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ABSTRACT

Neural Ordinary Differential Equations (NODESs) often struggle to adapt to new
dynamic behaviors caused by parameter changes in the underlying physical system,
even when these dynamics are similar to previously observed behaviors. This
problem becomes more challenging when the changing parameters are unobserved,
meaning their value or influence cannot be directly measured when collecting data.
To address this issue, we introduce Neural Context Flow (NCF), a robust and inter-
pretable Meta-Learning framework that includes uncertainty estimation. NCF uses
Taylor expansion to enable contextual self-modulation, allowing context vectors to
influence dynamics from other domains while also modulating themselves. After
establishing theoretical guarantees, we empirically test NCF and compare it to
related adaptation methods. Our results show that NCF achieves state-of-the-art
Out-of-Distribution performance on 5 out of 6 linear and non-linear benchmark
problems. Through extensive experiments, we explore the flexible model architec-
ture of NCF and the encoded representations within the learned context vectors.
Our findings highlight the potential implications of NCF for foundational models in
the physical sciences, offering a promising approach to improving the adaptability
and generalization of NODEs in various scientific applications.

1 INTRODUCTION

A prototypical autonomous dynamical system describes the con-
tinuous change, through time ¢ € R, of a quantity z(t) € RY.
Its dynamics are influenced by its parameters ¢ € R%, according
to the (ordinary) differential equation

d

5 (0= fa(t).0),

where f : R? x R% — R? is the vector field. Learning a
dynamical system from data is synonymous with approximating
f, a task neural networks have been remarkably good at in recent
years (Chen et al.,|2018; Kidger, [2022).

Neural ODE Neural Context Flow

1)
Figure 1: Predicted angle «
for the simple pendulum ‘('127‘; +
gsina = 0. The OFA Neural
ODE that disregards context fails
to generalize its oscillation fre-
quency v9/2r to unseen environ-

Consider the challenge of reconstructing the mechanical motion . .
ments, due in part to merged in-

of an undamped pendulum given limited data from two distinct

environments: Earth and Mars. Disregarding the physical vari-
ations between these environments (e.g., gravitational constants,
ambient temperatures, etc.), one might employ a One-For-All
(OFA) approach to learn a single environment-agnostic vector

homogeneous training data. Our
work investigates Neural Context
Flows and related Meta-Learning
methods to overcome this issue.

field from all available data (Yin et al.,[2021a). This model would struggle to adequately fit such
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heterogeneous data and would face difficulties generalizing to data from novel environments, e.g., the
Moon. Fig.[T]illustrates this issue, using gravity as the underlying physical parameter. Alternatively,
learning individual vector fields for each environment with a One-Per-Env (OPE) approach would
miss inter-domain commonalities, proving both time-intensive and inhibiting rapid adaptation to
new environments (Yin et al.,|2021a). Given these constraints, it becomes imperative to develop a
methodology that can effectively learn what to learn from the aggregate data while simultaneously
accounting for the unique properties of each environment.

In Scientific Machine Learning (Cuomo et al.,[2022]) (SciML), the problem of generalization has
largely been tackled by injecting domain knowledge. It is commonly understood that adding a term
in Eq. (I) that captures as much of the dynamics as possible leads to lower evaluation losses (Yin
et al.| [2021b)). For such terms to be added, however, it is essential to have knowledge of the physical
parameters that change, which may then either be directly estimated, or predicted by a neural network
within the vector field (Rackauckas et al.,[2020). We are naturally left to wonder how to efficiently
learn a generalizable dynamical system when such physics are absent.

Under constantly changing experimental conditions, two major obstacles to learning the parameter
dependence of a vector field can be isolated: * (P1) Limited data — SciML models can be data-
intensive (Hey et al., 2020; Yin et al.| [2021b), and limited data in each environment may not be
enough to learn a vector field suitable for all environments; * (P2) Unobserved parameters — during
the data collection and modeling processes, one might be unfamiliar with the basic physics of the
system. Solving these two problems would contribute to the efficient generalization of the learned
models, particularly to related but Out-of-Distribution (OoD) datasets. Fast OoD adaptation would
massively reduce cost and complement recent efforts towards foundational models in the physical
sciences (Subramanian et al., 2024; McCabe et al.| 2023 Herde et al., 2024).

Neural Ordinary Differential Equations (Neural ODEs) (Chen et al., 2018} [Weinan, 2017} [Haber
& Ruthottol 2017)) have emerged as a powerful backbone for learning ordinary, stochastic, and
controlled differential equations (Kidger et al.| [2020). Trained using Differentiable Programming
techniques (Nzoyem et al.,|2023; Ma et al.,|2021; Rackauckas et al.| 2020)), they have demonstrated
broad utility with outstanding results in areas like chemical engineering (Owoyele & Pall [2022),
geosciences (Shen et al., [2023)), and climate modeling (Kochkov et al.|[2024). In the increasingly
popular SciML subfield of solving parametric PDEs (Li et al., 2020} Takamoto et al.l 2023} [Li
et al.,|2023; |Subramanian et al., |2024; Koupai et al., [2024), Neural ODEs occupy a place of choice
due to their flexibility and performance (Yin et al.| 2021a; Lee & Parish| 2021; Kirchmeyer et al.,
2022). That said, existing methods seeking to generalize Neural ODEs to various parameter-defined
environments fail to leverage information from environments other than the ones of interest. Not to
mention the pervasive lack of interpretability and ways of accounting for the model’s uncertainty.

This work presents Neural Context Flows (NCFs), a novel approach for multi-environment gener-
alization of dynamical systems based on Neural ODEs. By leveraging the regularity of the vector
field with respect to unobserved parameters, NCFs parameterize an environment-agnostic vector
field and environment-specific latent context vectors to modulate the vector field. The vector field
is Taylor-expanded about these context vectors, effectively allowing information to flow between
environments. Our contribution is threefold:

(1) We introduce a Meta-Learning methodology for enhancing the generalizability of dynamical
systems. Our approach effectively addresses problems (P1) and (P2), challenging the
prevailing notion that standard Deep Learning techniques are inherently inefficient for
Out-of-Distribution (OoD) adaptation (Mouli et al., [2024).

(2) We present an interpretable framework for Multi-Task representation learning, incorporating
a straightforward method for uncertainty estimation. This work extends the emerging trend
of explainable linearly parameterized physical systems (Blanke & Lelargel 2024) to non-
linear settings, thus broadening its applicability. For affine systems, we provide a lean proof
for the identifiability of their underlying parameters.

(3) We provide a curated set of benchmark problems specifically designed for Meta-Learning of
dynamical systems. This collection encompasses a diverse range of problems frequently
encountered in the physical science literature, all accessible through a unified interface.
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2 RELATED WORK

Learning data-driven Neural ODEs that generalize across parameters is only a recent endeavor. To
the best of the authors' knowledge, all attempts to solve (P1) and (P2) have relied on Multi-Task and
Meta-Learning to ef ciently adapt to new parameter values, thus producing methods with varying
levels of interpolation and extrapolation capabilities.

Multi-Task Learning.  Multi-Task Learning (MTL) describes a family of techniques where a model
is trained to jointly perform multiple tasks. In Scienti c Machine Learning, one of the earliest
methods to attack this generalization problem is LEADS (Yin ét al., 2021a). In LEADS, the vector
eld is decomposed into shared dynamfcsand environment-speci g¢ components

e

=t w0+ @

where the superscrigtidenti es the environment in which the dynamical system evolves,fand g
are learnable neural network weights.

While LEADS excels at interpolation tasks, it performs poorly during extrapoldtion (Kirchmeyer

et al., 2022). Furthermore, it requires retraining a new netwbrkach time a new environment

is encountered, which can be constraining in scenarios where adaptation is frequently required.
Before LEADS, other MTL approaches had been proposed outside the context of dynamical systems
(Caruana, 1997; Rebuf et al., 2017; 2018; Lee & Parish, 2021). Still, they do not address the crucial
adaptation to new tasks which is our focus.

Meta-Learning. Another in uential body of work looked at Meta-Learning: a framework in which,

in addition to the MTL joint training scheme, shared representation is learned for rapid adaptation to
unseen tasks with only minimum data (Wang et al., 2021). The seminal MAML (Finn et al., 2017)
popularized Gradient-Based Meta-Learning (GBML) by nesting an inner gradient loop in the typical
training process. Since then, several variants aimed at avoiding over- tting and reducing cost have
been proposed, e.g. ANIL (Raghu et al., 2019) and CAVIA (Zintgraf et al., 2019). The latter is a
contextual learning approach (Garnelo et al., 2018) that partitions learnable parameters into some
that are optimized on each environment, and others shared across environmentsta-¢rained

DyAd (Wang et al., 2022) is one of the earliest Meta-Learning approaches to target generalizable
dynamical systems. It learns to represent time-invariant features of a trajectorghy@temetwork,
followed by aforecastemetwork to learn shared dynamics across the different environments. DyAd
only performs well under weak supervision, that is when the underlying (observed) parameters are
made known to the loss function via penalization.

Arguably the most successful Meta-Learning method for physical systems is CoDA (Kirchmeyer
et al., 2022), which assumes that the underlying system is described by parametrized differential
equations whose form is shared by all environments. However, these equations differ by the values
of the vector eld's weights, which are produced by a (lineaypernetwork For the environment
indexed bye, these weights are computedtby

e — c+We; (3)

where ¢ andW are shared across environments, ah@ RY is an environment-speci ¢ latent
context vector (or simplgontext). While it achieves state-of-the-art performance on many physical
systems, the main limitation of CoDA is its hypernetwork approach, which might hinder parallelism
and memory scaling to large root or target networks. In practice, methods based on hypernetworks
require more computational resources to backpropagate and train, and exhibit a more complex
optimization landscape (Chauhan et al., 2023).

Taylor Expansion. This local approximation strategy nds numerous applications in SciML,
notably helping establish single-trajectory geometrical requirements for linear and af ne system
identi cation (Duan et al., 2020). Recently, Blanke & Lelarge (2024) modeled the variability of

1The general CoDA formulation encompasses the GMBL adaptation rule (Kirchmeyer et al., 2022). Further-
more, MTL models can be identi ed to Eq. (3) withi = 0.
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linearly parameterized dynamical systems with an af ne function of low-dimensional environment-
speci ¢ context vectors. They empirically showed that this improved interpretability, generalization
abilities, and computation speed. In our work, we similarly explaom-linear systems, thus
generalizing existing work with higher-order Taylor expansion. Additionally, we extract bene ts such
as massive parallelizability and uncertainty estimation.

3 NEURAL CONTEXT FLOW

A training dataseby :=  x&() ?22[[1121]] is de ned as a set of trajectories collected fromrelated

environments, witls trajectories per environment, each of lentytt2 N over a time horizom > 0.
GivenDy, we aim to nd the neural network weightsthat parameterize a vector efd, along with
several context vectofs ®ge; [1.m 1 that modulate its behavior such that

ddif(t):f(xf(t); ®;  8t2[0T]; 8i2[LS] 8e2[Lm]: @

We learn a single vector eld for all environments in our trainingBgt The same vector eld will
be reused, unchanged, for future testing and adaptation to environments in a similarly-Bgged

The vector eldf is assumed to not only lmntinuousbut alsosmoothin its second argument
Exploiting this constraint, we “collect” information from other environments by Taylor-expanding
f around any othef /g ,p, whereP  [1;m] is acontext poof containingp = jPj 1
environment indices. This gives rise, for xexhndi, to p Neural ODEs
8 d [=H]
< dx;
.
X7 (0) = xF(0);

)= T @); & )

8j 2 P; (5)

wherex®™ ()2 R, and ©; 1 2 RY . TX (; & 1) denotes thé-th order Taylor expansion df at
e around /. In particular, T} can be written as

TEOE S )= o e fOE ) r ok e k) (6)

whereo( ) captures negligible residuals. Eq. (6) directly consists of a Jacobian-Vector Product (JVP),
making its implementation memory-ef cient. Since higher-order Taylor expansions of vector-valued
functions do not readily display the same property, we provide the following proposition to facilitate
the second-order approximation.

Proposition 1 (Second-order Taylor expansion with JVP#ssumé : RY RY | R%is C wrt
its second argument. L&t2 RY; 2 RY Janddeneg: 7!r f(x; ) ). The second-order

Taylor expansion df around any™2 R is then expressed as

3 1
FOG ) =106+ 5000+ 5r o0 I+ ok «): ()
Proof. We refer the reader to Appendix A. O
By setting © := ,and ! := ~ Proposition 1 yields an expression fif (; ©; 1) in terms of

JVPs, an implementation of which we detail in Appendix E. During training (as described below)
trajectories from alp Neural ODEs are used within the loss function.

This new framework is callebleural Context Flow (NCF) as is the resulting model. The “ ow”

term refers to the capability of the context from one environmentji.o,in uence predictions in
another environment, i.ee, by means of Taylor expansion. It allows the various contexts to not only
modulate the behavior of the vector eld, but to equally modulate theirs, since they are forced to
remain close for the Taylor approximations to be accurate. This happens while the same contexts
are by the diversity in the data. This self-modulation process and the bene cial friction

2We note thaP might includee itself, and is reconstituted at each evaluation of Eq. (9). Itsiseonstant,
each element indexingdistinctenvironment for computational ef ciency (see Appendix A.6).
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Figure 2:(a) lllustration of the Neural Context Flow (NCF). Given an initial conditigt(0) for a
training trajectoryi in the environmene, NCF predicts in parallel, several candidate trajectories
f27 gj,p that are all compared to the ground tredh upon whichf ; g is updated(b) Depiction
of the 3-networks architecture fér, where the state vector and an arbitrary context vector are
projected into the same representational space before they can interact inside the main network.

it creates is notably absent from other contextual Meta-Learning approaches like CAVIA (Zintgraf
et al., 2019) and CoDA (Kirchmeyer et al., 2022).

We depict the NCF framework in Fig. 2, along witt8anetworks architecture that lifts the contexts
and the state vectors into the same representational space before they can interact. Cotf¢ttely,

and the context are rst processed independently intp(t) (by a state network in blue) arit(by

a context network in green) respectively, before they are concatenated and fed to a main network
(in purple) to producé (x7(t); ). This explicitely allows the model to account for the potentially
nonlinear relationship between the context and the state vector at each evaluation of the vector eld.

3.1 META-TRAINING

Starting from the same initial staﬁ;j (0) := xfF(0), the Neural ODEs in Eq. (5) are integrated using
a differentiable numerical solver (Kidger, 2022; Nzoyem et al., 2023; Poli et al.; Chen, 2018):

z
2% (1) = X7 (0) + tTfk &) % h)d; 8 2P (8)
0

The resultingcandidate trajectories are evaluated at speci c time stépsgn2[ 1N ] such that
t; =0 andty = T. We feed these to a supervised (inner) loss function

1

(o8 TR xe) = k&7 (t)  XP(ta)kS + Sk kit Pk KD (9)

N n=1
whered; d ; andd are the dimensions of the state space, context vectors, and attened network
weights, respectivelyk k; andk k, denote the regularizing® andL? norms, with ; and »

their penalty coef cients, respectively. To ensure its independence from environment count, context
pool size, and trajectory count per environment, the overall MSE loss furictisrexpressed as

in Eq. (10); after which it is minimized wrt both weightsand contextst'™ := f ®Qe2[1;m ] Via
gradient descent, alternating between updates:

1 X6 X

L(; "™;Dy) = ms b

o8 TR xe): (10)
e=1 i=1 j=1

The most effective way to train NCFs is ypaoximal alternating minimization as described in Algo-
rithm 1. Although more computationally demanding compared to ordinary alternating minimization
(see Algorithm 3), it is adept at dealing with non-smooth loss terms liké theorm in Eq. (9)
(Parikh et al., 2014). Not to mention that ordinary alternating minimization (Algorithm 3) can easily
lead to sub-optimal convergence (Attouch et al., 2010; Li et al., 2019), while its proximal counterpart
converges, with random initialization, almost surely to second-order stationary points provided mild
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assumptions are satis ed (see Theorem 1). We provide a short discussion on those assumptions in
Appendix A.3.

The above comparison demands the de nition of two variants of Neural Context AMBIS:t, uses
secondorder Taylor expansion in equation 5, and is trainedovaimalalternating minimization
(Algorithm 1). NCF-t; on the other hand, is implemented usingsi-order Taylor expansion, and
trained usingrdinary alternating minimization (Algorithm 3). Although less expressive than N F-
NCF+; is faster and serves as a powerful baseline in our experiments.

Theorem 1(Convergence to second-order stationary poirdgsume thatt ( ; ; Dy) satis es the
Kurdyka-Lojasiewicz (KL) property, is bi-smooth, andL (; ;Dy) is Lipschitz continuous on
any bounded subset of domdfd RY ™. Under those assumptions, [eb; 3'™) be a random
initialization and( ¢; éim) be the sequence generated by Algorithm 1. If the seql(eapq}:m) is

bounded, then it converges to a second-order stationary poinf ¢f; Dy) almost surely.

Algorithm 1 Proximal Alternating Minimization Algorithm 2 Sequential Adaptation of NCF

1: Input: Dy := D ®Qeof1:m ] 1: Input: Daq:= fD eogeona;b]
2: 92 RY randomly initialized 2 2 RY learned
3 im= e where €= 02 R¢ 3 ¢=02Rd :8e°2 [a; b]

e=1 4: > 0
4: Onax2 N ; L2R*; : >0 5 fore® a;bdo
5. for g 1;gnaxdo 6: L( ¢ D) =
6: G():=LG &:ml;D")-i_ fk q 1k§ 1 P vr.oe0 el pefel. el
7. qg= q 1 @._1 (! ' ’ki ’Xi)
8:  repeat 7. repeat
9: rG ( q) s: e? e° L ( eO.DeO)
10:  until 4 converges : e ’
11 H(EM)i= L( g 1™ Dy) 9 unti converges

1:m 1m L2 10: end for
+ 5k LY

12: 1m = 1:”}- . .

13 rgpeat q Proof. The proof of Theorem 1 is straightfor-
14: Lm m H o Fm) ward by adapting Assumptions 1 and 4, then
_ 3 3 g Theorem 2 of (Li et al., 2019). O

15: until 5™ converges

16: end for

3.2 ADAPTATION (OR META-TESTING)

Few-shot adaptation to a new environmeh® [a; b] in or out of the meta-training distribution
requires relatively less data, i.e., its trajectory casht S. Here, the network weights are frozen,

and the goalisto nd a contex€’ such that
dxieo

0= 050 %) 82 [LS: (11)

Our adaptation rule, as outlined in Algorithm 2 is extremely fast, converging in seconds for trainings
that took hours. In scenarios where we want to adapt to more than one environment, we outline a bulk
version in Appendix A.5 (see Algorithm 4). Although the bulk adaptation algorithm is parallelizable
and framed in the same way as during meta-training, it does not allow for ow of contextual
information, since this causes signi cant accuracy degradation. Most importantly, disabling the
Taylor expansion at this stage limits the size of the context pogpHd. and signi cantly improves
memory ef ciency, an important resource when adapting to a large number of environments.

3.3 IND AND OoD TESTING

We distinguish two forms of testing. Far-Domain (InD) testing, the environments are the same

as the ones used during training. In InD testing data, the underlying parameters of the dynamical
system we aim to reconstruct are unchanged, and so the meta-learned context vectors are reused.
Out-of-Distribution (OoD) testing considers environments encountered during adaptation. The data
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is from the same dynamical system, but de ned by different parameter values (either interpolated
or extrapolated). In all forms of testing, only the main predicted trajectory corresponding to

orj = €’is used in the MSE and MAPE metrics computation (see Appendix B.4 for de nitions),
thus returning to a standard Neural ODE. Other candidate trajectories are aggregated to ascertain the
model's uncertainty. The initial conditions that de ne the trajectories are always unseen, although
their distribution never changes from meta-training to meta-testing.

4 MAIN RESULTS

In this section, we evaluate the effectiveness of our proposed framework by investigating two main
guestions(i) How good are NCFs at resolving (P1) and (P2) for interpolation tasks (Section(#)2)?

How does our framework compare to SOTA Meta-Learning baselines (Section 4.3)? Further questions
regarding interpretability, scalability, and uncertainty estimation are formulated and addressed in
Appendices A.2, A.7 and B.2 respectively.

4.1 EXPERIMENTAL SETTING

The NCF framework is evaluated on ve seminal benchmarks. The Simple Pend8®mgpdels

the periodic motion of a point mass suspended from a xed point. The Lotka-Volievrpgystem
models the dynamics of an ecosystem in which two species interact. Additional ODEs include a
simple model for yeast glycolysis: Glycolytic-Oscillat@ Q) (Daniels & Nemenman, 2015), and

the more advanced Sel'kov Modebl¢) (Strogatz, 2018; Sel'Kov, 1968). Like GO, SM is non-
linearly parameterized, but additionally exhibits starkly different behaviors when its key parameter
is varied (see Fig. 4(a)). Finally, we consider three PDEs, all with periodic boundary conditions,
and cast as ODEs via the method of lines: the non-linear oscillatory Brussdéatpmodel for
autocatalytic chemical reactions (Prigogine & Lefever, 1968), the Gray-S&8jtgystem also for
reaction-diffusion in chemical settings (Pearson, 1993), and Navier-SthE$dr incompressible

uid ow (Stokes et al., 1851).

For all problems, the parameters and initial states are sampled from distributions representative of
real-world problems observed in the scienti c community, and the trajectories are generated using
a time-adaptive 4th-order Runge-Kutta solver (Virtanen et al., 2020). For LV, GO, GS, and NS,
we reproduce the original guidelines set in (Kirchmeyer et al., 2022), while exposing the data for
ODE and PDE problems alike via a common interface. Such use of synthetic data is a common
practice in this emerging eld of generalizable dynamical systems, where the search for unifying
benchmarks remains an open problem (Massaroli et al., 2020). This need for shared datasets and
APIs has motivated th&en-Dynamics open-source initiative, our third and nal contribution with

this paper. Further details, along with the data generation process, are given in Appendix B.

We now highlight a few key practical considerations shared across experiments. We use the 3-
networks architecture depicted in Fig. 2b to suitably process the state and context variables. The
dimension of the context vector, the context pool's size and lling strategy, and the numerical
integration scheme vary across problems. For instance, vk set024 for LV, d = 202 for NS,

andd = 256 for all other problems; whil@ = 2 for LV and SM,p = 4 for LV and GO, ancp =3

for all PDE problems. Other hyperparameters are carefully discussed in Appendix D.

4.2 INTERPOLATION RESULTS

This experiment explores the SP problem di%able 1: Training and adaptation testing MSESp (
cussed in Fig. 1. During meta-training, we usaith OFA, OPE, and NCF; on the SP problem.
25 environments with the gravity regularly 1 3
spaced in2; 24]. Each of these environments TRAIN( 10 7) ApaPT( 10 )
contains only 4 trajectories with the initial con- OFA 9.49 0.04 115000 3200

i .- .y T OPE 0.18 0.02 459.0 345.0
ditionsx£(0) U( 3:3)U(C L1) .Dur-
ing adaptation, we interpolate to 2 new environ- NCF 0.10 0.03 0.0356 0.001
ments withg 2 f 10:25; 14:75g, each with 1 trajectory. For both training and adaptation testing
scenarios, we generate 32 separate trajectories.
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Table 2: In-Domain (InD) and adaptation (OoD) test MSBsf¢r the LV, GO, SM, BT, GS and NS
problems. The best is reportedbold. The best of the two NCF variants is shade(grey .

LV ( 10 %) GO ( 10 %)
#PARAMS IND OoD #PARAMS IND OoD
CAVIA 305246 91.0 63.6 120.128.3 130711 64.014.1 463.4 84.9
CoDA 305793 1.40 0.13 2.19 0.78 135390 5.060.81 4.22 4.21
NCF+t; 308240 6.730.87 7.92 1.04 131149 40.39.1  19.4 1.24
NCF+4, 308240 1.68 0.32 1.99 0.31 131149 3.33 0.14 2.83 0.23
SM( 10 %) BT( 10 %)
#PARAMS IND OoD #PARAMS IND OoD
CAVIA 50486  979.1 141.2 859.170.7 116665 21.931.8 22.6 7.22
CoDA 50547  156.0 40.52 8.28 0.29 119679  25.409.5 19.47 11.6

NCF+, 50000 680.6 320.1 677.218.7 117502 21.538.9 20.89 12.0
NCF-> 50000 6.42 0.41 2.03 0.12 117502  3.46 0.09 3.77 0.15

GS( 10 ?) NS( 10 %)
#PARAMS IND OoD #PARAMS IND OoD
CAVIA 618245 69.9 21.2 68.0 4.2 310959 128.129.9 126.4 20.7
CoDA 619169 1.23 0.14 0.75 0.65 309241 7.691.14 7.08 0.07
NCF+; 610942 7.640.70 5.57 0.21 310955 2.980.09 2.83 0.06
NCF+; 610942 6.15 0.24 3.40 0.51 310955 2.92 0.08 2.79 0.09

Table 1 emphasize the adaptation-time merits of Meta-Learning approaches like NCFs in lieu of
baselines where one context-agnostic vector eld is trained for all environments indiscriminately
(One-For-All or OFA), or for each environment independently (One-Per-Env or OPE). Additional
results and further analysis of these differences is done in Appendix B.3.

4.3 EXTRAPOLATION RESULTS

A Meta-Learning algorithm is only as good as its ability to extrapolated to unseen environments. In
this section we tackle several one-shot generalization problemS§Pi=e1 . We consider the LV, GO,

SM, GS, BT, and NS problems, which all involve adaptation environments outside their meta-training
distributions. We compare both variants of NCF to two baselines: CAVIA (Zintgraf et al., 2019)
which is conceptually the closest GBML method to ours, and Cob&irchmeyer et al., 2022).
Their hyperparameters, laid out in Appendix D, are tuned for a balance of computational ef cacy and
performance, all the while respecting each baseline's key assumptions.

At similar parameter countsTable 2 shows that CAVIA is the least effective for learning all six
physical systems, with a tendency to over t on the few-shots it receives during both meta-training
and meta-testing (Mishra et al., 2017). NGFachieves SoTA OoD results on 5 out of 6 problems.
While CoDA retains its superiority on GS, we nd that it struggles on non-linear problems, most
notably on the SM problem whose trajectories go through 3 distinct attractors in a Hopf bifurcation.

This shows that CoDA's ability to automatically select low-rank adapta-
tion subspaces via a linear hypernetwork decoder is limited, particularly
for highly nonlinear systems. We note that NGFequally fails to ac-
curately resolve SM and other non-linear problems, thus illustrating the
value of second-order Taylor expansion. This suggests that higher-order
Taylor-based regularization prevents NGHrom learning spurious as-
sociations, which is a problem commonly associated with poor OoD
generalization (Mouli et al., 2024).

Figure 3: Grid-wise adap-

tation on the LV problem Grid-wide adaptation on LV.  We report in Fig. 3 how well NCF per-

showing low MAPEs#). forms on 625 adaptation environments obtained by varying its parameters

3This accounts for the total number of learnable parameters in the framework excluding the context vectors,
whose size might vary with the method as explained in Appendix D.
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and on a 25 25 uniform grid. It shows a consistently low MAPE below 2%, except in the
bottom right corner where the MAPE rises to roughly 15%, still a remarkably low value for this
problem. We highlight the 9 meta-training environments in yellow, and the 4 environments used for
OoD adaptation for Table 2 in indigo. Remarkably, our training environment's convex-hull where
adaptation is particularly low is much larger compared to CoDA's (Kirchmeyer et al., 2022, Figure 3).

Nonlinear adaptation on SM. We investigate how the models perform across the SM attractors
depicted in Fig. 4(a): training environmergsande, fall into a limit cycle (L1),e; ande, collapse

to a stable equilibrium (E), whiles andes fall into another limit cycle (L2). Fig. 4(c) presents

the adaptation MSE for each environment in the OoD testing dataset. While CoDA equally fails
to capture all 3 attractors, we observe that CAVIA and NgEend to favor E. But unlike CAVIA,
NCF+, succeeds in capturing limit cycles as well, as evidenced by the low MSE on all environments.

(a) Trajectories (b) Training losses (c) OoD MSEs per environment

Figure 4: (a) Sample trajectories from the SM problem illustrating the Hopf bifurcation; (b) Losses
during meta-training; (c) Subsequent adaptation MSE per method per environment.

5 DISCUSSION

5.1 BENEFITS OFNCFs

Neural Context Flows provide a powerful and exible framework for learning differential equations.
They can handle irregularly-sampled sequences like time series, and can easily be extended to general
regression tasks (Finn et al., 2017). Some of their other desirable properties are highlighted below.

Massively parallelizable. Eg. (10) indicates that NCFs are massively parallelizable along 3 di-
rections. Indeed, evaluations lofcan be vectorized across p environments, and across 8ll
trajectories. This leads to better use of computational resources for meta-training. We provide details
on such vectorized NCF implementation in Appendix E, along with a thorough discussion on its
scalability in Appendix A.7.

Interpretable. Understanding how a model adapts

to new physical settings is invaluable in many sci-

enti ¢ scenarios. Moving information from one en-

vironment to another via context-af ne transforma-

tions provides a powerful framework for explaining

Multi-Task Learning (Blanke & Lelarge, 2024). With

contextual self-modulation via Taylor expansion, we

generalize this framework while maintaining compu-

tational ef ciency. In Fig. 5 for instance, we show- ) o

case system identi cation with NCE- where the Figure 5: Interpretability with NCF.
underlying physical parametersand of the LV problem are recovered up to a linear transform.
The corresponding experiment is detailed in Appendix A.2 which further illustrates NCF's robustness
to noise during system identi cation.

Proposition 2 (Identi ability of af ne systems) Assumal dc, thatP is full-rank, and thaf e
is differentiable in its second argument. In the limit of zero training loss in(E@), f trained with
rst-order Taylor expansion and the Random-All pool- lling stratégg af ne on an open region of
RY . Furthermore, there exis® 2 R% ¢ andq2 R% such that for any meta-trained2 f g,
and its corresponding underlying paramete? f c°glL; , we havec= Q + Q.

“A discussion on which neighboring contexts should go into the context@oprovided in Appendix A.6.
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To theoretically demonstrate the capacity to identify physical systems, we consider a learnable vector
eld fyue: RY RY% 1 RYisthatisafnei.e.9P 2 RY 9 andp 2 RY such thaf yue( ;) = Pc+p.

Under these assumptions, the prediftor RY RY | RY satis es Proposition 2 above, inspired

by Proposition 1 of (Blanke & Lelarge, 2024). A detailed proof is provided in Appendix A.2.

Extendable. The relative simplicity of our formulation makes NCFs
easily adaptable to other works involving Neural ODE models. For instance,
it is straightforward to augment the vector eld as in APHYNITY (Yin

et al., 2021b), augment the state space as in ANODE (Dupont et al., 2019),
or control the vector eld as in (Massaroli et al., 2020).

Provides uncertainty. Uncertainty requirements are increasingly critical
in Meta-Learned dynamical systems (Liu et al.). NCFs provide, by their
very de nition, a measure of the uncertainty in the model. During testing,

, . all candidate trajectories stemming from available contexts (meta-trained,
Figure 6: Uncertainty gqanted, or both) can be used to ascertain when or where the model is most
estimation with NCF.  ncertain in its predictions. In Fig. 6 for instance, we visualize the means
and standard deviations (scaled 10 folds for visual exposition) across 9 and 21 candidate forecasts for
the Lotka-Volterra and Sel'kov Model problems, respectively. Additional results with quantitative
metrics are provided in Appendix B.2.

5.2 LIMITATIONS

Further theory. While massively parallelizable, extendable, interpretable, and applicable to count-
less areas well outside the learning of dynamics models, Neural Context Flows still need additional
theoretical analysis to explain their effectiveness and uncover failure modes. While the provided
Propositions 1 and 2 partly compensates for this shortage, we believe that this creates an interesting
avenue, along with other limitations outlined below, for future work.

Regularity assumptions. Another limitation faced by Neural Context Flows lies within the assump-
tions they make. While differentiability of the vector efdwrt is encountered with the majority of
dynamical systems in science and engineering, some are bound to be fundamentally discontinuous.
NCFs break down in such scenarios and would bene t from the vast body of research in numerical
continuation (Allgower & Georg, 2012).

Additional hyperparameters. Finally, NCF introduces several new hyperparameters such as the
context sized , the context pool size, the pool- lling strategy, the proximity coef cient in
Algorithm 1, and many more. Although we offer insights into their roles in the Appendix C, we
acknowledge that tuning them complicates the training process.

5.3 CONCLUSION AND FUTURE WORK

This paper introduces Neural Context Flows (NCFs), an innovative framework that enhances model
generalization across diverse environments by exploiting the differentiability of the predictor in its
latent context vector. The novel application of Taylor expansion in NCFs facilitates vector eld modu-
lation for improved adaptation, enhances interpretability, and provides valuable uncertainty estimates
for deeper model understanding. Our comprehensive experiments demonstrate the robustness and
scalability of the NCF approach, particularly with respect to its most demanding hyperparameters.
Future research will explore the limits of NCFs and their adaptation to even more complex scenarios.
This work represents a promising step toward developing foundational models that generalize across
scienti c domains, offering a fresh and versatile approach to conditioning machine learning models.

ETHICS STATEMENT

While the bene ts of NCFs are evidenced in Section 5.1, its negative impacts should not be neglected.
For instance, malicious deployment of such adaptable models in scenarios they were not designed for
could lead to serious adverse outcomes. With that in mind, our code, data, and models are openly
available ahttps://github.com/ddrous/ncflow
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A ALGORITHMS & PROOFS

A.1 SECOND-ORDERTAYLOR EXPANSION WITH JVPs

For ease of demonstration, we propose an equivalent formulation of Proposition 1 that disregards the
rst input of f not necessary for its proof. Although we will consistently write termsiike), we
emphasize that is meant to stand for the context, not the state variable.

Proposition 1 (Second-order Taylor expansion with JVP#)ssume : RY | RYis C?. Let
x 2 RY ,anddeneg:y 7!'r f(y)(x Y). The second-order Taylor expansionfofround any
Xo 2 RY is then expressed as

F00= f(x0)+ S000) + 37 GXaMX  X0)*+ O(kX  Xok?):

Proof. Letx;xo 2 RY . The second-order Taylor-expansiorfoincludes its Hessian that we view
as a 3-dimensional tensor, and we contract along its last axis such that

f(x) = f(xo) + r f(xo)(X Xo)+ % r2f(xo)(x Xo) (X Xo)+ o(kx Xok?):  (12)

Nextwe deneg:y 7!'r f(y)(x y), and we consider a small perturbatio RY to write
gly+hy=rf(y+h)x y h)

rf(y)+ r 2f(y)(h)+ okhk) (x y h) + Taylor expansion of f

rf(x y) r fyh+ r?f(y)h (x y)+ o(khk)+ o(khk?)

The Hessian is by de nition symmetric along its last two axes, which allows us to rewrite the third
termasr ?f (y)(x y) h. We then have

gly+ h)=gy)+ r 2 (y)(x y) r f(y) h+ ofkhk);
which indicates that g(y) := r 2f (y)(x y) r f(y), from which we derive
8y2RY; r2f(y)(x y)=rgy)+rfy:
In particular,
r2f (xo)(x  Xo) = 1 g(xo) + 1 f(Xo): 13)

Plugging this into Eq. (12), we have
f(x)=f(xo)+ r f(Xo)(X Xo)+ %[r g(xo) + 1 f(X0)] (X Xo)+ o(kx  Xok?)

= f (Xp) + g[ f(xo){(zx xo?+ %r g(Xo)(X  Xg)+ o(kx xokz):

g(xo)

This concludes the proof. O

While this expression of the second-order Taylor expansion of a vector-valued function makes
its implementation memory-ef cient via Automatic Differentiation (AD), it still relies on nested
derivatives, which scale exponentially with the order of the Taylor expansion due to avoidable
recomputations. For even higher-order Taylor expansions, this scaling is frightfully inef cient.
Taylor-Mode AD is a promising avenue to address this issue (Bettencourt et al., 2019).

A.2 IDENTIFIABILITY OF PHYSICAL PARAMETERS
Identifying the underlying physical parameters of a system is of enduring interest to scienti c

machine learning practitioners. Our work critically builds on CAMEL (Blanke & Lelarge, 2024)
which extensively studies a model similar to NGFas a linearly parametrized system. Its Proposition
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1 states, informally, that in the limit of vanishing training lds§; ; ) = 0, the relationship between

the learned context vectors and the system parameters is linear and can be estimated using ordinary
least square. This forces the model to learn a meaningful representation of the system instead of
over tting the examples from the training tasks.

We now reformulate Blanke & Lelarge (2024)'s identi ability result for linear systems trained with
rst-order Taylor expansion and the Random-All pool- lling strategy (see Appendix A.6), then we
provide an alternative proof suited to our setting. Building on notations from Eqs. (1) and (4), we
restate that our goal is to approximate the true vector eld based on

(:T)t((t) = frue(X(t);0); and z—)t((t) =f (x(t); ); 8t2[0;T]:

We drop the dependence &r2 R to ease notations in the sequel (thavill henceforth indicate
gradients wrt ). As such, the predictdr : RY | RY is parametrized as a neural network and
learned, whilef qe : R% I RYis known and afne, i.e.9P 2 RY % andp 2 RY such that
fiue(C) = Pc+ p.

Proposition 2 (Identi ability of af ne systems) Assumal dc, thatP is full-rank, and thaf e

is differentiable. In the limit of zero training loss in E4.0), f is af ne on an open region dr? .
Furthermore, there exis® 2 R% 9 andq2 RY% such that for any meta-trained2 f ¢gl, and

its corresponding underlying paramete® f c°glL; , we havee= Q + Q.

Proof. Lete 2 [1;m]. In the limit of zero training loss, coincides with its rst-order Taylor
expansion in a neighborhodd( ®) which contains all othefr ' gL, . We can write

fO)=Ff(+AC °); 8 2U(9 (14)
whereA = r f ( ©) is constant.
Similarly, forj 2 [1;m], there exists an open sg{( !) which contains all othefr g™, , such that

fFO=f(H+B( ') 8 2U()) (15)
whereB = r f ( 1) is constant.

To show that necessarily = B, let's consider without loss of generality2 U( )\ U( /) (which
is non-empty since bothf and ! are included in both sets) and proceed by contradiction, assuming
A 6 B. Letv 2 RY sufciently small, we can set = €+ tv in Eq. (14) and write the directional
derivative

o f(e+tv) f(9)

lim =lim
tl 0 t t!

f()+AC+tv ©) F (9
0 t

= Av: (16)
We also write, using Eqg. (15), the same directional derivative as

Iimf(e+tv) f(e):"mf(i)+B(e+tv NDf (9
th o t t! 0

t
i O Lpoteeth e
ro( C UV Ty tho t

= Bv: a7

Forv 2 ker(B A), we haveAv 6 Bv which contradicts with the uniqueness of directional
derivatives for differentiable functions (Spivak, 1965). This showsfth# af ne on the open set

m
U= U(9).

e=1

Furthermore, using Eq. (14), we have
f() A=Ff(°% AS 8 2U (18)
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which is valid for alle 2 [ 1; m ]. This indicates that the right hand side of Eq. (18) is constant, i.e.
92 RY suchthaBe2 [1;m],f ( ¢ A ©=g. We then use the fact that in the limit of zero
training loss, the predicted and true vector elds coincide for a cont@tJ and its corresponding
underlying parameters:

fre(c)=f () Pec+tp=A( %)+ f (%) fore2[Lm]
=A +9:

Sinced  d. andP is full-rank, its rows are linearly independent, guaranteeing the existence of a
pseudo-inverse. We can thus write Q + g with

Q=(PTP) PTA; and q=(P"P) P& pI: (19)
O

The closed form expression Eg. (19) can be challenging to derive, especiallyPsarudp might
not be fully known when collecting data. So similar to (Blanke & Lelarge, 2024), one can perform
post-training, ordinary least squares regression on obséo?ggfl (with m® m) to estimate the
optimalQ andq :
1 X
Q:q 2 argmirE kQ €+ q c°ks: (20)
Q:q

e=1

Experimental validation. We validate Proposition 2 by modifying the Lotka-Volterra (LV) experi-
ment. For CoDA (Kirchmeyer et al., 2022) and N@Fwe use the exact same network architecture:

a 4-layer MLP with 224 hidden units. This means no context nor state network is used ity NCF-

the context vector of sizé = 2 is directly concatenated to the state vector as done by Zintgraf et al.
(2019). We note that the results obtained using this con guration further indicate the superiority of
NCF, even when model comparison centers on their main/root networks (see also (Park et al., 2023)
for a similar model comparison based on parameter céunt)

After meta-training and meta-testing, we set out to recover the underlying parameters of the Lotka-
\olterra systems via a linear transformation of the learned context vectors. We t a linear regression
model to the 9 meta-training context vectors, using the true physical parameters as supervision
signal. We test on the 4 adaptation contexts. The results, displayed in Fig. 5, adequately illustrate
interpretability as stated in (Blanke & Lelarge, 2024, Proposition 1) and our Proposition 2. They show
that our trained meta-parameters recover the underlying system parameters up to a linear transform,
and thus enableero-shot(physical parameter-induced) adaptation via inverse regression.

Robustness to noise. Additionally, system identi cation with NCFs is robust to noise in the
trajectory. We show this empirically by corrupting the single trajectory in each adaptation environment
with a Gaussian noise scaled by a factor oJpon addition of this noise, sequential adaptation is
performed to recover newwhich are then transformed intcand plotted. The weigh® and biag

of the af ne transform are tted on the training environments and their corresponding underlying
parameters, which are unchanged across all noise levels. Fig. 7 shows that the recorfsM&Hon
remains low despite the noise (compared to CoDAs MSE:67 10 2 when = 0 shown in

Fig. 5), and the physical system remains visually identi able, especially in the convex hull of training
environments. Outside the convex hull, the identi ability is notably worse with 0:1 indicating

that this noise level is excessively high given the range of the LV state values.

A.3 CONVERGENCE OF PROXIMAL ALTERNATING MINIMIZATION

For clarity of exposition, Theorem 1 expressing the convergence of Algorithm 1 to second-order
stationary points is repeated below.

®As reported in Appendix D, the primary model comparison approach in this work counts all learnable
parameters, including hypernetworks if involved. Only the context vectors are exempt from this count.

6Sample context vectors pre-reconstruction can be observed in Fig. 22 as the structure is preserved with
changing seeds.
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Figure 7: Robustness of NQir-when identifying physical parameters with varying levels of noise
injected into the adaptation trajectory. The MSE is reported with the standard deviation across
10 runs with different seeds for the Gaussian noise. (Lef)0:01, (Middle) = 0:05, (Right)
=0:1.

Theorem 1(Convergence to second-order stationary poirdgsume thalt ( ; ; Dy ) satis es the
Kurdyka-Lojasiewicz (KL) property, is bi-smooth, andL ( ; ;Dy) is Lipschitz continuous on
any bounded subset of domdfd RY ™. Under those assumptions, leb; ™) be a random
initialization and(' g; éim) be the sequence generated by Algorithm 1. If the seqL(eqpq}m) is
bounded, then it converges to a second-order stationary poinf ¢f; Dy) almost surely.

We use this section to brie y emphasize that the assumptions of KL property (Attouch et al., 2010) and
Lipschitz continuity are mild and easily achievable with neural networks. Interestingly, boundedness
of the sequence «; ™) is guaranteed a priory If is coercive (Li et al., 2019), a property we
encouraged by regularizingwrt weights and contexts as in Eq. (9).

A.4 ORDINARY ALTERNATING MINIMIZATION

Here we provide an additional procedure (Algorithm 3) for training Neural Context Flows which we
reserved for the NCI; variant. While stronger assumptions (Li et al., 2019) are needed to establish
convergence guarantees like its proximal extension, is it relatively easier to implement, and exposes
fewer hyperparameters to tune.

Algorithm 3 Ordinary Alternating Minimization Algorithm 4 Bulk Adaptation of NCF

1: Input: Dy := fD §Qe2[1:m ] 1: Input: Dyg:= fD 909602[3;,0]

2: 2 RY randomly initialized 2. 2 RY learned

3 I'm .- e where €=02 Rd 3 aib — 3 eo, where e =02 R
e=1 el= g

4 >0 4 >0

5: repeat _ 5: repeat

6: r L(; Lm. Dy) 6: a:b ab roL(; ab. Dad)

[ Lm _ Lm r L(; *™;Du 7: until P converges

8 until ; ™ converges

A.5 BULK ADAPTATION ALGORITHM

Neural Context Flows are designed to be fast at adaptation time. However, one might want to adapt
to hundreds or thousands of environments, perhaps to identify where the performance degrades
on downstream tasks. In such cases, Algorithm 2 could be slow due to its sequential nature. We
provide Algorithm 4 that leverages the same parallelism exploited during training (while restricting
information ow from one adaptation environment to the next).

Although highly parallelizable, we realize in practice that Algorithm 4 is susceptible to two pitfalls:

1. Memory scarcity: the operating system needs to allocate enough resources to store the data
Dag, the combined context vectord® 2 RY (P a1 and backpropagate their gradients
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in order to adapt all environments at once, which might be impossible if the context pool
sizep is set too high. To avoid this issue, we recommend uping m, or ideallyp = 1 if
contextual self-modulation is disabled.

2. Slower convergencethe bulk algorithm could take longer to converge to poorer context
vectors when the jointly adapted environments are all very far apart. This is because the
contextual self-modulation process would be rendered useless by such task discrepancy, and
samplingj = ein the context pooP to return to standard a Neural ODE in Section 3 would
be harder. We nd in practice that manually setting e by adjusting the vector eld to
forego the Taylor expansiomorks well (see Fig. 3). A more direct way of achieving the
same result is to disregaRland retairf (rather than its Taylor expansion) in Eq. (5).

All adaptation results in this paper use the sequential adaptation procedure in Algorithm 2, except for
the grid-wise adaptation in Section 4.

A.6 WHAT'S IN A CONTEXT POOL?

The content of the context poBlnot only de nes the candidate trajectories we get from Eq. (8), but
also the speed and memory cost of the meta-training process. Based on intuitive understanding of the
role of P, we outline 3 tunable pool- lling strategies for selectipgeighboring contexts:

« Random-All (RA): all p distinct contexts can be selected by randomly drawing their indices
from [ 1; m]. By repeatedly doing so, we maximize long-range interactions to provide the
broadest form of self-modulation — since information can always (in the stochastic limit)
ow from any environment intce.

» Nearest-First (NF): only thep closest contexts to® are selected, thus encouraging en-
vironments to form clusters. (Note, however, thay i 1, thenP = feg itself, and no
self-modulation occurs.) In one ablation study, we observe that this strategy is the most
balanced with regard to training time and performance (see Appendix C.3).

» Smallest-First (SF) the smallest contexts in' norm are selected rst. Since an environ-
ment with context close tb can be interpreted as an environment-agnostic feature like
in (Kirchmeyer et al., 2022; Blanke & Lelarge, 2024), this strategy prioritizes the ow of
information from that base or canonical environment to the one of interest

A.7 SCALABILITY OF THE NCF ALGORITHMS

The Neural Context Flow (NCF) framework demonstrates excellent scalability with respect to various
hyperparameters, owing to its innovative design and implementation. This scalability is evident in
three key aspects: distributed training capabilities, ef cient handling of large context vectors, and
utilization of rst-order optimization techniques.

Primarily, NCF's training process can be distributed and parallelized across environments and
trajectories (see Eq. (10), Fig. 12, and Algorithm 4), a feature that distinguishes it from baseline
methods which are limited to parallelization across trajectories. Furthermore, the framework employs
an ef cient approach, as outlined in Proposition 3.1, to avoid materializing Jacobians or Hessians
wrt potentially large context vectors, thereby signi cantly enhancing scalability. Additionally, NCF
utilizes only rst-order gradients wrt model weightsin contrast to methods like CAVIA that require
second-order information in their bi-level optimization loop.

Scalability can also be evaluated in terms of component size, particularly in meta-learning adaptation
rules that incorporate additional contextual parameters beyond shared model weights. These compo-
nents may include encoders, hypernetworks, and other mechanisms for generating or re ning context
vectors necessary for task adaptation. The complexity and memory requirements of contextual
meta-learning rules, which are directly related to the size of these components, can be quanti ed
by their parameter count among other metrics. In this regard, NCF maintains a constant memory
costO(1), while baseline methods such as CAVIA and CoDA require additional memory to produce
better contexts (see (Park et al., 2023, Table 1)).

Despite these advantages, the NCF framework may face challenges related to memory and compu-
tational ef ciency due to the requirement of solvipdNeural ODEs in equation 3, as opposed to
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a single one. In scenarios where all training environments are utilizedp(i=e.m), this results

in a quadratic cogb(m?) for Algorithms 1 and 3. However, our ablation studies in Appendix C.1
demonstrate that competitive performance can be achieved on most problems using gs fefv as
neighboring environments. Additional studies in Appendices C.2 and C.4 establish the necessity of
expressive context vectors (Voynov & Babenko, 2020) and validate the ef cacy of the 3-networks
architecture, respectively.

It is worth noting that limiting these quantities could directly contribute to improved parameter counts
and more interpretable models. Moreover, restricting the total number of environments contributing
to the loss equation 10 at each iteration may further enhance ef ciency.
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B DATASETS& ADDITIONAL RESULTS

B.1 GEN-DYNAMICS

Given the lack of benchmark consistency in Scienti c Machine Learning (Massaroli et al., 2020),
we launched>en-Dynamics : https://github.com/ddrous/gen-dynamics . Thisis a

call for fellow authors to upload their metrics and datasets, synthetic or otherwise, while following

a consistent interface. In the context of OoD generalization for instance, we suggest the dataset be
splitin 4 parts: (1) train  : For In-Domain meta-training;(2) test : For In-Domain evaluation;

* (3) ood _train : For Out-of-Distribution adaptation to new environments (meta-testn())

ood _test : For OoD evaluation.

Each split should contain trajectori¥sand the time points at which the states were recorded.
The timet is a 1-dimensional array, and we recommend a 4-dimens)teisor with dimensions
described as follows: (1) nb_envs : Number of distinct environments(2) nb _trajs _per _env:
Number of trajectories per environmenmt(3) nb_steps _per _traj : Number of time steps per
trajectory (matching the size of); « (4) state _size : Size of the state space.

While the suggestions apply mostly to dynamical systems' Meta-Learning, we believe they are
generalizable to other problems, and are open to suggestions from the community. All problems
described below are now representeien-Dynamics .

Finally, we de ne the MSE and the mean absolute percentage error (MAPE) criteria as they apply to
all trajectory data found iGen-Dynamics . Unless stated otherwise, the following are the metrics
used throughout this work, including in Table 2.

X
d

n=1

kx(tn)  R(tn)k3; (21)

MSE(x; R) = N 1

1 X x(th)  R(tn)
d X(tn)

n=1

100 (22)

MAPE(x; R) = N

B.2 UNCERTAINTY ESTIMATION

Neural Context Flows can provide uncertainty about their predictions. To show this, we calgulate (
the relative mean squared error (MSHi) the mean absolute percentage error (MAPE), @ngtlie

3- Coverage or Con dence Level (CL) (Serrano et al., 2024), with the following formulae applied
In-Domain:

100 XXX kxe(ty)  Ae(tn)k

Rel. MSE= ———— > ; (23)
m S N d s ic1 ne1 kxf(tn)Ks
X6 X X xe (1 ne (t
MAPE = Ld ool ne) iaoltn) . (24)
m S N e=1 i=1 n=1 d°=1 Xiaotn)
100 X1 X X
CL= ————F— lye (tn)2Ci(einid 9); (25)
m S N d_ . w1
with the mean and standard deviation across candielate trajectory predictions de ned as
u
e 1 e ey BL® e
A (tn) = D 27 (tn); and*P(ta) =t o (&7 () Pt ) (26)
j=1 j=1

and the pointwise empirical con dence interval de ned as
Cl(esi; ; )=["7 3T +3771; 27)
whereS indicates the number of trajectories used per environnienhe length of each trajectory,

andd the dimensionality of the problem. The number of InD environments is denoted bybe
replaced witho a+ 1 for OoD caseg. We setp = m for InD uncertainty metrics calculation,

’Consequently, the rst summation symbol's bounds and its corresponding factor in the denominators of
Egs. (23) to (25) should be adjusted accordingly for OoD formulae.
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and we are guaranteed the existence of those samvironments for OoD cases. However, if our
model performs well across all adaptation environments it encounters —as is the case with NCF-
as observed in Table 2— thetfi training and adaptation environments can be used, resulting in
p=m+ b a+1 instead of onlyp = m environments at our disposal for Eq. (26). This produces
more sample predictions, allowing for more reliable population statistics.

The results in Table 3 show low relative MSE on ODE problems, and remarkably low MAPE scores
on all problems. These indicate that the empirical mean of the predictions is indeed close to the
ground truth. We also notice that the con dence levels vary from very low values on NS to very high
on BT. Based on Eq. (25), we hypothesize that this is primarily due to standard deviations across
predictions®

To test our hypothesis, we plot the standard deviations as they evolve with time in Fig. 8. When
compared to per-problem InD and OoD CLs from Table 3, Fig. 8 reveals that higher con dence
levels align with higher standard deviations, which is particularly noticeable on forecasts beyond
training time horizons. Additionally, in Fig. 9, we plot the pointwise standard deviations as they
relate to the corresponding absolute errors. Naturally, we observe a non-negligible correlation of
the two, especially on the GO problem. Focusing on OoD behavior, our model successfully avoids
undesirable regions of low uncertainty but higher-than-InD errors (along the lop left corners). Instead,
some OoD predictions for ODE problems fall in a region of higher-than-InD uncertainty, but still low
error (along the bottom right corners), which stresses the well-suitedness of our approach for OoD
generalization. Despite not knowing the underlying source of uncertainty we wish to model, these
results suggest that our framework is capable of providing meaningful uncertainty estimates. This
said, we emphasize that the calculation and interpretation of aforementioned uncertainty metrics (e.g.
the width of ClI) should be grounded on knowledge and goals of the problem at hand.

Table 3: Uncertainty estimation metrics with NG&F-all expressed in percentage points (%). The
star indicates cases where the close to zero denominators had to be Itered out to retain state values
greater thari0 3. The Relative MSE is the most sensitive to these instabilities due to squaring at the
denominator.

LV GO
REL. MSE MAPE CL REL. MSE MAPE CL
IND 0.032 0.80 56.22 5.119 10.36  82.06
OoD 0.183 1.86 78.24 1.653 7.17 70.47
SM BT

REL. MSE MAPE CL REL. MSE MAPE CL

IND 2.005* 4.07* 65.64 42.199 18.95 92.25
OoD 0.158* 1.99* 94.70 46.028 22.28 90.63

GS NS
REL. MSE MAPE CL REL. MSE MAPE CL

IND 2118.51* 58.33* 14.58 166.696* 17.30* 11.19
OoD 281.986* 33.43* 11.89 152.78* 16.72* 11.09

B.3 SMPLE PENDULUM (SP)

The autonomous dynamical system at play here corresponds to a frictionless pendulum suspended
from a stationary point by a string of xed length. The state space=( ;! ), comprises the angle
the pendulum makes with the vertical, and its angular velocity, respectively

8

EZ—I:!;

sd g . (28)
i Esm( ):

8We remark that the empirical con dence level CL is a metric that favors models that are uncertain in giving
the right mean prediction.
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Figure 8: Average standard deviations indicating how uncertainty grows with time, including when
the model forecasts in time domains not seen during training. Higher standard deviations correlate
with higher con dence level metrics observed in Table 3.

Figure 9: Pointwise absolute errors against standard deviations for all problems.

For this problem, each environment corresponds to a different gfaVifiyh L = 1 set, the goal is to
learn a dynamical system that easily generalizes across the unobgeiregectories are generated
with a Runge-Kutta 4th order solver, and a xed step size vf= 0:25. Only the NCFt; variant is
used in all experiments involving this problem.

OFA vs. OPE vs. NCF. The training and adaptation MSE metrics were reported in Table 1 during
our favorable comparison to two baselines: One-For-All (OFA) — one context-free model trained for
all environments; and One-Per-Env (OPE) — one model trained from scratch for each environment we
encountet® Here, we expand on said comparison with our loss values during training reported in
Fig. 10. Additionally, we probe the training time of the different methods. Given that OFA and OPE
do not require contextual information, we increase the capacity of their main networks to match the
NCF total parameter count. Each method is then trained until the loss stagnates, and we report the
amortized training times in Table 4.

While exhibiting much larger adaptation times, OPE over ts to its few-shot trajectories as evidenced
in Fig. 10. The same gure shows that the OFA training loss quickly stagnates to a relatively high

®To give an intuition behind the term “environment”, one might consider the surface of a celestial body in the
solar system (see Section 1).

1%The OFA paradigm offers no mechanism to adapt to new environments, unless we ne-tune the vector eld's
weights, thus returning to an OPE-like setting.

24



Published as a conference paper at ICLR 2025

value during training. Unsurprisingly, learning one context-agnostic vector eld for all environments
(OFA) is suboptimal given the vast differences in gravity from one environment to the next. These
observations align with the more complete study on OFA and OPE by Yin et al. (2021a). Leveraging
Meta-Learning, our method, trained on all environments at once like OFA, effectively learns to
discriminate between them and produces low validation MSE metrics and accurate trajectories, one
of which is presented in Fig. 1b. Taken together, Tables 1 and 4 and Fig. 10 show that Meta-Learning
delivers on training time, adaptation time, and most importantly, testing accuracy.

Table 4: Meta-training and adaptation timé3 With OFA, OPE, and NCHK; on the SP problem. We
report the amortized times (iminutes) corresponding to tting one single environment (of which we
count 25 when meta-training, and 2 for adaptation).

#PARAMS  TRAIN  ADAPT

OFA 49776 0.34 0
OPE 49776 4.63 5.72
NCF 50000 2.96 0.51

Figure 10: MSE loss values when training NGFen the SP problem, compared with the baseline
OFA and OPE formulations. The crosseéndicate mean validation curves across 3 runs, color-coded
to match the training curves. OFA fails catastrophically since the diversity of environments in the
training dataset prevents the approximation of any meaningful vector eld, while OPE over ts to its
4 training trajectories.

Sample ef ciency with the number of trajectories. We compare our model to the two OFA and
OPE baselines as the number of trajectofién each training environment is increased from 1 to 12.
The results reported in Fig. 11 indicate that NCF is indeed the best option when data is limited, while
the improvements in OFA MSEs are barely noticeable SAscreses, we observe that OPE is able

to overcome over tting to ultimately achieve the best results. These results demonstrate that NCF
ef ently uses its few-shots trajectories. However, if neither data nor training time are not a concern
(cf. Table 4), then the traditional One-Per-Env should be prioritized.

Scaling with the training environments. The computational speed of any method based on
Neural ODEs depends on the numerical integrator it uses. To provide consistent number of function
evaluations (NFEs), we switch the adaptive time-stegri5 for the xed time-steppeRK4,

then we measure the duration of epochs as the training progresses. These times as used to produce
Fig. 12, which indicates training times per epoch (in seconds) as the number of training environments

is increased while keeping the range of gravities unchanged between 2 and 24. We observe excellent
scaling, with the training time only increasing by roughly 23% (from 0.38 to 0.47 seconds) when the
number of environments is scaled by 10 (from 5 to 50).

Probing the context vectors. Beyond serving as a control signal for the vector elds, the contexts
encode useful representations. In Fig. 13, we visualize the rst two dimensions of the various
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Figure 11: In-Domain MSEs on the SP problem comparing the sample e ciency oftN&gainst
OPE and OFA. NCF is effective in low-data regimes, and OPE overcomes the gap as data increases.

Figure 12: Training time as the number of training environmanis increased from 5 to 65. The
vertical bars are proportional to the standard deviation across epochs. OOM indicates that our
workstation ran out of memory.

f g1 o o5 after training. We observe that environments close in indica® equally close in the

two context dimensions. Similarly, distant environments are noticeably far apart in this view of
the context space. The same observation is made during adaptation, where, for irStanag,
(corresponding tg = 14:75) gets a context close ®= 15 (corresponding tg = 14:83). This
observation indicates that the latent context vector is encoding features related to gravity, which may
be used for further downstream representation learning tasks.

Figure 13: Representation of the rst and second dimensions of the learned contexts for the SP
problem. The labels 1 to 25 identify the training environments (in shades of blue),ayhileda,

(in red), indicate the adaptation environments. We observe that environments close in indices (and
thus in gravity) share similar contexts along these dimensions.

"The indices of the training environments correspond to their ordering in increasing values of gravity.
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B.4 LOTKA-VOLTERRA (LV)

With dynamics that are of continued interest to many elds (epidemiology (Venturino, 1994), economy
(Wu et al., 2012), etc.), the Lotka-Volterra (LV) ODE models the evolution of the concentration of
preysx and predatory in a closed ecosystem. The behavior of the system is controlled by the prey's
natural growth rate , the predation rate, the predator's increase rate upon consuming preynd

the predator's natural death rate

8
2 3)( = X Xy

‘ (29)
>dy  _ X

ot y Yy

We repeat the experiment as designed in (Kirchmeyer et al., 2022). All synthetic ground truth

data is generated with the two initial states both followingUti#; 3) distribution. Once sampled,

we note that the same initial condition is used to generate trajectories for all environments. The

parameters that vary across training environments & 0:5; 0:75; lgand 2 f 0:5;0:75; 1g. In

each training environment, we generate 4 trajectories with a Runge-Kutta time-adaptive 4th-order

scheme, while we generate 32 for In-Domain evaluation. For one-shot adaptation, we extrapolate to
2f0:6251:125gand 2 f 0:625 1:125g, with only 1 trajectory per environment, and 32 for OoD

testing. The observed parameterand are always xed aD:5.

() MAPE (b) MSE

Figure 14: Results for the Large adaptation of the LV problem to a grid, showcasing the MAPE
and training MSE. Compared to Fig. 3, the colorbar range in (a) is shrunk to focus on the MAPEs
between 0 and 8%.

The large grid-wise adaptation experiment conducted on the LV problem in Section 4.3 showed
that NCFs were powerful at extrapolating. Here, through the MSE training losses in Fig. 14(b), we
highlight the fact that the bottom and left edges of the grid display quite high errors. This illustrates
the importance of observing several loss metrics when learning time series (Hewamalage et al., 2023).
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B.5 GLYCOLYTIC-OSCILLATOR (GO)

.....

according to the ODE:

dsi_ ;. SiS

dt ~ 7% M1+ (se=Ky)d

dSz S1S6

dt =2 Ta (semiyya @SN Ss) Kesess
ng

E = szz(N 35) kgSg(A SG)

ds

d—: = kssz(A  sg) ksssss  (sa  S7)

ds

7dt5 = kZSZ(N 85) k4S435 kGSZSS

dsg S1S6

—— = ki ————— 4

o 2 17 (5e=K,)d 2kss3(A  sg) KsSg
ds

di'[7 = (S4 S7) kS7

where the parameters either vary or are set xed as per Table 5.

Table 5: Physical parameters and their values for the GO problem

Parameter\ Jo k1 kz k3 k4 k5 ks K1 q N A k
Value | 25 (varies) 6 16 100 128 12 (varies) 4 1 4 13 01 1.8

Again, we follow the same procedure as in (Kirchmeyer et al., 2022) to generate trajectories for
each environment. Namely, we sample initial conditions from a speci ¢ distribution (Daniels &
Nemenman, 2015, Table 2). We vaey 2 f 100, 90; 80g andK ; 2 f 1; 0:75; 0:5g to create 9 training
environments with 32 trajectories each, both for InD training and testing. We use 1 trajectory for
OoD adaptation to 4 environments de nedky?2 f 85,959 andK ; 2 f 0:625, 0:8753. We use 32
trajectories for OoD evaluation.

Intuitive post-processing of the contexts offers many insights into the meta-training process, particu-
larly because it clusters the 9 environments into groups of 3, as illustrated in Fig. 15.

Figure 15: lllustration of 256-dimensional context vectors consistently clustered with t-SNE embed-
dings with perplexity of 2 on the Glycolytic Oscillator (GO). The training environments are in green
and labeled as their IDs, while the adaptation environments are in purple. This clustering mirrors the
distribution of the system parameters.
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B.6 SEL'KOV MODEL (SM)

We introduce the Sel'kov model in dimensionless form (Strogatz, 2018), a highly non-linear ODE
mainly studied for its application to yeast glycolysis :

dx _ X + ay + x2
dy _ 2
a—b ay X9y

wherea = 0:1 andbis the parameter that changes. The trajectories are generated with a time horizon
of 40, with 11 regularly spaced time steps. We sample each initial condition state from the distribution
Uf0; 3g, and we observe the appearance of a limit cycle (L1), then an equilibrium point (E), and
another limit cycle ab changes (see Fig. 4(a)).

Speci cally, our 21 training environments are a union of 7 environments evenly distributed in
b2 [ 1, 0:25],then 7 evenly distributedip2 [ 0:1; 0:1], and nally 7 others withb 2 [0:25; 1].

We generate 4 trajectories for training and 4 for InD testing. As for adaptation, we choose 6
environments, withh 2 f  1:25; 0:65; 0:05;0:02; 0:6; 1:2g (see Fig. 16). We set aside 1 trajectory
for adaptation and 4 for OoD testing.

In Section 4, we showed that NGE-outperformed other adaptation rules. We note, however, that
training such systems is very dif cult, even with NCFs. We observed in practice that convergence
is extremely sensitive to weight initialization, as the shaded regions on the loss curves of Fig. 4(b)
attest. The curves are complemented with Fig. 17, emphasizing that the model performs best in
environments near the equilibrium.

Figure 16: Visualization of a trajectory with the same initial condition in various environments of the
Sel'kov Model's dataset. In blue are the meta-training environments, in red the meta-testing ones.
We observe three attractors: the limit cycle (L1) along the top row, the xed equilibrium (E) along
the second row, and another limit cycle (L2) along the third row.

B.7 BRUSSELATOR(BT)

The Brusselator model (Prigogine & Lefever, 1968) describes the reaction-diffusion dynamics of two
chemical specied) andV, and is given by the following system of partial differential equations
(PDEs)denedon& 8grid:

%L:: Do, U+A (B+1)U+ U?v;
%t/: D, V+BU U?v;

where:

* U andV are the concentrations of the chemical reactants.
* Dy, =1 andD, = 0:1 are the diffusion coef cients fot) andV, respectively.
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Figure 17: Per-environment In-Domain and adaptatation MSEs for the SM problem. In blue are the
meta-training environments, in red the meta-testing ones. Central environments in the attractor (E)
are better resolved than the others.

« A andB are constants representing the rate parameters of the chemical reactions, both
varying across environments.

Using an RK4 adaptive time-step solver, the system is simulated Tip=t@0 (excluded), with the
step reported every time stept = 0:5. The initial condition for each trajectory for all environments
is sampled and broadcasted as follows:

Uo:A
B
Vo = K"‘Oil i

whereA U (0:5;2:0),B U (1:25/5:0),and j N (0;1) for each grid positiori;j ).

We aim to keep all environments involved in this problem outside the Brusselator's oscillatory regime
B2 > 1+ AZ2. For Meta-trainingA andB are selected fromh0:75; 1; 1:25g f 3:25;3:5;3:75g
yielding 12 environments, each with 4 trajectories for training, and 32 for InD testing. For adapta-
tion, we select 12 environments frdr:875 1:125 1:375y f 3:125 3:375 3:625 3:875, with 1
trajectory for training, and 32 for OoD testing.

As observed with the metrics in Table 2, the BT dataset is one of the most challenging to learn on.
Indeed, the non-Meta-Learning baselines OFA and OPE equally struggle on it. To show this, we vary
the number of trajectories in each trainnig environment between 1 and 8. Then, we plot in Fig. 18
the sample ef ciency of our NCF approach against the non-Meta-Learning baselines. Like with the
SP problem (cf. Fig. 11), we observe good NCF performance when data is scarce, underlining the
suitability of our approach for few-shot learning.

Figure 18: In-Domain MSEs on the BT problem comparing the sample e ciency of @gainst
OPE and OFA. NCF is effective in low-data regimes, and OPE closes the gap as data increases.
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B.8 GRAY-SCOTT (GS)

We aim to validate the empirical potential of our method on spatiotemporal systems beyond ODEs.
We thus identify the Gray-Scott (GS) model for reaction-diffusion, a partial differential equation
(PDE) de ned over a spatidd2 32grid:

%LtJ: D, U UVZ2+F@ U)
%{=DV V+ UVZ (F+kV

Like in the Brusselator case aboud,andV represent the concentrations of the two chemical
components in the spatial domain with periodic boundary conditibpsD, denote their diffusion

coef cients respectively, whil& andk are the reaction parameters. We generate trajectories on a
temporal grid with t = 40 and temporal horizoi = 400.

The parameters we use to generate our environments are the reaction par&naaidis. We
consider 4 environments for meta-trainirkg:2 f 0:30; 0:39g; k 2 f 0:058 0:062y; and 4 others for
adaption:F 2 f 0:33;0:36g; k 2 f 0:59; 0:61g. Other simulation parameters, as well as the initial
condition-generating distribution, are inherited from (Kirchmeyer et al., 2022), where we direct
readers for additional details.

B.9 NAVIER-STOKES(NS)

Like the Gray-Scott case, the 2D incompressible Navier-Stokes case is inherited from (Kirchmeyer
etal., 2022). The PDE is de ned on3® 32 spatial grid as:

!
%t: vrl + L+ f

rv=0
where:

« ! =r visthe vorticity,
* vis the velocity eld,
e is the kinematic viscosity.

The trajectory data fromm=0 to T = 10 with t =1 is obtained through a custom Euler integration
scheme. By varying the viscosity from2 f 8 10 4;9 10 4;1:0 10 3;1:1 10 3;1:2 10 3gwe
gather 5 meta-training environments, each with 16 trajectories for training and 32 for testing. Similarly,
we collect 4 adaptation environments witl2 f 85 10 4;9:5 10 4;1:05 10 3;1:15 10 3 each

with 1 trajectory for training, and 32 for testing. Other parameters of the simulation, as well as
the initial condition generating distribution, are inherited from (Kirchmeyer et al., 2022), where we
encourage the readers to nd more details.
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C ABLATION STUDIES

The ablation studies described in this section are designed to investigate how the context pool size,
the context size, the pool- lling strategy, and the 3-networks architecture affect the performance of
NCFs.

C.1 LIMITING THE CONTEXT POOL SIZE

The context pooP from which environmentg are randomly sampled contributes signi cantly to the
computational and memory complexity of the algorithm. As evidenced in Algorithms 1 and 3, the
computation of the loss and hence its gradient can be parallelized across the contexts vettirs

the goal of assessing the associated computational burden, we vary the size of the pool size for the LV
problem from 1 to 9, reporting the In-Domain and OoD metrics, and computational time in Fig. 19.

(a) MSE Losses (b) Training Times

Figure 19: (a) In-domain and OoD MSEs, and (b) training and adaptation times when varying the
context pool size on the LV problem with NGE-

(a) In-Domain (b) OoD

Figure 20: Average MSEs for the ablation of the context pool size for NCHith evaluation carried
over many seeds, hence the vertical bars indicating the standard deviations.

We dig further into the in uence of the context pool size. While its ideal value might be dif cult to
conclude based on Fig. 19, Fig. 20 investigates NC#-highlight how important any value bigger

than 1 is (withp = 6 proving to be exceptionally adequate). Indeed, 0* indicates no context pool was
used, and the vector eld is evaluated without Taylor expansion. This ablation results in a signi cant
drop in MSE of about one order of magnitude. While computational meta-training time scales linearly
with the pool size (see Fig. 19(b)), the various losses do not. Overall, these results suggest that the
context pool size largely remains a hyperparameter that should be tuned for maximum balance of
accuracy and training time.
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Our motivations for the above conclusion lies in that Taylor expansion is the key to information owing
from one environment to another, along with the concept of “task relatedness” or “context proximity”.
Indeed, depending on the pool- lling strategy used, some environments that are prohibitively far
from one another may be required to interact in context space. As a result, the Taylor approximation
incurs a non-reducible residual error term. To counter this effect, one could restrict the pool size to
limit the impact of those far-apart environments since they will be less often sampled from the pool
as the training progresses.

C.2 RESTRICTION OF THE CONTEXT SIZE

Rather than limiting the pool size, what if the context vectors themselves were limited? The latent
context vectors are the building blocks of NCF, and having shown that they encode useful represen-
tations vital for downstream tasks in Appendix B.3, we now inquire as to how their size in uences
the overall learning performance. This further provides the opportunity to test the contextual self-
modulation process. Indeed, over-parametrization should not degrade the performance of NCFs since
context vectors must be automatically kept small and close to each other fiorm) for the Taylor
approximations to be accurate.

Like in CoDA (Kirchmeyer et al., 2022), the context sideis directly related to the parameter
count of the model; and limiting the parameter count bears practical importance for computational
ef ciency and interpretability. Thus, we perform the LV experiment as described in Appendix B.4
withd 2 f 2;4;8;16; 32, 64;128 256 512 1024. The results observed in Fig. 21(a) align with our
intuitive understanding of increased expressiveness with bigger latent vectors. Together, Figs. 21(a)
and 21(b) shed light on the relationship betweemd the underlying physical parameters gair ),
suggesting that NCFs would bene t from the vast body of research in representation learning.

We appreciate that while selectidg small is more interpretable (as can be observed by the clustering

of the training environment Fig. 21(b)), it is important to chodseuf ciently big. Indeed, using the
JVP-based implementation we provide in Appendix E, large context vectors come at a reduced extra
cost in both speed and memory.

(@) MSE Loss (b) Loss landscape

Figure 21: (a) InD and OoD evaluation MSEs for the LV problem as the context size is increased. (b)
Loss landscape plotted in context vectors space far 2. The clustering of the training contexts
mirrors the parameters paifs ) from Fig. 3.

C.3 VARIATION OF THE POOLING STRATEGY

The context pool plays an important role in the NCF training process. In order to complement
our comments in Appendix A.6, we test the effect of choosing various pooling strategies, namely
Nearest-First (NF), Random-All (RA), and Smallest-First (SF). In this experiment, we focus on
the LV case withd = 2 due to its linearity and our knowledge of the interpretable behavior of
its contexts (see Appendix A.2). We train all three strategies with all hyperparameters identical
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(including the neural network vector eld initialization). We monitor the validation loss to select the
best model across all 10000 epochs. The experiment is repeated 3 times with different seeds.

Figure 22: Both dimensions of the context vector post-training (indicated by dots), and post-adaptation
(crosses) across several runs. Given the same neural network initialization, all pooling strategies are
able to nd the structure mimicking that of the underlying physical parameters observed in Fig. 5.

Although all strategies capture the underlying structure of the LV physical system (see Fig. 22),
Table 6 indicates that RA and NF have the best performance, contrasting with high metrics and
uncertainties displayed by SF. The training and validation dynamics in Fig. 23 provide clearer insight
into this discrepancy, highlighting an important spread of validation values for SF. Interestingly,
Fig. 23 shows that RA takes much longer to converge during training, despite ultimately producing
the best OoD performance. This slow convergence is because very early on, the model is still forced
to nd commonalities betweeall pairs of environment, despite some pairs being less related than
others. All in all, NF is the most balanced strategy on the LV problem since it converges fast, shows
signs of increased stability, and produces excellent results InD and OoD.

Table 6: Comparison of pooling strategies on the LV problem. The reported mean and standard
deviation training and sequential adaptation times are expressed in minutes. All strategies are trained
for the same number of epochs across 3 separate runs with identical hyperparameters.

RANDOM-ALL (RA) NEAREST-FIRST (NF) SMALLEST-FIRST (NF)

TRAIN TIME (mins) 22.90 0.04 22.82 0.03 22.94 0.04
ADAPT TIME (mins) 2.80 0.01 2.80 0.01 2.80 0.01
IND MSE ( 10 %) 2.65 0.16 2.52 0.66 5.03 3.01
OoD MSE ( 10 %) 2.38 043 2.69 0.35 3.34 0.96

Figure 23: Loss curves with varying pooling strategies on the LV problem. (Left) Training; (Right)
Mean validation losses across 3 runs, color-coded to match training curve labels.

C.4 ABLATION OF THE 3-NETWORKSARCHITECTURE
Another key element of the NCF framework is the 3-networks architecture described in Fig. 2b. In it,
the vector eld consists of state and context-speci ¢ networks that help bring the inputs into the same

latent representational space before passing to another network to approximate the local derivative.
Like the context size, its ablation directly contributes to a reduction in learnable parameter count.
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Table 7: MSE upon ablation of the 3-networks architecture (NCF*) on both SP and LV problems,
highlighting dif culties adapting to new environments.

SP (10 ?) LV ( 10 %)
IN-DOMAIN ADAPTATION ‘ IN-DOMAIN ADAPTATION

NCF 11.0 0.3 0.0003 0.00001| 6.73 0.87 7.92 1.04
NCF* 79.8 0.8 1.6402 0.7539 | 11.03 1.1 69.98 84.36

For this experiment, we consider NGE-We remove the data- and context-speci ¢ neural networks

in the vector eld, and we directly concatenatg(t), and ; the result of which is passed to a (single)
neural network. In this regard, NCF* (which designates NCF when its 3-networks architecture is
removed) is analogous to CAVIA (Zintgraf et al., 2019). That said, NCF still bene ts from the ow
of contextual information, which allows for self-modulation.

Figure 24: MSE loss curves when training the LV problem on a complete NCF, and on NCF*, the
NCF variant deprived of the 3-networks architecture.

This study is of particular signi cance since, if in addition to foregoing the 3-networks architecture,
we eliminated the Taylor expansion step, and NCF would turn into the data-controlled neural ODE
(Massaroli et al., 2020). So we run both dynamics forecasting problems without the 3-networks
architecture, and we report the training MSE in Fig. 24. In-domain and adaptation MSEs for both LV
and SP problems are reported in Table 7.

While Fig. 24 highlights a performance discrepancy of nearly 1 order of magnitude during training,
the key insight is hidden in the adaptation columns of Table 7. Indeed, the removal of the data- and
context-speci ¢ networks in the vector eld considerably restricts the model's ability to generalize to
unseen environments, both for the SP and LV problems. We observed in our experiments, similar
performance drops when only one of the two state or context networks was removed. This consolidates
the 3-networks architecture as an essential piece of the NCF framework.
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D EXPERIMENTAL DETAILS

This section shares crucial details that went into the experiments conducted in Section 4 and expanded
upon in Appendices B and C. Unless otherwise speci ed, the hyperparameters in the next 3 paragraphs
were applied to produce all gures and tables in this work.

Each method was tuned to provide an excellent balance of accuracy and ef ciency. The main
motivation behind our choices was to restrain model sizes both to allow ef cient training of all
baselines and fair comparison at roughly equal parameter counts. Irreconcilable differences with
the baseline adaptation rules made it dif cult to perform a systematic comparison, which is why
we focused on parameter count as done in (Qin et al.); all the while noting that all models involved
had suf cient capacity to approximate the problems at hand. For NCF and CAVIA, we counted the
number of learnable parameters in the main network being modulated. For CoDA, we counted the
root network plus the hypernetwork's learnable parameters as outlined in Eq. (3).

Our main workstation for training and adaptation was tted with an Nvidia GeForce RTX 4080
graphics card which was used for the SP, LV, SM, and NS problems. Additionally, we used an RTX
3090 GPU of the same generation for the GO problem, and an NVIDIA A100 Tensor Core GPU
for the GS problem as its CNN-based architecture was more memory-intensive. In addition to the
training hardware and deep learning frameworks (JAX for NCFs, and PyTorch for CAVIA and CoDA)
that made apple-to-apple comparison challenging, our network architectures varied slightly across
methods, as the subsections below highlight. This is part of the reason we decided to focus on total
parameter count as the great equalizer.

To ensure fair comparison, we made sure each model was suf ciently large to represent the task
at hand (by comparing to commonly used hyperparameters in the literature, e.g., in (Kirchmeyer
et al., 2022)). Since an “epoch” meant something different for the frameworks under comparison, we
simply made sure the models were trained for suf ciently long, i.e., the lowest-performing method
for each task was trained for at least as long as the second-best for that task, and its checkpoint with
the best validation error was restored at the end.

D.1 NCFs

Model architecture The MLPs used as our context, state and main networks (as depicted in Fig. 2b)
typically had a uniform width. When that was not the case, we use the nofatidn hy ! !

hg 1! hou] to summarize the number of units in each layer of an MLP of ddgitr brevity. We

used a similar notation to summarize the number of channels in a Convolutional Neural Network
(CNN). For instance, on th&P problem, the context network was the M[E56! 64! 64! 64]

(which indicates a context size df = 256), the state network wgg! 64! 64! 64], and the

main network wa$128! 64! 64! 64! 2], all with Swish activations (Ramachandran et al.,
2017). For the OFA and OPE experiments that do not require contextual information (cf. Tables 1
and 4), we delete the state and context networks then increase the hidden units of the main network to
156to match the NCF parameter count. Below, we follow the same convention to detail the networks
used for other problems in this paper's main comparison (see Table 2).

* LV (context)[1024! 256! 256! 64] (state))2! 64! 64! 64] (main)[128! 64!

64! 64! 2]«GO (context)[256! 64! 64! 122} (state)[7! 122! 122! 122} (main)

[244' 64! 64! 64! 7]+ SM (context, state, main) Exact same architectures as with SP
abovee BT (context) linear layer with 256 input and 128 output features followed by an appropriate
reshaping then a 2D convolution with 8 channels and circular padding to maintain image size, a
kernel of size3 3, and Swish activatiort; (state) appropriate reshaping before 2D convolution with

8 channels; (main) CNIlL6! 64! 64! 64! 2]+ GS Same network architectures as for the
previous BT problem, with the exception that the linear layer in the context network outputted 2048
feature® NS (context) A single linear layer with 202 input and 1024 output features reshaped and
concatenated to the state and the grid coordinates before processing; (state) No state network was
used for this problem; (main) 2-dimensional Fourier Neural Operator (FNO) (Li et al., 2020) with 4
spectral convolution layers, each with 8 frequency modes and hidden layers of width 10. Its lifting
operatorwas & 1 convolution with 4 input and 10 output channels respectively — functionally

12Except for the number of channels, these were default convolution settings we used throughout. The circular
padding enforced the periodic boundary condition observed in the trajectory data.
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similar to a fully connected layer with weight sharing. The projection operator had two such layers,
with 10 inputs, 1 output, and 16 hidden channels in-between.

Training hyperparameters As for the propagation of gradients from the loss function to the
learnable parameters in the right-hand-side of the neural ODEs (5), we opted to differentiate through
our solvers, rather than numerically solving for adjoint states (Chen et al., 2018). Since our main
solvers were the less demanding RK4 and Dopri5 solvers, we didn't incur the heavy memory cost
Differentiable Programming methods are typically known for (Nzoyem et al., 2023; Kidger et al.,
2020).

Speci cally, we used the following integration schemes: Dopri5 (Wanner & Hairer, 1996) for GO,
SM, GS, and BT, with relative and absolute tolerances®f and10 ° respectively; RK4 for LV

with t = 0:1; Explicit Euler for NS with t = 1. Across all NCF variants, we kept the context pool
size under 4 to reduce computational worklopé-(2 for LV and SM, andp = 4 for LV and GO, and

p = 3 for all PDE problems). We used the Adam optimizers (Diederik, 2014) for both model weights
and contexts on ODE problems, and Adabelief (Zhuang et al., 2020) for PDE problems. Their initial
learning rates were as follow8: 10 4 for LV and NS,10 2 for GO, BT, and GS10 4 for SM.

That learning rate was kept constant throughout the various trainings, except for BT, GS, and NS
where it was multiplied by a factor (0.1, 0.5, and 0.1 respectively) after a third of the total number of
training steps, and again by the same factor at two-thirds completion. The same initial learning rates
were used during adaptation, with the number of iterations typically set to 1500.

As per Eq. (10), the NCF implementation was batched across both environments and trajectories for
distributed and faster training. This was in contrast to the two baselines, in which predictions were
only batched across trajectories. Using full batches to accelerate training meant that with LV for
instance, all 4, 32, or 1 trajectories were used at once depending on the data split (meta-training vs.
meta-testing, support vs. query). For regularization of the loss function Eq. (10), wesdt0 3

for all problems; but , = 0 for ODE problems and, = 10 3 for PDE problems. For NCFE> we

always used a proximal coef cient = 10 except for the LV where = 100.

As for the simple pendulum SP problem used in this work, it leveraged ty@Fth p = 4 and

d = 256. The integrator was Dopri5 with default tolerances, a proximal coef ciemt 102,

a constant learning rate a0 #, and 12000 epochs. The OFA and OPE comparisons used the
same hyperparameters, but with 6000 epochs for OPE and 2000 for OFA. For the other problems
highlighted in Table 2, the remaining crucial hyperparameters (not stated above) are de ned in
Tables 8 and 9.

Table 8: Hyperparameters for NGE-

Hyperparameters Lv GO SM BT GS NS
Context sized 1024 256 256 256 256 202
Pool- lling strategy NF RA RA NF RA NF

# Epochs 10000 2400 24000 10000 10000 5000

Table 9: Hyperparameters for NGE-

Hyperparameters Lv GO SM BT GS NS
Context sized 1024 256 256 256 256 202
Pool- lling strategy NF NF RA NF RA NF

# Inner iterations!? 25 10 10 20 20 25
# Outer iterations 250 1000 1500 1000 700 250

3The inner iterations used in NCfz-are not to be confused with the inner gradient update steps in CAVIA,
since NCF performs alternating rather than bi-level optimization.
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D.2 CoDA

The reference CoDA implementation from (Kirchmeyer et al., 2022) was readily usable for most
problems. We adapted its data generation process to incorporate two new benchmarks introduced in
this paper (the SM and BT problems).

Model architecture Neural networks without physics priors were employed throughout, all with
the Swish activation function.LV : 4-layers MLP with 224 neurons per hidden layers (widt®O:
4-layers MLP with width 146 SM: 4-layers MLP with width 90 BT: 4-layers ConvNet with 46
hidden convolutional Ilters an@ 3 kernels. Its output was rescaled b§ # to stabilize rollout

GS: Same ConvNet as BT, but with 106 lters NS: 2-dimensional Fourier Neural Operator (FNO)

(Li et al., 2020) with 4 spectral convolution layers, each with 8 frequency modes and hidden layers of
width 10. Its lifting operator was a single fully connected layer, while its projection operator had two
such layers, with 16 hidden neurons.

Training hyperparameters UsingTorchDiffEq  (Chen, 2018), CoDA backpropagates gradients
through the numerical integrator. We used the same integration schemes as NCF above. We stabilized
its training by applying exponential Scheduled Sampling (Bengio et al., 2015) with cokstaiit99

and initial gain o = 0:99 updated every 10 epochs (except for M@ problem updated every 15
epochs). The Adam optimizer with a constant learning rate0of* was used. The batch size and the
number of epochs are given in the Table 10.

Table 10: Hyperparameters for CoDA

Hyperparameters Lv GO SM BT GS NS
Context sized 2 2 2 2 2 2
Minibatch size 4 32 4 1 1 16

# Epochs 40000 40000 12000 10000 120000 30000

We note that in line with CoDA's fundamental low-rank assumption, we maintained a context size
d = 2 throughout this work since no more than 2 parameters varied for any given problem.

D.3 CAVIA

The reference implementation of CAVIA-Concat (Zintgraf et al., 2019) required substantial modi-
cations to t dynamical systems. Importantly, we incorporated TrerchDiffEq ~ (Chen, 2018)
open-source package and we adjusted other hyperparameters accordingly to match NCF and CoDA on
parameter count and other relevant aspects for fair comparison. The performance of CAVIA-Concat
was heavily dependent on the context size, which we adjusted depending on the problem.

Model architecture Like CoDA, the Swish activation was used for all neural network¥ :
4-layers MLP with width 278 GO: 4-layers MLP with width 168 SM: 4-layers MLP with width
84+ BT: 7-layers ConvNet with 46 hidden convolutional Iters aBd 3 kernels. Its outputs was
rescaled byd:1 to stabilize rolloute GS: 4-layers ConvNet with 184 hidden convolutional Iters and
3 3kernels. Its outputs was rescaled®¥ to stabilize rolloutss NS: Same FNO as with NCF
above, including the single-layer context network with 1024 output neurons.

Training hyperparameters We used full batches to accelerate training. We use the Adam optimizer
with a learning rate of 0.001 for the meta-update step. The single inner update step had a learning
rate of 0.1. The number of iterations is given in Table 11.

Table 11: Hyperparameters for CAVIA

Hyperparameters LV GO SM BT GS NS
Context sized 1024 256 256 64 1024 202
# Iterations 200 100 1200 500 50 1200
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E EXAMPLE IMPLEMENTATION OF NCFs

A highly performant JAX implementation (Bradbury et al., 2018) of our algorithms is available at
https://github.com/ddrous/ncflow 14 We provide below a few central pieces of our
codebase using the ever-growing JAX ecosystem, in particular Optax (DeepMind et al., 2020) for
optimization, and Equinox (Kidger & Garcia, 2021) for neural network de nition.

Vector eld The vector eld takes center-stage when modeling using ODEs. It is critical to use
JVPs, since we never want to materialize the Jacobian (the context size can be prohibitively large).
The Jacobian-Vector Product primitive from Equinox (Kidger & Garcia, 26y  _jvp as
illustrated below, coupled witfit -compilation, enabled fast runtimes for all problems.

1 class ContextFlowVectorField(egx.Module):

2 physics: egx.Module

3 augmentation: eqgx.Module

4

5 def __init__(self, augmentation, physics=None):

6 self.augmentation = augmentation

7 self.physics = physics

8

9 def __ call__(self, t, x, ctxs):

10 Ctx, ctx_ = ctxs

11 # ctx = \xi’e, while ctx_ = \Xij

12

13 if self.physics is None:

14 vf = lambda xi: self.augmentation(t, x, xi)

15 else:

16 vf = lambda xi: self.physics(t, x, xi) + self.augmentation(t, x, xi)
17

18 gradvf = lambda xi_: eqgx.filter_jvp(vf, (xi_,), (ctx-xi_,))[1]
19 scd_order_term = eqx.filter_jvp(gradvf, (ctx_,), (ctx-ctx_,))[1]
20

21 return vf(ctx_) + 1.5 *gradvf(ctx_) + 0.5 *scd_order_term

Listing 1: Second-order Taylor expansion in the NCF vector eld

Loss function Eg. (10) provides a structured summation layout particularly suited for a function
transformation like JAX'srmap. During implementation, that loss functions can be de ned in two
stages, the innermost summation term along with Eq. (9) making up the rst stage; while the two
outermost summations of equation 10 make up the second stage. Once the rst stage is complete, the
second is relatively easy to implement. We provide a vectorized implementation of the rst stage
below.

1 def loss_fn_ctx(model, trajs, t_eval, ctx, all_ctx_s, key):

2 ™ Inner loss function Eq. 9 ™™

3

4 ind = jax.random.permutation(key, all_ctx_s.shape[O])[:context_pool_size]

5 ctx_s = all_ctx_s[ind, :] # construction of the context pool P
6

7 batched_model = jax.vmap(model, in_axes=(None, None, None, 0))

8

9 trajs_hat, nb_steps = batched_model(trajs[:, 0, :], t_eval, ctx, ctx_s)

10 new_trajs = jnp.broadcast_to(trajs, trajs_hat.shape)

11

12 terml = jnp.mean((new_trajs-trajs_hat) * 2) # reconstruction error
13

14 term2 = jnp.mean(jnp.abs(ctx)) # context regularisation

15

16 term3 = params_norm_squared(model) # weights regularisation
17

18 loss_val = terml + le-3 *term2 + le-3 *term3

19

20 return loss_val

Listing 2: Inner NCF loss function with vectorization support

14A PyTorch codebase is equally made availablettis://github.com/ddrous/ncflow-torch
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F TRAJECTORIES VISUALIZATION

Trajectories and Phase Spaces for traj O
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Figure 25: (Right) Visualizing the first ground truth and predicted testing trajectories and phase
spaces in all 4 adaptation environments of the LV problem. The initial condition is the same across
all 4 adaptation environments. (Left) Visualizing the first ground truth testing trajectory in 4 meta-
training environments found in various attractors of the SM problem: the first in (L1), the second and

third in (E), and the fourth in (L2).
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Figure 26: Sample absolute reconstruction error of a trajectory during adaptation of the Gray-Scott
system with NCF-ty. Trajectories begin at ¢ = 0 (left) and end at t = 400. This describes the sole

trajectory in the fourth adaptation environment.
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Figure 27: Sample absolute reconstruction error of a trajectory during adaptation of the Navier-Stokes
system with NCF-ty. Trajectories begin at t = 0 (left) and end at ¢ = 10. The viscosity for the
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reported environment is v = 1.15 x 1073,
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