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Abstract

Transformer models have become the dominant backbone for sequence modeling,
leveraging self-attention to produce contextualized token representations. These are
typically aggregated into fixed-size vectors via pooling operations for downstream
tasks. While much of the literature has focused on attention mechanisms, the role
of pooling remains underexplored despite its critical impact on model behavior.
In this paper, we introduce a theoretical framework that rigorously characterizes
the expressivity of Transformer-based models equipped with widely used pooling
methods by deriving closed-form bounds on their representational capacity and the
ability to distinguish similar inputs. Our analysis extends to different variations of
attention formulations, demonstrating that these bounds hold across diverse archi-
tectural variants. We empirically evaluate pooling strategies across tasks requiring
both global and local contextual understanding, spanning three major modalities:
computer vision, natural language processing, and time-series analysis. Results
reveal consistent trends in how pooling choices affect accuracy, sensitivity, and
optimization behavior. Our findings unify theoretical and empirical perspectives,
providing practical guidance for selecting or designing pooling mechanisms suited
to specific tasks. This work positions pooling as a key architectural component
in Transformer models and lays the foundation for more principled model design
beyond attention alone.

1 Introduction

The profound impact of the Transformer [39] architectures across different modalities and in cross-
modal modeling cannot be underestimated. These models have become the building stones of
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large-scale systems capable of successfully addressing a multitude of downstream tasks in com-
puter vision [1], natural language processing (NLP) [37, [14], and time series analysis [22, [12].
Since these models typically require substantial training data to perform effectively, pre-trained
large-scale models trained with self-supervised objectives such as autoregressive, autoencoding,
contrastive, or hybrid formulations have become the standard. These models are first trained
to capture rich, contextualized representations and are later fine-tuned by attaching a classifica-
tion or regression head specific to the downstream task, thereby serving as feature extractors.

Sum

Transformer-based models produce a sequence of token-
level embeddings, which are typically aggregated into a
single vector that captures task-relevant information. This Lt Token
operation, commonly referred to as pooling, has been widely
studied in domains such as multi-modal learning [[10] and
Graph Neural Networks [23]], where it is recognized as a key
architectural component. The choice of pooling function
directly affects the content of the final representation and Attention
thus the model’s performance on downstream tasks. Re-
cent studies have increasingly focused on understanding
Transformer models from both empirical and theoretical per- Clossification - Classification - Next Token
spectives. However, much of this research has concentrated =~~~ Banking Tweet Sentiment ™ Prediction
on the backbone encoder, which processes the input into con-
textual embeddings, often neglecting the final pooling step
that aggregates these into a single representation for predic-
tion. Although some empirical work [35] has explored the
effects of various pooling strategies, a systematic theoretical
analysis is still largely absent.
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Figure 1: Performance of different
pooling strategies using a GPT-2 pre-
trained model.

In this work, we close this gap by providing an end-to-end analysis of Transformer-based models
that explicitly incorporates the pooling stage. We introduce a theoretical framework to quantify
Transformer expressivity, measuring the model’s ability to distinguish dissimilar inputs while pre-
serving similarity. Applying this framework, we analyze how common pooling functions influence
expressivity by encoding different token-level properties. From these insights, we derive practical
guidelines for choosing pooling methods based on a task’s need for local versus global context. We
then validate our theory with experiments in vision, natural language, and time-series domains using
standard models and datasets. The results confirm that no single pooling strategy dominates all
tasks, underscoring the importance of task-tailored pooling design. To our knowledge, this is the first
theoretical examination of pooling mechanisms, offering a unified treatment of standard strategies
found in the literature.

2 Related Work

A growing body of work has provided theoretical insights into Transformer-based models and
their attention mechanisms. Prior research has explored a broad range of topics, including training
dynamics [36], inductive biases [18]], and in-context learning [41]]. Much of this literature focuses on
the core Transformer backbone, proposing architectural improvements and refined training procedures.
However, in practical scenarios, particularly those involving large pretrained models, the backbone is
typically frozen, and a lightweight classification or regression head is appended after the final pooling
layer. This common design choice limits the direct applicability of many of the previously proposed
modifications.

Prior studies have demonstrated that different pooling strategies can significantly influence down-
stream performance. For example, [6] showed that, in Vision Transformers (ViT), the choice between
using a CLS token and average pooling leads to measurable differences in classification accuracy.
Those findings were reaffirmed in a follow-up study [28]], which examined the influence of the classifi-
cation token across different Transformer layers. In the language domain, [[19]] conducted an empirical
analysis of BERT-based [5] embedding models and decoder-only models from the GPT [33} 2] family,
along with their standard pooling layers, and proposed a new technique to mitigate information
dilution and recency bias commonly observed in the respective pooling operations. In addition, [35]
systematically evaluated combinations of attention mechanisms and pooling methods in large lan-



guage models, and introduced an attention-based pooling approach that aggregates representations
from multiple hidden layers. However, the performance of these novel pooling mechanisms has been
shown to vary considerably across different types of tasks.

Multiple studies have further examined the impact of pooling strategies across a variety of settings [38
43]). This line of research concludes that the optimal pooling method generally depends on the specific
downstream task, as well as other factors such as model size. Although these works provide extensive
empirical evidence, to the best of our knowledge, none have proposed a principled theoretical
framework to explain the behavior of pooling operations in a broader context.

More recently, increased attention has been directed toward studying the theoretical properties of
Transformer architectures through the lens of Lipschitz continuity, with the goal of understanding its
behavior and dynamics. For instance, [[15] propose an L2-based attention mechanism that replaces
the standard dot-product, providing both theoretical and empirical evidence of its Lipschitz continuity.
In a similar direction, [4] introduce LipschitzNorm, a normalization technique designed to enforce
Lipschitz continuity within the self-attention mechanism. Building on these efforts, [32] further
redesign the full Transformer architecture to ensure that the model remains Lipschitz continuous
throughout. However, these analyses typically do not extend to the final pooling operation, despite its
widespread use in practical applications.

Our work extends both lines of inquiry by closing the gap between empirical findings and theoretical
understanding, and contributing to a deeper comprehension of how pooling functions influence the
performance of Transformer-based models.

3 Preliminaries

We start by reviewing the Transformer architecture and its key components, forming the basis for the
concepts of our theoretical study.

Transformer Architecture. Let X € X C R™*? denote a sequence of n tokens, where each token
x; € R?. The backbone of a transformer h : X C R"*?¢ — Z C R"*?  as introduced in [39], is
the self-attention mechanism, which computes a weighted combination of all token representations.
Specifically, given learnable query, key, and value parameter matrices W@, WK WV e Réx(d/H)
the output of a single attention head AH for input X is defined as

XW)(XWE)T

GO ) (xw), M
d/H

where H denotes the number of parallel attention heads and d/H is the dimension per head. In

practice, multiple attention heads AH; are computed in parallel, then concatenated and projected
using a learnable weight matrix WO € R?¥9, yielding the Multi-Head Attention (MHA) operation:

MHA (X) = concat(AH; (X), AHa(X), ..., AHy(X))W©. )

AH(X) = softmax(

Attention Block. In addition to MHA, each Transformer attention block (AB) incorporates a residual
connection, layer normalization [20] and a position-wise feed-forward network (FFN), and can be
written in the following two steps:

X' =LN(X + MHA(X)); AB(X) = LN(X' + FFN(X")). 3)

with LN(+) denoting the layer normalization operation. FFN(-) is a feed-forward network, formulated
as FFN(X') = O'(X "Wrr N), with o being a non-linear activation function. While different
placements of normalization layers, commonly called Pre-LN and Post-LLN, have been examined in
prior work [21], this study focuses on the original Post-LN setup. We note that our main findings are
transferable to other configurations.

Pooling. Given the output of a Transformer backbone Z € Z C R™*, a pooling function g : Z —
Y C R produces a fixed-size embedding for downstream tasks. Common choices are Average
pooling, which computes the mean over tokens; Sum pooling, which sums the token embeddings;
Max pooling, which takes the elementwise maximum; and Last-token pooling, which selects a
designated token (for example the final or CLS token).These operations can be formally defined as:

gave(Z) = %Z Zli % gsn(Z) =Y 20T gva(Z) = max Z[i, ) gra(Z) = Z[n. ).
i=1 i=1



Problem Setup. Let f: X C R7*d _ 3 C R be a Transformer-based model incorporating a
final pooling layer. For our theoretical analysis, we model f as a single MHA block with H heads,
followed by a one-layer FFN and the layer-normalization variant of [32]], which is provably stable
under small input perturbations. We assume all activation functions are 1-Lipschitz (e.g. ReLU,
LeakyReLU, TanH) [40], and that the input space is bounded, X' C [0, B]"*¢ This bound is realistic:
in vision and time-series applications B = 1 after normalization, and in NLP the embedding process
usually results in bounded input representations due to the initialization of the embedding matrix.

4 On the Expressivity of Transformer-Based Models

In this section, we introduce the notion of expressivity for Transformer-based models (TBMs).
Building upon this definition, we develop a theoretical analysis of several attention mechanisms and
commonly used pooling strategies.

4.1 Expressivity of TBMs

Inspired by work in graph representation learning, we define expressivity as the capacity of a model
to distinguish between similar and dissimilar inputs [44} 27, [26]. Specifically, by being able to
distinguish between such cases, a model is able to produce meaningful representation that could
be used by a classification or regression head to produce the final downstream task. For instance,
in natural language processing, two semantically similar sentences should yield representations
that are closer in the output embedding space than those produced by two semantically disparate
sentences. In this perspective, defining an accurate measure of semantic similarity that is applicable
across diverse domains such as NLP and computer vision, is crucial and fundamental to evaluating
expressivity. Let X and ) denote the input and output spaces, respectively, we consider both spaces
to be measurable and equipped with a measures | - |y and | - |y. With a well-designed embedding
function, semantically similar elements from the input space are mapped to proximate points in
the output space. Consequently, the distances in ) are expected to accurately reflect the semantic
relationships present in X'.

Let f: X C R™™4 — Y C R? be a TBM as defined in Section For a given input X € X, we
define its neighborhood with respect to the input distance metric and a threshold ¢ by:

B(X,e)={X X :|X - X|x <e}

Since the desired behavior is for inputs in close proximity to yield similar output representations, we
consider the following measure:

Elf] = Py |[X € BX, ) dy(f(X), (X)) > o], @

where D represents the underlying distribution over the input space /X', and dy is a distance metric
on Y. The quantity &.[f] encapsulates the probability that two inputs, which are similar (within
the same neighborhood) in the input space X', are mapped to outputs that differ by more than a
threshold o. Intuitively, a small input distance should yield a correspondingly small output distance,
while larger differences in the input should result in more pronounced variations in the output. A
model that appropriately distinguishes these nuances is said to exhibit stronger expressive power,
which is as motivated previously a vital attribute for achieving robust downstream performance.
Definition . T|reflects such expressivity in the context of TBMs.

Definition 4.1. Let f: X C R"*? — ) C R? be a TBM. The model f is said to be (¢, o,7)-
expressive if £[f] < 7.

Definition [4.1] depends on several hyperparameters. The threshold e specifies when two inputs
are considered semantically similar and is inherently application-specific. For instance, a minor
perturbation in an image may be negligible, while the same in a financial time series could be
meaningful. The parameter o defines the acceptable variation in the output space for representations
to be considered similar. By setting € based on domain knowledge, the interaction between € and o
allows us to capture the model’s expressive capacity in a way that reflects the semantic structure of
the data. This formulation highlights the model’s adaptability and expressivity in application-specific
contexts.



4.2 Expressivity of Pooling Strategies

Based on Definition[4.1] and given fixed values of € and o, our objective is to quantify the correspond-
ing expressivity parameter +y for different pooling strategies. This analysis allows us to assess how
the choice of pooling influences the model’s ability to distinguish semantically meaningful variations
in the input. Throughout the remainder of this paper, ||-|| denotes the operator norm.

Theorem 4.2. Let f: X C R"*% — Y C R? be a TBM following the framework introduced in
Section[3] In respect to Definitiond.1| we have:

2
o If f employs Average pooling, then f is (e, 0,7)-expressive with v = \E/E (%) C1C5
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Theorem [4.2] shows that expressivity bounds across pooling strategies depend on shared architectural
parameters, including the number of attention heads H, embedding dimension d, and sequence
length n, captured through constants C; and C5. These constants reflect the norms of key model
components, such as attention weights, projection layers, and feed-forward networks. Each pooling
function introduces distinct scaling effects, shaping how these elements combine to influence the
model’s ability to separate similar from dissimilar inputs.

For Average pooling, the bound scales with 1/+/n, smoothing the output by evenly distributing token
contributions. This favors tasks where global structure matters more than individual token details.
In contrast, Sum pooling scales with /n, amplifying token-level variation. This is useful for tasks
where localized information is essential. Using a single token (e.g., the last or CLS token) leads
to a scaling of 1, preserving variations without change. This suits scenarios where a specific token
encodes the most relevant context, such as in sentiment analysis. Max pooling introduces a bound that
scales as 1/min(n, d). When d is large relative to n, it behaves similarly to Sum pooling, capturing
fine-grained differences. When d is smaller, it emphasizes broader context. This flexibility enables
Max pooling to shift between local and global focus based on model size and sequence length.

Overall, the theoretical results emphasize that pooling is a key factor in how Transformer models
aggregate local token information into a global representation. Theorem [4.2] formalizes how this
choice affects model expressivity across different settings.

On the generalization to multi-layer TBMs. We note that the current theoretical analysis focuses on
a single-layer Transformer-based model; nonetheless, the results naturally extend to the multi-layer
case. Specifically, a Transformer model with L layers, denoted as f(%), can be expressed as a
composition of L single-layer functions: f(X)(z) = f(L=D o f(L=2) o ... o f()(z). Under this
formulation, and following standard results from Lipschitz continuity, the overall expressivity bound
bound ~ for each pooling becomes a multiplicative composition of the bounds for each individual
layer. As a result, our theoretical study remains applicable to deeper architectures, as confirmed by
experiments involving exclusively multi-layer models.

4.3 Expressivity of Alternative Attention Mechanisms

Recent studies have proposed alternative formulations of the scaled dot-product self-attention mech-
anism to improve model behavior and facilitate theoretical analysis. For example, L2 Multi-Head
Attention (L2-MHA) [[15] employs an L2-kernel attention function, while LipsFormer [32] replaces
the dot-product with a scaled cosine similarity. The theoretical results from the previous section are
general and extend to these variants. In the following, we consider the same problem setup, with the
only change being the use of an alternative attention mechanism in place of the standard formulation.



Lemma 4.3. Ler f: X C R**d — Y C RY pe a L2-MHA-based TBM [I3)]. In respect to
Definition4.1] the following holds:

n
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o If f employs Average pooling, then f is (e, 0, ~)-expressive with y = J\Ef (%) C1C5
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Lemma[4.3]analyzes an L2-based attention mechanism [[15]] in which the query and key matrices are
tied. This constraint influences the constant C in the expressivity bound, reflecting the interaction
among shared parameters, sequence length n, number of heads H, and embedding dimension d.
Compared to the standard dot-product formulation, this structure alters how the L2-kernel shapes the
bound, resulting in slightly different expressivity dependencies.

The pooling-related terms in Lemma [4.3] are consistent with those derived under standard self-
attention, and the same trade-offs between local and global context remain applicable. Similar
behavior is observed in Swin [24] and LipsFormer [32], which employs scaled cosine similarity and
normalizes the key, query, and value matrices to maintain Lipschitz-continuity. Lemma[4.4] provides
the corresponding bound for a single-layer model with H attention heads and window size w.

In both cases, the bounds reveal comparable structure, reinforcing that pooling remains a critical
component in controlling the balance between local preservation and global aggregation in TBMs.

Lemma 4.4. Let f: X — ) to be a function based on the LipsFormer [32)] framework, with
corresponding hyper-parameters V,v, T > 0 and window size w. In respect to Definition 4.1} we
have:

o If f is based on Average pooling, then f is (€, 0,7)-expressive with y = —~= X (%)20102

o X
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o If f is based on Sum pooling, then f is (e, o,7)-expressive with ~y = @
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S Experimental Validation

Our theoretical analysis shows that the pooling strategy influences the classifier’s expressivity
bound via a leading multiplicative factor, which can be contractive (1/+/n), non-expansive (1), or

expansive (y/n or y/min(n,d)). Contractive methods like Average pooling enhance stability by
smoothing small variations, whereas expansive methods such as Last-token and Sum pooling increase
expressivity, but can be more sensitive to minor perturbations. Therefore, we posit that pooling should
be selected based on task requirements: tasks emphasizing global context (e.g., image inpainting
or text classification) benefit from contractive pooling, while those relying on local detail (e.g.,
next-token prediction) may perform better with expansive alternatives. In this section, we validate



these theoretical insights through empirical evaluation, to demonstrate the applicability of our findings
and provide practical guidance for choosing pooling strategies in different domains.

Experimental Setup. We evaluate how pooling choice affects downstream performance across three
domains where TBMs have shown strong results: (a) computer vision, (b) natural language processing,
and (c) time series analysis. For each modality, we select a diverse set of established benchmarks with
tasks requiring global and local contexts. Across all settings, we examine commonly used pooling
methods: (i) Last-token pooling (or CLS/EOS, depending on the task), (ii) Average (Avg) pooling,
(iii) Sum pooling, and (iv) Max pooling. We also include two learnable strategies: (v) Attention (Attn)
pooling, which uses a learnable latent dictionary attended by the model output [19, 33]], and (vi)
Weighted Average (W-Avg) pooling, which learns scalar weights over token positions. Further details
on training and evaluation protocols are provided in Appendix [D] Our code and implementation to
reproduce the results is available in the following link: https://github.com/king/transformer-pooling.

5.1 Expressivity Analysis

We begin by empirically analyzing the expressivity of the pooling strategies under study, in accordance
with the theoretical bounds introduced earlier. Using the framework in Section[d.I] we define local
neighborhoods by injecting Gaussian noise into input samples, scaled to a chosen €. We then compute
the average distance between the resulting pooled outputs, yielding an empirical estimate of .
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Figure 2: Empirical analysis of the expressivity power across modalities and pooling strategies. Left:
Mean pooled-output distance ~ versus perturbation € across modalities highlighting the behavior
of various methods. Right: pooled-output distances for similar and dissimilar inputs, exemplifying
expressivity of different strategies.

Figure 2] (left part) presents results across different e values and modalities, confirming the theoretical
contrast between contractive and expansive pooling. Sum pooling shows high sensitivity to even
small perturbations; as € increases, its v grows rapidly. In contrast, Average pooling remains stable.
To further illustrate this, Figure [2] (right part) shows how replacing a word with either a synonym or a
semantically different term in NLP settings affects the pooled output across different strategies. This
supports our hypothesis that expansive pooling better captures subtle variations, as required in tasks
like sentiment analysis.

5.2 Effect on the Downstream Performance

In line with our theoretical analysis, we empirically evaluate tasks with varying dependence on local
versus global context to assess how different pooling strategies perform. This allows us to validate
the extent to which each method’s empirical behavior aligns with its expected theoretical properties.
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Table 1: Mean and standard deviation of test metrics for computer vision tasks. Best performance per
dataset and model is indicated in bold. Best performance among non-learnable pooling methods is

underlined.

Model Classification (Accuracy) Inpainting (MSE) Segmentation (Accuracy)
Pooling CIFAR-10 CIFAR-100 ImageNet-100  CUB-200-2011 MiniPlaces CelebA OxfordFlower-102  Oxford-IIIT Pet  PascalVOC-Cls  Pascal VOC-Det
Last (CLS)  90.35 + 0.03 76.42 + 0.08 87.84 4+ 0.03 77.45+0.13 54.51 +0.38 0.246 + 0.001 0.275 + 0.001 0.268 £ 0.005 70.68 £ 0.35 29.11 +0.31

= Avg 90.14 £ 0.12 76.26 £ 0.33 86.85 +0.19 71.48 £ 0.18 56.94 + 0.66 0.239 + 0.001 0.264 + 0.004 0.260 + 0.008 71.88 + 0.08 35.10 £ 0.25

=

g Sum 89.45 + 0.32 75.72+0.29 82.42 +0.12 68.37 +0.41 54.78 £ 0.71 0.285 + 0.021 0.454 £+ 0.012 0.282 + 0.007 68.92 +0.97 25.21 £ 0.07

; Max 84.96 + 0.25 69.42 +0.33 83.21 +£0.23 56.81 + 1.57 51.30 4 0.40 0.267 + 0.003 0.343 + 0.008 0.275 + 0.003 69.43 + 1.83 21.57 £ 0.87
W-Avg 90.88 +0.11 78.41+0.02 87.29+0.12 72.97 +0.31 56.95 +0.11 0.247 £ 0.001 0.286 + 0.003 0.267 4 0.007 71.83 +£0.02 33.63 + 1.65
Attn 89.81 +0.22 74.61 + 0.66 87.84 £ 0.06 64.78 £ 1.29 53.08+1.17  0.192 £ 0.002 0.289 + 0.007 0.273 +£0.011 69.85 + 0.84 24.22 +£0.39
Last 87.70 £ 0.03 66.53 + 0.08 86.18 £ 0.17 48.77 £ 0.38 48.84 +1.03 0.225 + 0.002 0.342 £ 0.003 0.260 =+ 0.003 70.04 +0.01 34.22+£0.21

é Avg 93.26 +0.03 78.05+0.01 89.74+0.08 72.23+0.29 65.04 +£0.12 0.216 + 0.001 0.306 £ 0.005 0.237 £0.003  76.51 + 0.26 34.59 + 0.34

5 Sum 90.82 + 0.65 72.70 £ 0.13 87.44 £0.28 65.96 +0.13 57.38 £+ 0.08 0.268 + 0.004 0.364 + 0.088 0.308 £ 0.080 73.62 + 0.05 24.27 £0.28

q,'; Max 90.75 + 0.35 70.73 +0.15 87.68 +0.32 59.46 + 0.19 56.53 +0.18 0.234 £ 0.001 0.369 £+ 0.043 0.247 + 0.002 71.43 £ 1.62 22.64 + 3.84

z
W-Avg 93.28 +0.09 78.00 £0.12 89.48 £0.12 72.23 £0.07 65.21 £0.08 0.223 £ 0.001 0.325 £ 0.002 0.251 + 0.002 76.28 £0.15 34.39 £ 0.40
Attn 92.36 + 0.09 76.10 £0.03 89.92 +0.16 67.01 = 0.06 63.76 £ 0.05 0.148 + 0.003 0.287 + 0.004 0.279 +0.023 77.37 £0.64 36.07 £0.61

Computer Vision. Results for image-based tasks are shown in Table As predicted by the
analysis, Average pooling outperforms other fixed pooling methods in inpainting, segmentation, and
in the MiniPlaces classification dataset, which benefits from modeling global structure. In contrast,
Last-token (CLS) pooling generally yields the best results on classification tasks, particularly those
involving large-scale or fine-grained datasets where local information is more critical. Max and
Sum pooling consistently perform worse across all tasks. These trends also hold for alternative
attention mechanisms, such as LipsFormer [32], which employs scaled cosine similarity attention (see
Lemmal4.4). In this Swin-based model, which does not include a CLS token, Average pooling again
achieves the best performance among fixed strategies, further emphasizing its strength in capturing
localized context when a dedicated classification token is absent.

Among learnable pooling methods, Weighted Average pooling performs competitively across tasks,
likely due to its capacity to adaptively weight tokens based on task-specific context. Attention-based
pooling often underperforms, except in high-resource settings such as ImageNet-100, where sufficient
supervision allows it to learn effective attention patterns. Its reduced reliability in low-resource or
fine-grained tasks may be attributed to the additional complexity introduced by its parameterization.

NLP. The impact of pooling across downstream NLP tasks and models is summarized in Table[2] The
results support our theoretical analysis: no single pooling method is optimal across all tasks, and the
best strategy depends on the task’s contextual requirements. For tasks requiring global context, such
as classification and semantic similarity, global pooling methods like Average or Sum significantly
outperform Last-token pooling. Conversely, Last-token pooling yields superior performance in
next-token prediction tasks.

These trends hold across models, although the performance gap between local and global pooling
narrows for larger architectures (e.g., Mistral-7B [[14] and Llama [37]]). In such models, Weighted
Average pooling matches or exceeds the best-performing non-learnable methods, due to its ability to
adaptively approximate effective pooling strategies. In smaller models, particularly the GPT-2 [33]]
family, Attention pooling performs well on global-context tasks, often outperforming fixed global
methods like Average or Sum. However, this advantage does not consistently generalize to larger
models or all task types. Additional results on larger models are provided in Table 8] (Appendix [E).
We additionally analyze the effect

Time Series. As shown in Table [3] for time series classification tasks, Last-token and Max pooling
generally yield the worst results, as they focus on local features and fail to capture the broader context
required for accurate classification. In contrast, Attention-based pooling consistently achieves the
highest performance, due to its ability to assign task-specific weights to different input segments
during joint training. Sum pooling outperforms Average pooling in several cases, that can be attributed
to the larger norm of summed representations, which results in stronger gradients and faster learning
under fixed training hyperparameters.

Forecasting shows that Last-token pooling yields the best results overall. This is consistent with its
ability to retain fine-grained temporal details, which are critical for predicting future values based
on recent history. In imputation tasks, results indicate that Attention-based pooling again performs
best, while Sum pooling performs the worst. This supports the hypothesis that given sufficient data
and training time, Attention pooling can adaptively focus on the most relevant parts of the sequence,



Table 2: Mean and standard deviation of test metrics for NLP tasks. Best performance per dataset and
model is indicated in bold. Best performance among non-learnable pooling methods is underlined.
(-) indicates non-applicable, as the model uses bidirectional attention mechanism.

Dataset  Pooling BERT L2-GPT-2 GPT-2 Qwen 2.5 Mistral-7B Llama3-8B
. Last 0.587 + 0.009 0.375 + 0.006 0.602 + 0.005 0.286 + 0.005 0.514 + 0.001 0.017 £ 0.085
g Avg 0.713 + 0.008 0.659 + 0.004 0.671 + 0.004 0.620 + 0.005 0.635 + 0.005 0.624 £ 0.004
2 E Sum 0.714 4 0.009 0.660 & 0.004 0.670 £0.003 0.619 £ 0.005 0.634 £0.007 0.626 + 0.005
. & § Max 0.695 £ 0.013 0.648 £0.002 0.653 + 0.002 0.560 £ 0.011 0.449 £ 0.017 0.487 £0.003
= 12
5 = W-Avg 0.727 £+ 0.002 0.562 + 0.002 0.568 + 0.003 0.671 + 0.002 0.653 + 0.004 0.673 + 0.001
e Attn 0.703 %+ 0.013 0.678 £ 0.016  0.677 + 0.010 0.616 + 0.014 0.452 + 0.088 0.496 + 0.037
@ Last 0.307 £ 0.001 0.231 + 0.025 0.264 + 0.024 0.344 + 0.001 0.770 £ 0.002 0.678 £ 0.002
2 Avg 0.315 4 0.000 0.297 + 0.001 0.305 + 0.000 0.432 4+ 0.000 0.769 £ 0.000 0.734 £ 0.000
H Sum 0.316 + 0.001 0.297 £ 0.001 0.305 + 0.005 0.431 £ 0.001 0.769 =+ 0.000 0.734 £ 0.001
= Max 0.298 + 0.003 0.291 + 0.002 0.293 £ 0.002 0.364 + 0.003 0.709 £ 0.001 0.682 £ 0.005
o=t
W-Avg 0.318 £+ 0.001 0.284 + 0.001 0.278 + 0.001 0.452 + 0.000 0.801 + 0.000 0.763 + 0.000
Attn 0.295 + 0.004 0.264 + 0.012 0.260 + 0.038 0.410 £ 0.009 0.737 £ 0.018 0.459 £+ 0.271
Last 77.175 £ 0.112 17.014 £ 0.323 45.528 £+ 0.244 23.243 £+ 0.378 74.847 + 1.584 45.107 + 0.403
w0 B Avg 85.142 + 0.002 86.882 + 0.076 86.497 £ 0.103 83.486 £ 0.402 88.183 £ 0.402 87.558 + 0.323
£ £ Sum 83.863 £ 0.806 84.130 £ 0.807 83.724 £1.047 79.164 £0.776 86.442 £0.703 82.984 £1.107
H 5 3 Max 80.785 £ 0.008 83.091 £ 0.315 83.023 £ 0.226 74.007 £ 1.106 74.890 + 2.476 75.324 £ 1.602
a o <
54 = W-Avg 84.987 + 0.153 67.253 + 0.275 73.989 + 0.223 85.513 + 0.221 89.271 4+ 0.426 88.928 + 0.296
% Attn 86.558 + 0.559 87.340 + 0.302 86.968 + 0.604 83.792 £+ 1.813 73.352 £ 1.731 51.143 £ 34.316
r:“'; Last 67.621 £ 0.083 48.383 £+ 0.204 63.899 £+ 0.143 51.738 £ 0.713 56.693 £ 0.492 60.446 £ 0.538
.z Avg 69.348 £+ 0.128 67.593 £ 0.103 68.573 £ 0.208 68.961 £ 0.330 67.231 £ 0.218 67.328 + 0.223
8 £ Sum 65.381 £0.273 63.149 £ 0.195 64.122 £ 0.317 59.625 £ 2.702 64.151 £1.623 64.231 £ 2.029
& g Max 67.070 £ 0.177 61.392 £ 0.254 61.262 £+ 0.178 62.971 £+ 0.433 64.897 + 2.402 64.804 + 1.089
<
~ W-Avg 69.560 + 0.121 62.458 £+ 0.123 60.718 £ 0.224 66.031 + 0.403 67.293 + 0.228 67.476 + 0.185
Attn 69.455 £ 0.879 69.131 + 0.529 70.844 +0.821 70.627 + 0.663 46.584 + 6.903 55.890 + 13.232
= w D Last — 82.170 + 0.225 84.569 + 0.001 86.634 £+ 0.428 89.948 + 0.092 90.608 + 0.227
E] 22 Avg — 37.718 £ 0.229 38.826 £ 0.435 40.654 £ 0.327 61.047 £0.228 56.012 £ 0.337
& S o Sum —_ 24.852 £ 0.428 29.362 £ 0.893 28.911 £ 0.630 50.481 + 0.625 42.731 + 1.318
P Zz i Max — 35.450 £ 0.332 36.022 £ 0.257 37.229 £ 0.253 9.900 £ 0.108 32.199 £ 0.252
o £ S
z =E W-Avg — 61.310 £+ 0.018 53.998 £+ 0.348 86.859 + 0.212 89.160 + 0.118 87.389 £ 0.019
Attn — 50.364 + 0.287 53.299 4+ 0.338 55.970 £+ 0.302 14.210 + 5.239 11.138 £+ 8.959

Table 3: Mean and standard deviation test metrics in time series tasks. Best performance per dataset
and model in bold. Best performance among non-learnable pooling methods is underlined.

Classification (Accuracy) Forecasting (MSE) Imputation (MSE)
Model Pooling  ECG200 Plectric FordA ~ SmallKitchen ETThl Electricity Traffic ETThi Electricity Traffic
evices Appliances
_ Last 72205050 60.45+048 7639:0.15 6106075 0.082:+0.000 0.400:0.001 0273:0.001 0.081+0002 07530010 1709 0.016
E oave 65094000 6140054 88124004 62404101 0.105£0000 07900000 1724+0001 00800002 077440013 1583+ 0.016
£ Sum 80354182 G0.62+285 92934043 GTI3£295 0103+0.001 08260014 142260050 0106+0.008 1072+0.143 2130 +0238
£ Max  65290+000 GL782124 9042£043 G3O4=L76 01060001 0.800£0.001 175920002 008240002 072040013  L211+0.051
3
S WAvg 65194000 62544067 ST.624£064 62404101 01050000 0.539%0.008 095440014  0.080+£0002 0.774+0.013 15824 0.016
Atn 78844304 6295-204 93.60+037 67.63+£295 010640001 047540059 0.258+0.002 0.07640.003 037940028 0.265+0.015
JoLast TLOLELOS 6305062 83.46£040 G325+051 00810000 03970000 0265:0.000 00820001 07600011 16680020
£ Avg 65194000 63714040 89754037 63054160 0.105£0000 07850001 171940001 0.0824£0.001 0.769 +0.016  1.424%0.020
S Sum  83.30+151 (4304098 9251403 6655148 010140002 0.805£0009 1.020+0.023  0.103+£0.002 10060161 1.301 4 0.089
£ Max 65784132 6231114 90234080 64774212 01060000 07960001 17470003 0.08240.002 0.707+0.014  1.000%0.113
5
S WAve 65194000 6448+£0.69 89934036 63204174 010540000 051140006 08570014 008240001 0.769+0015 1425+ 0.020
Atn 82574119 64154137 92744035 66.76+1.39 0.096+0009 0.507+0.148 030640037 0.072+0.003 0.370+0.013 0.273 +0.004
, Last  7267£005 6110£053 70614031 65.45+171 0.080+0.000 0.379=0.000 0.272+0.001 0.082+0001 0.752+0014  1.699+0.017
B oA 65004000 6L72+£093 85984053 60424091 01050000 0.778£0.000 L7I1+0.001 0.081£0002 0.753£0.018 1508 +0.011
£ Sum 7507282 63454076 02854042 64924721 01010001 0.688+0.007 0782+0.003  0.095+0008 0.887+0.075 1150+ 0.065
Z Max  65.19£000 60.08+£051 S7.14:0.39 6227061 01040001 07850001 17430000 0.081:+0.001 07050008 1158=0.025
3
S WAvg 65194000 6145090 S§6.07+0.36 60.54+£053 0105+0001 0534+0003 095140005 0.081£0002 0.753£0.018  1.503+0.011

Attn 7873 +£3.09 62.83+£1.38 93.02+0.26 65.64+3.54 0.097+0.004 0.684£0.003 0.423+0.028 0.072£0.003 0.295+0.006 0.231 =+ 0.009

whereas Sum pooling may amplify irrelevant noise and obscure important local patterns required for
accurate imputation. Additional results for all datasets are provided in Appendix [E]

5.3 Positional Weighting in Weighted Average Pooling

We investigate the role of learnable weights in the Weighted Average pooling layer through an
ablation-style comparison, while keeping all other model components and training settings constant.

Figure [3| depicts results for the Mistral [14]] backbone on representative tasks. In each case, the
trainable variant converges to weight distributions that closely resemble the expected optimal pooling
strategy for each task: near-uniform weights on text classification, a strong focus on the final token
for next-token prediction, and intermediate patterns for tasks that require both local detail and global
context. Consistent with our theoretical analysis, it shows that the benefits of Weighted Average
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Figure 3: Left: Cosine similarity between W-Avg pooling and other pooling methods, showing
task-dependent alignment. Right: The distribution of the learned weights in the W-avg pooling,
illustrating the adaptability of the pooling mechanism.

pooling arise from its ability to mimic the best-performing fixed pooling strategy which depends on
the task’s contextual demands. Full results for all models and datasets are provided in Appendix [E]

6 Conclusion

We presented an end-to-end study of pooling in Transformer models by introducing a formal expres-
sivity framework and deriving closed-form bounds for standard pooling mechanisms. Our theory
extends to alternative attention variants and shows that pooling is the key factor balancing local
detail and global aggregation. Extensive experiments in vision, language, and time-series tasks
validate these bounds: contractive pooling excels on global-context tasks, expansive pooling captures
fine-grained distinctions, and learnable methods converge to the best-balanced strategy when given
sufficient training data and time. No single pooling method dominates universally, highlighting
the need for task-specific pooling design. In data-scarce regimes, our guidelines enable principled
selection of pooling methods based on task demands and inductive biases. These contributions bridge
theory and practice, enhance understanding of Transformer expressivity, and inform the design of
adaptive pooling schemes for diverse downstream applications.

Limitations and future work. While our theoretical and empirical findings provide a solid foundation
for understanding pooling in Transformer architectures, several limitations remain. Our evaluation,
though broad, is limited to frozen backbones, leaving the effect of jointly adapting pooling and the
backbone under end-to-end training less explored. The expressivity bounds we establish are necessary
but not sufficient for optimal performance; bridging the gap between theoretical capacity and practical
effectiveness remains an open challenge. In future work, we aim to develop hybrid pooling methods
that dynamically balance global smoothing with token-level sensitivity while adapting to the TBM’s
inherent smoothing behavior. In addition to the analysis provided in Appendix [E.3] we also plan
to investigate further how pooling impacts robustness under perturbations, derive scaling laws that
govern pooling performance as datasets grow, and refine our theoretical framework with tighter
bounds that identify when specific strategies are provably optimal.
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Supplementary Material:

A Proof of Theorem 4.2]

Theorem. Let f: X C R"*¢ — ) C R? be a TBM following the framework introduced in Section
In respect to Definition we have:

2
o If f employs Average pooling, then [ is (¢, o,7)-expressive with v = f/ﬁ (ﬁ) C1Cy

g

2
o If f employs Sum pooling, then f is (e, 0,v)-expressive with v = Vne (%) C1C5

o
2
* If f employs Last-token pooling, then f is (¢, 0, y)-expressive with vy = < (dfdl> C1Cy

ey/min(n,d 2
ﬂ(%) C1Cy,

o

o If f employs Max pooling, then f is (e, 0,~)-expressive with v =

where

e e N (e L [ LA Py

Vd/H

Proof. Let the input X € X consist of n tokens z; € R?. We consider a Transformer model f using
scaled dot-product attention as defined in Equation [I] and formulated as:

) (xwY)

, Coa=1+ HWFFNH

(XW)(XWE)T
D/H
=PXWV =h(X)WY,

AH(X) = softmax <

where W®, WX TV are learnable projection matrices. The attention matrix P is computed from
the softmax of pairwise scores:

f(X)=PX =softmax(XA'X )X,

with
-
A= WEWE paxa,
d/H

Each row of the output f(X) can be expressed as:

hi(X)T n

f(X) = : eR™, with hi(X)=> Py,
hn(X)T =

where P,' = softmax(X Ax;).

To analyze the Jacobian of h, we derive its partial derivatives:
Jij =X TPYE;XAT +6,;(XTPYXA) + Py,
where:
+ P = diag(P;.) — P,| P,. is the Jacobian of the softmax,

» Ej, is an n x n matrix with a 1 at position (j, ¢) and zeros elsewhere.



From this, we have:
Ifi#j: Jij=X"PYE,XAT + Py,
fi=j: Ju=X"PYE,XAT + XTPOXA+ Pyl

Assuming the input space is bounded, i.e., ||x;||2 < B for all 4, we get:

IXI7 =Dl <nB> = | X|| <[ X|r < VnB.

Since P;. is a probability distribution and 7,42 (diag(p)) < 1, we have ||P®)|| < 2.

Casel:i #£j
i1l < |1 X TPOEXAT|| + || Pyl
< IX|2IPDY[| Al + 1 < 2nB?||A|| + 1.

Case2: i =7
|1 Jill < IXTPOE;XAT|| + |XT PO XA|l + || Py
< 2nB?||A|| + 2nB?| Al + 1 = 4nB?||A|| + 1.

Thus, the Jacobian of A is bounded:
2nB2|| Al +1, ifi# 7,
i llop < 2 e
dnB?||A|| 4+ 1, ifi=j.
Therefore, the function h is bounded with constant:

L, <4nB?| Al + 1.

Attention Head Bound. Including the value projection:

n

Ja/H

BYWr|[WHR| 1)

Ehead S ||vah|| |fl

&)
(6

Multi-Head Attention Bound. Since f is represented by H attention head, their concatenated

output as explained in Equation 2] satisfies:

['MH < HWO ”\/ﬁmf?x »Chead

Va/H
Full Transformer Block. Incorporating FEN and layer norm (with v = 5 = 1):

L;<LEn1+Lyn)(1+ [|[Ween)

d

< (d—l) (1 + L) (1 + ||Ween]|)

d \2
§ <d—1> 01027

Ci=1+ |Wo||\/ﬁmgX{|WV’hll [4

< Woll\/ﬁm}?X{Wv’hH [4”32w@h||w“|| +1

where:

n

Jd/H

B Wt W 41

Cy =1+ ||Wren||-




Impact of Pooling Strategies

Given a final representation z = g(f(X)) using pooling function g, we evaluate its effect on the
bound.

Average pooling. We recall that this pooling method can be written as a linear layer with weights
Wave, therefore:

x
N

1
WAVg = ﬁln = HWAVgH =
2
1700~ () < = (92 ) Cicne
—vn\d-1 '
Sum pooling. Similarly to Average pooling:

WSum = 1n = ||WSumH = \/ﬁ

2
1> 01026.

1760 - 1000 < v (72

Last-Token pooling. Considering the last token as the output as the pooling operation:

Wiast = [O,...70, 1]T = ||WLastH =1

- d \?2
156~ £ < (757) Crcae
Note that the same treatment can be applied to CLS or any other chosen token.

Max pooling. Using norm bounds:

(F(X)); 17

M& i Mg

1F(X) = F(X)I?

aX|X1J 13‘2
J:

= |X - X”F

For spectral norm:
1F(X) = O < [1X = X]|r
rank(X — X)HX — XH

< y/min(n,d)|| X — XH

From those two results, we have:
|f(X X)|I < /min(n, d)|| X — X||
d
< v/min(n, d)( ) C1Cs x €

Applying the Markov inequality concludes the proof.



B Proof of Lemma

Lemma. Let f: X C R — Y C R? be a L2-MHA-based TBM [I3]. In respect to Definition[|4. 1]
the following holds:

2
o If f employs Average pooling, then f is (€, 0,7)-expressive with v = 0\6/5 (%) C10C4

2
o If f employs Sum pooling, then f is (e, o,7)-expressive with y = Ve (ﬁ) C1C5

g
* If f employs Last-token pooling, then f is (¢, 0,7y)-expressive with y = < (%)

'mmn (ﬁ) C1Co,

o If f employs Max pooling, then f is (e, o, v)-expressive with v =
where

Cr= 1+ =L (4w () +1) | [STIwenfiwyn i ) (WOl Co=1+[Werl.
d/H e -

Proof. Let the input X € X be composed of n tokens x; € R?. In this proof, we consider the
Transformer-based model f built using the L2 Multi-Head Attention (L2-MHA) mechanism, where
the attention weights are computed as:

W — <. WE|2
Py o exp [ VO xR
d/H

with W& WX being learnable projections.
From Theorem 3.2 of [[15]], the L2-MHA operator is bounded by:

Lip, (F) < Y. (4W0( )+1 R WO,

d/H

where Wy (-) denotes the Lambert W-function.

Following the Transformer architecture defined in Section [3] we account for the additional effects of
LayerNorm (LN) and the Feed-Forward Network (FFN). As in previous derivations, we obtain:

Ly < ‘C’JQ_N(I + Lvua) (1 + Lepn),
where we now substitute the bound for L2-MHA:

d 2 vn 2
,cfs(d_l) 1+W(4WO( )+1) ¢anwn [wvrj | WO | (14 [ W)

d \2

with constants defined as:

Oy =1 (4 (2) 1) ﬁjwwn ez | e,

Cy =1+ ||[Wren|-

Following the same steps as in the Theorem [4.2] proof, we get the following:
For Average pooling:

1 d \’
»CAvg < % X 7d—1 CCs.



For Sum pooling:

d 2
Esum S n X (d_l) 0102.

For Last-token pooling:

4 \2
Lias < <dl) C1Cs.

For Max pooling:

d 2
L‘,Max § \/min(n,d) <d—1) 0102.

C Proof of Lemma4.4

Lemma. Let f: X — )Y to be a function based on the LipsFormer [32)] framework, with cor-
responding hyper-parameters V,v, 7 > 0 and window size w. In respect to Definition 4.1} we
have:

o If f is based on Average pooling, then f is (€, 0,7y)-expressive with vy = o'xe\/ﬁ X (%)20102

7= X (55) 0

X
—~

o If f is based on Sum pooling, then [ is (¢, o,7)-expressive with

* If [ is based on Last-token pooling, then f is (¢, 0,v)-expressive with y = £ x (%)20102

o If f is based on Max pooling, then f is (¢, 0,v)-expressive with -y = ey/min(nd) (%)26'102,

where

1 1
Cr =1+ [WollVH max{ 2w(w — 1)urv =4 W |+2(w - )yrv 2| W +200v 2 W) |},
Csy = (1 + HWFFNH)

Proof. Before delving in the specific analysis of the Lipsformodel model, we start the proof by
providing some preliminary elements about the Swin Transformer [24] which is different from the
original Transformer-based Model defined in Section 3]

A Swin Transformer block’s input is similar to the one from a TBM, specifically, the input X € R™*4,
can be viewed as n tokens (or patches) each of dimension d. Rather than applying global self-attention
to all n tokens, the model partitions X into small “local windows” of size w, thereby reducing
complexity. Between successive Swin stages, there is a “patch merging” step, which consists of a
linear downsampling that reduces the number of tokens while increasing their dimension.

Let WV denote the total number of windows, X, € R**9 be the slice of input corresponding to
window ¢ and W®, W WV are the query/key/value projection matrices, within each block, a
window-based self-attention is computed as follows:

w
LocalAttn(X) = @e:? softmax(mwcg);%) (X, WY)

In our analysis, we rather focus on the LipsFormer [32] model, which is an adaptation of the previous
equation. Specifically, the model modifies the Swin Transformer architecture by replacing the
standard dot-product attention with a scaled cosine similarity attention mechanism. Given an input
X € Rwxd (e.g., the tokens in a window), define the following:

X, WQ X; WK X; WV

TRy R — i = v kN W O BT o T—
XLV T TG WE [+ T T X WY 4V



where X; € R? is the i-th token row of X, and V > 0 is a small constant to avoid division by 0.
Then accordingly write the usual attention matrices as:

Q:[QIaaqg]v K:[k1r7ak;|;]7 V:[’UI,,’UE],

which are all in R”*?. The scaled cosine similarity attention (SCSA) can be then formulated as:

SCSA(X) = vsoftmax [7’ (QKT)] Vv,

where 7,v > 0 are scalars that scale the argument of the softmax and the final output. As can be
seen in the formulation, the key difference from standard attention is that each query/key vector is
row-normalized to unit {5 length (up to V).

Similar to a TBM, H attention heads are used with each one using separate projection matrices
WhQ , W,f , W,Y , forming @), K,V for each head, then concatenates the outputs and multiplies by
WO .

MultiHead SCSA(X) = [SCSA;(X),SCSA5(X), ..., SCSA4(X)].

Let’s now derive the upper-bounds of this model. Similar to the previous proofs, let’s consider that
our model f is built using the scaled cosine similarity attention, with H attention heads and one layer.
From Appendix H.2 in the original paper [32], we have the following for a single head of attention:

1 1 1
Lscsa < 2n(n— VeV~ 3 [WE[+2(n — Dorv =2 [W2+20v7 2 [WV],

with n being the number of tokens within a local window, and v,7 > 0 and V > 0 the chosen
hyper-parameters of in SCSA.

When considering the multi-head attention framework, we get:

< .
Lyvr-scsa < ||WOHVH1£I}%XH Lscsa,)

Similar to previous proofs and since we consider the same the Feed-Forward and Layer Normalization
aspect, we directly get the following result:

2
£y < (3%) [1+IWollVH , max {2w(w - 1urv 3wk
L0 Ll
+2(w = VorV 2 W2+ 2002 WY ] [1+ W]

which could be written as:

d 2
EfS (d 1) 01027

1 1
with C; = 1 + ||Wo||\/ﬁm’ax{2w(w — DurV T [ WE [ 42(w — V)orV 2 [ WO || +2wrV 2 |\W,Y\|}
Cy =1+ |[Wrrnl),

For the pooling operation, similar analogy that was used in the case of dot-product attention can be
used, and we find therefore the final results:

For Average pooling:

1 d \*
£avg S % X (d_l) ClCQ-



For Sum pooling:
For Last-token pooling:

For Max pooling:
d \2
»C'last S \/ mln(n,d) (d—l) ClCQ.

By applying the Markov inequality we get the desired result.

D Experimental Details

We start by noting that the necessary code to reproduce the results is publicaly available in the
following link: https://github.com/king/transformer-pooling.

In what follows, we provide experimental details and hyper-parameters choices.

D.1 Computer Vision.

All computer vision experiments used a frozen Transformer backbone (ViT-base [6], ViT-small, or
LipsFormer [32]] built on Swin Transformer [24] architecture), with a randomly initialized heads
fine-tuned on each task. We optimized with Adam [16] at a learning rate of 1 x 1073, All the tasks
were trained for 10 epochs; all of which yielded stable convergence. Images were resized and either
padded or center-cropped to the model’s input resolution. No data augmentation was applied during
training.

We evaluated tasks that require both local and global context. For classification (CIFAR 10/100 [17],
ImageNet-100 [34]], MiniPlaces [47], Caltech-UCSD Birds (CUB) [42]), the head’s output dimension
matched the number of classes and was trained with cross-entropy loss. For inpainting (CelebA [25],
Oxford Flowers [29], Oxford-IIIT Pet [30]), the head predicted pixel values in masked regions and
was trained with mean squared error. For segmentation (Pascal-VOC [9]), a linear per-pixel classifier
trained with cross-entropy loss was used and report mean pixel accuracy. All the experiments were
run using a single NVIDIA L4 GPU and took 25 GPU hours to obtain all results.

D.2 NLP

In all experiments involving LLMs, the Transformer backbone was kept frozen, and only a randomly
initialized linear head and parametric pooling parameters were fine-tuned. We used the provided
pretrained (non instruction-tuned) checkpoints for Llama3 [[13]], Mistral 7B [14]], Qwen 2.5 [45]
and BERT [5], and we pre-trained GPT-2 and L2-GPT-2 (see details below). Optimization was
performed using the Adam [16] optimizer with a learning rate of 1 x 10~3. Ten epochs of fine-tuning
consistently yielded stable convergence across tasks. Each experiment was repeated five times with
fixed random seeds to improve robustness and ensure reproducibility.

All pooling methods, including those with learnable components, were trained using the same config-
uration. Experiments were conducted on an instance with 2xNVIDIA L4 GPUs using PyTorch [31]]
with the Distributed Data Parallel framework and a batch size of 32 per GPU. Running all experiments
took 1832 GPU hours on L4 GPUs.

Each dataset’s training split was used for fine-tuning. Hyperparameters were selected based on
validation performance (where available), and final results were reported on the held-out test set.
To maintain consistent input dimensions, all sequences were padded or truncated to a predefined


https://github.com/king/transformer-pooling

maximum length. Tokenization was done using each model’s default tokenizer, and [PAD] tokens
were used for padding.

For classification tasks, we used a linear head with output dimensionality matching the number
of classes, trained by minimizing the cross-entropy loss. In semantic similarity tasks, the pooled
embeddings were linearly projected without changing dimensionality. Cosine similarity between
embedding pairs was used as the main metric. For STS Benchmark (STSB) [3]], similarity scores
(rescaled from [1, 5] to [0, 1]) were predicted by minimizing mean squared error. In the HellaSwag [46]]
task, the goal was to match a given context to its correct ending. The context and four candidates
were encoded with the same LLM and pooling method, projected linearly, and compared via cosine
similarity. Cross-entropy loss was applied over the similarity scores, encouraging correct pairings.
For next-token prediction, we used the TinyStories [7] corpus under a standard autoregressive setting.
The training set comprised 4000 batches randomly sampled from the corpus. A randomly initialized
language modeling head was trained to predict the next token based on preceding context. We used a
held out test-set and randomly sampled tokens to predict.

GPT-2 Pretraining. To obtain a checkpoint for L2-GPT-2 (a GPT-2 model with L2-MHA), we
followed the standard pretraining procedure described in [33]], modifying the attention mechanism
to use the L2 kernel with tied query and key matrices. This change slightly reduced the number of
parameters (from 123M to 116M). The model was pretrained on the OpenWebText [11] corpus for
60 000 iterations using a batch size of 12, block size of 1024, and 40 gradient accumulation steps.
Training was conducted on 8 xNVIDIA L4 GPUs and took about 960 GPU hours.

For a fair comparison, we also pretrained a baseline GPT-2 checkpoint using identical settings,
differing only in the use of the standard dot-product attention mechanism.

D.3 Time Series

For time series analysis, we used MOMENT [12], a family of Transformer-based foundation models
for time series. We evaluate three pretrained checkpoints (AutonLab/MOMENT-1-{small, base,
large}) trained on the Time Series Pile dataset [12].

During training, we kept the model backbone frozen and fine-tuned only the linear head and pooling
operator (Weighted Average and Attention-based) for classification, forecasting, and imputation tasks.
Optimization was performed using Adam [16] with a learning rate of 1 x 10~2 with a batch size of
64 on a single NVIDIA L4 GPU.

For classification, we run optimization for 20 epochs across six datasets, six pooling methods, three
model sizes, and five random seeds, yielding 540 experiment trials and a total of approximately 22
GPU hours. For forecasting, we trained the prediction head for 10 epochs using a forecasting horizon
of 96 future time steps across seven datasets, six pooling methods, three model sizes, and five random
seeds, resulting in 630 experiment trials and approximately 90 GPU hours. For imputation, we trained
the prediction head for 10 epochs across seven datasets, six pooling methods, three model sizes, and
five random seeds, adding another 630 experiment trials and approximately 96 GPU hours.

E Additional Results

Computer Vision. In addition to ViT-small model, we extend our analysis to evaluate whether the
theoretical insights hold in larger architectures with more attention heads and blocks. Table @] reports
the results for the same pooling benchmarks using ViT-base as the backbone.

Consistent with previous findings, Weighted Average pooling maintains strong performance across
tasks, reflecting its ability to adapt to context and produce stable, generalizable representations.
Similar patterns emerge for Attention-based pooling, which performs best in the inpainting task but
does not outperform Weighted Average pooling in other settings. This suggests that Attention-based
pooling may require more data and computational resources to reach its full potential.

Among flat pooling strategies, CLS pooling continues to yield the best results for classification tasks.
Notably, the performance gap between CLS and Average pooling narrows, indicating that larger
models can offset suboptimal pooling through increased representational capacity.



Table 4: Mean and standard deviation of test metrics for computer vision tasks. Best performance per
dataset and model is indicated in bold. Best performance among non-learnable pooling methods is
underlined.

Classification (Accuracy)

Inpainting (MSE)

Segmentation (Accuracy)

Model
Pooling CIFAR-10 CIFAR-100 ImageNet-100 CUB-200-2011 MiniPlaces CelebA OxfordFlower-102  Oxford-IIIT Pet  PascalVOC-Cls = PascalVOC-Det
Last (CLS) 92.34+0.05 79.57+0.13 90.67+0.17 78.874+0.53 58.86+0.13 0.240 £ 0.002 0.314+£0.003  0.256 +0.003 72.49+0.68 28.01+0.94
o Avg 92.25+0.34 79.674+0.40 90.50£0.02 73.36£0.50 59.81+0.33 0.237+0.001 0.319 + 0.005 0.266 £0.003  72.19+£0.73  26.59 + 1.45
_§ Sum 91.75+£0.59  78.944+0.10 86.984+0.04 72.1940.07 59.074+0.44 0.312+0.004 0.678 £ 0.091 0.831 £ 0.083 71.73 4+ 0.91 25.09+0.17
é Max 91.39+0.88 74.804+0.64 90.18£0.15 59.51£0.89 56.61+0.68 0.255+ 0.001 0.401 + 0.045 0.281£0.009 70.21+1.29  22.38+0.67
W-Avg 92.55+0.17 80.62+0.13 90.484+0.07 74.814+0.25 59.80£0.12 0.236 £ 0.001 0.328 + 0.002 0.270 £0.002  71.82+0.71  26.62 +0.20
Attn 91.81+0.22 76.84+0.66 90.39+0.21 68.62+1.89 57.62+0.27 0.162+0.003 0.303 +0.004 0.323 £ 0.048 71.8940.23 25.14 £ 1.04

NLP. Beyond the theoretical expressivity bounds shown in Figure 2] we further examine how these
bounds manifest empirically in NLP settings. To this end, we construct a set of sentence variants:
a base sentence (the original), two semantically similar versions created by replacing adjectives,
and two dissimilar versions using unrelated words. Figure @] shows the resulting changes in pooled
representations across different pooling strategies.

(1) CV: ViT on CIFARI00 Dataset

101,
o -
{ - B similar-1
2 < - L.
10%9 E 10 BN similar-2
! 4 L
Last —+— Sum -4 Max & BN non-similar-1
) = KXA —similar-
E 0.0 02 04 0.6 08 10 8 non-similar-2
% 1
20 (2) NLP: GPT-2 on Sample Text 3
kS 7]
g a
£ 10°9 5
z =
= O
= 24
i= 10 —e— Avg = Last —+- Sum -+ Max B 1
5 ! ‘ ; ; ; ; g 10
< 0.0 0.2 0.4 0.6 0.8 1.0 ~
g (3) TS: MOMENT-small on Electricity Dataset
(a9}
10'4 Avg Max Last Sum
Pooling Method
10-14 original: The stock market saw significant fluctuations last week.
similar-1: The stock market encountered notable swings last week.
- Last =#= Sum o Max | symilar-2: The equity market experienced marked volatility last week.
00 02 0 06 08 1o nmon-similar-1: The stock market encountered notable castle last week.

Neighborhood Threshold ¢ non-similar-2: The stock market encountered notable car last week.

Figure 4: Empirical analysis of the expressivity power across modalities and pooling strategies. Left:
Mean pooled-output distance ~ versus perturbation € across modalities highlighting the behavior
of various methods. Right: pooled-output distances for similar and dissimilar inputs, exemplifying
expressivity of different strategies.

Time Series. In addition to the results presented in Table 3} we report extended empirical evaluations
of pooling operators on a broader range of time-series datasets. Tables 5] [] and[7] provide results for
classification, forecasting, and imputation tasks, respectively. Overall, the findings on these additional
datasets are consistent with the trends discussed in Section[5.2} further supporting our analysis.

Weighted Average Pooling. In Section[5.3] we presented an analysis of the learned weights in the
Weighted Average pooling method using the Mistral-7B model. Figure [5]extends this analysis to
additional models and datasets. We observe that the learned weight distributions for a given dataset
remain consistent across models, with smaller models (e.g., GPT-2 family) placing more emphasis
on later tokens, while larger models exhibit more uniform weighting. The average cosine similarity
between Weighted Average pooling and non-learnable pooling methods follows a similar trend: as
model size increases, similarity to Max pooling decreases, suggesting reduced reliance on token-level
extremes in larger architectures.



Table 5: Mean and standard deviation of test accuracy for time series classification tasks. Best
performance per dataset and model in bold. Best performance among non-learnable pooling methods
is underlined.

Model g;’;’rl;‘fr ECG200 glcevcl‘;i FordA FordB S:‘I‘;‘S]‘g:‘iﬁ“ SwedishLeaf
_ Last 72.29+0.59 60.45+0.48 76.39+0.15 62.07+0.44 64.06+£0.75 69.25 + 0.74
E Avg  65.194+0.00 61.40+0.54 88.1240.14 67.05+0.13 62.40 £ 1.01  55.53 + 9.55
g Sum 80.35+1.82 60.62+2.85 92.9340.43 78.57£0.72 67.13 £2.95 79.42 &+ 1.33
g Max 65.1940.00 61.78+1.24 90.42+0.43 72.28+1.00 63.94+1.76 58.59 & 6.53
g
= WAvg 65.19+£000 62.54+0.67 87.6240.64 67.36+£0.44 62.40+ 1.01  58.81 + 8.41

Atn  78.84+£3.04 62.95+2.04 93.60+0.37 79.61+0.86 67.63+295 75.93+2.07

Last 71.01 +1.94 63.05+ 062 83.46+0.40 64.60 £ 0.37 63.25+054 72.03+ 1.0
2 Avg  65.19+0.00 63.71+0.40 89.75+0.37 70.63+0.54 63.05+1.60 62.92 + 5.93
] Sum 83.30£1.51 64.304+0.98 92.51 £0.13 79.0240.98 66.55 = 1.48 84.05 £ 0.94
%‘ Max  65.78 +1.32 62.31+1.14 90.234+0.80 70.91+2.14 64.77+2.12  66.24 + 4.44
®  WAve 651940.00 64.48+0.69 89.93+0.36 70.98+0.62 63.20+1.74 G487 £ 5.16

Atn 8257+ 1.19 64.15+1.37 92.74+0.35 79.94+0.59 66.76+1.39 78.66 + 2.25

Last 72.67+£0.95 61.10+£0.53 79.61+0.31 63.63+0.64 6545+ 1.71 76.75 + 1.47
Ed Avg  65.194+0.00 61.72+0.93 85.98+0.53 67.56 = 1.18  60.42 £ 0.91  59.39 + 6.89
2 Sum  75.97 +2.82 63.45+0.76 92.854 0.42 78.08 4 0.48 64.92 +7.21 82.23 + 0.88
%’ Max  65.19 4+ 0.00 60.08 £0.54 87.14+0.30 69.52+0.74 62.27+£0.64 64.50 + 3.75
=

W-Avg  65.19 £ 0.00 61.48 £+ 0.90 86.07 £ 0.36 67.65 £ 1.09 60.54 £ 0.53 60.84 + 6.34
Attn  78.73 £3.09 62.83+1.38 93.02+0.26 79.95+1.02 65.64+3.54 80.66+ 1.04

Table 6: Mean and standard deviation of test MSE for time series forecasting tasks. Best performance
per dataset and model in bold. Best performance among non-learnable pooling methods is underlined.

Pooling

Model Operator ETThl ETTh2 ETTml ETTm2 electricity traffic weather
. Last 0.082 4 0.000 0.193 £ 0.000 0.040 + 0.000 0.107 +0.000 0.400 £+ 0.001  0.273 #+ 0.001 0.002 + 0.000
é Avg  0.105 % 0.000 0.305 £ 0.001 0.079 £ 0.000 0.234 + 0.000 0.790 = 0.000 1.724 £0.001  0.002 + 0.000
é Sum  0.103 £ 0.001 0.300 + 0.005 0.053 £ 0.000 0.141 + 0.000 0.826 + 0.014 1.422 £ 0.050 0.005 £ 0.001
HEJ Max  0.106 £ 0.001 0.311 £ 0.002 0.082 + 0.001 0.230 + 0.001 0.800 + 0.001 1.759 £ 0.002 0.002 +£ 0.000
=]
= W-Avg  0.105 &£ 0.000 0.287 £ 0.002 0.058 £ 0.005 0.184 + 0.000 0.539 + 0.008 0.954 £ 0.014 0.002 £ 0.000
Atun  0.106 + 0.001 0.313 £ 0.003 0.041 £ 0.001  0.097 +0.000 0.475 £+ 0.059 0.258 +£0.002 0.003 % 0.000
Last 0.081 4+0.000 0.193 £0.000 0.040+ 0.000 0.105+0.000 0.397 £ 0.000 0.265 + 0.000 0.002 £ 0.000
_% Avg  0.105 %+ 0.000 0.304 £ 0.002 0.070 £ 0.000 0.226 + 0.000 0.785 + 0.001 1.719 £ 0.001  0.002 + 0.000
; Sum  0.101 £ 0.002 0.283 £ 0.002 0.052 + 0.000 0.136 + 0.001 0.805 + 0.009 1.029 £ 0.023 0.004 + 0.000
[:2; Max  0.106 & 0.000 0.309 £ 0.002 0.075 £ 0.001 0.225 + 0.000 0.796 + 0.001 1.747 £ 0.003 0.002 £ 0.000
= W-Avg  0.105 £ 0.000 0.280 =+ 0.002 0.058 £ 0.000 0.178 £ 0.001 0.511 + 0.006 0.857 £ 0.014 0.002 +£ 0.000
Attn - 0.096 + 0.009 0.291 £ 0.012 0.043 £ 0.000 0.097 +0.001  0.507 £ 0.148 0.306 £ 0.037 0.003 £ 0.000
Last 0.080 4+ 0.000 0.195 + 0.000 0.039 + 0.000 0.103 4+ 0.000 0.379 + 0.000 0.272 + 0.001 0.002 £ 0.000
gﬂ Avg  0.105 £ 0.000 0.306 £ 0.000 0.073 £ 0.000 0.207 + 0.000 0.778 + 0.000 1.711 £ 0.001  0.002 + 0.000
% Sum  0.101 £ 0.001 0.269 £ 0.002 0.049 £ 0.000 0.126 £ 0.001 0.688 + 0.007 0.782 £ 0.003 0.003 £ 0.000
E Max  0.104 + 0.001 0.306 £ 0.002 0.073 £ 0.000 0.206 £ 0.001 0.785 + 0.001 1.743 £+ 0.000 0.002 £ 0.000
=]
=

W-Avg  0.105 £ 0.001 0.283 £ 0.000 0.053 £ 0.000 0.170 £ 0.003 0.534 + 0.003 0.951 £ 0.005 0.002 +£ 0.000
Attn  0.097 &£ 0.004 0.306 £ 0.000 0.039 +0.000 0.106 &+ 0.003 0.684 + 0.003 0.423 £ 0.028 0.003 £ 0.000

E.1 Additional NLP-related Results on Larger Models

Table[E.T|below reports results across tasks for larger models under a consistent experimental setup to
our previous experiments. With larger models, trends across pooling strategies remain visible, but the
absolute differences between pooling methods diminish, aligning with the theoretical interpretation.

E.2 Additional Results on Sequence Length Changes for NLP

To further examine pooling behavior, we conducted experiments with the Mistral-7B model on
HellaSwag, varying the maximum input sequence length from 16 to 128 tokens. Inputs were
truncated or padded as required, with padding tokens excluded from pooling operations to maintain
consistency with our setup.
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Table 7: Mean and standard deviation of test MSE for time series imputation tasks. Best performance
per dataset and model in bold. Best performance among non-learnable pooling methods is underlined.

Model g;’;’r';':fr ETThI ETTh2 ETTml ETTm2 electricity traffic weather
B Last  0.0810.002  0.241£0.002  0.051 £ 0.000 0.181£0.001  0.753 £0.010  1.709 £ 0.016  0.002 = 0.000
E Avg  0.080 +0.002  0.2334+0.002 0.050 + 0.000 0.178 +0.001  0.774 +0.013  1.583 4+ 0.016 0.002 + 0.000
g Sum  0.106 £ 0.008  0.309 £ 0.041  0.054 +0.001  0.186 4+ 0.010  1.072 4 0.143  2.130 £ 0.238  0.037 + 0.038
g Max  0.082 £ 0.002  0.229 £0.004  0.051 £ 0.000  0.174 £ 0.003  0.720 £0.013  1.211 £0.051  0.003 = 0.000
9]
= WAvg 0.080+0.002 0.233+0.002 0.050 +£0.000 0.178 +0.001  0.774+0.013  1.582+0.016  0.002 £ 0.000
Attn  0.076 + 0.003 0.088 + 0.007 0.051 +0.001 0.152 4 0.001 0.379 4 0.028 0.265 & 0.015  0.003 £ 0.001
Last  0.082+0.001  0.243£0.005 0.051£0.000 0.181 £0.002  0.760 £ 0.011  1.668 £ 0.020  0.002 =+ 0.000
% Avg  0.082+0.001  0.233+0.005 0.051 4 0.000 0.178 £ 0.002  0.769 + 0.016  1.424 +0.020 0.002 =+ 0.000
g Sum  0.103 +0.002  0.255+0.022  0.054 +0.001  0.186 +0.006  1.006 + 0.161  1.301 +0.089  0.015 + 0.009
%‘ Max  0.082+0.002  0.219 £0.004  0.051+0.000  0.173+0.002  0.707 £0.014  1.000 £ 0.113  0.002 = 0.000
WA 008240001 0.233+0.005 0.05140.000 0.178 +0.002  0.769 £ 0.015  1.425+0.020  0.002 = 0.000
Attn  0.072 4+ 0.003 0.082 4+ 0.002 0.050 + 0.000 0.151 4+ 0.002 0.370 4+ 0.013 0.273 + 0.004  0.004 + 0.003
Last 0.082 4 0.001  0.24240.005  0.051 +0.001  0.181 +0.001  0.752 +0.014  1.699 & 0.017  0.002 =+ 0.000
i“ Avg  0.081 +0.002  0.238 +0.007  0.050 & 0.000  0.177 +0.001  0.753 +0.018  1.508 +0.011  0.002 + 0.000
% Sum  0.095+0.008  0.254 +0.020  0.053 +0.001  0.177 +0.006  0.887 +0.075  1.150 + 0.065  0.014 %+ 0.002
< Max  0.081 4 0.001  0.230 £ 0.003  0.050 + 0.001  0.170 + 0.002  0.705 4 0.008  1.158 & 0.025  0.003 + 0.000
g
Z  WaAvg 0.081£0.002 0.23840.007 0.050+0.000 0.176+0.001  0.753+0.018  1.503 £0.011  0.002 £ 0.000
Attn  0.072 £ 0.003 0.091 + 0.006 0.050 + 0.000 0.147 + 0.003 0.295 + 0.006 0.231 + 0.009 0.004 & 0.001

Table 8: Mean and standard deviation of test metrics for NLP tasks.
grouped under Sentiment Analysis. Values are mean = std.

STSB and HellaSwag are

Sentiment Sentiment Banking Tweet Next Token
Model Pooling (STSB) (HellaSwag) (Accuracy) (Accuracy) (Accuracy)
Last 0.288 £ 0.003 0.692 £ 0.011 34.497 £ 0.178 57.008 £ 0.004 91.039 4 0.002
Avg 0.581 &+ 0.000 0.773 4 0.000 85.390 £+ 0.001 69.930 + 0.008 53.893 £ 0.250
Qwen2.5-14B Sum 0.579 £ 0.002 0.776 4 0.002 82.711 £ 0.008 61.218 £ 1.194 47.053 £ 0.341
’ Max 0.488 £ 0.005 0.727 £+ 0.001 77.825 + 0.006 55.390 + 0.728 25.578 + 0.332
W-Avg 0.589 +£0.001 0.798 +0.002 86.867 +0.002 69.770 4 0.007 90.653 £ 0.020
Attn 0.259 £ 0.011 0.712 4+ 0.013 66.387 £+ 1.939 56.410 + 3.001 40.573 £ 0.892
Last 0.303 £ 0.001 0.723 £+ 0.009 34.383 £ 0.268 55.886 £ 0.006 89.886 + 0.005
Avg 0.603 £ 0.000 0.781 4 0.001 87.760 £ 0.002 68.328 + 0.012 48.536 £ 0.334
Qwen2.5-32B Sum 0.604 £ 0.001 0.782 4+ 0.005 85.227 £ 0.013 63.665 £+ 0.865 39.204 + 0.627
T Max 0.488 £ 0.005 0.729 £ 0.008 83.929 + 0.008 65.268 + 0.596 31.273 + 0.586
W-Avg 0.627 +£0.003 0.812 + 0.003 89.903 + 0.004 69.464 + 0.009 89.022 + 0.019
Attn 0.355 £ 0.016 0.730 £ 0.011 68.929 £ 1.054 58.828 + 2.695 29.750 £ 1.028
Last 0.503 £ 0.002 0.745 4+ 0.008 75.487 4+ 0.087 53.701 + 0.005 88.972 4+ 0.007
Avg 0.631 £ 0.001 0.784 £+ 0.001 87.403 £ 0.006 66.871 £+ 0.009 51.723 £ 0.812
Mistral3.1-24B Sum 0.622 £ 0.004 0.783 4 0.004 87.597 £ 0.015 62.791 + 0.976 42.306 £ 0.732
’ Max 0.488 £ 0.003 0.733 4 0.007 79.675 4+ 0.010 61.655 + 0.473 27.804 + 0.923
W-Avg 0.682 + 0.002 0.816 + 0.003 88.711+ 0.017 66.200 & 0.005 87.849 + 0.024
Attn 0.392 £ 0.043 0.697 £ 0.009 72.922 + 1.012 31.294 + 4.452 19.911 4+ 2.023

The results, summarized in Table [0} compare pooling strategies across different sequence lengths.
Naturally, shorter contexts lead to performance drops due to truncation of semantically important
content. To isolate the contribution of pooling itself, comparisons should be made column-wise (i.e.,
at fixed sequence lengths).

We find that pooling sensitivity is most pronounced at shorter lengths, especially for Last-token
and Attention-based pooling. For longer contexts (64 or 128 tokens), performance stabilizes across
pooling methods, and the relative differences align more closely with theoretical expectations.

E.3 Pooling and Adversarial Robustness

Beyond shaping model expressivity for downstream tasks, the choice of pooling operation also
impacts the model’s adversarial robustness. Our theoretical framework provides insights in this
direction by interpreting neighborhood changes, introduced in Section as adversarial rather than
semantic perturbations intentionally crafted to mislead the model. The analysis suggests that certain
pooling operations, such as Average, may naturally smooth out adversarial noise, while others like
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Table 9: Mean and standard deviation of metrics for Mistral-7B on HellaSwag across different input
sequence lengths. Values are mean = std. Best performance per column is in bold.

Pooling 16 32 64 128

Last 0.454 + 0.003 0.621 4+ 0.002 0.770 4+ 0.002 0.781 + 0.001
Avg 0.503 + 0.001 0.702 + 0.000 0.769 + 0.000 0.771 4+ 0.001
Sum 0.504 + 0.001 0.702 4+ 0.001 0.769 + 0.000 0.771 £ 0.001
Max 0.435 + 0.003 0.616 + 0.003 0.709 4+ 0.001 0.700 4+ 0.008
W-Avg  0.523 +0.002 0.724 £+ 0.000 0.801 + 0.000 0.802 + 0.003
Attn 0.220 4+ 0.169 0.278 + 0.251 0.737 + 0.018 0.764 + 0.025

Table 10: Attack Success rate for different considered Pooling strategies using the FGSM adversarial
attack on the CIFAR-10 and CIFAR-100.

Dataset Attack Budget CLS Avg Sum  Max  W-Avg Attention-Based

e =3/255 1856 1894 1092 2032 1693 13.9
CIFAR-10

e =8/255 2938 28.16 1092 2597 2559 14.44

e =3/255 3429 3244 20.67 31.84 31.57 29.54
CIFAR-100

e =8/255 4399 4142 20.68 38.07 4049 32.94

Max can either amplify or ignore the perturbation depending on whether the adversarial signal falls

within the selected region.

To empirically validate these insights, we apply the Fast Gradient Sign Method (FGSM) to a pre-
trained ViT model evaluated on CIFAR-10 and CIFAR-100. We use the same attack budget as the one
usually used in the literature (¢ = 3/255 and € = 2/255) and we used the same number of epochs and
the same initialization for all the poolings to ensure fairness of the comparison [8]]. Table[I0|reports
the attack success rates for various pooling strategies under FGSM. As expected, the success rates
vary across pooling methods, confirming that pooling choices can meaningfully influence robustness.
Therefore, in domains where robustness is critical, such as healthcare or finance, the pooling strategy
should be selected not only for its expressivity but also for its impact on adversarial resilience.
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Figure 5: Left: Cosine similarity of weighted average pooling with other pooling methods. Right:
Learned weight distributions.

13



NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The main claims made in the abstract and the introduction are consistent with
the provided theoretical results in Section 4| and additionally empirically validated in our
experimental results in Section 5]

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

 The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It s fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The limitations of our work with respect to both the theoretical and empirical
results are discussed in Section

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

¢ The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: All the theoretical claims are explained in the corresponding proofs (Appen-
dices[A] [B|and [C). In addition, we clearly state our problem setup detailing the assumptions
in Section [3] which are referenced in each proof and theorem.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: In addition to providing a detailed experimental setup in Appendix D] we
provide the source code to reproduce our results in the supplementary materials section.

Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: In all our experiments we used publicly available datasets that can be found
on, e.g., HuggingFace or other open source platforms. We provide the source code in the
supplementary material for reproducibility.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

 Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: Appendix |D| contains the experimental setup for all modalities, including
training parameters and data splits. The code contains all hyperparameters for every model
and experiment.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We report standard deviation of all results in the respective tables in Section
[5.2] obtained via repeated experiments with 5 random seeds. Further details in Appendix [D]

Guidelines:

* The answer NA means that the paper does not include experiments.
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8.

10.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We provide the type of GPUs and number of GPU hours used for our experi-
ments in Appendix

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]

Justification: Our work adheres to the NeurIPS Code of Ethics. We use public datasets and
publicly available models and report on the limitations of our work.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
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11.

12.

Justification: Our work has no further societal impacts apart from known impacts of LLMs
and other Transformer-based models. We are not aware of any applications of our insights
that would result in negative societal impacts.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

* Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Our paper does not release any data or models that have a high risk for misuse.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: All datasets, models and repositories were cited appropriately.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.
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14.

15.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: The source code released along with our paper is properly documented and
contains the license terms.

Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

 The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: Our work did not involve crowdsourcing nor research with human subjects.
All experiments are performed on publicly available datasets.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,

or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
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Justification: Our work did not involve crowdsourcing nor research with human subjects.
All experiments are performed on publicly available datasets.

Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used

only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: No LLM was used in this work for the core methods.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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