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ABSTRACT

Modern foundation models exhibit remarkable out-of-distribution (OOD) gener-
alization, solving tasks far beyond the support of their training data. However,
the theoretical principles underpinning this phenomenon remain elusive. This pa-
per investigates this problem by examining the compositional generalization abil-
ities of diffusion models in image generation. Our analysis reveals that while
neural network architectures are expressive enough to represent a wide range of
models—including many with undesirable behavior on OOD inputs—the true,
generalizable model that aligns with human expectations typically corresponds to
the simplest among those consistent with the training data.

Motivated by this observation, we develop a theoretical framework for OOD gen-
eralization via simplicity, quantified using a predefined simplicity metric. We ana-
lyze two key regimes: (1) the constant-gap setting, where the true model is strictly
simpler than all spurious alternatives by a fixed gap, and (2) the vanishing-gap
setting, where the fixed gap is replaced by a smoothness condition ensuring that
models close in simplicity to the true model yield similar predictions. For both
regimes, we study the regularized maximum likelihood estimator and establish
the first sharp sample complexity guarantees for learning the true, generalizable,
simple model.

1 INTRODUCTION

Modern foundation models have demonstrated impressive capabilities to generalize to tasks well
beyond their training distribution. For instance, diffusion models can generate realistic images
from novel combinations of attributes never explicitly observed during training (Dhariwal & Nichol,
2021b; Ho et al., 2020a; Ho & Salimans, 2022; Nichol & Dhariwal, 2021; Ramesh et al., 2021; 2022;
Saharia et al., 2022), and large language models routinely produce coherent text that extends beyond
explicitly learned patterns (Wei et al., 2021; Chowdhery et al., 2023; Touvron et al., 2023; Bubeck
et al., 2023; Achiam et al., 2023; Team et al., 2024; Bai et al., 2023). Despite these compelling
successes, the theoretical underpinnings of such out-of-distribution (OOD) generalization remain
poorly understood. A fundamental puzzle arises: how do models with extremely high expressive ca-
pacity—models known to even memorize random noise (Zhang et al., 2016)—manage to generalize
in ways consistent with human expectations?

To shed light on this phenomenon, we begin by closely examining the empirical behavior of diffu-
sion models, particularly their ability to generate coherent images featuring attribute combinations
unseen during training (Okawa et al., 2023). Inspired by this observation, we construct a simplified
conceptual framework that abstracts key aspects of compositional generalization. Within this ab-
straction, multiple solutions perfectly fit the source domain, yet exhibit widely divergent predictions
when tested on unseen target domain. Crucially, we observe that models failing to generalize tend
to exhibit significantly higher structural complexity compared to the model that aligns with human
intuition.

Motivated by this insight, we propose that simplicity—quantified by a predefined complexity met-
ric R(-) —acts as the key principle guiding successful OOD generalization. Specifically, among
all models that fit the training data, the one that generalizes is typically the simplest according to
this metric. We formalize this idea in a parametric setting, where the model is parameterized by
B € R We assume that the only generalizable parameter (i.e., the ground truth), denoted 3*,
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satisfies 3* = argming.p R(3), where Bs denotes the set of all the minimizers on the source
(i.e., training) domain. Building upon this simplicity hypothesis, we develop a rigorous theoretical
framework for OOD generalization via a regularized maximum likelihood estimator (MLE). Within
this framework, we analyze two distinct regimes: (1) the constant-gap regime, where the simplicity
measure of the true model is strictly lower than that of all spurious alternatives by a fixed margin,
ie., A = mingepg\ (5+3 {R(B) — R(B*)} > 0, and (2) the vanishing-gap regime, in which the
fixed simplicity margin is replaced by a smoothness condition requiring models close in simplicity
to also be similar in their predictions, i.e., for all 8y € Bg, we have || 8o — 8*]|2 < (R(Bo) — R(5*))"
for some 7 > 0.

Our contributions. This paper makes two primary contributions toward understanding OOD gen-
eralization through the lens of simplicity:

1. Identification of simplicity as a key driver for OOD generalization. We propose and formal-
ize the principle that simplicity—measured by a well-defined complexity metric—is a reliable
indicator of a model’s ability to generalize beyond the training domain. This insight is grounded
in a carefully designed experiment, motivated by empirical observations from image generation
tasks using diffusion models.

2. Theoretical analysis providing sharp sample complexity guarantees. We rigorously exam-
ine the regularized maximum likelihood estimator in both the constant-gap and vanishing-gap
regimes:

(a) In the constant-gap regime, the estimator recovers the true model at a rate of O(1/n), where
n is the sample size.

(b) In the vanishing-gap regime, the estimator recovers the true model at a rate of 0(1 /nt= & ),

which smoothly approaches 0(1 /n) as a fixed simplicity gap corresponds to a smaller gap
in the parameter space (i.e., 7 — o).

Collectively, our results provide a principled explanation for how modern foundation models can
perform robustly outside their training distribution, highlighting model simplicity as a key mecha-
nism for reliable generalization.

1.1 RELATED WORK

Compositional Generalization. Recent work has demonstrated that modern foundation models
possess remarkable capabilities for compositional generalization, i.e., solving novel tasks by recom-
bining known components in ways not encountered during training. For example, Bubeck et al.
(2023) found that an early version of GPT-4 could combine concepts and skills across modalities
and domains to solve problems in reasoning, coding, and mathematics. Similar capabilities have
been reported in a wide range of large language models (Touvron et al., 2023; Bai et al., 2023;
Chowdhery et al., 2023; Team et al., 2024; Wei et al., 2023). These capabilities are closely related to
zero-shot and few-shot generalization, which have been extensively explored in prior work (Brown
et al., 2020; Wei et al., 2021; Kojima et al., 2023).

To better understand the mechanisms underlying compositional behavior, a line of research has
investigated compositional generalization in controlled settings using smaller-scale models. For
instance, Ramesh et al. (2024) and Peng et al. (2024) investigate the ability of autoregressive trans-
formers to generalize through function composition. More recently, compositional generalization
has also been studied in image generation tasks with conditional diffusion models. Several works
(Okawa et al., 2023; Park et al., 2024; Yang et al., 2025) examine synthetic datasets to analyze gener-
alization behavior, identify success and failure modes, and explore the dynamics of learning. These
studies also draw connections between compositional generalization and emergent phenomena in
generative models, as discussed in Arora & Goyal (2023). However, the primary focus of these
studies is to characterize the empirical behaviors of diffusion models. In contrast, our work provides
a theoretical framework to explain why generalization occurs—even when multiple models fit the
training data equally well. We abstract a core aspect of compositional generalization—namely, the
ability to correctly predict in unobserved regions of input space—and show that this ability can be
explained by a simplicity principle.

OOD generalization under covariate shift. The primary focus of this paper is OOD generalization
under covariate shift in the underparameterized regime. This line of study dates back to the work of
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Shimodaira (2000), who showed that when the model is well-specified, vanilla MLE is asymptoti-
cally optimal among all weighted likelihood estimators. For non-asymptotic analysis, Cortes et al.
(2010) and Agapiou et al. (2017) established risk bounds for importance weighting. More recent
works have extended non-asymptotic guarantees to specific model classes, such as linear regression
and one-hidden-layer neural networks (Mousavi Kalan et al., 2020; Lei et al., 2021; Zhang et al.,
2022). Most notably, Ge et al. (2023) gave tight non-asymptotic guarantees for well-specified para-
metric models, showing that vanilla MLE achieves minimax-optimal excess risk without target data.
However, their analysis assumes a unique global minimizer on the source domain. We relax this
assumption by allowing multiple global minima, recovering their results as a special case within our
more general framework.

There is also a growing body of work on covariate shift in the overparameterized regime (Kausik
etal., 2023; Chen et al., 2024; Hao et al., 2024; Mallinar et al., 2024; Tsigler & Bartlett, 2023; Tang
et al., 2024), as well as in nonparametric settings (Kpotufe & Martinet, 2021; Pathak et al., 2022;
Ma et al., 2023; Wang, 2023). However, both of these settings lie outside the scope of our work.

Regularized maximum likelihood estimation. Regularized maximum likelihood estimators are a
foundational tool in high-dimensional statistics and machine learning, particularly in settings where
the number of parameters exceeds the number of samples. Theoretical guarantees for these estima-
tors are typically categorized into two categories: fast-rate and slow-rate bounds.

Fast-rate bounds, typically of order O(1/n) , are achievable under strong structural assumptions,
such as sparsity or restricted conditions on the design matrix. These results are well studied in
regression models (Bunea et al., 2007; Raskutti et al., 2019) and graphical models (Ravikumar et al.,
2011), and are extensively covered in Biithimann & Van De Geer (2011); Van de Geer et al. (2016).
A canonical example is sparse linear regression, particularly the Lasso, where ¢;-regularization is
used to promote sparsity. In this setting, the excess risk is often bounded by (slog d)/n, where s is
the sparsity level of the true regression vector, d is the number of parameters, and n is the number
of samples. However, such guarantees typically rely on restricted eigenvalue-type conditions, which
are challenging to verify and may not hold in practical scenarios.

In the absence of sparsity or restricted eigenvalue assumptions, slow-rate bounds, typically of order
O(1/+/n), can be established for both the linear and nonlinear settings (Greenshtein & Ritov, 2004;
Rigollet & Tsybakov, 2011; Massart & Meynet, 2011; Koltchinskii et al., 2011; Huang & Zhang,
2012; Chatterjee, 2013; 2014; Biihlmann, 2013; Dalalyan et al., 2017). For instance, in the Lasso

setting without restricted eigenvalue conditions, the prediction error is often bounded by +/log d/n.

In contrast to prior work, our setting differs in two key aspects: (1) we operate in the low-dimensional
regime with a nonconvex loss function, and (2) we focus on OOD generalization under covariate
shift rather than standard in-distribution prediction. As such, existing results do not directly apply,
and our analysis develops new tools to handle model selection among multiple source minimizers
via a simplicity-based regularization.

2 PRELIMINARIES

In this paper, we study covariate shift under a well-specified model. Specifically, we consider covari-
ates X € X and responses Y € ), with the goal of predicting Y given X. We assume two distinct
domains: a source domain S, with data-generating distribution Pg(X,Y), and a target domain 7',
with distribution Pp(X,Y"). Our training data consists of n i.i.d. samples {(x;, y;)}; drawn from
the source domain. The objective of OOD generalization is to learn a prediction rule from the source
data that performs well on the target domain.

Achieving this requires structural assumptions. We focus on covariate shift, where the marginal
distributions differ, Ps(X) # Pr(X), but the conditional distribution remains invariant: Pg(Y" |
X) = Pp(Y | X). To formalize this, we consider a parametric function class F = {f(y | z; 3) |
B € R?} for modeling the conditional density p(y | ) of Y | X. The model is well-specified if
there exists a parameter 5* such that p(y | ) = f(y | =; 5*).

We use the negative log-likelihood as the loss function: £(z,y,3) := —log f(y | =;/). Given
the dataset {(z;,y;)}",, the empirical loss is defined as the average loss over the training sam-
ples: (,,(B) := => 7", £(x;,y;,3). The standard maximum likelihood estimator (MLE) is then
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defined as the parameter that minimizes this empirical loss, i.e., BMLE = arg minﬂén(ﬁ). To eval-
uate generalization performance on the target domain, we define the excess risk at a parameter 3
as £(B) = Er[l(x,y,B)] — Er[l(z,y, 5*)], where Ep denotes expectation under the target dis-
tribution. The excess risk quantifies how much worse a model with parameter 3 performs on the
target domain compared to the true model 3*. A small excess risk indicates that 3 makes predictions
nearly as accurate as the optimal model under the target distribution.

3  EMPIRICAL OBSERVATIONS ON OOD GENERALIZATION

In this section, we present empirical observations from two complementary settings. The first in-
volves a text-conditioned diffusion model for image generation, where we observe strong OOD
generalization. The second abstracts this setup into a simple model using a multilayer perceptron
(MLP), enabling controlled comparisons between generalizable and non-generalizable solutions.

3.1 OOD GENERALIZATION IN DIFFUSION MODELS

We study OOD generalization in a diffusion model trained to generate images conditioned on text-
based attribute combinations. Our dataset consists of 28 x 28 images of circles that vary along three
binary attributes: background color (light/dark), foreground color (blue/red), and size (large/small).
This results in 22 = 8 unique classes, each represented by a 3-bit label: the first bit denotes back-
ground color, the second foreground color, and the third size. Figure 1a displays one representative
image for each class.

We train a diffusion model on 200,000 images, sampling 50,000 examples from each of the four
source classes: S = {(0,0,0),(0,0,1),(0,1,0),(1,0,0)}. Each training image is subject to minor
attribute variations and small additive Gaussian noise. We then evaluate the model on the four held-
out target classes: 7' = {(0,1,1),(1,0,1),(1,1,0), (1,1, 1) }. Despite never seeing these combina-
tions during training, the model generates high-quality, semantically accurate images for all target
classes (Figure 1b). This indicates a strong degree of OOD generalization.

(0,0,0) (0,0,1) (0,1,0) (0,1,1) (0,0,0) (0,0,1) (0,1,0) 0,1,1)
(1,0,0) (1,0,1) (1,1,0) (1,1,1) (1,0,0) (1,0,1) (1,1,0) (1,1,1)
(a) Dataset (ground truth). (b) DDPM-generated images after 400 epochs.

Figure 1: Diffusion Model Image Generation Setting.
3.2 A SIMPLIFIED SETTING FOR ANALYSIS

To better understand the generalization behavior observed in the diffusion model, we construct a
simplified version of the task using a 2-layer multilayer perceptron (MLP). Instead of generating
images, the model is trained to learn the identity function on R3. Each of the 3-bit labels from
the original image generation task is now treated as a point in R3, and the MLP is trained to map
input z to output x. As before, we use the classes S = {(0,0,0),(0,0,1),(0,1,0),(1,0,0)} and
T =1{(0,1,1),(1,0,1),(1,1,0),(1,1,1)} as our source and target domains, respectively.

For each s € S, we sample 100 input vectors z; from a multivariate Gaussian with mean s and
covariance 0.0173, and assign y; = x;, producing what we refer to as identity samples. This yields
400 training examples of the form (x;, x;). For evaluation, we generate 20 test examples for each
t € T, sampling from a Gaussian with mean ¢ and covariance 0.00175. We find that a well-initialized
and optimized MLP trained solely on the source domain reliably generalizes to the target domain.
We refer to such a solution as the generalizable model.

Non-generalizable Alternatives. To contrast this behavior, we train additional models that match
the identity function on the source domain but intentionally deviate from it on the target domain.
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Each such model is trained on 400 identity samples from .S, along with 400 modified samples from
T (100 per target class), where the outputs are systematically altered to break the identity mapping.
We explore three distinct modification schemes:

* Uniform Map: For each ¢t € T, we uniformly sample a random vector r; € [0,2]® and draw
100 input vectors x; from a Gaussian centered at ¢{. The corresponding outputs are set to y; =
x; — t + r¢, which centers the responses at r; rather than ¢. Note that r; can take non-integer
values, introducing continuous distortions in the output space. We run 80 independent trials; in
each trial, we independently resample a new shift , for each ¢ € T, generating 400 modified
samples. These are then combined with 400 newly sampled identity samples from .S, and the
model is trained on the full set of 800 samples.

* Permutation Map: Each ¢ € T is randomly assigned to a different center 7, chosen from S U 7.
We sample 100 inputs z; from a Gaussian centered at ¢, and define outputs as y; = x; — t + 7.
We conduct 20 such trials.

* Flipped Map and Interpolations: We define the flipped map by = +— (1, 1,1) — x for inputs x
sampled near 7. One trial uses this exact mapping. In 10 additional trials, we interpolate between
the identity and flipped maps with y; = «((1,1,1) —2;) + (1 — &)z, fora = 0,0.1,0.2, .. .,0.9.

We consider three types of non-generalizable maps, each designed to probe a different aspect of
model behavior. The Uniform Map introduces high variability by randomly shifting target outputs
to continuous locations in [0,2]3, allowing us to explore a wide range of spurious solutions that
still perfectly fit the source data. The Permutation Map is more structured and realistic, as each
target label is reassigned to another vertex in S U T'; this better reflects failure modes observed
in diffusion models, where the model might misassociate target combinations with incorrect but
discrete concepts. Finally, the Flipped Map and its interpolations allow us to systematically study
how gradual deviations from the identity mapping affect the simplicity and generalizability of the
learned model.

Comparing Simplicity. While all models fit the source domain, those trained with non-
generalizable target mappings fail to extend the identity function to 7". These models consistently
exhibit higher complexity, measured by the sum of squared Frobenius norms of all layer weights and
biases (Figure 2). In contrast, the generalizable model has significantly smaller norms, suggesting
that simplicity is a key factor in achieving successful OOD generalization.

Sum of Squared F-Norm for Uniform Maps ~ Sum of Squared F-Norm for Permutation Maps ~ Sum of Squared F-Norm for Interpolation Maps
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Figure 2: generalizable vs. non-generalizable model weights. (a) Sum of squared Frobenius norms of
weights in models trained on uniform mappings. (b) Sum of squared Frobenius norms of weights in models
trained on permutation mappings. (c) Sum of squared Frobenius norms for models trained on interpolations
between the identity and flipped maps. Here, @ = 0 corresponds to the identity map and o« = 1 to the flipped
map. In all three plots, the model trained solely on .S using the identity map is shown in

4 MAIN RESULTS

In this section, we begin with a formal problem setup in Section 4.1. We then analyze the perfor-
mance of the regularized MLE by deriving excess risk bounds. Specifically, Section 4.2 presents
results for the constant-gap regime, while Section 4.3 addresses the vanishing-gap regime.

4.1 PROBLEM FORMULATION

Motivated by the observations in Section 3, we consider the setting where the population loss on
the source domain, Eg[¢(x,y, #)], admits multiple minimizes. This arises naturally because the
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source data only partially constrains the prediction function; specifically, in regions of the covariate
space that lie outside the support of the source domain, predictions can be defined arbitrarily without
affecting performance on the source domain. However, among these multiple solutions, typically
only one parameter—the true parameter 5*—generalizes effectively, i.e., 8* is the unique minimizer
of the target-domain loss Ex[¢(z, y, 5)].

We posit that this true parameter corresponds to the “simplest” solution among all the source-domain
minima, where “simplicity” is quantified by a measure denoted by R(3). Formally, we assume:

B* =argmingR(B) s.t. [ € argmingEs[l(x,y, )]

This perspective aligns with common observations in practice, where multiple parameter configu-
rations yield identical performance on training data but differ significantly in their generalization
capabilities. Typically, parameters with smaller norms or simpler representations often generalize
better, a phenomenon widely leveraged in practice through regularization techniques such as weight
decay. Accordingly, we consider the regularized maximum likelihood estimator (MLE) defined by

B := argming {£,(8) + AR()} , (1)
where A > 0 is a regularization parameter to be determined later. Note that the solution to (1) might

not be unique; in the event of multiple solutions, $3x denotes any solution from the solution set. For
simplicity of notation, we define Bs := arg mingEg[{(z,y, 8)] and Bs := maxgeg; ||3]2-

To facilitate the forthcoming analysis, we invoke the concept of Fisher information. Formally, we
define the Fisher information at /3 for the source and target domains as: Zg(3) := Eg[V2{(z, y, B)]
and Zr(B) := Er[V?{(x,y,)]. In this paper, we consider two distinct scenarios based on the
simplicity measure R(-) evaluated on the solution set Bs from the source domain:

1. Constant gap scenario: The simplicity measure R(-) has a strictly positive gap between the true
parameter 5* and any other spurious solution in Bg \ {8*}.

2. Vanishing gap scenario: The simplicity measure R(-), when evaluated on points in Bg \ {8*},
can be made arbitrarily close to R(5*).

We begin by stating several assumptions that apply to both scenarios considered in this paper.
Assumption A. We make the following assumptions:

A.l (Concentration inequalities): There exist By, B1, Ba, absolute constants c,~, and a threshold
N such that for any fixed matrix A € R*? and any n > N, the following inequalities hold
simultaneously with probability at least 1 — n=20:

a(8) ~ Elta(B)]] < Boy/<E", v e,

V1 Bi||A 1
|4 (Va(57) = BV L (505 < ey S + By Alls log” (”W”) e
[9264(8) ~ BV (8], < By /25",

where V = n - E||A(VL,(B8%) — E[V{,(8*)])||3 denotes the variance term.

A.2 (Hessian Lipschitz): There exists a constant Bs > 0 such that for all x € XsUXrp, y € Y, and
B e R4, ||V3(x,y, B)|l2 < Bs, where Xs and Xt denote the supports of Ps(X) and P (X),
respectively.

A.3 (Gap between minima): There exists a constant gap G > 0 separating the global minimum
from all other local minima of Es[¢(x,y, B)]. Specifically, for any local minimum ' € R\ Bs,
it holds that Es[((x,y, 5')] > Eg[l(x,y, %)+ G. Furthermore, there exists a constant B > 0
such that for all 8 € R? with ||B||2 > B, Es[l(z,y, 8)] > Es[(z,y, 8%)] + G.

A.4 (Properties of R(f3)): The simplicity measure R(B) satisfies: (1) R(0) = 0 and R(8) > 0 for
all B; (2) R(B) is convex; (3) R(B) is L-smooth.

We now provide several remarks on Assumption A:
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Assumption A.l imposes standard concentration conditions, which are commonly satisfied when
the loss function, its gradient, and its Hessian are uniformly bounded. In particular, the second
inequality is a generalized version of the Bernstein inequality, which reduces to the classical form
when v = 0. Notably, the second and third inequalities require concentration only at 8*, rather than
uniformly over all 5.

Assumption A.2 is a mild regularity condition requiring Lipschitz continuity of the Hessian. In gen-
eral, if the loss function is differentiable up to the third order and the input distribution is supported
on a compact set or has light tails, this assumption is easily satisfied.

Assumption A.4 specifies basic conditions on the simplicity measure R(/3). A canonical example
satisfying all three conditions is the squared 2-norm (also known as weight decay), R(3) = ||53]|3,
which is widely used in ridge regression and neural network training. Other valid examples include
the squared group ¢2 1 norm, R(8) = >_ . |18, |3, where G is a partition of features and /3, denotes
the corresponding subvector, commonly used in multitask learning; and Huberized ¢; penalties,
which smoothly transition between squared ¢» near zero and ¢; for larger values, often used to
promote sparsity while preserving smoothness.

A key structural assumption is Assumption A.3. In essence, Assumption A.3 states that all local—
but non-global—minima, including those at large distances, are at least G worse than the global
minimum. Importantly, our theoretical results do not depend on the specific choice of the constant
B in the second part of the assumption. This means B can be chosen to be sufficiently large, so the
second inequality can be interpreted as ruling out spurious local minima at infinity.

4.2 CONSTANT GAP SCENARIO

We begin by analyzing the constant gap scenario. In addition to Assumption A, we introduce the
following assumptions:

Assumption B. B.I (Strong convexity) There exists a constant « > 0 such that for all 5y € Bg,
Es [VQE(xaya BO):I = aly.
B.2 (Constant simplicity gap) There exists a constant gap in the simplicity measure, defined as

A= minﬁegs\{ﬂ*} {R(ﬂ) — R(ﬁ*)} > 0.

Assumption B.1 ensures sufficient local curvature of the population loss around each 3y € Bg, while
Assumption B.2 guarantees that the true model is the simpler than all source-compatible candidates
by at least a gap A measured by R. This separation can be leveraged to facilitate effective learning.

We now state the main result for this setting:

Theorem 4.1. Let A = % lc’%, Is := Is(B*), and Ir = Ip(B*). Under Assumptions A

and B, if n > cmax{N*, N}, then with probability at least 1 —n~1°, the excess risk of the regular-
ized estimator defined in (1) satisfies

-1 B2|z/2zs wr(sH) |1
5 Tr(ITIs )logn o|l*T +s (B%) R ogn
n + AZn

E(Br) <c

for an absolute constant c. Here N* := Poly (A~',a~', G~ L, By, By, Bo, B3, Bs, R(3*),
1 o _ 15—
IZs ' VR(BY) 2, 1Z2Z5 VR I1Z5 |20 1Z2Z5 2112 ).

2> 2

For an exact characterization of the threshold N*, one can refer to (22) in the Appendix.

Theorem 4.1 provides a non-asymptotic upper bound on the excess risk of regularized maximum
likelihood estimation under a simplicity gap. The theorem states that, when the true model is
strictly simpler than all competing source-compatible solutions, the regularized estimator success-

fully learns it with excess risk achieving a fast convergence rate of order O(l /m). The bound consists
of two main terms:

« Statistical difficulty under covariate shift. The first term, Tr(ZrZg")/n, captures the intrin-
sic challenge of generalization under covariate shift. The matrix Z¢ ! reflects the variance of the



Under review as a conference paper at ICLR 2026

parameter estimation, while Zr quantifies how the parameter estimation accuracy impacts per-
formance on the target domain. If the directions emphasized by Zr are poorly captured by Zg,
generalization becomes harder—reflected by a larger trace term. In the special case where there
is no distribution shift (i.e., Zg = Z7), the trace reduces to d, and the bound matches the classical
d/n rate for well-specified linear models.

* Regularization and simplicity bias. The second term reflects the influence of regularization and
the role of simplicity. It depends on the alignment between the regularization gradient VR(5*)
and the Fisher geometry, and it scales inversely with the square of the simplicity gap A. This
highlights the advantage of a larger simplicity gap: the more clearly the true model is separated
in simplicity from competing models, the more confidently the estimator can distinguish it from
spurious alternatives.

In the special case where the source-compatible model is unique (i.e., Bs = {*} and A = o0), the
second term vanishes, and Theorem 4.1 recovers Theorem 3.1 from Ge et al. (2023). As shown in
their work, this rate is minimax optimal, meaning that our bound is tight in the worst case.

4.3 VANISHING GAP SCENARIO

We now turn to the vanishing-gap scenario, where the simplicity gap between the true model and
competing alternatives can become arbitrarily small.

In this regime, the global minimizers of the population loss on the source domain (i.e., Bg) may not
be isolated from 5*; instead, they may form a continuum, such as a low-dimensional surface in the
neighborhood of 5*. This necessitates additional assumptions to capture the geometric structure of
Bgs more precisely. Formally, we impose the following additional assumptions:

Assumption C. C.I The solution set Bs C R? is a compact C" differentiable submanifold of
dimension dg.
C.2 There exists a constant o > 0 such that for all By € Bg,

Amin (Es [V2€(x,y, B0)]) > o, and rank (Es [Vzé(m,y,ﬁo)]) =d—dg,

where Amin(A) denotes the smallest non-zero eigenvalue of matrix A.
C.3 There exists T > 9 and Anax < 1 such that for all A < Apnax and all By € Bg satisfying
R(By) — R(B*) = A, we have ||Bo — B*||2 < A.

We note that the constant-gap scenario satisfies Assumption C with dg = 0 and 7 = oo.

Assumption C.2 mirrors the strong convexity condition in Assumption B.1 but adapts it to the case
where Bg has positive dimension. It guarantees sufficient curvature in directions orthogonal to the
solution manifold.

The key structural condition is Assumption C.3, which plays the role of a “soft” simplicity gap. It
ensures that any model with simplicity value close to that of the true model must also be close to it
in parameter space.

Finally, we remark that Assumption C.1 is introduced primarily for simplicity of presentation. It can
be naturally extended to the more general setting where By C R is a finite union of compact C!
submanifolds that are separated by a constant distance.

We then state the main result for this setting:

Theorem 4.2. Let \ = %1 /li%, TIs = Is(B*), and Iy := I (B*). Under Assumptions A
n 3T

and C, ifn > cmax{N', N}, then with probability at least 1 —n=19, the excess risk of the regular-
ized estimator defined in (1) satisfies

1/2 2
- To(zr ) ogn | BE|[ T T VR 0
n A2 n =

E(Br) <c

max

for an absolute constant c. Here AT denotes the pseudoinverse of A and N'= Poly (AL, o™ %,
G™', L, Bo, Bi, Ba, By, Bo, | Zsla | Zsllz ", Tr(Zs), [1ZEl2 [1ZE5" R(8*), IIZEVR(5*)

1 1 1
\Zrllo 1225 IZEZEV RS IZRTEZE ).

2 2> 2

2%,
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For an exact characterization of the threshold N’, one can refer to (41) in the Appendix.

Theorem 4.2 shows that even in the absence of a fixed simplicity gap, the regularized estimator still
achieves a meaningful excess risk bound of order O(n’H%), provided that models with similar
simplicity to the true model also produce similar predictions. While the structure of the bound
resembles that of Theorem 4.1, it differs in two key ways:

* Use of the pseudoinverse. When Zg is singular, the inverse in Theorem 4.1 is replaced by the
Moore—Penrose pseudoinverse Zg. Recall that for a positive semidefinite matrix like Zg, the

pseudoinverse Ijg acts like the true inverse on the subspace where Zg is invertible (its column
space), and returns zero in directions where Zg is degenerate (its null space). In other words,
IJ; projects onto the effective subspace where the source distribution provides information for
estimation, and inverts only within that subspace. To illustrate, consider the case where R(3) =
|8]|13. Any parameter 3 € R? can be decomposed into two orthogonal components: 3 = Buun +
Beol, Where By lies in the null space of Zg and [ lies in its column space. Since the population
loss is flat in the null space, the source domain provides no information about 3 ;. Consequently,

only 3, can be estimated, and its estimation variance is governed by I;. In our setting, the
simplicity bias selects the globally simplest solution—implying 5}, = 0. The regularization
term thus ensures that the learned parameter remains in the estimable subspace, allowing for

meaningful recovery even when Zg is degenerate.

* Role of 7. Assumption C.3 introduces a smoothness condition linking simplicity and proximity to
the true model. As 7 increases, a gap in simplicity corresponds to a smaller deviation in parameter
space, i.e., ||Bo — B*|]2 < (R(Bo) — R(8*))", enabling tighter generalization guarantees. This is
reflected in the convergence rate O(n‘H%), which improves with larger 7 and approaches the
optimal rate O(n_l) as 7 — 00. In this limit, Theorem 4.2 reduces to Theorem 4.1, thereby gen-
eralizing the constant-gap analysis and providing a smooth transition between the idealized setting
of a uniquely simplest model and more realistic scenarios in which simplicity varies continuously.

5 CONCLUSION

This paper presents a theoretical framework for understanding OOD generalization through the lens
of simplicity. By focusing on diffusion models and their compositional generalization behavior,
we show that despite the expressiveness of neural architectures, models that generalize well often
align with the simplest explanation consistent with the data. We formalize this insight through
two regimes—the constant-gap and vanishing-gap settings—and provide sharp sample complexity
guarantees for learning the true model via regularized maximum likelihood.

Discussion on equivalence classes. We conclude with a discussion of a potential limitation of our
current analysis and outline a promising direction for extending our results to address it.

Consider a simple scenario where the response variable is given by y = (3* " x)2, for some true
parameter 3* = (0, 8*;) # 0. Let the source domain be Xg := {(0,z_;) | x_; € R~1}, the target
domain be X7 := R?, and the regularizer be R(3) = ||3]|3. In this setting, both 3* and —3* yield
identical predictions on all inputs and have the same regularization value, i.e., R(—5*) = R(8*). As
such, these parameters should be considered equivalent, and Theorem 4.2 is expected to remain valid
in this setting. However, a direct application of Theorem 4.2 is not possible because Assumption C.3
is violated: —(* € Bg and R(—f*) — R(8*) = 0, yet we have ||* — (—=8%)|2 = 2||5*]]2 # 0.

We believe this limitation can be addressed through a modest extension of our framework. Specif-
ically, rather than working directly in R?, it is more natural to consider the quotient space R¢/ ~,
where parameters are grouped into equivalence classes based on predictive and regularization equiv-
alence. Specifically, we define the equivalence class of a parameter 3 as

18] := {B | 6z, y, B) = L(z,y, B) forall z € Xs U Xp, y € Y, and R(f) = R(ﬁ)} ,

and denote the associated equivalence relation by ~. We believe that our theoretical results can be
naturally extended to this quotient space, with Bg redefined accordingly. In particular, variants of
Theorems 4.1 and 4.2 should hold when interpreted over equivalence classes, with bounds computed
using appropriate representatives from [3*]. We leave a formal development of this extension to
future work.



Under review as a conference paper at ICLR 2026

REFERENCES

Josh Achiam, Steven Adler, Sandhini Agarwal, Lama Ahmad, Ilge Akkaya, Florencia Leoni Ale-
man, Diogo Almeida, Janko Altenschmidt, Sam Altman, Shyamal Anadkat, et al. Gpt-4 technical
report. arXiv preprint arXiv:2303.08774, 2023.

Sergios Agapiou, Omiros Papaspiliopoulos, Daniel Sanz-Alonso, and Andrew M Stuart. Importance
sampling: Intrinsic dimension and computational cost. Statistical Science, pp. 405431, 2017.

Sanjeev Arora and Anirudh Goyal. A theory for emergence of complex skills in language models,
2023. URL https://arxiv.org/abs/2307.15936.

Jinze Bai, Shuai Bai, Yunfei Chu, Zeyu Cui, Kai Dang, Xiaodong Deng, Yang Fan, Wenbin Ge,
Yu Han, Fei Huang, et al. Qwen technical report. arXiv preprint arXiv:2309.16609, 2023.

Tom B. Brown, Benjamin Mann, Nick Ryder, Melanie Subbiah, Jared Kaplan, Prafulla Dhari-
wal, Arvind Neelakantan, Pranav Shyam, Girish Sastry, Amanda Askell, Sandhini Agarwal,
Ariel Herbert-Voss, Gretchen Krueger, Tom Henighan, Rewon Child, Aditya Ramesh, Daniel M.
Ziegler, Jeffrey Wu, Clemens Winter, Christopher Hesse, Mark Chen, Eric Sigler, Mateusz
Litwin, Scott Gray, Benjamin Chess, Jack Clark, Christopher Berner, Sam McCandlish, Alec
Radford, Ilya Sutskever, and Dario Amodei. Language models are few-shot learners, 2020. URL
https://arxiv.org/abs/2005.14165.

Sébastien Bubeck, Varun Chadrasekaran, Ronen Eldan, Johannes Gehrke, Eric Horvitz, Ece Kamar,
Peter Lee, Yin Tat Lee, Yuanzhi Li, Scott Lundberg, et al. Sparks of artificial general intelligence:
Early experiments with gpt-4, 2023.

Peter BithImann. Statistical significance in high-dimensional linear models. 2013.

Peter Biihimann and Sara Van De Geer. Statistics for high-dimensional data: methods, theory and
applications. Springer Science & Business Media, 2011.

Florentina Bunea, Alexandre Tsybakov, and Marten Wegkamp. Sparsity oracle inequalities for the
lasso. 2007.

Sourav Chatterjee. Assumptionless consistency of the lasso. arXiv preprint arXiv:1303.5817, 2013.
Sourav Chatterjee. A new perspective on least squares under convex constraint. 2014.

Yihang Chen, Fanghui Liu, Taiji Suzuki, and Volkan Cevher. High-dimensional kernel methods
under covariate shift: data-dependent implicit regularization. arXiv preprint arXiv:2406.03171,
2024.

Aakanksha Chowdhery, Sharan Narang, Jacob Devlin, Maarten Bosma, Gaurav Mishra, Adam
Roberts, Paul Barham, Hyung Won Chung, Charles Sutton, Sebastian Gehrmann, et al. Palm:
Scaling language modeling with pathways. Journal of Machine Learning Research, 24(240):
1-113, 2023.

Corinna Cortes, Yishay Mansour, and Mehryar Mohri. Learning bounds for importance weighting.
Advances in neural information processing systems, 23, 2010.

Arnak S Dalalyan, Mohamed Hebiri, and Johannes Lederer. On the prediction performance of the
lasso. 2017.

Prafulla Dhariwal and Alex Nichol. Diffusion models beat gans on image synthesis, 2021a. URL
https://arxiv.org/abs/2105.05233.

Prafulla Dhariwal and Alexander Nichol. Diffusion models beat gans on image synthesis. Advances
in neural information processing systems, 34:8780-8794, 2021b.

Jiawei Ge, Shange Tang, Jianqing Fan, Cong Ma, and Chi Jin. Maximum likelihood estimation is
all you need for well-specified covariate shift. arXiv preprint arXiv:2311.15961, 2023.

Eitan Greenshtein and Ya’Acov Ritov. Persistence in high-dimensional linear predictor selection
and the virtue of overparametrization. Bernoulli, 10(6):971-988, 2004.

10


https://arxiv.org/abs/2307.15936
https://arxiv.org/abs/2005.14165
https://arxiv.org/abs/2105.05233

Under review as a conference paper at ICLR 2026

Yifan Hao, Yong Lin, Difan Zou, and Tong Zhang. On the benefits of over-parameterization for
out-of-distribution generalization. arXiv preprint arXiv:2403.17592, 2024.

Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Delving deep into rectifiers: Surpass-
ing human-level performance on imagenet classification, 2015. URL https://arxiv.org/
abs/1502.01852.

Jonathan Ho and Tim Salimans. Classifier-free diffusion guidance. arXiv preprint
arXiv:2207.12598, 2022.

Jonathan Ho, Ajay Jain, and Pieter Abbeel. Denoising diffusion probabilistic models. Advances in
neural information processing systems, 33:6840-6851, 2020a.

Jonathan Ho, Ajay Jain, and Pieter Abbeel. Denoising diffusion probabilistic models, 2020b. URL
https://arxiv.org/abs/2006.11239.

Jian Huang and Cun-Hui Zhang. Estimation and selection via absolute penalized convex minimiza-
tion and its multistage adaptive applications. The Journal of Machine Learning Research, 13(1):
1839-1864, 2012.

Chinmaya Kausik, Kashvi Srivastava, and Rishi Sonthalia. Double descent and overfitting under
noisy inputs and distribution shift for linear denoisers. arXiv preprint arXiv:2305.17297, 2023.

Diederik P. Kingma and Jimmy Ba. Adam: A method for stochastic optimization, 2017. URL
https://arxiv.org/abs/1412.6980.

Takeshi Kojima, Shixiang Shane Gu, Machel Reid, Yutaka Matsuo, and Yusuke Iwasawa. Large
language models are zero-shot reasoners, 2023. URL https://arxiv.org/abs/2205.
11916.

Vladimir Koltchinskii, Karim Lounici, and Alexandre B Tsybakov. Nuclear-norm penalization and
optimal rates for noisy low-rank matrix completion. 2011.

Samory Kpotufe and Guillaume Martinet. Marginal singularity and the benefits of labels in
covariate-shift. The Annals of Statistics, 49(6):3299-3323, 2021.

Qi Lei, Wei Hu, and Jason Lee. Near-optimal linear regression under distribution shift. In Interna-
tional Conference on Machine Learning, pp. 6164—6174. PMLR, 2021.

Cong Ma, Reese Pathak, and Martin J Wainwright. Optimally tackling covariate shift in rkhs-based
nonparametric regression. The Annals of Statistics, 51(2):738-761, 2023.

Neil Mallinar, Austin Zane, Spencer Frei, and Bin Yu. Minimum-norm interpolation under covariate
shift. arXiv preprint arXiv:2404.00522, 2024.

Pascal Massart and Caroline Meynet. The lasso as an 11-ball model selection procedure. 2011.

Mohammadreza Mousavi Kalan, Zalan Fabian, Salman Avestimehr, and Mahdi Soltanolkotabi. Min-
imax lower bounds for transfer learning with linear and one-hidden layer neural networks. Ad-
vances in Neural Information Processing Systems, 33:1959-1969, 2020.

Alexander Quinn Nichol and Prafulla Dhariwal. Improved denoising diffusion probabilistic models.
In International conference on machine learning, pp. 8162-8171. PMLR, 2021.

Maya Okawa, Ekdeep S Lubana, Robert Dick, and Hidenori Tanaka. Compositional abilities emerge
multiplicatively: Exploring diffusion models on a synthetic task. Advances in Neural Information
Processing Systems, 36:50173-50195, 2023.

Core Francisco Park, Maya Okawa, Andrew Lee, Hidenori Tanaka, and Ekdeep Singh Lubana.
Emergence of hidden capabilities: Exploring learning dynamics in concept space, 2024. URL
https://arxiv.org/abs/2406.19370.

Reese Pathak, Cong Ma, and Martin Wainwright. A new similarity measure for covariate shift with
applications to nonparametric regression. In International Conference on Machine Learning, pp.
17517-17530. PMLR, 2022.

11


https://arxiv.org/abs/1502.01852
https://arxiv.org/abs/1502.01852
https://arxiv.org/abs/2006.11239
https://arxiv.org/abs/1412.6980
https://arxiv.org/abs/2205.11916
https://arxiv.org/abs/2205.11916
https://arxiv.org/abs/2406.19370

Under review as a conference paper at ICLR 2026

Binghui Peng, Srini Narayanan, and Christos Papadimitriou. On limitations of the transformer
architecture, 2024. URL https://arxiv.org/abs/2402.08164.

Aditya Ramesh, Mikhail Pavlov, Gabriel Goh, Scott Gray, Chelsea Voss, Alec Radford, Mark Chen,
and Ilya Sutskever. Zero-shot text-to-image generation. In International conference on machine
learning, pp. 8821-8831. Pmlr, 2021.

Aditya Ramesh, Prafulla Dhariwal, Alex Nichol, Casey Chu, and Mark Chen. Hierarchical text-
conditional image generation with clip latents. arXiv preprint arXiv:2204.06125, 1(2):3, 2022.

Rahul Ramesh, Ekdeep Singh Lubana, Mikail Khona, Robert P. Dick, and Hidenori Tanaka. Com-
positional capabilities of autoregressive transformers: A study on synthetic, interpretable tasks,
2024. URL https://arxiv.org/abs/2311.12997.

Garvesh Raskutti, Ming Yuan, and Han Chen. Convex regularization for high-dimensional multire-
sponse tensor regression. 2019.

Pradeep Ravikumar, Martin J] Wainwright, Garvesh Raskutti, and Bin Yu. High-dimensional covari-
ance estimation by minimizing 11-penalized log-determinant divergence. 2011.

Philippe Rigollet and Alexandre Tsybakov. Exponential screening and optimal rates of sparse esti-
mation. 2011.

Chitwan Saharia, Jonathan Ho, William Chan, Tim Salimans, David J Fleet, and Mohammad
Norouzi. Image super-resolution via iterative refinement. [EEE transactions on pattern anal-
ysis and machine intelligence, 45(4):4713-4726, 2022.

Hidetoshi Shimodaira. Improving predictive inference under covariate shift by weighting the log-
likelihood function. Journal of statistical planning and inference, 90(2):227-244, 2000.

Shange Tang, Jiayun Wu, Jianqing Fan, and Chi Jin. Benign overfitting in out-of-distribution gener-
alization of linear models. arXiv preprint arXiv:2412.14474, 2024.

Gemini Team, Petko Georgiev, Ving Ian Lei, Ryan Burnell, Libin Bai, Anmol Gulati, Garrett Tanzer,
Damien Vincent, Zhufeng Pan, Shibo Wang, et al. Gemini 1.5: Unlocking multimodal under-
standing across millions of tokens of context. arXiv preprint arXiv:2403.05530, 2024.

Hugo Touvron, Thibaut Lavril, Gautier Izacard, Xavier Martinet, Marie-Anne Lachaux, Timothée
Lacroix, Baptiste Roziere, Naman Goyal, Eric Hambro, Faisal Azhar, et al. Llama: Open and
efficient foundation language models. arXiv preprint arXiv:2302.13971, 2023.

Alexander Tsigler and Peter L Bartlett. Benign overfitting in ridge regression. Journal of Machine
Learning Research, 24(123):1-76, 2023.

Sara A Van de Geer et al. Estimation and testing under sparsity. Springer, 2016.

Kaizheng Wang. Pseudo-labeling for kernel ridge regression under covariate shift. arXiv preprint
arXiv:2302.10160, 2023.

Jason Wei, Maarten Bosma, Vincent Y Zhao, Kelvin Guu, Adams Wei Yu, Brian Lester, Nan Du,
Andrew M Dai, and Quoc V Le. Finetuned language models are zero-shot learners. arXiv preprint
arXiv:2109.01652, 2021.

Jason Wei, Xuezhi Wang, Dale Schuurmans, Maarten Bosma, Brian Ichter, Fei Xia, Ed Chi, Quoc
Le, and Denny Zhou. Chain-of-thought prompting elicits reasoning in large language models,
2023. URL https://arxiv.org/abs/2201.11903.

Yongyi Yang, Core Francisco Park, Ekdeep Singh Lubana, Maya Okawa, Wei Hu, and Hidenori
Tanaka. Swing-by dynamics in concept learning and compositional generalization, 2025. URL
https://arxiv.org/abs/2410.083009.

Chiyuan Zhang, Samy Bengio, Moritz Hardt, Benjamin Recht, and Oriol Vinyals. Understanding
deep learning requires rethinking generalization. arXiv preprint arXiv:1611.03530, 2016.

Xuhui Zhang, Jose Blanchet, Soumyadip Ghosh, and Mark S Squillante. A class of geometric
structures in transfer learning: Minimax bounds and optimality. In International Conference on
Artificial Intelligence and Statistics, pp. 3794-3820. PMLR, 2022.

12


https://arxiv.org/abs/2402.08164
https://arxiv.org/abs/2311.12997
https://arxiv.org/abs/2201.11903
https://arxiv.org/abs/2410.08309

