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Abstract

Scaling test-time compute with multi-path reason-
ing improves the accuracy of foundation models,
but often incurs substantial redundant computa-
tion. We study how to make such reasoning more
resource-efficient under a fixed inference budget.
Our key observation is that the value of explo-
ration and exploitation is phase-dependent: early
decoding benefits from diverse hypothesis paths,
whereas later stages require targeted refinement
and reliable answer selection. We introduce Hy-
PER, a training-free adaptive test-time compute
policy that formulates multi-path reasoning as
an online expand-reduce control problem. Hy-
PER reallocates compute using lightweight confi-
dence and diversity statistics, dynamically choos-
ing among path branching, short-horizon expan-
sion, token-level refinement, and standard decod-
ing. To improve exploitation without full-path re-
sampling, HyPER further leverages MoE routing
diversity for single-token refinement with shared
KV states, and uses a length- and confidence-
aware voting rule to reduce answer-selection fail-
ures. Across four MoE models and diverse reason-
ing benchmarks, HyPER consistently improves
the accuracy—compute trade-off, achieving the
Pareto frontier while outperforming prior methods
by 8~10% and reducing token consumption by
25~40%. These results demonstrate that adaptive
control is an effective mechanism for resource-
efficient foundation-model inference.

1. Introduction

Large language models (LLMs) have demonstrated strong
reasoning ability when prompted to generate chain-of-
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thought (CoT) solutions (Wei et al., 2022), yet a single rea-
soning path remains brittle on challenging problems (Wang
et al., 2022; Zhao et al., 2026). Scaling test-time compute
improves robustness by sampling or searching over multi-
ple hypothesis paths (Zhang et al., 2025), but its practical
value depends on how efficiently the extra budget is al-
located between exploration—covering diverse candidate
solutions—and exploitation—refining and selecting promis-
ing ones (Snell et al., 2024; Ding et al., 2025). This makes
resource-efficient test-time scaling fundamentally an adap-
tive inference problem.

Existing methods only partially address this trade-off. Tree-
based search methods expand intermediate reasoning steps
using predefined branching rules and step-level scores (Yao
et al., 2023; Xie et al., 2024; Snell et al., 2024; Hooper et al.,
2025). Although they provide explicit exploration, their
rigid step-level schedules can waste compute and disrupt the
continuous reasoning behavior of post-trained models (Lian
et al., 2025; Yang et al., 2025). In contrast, parallel reason-
ing methods such as Self-Consistency and Best-of-N sam-
ple complete CoT paths and aggregate final answers (Wang
etal., 2022; Brown et al., 2024; Irvine et al., 2023). They pre-
serve native generation, but heavily over-explore redundant
paths and provide little generation-time exploitation. Re-
cent adaptive methods improve efficiency through spawning,
joining, or pruning (Lian et al., 2025; Wang et al., 2025a;
Yu et al., 2025; Fu et al., 2025), but are often either training-
dependent or primarily subtractive: they remove weak paths
without reallocating the saved budget to refine promising
hypotheses. Meanwhile, Mixture-of-Experts (MoE) rea-
soning models expose routing diversity that can support
token-level refinement (Zibakhsh et al., 2025), but token-
level gains alone do not decide when to branch, refine, or
simply continue decoding.

These limitations motivate a closed-loop control view of
test-time scaling. Figure 1 summarizes three empirical ob-
servations. First, increasing path width raises both the prob-
ability of containing at least one correct path and the final
accuracy, but the marginal gain quickly diminishes, indi-
cating that late-stage redundant exploration is inefficient.
Second, correctness is often not distinguishable early: in
Figure 1c, we normalize each generated path by length, av-
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Figure 1. Motivation for adaptive expand—reduce control. Wider path sampling improves coverage and accuracy but with diminishing
returns; correct and incorrect paths show late-stage confidence divergence after length normalization; and answer aggregation can still fail

even when a correct path exists.

erage token confidence at each relative position for correct
and incorrect paths, and then aggregate across questions on
AIME25 and HMMT?2S. The resulting dataset-level trends
show that correct and incorrect paths have similar early con-
fidence patterns but separate near the tail, suggesting that
local late-stage refinement can be more efficient than full-
path resampling. Third, even when a correct answer exists
among sampled paths, majority or confidence-weighted vot-
ing can still select a frequent but wrong answer, exposing
an existence—selection gap. Together, these observations
suggest that an efficient method should adaptively decide
when to explore, when to refine, and how to exploit reliable
final-answer signals.

We introduce HyPER (Hypothesis Path Expansion and
Reduction), a training-free online policy that formulates
multi-path reasoning as an adaptive expand—reduce con-
trol problem. HyPER monitors lightweight confidence and
diversity statistics of the surviving hypothesis pool and dy-
namically reallocates compute among four actions: stan-
dard decoding, path branching, short-horizon expansion,
and token-level refinement. This allows HyPER to preserve
early exploration while shifting budget toward exploitation
when the pool becomes redundant or uncertain.

HyPER makes three contributions. First, we design an
online expand-reduce controller that coordinates explo-
ration and exploitation under a fixed test-time budget using
lightweight path statistics. Second, we introduce a MoE-
based single-token refinement primitive that exploits rout-
ing diversity without full-path resampling and shares prefix
KV states across token-level proposals. Third, we propose
a length- and confidence-aware aggregation rule that im-
proves answer-time exploitation and mitigates the existence—
selection gap. HyPER requires no fine-tuning and can be
directly applied to post-trained MoE reasoning models.

Across four MoE LLMs and diverse reasoning benchmarks,
HyPER consistently improves the accuracy—compute trade-
off, achieving the Pareto frontier while outperforming ex-
isting test-time scaling baselines by 8—10 percentage points
and reducing token usage by approximately 25-40% under
comparable compute budgets.

2. Background

Test-time scaling paradigms. LLM reasoning can be im-
proved by allocating extra fest-time compute along either
depth, which extends deliberation within a single CoT (Ope-
nAl et al., 2024; Guo et al., 2025; Kimi et al., 2025; xAl,
2025; Muennighoff et al., 2025; Ye et al., 2025), or breadth,
which explores multiple hypothesis paths (Snell et al., 2024;
Welleck et al., 2024). Key design choices include whether
compute allocation is adaptive or fixed, what exploita-
tion primitive is used, and whether guidance comes only
from the policy model or from an additional verifier/reward
model. Tree-based search methods, such as ToT, MCTS,
and ETS (Yao et al., 2023; Xie et al., 2024; Snell et al.,
2024; Hooper et al., 2025), expand intermediate reasoning
states with step-level scores, but often rely on rigid sched-
ules or auxiliary verifiers that can be costly for post-trained
reasoning models. Parallel reasoning methods, such as Self-
Consistency and Best-of-/N (Wang et al., 2022; Brown et al.,
2024; Irvine et al., 2023), preserve native generation by
sampling complete paths, but spend much of the budget on
redundant hypotheses and exploit mainly at final aggrega-
tion. Recent adaptive variants use spawn—join execution or
confidence-guided pruning (Lian et al., 2025; Wang et al.,
2025a; Yu et al., 2025; Fu et al., 2025), yet many remain
training-dependent or primarily subtractive: they remove
low-quality paths without reallocating the saved budget to
refine promising ones. Appendix A provides a taxonomy.

Token-level scaling in MoE models. Mixture-of-Experts
(MoE) models expose an additional token-level scaling di-
mension through expert-routing diversity. Recent methods
such as RoE (Zibakhsh et al., 2025) exploit this by perturb-
ing expert routing to generate multiple token-level proposals
and aggregate them into a refined prediction. This provides
efficient local exploitation, but existing token-level methods
are typically always-on and agnostic to the global reasoning
state. They therefore do not decide when compute should
be spent on token refinement versus path-level exploration.
This leaves a central challenge: how fo dynamically allocate
a unified test-time budget across path expansion, pruning,
token refinement, and answer selection.
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Table 1. Controller actions in HyPER.

Action Role Trigger Operation

NONE Standard decoding High confidence, low entropy, Continue all active paths; no extra compute.
enough diversity

SINGLETOKEN  Token refinement Low confidence, high entropy, or low Refine the next token with MoE routing diver-
token consensus sity; path count unchanged.

BRANCH Path exploration Low diversity and low consensus Fork each survivor into ry = [W/S;] continu-

ations to restore coverage.
MULTITOKEN Local expand-reduce Low diversity with confidence disper- Spawn r; children, decode m = T tokens, and

sion

keep the best child per root.
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Figure 2. Overview of HyPER.
.
3. HyPER Design

Figure 2 overviews HyPER. HyPER formulates multi-path
reasoning as online expand-reduce control over a surviv-
ing hypothesis pool S;. Under a fixed test-time budget, it
couples three components: (i) a lightweight controller that
periodically chooses among standard decoding, path branch-
ing, short-horizon expansion, and token-level refinement
(§3.1); (ii) a MoE-based single-token refinement primitive
that exploits routing diversity without full-path resampling
(§3.2); and (iii) a length- and confidence-aware voting rule
that improves final answer selection (§3.3). An always-on
confidence-pruning filter removes low-quality paths, while
the controller reallocates compute only over the remaining
survivors.

Online control signals. HyPER uses lightweight, training-
free statistics to summarize the quality and diversity of
S;. For reliability, we track mean token confidence C,
top-k entropy H;, and top-1 consensus [3;, where (3; is the
vote share of the most common next token across active
paths, following DeepConf (Fu et al., 2025). For diversity,
we combine distribution-level divergence Dy;g;,; and suffix-
level edit distance Dyq; (Xia et al., 2025; Zheng et al.,
2025) into Dy = 1 Dgist,t + (1 — 1) Dyeq,¢- Low Dy indicates
trajectory collapse and favors exploration, whereas high D,
suggests sufficient coverage and allows the controller to

prioritize refinement or continue decoding. All signals are
inexpensive to compute online and are normalized using
warm-up statistics. Full metric definitions are provided in
Appendix C.

3.1. Online Path Expansion and Reduction

HyPER controls the surviving path pool S; through pe-
riodic expand-reduce decisions. At every 7' decoding
steps, the controller reads the normalized confidence and
diversity statistics defined above and selects an action
a; € {NONE, SINGLETOKEN, MULTITOKEN, BRANCH}.
The action is applied to all surviving paths after always-on
confidence pruning. Let S; = |S;| be the number of sur-
vivors and W the target path budget. To compensate for
pruning-induced shrinkage, HyPER sets the per-path expan-
sion factor to 7 = [W/S;], subject to the global width cap.
Thus, when many paths have been pruned, the remaining
survivors receive more exploration or refinement budget.

Table 1 summarizes the action semantics. NONE performs
standard decoding when the pool is already reliable and
diverse. SINGLETOKEN applies the token-level refinement
primitive in §3.2 to each active path, improving the next-
token decision without increasing the number of paths.
BRANCH forks each survivor into r; independent contin-
uations, increasing hypothesis coverage when trajectories
collapse. MULTITOKEN performs a short-horizon expand—
reduce operation: each survivor spawns r; children, the
children decode for m = T tokens, and only the highest-
confidence child under each root is kept while the others are
discarded and their KV caches released.

The controller uses fixed averaging scores over normalized
statistics rather than learned policies or dataset-specific tun-
ing. Intuitively, high confidence and high diversity favor
NONE; local uncertainty favors SINGLETOKEN; diversity
collapse favors BRANCH; and low diversity with confidence
dispersion favors MULTITOKEN. The complete pipeline
is shown in Algorithm 1, and the fixed scoring rules are
provided in Appendix B.
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3.2. Single-Token Expand-and-Aggregate

Addressing the finding that correct and incorrect paths of-
ten diverge late and are best separated by tail confidence
(Observation 2), this module targets efficient test-time ex-
ploitation without the overhead of resampling full paths. We
instantiate SINGLETOKEN as a token-level expand—reduce
operator that leverages the latent routing diversity of MoE
models. For the current token, we expand the computation
into K = r; = [W/S;] stochastic expert-routed proposals
and then reduce them into a single refined logit vector via
a reuse-aware two-pass sampler and confidence-weighted
aggregation (Figure 3). Crucially, this mechanism stabilizes
the tail confidence needed for correctness, while enforcing
intra-token diversity to prevent refinement from collapsing
path-level exploration.

Step 1: Gumbel-noise route sampling. To initiate the
expansion, we first perturb the MoE router logits r € R¥
for the current token. We draw K Gumbel noise vectors

gh) ¢ RF with gék) ~ Gumbel(0, 1), and construct a
dense score matrix S € REXK where:
S:(fl? :r—l—'rg(k), ke{0,..., K —1},

with 7 = 0.5 controlling the exploration strength.

6]

Step 2: Two-pass expert sampling. To enforce intra-
token diversity, we feed S(*) into a fully vectorized two-
pass sampling scheme rather than selecting experts indepen-
dently. In the first pass, we apply standard top-m routing
(where m is the backbone’s fixed gate size) to each column
of S0, yielding a sparse matrix S. To discourage expert
collisions across the K routes, we build a penalty matrix
A € RP*K via a column-wise prefix accumulation. Setting
the first column to zero (A, = 0), subsequent columns
aggregate prior expert usage via A, ,, = qS(Zf:_Ol S:7t) us-
ing a smooth squashing function ¢(-) (e.g., tanh). In the
second pass, we reuse the original dense scores and apply
this deterministic penalty: S(2) = S(® — X A A final top-
m routing on S yields the diversified expert selections.
Pseudo-code is provided in Appendix E.

Step 3: Confidence-weighted logit aggregation. Once
the K diverse expert routes are forwarded, we obtain K
candidate next-token logit vectors. To reduce them into a
single reliable prediction, we apply confidence-weighted ag-
gregation. Each route inherits a foken confidence score C,
derived from its predictive distribution (Equation 7), where
higher C indicates lower uncertainty. We convert these
scores into smoothed weights to softly combine the can-
didate logits, amplifying confident routes while reducing
variance and preventing the diversity penalty from degrading
generation quality. While involving multiple passes, these
vectorized matrix operations impose negligible latency com-
pared to generating a new token. By forcing local diversity

Two-pass sampling Logits aggregation

50) € REXK Dense router logits S € REXK Sparse after top-m

o03/13/31 07 03 31 07 [EEREEEEEREN]
2 [EEEEEEENEEN]
g 10 14 1107 13 top k experts 14 13 -
£(3312(1208) 1.2 | = 133 08 AaananuanE
¥12 0730 06 10 logits 12 B0 (e, ¢y
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cols: routes (K) l
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3@ — 50 _\A A € REXK Reuse penalty
apply penalty 0 0 0 3138
J; ORISR 197
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O
0 3333 33 41 e
0 12 12 42 42 .
0 0 17 17 17 Final token

Figure 3. Two-pass expert sampling for single-token aggregation.

without full-path resampling, SINGLETOKEN offers a high-
efficiency exploitation primitive.

Memory optimization via KV cache sharing. Computa-
tionally, naive single-token expansion would multiply mem-
ory costs by K. To avoid this, we share the prefix KV
states across the K routed proposals and localize stochas-
tic routing only to the current token. Thus, KV memory
scales strictly with the number of surviving paths (capped
by Stax) rather than with K (Zibakhsh et al., 2025). Details
are provided in Appendix F.

3.3. Answer Aggregation with Length- and
Confidence-Aware Voting

To address the existence—selection gap, where having at
least one correct path does not guarantee selecting the cor-
rect final answer, we use a structural signal for answer-time
exploitation. As shown in Figure 4 and further analyzed
in Appendix G.2, confidence pruning inverts the typical
length bias: surviving correct paths become systematically
longer than incorrect ones, as erroneous reasoning is fre-
quently exposed by low-confidence steps and terminated
early.

Leveraging this asymmetry, we collect all surviving and
pruned paths that produced a scalar answer. Let P denote
this set; for each path p € P, let a,, be its answer, L,, its
length, and ¢, its global average confidence. We emphasize
that length serves as a robust signal only when coupled with
confidence pruning, rather than as a universally valid metric
(verified in Appendix G.3). We first restrict attention to the
top- K, answers by majority count, and then select the final
answer by aggregating normalized length and confidence
over supporting paths:

. Ly Cp
4 = arg max AMen = + Acont —————
ac Ak pepzzap:a ( ¢ qup L, 0 maXgep Cq
Ak = TopK, <Z llap, = a}) .
peEP

@

)
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Figure 4. Length asymmetry induced by confidence pruning.

Here Ao, and A.onr control the relative contributions of
rationale length and confidence. This rule is compatible
with confidence pruning and expand—reduce control; Ap-
pendix G.4 provides empirical analyses of the length signal
and robustness to long incorrect paths.

4. Experiments
4.1. Experimental Setup

Decoding, budget, and reproducibility. All methods use
the same prompts, answer extraction, SC-style multi-path
decoding backend, and sampling hyperparameters. Un-
less stated otherwise, we set the concurrent path cap to
Smax = 80 and apply a DeepConf-style warm-up pruning
scheme: we draw Ny, = 16 initial traces, estimate a sliding-
window confidence threshold from the top-10 traces, and
terminate paths whose confidence falls below the thresh-
old (Fu et al., 2025). All reported results are averaged over
five fixed random seeds (42,43, 44, 45,46); the + values
denote standard deviations.

We use effective-budget alignment for fair comparison.
A fixed initial width would undercharge HyPER because
BRANCH and MULTITOKEN instantiate transient contin-
uations. We therefore align methods by Total Instanti-
ated Path Count (Ni): since HyPER typically yields
Ninst = 1.551max, SC and DeepConf are run with an equiv-
alently enlarged initial width. Token cost is normalized
by the standard SC-80 baseline (1.0x). For RoE and
SINGLETOKEN, each expert proposal is charged as K
effective token expansions. In the Pareto analysis, we
sweep Smax € {32, 64,80, 128,256,512} under the same
effective-budget accounting.

Models, benchmarks, and baselines. We eval-
uate two MOoOE reasoning tiers. For hard rea-
soning, we test Qwen3-30B-A3B-Thinking-2507 and
Qwen3-Next-80B-A3B-Thinking (Yang et al., 2025) on
AIME24/25 (Mathematical Association of America, 2024;
2025), HMMT25 (HMMT Organization, 2025), and
HLE (Phan et al., 2025). For light reasoning, we test
OLMOoE-1B-7B-0924-Instruct (Muennighoff et al., 2024)
and DeepSeek-V2-Lite-Chat (DeepSeek-Al, 2024) on
Math500 (Hendrycks et al., 2021), GSM8K (Cobbe et al.,

S sc
L\n/ 757 DeepConf
= Fyrer
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=
I
c
% 65
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3 601
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Relative tokens

Figure 5. Accuracy—compute Pareto curves on HMMT25 under
varying budgets Smax € {32, 64, 80, 128,256, 512}. The relative
token cost is normalized by the SC baseline at budget Smax = 80.

2021), ARC-C, and ARC-E (Clark et al., 2018). Base-
lines include SC, Self-Certainty (Kang et al., 2025), Deep-
Conf (Fu et al., 2025), and late-stage RoE (Zibakhsh
et al.,, 2025). Weusen = 04, T = 64, A\ = 0.1,
and (Alen, Aconf) = (0.6,0.4); sensitivity results are in Ap-
pendix G.1.

4.2. Main Results

Accuracy—Compute Trade-off. Table 2 summarizes
the performance under the effective-budget-aligned setup.
Across four MoE backbones, HyPER consistently improves
the accuracy—compute trade-off over SC, Self-Certainty,
DeepConf, and RoE, with gains most pronounced on hard
reasoning benchmarks. Figure 5 further confirms that Hy-
PER achieves the Pareto frontier across varying budget
scales (Smax € {32,...,512}), showing that its adaptive
control systematically converts test-time compute into use-
ful exploration or exploitation.

Physical Efficiency (Latency & Memory). While Table 2
aligns the mathematical compute budget via effective tokens,
resource-adaptive inference fundamentally targets physical
execution efficiency. As detailed in Appendix K, despite
the dynamic control overhead, HyPER drastically reduces
the raw generated tokens via early pruning. For instance,
on AIME2S5 with Qwen3-30B, HyPER cuts raw tokens by
~ 47% compared to SC. This reduction directly translates
to a proportionate drop in end-to-end wall-clock latency
(9.98 x 10° ms — 5.88 x 10% ms). Furthermore, thanks to
shared prefix states during local refinement, HyPER success-
fully lowers the estimated peak KV Cache memory (24.0
GB — 18.48 GB), strongly aligning with resource-efficient
deployment goals.

Architecture Generality. Although our main evaluation
utilizes MoE models to exploit SINGLETOKEN routing di-
versity, the core expand—-reduce controller is architecture-
agnostic. We provide a controller-only demonstration on
dense models in Appendix I, confirming its broad applica-
bility.
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Table 2. Token cost and accuracy across models and datasets. Token is normalized by SC within each model-dataset setting. Accuracy is
reported as mean =+ standard deviation over five fixed seeds (42,43, 44, 45, 46).

Model Dataset | SC |  Self-Certainty DeepConf | RoE | HyPER
| Token Acc | Token Acc | Token Acc | Token Acc | Token Acc
AIME24 1.00 88.0 (£ 2.0)| 0.94 83.3 (£ 3.3)| 046 92.7 (£ 2.7)| 1.38 88.7 (£ 2.1)| 0.54 94.0 (+ 4.0)
Qwen3.308 AIME2S | 100 86.0 (£2.7)| 113 80.0 (£ 6.7) 067 90.7 (£ 2.6)| 164 84.7 (£ 4.7)| 071 95.3 (£ 2.0)
HMMT25 | 1.00 69.4 (+ 2.7)| 1.03 68.7 (£ 2.1)| 0.84 74.0 (+ 2.7)| 1.78 71.3 (£ 2.0)| 0.77 78.7 (+ 6.4)
HLE 100 6.5 (£0.5) | 1.I5 2.5(+2.5)| 091 11.5(£0) | 355 7.0 (£ 0.5) | 0.81 13.5 (& 1.5)
AIME24 | 1.00 90.7 (£ 1.6)| 1.06 87.7 (& 2.3)| 047 94.7 (& 2.0)| 1.59 92.0 (& 2.0)| 0.61 97.3 (£ 0.6)
Qwen3-Next AIME25 1.00 88.0 (£ 2.0)| 0.95 83.3 (£ 3.3)| 0.53 94.0 (£ 2.7)| 1.46 86.7 (£ 3.4)| 0.59 96.0 (£ 2.7)
HMMT25 | 1.00 76.7 (£ 3.4)| 1.00 70.0 (£ 0) | 0.76 80.7 (£ 6.0)| 1.76 78.0 (£ 5.3)| 0.74 85.3 (£ 5.3)
HLE 100 7.0(£0) | 125 2.5(+0) | 084 11.0(+0) | 298 6.5 (£ 0.5) | 076 15.5 (£ 2.0)
GSMSK | 1.00 754 (£0.6) | 120 76.1 (£1.3)] 041 77.6 (£0.3)| 1.64 763 (£0.7)| 048 80.3 (£0.8)
OLMoE MATHS00| 1.00 37.3 (£1.1)| 1.09 37.9 (£0.7) | 0.5 437 (£1.3)| 235 382 (£2.6)| 0.73 46.7 (£ 1.5)
ARC-C 1.00 633 (£03)| 076 664 (£0.6)| 032 68.7 (£0.5)| 1.67 652 (£1.3)| 0.68 70.1 (+0.9)
ARC-E 1.00 80.1 (£1.2)| 0.88 822 (£0.8)| 025 84.7 (£0.7)| 2.04 83.8 (£1.5)| 0.36 86.5 (+0.9)
GSMBK 1.00 80.3 (+1.3)| 1.00 81.7 (£2.4)| 0.32 833 (£0.9)| 231 812 (£0.2)| 0.64 85.5 (£0.3)
DeepSeek-V2 MATH500| 1.00 37.8 (£0.5) | 0.75 383 (+04)| 0.65 402 (£0.8) | 1.93 37.5 (£2.3)| 094 40.8 (+3.3)
P ARC-C | 1.00 652 (£0.7)| 143 647 (£3.2)| 0.53 662 (£0.8) | 1.65 63.7 (£2.2)| 0.74 66.2 (£2.4)
ARCE | 1.00 843 (£3.1)| 1.04 845 (£1.3)| 031 862 (£09)| 1.86 843 (£2.5)| 0.56 86.9 (£ 1.8)
Nore Multitoken Singletoken Branch Table:’ 3. Ablat'ions on expansion policies and voting rules. Token
37% 5.4% cost is normalized to SC.
AN
30.3%
9% Variant AIME25 | HMMT25
Acc. Tok. |Acc. Tok.
12.4%
43.9% 2 Expansion policy
53.6% Self-consistency 86.7 1.00x |66.7 1.00x
SingleToken-only 933 1.81x|70.0 1.77x
MultiToken-only 90.0 1.87x|66.7 1.82x
(a) AIME24. (b) HLE. Manual schedule 933 1.78x |76.7 1.87x
HyPER 96.7 1.62x [76.7 1.54x
Figure 6. Dataset-level controller action frequencies. Voting rule with the same HyPER trajectories
Majority voting 86.7 - 733 -
. Confidence-weighted voting 90.0 - 73.3 -
4.3. Controller Behavior Length-aware conf. voting 967 - [76.7 -

We analyze whether HyPER adapts its compute allocation to
task difficulty. Figure 6 reports dataset-level action frequen-
cies for Qwen3-30B on AIME24 and HLE. On the easier
AIME24 setting, the controller more often selects NONE,
avoiding unnecessary expansion when the surviving pool is
already confident and diverse. On the harder HLE setting,
the fraction of NONE decreases, while BRANCH, MULTI-
TOKEN, and SINGLETOKEN are triggered more frequently.
This confirms that HyPER does not merely add fixed extra
compute; it reallocates budget according to the evolving
confidence and diversity state of the path pool.

4.4. Ablation Studies

Table 3 isolates the effects of adaptive expansion and final
aggregation. For expansion, SINGLETOKEN-only improves
local token quality but spends more tokens and can reduce
path diversity, while MULTITOKEN-only and the manual
schedule lack instance-adaptive timing. HyPER matches
or improves their accuracy with lower token cost by choos-
ing exploration and exploitation actions according to the
current pool state. For voting, majority voting ignores path
quality, and confidence weighting can over-favor short but

misleading paths. Length-aware confidence voting performs
best, confirming that path length and confidence provide
complementary selection signals under confidence pruning.

5. Conclusion

We introduce HyPER, a training-free online control policy
that unifies adaptive exploration and exploitation for scal-
able reasoning. By leveraging phase-dependent dynamics
and MoE routing diversity, HyPER consistently achieves
better accuracy—compute trade-offs than static baselines.
We further bridge the existence—selection gap by identifying
path length as a robust correctness signal under confidence
pruning. While our token-level primitive leverages MoE
routing, our control policy generalizes to dense models, as
shown in preliminary experiments. Crucially, HyPER im-
proves hypothesis generation and is orthogonal to learned
verifiers; combining its dynamic policy with Process Re-
ward Models (PRMs) remains a promising avenue for future
test-time scaling.
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Table 4. Taxonomy of representative test-time scaling methods. Adap ctrl indicates online expansion/refinement decisions; answer eval
indicates final answer aggregation or selection over multiple paths.

Method Gran. Exploration Exploitation Train-free

Adap ctrl No rigid search Answer eval Prune Token refine Policy model Reward model

Tree-based search schemes

ToT (Yao et al., 2023) step X X v X X v X
MCTS (Xie et al., 2024) step v X v X X v X
ETS (Hooper et al., 2025) step v X v v X X X
Parallel reasoning

SC (Wang et al., 2022) path X v v X X v X
BoN (Brown et al., 2024) path X v v X X v X
Adaptive reasoning

DeepConf (Fu et al., 2025) path v v v v X v v
Thread (Lian et al., 2025) step v v v X X X v
Token-level refinement

RoE (Zibakhsh et al., 2025)  token X v X X v v v
Expand-reduce control

HyPER (ours) token/path v v v v v v v

A. Taxonomy of Test-Time Scaling Methods

Table 4 summarizes representative test-time scaling methods by their decision granularity and how they instantiate explo-
ration, exploitation, and supervision. HyPER differs from prior methods by jointly supporting online adaptive control,
non-rigid multi-path generation, confidence-based pruning, token-level refinement, and answer-time aggregation without
additional training.

B. Controller Scoring Rules

At each decision point, HyPER maps each statistic to [0, 1] using )A(t = min(X/Xmax, 1), where X, is estimated during
warm-up. The controller then computes one score per action and selects the action with the highest score:

Scorexons(t) = é (Ci+(-H)+D.), (3)
Scoresartones(t) = 5 (1= Co) + e+ (1= ) 4
Scoremamen(t) = 5 (1= Do) + (1= ). 5)
Scorenumtonen(t) = 5 (1= Do) + (1= C) + Var(C), ). ©)

The coefficients are fixed normalization factors rather than tuned hyperparameters. High confidence, low entropy, and high
diversity favor NONE; low confidence or high entropy favors SINGLETOKEN; diversity collapse and low consensus favor
BRANCH; and low diversity with confidence dispersion favors MULTITOKEN. Although diversity computation involves
pairwise comparisons, the path pool is capped by Syax and the controller is invoked only every 7" steps, so the amortized
overhead is small in practice.

B.1. Two-Pass Sampling versus RoE

Figure 7 compares our SingleToken two-pass refinement against a RoE-style uniform token-level refinement baseline.
Panel (a) shows that both methods substantially improve tail-token confidence over no refinement, indicating that token-level
logit aggregation is an effective exploitation primitive and that SingleToken retains the token-quality gains of hyper-parallel
routing. Panel (b) further shows that SingleToken consistently yields higher path diversity D;, mitigating the rapid diversity
collapse observed under the RoE baseline.

While our diversity-aware penalty is applied within each path (encouraging different expert sets across the K intra-token
routes), it can still increase infer-path diversity measured by D;: by broadening the set of plausible next-token logits
considered per token, the refinement step becomes less likely to deterministically steer different sampled prefixes into the
same continuation, thereby preserving (and sometimes amplifying) trajectory-level disagreements across paths without
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(a) Both RoE and our aggregation method raise tail confidence. (b) We maintain relatively higher diversity than RoE.

Figure 7. Comparison between our method and RoE.

directly coupling routes across paths.

C. Definitions of online metrics

Per-path confidence and top-% entropy. Let P, ;(-) denote the next-token distribution at step ¢ on path p, and let yﬁp ) be
the token actually selected. We define token confidence following the DeepConf approach. Crucially, this metric focuses
on the alternative candidates (competitors) to the selected token. Let Cx(p, t) be the set of the top-k tokens excluding

the selected one (or simply the top-k candidates if y(p ) is dominant). The confidence is calculated as the negative average
log-probability of these candidates:

1
ot == ¢ Z log Py t(v). 7

vECK(p,t)

This formulation captures the “impossibility” of alternative paths. When the model is highly confident in y,ﬁp ), the
probabilities of competing tokens P, ;(v) approach zero, causing their negative log-probabilities to become large positive
values. Thus, a higher c,, ; indicates that the model considers all alternatives to be highly unlikely.

For entropy, we use a top-k approximation over the full candidate set Vi (p, t) (including the selected token). Let 15p7t(v) =

L@) be the renormalized distribution. Then the token-level entropy is:
2uevy (pot) Pt (W)

= Y Bpui(v)log Bypi(v). (8)

vEV(p,t)

Unlike confidence, a lower entropy h,, ; signifies higher certainty.

Global confidence statistics. From these path-wise quantities we define the global metrics:

Z Cp.t ©)

Pesr
Z hp.t, (10)
P"C_St

By = Emax‘{pe&/: yt(p)zv}‘. (11D

Distribution-level diversity via Jensen—-Shannon divergence. We measure local disagreement between predictive
distributions using the Jensen—Shannon divergence (JSD). For two distributions P and () over the same support, define

ISD(PYQ) = SKL(PIM) + JKL(QIM), (12)

12
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1 P(v
M=3(PQ, KLPIQ) =3 Pl)los o (13)
Using the (optionally top-k renormalized) next-token distributions ﬁp,t, we define
2 - -
Ddist,t = m Z JSD (Ppyt Pq7t> . (14)
p<q, p,q€S:

Suffix-level diversity via normalized edit distance. Let suf,(p, ¢) be the length- L suffix token sequence of path p up to
step ¢ (or the entire suffix since the last decision step if shorter). Let Lev(+, -) denote Levenshtein edit distance. We use a
length-normalized edit distance:

2 Lev(sufy(p,t),sufr(q,t
Dot = 55,-1) 2 o <|(suff<<p t>)| suLfi@ )t)>|>' (1
o p<q, p,g€St T ’
Composite diversity and confidence dispersion. We combine both notions of diversity as
Dt :nDdist,t+<1_77) Dseq,ta (]6)
and we measure confidence dispersion across paths by
1 =\2
Var(C’)t = — Z (Cp,t — Ct) . (17)
St PES:

Global-max normalization (used by the controller). To map each metric onto a comparable scale, we normalize by a
global maximum estimated during warm-up:

X;
XI!OTI’I! — I 1 18
£ mln( X ) , (18)

where X .y is the maximum observed value of X; in warm-up. We apply Eq. (18) to Cy, H;, Dy, and Var(C);.

D. Full HyPER Decoding Pipeline
The detailed decoding pipeline of HyPER is described in Algorithm 1.

E. The pseudo-code of Two-Pass Expert Sampling with Diversity Penalty

The detailed sampling strategy is described in Algorithm 2.

F. KV caching for Single-Token Aggregation

Single-token aggregation expands each surviving hypothesis path by sampling K parallel expert-routed proposals for the
current token. A naive implementation would maintain K independent KV caches (one per routed proposal), leading to
O(K) growth in both memory and compute. Instead, we adopt RoE’s Clean Cache strategy (Zibakhsh et al., 2025), which
localizes stochasticity to the current token and shares history states across proposals.

Clean Cache. For each surviving path, we construct a batched forward pass over the K routed proposals for the next-token
computation, but we apply stochastic routing only at the current token. Concretely, we include a deterministic “clean’
proposal (batch index 0) by setting the routing temperature for that proposal to zero, and we reuse its KV cache as the shared
history cache for all other proposals in the batch. This yields sufficient diversity from per-token routing perturbations while
ensuring that the KV-cache memory footprint does not scale with K it matches the memory usage of standard decoding for
the same hypothesis path history, with additional overhead confined to the batched forward computation of the current token.

5
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Algorithm 1 HyPER decoding pipeline

Require: Prompt x, LLM fp, interval 7', budgets T ax, Smax

Ensure: Final answer a
1: Warm-up: run SC-style decoding to obtain an initial path pool Sy and a pruning threshold 7
2: fort=1,2,...,Th.x do
3: if S, = () then break

4: end if
5: if t mod 7" = 1 then
6: Compute online pool statistics from S;:
confidence/uncertainty (C_'t, Hy, ;) and diversity D;
(optionally) dispersion Var(C'); and pool size |S;|
7: Select an action a; € {NONE, SINGLETOKEN, MULTITOKEN, BRANCH}:
a; + argmax, Score(a; x, St) > cf. Sec. 3/ App. C
8: end if

9: Apply action a; to update the pool S;:
10: if a; = NONE then

11: Decode one token for each p € S; with standard routing

12: else if a; = SINGLETOKEN then

13: Decode one token for each p € S; using single-token aggregation

14: else if a; = BRANCH then

15: Expand the pool by duplicating selected paths and decoding them independently
16: else if a; = MULTITOKEN then

17: Perform short-horizon local expansion for m steps and merge back into the pool
18: end if

19: Update sliding-window confidences; prune paths with ¢, ¢ < 7 or EOS/max-length
20: end for

21: Collect completed paths and aggregate answers via length- and confidence-aware voting to obtain a
22: return a

Overall memory scaling. Because different hypothesis paths have different prefix histories, KV caches are still maintained
per path. Therefore, the KV-cache memory scales primarily with the number of surviving paths |S;| (capped by Siax),
rather than with K - |S;|. In practice, the extra cost of single-token aggregation is dominated by the batched MoE forward
for the current token, while KV-cache storage remains comparable to standard multi-path decoding under the same |S;| cap.

G. Additional Experimental Analysis
G.1. Hyperparameter sensitivity

We study the sensitivity of HyPER to several key hyperparameters on two challenging benchmarks, AIME25 and HMMT?25,
under the same main-result evaluation protocol and fixed budget. We vary one hyperparameter at a time while keeping all
other settings identical to the main configuration (Section 4.1), where the top- K, answer voting cutoff is fixed at K, = 3.
Figure 8 reports the accuracy trends across three representative values for each hyperparameter.

Controller decision interval 7. We sweep the decision interval 7' € {32, 64, 128}. Overall, accuracy exhibits mild
fluctuations but remains within an acceptable range on both datasets. Smaller 7" reacts more frequently to transient pool
statistics, while larger T" updates less often and can be slower to adapt when the pool transitions between exploration- and
exploitation-dominant phases. We use T' = 64 as a stable default that balances responsiveness and signal stability.

Diversity composition weight 7. We sweep the diversity composition weight n € {0.2, 0.4, 0.8} in the pool-level diversity
signal. Across both datasets, performance varies moderately but remains stable around the default = 0.4. Extremely small
or large n can over-emphasize one component of the diversity signal and lead to slightly suboptimal exploration/exploitation
allocation, consistent with the role of 7 as a trade-off knob.
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Algorithm 2 Two-Pass Expert Sampling with Diversity Penalty

Require: Router logits L € RE*E  top-k value k, penalty strength
Ensure: Final expert indices /> and weights V>

First pass: standard noisy top-k routing
: G+ —log(— log(rand_like(L)))
L+ L+G
1 P < softmax(L)
: (I, V1) < topk(Py, k)

Track expert usage as a sparse score matrix

S + OpxB > rows: experts, cols: routes (tokens)

: forb=1to B do

for j =1tokdo
e+ Ii[b, 7] > the j-th selected expert for route b
Sle,b] < L[b, €]

end for

: end for

: Ueum < cumsum(S, dim = 2)

¢ Uprey + 10ll(Ueym, 1, dim = 2)

* Uprev[:,0] - 0 > no history for the first route

AW =

— =
PO O0 XA

Second pass: ég)ply deterministic diversity penalty and re-route
15: A < tanh(Upre,) > broadcast to shape B x E
16: Ly~ L—X-A
17: P < softmax(L2)
18: (IQ, ‘/2) < tOpk(PQ, k)
19: return (12, V2)

Two-pass reuse penalty strength \. We sweep the reuse-penalty strength A € {0.05,0.1, 0.2} in the two-pass sampler
used by SINGLETOKEN. Among the tested hyperparameters, A can have a more visible effect: a foo-light penalty (e.g.,
A = 0.05) weakly discourages expert reuse and thus behaves closer to independent route sampling (i.e., closer in spirit to
prior token-level routing perturbations), which may reduce intra-token route diversity; conversely, a too-strong penalty (e.g.,
A = 0.2) can over-penalize frequently selected experts and distort expert choice, degrading refinement quality. We therefore
use A = 0.1 as the default, which provides consistent gains without overly constraining expert selection.

G.2. Length Bias Robustness Analysis

In this section, we analyze the robustness of the length bias phenomenon across different datasets and temperature settings.
We examine how path lengths for correct and incorrect answers are distributed under various conditions. The results show
that, even with different temperature settings, the length of correct paths consistently tends to be longer than incorrect ones,
indicating that path length remains a strong feature for correctness, even in the presence of noise and varying conditions.

G.3. Ablation Study on Voting Strategies

To demonstrate that length is an auxiliary signal and not the sole factor in path selection, we perform an ablation study
comparing three different voting strategies: length-based voting, confidence-based voting, and combined voting. The table
below summarizes the accuracy of these strategies across three datasets. As shown, while length-based voting performs
better than random, the combined voting strategy, which leverages both confidence and length, consistently achieves the
highest accuracy, confirming that confidence-based signals play a central role.

Voting Strategy | AIME24 | AIME25 | HMMT25
Length-Based Voting 90% 93.3% 73.3%
Confidence-Based Voting 93.3% 90.0% 73.3%
Combined Voting (Length + Confidence) 96.7% 96.7% 76.7%

Table 5. Accuracy comparison between length-based voting, confidence-based voting, and combined voting strategies. The combined
voting strategy outperforms both length-based and confidence-based voting, demonstrating that length is an auxiliary signal.
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Figure 8. Hyperparameter sensitivity on AIME25 and HMMT?2S. We sweep the controller decision interval 7', diversity weight 1, and
two-pass penalty strength A\, while fixing all other settings and the evaluation budget to the main configuration.
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Frequency

Normalized path length Normalized path length Normalized path length
AIME25 Temp=0.5 (After pruning) AIME25 Temp=0.7 (After pruning) AIME25 Temp=0.9 (After pruning)

Normalized path length Normalized path length Normalized path length
HMMT25 Temp=0.5 (After pruning) HMMT25 Temp=0.7 (After pruning) HMMT25 Temp=0.9 (After pruning)
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Figure 9. Robustness of length bias across three datasets (AIME24, AIME25, HMMT?2S) and three temperature settings (0.5, 0.7, 0.9). In
all configurations, correct paths consistently have longer lengths than incorrect paths, demonstrating the robustness of the length signal in
guiding correct answer selection.

G.4. Analysis of “Long but Incorrect” Paths

A common concern with length-based signals is the possibility of selecting long but incorrect paths. To address this,
we provide a simple analysis of how our method handles such cases. When faced with a long but incorrect path, our
confidence-based aggregation mechanism mitigates the potential risk by assigning lower confidence to incorrect paths, even
if they are long. Additionally, the pruning mechanism ensures that only paths with high confidence are retained, further
reducing the likelihood of selecting long but incorrect paths.

In our experiments, we observed that the number of long-but-incorrect paths was minimal. The pruning threshold, guided
by confidence, effectively eliminated most of these paths, ensuring that the final answer was selected from a set of high-
confidence paths. Moreover, in cases where long paths were selected but incorrect, confidence-based voting was able to
correctly identify and discard them in favor of shorter, correct alternatives.
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This behavior demonstrates that our method does not solely rely on path length, but combines length and confidence to
make more robust predictions, as evidenced by the consistent performance of the combined voting strategy.

H. Importance-Sampling View of Length—Confidence Voting

Goal: answer marginalization under a biased decoding proposal. Let = be the input problem and let » denote a full
reasoning trajectory (a completed CoT path). Each trajectory deterministically induces a scalar answer via an extraction
map a(r) € A. Our evaluation target is the answer marginal under an (implicit) target path distribution P*(r | z):

P*alz)= Y Pr|a). (19)
ria(r)=a
Hence selecting the most probable answer under the marginal objective is

*(r) = p* = pP* . 20
a*(v) = argmax P*(a | v) = argmax > P*(r|x) (20)

r:a(r)=a

In practice, we do not sample trajectories from P*(r | z). Instead, the multi-path decoding pipeline (sampling
temperature/top-p, pruning, branching, etc.) induces a proposal distribution over completed trajectories, denoted by
q(r | ). We observe N sampled trajectories 71, ...,7x ~ q(- | x), with extracted answers a; = a(r;). For each sampled
path we also compute observable path features: length L; and a global confidence statistic ¢; from the pruning backbone.

Importance sampling identity. Define the unnormalized target answer mass

Z@) & Y Prla), (21)

ria(r)=a
sothat P*(a | z) = Z(a)/ Y, Z(a') and maximizing P*(a | x) is equivalent to maximizing Z(a). For any answer a, by

the standard change-of-measure,

= Y tlatr) =l P(r ) = Y] ) 1iatr) = ’M @)
—_————

w(r)

T

= Ervgay [La(r) = a] - w(r)],

where w(r) = P*(r | )/q(r | x) is the (generally intractable) density ratio. Thus, if w(r) were available, a Monte Carlo
estimator of Z(a) would be

Mz

ZIS 1[a w(r;), ars = arg max le(a). (23)
acA

z:l
Equivalently, one may estimate the normalized marginal via self-normalized importance sampling (SNIS):

N

_ w(r;)
Psnis(a | 2) Wy = — (24)
s Z S ()

Both (23) and (24) implement the marginalization objective (19) under a biased proposal q.

Proxy density-ratio modeling with low-variance weighting. The exact ratio w(r) is unavailable for our decoding
pipeline. We therefore approximate the ratio by a proxy weight that depends on stable, path-level observables. Let ¢(r) € RY
be a feature map; in HyPER we use two normalized features derived from (L;, ¢;):

- L. - é: - -
Lit ——, C&2—7"— "  $(r)2 (L) (25)
S L max;e(nj Cj
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We adopt a log-linear proxy for the ratio,
w(r) ~ wy(r) 2 exp(@TqS(r)), 0=(0r,0¢c), (26)

which can be interpreted as a smooth, controlled reweighting. Plugging (26) into (23) yields the proxy-IS answer mass
estimator:

Zproxy(a) x Z exp(9T¢(m)). 27

i a;=a

Proposition H.1 (HyPER voting as linearized proxy-IS ranking). Fix a candidate answer set A’ C A. Assume the proxy
density ratio takes the log-linear form (26) and that the weights are mild in the sense that |07 ¢(r;)| < e for all i € [N] and
some small €. Then, up to an additive answer-independent constant and an O(€?) remainder, maximizing the proxy-1S mass
estimator (27) over A’ is equivalent to maximizing the linear score

score(a) = Y 0T¢(r) = »_ (Aleniimmf@), ac A, (28)

i a;=a i a;=a

where (Aien, Acont) reparameterize 0 after feature rescaling.

Proof. For each sample ¢, apply a first-order Taylor expansion:

exp(07 ¢(r3)) = 1+ 607 p(r;) + O(€2). (29)
Substituting into (27) yields, for any a,
Ziroxy(@) < Y (1407¢(r) +0()) = > 14+ > 07(r;) +O(nac?) (30)

where n, = Zf\il 1[a; = a] is the number of supporting paths for answer a. When comparing answers within a fixed
candidate set A’, the constant offset induced by the 1 term can be (i) used only for candidate formation or (ii) absorbed
into the comparison as an additive term, while the O(n4¢e?) remainder is uniformly small under mild weights. Dropping

answer-independent constants yields the linear ranking rule (28). O

Top-K truncation as variance control (rare-answer instability). A practical issue in (S)NIS for discrete selection is
that answers with extremely small support under the proposal yield high-variance Monte Carlo estimates: for rare events,
1[a(r) = a] is almost always zero, so Z(a) is unstable under finite N. The following elementary calculation formalizes this
intuition in the simplest (uniform-weight) case.

Lemma H.2 (Relative error of frequency (uniform-weight marginalization)). Letr1,...,7n ~ q(- | ) be i.i.d. samples and
define A; £ a(r;). For any fixed answer a, let p, = Pr,q[a(r) = a. The frequency estimator p, = + vazl 1[A; = a]
satisfies

~ alf a VaI‘Aa 1- a
Var[pa]:p(Np>, ¢p[p]: Npp. 31)

In particular, the relative standard deviation scales as 1/\/Np, and blows up when p,, is small.

Proof. Y | 1[A; = a] ~ Binomial(N, p,), so Var[p,] = = Npa(l = pa) = W, and the relative standard
deviation follows immediately. O

Two-stage truncate-then-reweight. Motivated by Lemma H.2, we use a two-stage procedure: (i) truncate to a candidate
set of sufficiently supported answers under the proposal (low-variance coarse screening), then (ii) apply proxy-IS reweighting
to distinguish candidates (information-rich fine selection).

Stage 1 (candidate truncation). Form a candidate answer set by majority support under the proposal samples:
N
A = TopK,, (Z 1fa; = a]) . (32)
i=1
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Stage 2 (linearized proxy-IS within candidates). Choose the final answer by the stabilized linear proxy-IS score from
Proposition H.1:

a = arg max ()qenii + )\Conf@>. (33)

A

Corollary H.3 (Support lower bound implied by Top-K truncation). Let p, = +; Zfil 1[a; = a] denote the empirical
support of answer a and let Py be the K-th largest value among {pq }aca. Then for every a € Ax we have p, > p(k).
Consequently, the uniform-weight relative error bound in Lemma H.2 (when expressed in terms of empirical support) is
uniformly controlled over Ay by replacing p, with p ).

Takeaway. Under a biased decoding proposal ¢(r | z), our voting rule can be viewed as a stabilized approximation to
marginal answer selection (20) via (self-normalized) importance sampling: Top-K truncation reduces rare-answer variance,
and length/confidence provide a low-variance proxy correction for the intractable density ratio P*(r | x)/q(r | x).

We do not claim this model is realistic; rather, it shows that our aggregation rule is not ad hoc, but arises naturally under
minimal assumptions consistent with confidence pruning.

I. Non-MoE experiment: testing the controller without single-token aggregation

HyPER is instantiated on mixture-of-experts models through the single-token aggregation module, which refines token
predictions by combining multiple routed expert proposals at each step. To show that the controller and selection logic of
HyPER are not tied to MoE routing, we conduct an experiment on a dense model where no refinement is available. In this
setting, we simply remove the single-token aggregation action from the action library and retain only (i) confidence- and
diversity-aware BRANCH/MULTI-TOKEN AGGREGATION decisions and (ii) our length- and confidence-aware answer voting.
Confidence pruning remains always on (as in the MoE setting) and is applied after each step. This setup isolates whether
HyPER’s online statistics and expand—-reduce controller still provide value when token-level refinement is absent.

Setup. We use deepseek-ai/DeepSeek-R1-0528-Qwen3-8B on HMMT25 with a maximum of Sy ,x = 32
parallel paths. All decoding hyperparameters follow the MoE experiments. The SC baseline corresponds to single-path
chain-of-thought decoding, and the DeepConf baseline applies confidence pruning over multiple independent paths. HyPER
uses the same controller and answer voting as in the MoE case, but its action set excludes SINGLE-TOKEN AGGREGATION;
the controller may only choose to widen or locally branch—-merge the path pool based on online statistics, while confidence
pruning remains always on and is applied after each step.

Why this test? Dense models lack intrinsic expert routing, so token-level refinement is unavailable. This experiment
therefore probes the following question: Are HyPER'’s statistics and controller intrinsically useful for deciding when to
branch, even without any token-level refinement? If so, this indicates that the expand-reduce control logic is architecture-
agnostic and not dependent on MoE-specific structure.

Results. Table 6 shows that the HyPER controller (without single-token aggregation) still improves over both SC and
DeepConf on HMMT?25. Although the gains are naturally smaller than in the MoE setting, the result confirms that the
controller’s online signals and decision rules continue to help allocate compute effectively in a dense model, supporting the
claim that HyPER’s expand-reduce framework extends beyond MoE architectures.

Method Accuracy (%) on HMMT25
SC 71.3
DeepConf (confidence pruning) 74.0
HyPER (controller only, no single-token aggregation) 78.7

Table 6. Non-MoE demonstration on HMMT25 with deepseek-ai/DeepSeek-R1-0528-Qwen3—-8B at Smax = 32.Even when
single-token aggregation is removed entirely, HyPER’s statistic-driven expand—reduce controller and length-/confidence-aware voting still
improve over SC and DeepConf, indicating that the framework is not specific to MoE architectures.
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Table 7. Accuracy of SC vs. step-level tree search on AIME24 (Qwen3-30B-A3B-Thinking-2507). Forcing ToT-style step expansion on
a post-training thinking model does not yield gains over standard SC.

Method Acc. (%)
SC (path-based) 83.3
REBASE (8 branches) 80.0
REBASE (16 branches) 83.3
ETS 73.3

MCTS (REST-style expansion) 733

J. Effect of Step-Level Tree Search on Thinking Models

Our main experiments focus on SC-style multi-path decoding rather than explicit tree search over intermediate steps
(Section 4.1). To support this design choice, we ran a small controlled study on AIME24 using Qwen3-30B-A3B-Thinking-
2507, comparing standard self-consistency with several representative step-based methods adapted from the test-time scaling
literature. All methods use the same prompt format and comparable test-time compute.

Table 7 reports the accuracies. The SC baseline attains 83.3% accuracy. When we force the model into REBASE-style tree
search with 8 branches, accuracy drops to 80.0%, and even with 16 branches it only matches the SC baseline at 83.3%.
PRM-guided ETS performs worse at 73.3%, and an MCTS-style CoT variant with REST-like expansion also reaches only
73.3%. In other words, naively imposing step-level tree search on this post-training “thinking” model does not improve—and
often degrades—performance relative to simple path-based SC.

These results are consistent with our hypothesis that such models are tuned to produce internally coherent chains-of-thought,
and that external tree structures can disrupt their native reasoning trajectories. This motivates our focus on SC-style
multi-path decoding and the design of HyPER as a path-based expand-reduce method, rather than a ToT-style step-expansion
algorithm.

K. Detailed Absolute Compute Accounting

To complement the normalized effective token cost reported in the main text, we provide the detailed, absolute physical
execution metrics for our experiments in Table 8. All profiling was conducted on identical hardware setups (NVIDIA
A100-80GB GPUs).

We report the following key metrics to evaluate the system-level overhead and efficiency:

* Abs Tokens: The absolute number of raw tokens physically generated by the model.

» Eff Tokens: The effective token cost used for mathematical budget alignment (charging K effective expansions for
each K -routed expert proposal).

* Latency (ms): The absolute end-to-end wall-clock latency per problem.

* Peak/Avg Active Paths: The maximum and average number of concurrent paths kept active in the decoding pool.

Est. Peak KV Cache (GB): The estimated peak memory footprint of the KV cache during the search process.

Notably, the physical latency tracks the Abs Tokens rather than the Eff Tokens. Because HyPER’s dynamic controller and
confidence-pruning mechanism heavily filter out unpromising paths, it consistently generates fewer raw tokens than the
statically budgeted baselines (SC, Self-Certainty, and RoE). Consequently, the actual wall-clock latency and Peak KV Cache
memory footprint are substantially reduced, offsetting the localized overhead of the controller and the batched MoE routing
passes.
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Table 8. Detailed absolute compute accounting and physical overhead profiling across models and datasets.

Source Model Dataset Method Acc. (%) SC-norm Abs Tokens Eff Tokens Latency (ms) Peak Paths AvgPaths Peak KV (GB)
Table2 Qwen3-30B  AIME24 Ne 88.0 1.00 3.87 x 106 3.87 x 106 9.12 x 106 120 30.0 22.0
Table2 Qwen3-30B  AIME24  Self-Certainty 83.3 0.94 3.64 x 106 3.64 x 106 8.57 x 106 120 28.5 20.7
Table 2 Qwen3-30B  AIME24 DeepConf 92.7 0.46 1.78 x 106 1.78 x 10°¢ 4.32 x 108 120 134 10.1
Table2 Qwen3-30B  AIME24 RoE 88.7 138 2.54 x 106 5.34 x 106 7.19 x 106 80 152 14.4
Table2 Qwen3-30B  AIME24 HyPER 94.0 0.54 1.55 x 106 2.09 x 108 4.09 x 106 80 12.6 12.45
Table2 Qwen3-30B  AIME25 Ne 86.0 1.00 422 x 105 4.22 x 106 9.98 x 106 120 33.0 24.0
Table2 Qwen3-30B  AIME25 DeepConf 90.7 0.67 2.83 x 106 2.83 x 106 6.89 x 106 120 21.1 16.1
Table2 Qwen3-30B  AIME25 RoE 84.7 1.64 3.30 x 106 6.92 x 106 9.35 x 106 80 234 18.8
Table2 Qwen3-30B  AIME25 HyPER 95.3 0.71 2.22 x 105 3.00 x 10° 5.88 x 106 88 20.4 18.48
Table2 Qwen3-30B  HMMT25 sC 69.4 1.00 575 x 105 575 x 106 13.58 x 10° 120 36.0 32.7
Table2 Qwen3-30B  HMMT25  Self-Certainty 68.7 1.03 5.92 x 105 592 x 10  13.97 x 10° 120 37.2 33.7
Table2 Qwen3-30B  HMMT25 DeepConf 74.0 0.84 4.83 x 105 4.83x 106  11.44 x 10° 120 32.8 27.5
Table2 Qwen3-30B  HMMT25 RoE 71.3 1.78 4.88 x 105  10.24 x 105 13.48 x 106 80 37.5 35.6
Table2 Qwen3-30B  HMMT25 HyPER 78.7 0.77 3.14 x 105 4.43 x 10° 8.38 x 106 104 36.8 28.4
Table2 Qwen3-30B  HLE sC 6.5 1.00 6.75 x 105 6.75 x 10  15.92 x 10° 120 41.0 38.4
Table2 Qwen3-30B  HLE Self-Certainty 2.5 1.15 7.76 x 106 7.76 x 105 18.31 x 10° 120 43.0 44.2
Table2 Qwen3-30B  HLE DeepConf 11.5 0.91 6.14 x 105 6.14 x 106 14.55 x 10° 120 39.2 35.0
Table2 Qwen3-30B  HLE RoE 7.0 3.55 10.65 x 105 23.96 x 10°  24.86 x 10° 80 47.0 54.6
Table2 Qwen3-30B  HLE HyPER 13.5 0.81 3.90 x 106 547 x 106 10.01 x 10° 92 454 34.9
Table2 Qwen3-Next AIME24 sC 90.7 1.00 3.95 x 10 3.95 x 10° 9.30 x 106 120 31.0 27.0
Table2 Qwen3-Next AIME24  Self-Certainty 87.7 1.06 4.19 x 105 4.19 x 10° 9.86 x 106 120 32.0 28.6
Table2 Qwen3-Next AIME24 DeepConf 94.7 0.47 1.86 x 106 1.86 x 108 4.50 x 106 120 12.0 12.7
Table2 Qwen3-Next AIME24 RoE 92.0 1.59 2.99 x 106 6.28 x 106 8.45 x 106 80 14.5 20.4
Table2 Qwen3-Next AIME24 HyPER 97.3 0.61 1.78 x 106 2.41 x 10° 4.71 x 106 80 113 18.86
Table2 Qwen3-Next AIME25 sC 88.0 1.00 4.29 x 105 4.29 x 10°  10.13 x 10° 120 34.0 29.0
Table2 Qwen3-Next AIME25 DeepConf 94.0 0.53 2.27 x 106 2.27 x 10° 5.53 x 106 120 19.6 15.3
Table2 Qwen3-Next AIME25 RoE 86.7 1.46 2,98 x 10 6.26 x 10° 8.45 x 106 80 22.4 20.1
Table2 Qwen3-Next AIME25 HyPER 96.0 0.59 1.87 x 106 2.53 x 106 4.96 x 10° 88 18.4 14.43
Table 2 Qwen3-Next HMMT25 sC 76.7 1.00 5.95x 106 595 x 10 14.05 x 106 120 37.0 40.1
Table 2 Qwen3-Next HMMT25 Self-Certainty 70.0 1.00 5.95x 106 5.95x 10 14.05 x 106 120 38.0 40.7
Table2 Qwen3-Next HMMT25 DeepConf 80.7 0.76 4.52 x 105 4.52 x 10°  10.72 x 10° 120 31.8 30.5
Table2 Qwen3-Next HMMT25 RoE 78.0 1.76 4.99 x 106 10.47 x 10 13.74 x 10° 80 39.5 412
Table2 Qwen3-Next HMMT25 HyPER 85.3 0.74 3.10 x 106 4.40 x 10° 8.07 x 106 104 33.1 29.8
Table2 Qwen3-Next HLE Nej 7.0 1.00 6.95 x 105 6.95 x 106 16.44 x 10° 120 420 46.8
Table 2 Qwen3-Next HLE Self-Certainty 2.5 1.25 8.69 x 106 8.69 x 10 20.57 x 106 120 44.0 58.6
Table2 Qwen3-Next HLE DeepConf 11.0 0.84 5.84 x 10 584 x 106  13.91 x 10° 120 39.4 39.4
Table2 Qwen3-Next HLE RoE 6.5 2.98 9.22 x 106 20.71 x 10 22.35 x 10° 80 48.0 62.1
Table2 Qwen3-Next HLE HyPER 15.5 0.76 3.77 x 106 5.28 x 10° 9.58 x 106 132 40.9 43.6
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