© o N o o~ W N =

w N = O

Embedding game: dimensionality reduction as a two
player zero-sum game

Anonymous Author(s)
Affiliation
Address

email

Abstract

Dimensionality reduction is often formulated as a minimization containing a sparse
sum of attractive interactions and a dense sum of repulsive interactions ) _, i f (lly:i—
v;|) between embedding vectors. This dense sum is usually subsampled to avoid
computing all N2 terms. In this paper we provide a novel approximation to the
repulsive sum by deriving a landmark-based lower bound and then maximizing this
lower bound with respect to the landmarks. After inserting this approximation into
the original objective we are left with a minimax problem where the embedding
vectors minimize the objective by pulling on their neighbors and running away
from the landmarks while the landmarks maximize the objective by pulling on
the embedding vectors and running away from other nearby landmarks. We use
gradient descent ascent to find saddle points and show that our method can produce
high quality visualizations without ever explicitly computing any pairwise repulsion
between embedding vectors.

1 Introduction

Dimensionality reduction algorithms can be useful in a wide variety of contexts. Reducing the dimen-
sionality of vectors can reduce the computational burden on downstream tasks such as recognition
or neighborhood searches. Reducing the dimensionality of inputs can also be a method to filter out
unwanted variability in the original inputs. In the extreme case of reduction to 2 or 3 dimensions, it
can be used to produce visualization of the input [[14]]. This is the case we will be concerned with in
this paper.

Recent algorithms have yielded very impressive looking visualizations of complicated datasets
(13418, 12} [11) [1]]. Common to each of these algorithms is an objective function containing non-
linear interactions between all (or nearly all) pairs of embedding vectors. There are a variety of
approximations that have been proposed to approximate these all-pairs interactions. t-distributed
Stochastic Neighbor Embedding (T-SNE) has taken inspiration from physical simulation and used
the Barnes-Hut algorithm to cleverly discretize embedding space in a manner that allows for efficient
approximation of all-pairs nonlinear interactions [13]. LargeVis and UMAP both use weighted edge
sampling. At each iteration (or after several iterations), a random subset of interactions are chosen
(with higher weighted interctions more likely to be chosen) and the subsampled objective is instead
optimized [8, [12]]. PyMDE uses a similar idea, but instead samples negative edges uniformly at
random and these edges are fixed throughout training [1]]. The tractable Latent Variable Model used
landmarks to approximate the repulsion and relied on a sophisticated coarse graining scheme to
reduce the number of pairwise interactions [[11].

In this paper we will use a landmark approach for approximating nonlinear all-pairs interactions. We
will derive a lower bound to a sum of all-pairs interactions which we then maximize with respect to
the landmarks. We sill show that this requires much fewer landmarks than if we simply randomly
sampled some fixed set of landmarks. Our algorithm can be interpreted as a two player game where
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(a) compute K nearest neighbors for high-dim inputs (b) learn low-dim embeddings (®) and landmarks (*) with gradient descent ascent
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Figure 1: Diagram of our method. Each embedding is attracted to the neighbors we compute in step a
and repelled by all landmarks. There is no direct embedding-embedding repulsion. Landmarks are
attracted to all embedding vectors and repelled from all other embedding vectors. These forces are
derived in Eqs. ] [5]as the gradients of the objective in Eq. [3]

the embedding vectors minimize the objective by pulling on their neighbors and running away from
the landmarks while the landmarks maximize the objective by pulling on the embedding vectors
and running away from other nearby landmarks. We use gradient descent ascent and show that our
method can produce high quality visualizations.

2 Embedding Game

Our starting point closely follows [1] on Minimum Distortion embedding vectors (MDE). We
assume we have a set of high-dimensional inputs {x;}?; and we wish to produce a corre-
sponding set of low-dimensional embedding vectors {y;}X | which reveal interesting structure
in the original inputs. To accomplish this we compute a sparse set of neighborhood edges:
N = {(i,7) : jis ak-nearest neighbor of i}. We define two functions: f(d) will penalize large
distances between embedding vectors and g(d) will penalize small distances between embedding
vectors. We wish to find embedding vectors y which minimize:

min > flyi=yil)+ Y alllyi = vsl) (D

i~ N .3
Like many dimensionality reduction objectives, this contains a sum over N2 terms. One method
to avoid this unwieldy sum is simply to sample edges [8, 12} [1]. We proceed in a different fashion
by defining a set of landmarks {z,}~_, and making a landmark-based approximation to the sum.
Perhaps the simplest landmark-based approximation is simply to set the landmarks to be randomly
chosen samples z; = y;,,2Z2 = ¥i,, - - - and approximate the all-pairs sum with % Y ia 9y — 2al))-
This can actually be interpreted as another method of sampling edges. However we show in the
Experiments section that this idea has several problems when using a small number (< 300) of
landmarks.

Fortunately we can make a more powerful landmark-based approximation if ¢(||y; — y;||) defines a
positive semi-definite kernel function, in other words if the N x N matrix of pairwise interactions
defined by g is positive semi-definite for all {y;}. Some examples of ¢ satisfying this property are
g(d) = exp(—d?) and g(d) = 1/(1 + d?). Unfortunately our bound will not work with g(d) that go
to infinity as d — 0 which are sometimes used in the literature. However we’ll show that we can
learn high quality embedding vectors without this “infinite as d goes to zero” property.

Key inequality: if g(||y; —y;|) is a positive semi-definite kernel function, then for any {y;} ; and

{Za}aL:1:
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We are unaware of this inequality being presented in the literature but we prove it in the Appendix.
The key to our proof is to replace g(||y; — y,||) with the inner product between high dimensional
vectors ¢; - ¢;. This is allowed because of our assumption that g defines a kernel function. A useful
property of our inequality is that with at most N landmarks, there exist z which yield equality, rather
than inequality. This can be seen by simply setting the z, = y; when L = N. So long as we
have enough landmarks, our approximation should yield the same result as the original “all-pairs”
repulsion objective. Of course we hope that our approximation is useful for L < N.

To generate our landmark-based approximation to the all-pairs sum in Eq. [[|we divide both sides of
Eq. by ™. 9ap and then maximize 37 /3" . with respect to z. This yields the tightest lower
bound to the sum 3, g(|ly; — y;l|). We then replace the pairwise sum in Eq. with our tightest
lower bound to yield the minimax problem we ultimately try to solve:

min max Z Flllys —yil) + [Zla g(lly: — zaH)}

i g >as 9za —zl)

3)

The denominator in the right-hand term contains LN interactions (between all landmark-embedding
vector pairs) and the numerator contains L? interactions (between all landmark-landmark pairs).

2.1 Gradient descent ascent (GDA)-based optimization

# x: input vectors (shape: (n,m))
# k,1: num neighbors, num landmarks
# f,g: attractive, repulsive penalty functions

edges = knn_edges(x,k) # k nearest neighbors for each input

y = laplacian_eigenmap(edges) # init embedding vectors

z = sample_landmarks(y,l) # init landmarks as randomly chosen embedding
vectors

for i in range(n_iter):
# pairwise distances
yy = norm((yledges[0]] - yledges[1]],dim=1) # shape: (n*k)
yz = cdist(y,z) # shape: (n,1)
ZZ cdist(z,z) # shape: (1,1)

# energy
e = f(yy).sumO + (g(yz)**2) .sum() / g(zz).sum() # Eq. [3

# gradients
e.backward ()

# updates
-= eta_y / (y.grad**2).mean().sqrt() * y.grad
+= eta_z / (z.grad**2).mean().sqrt() * z.grad
Algorithm 1: PyTorch-style pseudocode for embedding game

N <

We provide PyTorch-style pseudocode in Alg. [I] We use a rescaled gradient descent-ascent algorithm
to find saddle points of Eq. [3] This rescaling is helpful as the embedding gradients are much smaller
than the landmark gradients and the rescaling lets us set 7, 77, to be similar magnitudes. In principle
this rescaling could lead to convergence issues, however this was not problem in practice.

As is standard practice [8l [1}[11], we initialize the embedding vectors using Laplacian eigenmaps [3]].
This method sets y to be the 2nd and 3rd smallest eigenvectors of the normalized graph Laplacian
defined by the k-nearest neighbor graph. The y are rescaled so each dimension is unit variance.
In practice we don’t find exact eigenvectors but rather 100 power iterations to approximate these
eigenvectors. We initialize the landmarks by randomly sampling embedding vectors after laplacian
initialization.
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Figure 2: embedding vectors (color) and landmarks (black) generated by our algorithm on three
datasets.

Both in theory and in practice, choosing the learning rates for GDA problems can be much more
complicated than for simple gradient descent problems. In the experiments section we explore how
various learning rate choices impact convergence.

2.2 Force-based interpretation of the game

It is useful to consider the forces on each player of the game. The force on each embedding takes the

form:
f, = a1 Z Il ngmﬂ}’z—ZaH 4

where a1, o are non-negative constants. The force has two sources: each embedding feels attraction
to its neighbors and repulsion from all landmarks. In practice, ¢’ will decay with distance so the
repulsion is strongest from nearby landmarks. In simple terms the embedding vectors run towards
their neighbors and away from the landmarks.

’ Hy

Because the landmarks are maximing the objective, the force is now the positive gradient. This takes

the form: d
f,=4-— = f oy m—
a d /Blz m”yZ a +522 ||Za

where 3, 82 are non-negative constants. ThlS force also has two source. Landmarks are attracted to
the embedding vectors (but prefer close embedding vectors) and repelled by other landmarks. In
simple terms the landmarks run towards the closest embedding vectors and away from the other
nearby landmarks.

(&)

—Zb||

3 Visualization results

We show visualizations produced by our algorithm on three different datasets (i) the classic MNIST
dataset (ii) a single cell RNA dataset (iii) 25k reddit posts from 25 different subreddits. The resulting
embedding vectors and landmarks are shown in Fig. 2] The penalty functions we use are:

@ =log(+) o) =

A is a hyperparameter which we tune for each dataset. The “log 1-plus” attractive penalty has seen
successes in previous works so we stick with it 8| [I]. Intuitively this function penalizes large
distances less than than a more intuitive d? penalty, which may be important in the presence of noisy
neighborhood graphs. Our “cauchy” repulsive penalty g is a more unusual choice. Unlike other
works, g does not approach infinity as the distance goes to zero. This is important as our bound
does not work when g(0) — oco. However, this penalty still decays to zero as d — oo, meaning that
repulsion is strongest between nearby vectors. We show empirically that we can generate high quality
visualizations with this class of distortion function.

(6)

For every dataset we adopt the same learning rate schedule. We perform 3k GDA iterations with
1y = 0.03,7n, = 0.3. We divide both learning rates by 10 and perform 3k more iterations. There is
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Landmark-based clustering
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[breakingbad] Hi all I love this show and I have been thinking ...
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Z 7 7 ) 7 7 7 7 [HomeDepot] Hello I wanted to know if anyone took these class ...
[ExNoContact] We were best friends for 2 5 years before we dated ...
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g 8 % ( % 8 % % [LDESurvival]l This is seriously annoyingI went to a yellow zone ...
[LDESurvival]l Finally i got the chopper tank today So i decided ...

MNIST Reddit 25K

Figure 3: Clustering derived by assigning each embedding to the nearest landmark. We show random
subsets of each cluster for the first four clusters in the MNIST dataset and the Reddit25K dataset

no stochasticity in our system as we are doing full batch updates, however the learning rate decay
still seems helpful for improving the resulting visualization.

3.1 Datasets

MNIST The classic MNIST dataset contains 70,000 grayscale images of size 28x28, each containing
a single handwritten digit. The generated 2D visualization is shown for K = 15 neighbors, L = 50
landmarks and A = 0.001.

scRNA The scRNA dataset contains 40,000 PCA embedding vectors of single cell mRNA transcrip-
tomes from COVID-19 patients. The input vectors are 30 dimensional. This dataset originates from
[15] and can be conveniently be download from [1]]. We use K = 15, L = 150 and A = 0.01.

25K Reddit Posts This dataset contains 25,000 reddit posts from 25 different subreddits (1000 posts
per subreddit). This is generated by sampling 25 subreddits from the larger 1 million post dataset
which can be downloaded from Kaggle [6]]. To generate feature vector for each post, we use the
strategy detailed in [2] and create a weighted average of GloVe vectors used in the post. These 300
dimensional “post vectors” are then fed into our algorithm. We use K = 15, L = 150 and A = 0.01.

3.2 Landmark-based clustering

In each case the landmarks appear to tile the high density regions of embedding space. This suggests
a method to cluster the data. Assign each embedding to the closest landmark in embedding space:

¢; = argmin ||y; — z|| @)
a

One might expect similar results by running KMeans on the embedding vectors, but a difference is
that we already have the landmarks (cluster centers) as a result of running our algorithm. In Fig. 3]
we show randomly chosen inputs that are assigned to selected landmarks for the MNIST and Reddit
post datasets. This a can provide an interesting way to quickly visualize data. Instead of directly
visualizing the embedding vectors, one can examine clusters derived from the learned landmarks.

4 Duality and learning rates

Choosing the learning rates for this problem is non-trivial because we have a non-convex non-concave
minimax optimization. However we provide a rule of thumb which is to choose the landmark learning
rate sufficiently large relative to the embedding learning rate. This is motivated by experiment and
extrapolation from theoretical results on nonconvex-concave optimization.

Duality In general there is a duality gap for our optimization in Eq. [3] In other words the order of the
optimization (min-max vs. max-min) is extremely important for this problem. In fact the reversed
“max-min” problem admits a completely degenerate set of landmarks. For any fixed set of landmarks
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Figure 4: Varying the landmark learning rate 7, with the embedding learning rate fixed at n, = 0.03
(for the MNIST dataset). Too small, and the embedding vectors collapse to a few points (1, = 0.01).
Too large and the embedding vectors again appear to begin to collapse, although not as extreme here.
There appears to be a window of learning rates where we observe nice clustering.

(z), the embedding vectors (y) can achieve 0 error by: one, setting the first sum in Eq. [3]to zero
by collapsing to a point y; =y, for all ¢, j, and two: setting the numerator of the second term in
Eq. [3|to zero by running off to infinity. So for any fixed z, we have min, e(-,z) = 0 and therefore
max, min, e = 0. Ultimately we care about generating useful visualizations of data, so having all
our embedding vectors collapsed at a single point, infinitely far away from the landmarks, is not good.

Learning rates Intuitively we should set the landmark learning rate to be relatively fast compared
to the embedding learning rate. This way, the landmarks can approximately perform max., e(y, -)
before the embedding vectors have a chance to update appreciably. Then the embedding vectors can
perform approximate gradient descent on the objective max, e(+, z) and the algorithm is more likely
to find solutions to the original min max problem.

Rigorously justifying this intuition, that setting 7, < 7, will find a solution of min, max., is
rather challenging in the case of nonconvex-nonconcave objective like ours. In the simpler case of a
nonconvex-concave problem, this intuition (choose a fast learning rate for the inside-maximization)
can be rigorously shown to be correct [[7]. We’ll show via experiment that this intuition seems to be
useful.

Experiment We run our algorithm on the MNIST dataset with £ = 15, [ = 100, and A = 0.001.
We’ll fix 7, = 0.03 and vary 7). Learning curves and visualizations after 2k iterations of Alg. [Tjare
shown in Fig. @] Too small, and the embedding vectors collapse to a few points (1, = 0.01). Too
large and the embedding vectors again appear to begin to collapse, although not as extreme here.
There appears to be a window of learning rates where we observe nice clustering. This seems to be
explained by our intuitions on the duality problem.

When 7, is too small, the embedding vectors can begin to minimize first and perform min, e(-, z),
which we argued can be O when the embedding vectors collapse to a point and move away from
the landmarks. When 7, is too large, then again the landmarks are not performing the inner loop
maximization, and the embedding vectors again can perform min, e(-, z), by collapsing to a point.
In Fig. @] we see the embedding vectors begin to collapse, although its not as extreme as when 7, was
too large.

5 Comparison with sample-based techniques

We’ll compare to two fixed-sample-based methods for approximating the all-pairs sum in Eq. I} The
first method is used by [1] and simply samples L edges for each node. The second method randomly
designates L embedding vectors at the start of training to be the landmarks and replaces the sum using
the landmarks. This method is not widely used in practice, and as we’ll see it leads to surprisingly
low quality visualizations. We call these methods “fixed-sample” because these edges/landmarks are
sampled once at the start of training and then fixed for all subsequent iterations.

We evaluate each method a) qualitatively by looking at the resulting visualizations and b) quantitatively
by comparing the value of the “all-pairs” objective (Eq. |1) using the generated embedding vectors.
We observe that the sampled-edge-based algorithm seems to outperform our algorithm for fixed L,
while the sample-landmark-based algorithm dramatically underperforms.
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Sampled edges At the start of training, we sample L edges (4, 7) uniformly at random for each node
1. We call this set of edges N/~ The all-pairs sum Z is then replaced with a sum over these edges

and reweighted by a factor N/L. So we optimize the Ob]eCtIVC.

min > f(lly: —y;l) + L > gy =yl ®)

i,j~N i,j~N—

Sampled landmarks At the start of training, we designate L embedding vectors uniformly at random
to be landmarks. We call this set of embedding vectors £. We again replace the all-pairs sum in Eq.
with a reweighted sum over landmarks:

min >y —vilh + LZZQ ly: = ;ll) ©)

i,j~oN i g~E

By defining the set of negative edges N~ = {(4,5) : ¢ = 1,2, ..., N and j € £}, we can rewrite Eq.
[9)to look identical to Eq. [8] In other words the sampled landmark scheme can be interpreted as just
another method to sample negative edges.

Averaging over edge or landmark choices, both schemes yield unbiased estimators (% > i N-) =
> ;- But because these are chosen once at the start of training and then fixed, these actually yield
zero variance but biased estimates. In other words both methods generates a biased estimate of
and its gradients. If our method exactly computed the global maxima with respect to the landmarks
for a fixed set of embedding vectors, it could as well be regarded as a zero-variance biased estimate
of the all-pairs sum. However, it does not find the global maxima, so there is some variance in our
estimates (due to for instance random initialization of the landmarks).

Experiment training details In all three experiments (sampled edges, sampled landmarks, and
our method) we use the same hyperparameters. We train on the MNIST dataset. We use the f, g
described in Eq. [ We set A = 0.001. We use K = 15 for the neighborhood graph.We compare
L € {1,3,10,30,100,300}. For the sampled edges and sampled landmarks experiment, we only
have a learning rate for the embedding vectors. We use the same learning rate schedule for 7, in
both settings: we perform 2k iterations with 7, = 0.03, then 2k more with 1, = 0.003. For the
experiment using our method, we have the additional parameter 7, and we set it at 77, = 107,,.

5.1 Visualization (qualitative comparison)

The resulting visualizations are shown in Fig. 5} As the number of landmarks L increase beyond
30, both the optimized-landmark and sampled-edge algorithms yield nearly identical visualizations.
This seems reasonable, as L increases each algorithm yields a better and better estimate of the
all-pairs objective so beyond a certain threshold of L, all algorithms should ultimately yield the
same visualizations. For L = 1, 10, 30 the optimized landmark algorithm suffers from degeneracies
not seen in the sampled-edge algorithm. In particular we observe a number of "clusters" appear to
collapse to single points.

Intuitively when there are more clusters than landmarks, there is no mechanism for the optimized
landmark algorithm to prevent some of the clusters from collapsing. In the landmark algorithms
there is no direct embedding-embedding repulsive forces. If there is no landmark inside a cluster
of embedding vectors which are attracting each other, there is no outward repulsion preventing this
cluster from collapsing to a point as we see in the cases L = 1, 3, 10 where there are not very many
landmarks. The sampled-edge method seems to provide a more robust mechanism for avoiding this
embedding collapse.

The sampled-landmark algorithm gave nearly complete embedding collapse for all L we tested
(note that at some point, for sufficiently large L all three methods should yield the same result). All
embedding vectors which were not designated as landmarks simply collapsed towards a single point
while the landmark vectors were repelled to an exterior ring around the origin. It may seem surprising
how different this result is from the sampled edges experiment, given that it can be interpreted as
another way to generate negative edges. This result shows the importance of the exact method used
to approximate the all-pairs repulsive sum.
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Figure 5: Comparing our optimized landmark method for approximating the all-pairs repulsion in
Eq. [T]to simple edge-sampling and landmark-sampling methods. Black dots indicated landmarks
(not relevant/present in sampled edges figures). The edge sampling method seems to outperform
our method for a fixed L. When we don’t have enough landmarks (L=1,3,10) we see clusters of
embedding collapse to points. However our method is much better than a simple random sampling of
landmarks. When we randomly sample and fix landmarks, nearly all the embedding vectors which
were not designated as landmarks collapse to a single point, while the landmark vectors repel from
each other and other embedding vectors.

5.2 Quantitative Results

We also compare the sampled-edge and the optimized-landmark algorithms quantitatively in Fig. [6]
We don’t show the sampled-landmark method as it is far worse than the sampled-edge or optimized-
landmark methods. All curves in this Figure are for L = 10.

In (a) we show the energy we are actually optimizing (Eq. [3) for optimized-landmarks and Eq. [8] for
sampled-edges). This indicates that both algorithms are at least optimizing the approximations, and
the degeneracies we observed in Fig. [5|are not a failure of the optimization routine. In (b) we show
an unbiased approximation to the "true" energy at each iteration (Eq. [T). This is done by randomly
sampling a large number of edges from the all pairs sum, and these edges are chosen i.i.d. at each
iteration

For both orange and blue, the energy we optimize is less than the all-pairs energy, and this difference
can be regarded as analogous to a generalization gap. Each algorithm “overfits” to the energy we
optimize, but this “overfitting” appears worse for our method than the sampled edge method.

We observe that the sampled-edge algorithms yields a lower all-pairs energy (the energy we truly
wish to optimize). This is in agreement with the fact that the sampled edge method yields the highest
quality visualizations with a small number of sampled edges (Fig. [5). In (c) we plot the root-mean-
squared error between the gradients of the approximate energy and gradients of the estimated true
energy. Our method produces a more faithful gradient estimate at nearly all times in training. This is
extremely surprising as the final true energy, after many gradient updates is lower for the sampled
edge method which gives a worse gradient estimate in terms of mean squared error. This result shows
how the exact details used to approximate the sum can be very important.
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Figure 6: Quantitative comparison between our method (optimized landmarks) and sampled edge
method. The left figure show the energy each method actually optimizes. The middle figure shows
the “all-pairs” energy (Eq. 1).

6 Related Work

Landmark methods Instead of dealing with N 2 nonlinear pairwise interactions, landmark based
approaches instead designate a small set of n landmarks, and instead work a smaller set with n/NV
iterations. Unlike our method where individual landmarks do not correspond to any particular
sample, most landmark approaches use sampling to designate certain samples as landmarks. For
dimensionality reduction, landmark approaches have been applied ISOMAP by [4]], and to stochastic
neighbor embedding vectors by [10]. Finally more sophisticated landmark sampling schemes have
been used by [[L1].

Perhaps the most well-known class of landmark methods is the Nystrom method [[16]], which is used
to approximate N x N kernel similarity matrices g(x;,x;) with two smaller N X n and n x n
matrices. Our method actually can be understood from the kernel perspective. The heart of our
method is approximating the sum over all pairs of interactions ), j 9(x;,%;) which we can interpret

as the inner product of the vector of all ones and the kernel similarity matrix 1" G1.

Game formulations of learning This work falls into a category of works formulating well-established
algorithms like multidimensional scaling, principle components analysis, and whitening as a game
[9}15]. This work is formulating a certain class of nonlinear embedding problems as a game.

7 Discussion

This paper presents a novel method for approximately the all-pairs repulsive term present in many
manifold learning algorithms. When the nonlinear repulsion terms are described by a kernel function,
we can derive a lower bound for the all-pairs sum which we then maximize to find the tightest lower
bound. We show that this optimization requires much fewer landmarks than would be required
if we instead just randomly designated embedding vectors to be landmarks. However, compared
to sampling edges randomly this scheme still requires more computation to achieve comparable
visualizations.

To make this method more useful, future work should find automated schemes for performing the
minimax optimization, so a user does not have to specify learning rates. This might me much more
challenging here than for a minimization problem because in general there is no guarantee that
an increase or decrease in the objective means we are getting closer to a saddle point. In practice
however, we observed success by setting larger learning rates for 7, and smaller for 7,.. This might
suggest that finding a quick and robust inner loop maximization, with outer loop gradient steps could
be a promising direction.

It would be interesting to apply our method to other regimes. In particular finding high dimensional
embedding vectors. Additionally, exploring the behavior of this method in the online setting is
promising, as our method for approximating a sum of all-pairs pairwise interactions does not actually
require any pairwise distances between embedding vectors to be computed.
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1. For all authors...

(a) Do the main claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope? [Yes] We provide a game theoretic objective in Eq. 3 and
show visualizations in Figure 2

(b) Did you describe the limitations of your work? [Yes] See discussion
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(c) Did you discuss any potential negative societal impacts of your work?
(d) Have you read the ethics review guidelines and ensured that your paper conforms to
them? [Yes]
2. If you are including theoretical results...
(a) Did you state the full set of assumptions of all theoretical results? [Yes] We state the
assumptions in section 2
(b) Did you include complete proofs of all theoretical results? [Yes] In the appendix, we
prove our main theoretical result, that we can bound the sum of pairwise interactions
3. If you ran experiments...

(a) Did you include the code, data, and instructions needed to reproduce the main exper-
imental results (either in the supplemental material or as a URL)? We provide
PyTorch style pseudo-code in the main text to run our algorithm.

(b) Did you specify all the training details (e.g., data splits, hyperparameters, how they
were chosen)? [Yes] In section 3 and 5 we provide these details

(c) Did you report error bars (e.g., with respect to the random seed after running experi-
ments multiple times)?

(d) Did you include the total amount of compute and the type of resources used (e.g., type
of GPUs, internal cluster, or cloud provider)? These are small scale experiments,
taking no more than a minute on a single GPU to complete

4. If you are using existing assets (e.g., code, data, models) or curating/releasing new assets...
(a) If your work uses existing assets, did you cite the creators? [Yes] We cite mnist, SCRNA,
and Reddit posts dataset
(b) Did you mention the license of the assets?
(c) Did you include any new assets either in the supplemental material or as a URL?
(d) Did you discuss whether and how consent was obtained from people whose data you’re
using/curating? We are using publicly available datasets
(e) Did you discuss whether the data you are using/curating contains personally identifiable
information or offensive content? We are using publicly available datasets
5. If you used crowdsourcing or conducted research with human subjects...
(a) Did you include the full text of instructions given to participants and screenshots, if
applicable? [N/A]
(b) Did you describe any potential participant risks, with links to Institutional Review
Board (IRB) approvals, if applicable? [N/A]

(c) Did you include the estimated hourly wage paid to participants and the total amount
spent on participant compensation? [N/A ]

Proof of Inequality in Eq. 2]

We restate the claim first. If g(||y; — y;||) is a positive semi-definite kernel function, then for any

{Yi}zN:1 and {Za}aL:ﬂ
2

> allyi—za)| < D allly: —vil)| | D 9(1za — z) (10)
ia ij ab

Proof: Because we have assumed that g is a kernel, Mercer’s theorem allows us to replace all the g(+)
with inner products between high dimensional vectors. Specifically for any {y;}Y ; and {z,}L_,
there exist {¢; } ¥ ; and {104 }L_, such that

g(llyi = zall) = &i - ba  g(llyi —yil) =i &5 9(l|za — 2l)) = a3 (A1)
Now proof of Eq. [10|is a simple matter of proving vector inequalities. First we define the sums

¢:=>,¢;and v =" 1p,. We can replace the sums of g with our vectors. So the left hand side
is

[Zg(llyi - Za”)] = (¢ 9)* = llo*[¥]*Cos[¢, ] (12)
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a78 And the right hand side of Eq. [T0]is:

Y alllyi—vil)| [ 9Ulza =zl | = ll@1* 11 (13)
1] a,b

379 Because Cos? < 1, the left hand side is always less than the ride hand side so we have therefore
ss0 proved Eq.[I0]
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