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ABSTRACT. A discrete conformality for hyperbolic polyhedral surfaces is in-
troduced in this paper. This discrete conformality is shown to be computable.
It is proved that each hyperbolic polyhedral metric on a closed surface is dis-
crete conformal to a unique hyperbolic polyhedral metric with a given discrete
curvature satisfying Gauss-Bonnet formula. Furthermore, the hyperbolic poly-
hedral metric with given curvature can be obtained using a discrete Yamabe
flow with surgery. In particular, each hyperbolic polyhedral metric on a closed
surface with negative Euler characteristic is discrete conformal to a unique
hyperbolic metric.

1. INTRODUCTION

1.1. Statement of results. This is a continuation of [9] in which a discrete uni-
formization theorem for Euclidean polyhedral metrics on closed surfaces is estab-
lished. The purpose of this paper is to prove the counterpart of discrete uniformiza-
tion for hyperbolic polyhedral metrics. In particular, we will introduce a discrete
conformality for hyperbolic polyhedral metrics on surfaces and show the discrete
conformality is algorithmic.

Recall that a marked surface (S,V) is a pair of a closed connected surface S
together with a finite non-empty subset V. A triangulation of a marked surface
(S,V) is a triangulation of S so that its vertex set is V. A hyperbolic polyhedral
metric d on a marked surface (S, V') is obtained as the isometric gluing of hyperbolic
triangles along pairs of edges so that its cone points are in V. It is the same as
a hyperbolic cone metric on S with cone points in V. We use the terminology
polyhedral metrics to emphasize that these metrics are determined by finite sets of
data (i.e., the finite set of lengths of edges). Every hyperbolic polyhedral metric
has an associated Delaunay triangulation which has the property that the interior
of the circumcircle of each triangle contains no other vertices.

Definition 1. (discrete conformality) Two hyperbolic polyhedral metrics d,d’ on
a closed marked surface (S,V) are discrete conformal if there exist a sequence of
hyperbolic polyhedral metrics di = d,da, ...,d,, = d' on (S,V) and triangulations
Ti, T2,y T of (S, V) satisfying
(a) each T; is Delaunay in d;,
(b) if T; = Tit1, there exists a function u : V — R, called a conformal factor,
so that if e is an edge in T; with end points v and v', then the lengths x4,(e)
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and xq,,,(e) of e in metrics d; and diy1 are related by

sinh xdi+21 (6) — eu(v)-{—u(u’) sinh Zd; (6) ,
(¢) if Ti # Tit+1, then (S, d;) is isometric to (S, diy1) by an isometry homotopic
to the identity in (S, V).

This definition is the hyperbolic counterpart of discrete conformality introduced
in [9]. The condition (b) first appeared in [4].

Theorem 2. Suppose d and d' are two hyperbolic (or Euclidean) polyhedral metrics
given as isometric gluings of geometric triangles on a closed marked surface (S, V).
There exists an algorithm to decide if d and d' are discrete conformal.

The above theorem shows that discrete conformality is computable. This is in
contrasts to the conformality in Riemannian geometry. Indeed, it is highly unlikely
that there exist algorithms to decide if two hyperbolic (or Euclidean) polyhedral
metrics on (S, V) are conformal in the Riemannian sense.

The discrete curvature K of a polyhedral metric d is the function defined on V'
sending v € V to 27 less cone angle at v. It is well known that the discrete curvature
satisfies the Gauss-Bonnet identity Y i K(v) = 2mx(S)+ Area(d) where Area(d)
is the area of the metric d.

veV

Theorem 3. Suppose (S,V) is a closed connected marked surface and d is a hy-
perbolic polyhedral metric on (S,V). Then for any K* : V — (—00,2m) with

Y vy K*(v) > 2mx(S), there exists a unique hyperbolic polyhedral metric d' on
(S,V) so that d' is discrete conformal to d and the discrete curvature of d' is K*.
Furthermore, the discrete Yamabe flow with surgery associated to curvature K*
having initial value d converges to d' exponentially fast.

In particular, on a closed connected surface S with x(S) < 0, by choosing K* =
0, we obtain,

Corollary 4. (discrete uniformization) Let S be a closed connected surface of neg-
ative Fuler characteristic and V. C S be a finite non-empty subset. Then each
hyperbolic polyhedral metric d on (S,V) is discrete conformal to a unique hyper-
bolic metric d* on the surface S. Furthermore, there exists a C'-smooth flow on
the Teichmuller space of hyperbolic polyhedral metrics on (S,V') which preserves
discrete conformal classes and flows each polyhedral metric d to d* as time goes to
mnfinity.

1.2. Basic idea of the proof. The basic idea of the proof is similar to that of
[9]. We first introduce the Teichmiiller space T, (S, V) of hyperbolic polyhedral
metrics on (S, V). Tt is shown to be a real analytic manifold which admits a cell
decomposition by the work of [15] and [13]. Using the work of Kubota [14] on
hyperbolic Ptolemy identity and the work of Penner [19], we show that T},,(S, V) is
C' diffeomorphic to the decorated Teichmiiller space so that two hyperbolic poly-
hedral metrics are discrete conformal if and only if their corresponding decorated
metrics have the same underlying hyperbolic structure. Using this correspondence,
we show Theorem 3 using a variational principle first appeared in [4].

Many arguments in this paper are similar to that of [9]. The major difference
between Euclidean and hyperbolic polyhedral metrics comes from the circumcircles
of triangles. Namely, the circumcircle of a hyperbolic triangle may be non-compact,
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i.e., a horocyle or a curve of constant distance to a geodesic. This creates many
difficulties when one uses the inner angle characterization of Delaunay triangula-
tions. To overcome this, we prove (theorem 9) that every triangle in a Delaunay
triangulation of a hyperbolic polyhedral metric on a compact surface has compact
circumcircle.

1.3. Organization of the paper. Section 2 deals with the Teichmiiller space of
hyperbolic polyhedral metrics, its analytic cell decomposition and Delaunay trian-
gulations. In section 3, we show that there is a C' diffeomorphism between the
Teichmiiller space of hyperbolic polyhedral metrics and the decorated Teichmiiller
space. Section 4 is devoted to the proof of Theorem 3. Section 5 proves theorem 2.
In the appendix, a technical lemma is proved.

1.4. Acknowledgement. The work is supported in part by the NSF of USA and
the NSF of China.

2. TEICHMULLER SPACE OF POLYHEDRAL METRICS

2.1. Triangulations and some conventions. Take a finite disjoint union X of
triangles and identify edges in pairs by homeomorphisms. The quotient space S is a
compact surface together with a triangulation T whose simplices are the quotients
of the simplices in the disjoint union X. Let V = V(T) and E = E(T) be the
sets of vertices and edges in 7. We call T a triangulation of the marked surface
(S,V). If each triangle in the disjoint union X is hyperbolic and the identification
maps are isometries, then the quotient metric d on the quotient space (S,V) is a
called hyperbolic polyhedral metric. The set of cone points of d is in V. Given a
hyperbolic polyhedral metric d and a triangulation 7 on (S, V), if each triangle in
T (in metric d) is isometric to a hyperbolic triangle, we say T is geodesic in d. If T
is a triangulation of (S, V') isotopic to a geometric triangulation 7" in a hyperbolic
polyhedral metric d, then the length of an edge e € E(T) (or angle of a triangle at
a vertex in 7)) is defined to be the length (respectively angle) of the corresponding
geodesic edge ¢’ € E(T") (triangle at the vertex) measured in metric d.

Suppose e is an edge in 7 adjacent to two distinct triangles ¢,¢'. Then the
diagonal switch on T is a new triangulation 7’ obtained from 7T by replaces e by
the other diagonal in the quadrilateral ¢ U, ¢'.

For simplicity, the terms metrics and triangulations in many places will mean
isotopy classes of metrics and isotopy classes of triangulations. They can be under-
stood from the context without causing confusion.

If X is a finite set, | X| denotes its cardinality and R* denotes the vector space
{f : X — R}. For a finite vertex set W = {wy, ..., 0, }, we identify RY with R™
by sending x € R™ to (z(w1), ..., x(wm)).

All surfaces are assumed to be compact and connected in the rest of the paper.

2.2. The Teichmiiller space and the length coordinates. Two hyperbolic
polyhedral metrics d,d’ on (S,V) are called Teichmiller equivalent if there is an
isometry h : (S,V,d) — (S, V,d") so that h is isotopic to the identity map on (S, V).
The Teichmiiller space of all hyperbolic polyhedral metrics on (S, V'), denoted by
Thp(S, V), is the set of all Teichmiiller equivalence classes of hyperbolic polyhedral
metrics on (S, V).

Lemma 5. Ty, (S, V) is a real analytic manifold.
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Proof. Suppose T is a triangulation of (S, V') with the set of edges E = E(T). Let

Ri(ﬂ = {z € RE(|V triangle ¢ in T with edges e;, ej,ex, x(e;) +x(e;) > x(er)}

be the convex polytope in RF. For each z € Ri(T), one constructs a hyperbolic

polyhedral metric d, on (S, V) by replacing each triangle ¢ of edges e;,e;,ex by a
hyperbolic triangle of edge lengths x(e;), z(e;), x(ex) and gluing them by isometries
along the corresponding edges. This construction produces an injective map (the
length coordinate associated to 7))

Dy Ri(T) — Thp(S, V)

sending z to [d;]. The image P(T) := @T(Ri(ﬂ) is the space of all hyperbolic
polyhedral metrics [d] on (S, V) for which T is isotopic to a geodesic triangulation
in d. We call z the length coordinate of d, and [dy] = ®7(z) (with respect to T).
In general P(T) # Typ(S, V) (see §2.1 in [9]).

Since each hyperbolic polyhedral metric on (S, V) admits a geometric triangu-
lation (for instance its Delaunay triangulation), we see that T3, (S, V) = UrP(T)
where the union is over all triangulations of (S, V'). The space Tp,(S, V) is a real an-
alytic manifold with real analytic coordinate charts {(P(T), ®7')|T triangulations
of (S,V)}. To see transition functions @}1¢>71 are real analytic, note that any two
triangulations of (S, V') are related by a sequence of diagonal switches. Therefore,
it suffices to show the result for 7 and 7’ which are related by a diagonal switch
along an edge e. In this case, the transition function <I>7_-1<I>Tf sends (g, T1, vy Trn)
to (f(zoy ..oy Tm), T1, ..., Tmm) Where ¢ is the length of e and f is the length of the
diagonal switched edge. Let ¢,t' be the triangles adjacent to e so that the lengths
of edges of t,t are {zo,x1, 22} and {zg,x3,z4}. Using the cosine law, we see that
f is a real analytic function of g, ..., 4. O

2.3. Delaunay triangulations and marked quadrilaterals. Each hyperbolic
triangle ¢ in H? has a circumcircle which is the curve of constant geodesic curvature
containing the three vertices of t. When the circumcircle is compact, it is a hyper-
bolic circle. When it is not compact, it is either a horocycle or a curve of constant
distance to a geodesic. We call the convex region bounded by the circumcircle the
circum-ball of the triangle t. A marked quadrilateral @ is a hyperbolic quadrilateral
together with a diagonal e inside @. It is the same as a union of two hyperbolic
triangles ¢, " along a common edge e, i.e., Q = tU.t’. A hyperbolic polygon is called
cyclic if its vertices lie in a curve of constant geodesic curvature in the hyperbolic
plane. A marked quadrilateral ¢ U, ¢’ is cyclic if and only if the two circumecircles
for t and ' coincide.

A geodesic triangulation 7 of a hyperbolic polyhedral surface (S,V,d) is said
to be Delaunay if for each edge e adjacent to two hyperbolic triangles ¢t and ¢,
the interior of the circumball of ¢ does not contain the vertices of ' when the
quadrilateral ¢ U, t' is lifted to H2. The last condition is sometimes called the
empty ball condition. We will call the marked quadrilateral ¢t U, ¢’ the quadrilateral
associated to the edge e. G. Leibon [15] gave a very nice algebraic description of
empty-ball condition in terms of the inner angles.

Lemma 6 (Leibon). A geodesic triangulation T is Delaunay if and only if
(1) ata <p+F +v+
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for each edge e, where o, B,7,a’, 3,7 are angles of the two triangles in T having
e as the common edge so that o and o are opposite to e. Furthermore, the equality
holds for e if and only if the marked quadrilateral associated to e is cyclic.

The inequality (1) can be expressed in terms of the edge lengths as follows.
Proposition 7. A geodesic triangulation T is Delaunay if and only if

(2)
sinh?(z;/2) 4 sinh?(z2/2) — sinh?(x0/2) = sinh?(z3/2) + sinh?(z4/2) — sinh?(z0/2)

sinh(z1/2) sinh(z2/2) sinh(z3/2) sinh(z4/2)

for each edge e adjacent two triangles t,t' of edge lengths xg,x1, 2 and g, T3, T4
respectively. Furthermore, the equality holds for an edge e if and only if t Ue t' is
cyclic.

Proof. We begin with

Lemma 8. Let x1,x2,x3 be side lengths of a hyperbolic triangle and ay,as,as be
the opposite angles so that a; is facing the edge of length x;. Then

cosh BL _ sinh?(z/2) + sinh?(z3/2) — sinh?(x /2)
2 sinh(x2/2) sinh(z3/2)

. Gz +az—a
2sin ——>—— .

Proof. By the cosine law expressing x; in terms of a1, as, as, we have

sinh?(z/2) 4 sinh?(z3/2) — sinh?(x /2)

= %(cosh(xg) + cosh(zs) — cosh(z1) — 1)

1 [cos as + cos aj cosas n cosag + cosap cosas  COSaj + COSas CoSas
2

= —1

sin a; sin ag sin a1 sin as sin as sin as )
1 . .

= - " - sin(as + asg) —simmaq )(cosay + cos(az — a
2sina smagsmag( (a2 3) 1)( 1 (a2 3))

iy G2tas—aq . a1tas+tas L a1taz—as L a1—az+tas
B 2 sin 5 cos 5 cos = cos =

sin a; sin as sin ag

On the other hand,

sinh?(z;/2) = %(cosh x; — 1)

1

(cos a; + COS a; COS ay
2

: - -1)
sin a; sin ay,

1 cosa; + cos(aj + ax)

2 sin a; sin ay,
a; —aj;—ag
2

a;ta;tag
s P

sin a; sin ay,

COi COSs

>0
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Therefore
sinh? (25 /2) 4 sinh?(x:3/2) — sinh®(z;/2)
sinh(z2/2) sinh(x3/2)

iy Q2tas—aq . a1taz+tas L a1taz—as . a1—as+as
2 sin 5 cos 5 cos = cos =

oS 01+ar22+f13 cos 22=21-93 \/cos "r1+a22+"r3 cos 23=91-12

sin aq sin as sin as \/ rarsna

as + as — a; cos a1+a22*a3 cos a1*L122+a3
2
a2 +az — ay

sin a; sin a2

= 2sin

sin as sin as
x
= 2sin -cosh =%,
2
In the last step above, we have used

1
(cosh %)2 = E(cosh z1+1)
1

(cos a1 + cosasg cos ag
2

+1)

sin ag sin ag
1 cosa; + cos(az — as)

2 sin as sin asg
cos a1+a22—a3 cos a1—(122+a3

sin aq sin ag
O

Now (1) is equivalent to sin + sin W > 0. By Lemma 8 applied to
triangles of lengths {z¢, 21, 22} and {zg, x3, x4}, we see that Delaunay is equivalent

to (2). O

Bty—a
2

2.4. Delaunay triangulations of compact hyperbolic polyhedral surfaces.

Theorem 9. If T is a Delaunay triangulation of a closed hyperbolic polyhedral
surface (S,V,d), then each triangle has a compact circumcircle.

Proof. By Proposition 7 for Delaunay triangulations inequality (2) holds. On the
other hand, by lemma 4.2 of [9],

Lemma 10 ([9]). Suppose y : E(T) — Rsq is a function satisfying for each edge
eo adjacent to two triangles t,t" of edges eg,e1,es and eg, es, eq
ity —wi  witui-wd
Y1y2 Y3Ya
where y; = y(e;). Then y(e;) + y(e;) > yler) whenever e;, e, er, form edges of a
triangle in T .

Taking y(e) = sinh(m(;)) in the above lemma and using (2), we obtain

z(e;)

(3) sinh( @) > sinh(@).

) + sinh(
Now theorem 9 follows from (3) and a result in [7] page 118,

Proposition 11 (Fenchel). Let C be the circumcircle of a hyperbolic triangle of edge
lengths x;, x5, . Then C is a (compact) hyperbolic circle if and only if sinh(%) +
sinh(%) > sinh(%).
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Since sinh(a + b) > sinh(a) 4 sinh(b) for a,b > 0, by (3), we obtain
(4) z(ei) + x(e;) > w(ex),
whenever e;, e;, ej, form edges of a triangle. This implies,

Corollary 12. Suppose x : E(T) — Rsq is a function so that (2) holds at each
edge. Then x is the edge length function (in T ) of a hyperbolic polyhedral metric
on (S,V).

It is highly likely that theorem 9 still holds for hyperbolic cone metrics on high
dimensional compact manifolds, i.e., empty-ball condition implies compact circum-
sphere. The work of [6] shows that it holds for decorated finite volume hyperbolic
metrics of any dimension.

The classical way of constructing many Delaunay triangulations of a polyhedral
metric d on (S,V) is as follows. See for instance [3]. Define the Voronoi decompo-
sition of (S, V,d) to be the collection of 2-cells {R(v)|v € V} where R(v) = {z €
Sld(z,v) < d(z,v") for all v/ € V}. Its dual is called a Delaunay tessellation C(d)
of (S,V,d). It is a cell decomposition of (S,V’) with vertices V and two vertices
v,v’ jointed by an edge if and only if R(v) N R(v') is 1-dimensional. By definition,
each 2-cell in the Delaunay tessellation is a convex polygon inscribed to a compact
circle in H? whose center is a vertex of the Voronoi decomposition. By further
triangulating all non-triangular 2-dimensional cells (without introducing extra ver-
tices) in C(d), one obtains a Delaunay triangulation of (S,V,d). This Delaunay
triangulation has the property that the circumcircles of triangles are hyperbolic
circles (i.e., compact). Indeed, the centers of the circumcircles are the vertices in
the Voronoi cell decomposition. Conversely, if T is a Delaunay triangulation with
compact circumcircles for all triangles, then it is a triangulation of the Delaunay
tessellation. Combining theorem 9, we obtain part (a) of the following,

Proposition 13. (a) Suppose T is a geodesic triangulation of a compact hyperbolic
polyhedral surface (S,V,d). Then T satisfies the empty-ball condition if and only if
it is a geodesic triangulation of the Delaunay tessellation.

(b) If T and T’ are Delaunay triangulations of a hyperbolic polyhedral metric d
on a closed marked surface (S,V'), then there exists a sequence of Delaunay trian-
gulations T1 =T, Tz, ..., T = T of d so that Ti11 is obtained from T; by a diagonal
switch.

(c) Suppose T is a Delaunay triangulation of a compact hyperbolic polyhedral
surface (S,V,d) whose diameter is D. Then the length of each edge e in T is at
most 2D. In particular, there exists an algorithm to find all Delaunay triangulations
of a hyperbolic polyhedral surface.

Proof. Part(b) of the proposition follows from part(a) and the well known fact
that any two geodesic triangulations of the Delaunay tessellation are related by a
sequence of diagonal switches. Indeed, any two geodesic triangulations of a convex
cyclic polygon are related by a sequence of (geodesic) diagonal switches. See for
instance [3] for a proof.

To see part (¢), if e is an edge dual to two Voronoi cells R(v) and R(v’), then the
length of e is at most the sum of the diameters of R(v) and R(v’). However, the
diameters of R(v) and R(v') are bounded by the diameter of the surface S. Thus,
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the length of e is at most 2D. It is well known that for any constant C, there exists
an algorithm to list all geodesic paths in (S, V,d) of lengths at most C joining V'
to V. Therefore, we can list algorithmically all Delaunay triangulations of a given
polyhedral metric on (S, V).

O

Note that if we remove the compactness of the space S, then there are examples
of geodesic triangulations with empty-ball condition which does not come from dual
of Voronoi cell. See [6].

For a triangulation 7 of (S,V), the associated Delaunay cell in T},(S,V) is
defined to be

D.(T) ={[d] € Tnp(S,V)|T is isotopic to a Delaunay triangulation of d}.

Theorem 9 and corollary 12 show that D.(7) is defined by a finite set of real
analytic inequalities (i.e., (2)). On the other hand, Leibon showed in [15] that
D.(T) is a cell. Putting these together, one obtains

Theorem 14 (Hazel[13], Leibon[15]). There is a real analytic cell decomposition
Thp(S, V) = U De(T)

imwvariant under the action of the mapping class group where the union is over all
isotopy classes [T of triangulations of (S, V).

3. DIFFEOMORPHISM BETWEEN TWO TEICHMULLER SPACES

One of the main tools used in our proof is the decorated Teichmiiller space theory
developed by R. Penner [19]. See also [2], [10] and [9] for a discussion of Delaunay
triangulations of decorated metrics.

Recall that S is a closed connected surface and V' = {v1,...,v,} C S and let
> =5 —V. We assume n > 1 and the Euler characteristic x(X) < 0. A decorated
hyperbolic metric is a complete hyperbolic metric d of finite area on ¥ together with
a horoball H; at the i-th cusp for each v;. The decorated metric will be written as
a pair (d, w) where w = (w1, ..., w,) € RZ; so that w; is the length of the horocycle
OH;. The decorated Teichmiiller space, denoted by Tph(X), is the space of all
decorated metrics on ¥ modulo isometries homotopic to the identity and preserving
decorations. For a given triangulation 7 of (S,V), let U7 : RE; — Tp(X) be the
A-length coordinate (see [19]) and let D(T) be the set of all decorated hyperbolic
metrics (d,w) in Tp(X) so that T is isotopic to a Delaunay triangulation of (d, w).
See [19] or [9] for details.

Fix a triangulation T of (S,V), we have two coordinate maps ®7" : P(T) —
RE(T) and W7 : RE(T) — Tp(S, V). Consider the smooth embedding A7 : P(T) —
Tp(X) defined by U700 o <I>7r1, where © : RE(T) — RE(T) sends (z¢, z1, T2, ...) to
(sinh(z/2),sinh(z1/2),sinh(z2/2), ...), i.e., O(x)(e) = sinh(x(e)/2).

Theorem 15. For each triangulation T of (S,V), Ar|p, ) is a real analytic
diffeomorphism from D.(T) onto D(T).

Proof. To see that A7 maps D.(T) bijectively onto D(T), it suffices to show that
© 0 @7 (D.(T)) = ¥ (D(T)).

The space W' (D(T)) can be characterized as follows. For each edge e in (S, 7)
with a decorated hyperbolic metric (d,w), let a,a’ be the two angles facing e and
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b,b,c,c be the angles adjacent to the edge e. Then T is Delaunay in the metric
(d,w) if and only if for each edge e € E(T) (see [19], or [10]),

(5) at+a <b+b +c+c.

Let ¢t and ' be the triangle adjacent to e and e, e1, es be edges of t and e, e3, ey
be the edges of . Let the A-length of e be Ag and the A-length of e; be A;. Recall
the cosine law for decorated ideal triangles [19] states that o = 47 Where a is the

angle (i.e., the length of the horocyclic arc) and z,y, z are the )\:lengths so that x
faces a. Using it, one sees that (5) is equivalent to

)\0 )\0 )\1 )\2 )\3 >\4
<
(6) A1 Ao + A3~ AoA2 + Aol + Ao + /\()/\37

for each e € E(T).
Rearranging terms, we see (6) is equivalent to
AN+ -2 A2+
A1 o AsAs

(7) 0<

for each e € E(T).
Therefore,

T(D(T)) = {(Aos A1y ooy A gy) € RE| (7) holds at each edge e € E(T)}.

By Theorem 9 and proposition 7, the characterization of a hyperbolic polyhedral
metric d which is Delaunay in 7 in terms of the length coordinate z = ®7'(d) is
as follows. Take an edge e € E(T) and let ¢ and ¢’ be the triangles adjacent to e so
that e, eq, eo are edges of t and e, e3, e4 are the edge of . Suppose the length of e
(in d) is xo and the length of e; is z;, i = 1,...,4. Then, by Proposition 7,

(8)

sinh®(z1/2) + sinh®(z2/2) — sinh?(x0/2) +sinh2(x3/2) + sinh?(z4/2) — sinh?(z/2)

0= sinh(z1/2) sinh(z2/2) sinh(z3/2) sinh(z4/2)

holds for each edge e € E(T).
This shows that

O (D(T)) ={z € RZ,| (8) holds for e € E, and (9) holds for each triangle}
where
9) x(e;) +x(ej) > x(er), e, ej, e, form edges of a triangle in 7.

Now inequality (7) is the same as (8) by taking A; to be sinh(z;/2) for each i.
This shows ©0 @' (D, (7)) C ¥7'(D(T)). On the other hand, corollary 12 implies
that for each A € W'(D(T)) and a triangle of edges e;,e;, ey, we have z(e;) +
z(e;) > x(ex) where z(e) = 2sinh ™' (A(e)), i.e., condition (9) is a consequence of
(8). Therefore © o @' (D.(T)) = ¥ (D(T)).

Finally, since &7, U7 and O are real analytic diffeomorphisms and A7 = ¥ o
90@}1 and A}l = @TOG’lo\I!}l, we see that A is a real analytic diffeomorphism.

(]
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3.1. The Ptolemy identity and diagonal switch. Let @ be a convex quadri-
lateral @ in the Euclidean plane E2, or the hyperbolic plane H? or the 2-sphere
S? so that its edges are a,b,a’,b’ counted cyclically and its diagonals are ¢, c’. We
say Q is cyclic if it is circumscribed to a circle in E2, or S?, or a curve of constant
geodesic curvature in H2. Let [(e) to be the length of an edge e.

The classical Ptolemy theorem states that a Euclidean quadrilateral @ is cyclic
if and only if the following holds

@)l(d) + 1B = 1()I(c).

In the 19-th century, Jean Darboux and Ferdinand Frobenius proved that a
spherical quadrilateral @ is cyclic if and only if
l I(a I(b el
M) gin (L) 4 gin (1) (A

sin( 5 5 5 )sin(T):sin(@)sin(@).

The hyperbolic case was established by T. Kubota in 1912 [14]. He proved,

Proposition 16 (Kubota). A hyperbolic quadrilateral Q is inscribed to a curve of
constant geodesic curvature in H? if and only if
l I(a I(b i l I
(10) sinh(@) sinh(ﬂ) + sinh(ﬁ) sinh(g) = sinh(@) sinh(ﬁ).
2 2 2 2 2 2
Penner’s Ptolemy identity [19] also takes the same form. Namely, if @ is a deco-

rated ideal quadrilateral in H? so that the A-lengths of the its edges are 4, B, A’, B’
counted cyclically and its diagonal are C, C’, then

(11) AA' + BB =CC'.

The most remarkable feature of these theorems is that all equations take the
same form as xx’ +yy' = 2z’ which we will call the Ptolemy identity. The Ptolemy
identity also plays the key role for cluster algebras associated to surfaces [8].

The relationship between the Ptolemy identity and the diagonal switch operation
on Delaunay triangulations is the following. If 7 and 7’ are two Delaunay trian-
gulations of a Euclidean (or hyperbolic or spherical) polyhedral surface (S, V, d) so
that they are related by a diagonal switch from edge e to edge €, then the change
of the lengths from I(e) and I(e’) is governed by one of the Ptolemy identities listed
above.

Casey’s generalization of Ptolemy’s theorem is another direction where Ptolemy
identity plays a key role. Furthermore, Casey’s theorem is known to be true for
Euclidean, hyperbolic, spherical and even Minkowski planes. In [11], we will exam
the related discrete conformality in the new setting.

3.2. A globally defined diffeomorphism.

Theorem 17. Suppose T and T are two triangulations of (S,V) so that D.(T)N
D.(T")#0. Then

(12) Atlp.(mnDo(T) = AT/ DU(T)NDL(TY)-

In particular, the gluing of these At|p, () mappings produces a homeomorphism
A = UrAT|p. (1) : Thp(S, V) — Tp(E) such that A(d) and A(d') have the same
underlying hyperbolic structure if and only if d and d' are discrete conformal.
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Proof. Suppose d € D.(T) N D.(T"), i.e., T and T’ are both Delaunay in the
hyperbolic polyhedral metric d. Then by proposition 13 there exists a sequence of
triangulations 71 = T, Tz, ...,Tx = T’ on (S,V) so that each 7; is Delaunay in d
and 7;4+1 is obtained from 7; by a diagonal switch. In particular, Ay (d) = A7 (d)
follows from Az, (d) = A7, ,(d) for i = 1,2,...,k — 1. Thus, it suffices to show
A7(d) = A7/ (d) when T’ is obtained from 7 by a diagonal switch along an edge
e. This is the same as showing \117_-1\117/ = 6@}1@7—/@*1 at the point x = \I!},l (d).
On the other hand, \11}1\117-/ (z) and ©®7'®7©~!(z) have the same coordinate
except at the e edge of diagonal switch. For the edge e, the two coordinates are
the same due to the Penner’s Ptolemy identity (11) (for ¥2'W¥7~) and Kubota’s
Ptolemy identity (10) (for ®7'®7+). These two identities differ by a change of
variable ¢t — sinh(%) which corresponds to ©. Therefore, A7 (d) = A7 (d).
Taking the inverse, we obtain

(13) AF pernpery = AT pemnp -

Lemma 18. (@) D(T)ND(T") # 0 if and only if D(T) N D(T") # 0.
(b) The gluing map A = U Ar|p (1) : Te = Tp is a homeomorphism invariant
under the action of the mapping class group.

Proof. By (12) and (13), the maps A = UrA7|p () : Te — Tp and B =
Ur A7 pery : Tp — T are well defined and continuous. Since A(D.(T)ND.(T")) C
D(TYND(T") and B(D(T)ND(T")) € D(T)ND.(T"), part (a) follows. To see part
(b), by Penner’s result [19] that Tp = U7 D(T), the map A is onto. To see A is in-
jective, suppose x1 € D (T1),z2 € Do(Tz) so that A(x1) = A(z2) € D(T1) N D(T2).
Apply (13) to A}l1|, A;-zl| on the set D(71) N D(7z) at the point A(z1), we conclude
that 1 = xo. This shows that A is a bijection with inverse B. Since both A and
B are continuous, A is a homeomorphism. [ O

Now if d and d’ are two discrete conformally equivalent hyperbolic polyhedral
metrics, then A(d) and A(d’) are of the form (p, w) and (p, w’) due to the definitions.
Indeed, if d and d' are related by condition (b) in definition 1, then the discrete
conformality translates to the change of decoration without changing the hyperbolic
metric. (This is the same proof as in [9], lemma 3.1). If d and d’' are related by
condition (c) in definition 1, then the two triangulations 7; and 7;41 are both
Delaunay in [d]. Therefore, in this case, A(d) = A(d').

On the other hand, if two hyperbolic cone metrics d,d’ satisfy that A(d) and
A(d’) are of the form (p,w) and (p,w’), consider a generic smooth path (t) =
(p,w(t)),t € [0,1], in Tp(X) from (p,w) to (p,w’) so that y(¢) intersects the cells
D(T)’s transversely. This implies that v passes through a finite set of cells D(7;)
and 7; and ;41 are related by a diagonal switch. Let to =0 < ... <t,, =1bea
partition of [0, 1] so that v([t;, ti+1]) € D(T;). Say d; is the hyperbolic polyhedral
metric so that A(d;) = v(t;) € D(T;) N D(Ti+1), di = d and d,,, = d’. Then by
definition, the sequences {dj,...,d;,} and the associated Delaunay triangulations
{T1, ..., T} satisfy the definition of discrete conformality for d, d’.

(]

Theorem 19. The homeomorphism A : Tp,(S,V) — Tp(X) is a C* diffeomor-
phism.
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Proof. Tt suffices to show that for a point d € D (T) N D.(T"), the derivatives
DA7(d) and DAy (d) are the same. Since both 7 and 7’ are Delaunay in d and
are related by a sequence of Delaunay triangulations (in d) 71 =T, T2, ..., Te = T,
DA7(d) = DA (d) follows from DA7,(d) = DAz, (d) for i = 1,2,...,k — 1.
Therefore, it suffices to show DA7(d) = DAy (d) when T and 7’ are related by
a diagonal switch at an edge e. In the coordinates &7 and Wy, the fact that
DAy(d) = DAy/(d) is equivalent to the following smoothness question on the
diagonal lengths.

Lemma 20. Suppose @ is a conver hyperbolic quadrilateral whose four edges
are of lengths xz,y,z,w (counted cyclically) and the length of a diagonal is a.
Suppose A(x,y,z,w,a) is the length of the other diagonal and B(x,y,z,w,a) =
25inh71(W) where s(t) = sinh(%). If a point (x,y,z, w,a) satisfies
Az, y,z,w,a) = B(x,y,z,w,a), i.e., Q is inscribed in a curve of constant geodesic
curvature, then DA(x,y,z,w,a) = DB(x,y, z,w,a) where DA is the derivative of
A.

Due to the lengthy proof of this lemma, we defer it to the appendix.
O

Corollary 21. For a given hyperbolic polyhedral metric d on (S,V), the set of all
Teichmiiller equivalence classes of hyperbolic metrics on (S,V') which are discrete
conformal to d is C"-diffeomorphic to RIV!.

4. DISCRETE UNIFORMIZATION FOR HYPERBOLIC POLYHEDRAL METRICS

This section proves theorem 3 which is the main result of this paper.

By Corollary 21, Theorem 3 is equivalent to a statement about the composition
map of the discrete curvature map K and (A|)~! defined on {p} x RZ, C Tp(X) for
any p € T'(X). Here K : Tpp(S,V) — (—o0,2m)™ is the map sending a metric d to
its discrete curvature K 4. Let us make a change of variables from w = (w1, ..., w,) €
RZy to u = (u1,...,un) € R™ where u; = In(w;). We write w = w(u). For a given
p € T(X), define F' to be the composition of K and (A[)~! from R" to (—o0,2m)"
by

(14) F(u) = KAfl(p,w(u))-

By the Gauss-Bonnet theorem, the image F'(u) lies in the open subset P = {z €
(—o0,2m)"| S0 @ > 2mx(S)} of R™. Theorem 3 is equivalent to that F : R* — P
is a bijection. We will show a stronger statement that F' is a homeomorphism.

For simplicity, we use s(t) to denote the function sinh(3).

4.1. Injectivity of F. Since A is a C! diffeomorphism and the discrete curvature
K : Tpp(S,V) — RY is real analytic, hence the map F is C! smooth.
On the other hand, we have,

Theorem 22 (Akiyoshi [1]). For any finite area complete hyperbolic metric p on
Y, there are only finitely many isotopy classes of triangulations T so that ([p] x

R,) N D(T) # 0.

Let 7;,i =1, ..., k, be the set of all triangulations so that ({p} x R*)ND(7;) # 0
and {p} x R" C UF_, D(T;).
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Lemma 23. Let ¢ : R* — {p} x R" be ¢(x) = (p,z) and U; = ¢~ (({p} x R*) N
D(T;)) C R™ and J = {i| int(U;) # 0}. Then R™ = U;csU; and U; is real analytic
diffeomorphic to a convex polytope in R™.

Proof. By definition, both {p} x R™ and D(T;) are closed and semi algebraic in
Tp(X). Therefore U; is closed in R™ and is diffeomorphic under w = w(u) to a
semi-algebraic set. Now by definition, Y := U;c;U; is a closed subset of R™ since
U; is closed. If Y # R™, then the complement R™ — Y is a non-empty open set
which is diffeomorphic under w = w(u) to a finite union of real algebraic sets of
dimension less than n. This is impossible.

Finally, we will show that for any triangulation 7 of (S,V) and p € T(X), the
intersection U = ¢~ !(({p} x R™) N D(T)) is real analytically diffeomorphic to a
convex polytope in a Euclidean space. In fact \Il}l(U) C RE(T) is real analytically
diffeomorphic to a convex polytope. To this end, let b = U (p,(1,1,....,1)). By
definition, ¥ (U) is give by

{z e REZV 3 € RV, sinh(x(e) /2) = b(e)A(v1)A(v2), De = {v1, v},
Delaunay condition (2) holds for z}.

We claim that the Delaunay condition (2) consists of linear inequalities in the
variable § : V' — Ry where d(v) = A(v)~2. Indeed, suppose the two triangles
adjacent to the edge e = (v1,v2) have vertices v1,v2,v3 and vi,v2,v4. Let x;;
(respectively b;;) be the value of z (respectively b) at the edge joining v;,v;, and
Ai = AM(v;) and let s(t) be the function sinh($). By definition, s(zi;) = b Ai);.
The Delaunay condition (2) at the edge e = (v1v2) says that

8(.1312)2 8(.1312)2 < 5(1‘31) + 8(.2332) + 8(.2341) + 5(33‘42)
s(xs1)s(xs2)  s(rar)s(zaz) ~ s(xs2)  s(zsi1)  s(rae)  s(zar)

It is the same as, using s(z;;) = bijAiAj,

Mba oA de b
PV VIO W

where ¢; is some constant depending only on b;;’s. Dividing above inequality by

C3

A1 A2 and using §; = /\i—z, we obtain

(15) €303 + 404 < 101 + 262

at each edge e € E(T). This shows for b fixed, the set of all possible values of §
form a convex polytope Q defined by (15) at all edges and §(v) > 0 at all v € V.
On the other hand, by definition, the map from Q to W' (U) sending & to = = z(J)

given by z(vv') = 2sinh_1(%) is a real analytic diffecomorphism. Thus the

result follows. O

Write F = (Fy,..., F,) which is C' smooth. The work of Bobenko-Pinkall-
Springborn ([4], proposition 5.1.5) shows that

(a) Fj|y, is real analytic so that 25% = % in Uy, for all h € J,

Ou
(b) the Hessian matrix [gf;] is positive definite on each Up,.
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Therefore, the 1-form n = >, Fi(u)du; is a C* smooth 1-form on R" so that
dn = 0 on each Uy, h € J. This implies that dyp = 0 in R™. Hence the integral

(16) wiw = [

is a well defined C? smooth function on R™ so that its Hessian matrix is positive
definite. Therefore, W is convex in R™ so that its gradient VW = F. Now F is
injective due to the following well known lemma,

Lemma 24. If W : Q — R is a C'-smooth strictly convex function on an open
convex set Q C R™, then its gradient VW : Q — R™ is an embedding.

4.2. The map F is onto. Since both R” and P = {z € (—o0,2m)"| > | z; >
27x(S)} are connected manifolds of dimension n and F' is injective and continuous,
it follows that F'(R™) is open in P. To show that F is onto, it suffices to prove that
F(R"™) is closed in P.

To this end, take a sequence {u("™} in R which leaves every compact set in R”.
We will show that { F(u("™)} leaves each compact set in P. By taking subsequences,
we may assume that for each index ¢ = 1,2, ...,n, the limit lim,, ugm) = t; exists
in [—o00, 00]. Furthermore, by Akiyoshi’s theorem that the space p x R" is in the
union of a finite number of Delaunay cells D(7), we may assume, after taking
another subsequence, that the corresponding hyperbolic polyhedral metrics d,,, =
A=Y (p,w(ul™)) are in D(T) for one triangulation 7. We will calculate in the
length coordinate &+ below.

Since u(™ does not converge to any vector in R”, there exists t; = co or —oo.
Let us label vertices v € V' by black and white as follows. The vertex v; is black if
and only if £; = —oco and all other vertices are white.

Lemma 25. (a) There does not exist a triangle 7 € T with exactly two white
vertices.

(b) If Avivavs is a triangle with exactly one white vertex at vq, then the inner
angle of the triangle at v converges to 0 as m — oo in the metrics dyy,.
Proof. To see (a), suppose otherwise, using the ®7 length coordinate, we see the
given assumption is equivalent to following. There exists a hyperbolic triangle

m m m m (m) (m) ..
of lengths lg ),lé ),lé ) such that s(ll( )) = s(a;)e™s TU {05k} = {1,2,3},
where lim,, ugm) > —oo for i = 2,3 and lim,, ugm) = —oo. By applying sinh(¢/2)
to the triangle inequality lém) + lém) > l;m) and using angle sum formula for sinh,
we obtain
s 1+ ™) + 5051+ 5052 > s1™).

Thus

(m) (m) (m) (m) (m) (m) ) )
s(az)e ™7 V1 + s(aa)eB 42087 4 s(ag)ert” V1 4 s(ag)zerd™ 4208

uém) +uém)

> s(aq)e

This is the same as

(m)
s(ag)\/e*%(gm) + S(a3)2€2ugm) + S(ag)\/€72u:(5m) + S(ag)QeQU(lm) > 8(@1)6_“1 .

However, by the assumption, the right-hand-side tends to co and the left-hand-side
is bounded. The contradiction shows that (a) holds.
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To see (b), we use the same notation as in the proof of (a). Let agm) be the inner
angle at v1 of the triangle Avyvsv3 in d,, metric. Our goal is to show lim,, agm) =0.

Since the sequence of hyperbolic polyhedral metrics {d,,} are Delaunay in the
same triangulation 7, by proposition 11, the three numbers s(lgm)), s(lém)), s(lém))
satisfy the triangle inequality. Therefore, for each m, there is a Euclidean triangle
whose sides have lengths s(lgm)), s(lém)), s(lém)). Since s(lfm)) = s(ai)e“-g‘m)Jr“'(cm)
this triangle is similar to the Euclidean triangle A whose sides have lengths s(aq)e
um

)
(m)
—11.1

s(aﬁe’“gm) and s(al)e*“ém . By the assumption that lim,, > —oo and lim,,, ugm) =
—oo and lim,, ugm) = —00, the three edge lengths s(al)e*“Yn) , s(aﬁe’“gm) , s(al)e’“ém)
tend to t € R, oo and oo respectively. Therefore the angle in the Euclidean triangle
A opposite to the edge of length s(al)e_“(lm approaches 0. By the cosine law for

Fuclidean triangle, we obtain

i 0™ 4 5™ — (™)

=1.
m 25(15™)s(15™)

On the other hand, from Lemma 8, we have

ag™ +af™ —af™ ™)+ (™) - (™)

sin - cosh —

2 2 25(15™)s(15™)
Also we have lim,, l;m) = 0 due to lim,, ugm) = —oo and lim,, u:(}m) = —o0.
Hence
(m) (m) _(m)
lim sin Qp Tt M 1.
m 2
It is equivalent to
lim(ad™ + al™ — ™) = 7 > lim(ad™ + o™ + a{™).
Thus
lim agm) <0.
Hence
lim agm) =0.

We now finish the proof of F(R™) = P as follows.
Case 1. All vertices are white. There exists t; = oo. Let Av;v;vi, be a trian-

gle at vertex v;. There exists a hyperbolic triangle of lengths lfm), lg-m), l,(cm) such
that S(lgm)) = S(ai)eu-gmhr“gcm) (similar formulas hold for l;m) and l,im)). Then
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lim,,, l;m) = lim,, l,im) = o0. Let agm) be the inner angle at v;. By the cosine rule,

(m) — cosh lEm) + cosh l§m) coshl,im)

1imcosozim = lim ) )

m m sinh ljm sinh lkm
~ —cosh lfm) + cosh l§-m> coshl,im) ~ cosh l§-m> cosh l,(cm)
= lim ) () i ™
m coshlj coshi; ™ m sinhlj sinh [,

— cosh lgm) + cosh lg-m) coshl,im)
o T m) o (m)
CObhlj coshl,
h (m)
= —lim coshl; +1

™ cosh lj(.m) coshl,im)
. 25(1™)2 + 1
= —lim (m) (m)
™o(2s(077)2 + 1)(28(0,7)2 + 1)
(m)\2
= lim e =) (m)
™o(2s(57)2 + 1)(28(0,7)2 + 1)

2s(ai)262“.§'m)+2“§em)

= —lim (m) (m) 20 (™) 1 9q, (M) +1
™ (2s(a;)2e?% T2 4 1)(2s(ag)2e* TR 1)
2s(a;)?
= —lim 5(ai) +1

) (m)
Uj

™ (25(ay)2e20 " e ) (25(a) 262 + 672

)
=1.

Therefore each inner angle at v; approaches 0. The curvature of d,, at v; ap-
proaches 27. This shows that F(u("™) tends to infinity of P.

Case 2. All vertices are black. Then the length of each edge approaches 0. Each
hyperbolic triangle approaches a Euclidean triangle. The sum of the curvatures at
all vertices approaches 27 (S). This shows that F(u("™) tends to infinity of P.

Case 3. There exist both white and black vertices. Since the surface S is con-
nected, there exists an edge e whose end points v, v; have different colors. Assume
v is white and v; is black. Let vy, ..., vx be the set of all vertices adjacent to v so
that v, v;, v;+1 form vertices of a triangle and let vi41 = v1. Now applying part (a)
of Lemma 25 to triangle Avvivs with v white and v; black, we conclude that v
must be black. Repeating this to Avvsvs with v white and vy black, we conclude
vs is black. Inductively, we conclude that all v;’s, for ¢ = 1,2, ..., k, are black. By
part (b) of Lemma 25 , we conclude that the curvature of d,,, at v tends to 27. This
shows that F(u("™) tends to infinity of P.

Cases 1,2,3 show that F(R™) is closed in P. Therefore F(R™) = P.

4.3. Discrete Yamabe flow. Given K* € (—00,2m)" so that Y ., K*(v) >
27x(S), by the proof above, there exists u* € R™ so that F(u*) = K*. Furthermore,
the function F is the gradient syW of a strictly convex function W (u) defined on
(16) on R™.

The discrete Yamabe flow with surgery is defined to be the gradient flow of the
strictly convex function W*(u) = W(u) — > ,_; Kfu;. This flow is a generaliza-
tion of the discrete Yamabe flow introduced in [16]. Since F(u*) = K*, we see
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vWH*(u*) = 0, i.e., W* has a unique minimal point v* in R™. It follows that the
gradient flow of W* converges to the minimal point u* as time approaches infinity.

In the formal notation, the flow takes the form dud;t(t) = K; — K} and u(0) = 0.
The exponential convergence of the flow can be established using exactly the same

method used for Theorem 1.4 of [16].

5. ALGORITHMIC ASPECT OF DISCRETE CONFORMALITY

We will prove theorem 2 in this section.

Suppose a and o are two hyperbolic (or Euclidean) polyhedral metrics on (S, V')
given in terms of edge lengths in two geodesic triangulations 7 and 77, i.e., | =
&7 (a) and I! = @7/ (a’) are two vectors in R¥(7) and RF(T). We will produce
an algorithm to decide if d and d’ are discrete conformal using the data (7,1) and
(7",0).

There are two steps involved in the algorithm.

In the first step, using proposition 13(c), we may assume that both 7 and T’
are Delaunay in metrics o and o' respectively. (The same also holds for Euclidean
polyhedral metrics. This is a well known fact from computational geometry. See
for instance [3]). Next, consider two decorated hyperbolic metrics (d,w) = Ar(«)
and (d',w') = Ay (a’) with their respective Penner’s A-coordinates y = \I/;—l (d,w)

and y' = \I'},l (d',w"). By theorem 17, we see Theorem 2 follows from,

Proposition 26. Suppose two decorated hyperbolic metrics (d,w) and (d',w’) in
Tp(X) are given in terms of A-lengths in two triangulations. There exists an algo-
rithm to decide if d = d'.

Proof. By the construction y = V7' (d,w) and y' = ¥} (d',w’) are the two -
lengths. Our goal is to use y and y’ to decide if d = d’. There are two cases
according to 7 and T’ are isotopic or not.

In the first case, 7 and 7" are isotopic. Then it is known by the work of Penner
[19] that d = d’ if and only if the associated Thurston’s shear coordinates of y and 3/’
are the same. Here the shear coordinate z of y is defined to be z(e) = % with
€1, ea, e3,e4 being a (fixed) cyclically ordered edges of the quadrilateral associated
to e. Thus one can check algorithmically if d = d’ using y and y'.

In the second case that 7 and 77 are not isotopic, we can algorithmically produce
y" = V' (d,w') from y' and 7'. Indeed, a well known theorem of L. Mosher [18]
says that there exists an algorithm to produce a finite set of triangulations 7; =
T, T3,...., Tk = T so that T;y1 is obtained from 7; by a diagonal switch. Penner’s
Ptolemy identity shows that one can compute algorithmically \I!%il(d' ,w') from

\Ilfril(d’,w’). Thus we can algorithmically compute the new A-length coordinate
y" = U7'(d,w') from y' = VU '(d’,w’). This reduces the problem to the first
case. U

6. APPENDIX
In the appendix we prove Lemma 20. Let s(x) = sinh §.

Lemma 27 (Fenchel [7] page 118). Given a hyperbolic triangle with side lengths
a,b,c, then
(s(a)s(b)s(c))?
(s(a) + 5(b) + s(c))(s(a) + s(b) — s(c))(s(b) + s(c) — s(a))(s(c) + 5(b) — s(a))
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equals

° %sinh2 r if the triangle has a compact circumcircle of radius r,
e oo if the circumcircle is a horocycle,
° —i cosh? D if the circumcircle is of constant distance D to a geodesic.

As a corollary we have,

Lemma 28. Denote by «, 3,7 the angles opposite to the sides with lengths a,b, c.
Then
sinh a

a b c
=2 sh — cosh — cosh —
p— ¢ cos 5 cos 5 cos ok

where ¢ equals
e tanhr if the triangle has a compact circumcircle of radius r,
e 1 if the circumcircle is a horocycle,
e coth D if the circumcircle is of constant distance D to a geodesic.

Proof. Assume that the triangle has a circumscribed circle of radius r. By using
the cosine rule and Lemma 27,

sina = (1 — cos? a)%
(— cosh? a — cosh? b — cosh? ¢ + 1 + 2 cosh a cosh b cosh ¢) 2

sinh bsinh ¢

_ # 2 2 2
" sinhbsinhe {4s(a)"s(b)"s(e)™+

25(a)?s(b)* + 25(b)*s(c)” + 25(c)?s(a)” — s(a)* — s(b)* — s(c)*}

(
2 4s(a)?s()?s(0)+
)

sinh bsinh ¢
(s(a) + s(b) + s(c))(s(a) + s(b) — s(c))(s(b) + s(c) — s(a))(s(c) + s(b) — s(a))}
(a5 (BPs(0) 4

= # : {43(@)25(17)28(6)2 sinh? r

sinh bsinh ¢

N

=

4 coshr

L s(@)sb)s()

sinh bsinh ¢

sinhr’

By taking limit with » — oo, we can prove the lemma for the case that the
triangle has a horocyclic circumcircle.

Similar calculation can be used to prove the lemma for the case that the triangle
has a circumscribed equidistant curve. O

Lemma 29. Let a,b,c,d be the side lengths of a hyperbolic quadrilateral and e, f
the diagonal lengths so that a,b, c,d are cyclically ordered edge lengths and edges of
lengths a,b, e form a triangle.
(i) The vertices of this quadrilateral lie on a curve of constant geodesic curva-
ture.
(ii) Ptolemy’s formula holds:

s(e)s(f) = s(a)s(c) + s(b)s(d).
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and

 _ (a(a)e(e) 4 o ()5(b) + 5(c)s(d)
(1Y = (sla)s(e) +5(0)s(a) T .

Proof. (1)=(ii). It was proved by T. Kubota [14].

(ii)==(i). It was proved by Joseph E. Valentine [21], Theorem 3.4.

(iii)==(ii). The product of the two equations in (iii) produces the equation in (ii).
(1)=(iii).

Case 1. When the vertices lie on a circle, it was proved in [12] (theorem 1, page 4).

S

S

? < b~
H ‘
A\
d
R
FIGURE 1

Case 2. When the vertices lie on a horocycle, for example as in Figure 1, we have

s(e) = s(a) + s(b),

s(f) = s(b) + s(c),

s(d) = s(a) + s(b) + s(c).
Then the equations in (iii) hold.

Case 3. When the vertices lie on a geodesic, without loss of generality, we may
assume

e=a+b,
f=b+e,
d=a-+b+ec.

Direct calculation shows that
s(a)s(c) + s(b)s(d) = s(a)s(c) + s(b)s(a+ b+ c) = s(a + b)s(c + b).
Similarly,
s(a)s(d) + s(b)s(c) = s(a+ b)s(a + ¢),
s(a)s(b) + s(c)s(d) = s(c+ a)s(c+b).
Therefore the right hand side of (17) equals
s(a+b)s(a+c) 9
—_ b .
s(c+a)s(c+b) s(a+ )" = s(e)
Similar argument proves the equation involving s(f).
Case 4. When the vertices lie on an equidistant curve with distance D to its geodesic

axis, project the vertices to the geodesic axis. The corresponding distance between
those projection of vertices are denoted by @, b, ¢, d, €, f.

s(a+b)s(c+b)
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By Case 3, we have

Since
s(z) = s(T) cosh D

for x = a,b,c,d, e, f, we have

6.1. Proof of Lemma 20. First, we verify that
0A 0B
or =P G
The role of z,y, z, w are the same with respect to a. It is enough to verify the case
of variable z.
Now let a, &/, 3, B be the angles formed by the pairs of edges {a, y}, {a, x}, {a, 2}, {a, w}
as Figure 2.

FIGURE 2

In the triangle of lengths ¥, z, A, by the cosine rule,
cosh A = coshy cosh z — sinh y sinh z cos(a + ).
Taking derivative of both sides with respect to x, we have
0A  sinhysinhzsin(a + ) Oa

or sinh A o
In the triangle of lengths x,y, a, by the derivative of cosine rule [17], we have

Ja sinh x

Or  sinhysinhasina’

Therefore,
0A _sinhz sin(a+ ) sinhz
dr  sinha  sinh A sina
In the triangle of lengths y, z, A, Lemma 28 implies that
sinh A A Y z
1 — =2 h — cosh = cosh —.
(18) Sn(a T B) (1 cos 5 cosh 5 cosh o

In the triangle of lengths x,y, a, Lemma 28 implies that
sinh x

_ r y a
(19) = 2(3 cosh 5 cosh 5 cosh 5

sin «
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Therefore,
DA sinhz 2(zcosh 3 cosh § cosh §

dx  sinha 2(; cosh £ cosh ¥ cosh £

B sinh § cosh 5 (2
~ sinh % cosh é{l '
When A = B, by Lemma 29, the vertices of the hyperbolic quadrilateral lie on

a circle, a horocycle or an equidistant curve. Thus (; = (5.

Therefore
0A sinh % cosh % B 0B

—lamp=—F—F—% = —.
ox sinh § cosh g ox

Second, we verify that

oa o
A=B = 54"

In the triangle of lengths y, z, A, ba;the cosine rule,
cosh A = coshy cosh z — sinh y sinh z cos(a + ).
Taking derivative of both sides with respect to a, we have
0A _ sinhy sinh z sin(a + ) (8_a L+ %)
da sinh A da  Oa

In the triangle of length x,y, a, by the derivative of cosine rule [17], we have

toJe! sinh z ,
— == - —— cosa’.
da sinh y sinh a sin «

In the triangle of length w, z, a, by the derivative of cosine rule [17], we have
ap sinh w

/
da * sinh zsinhasin 8 cos .
Therefore
0A  sin(a+ )  sinhzsinhxzcosa’ = sinhysinhw cos 3’
da _sinhAsinha( sin + sin 3 )

By the equations (18) and (19), we have

sin(a + ) _ (> cosh 4 sinh 4
sin o C1cosh £sinh &

By the similar calculation, we have

sin(a + ) _ (3 cosh 5 sinh %
sin 3 (1 cosh & sinh &7

there (3 is the corresponding quantity of the triangle of lengths w, z, a.
Therefore
0A 1 G . G

2 Z x 3 .19 w
B _W(E sinh 3 cosh§ cosa’ + o s1nh§ cosh 3 cos ).

When A = B, by Lemma 29, the vertices of the hyperbolic quadrilateral lie on
a circle, a horocycle or an equidistant curve. Thus (; = (2 = (3.
Therefore
0A 1 z

%|A:B = (Sil’lh B

T LY w ,
_— cosh = cos o’ + sinh < cosh — cos 3').
cosh % sinh % 2 2 2 5)
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On the other hand

0B sinh % cosh §
Oa cosh g sinh § '
OB

To prove g—‘:|A:B = 5o, it remains to show that

(20)

a ’

B
sinh % cosh g cosa’ + sinh % cosh % cos 3’ = sinh 5 cosh %.

In the triangle of length x,y, a, by the cosine rule,

, —coshy + coshzcosha
cosa =

sinh x sinh a

In the triangle of length w, z, a, by the cosine rule,

,  —coshz+ coshwcosha
cos B’ = .

sinh wsinh a

Therefore the equation (20) is equivalent to

(21)

sinhg( hy + cosh ha) + sinh ¥ ( hz + cosh ha)
2sinh 2 coshy + coshz cosha 2ot 2 cosh z + coshwcosha

B
= sinh 0l cosh % sinh a.

Using the notation s(t) = sinh £, we have cosht = 2s(t)? + 1. Therefore the
equation (21) is equivalent to

27

——(25(a)?s(2)? + s(a) + s(2)* — 5(y)*)

(2s(a)*s(w)® + s(a)® + s(w)? — s5(2)*)

— 25(B)s(a)(s(a)? + 1)
= 2(s(x)s(2) + s(y)s(w))(s(a)? + 1),

the second equality is due to Ptolemy’s formula.
After simplify we obtain

This is

(1]

s(a)® = (s(2)s(2) + s(y)s(w))
exactly the result of Lemma 29.
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