger operator St = e−it∆ where ∆ commutes with
P , we have for any signal f : V → C:

St(Pf) = P (Stf)

Proof of Theorem D.2. Since P is a graph automorphism, then the Laplacian commutes with P (i.e.,
P∆ = ∆P ), we have:

St(Pf) = e−it∆(Pf) =

∞∑
n=0

(−it∆)n

n!
Pf =

∞∑
n=0

(−it)n

n!
∆nPf =

= P

∞∑
n=0

(−it)n

n!
∆nf = P (Stf)

Theorem D.3 (Observable Conservation). Let A be a self-adjoint operator on HG and Ut = eitA

be the unitary operator generated by A. For any signal f and any polynomial p, the expected value
of A is invariant under evolution by any unitary operator of the form eitp(A):

EA
(
eitp(A)f

)
= EA(f)

In particular, for the Schrödinger operator St = e−it∆, the Dirichlet energy E∆(f) is conserved.

These properties establish unitary operators, and in particular the Schrödinger operator, as natu-
ral choices for information propagation on graphs while maintaining both stability and structural
consistency.

Proof of Theorem D.3. Let Up = eitp(A). We prove that EA(Upf) = EA(f):

EA (Upf) = ⟨AUpf, Upf⟩
=
〈
U∗
pAUpf, f

〉
(using unitarity of Up)

=
〈
AU∗

pUpf, f
〉

(since [A,Up] = 0 as Up = eitp(A))

= ⟨Af, f⟩ (since U∗
pUp = I)

= EA(f)

The key insight is that A commutes with any function of A, including Up = eitp(A).
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E IMPLEMENTATION

E.1 MATRIX EXPONENTIAL IMPLEMENTATION

For practical implementation of the Schrödinger operator St = e−it∆, we need to compute the
exponential of a matrix. For an operator A, its exponential eA is defined through its Taylor series
expansion:

eA =

∞∑
k=0

Ak

k!
= I +A+

A2

2!
+
A3

3!
+ · · ·

where Ak denotes the operator A applied k times, and A0 = I is the identity operator. In practice,
this infinite series is truncated at a finite order T for computational feasibility:

eA ≈
T∑

k=0

Ak

k!

For the Schrödinger operator with a small time step, this approximation provides sufficient accu-
racy while maintaining computational efficiency. The choice of truncation order T depends on the
spectral properties of the Laplacian and the desired accuracy of the evolution.

E.2 SHIFT OPERATOR

Let A ∈ R|V |×|V | be the (symmetric) adjacency matrix with entries an,m and let f : V → R be
a real node feature. Denote by Xf := diag(f) the feature-location operator. We define the graph
derivative along f by the Hermitian commutator

∇f := [Xf , A] = (XfA−AXf , (∇f )n,m = an,m(f(n)− f(m)).

This operator mixes values only across edges and measures signed change of the signal in the di-
rection where f varies. It satisfies: (i) Locality: (∇f )n,m = 0 whenever (n,m) /∈ E. (ii) Gauge-
invariance: if f is constant then ∇f = 0. (iii) Structure: for real f and symmetric A, [Xf , A]
is skew-symmetric, hence ∇f is Hermitian and generates unitary dynamics. We use the feature-
weighted Laplacian

∆f := −∇ 2
f = −(XfA−AXf )

2,

and the unitary shift St = e−it∆f .

F EXPERIMENTS

F.1 TOY EXPERIMENT - GRID ORTHOGONALITY

To assess the effectiveness of our optimization, we conduct a simple grid experiment. We consider a
grid graph whose node features are the Cartesian coordinates x and y. We then replace the features
by x and x + y, apply the Position–Momentum Orthogonalization optimization described earlier,
and expect the learned transformation to recover two orthogonal directions. We visualize the input
features and the optimized, orthogonalized features below ??.

F.2 OPTIMIZING SIGNAL TRANSPORT VIA MODULATION

We constructed an experiment to show that the use of modulation can benefit signal transport on
graphs. We generateN = 60 nodes from two 2D Gaussians, 30 around (−1, 0) and 30 around (1, 0)
with standard deviation 0.5 per axis. An undirected, unweighted edge is added when Euclidean
distance is < 1.5. We define a scalar node feature fi as the x-coordinate, which serves as the
modulation feature. We also define the g graph signal as the Euclidean distance of each node’s
x, y coordinates from (−1, 0). Our target value to move the signal to is r = 1. We calculated the
expected feature location, variance and routing measure as follows:

1. expected feature location: EXf
(g) =

∑N
j=1 fj |gj |2

2. variance: VXf
(g) = EX2

f
(g)− EXf

(g)2
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Figure 5: Grid orthogonality toy experiment. first two from left: original coordinate features x
and x + y. two to the right: features after applying the Position–Momentum Orthogonalization
optimization; the recovered directions are orthogonal.

3. routing measure: PXf
(g0, gt, r) =

VXf
(gt)+(r−EXf

(gt))
2

VGXf
(g0)

We used our Schrödinger method S0.1, and iterated it 3 times over multiple θ values on the interval
of [−5, 5]. Theoretically the norm should remain 1, but due to numerical instability we normalized
each Schrödinger output by ∥g∥2 = 1 and its absolute value was taken. The results of the expected
feature location, variance, and routing measure can be found in the figure 2.

F.3 GAUSSIAN TRANSLATE TOY EXPERIMENT

We study a controlled equivariant task on a ring graph that isolates translation behavior. Given a
real signal sampled on a cycle graph, the model must learn the circular shift operator Sd such that
the target is y = Sdx. This task stresses whether a graph model can implement phase consistent
transport on a simple topology.

Data. We generate a cycle graph with N = 100 nodes and undirected edges to immediate neigh-
bors. Angles are θn = −π + 2πn/N . For each sample we draw variance σ2 ∼ U [0.5, 1.5] (effec-
tively bounded by “variance random bound=1” around the center used in code), add Gaussian noise
with standard deviation 10−3, roll by a random shift, normalize to unit ℓ2 norm, and set the label
y = Sdx with d = 35. Datasets use an 80/10/10 split and batch size 32.

Models. We compare standard real-valued GNNs with Schrödinger models that implement unitary
graph propagation via a truncated exponential. Let A denote the aggregation operator on the cycle
and define the complex generator H = iA. Each Schrödinger layer applies a learnable linear map
W and a Taylor approximation of the unitary flow eδH: z ←

∑T
k=0

(δH)k

k! Wz with T = 15. We use
depth L = 35, feature normalization after every layer, and a magnitude nonlinearity. The modulated
variants inject positional phase through a learned linear modulation direction m = Linear( [x, θ] )
and multiply features by ei ϵm with ϵ = 25. The step size δ is learnable.

Training. Loss is the L2 distance between the model prediction f(xi) = ŷi for some sample xi
and the target yi, ∥ŷi − yi∥2. We train with Adam for 250 epochs, using two parameter groups
(modulation parameters at 10× the base learning rate), base learning rate 0.1, ReduceLROnPlateau
with factor 0.7 and patience 10. The evaluation plots show smoothed test losses per epoch with a
dashed reference line corresponding to a naive baseline .

Baselines. Vanilla GCN and GAT are trained with the same depth 35 and comparable width, using
the same magnitude readout and normalization.

F.4 GRAPH NODE CLASSIFICATION HYPERPARAMETERS

For the node classification experiments on standard benchmarks (Chameleon, Squirrel, Texas, Cor-
nell, Actor, Cora, Citeseer, and Pubmed), we performed a comprehensive grid search to optimize
the Schrödinger GNN architecture. Due to computational constraints and the exploratory nature of
this work, we focused our efforts on datasets where initial experiments showed promise.
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Model Params

vanilla GCN 2,136
graph attention (GAT) 6,193
Schrödinger non modulated 4,273
Schrödinger 4,275

Table 3: Gaussian-Translate on a ring with N = 100 and shift d = 35. The modulated Schrödinger
family dominates; our complex modulated model attains strong performance with substantially
lower error than standard GNNs.

Figure 6: Gaussian-Translate learning curves. Lower is better. Our complex modulated Schrödinger
model converges rapidly to the best error, outperforming real-valued and non-modulated variants, as
well as standard GNN baselines. The dashed line denotes the trivial predictor.

Grid Search Details We conducted a grid search over the following hyperparameter ranges:

• Learning rate: {0.1, 0.01, 0.001}
• Dropout: {0.0, 0.1, 0.2, 0.3, 0.4, 0.5}
• L2 regularization (weight decay): {0.01, 0.001, 0.0001, 0.00001, 0.000001}
• Modulation dimensions: {1, 2, 3, 4, 5, 6, 7, 8, 9}

Each configuration was evaluated using 10-fold cross-validation with early stopping based on vali-
dation accuracy. The reported results in Table ?? represent the mean and standard deviation across
these folds.

Implementation Notes For datasets where results show 0.00 accuracy (Chameleon, Squirrel,
Texas, Cornell, Actor, Pubmed), preliminary experiments indicated that the current Schrödinger
GNN formulation requires further architectural adaptations for heterophilic graphs or specific dataset
characteristics. Future work will explore dataset-specific feature engineering and architectural mod-
ifications to address these limitations.

F.5 PEPTIDES

Experimental Setup and Implementation Details Our evaluation framework leverages the
GraphGym platform (45) for systematic assessment on Peptide datasets datasets. Tables ?? presents
comprehensive benchmark results compiled from various state-of-the-art architectures, including
(6; 10; 12; 18; 19; 24; 30; 38; 40; 41; 43; 44), with all reported metrics collected from published lit-
erature as of September 2025. The experimental infrastructure utilizes PyTorch (32) as the primary
deep learning framework, supplemented by PyTorch Geometric (14) for specialized graph neural
network operations.

Edge Feature Handling A notable limitation of our unitary graph convolution implementation is
the absence of native edge feature support. To address this constraint in edge-attributed datasets, we
employ a preprocessing strategy incorporating either GINE (20) or Gated GCN (3) architectures as
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Table 4: Hyperparameters for Schrödinger GNN on Node Classification Tasks

Hyperparameter Cora Citeseer Pubmed Squirrel
Learning rate 0.01 0.01 0.01 0.1
Dropout 0.6 0.3 0.1 0.2
# Conv. Layers 2 2 2 2
Hidden dimension 64 64 64 64
Modulation dimension 6 4 1 2
Weight decay 0.01 0.001 0.01 0.00001
Optimizer Adam Adam Adam Adam

Table 5: Hyperparameters for Schrödinger models on Peptides-Func

Schrödinger Schrödinger (non-modulated)
lr 0.001 0.001
dropout 0.1 0.1
# Conv. Layers 4 4
hidden dim. 80 195
modulation dim. 8 0
node type RSWE RSWE
batch size 200 200
# epochs 4000 4000
edge aggregator GINE GINE
# Parameters 448K 492K

initial layers. These components serve as edge feature aggregators, effectively transforming edge
attributes into node representations. When such preprocessing is utilized, we explicitly document
this configuration through an ”edge aggregator” hyperparameter specification in our experimental
tables.

Computational Resources and Performance All experimental runs were conducted on individ-
ual GPUs, specifically utilizing an NVIDIA NVIDIA L40S hardware. Training duration exhibited
convergence with less than 15 seconds epochs. Dataset storage requirements was 1GB. The smaller
datasets typically completed training epochs within seconds.

Parameter Count LRGB datasets require a parameter limit of 500k, thus each complex parameter
is count as 2.

Hyperparameters We employ the Adam optimizer (22) with an initial learning rate of 0.001,
utilizing a cosine learning rate scheduler and run a hyperparameter sweep for the basic model with
the following hyperparameters:

• Number of layers: {2, 4, 6, 8}
• Dropout: {0.1, 0.15, 0.2}
• Hidden dimensions: maximized according to the 500K parameter count limit and consid-

ering complex as 2 parameters.
• Modulation dimensions: {2, 4, 6, 8}

G PROOFS

Theorem G.1 (Dirichlet Energy is a Laplacian Observable). For a signal f and f̃ its Fourier trans-
form, the Dirichlet energy is equivalent to the expected squared momentum in momentum space:

E∆̃(f) =
1

2

∫
p2|f̃(p)|2dp = 1

2
EP 2(f̃)
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Table 6: Hyperparameters for Schrödinger models on Peptides-Struct

Schrödinger Schrödinger (non-modulated)
lr 0.001 0.001
dropout 0.15 0.1
# Conv. Layers 8 6
hidden dim. 150 64
modulation dim. 2 0
node type LapPE LapPE
batch size 200 200
# epochs 500 500
edge aggregator GINE GINE
# Parameters 499K 499K

where f̃(p) is the Fourier transform of f and p represents momentum.

Proof of Theorem G.1. The proof follows from the spectral decomposition of the Laplacian opera-
tor:

E∆̃(f) = ⟨∆̃f, f⟩ = ⟨−∇ · ∇f, f⟩

=
1

2

∫
∥∇f(x)∥22dx =

1

2

∫
p2|f̃(p)|2dp = 1

2
EP 2(f̃)

where we used Parseval’s theorem and the fact that the Fourier transform of the gradient operator
corresponds to multiplication by ip in momentum space.

Proof of Routing MeasureEquation (2).

PA(g0, gt, r) =
VA(gt) + (r − EA(gt))2

VA(g0)
.

We will focus on the numerator of the energy flow measure, we have:
⟨(Xf−rI)2Ug, Ug⟩ = ⟨(X2

f−2rXf+r
2I−EXf

(Ug)2I+EXf
(Ug)2I+2EXf

(Ug)Xf−2EXf
(Ug)Xf )Ug,Ug⟩

Rearranging terms to complete the square:
= ⟨(X2

f−2EXf
(Ug)Xf+EXf

(Ug)2I)Ug,Ug⟩+⟨(r2−EXf
(Ug)2)IUg, Ug⟩+⟨2(EXf

(Ug)−r)XfUg, Ug⟩

The first term is the variance:
⟨(Xf − EXf

(Ug)I)2Ug, Ug⟩ = VXf
(Ug)

The second term simplifies using norm preservation (∥Ug∥2 = ∥g∥2 = 1 for normalized signals):

⟨(r2 − EXf
(Ug)2)IUg, Ug⟩ = (r2 − EXf

(Ug)2)

The third term uses the definition of expected feature:
⟨2(EXf

(Ug)− r)XfUg, Ug⟩ = 2(EXf
(Ug)− r)EXf

(Ug)

Combining all terms:
⟨(Xf − rI)2Ug, Ug⟩ = VXf

(Ug) + (r2 − EXf
(Ug)2) + 2(EXf

(Ug)− r)EXf
(Ug)

= VXf
(Ug) + r2 − EXf

(Ug)2 + 2EXf
(Ug)2 − 2rEXf

(Ug)

= VXf
(Ug) + r2 + EXf

(Ug)2 − 2rEXf
(Ug)

= VXf
(Ug) + (r − EXf

(Ug))2

Therefore, the energy flow measure becomes:
⟨(Xf − rI)2Ug,Ug⟩

VXf
(g)

=
VXf

(Ug) + (r − EXf
(Ug))2

VXf
(g)
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