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Abstract
Neural networks efficiently learn isotropic data distributions with low-dimensional target structure
where fixed kernel limits fail. We trace this advantage to input feature selection (IFS): networks de-
velop strong weight anisotropy along task-relevant coordinates. While standard Mean-Field (MF)
theory captures the onset of feature learning, it tracks only first moments and thus misses IFS
and underestimates post-transition generalisation. We introduce MF-ARD, augmenting MF with
a single additional set of order parameters for coordinate-wise precisions. MF-ARD successfully
captures the sharp generalisation transitions of finite-width networks.

1. Introduction

While finite-width networks can discover low-dimensional targets in isotropic data via feature learn-
ing (FL) [7, 11, 12], fixed kernels [14, 17] suffer from the curse of dimensionality. Statistical
physics and Mean-Field (MF) theory provide a rigorous framework for modeling this FL regime
[3, 5, 9, 10, 13, 16, 19–22]. However, as outlined above, standard MF structurally misses input
feature selection (IFS) because it lacks the second-moment tracking required to model coordinate-
dependent regularisation. We resolve this by proposing MF-ARD, which integrates automatic rel-
evance determination [18, 27] into the MF framework. By elevating coordinate-wise precisions to
self-consistent order parameters, MF-ARD explicitly models the strong weight anisotropy observed
in SGLD-trained networks. This minimal extension is sufficient to quantitatively predict the sharp
generalisation transitions that standard MF underestimates. Extended related work is deferred to
Section A.

2. Background: Mean field theory

2.1. SGLD setup

For analytic tractability, we use SGLD, the limit of full-batch GD with weight decay and injected
Gaussian noise.([26, 29], see Section C.1 for details). Given an NN described by fθ(xµ), a dataset
D = {(xµ,yµ)}Pµ=1, drawn from an input distribution q(x,y), the SGLD update equation is

∆θi,t = − η

λi θi,t +∇θi

 1

P

P∑
µ=1

(
fθ(xµ)− yµ

)2+
√
2T η ξi,t, ξi,t ∼ N (0, 1), (1)

with full-batch gradients on parameters θi, injected Gaussian noise ξ, learning rate η, weight de-
cay λi, and noise strength set by T = 2κ2. Additionally, we focus on two-layer fully-connected
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Figure 1: a) Test MSE vs. training-set size P . MF-ARD successfully captures the sharp gener-
alization transition of SGLD, which standard MF theory underestimates and the NNGP
limit misses entirely. Points 1 and 2 mark pre- and post-transition states. b) Stationary
distributions of the squared weights, p(w2

j ). At 2 , SGLD exhibits strong Input Fea-
ture Selection (IFS): the k relevant coordinates (red) develop large variances, while the
d − k irrelevant ones (blue) remain suppressed. Standard MF theory tracks only coor-
dinate means, yielding weak IFS. By introducing a fixed-point equation for coordinate
variances, MF-ARD accurately reproduces the strong variance separation in p(w2

j ) ob-
served in SGLD, explaining the post-transition performance gains.

networks with input dimension d, hidden width N , input weights wi ∈ Rd, output weights ai, out-
put dimension 1, and nonlinearity ϕ: fθ(x) = 1

Nγ

∑N
i=1 ai ϕ(w

⊤
i x), wij ∼ N

(
0, σ

2
w
d

)
, ai ∼

N (0, σ2
a). The initial parameters are set with Gaussians. The scale factor N−γ on the output layer

enables interpolation between γ = 1/2 (NTK scaling) and γ = 1 (mean field scaling). Using the
explicit form of fθ to rewrite the stationary distribution yields (see Section C.2):

SGLD-posterior

−pGD({wi}Ni=1,a|D)=
1

2σ2
a

N∑
i=1

a2i+
d

2σ2
w

N∑
i=1

∥wi∥2+
1

2κ2N2γ

N∑
i=1

a2iΣ(wi)

+
1

2κ2N2γ

∑
i̸=i′

aiai′G(wi,wi′)−
1

κ2Nγ

N∑
i=1

aiJY(wi)+const.,

(2)

The posterior is shaped by three competing forces: the self-energy Σ(w) = 1
P

∑
µ ϕ(w

⊤xµ)
2

regularises neuron magnitude; the data coupling JY(w) = 1
P

∑
µ[ϕ(w

⊤xµ)y(xµ)] rewards target
alignment and breaks symmetry; and the interaction kernel G(wi,wi′) =

1
P

∑
µ ϕ(w

⊤
i xµ)ϕ(w

⊤
i′ xµ)

mediates neuron cooperation.

2.2. MF Theory: Removing off-diagonal couplings

To make the posterior in Equation (2) tractable, we use self-consistent MF theory (related to the
MF theory in [22, 23]), which replaces the correlated posterior p(W |D) with a factorised approx-
imation p(W |D) ≈

∏N
i=1 pMF(wi) where each neuron is independent. Each neuron interacts

not with all others but with their average behavior, the mean field ⟨f⟩:
∑

i′ ̸=i ai′ G(wi,wi′)
MF
≈

1
P

∑
µ ϕ(w

⊤xµ)N
γ⟨f(x)⟩. We require ⟨f(x)⟩ = N1−γ · E(w,a)∼p(w,a)

[
aϕ
(
w⊤x

)]
for self-

2
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consistency. Expanding ⟨f(x)⟩ =
∑

AmAχA(x) in an orthonormal basis {χA} with feature coef-
ficients mA = Ex

[
⟨f(x)⟩χA(x)

]
yields:

MF theory (fixed point equations)

−ln pMF =
a2

2σ2
a

+
d

2σ2
w

d∑
j=1

w2
j+

a2

2κ2N2γ
Σ(w)− a

κ2Nγ

(
JY(w)−

∑
A

mAJA(w)

)
mA=N1−γ⟨aJA(w)⟩pMF

∀ A,
(3)

where pMF→p(w,a|{mA},D), w∈Rd, a∈R and JA(w)=Ex[ϕ(w
⊤x)χA(x)].

MF replaces the intractable N × d weight matrix problem with a self-consistent problem for a
single d-dimensional vector. These equations are solved by iteration, computing Σ(w), JA(w), JY(w)
directly from the finite training dataset of size P (Section G).

3. Theory I: Input Feature Selection as Implicit Regularisation

We focus on k-sparse parity, y(x) = χS(x) with S = {1, . . . , k}, as the canonical isotropic test
case (Section A). Prior work [1, 2, 4, 24] established that weight-matrix anisotropy is central for
generalisation; we give a simplified analytical derivation showing how it arises during SGLD train-
ing and shapes the stationary distribution. Let wj(t) ∈ RN denote the j-th row of W (t) ∈ Rd×N

and write w2
j (t) := ∥wj(t)∥22. Applying Itô’s lemma to (1) yields the exact evolution

d
dt⟨w

2
j ⟩ = −2η

(
λ⟨w2

j ⟩+ ⟨ρ̂j w2
j ⟩
)
+ 2TηN. (4)

ρ̂j(t) :=
⟨wj ,∇wj ℓ⟩

w2
j

acts as a coordinate-wise effective decay: when ρ̂j < 0, the descent direction

aligns with wj , partially cancelling λ. On sparse tasks, ρ̂j(t) separates sharply (Figure 3d): for
j ∈ Sc the gradient carries no consistent component along wj , so ρ̂j ≈ 0 and the row experiences
full decay; for j ∈ S the loss induces systematic alignment (ρ̂j < 0) prior to the test-error drop,
providing an anti-decay contribution that lets w2

j persist or grow. Setting d
dt⟨w

2
j ⟩ = 0 in (4) gives

the exact balance λ ⟨w2
j ⟩∞+⟨ρ̂j w2

j ⟩∞ = TN, so a separation in ⟨ρ̂j⟩∞ between S and Sc produces
an anisotropic stationary distribution (Figure 3b, Figure 1a).

Definition 1 (Input feature selection) A network undergoes IFS if, as epochs → ∞, the weight-

anisotropy ratio satisfies: R∞
W =

√
d−k ⟨w2

j∈S⟩∞√
k ⟨w2

j∈Sc ⟩∞
≫ 1.

Section D.1 confirms empirically that low test error tightly correlates with weight concentration in
the relevant subspace (Figure 6).

4. Theory II: MF model of IFS

4.1. FL in the simple MF model

MF theory interprets FL as self-consistent symmetry breaking in pMF. Below (Pc, κc), the only
stable FP of Equation (3) is mA = 0 ∀A and pMF collapses to the Gaussian prior, regularised toward
an isotropic high-entropy state by the prior and self-energy Σ(w). Above (Pc, κc), the neuron-data
coupling JY acts as an external field that rewards alignment of ϕ(w⊤x) with y(x), destabilising

3
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mA = 0 (see Theorem 11 for the explicit κc). For y(x) = χS(x) the order parameter is mS , and the
FP equations (3) reduce to (Section F.5) mS = N1−2γ

κ2 (1−mS)
〈

JS(w)2

σ−2
a +Σ(w)/(κ2N2γ)

〉
w∼p(w|mS)

.

The transition occurs when ω0 > 1 (Figure 4): SGLD and MF stay at mS = 0 until Pc then jump
abruptly, while NNGP rises only smoothly.

4.2. Problem: simple MF underestimates IFS

Figure 1a reveals the gap: post-transition, SGLD generalises far faster than MF. Standard MF pa-
rameterises pMF(w) through first-moment order parameters {mA} only, so the prior term d

2σ2
w

∑
j w

2
j

assigns equal precision to every j regardless of how ⟨w2
j ⟩pMF varies between S and Sc. Tracking

{mA} predicts the onset of the transition (Figure 4) but not the post-transition gain, which Section 3
traces to symmetry breaking in the second moments ⟨w2

j ⟩. We formalise this obstruction:

Theorem 2 Let y(x) = χS(x) and {wj}dj=1 a solution of (3) with wS = {wj}j∈S , wSc =

{wj}j∈Sc . The plain-MF FP cannot develop strong weight anisotropy: RMF
w =

√
d− k ∥wS∥2/

(
√
k ∥wSc∥2) = 1 +O(1/d). See Section F.6 for the proof.

4.3. A minimal MF model of IFS: tracking coordinate variances

We extend MF to track the row-wise variances w2
j as explicit order parameters. The goal is to match

the SGLD stationary law (3): assuming the gradient-weight alignment behaves as a radial fixed

force ⟨ρ̂j w2
j ⟩∞ ≈ ρrj⟨w2

j ⟩∞ and using the MF independence assumption ⟨w2
j ⟩∞

MF
≈ N⟨w2

j ⟩MF, (3)
reduces to

λ ⟨w2
j ⟩MF + ρrj ⟨w2

j ⟩MF = T, (5)

i.e. the likelihood gradient acts as an effective potential
ρrj
2 ∥wj∥22 in coordinate j (linear response;

see Figure 3c for empirical evidence). We therefore enlarge the state space minimally: {(wj ,mA)}dj=1 →
{(wj ,mA), (w

2
j , ρj)}dj=1.

4.4. Automatic Relevance Determination MF theory

We endow pMF(w) with a coordinate-wise precision ρj via the conditional Gaussian p(wj | ρj) =
N (0, ρ−1

j ), automatic relevance determination (ARD) in Bayesian NNs [18, 27], with a conjugate
Gamma prior on ρj .

Theorem 3 Assume p(wj | ρj) = N (0, ρ−1
j I) and p(ρj) = Γ(α0, β0). Enforcing ρj → d/σ2

w

when the data signal vanishes fixes β0 = α0σ
2
w/d, giving the self-consistent FP ρj =

(
α0 +

N
2

)/(
α0
d + N

2 ⟨w
2
j ⟩pARD

)
. See Section C.7 for the proof.

MF-ARD theory (fixed point equations)

−ln pARD=
a2

2σ2
a

+
1

2

d∑
j=1

ρjw
2
j+

a2

2κ2N2γ
Σ(w)− a

κ2Nγ

(
JY(w)−

∑
A

mAJA(w)

)
(6)

mA = N1−γ⟨aJA(w)⟩pARD
∀ A ρj =

α0+
N
2

α0
d +N

2 ⟨w
2
j ⟩pARD

(7)

where pARD → pARD (w, a|{mA, ρi},D) and w ∈ Rd, ρ ∈ Rd, a ∈ R.
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The map ⟨w2
j ⟩ 7→ ρj 7→ pARD realises the IFS feedback: relevant coordinates acquire larger

⟨w2
j ⟩, which lowers ρj via (7) and further reduces shrinkage; irrelevant coordinates do the op-

posite. Neurons remain independent, but the enlarged order-parameter set now captures SGLD’s
coordinate-dependent variance structure.

4.5. Connection of MF-ARD to IFS in SGLD

At stationarity, MF-ARD matches the SGLD distribution in both first moments (inherited from MF)
and second moments up to O(α0/N):

Theorem 4 Under the linear-response assumption ⟨ρ̂j w2
j ⟩∞ ≈ ρrj⟨w2

j ⟩∞, defining ρeff,j := (λ+

ρrj)/T , and assuming α0 ≪ N : SGLD: ρeff,j = N
⟨w2

j ⟩∞
, MF-ARD: ρj = 1

⟨w2
j ⟩pMF−ARD

(
1 +

O(α0/N)
)
. See Section F.7 for the proof.

We thus identify ρj with the total effective SGLD precision (the factor N is absorbed by (5), and
α0 ≪ N throughout our experiments). Relevant features acquire strong negative alignment and
large weights; irrelevant ones retain high precision, yielding an anisotropic stationary distribution
from isotropic inputs, captured explicitly by MF-ARD’s static FP.

5. Results

Figure 2: Generalisation phase diagram (Test MSE) vs. dataset size P and noise κ for k-sparse
parity target y(x) = χS(x) with S = {0, 1, 2, 3} in d = 35. a) SGLD, b) MF, c)
MF-ARD: All panels show a transition from high to low test error as P increases or
κ decreases. However, the plain MF theory strongly underestimates the sharpness of
the transition while the MF-ARD theory largely reproduces the shape/location of this
boundary. Training details are in Section H.

Figure 2 shows test-MSE heatmaps over (P, κ) for SGLD, plain MF, and MF–ARD on k-sparse
parity. Plain MF detects when learning starts but yields a diffuse, shifted boundary; MF–ARD,
with the single added set {ρj}, tracks both the location and sharpness of the SGLD boundary and
reproduces the “helpful noise” kink near κ = 0.05. The same picture holds for a single-index
Hermite target [7] (Figure 8, Appendix).

Limitations. MF–ARD’s diagonal precision restricts feature selection to axis-aligned subspaces;
rotated targets would require a low-rank covariance extension. The analysis uses the SGLD station-
ary distribution and is currently limited to two-layer networks; minibatch SGD and deeper architec-
tures are left to future work.
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LLM Usage

LLMs were used to aid in checking and writing proofs, and also for reviewing the main text and to
write code.

Appendix A. Related work: Data-dependent feature learning and mean-field
theories

We focus on k-sparse parity and sparse multi-index models because these isotropic tasks provide
the sharpest stress test for feature learning (FL): the input distribution carries no anisotropy that
would help a fixed kernel, so NTK/NNGP methods pay a sample-complexity exponent in d while
finite-width networks do not [6, 11, 12, 15]. A rich line of gradient-based analyses proves that net-
works do recover the relevant subspace on such tasks [2, 4, 6, 11], but these results establish that
learning happens rather than predicting generalisation error across the full (P, κ) plane. Our goal
is a tractable theory whose fixed points predict the complete phase diagram (Figure 2), including
the location and sharpness of the Pc transition. Several mean-field-style frameworks go beyond
the kernel regime (Table A): classical MF and its Langevin extensions [19, 25]; DMFT-style the-
ories tracking O(P 2T 2) kernel order parameters [8, 9, 16]; DMFT in the proportional limit for
single-index models (k = 1, with k ≥ 2 deferred) [20]; and Bayesian/replica approaches [21, 28].
Despite their power, none has demonstrated a sample-complexity transition Pc on high-dimensional
isotropic tasks (Table A). Two barriers explain this. First, DMFT tracks O(P 2T 2) order parameters
requiring Monte Carlo solvers [8, 16], which becomes prohibitive at the dataset sizes (P ∼ 103–
104) needed to resolve the transition on sparse parity. Second, each existing closure is organised
around the observable natural to its limit—sample–time kernels, latent-subspace projections, or
replica Q-matrices—not around the input-coordinate row energies {∥Wj,:∥22}dj=1 that govern fea-
ture selection on isotropic inputs. MF–ARD addresses both gaps: it augments standard MF with
only d coordinate-wise precisions {ρj}, the minimal closure that exposes IFS while remaining valid
for any P,N . We use ARD [18, 27] as the mechanism that turns coordinate-wise second moments
into self-consistent order parameters, not as a pruning heuristic.

Theory # OP Regime Data tested Pc on isotropic
Rubin et al. [23] O(1) Bayesian, N→∞ cubic, mod. add. No
Bordelon and Pehlevan [8] O(P 2T 2) T, P =ON (1) small CIFAR, Gaussian No
Lauditi et al. [16] O(P 2T 2) N→∞, µP CIFAR subsets, Gaussian No
Montanari and Urbani [20] O(T 2) n/d→α, m→∞ k=1 single-index Gaussian k≥2 deferred
Pacelli et al. [21] O(1) Bayesian, P/N→α MNIST, CIFAR (proportional) No
van Meegen and Sompolinsky [28] O(P ) Bayesian, N→∞ MNIST, CIFAR No
MF-ARD (ours) O(d) any P,N high-d isotropic (k-parity, k-index) Yes (Fig. 6)

Table 1: Mean-field-style theories of feature learning. “# OP” = order-parameter count; “Pc on
isotropic” = whether a sample-complexity transition on a high-d isotropic task has been
demonstrated.

9
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Figure 3: A 1-hidden layer ReLU network (N = 512) is trained on k = 4 sparse parity in d =
35. a) Test error versus epochs. b) The weight anisotropy ratio RW increases sharply
coincident with the drop in test error. c) Validation of the stationary energy balance (3),
comparing measured w2

j with the theoretical stationary prediction by plotting the mean
correlation of w2

j with TN
λ+ρ̂j

. d) Evolution of ρ̂j : support features (j ∈ S) become
strongly negative prior to the test error drop, while non-support features (j ∈ Sc) remain
near zero (colors indicate coordinate indices).

Figure 4: Feature coefficient mS vs. P for a k-sparse parity target y(x) = χS(x) = Πj∈Sxj with
index S = {0, 1, 2, 3} in d = 35 with a ReLU network (N = 512, see Section C.3;
Section H for more details). SGLD, MF and MF-ARD exhibit a phase transition at Pc,
NNGP grows smoothly, no phase-transition or FL.

Appendix B. Main text figures

Appendix C. Additional Background

C.1. Equivalence of Langevin Dynamics and Bayesian Inference

In this section, we provide a detailed derivation for the equivalence between the stationary distribu-
tion of a network trained with Stochastic Gradient Langevin Dynamics (SGLD) and the posterior
distribution of a corresponding Bayesian model.

Network and Priors We analyze a two-layer neural network with the functional form:

f(x) =
1

Nγ

N∑
i=1

aiϕ(w
⊤
i x). (8)

The parameters are drawn from independent Gaussian priors, which corresponds to choosing a
specific prior in a Bayesian model. The initializations are given by:

10
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• Weights: wij ∼ N (0, g2w) with g2w = σw
d . This implies a prior probability p(wi) ∝ exp(− 1

2g2w
∥wi∥2).

• Amplitudes: ai ∼ N (0, g2a) with g2a = σ2
a. This implies a prior probability p(ai) ∝

exp(− 1
2g2a
∥ai∥2).

Let θi = (wi, ai) denote the parameters for the i-th neuron.

Stochastic Gradient Langevin Dynamics We consider a full-batch Gradient Descent (GD) up-
date for a parameter set θi, which includes a weight decay term with coefficient γ and injected
isotropic Gaussian noise ξt ∼ N (0, I). This algorithm is known as Stochastic Gradient Langevin
Dynamics (SGLD):

∆θi,t := θi,t+1 − θi,t (9)

= −η
(
γ θi,t +∇θiℓ(fθ)

)
+
√

2Tη ξt . (10)

Here, η is the learning rate, T is a scalar temperature that controls the noise magnitude, and ℓ(fθ) =
1
P

∑P
µ=1(yµ − f(xµ))

2 is the mean squared error loss over the dataset of size P .
In the continuous-time limit (η → 0), this discrete update equation corresponds to a Langevin

stochastic differential equation. The stationary distribution of this process, reached as t → ∞, is
given by the Gibbs-Boltzmann distribution:

p(θi) ∝ exp
(
− 1

T

(γ
2
∥θi∥2 + ℓ(fθ)

))
(11)

We can separate the weight decay terms γ into two separate parameters for weights and amplitudes,
γw and γa, respectively. The stationary distribution for the parameters of a single neuron (wi, ai) is
then:

p(wi, ai) ∝ exp

− 1

T

γw
2
∥wi∥2 +

γa
2
∥ai∥2 +

1

P

P∑
µ=1

(yµ − f(xµ))
2

 . (12)

Bayesian Posterior Distribution From a Bayesian perspective, we aim to find the posterior dis-
tribution of the parameters given the data D = {(xµ, yµ)}Pµ=1. The posterior is given by Bayes’
theorem: p(θ|D) ∝ p(D|θ)p(θ).

• The prior p(θ) is defined by our choice of initialization: p(θ) =
∏

i p(wi)p(ai) ∝ exp
(
−
∑

i

(
1

2g2w
∥wi∥2 + 1

2g2a
∥ai∥2

))
.

• The likelihood p(D|θ) is chosen to be a Gaussian distribution with variance κ2, corresponding
to the mean squared error loss: p(D|θ) ∝ exp

(
− 1

2κ2P

∑P
µ=1(yµ − f(xµ))

2
)

.

Combining these, the log-posterior is proportional to the negative of an energy function E(θ,D).
The posterior distribution for a single neuron’s parameters is:

p(wi, ai|D) ∝ exp

−
 1

2g2w
∥wi∥2 +

1

2g2a
∥ai∥2 +

1

2κ2P

P∑
µ=1

(yµ − f(xµ))
2

 . (13)

11
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Identifying the Distributions To establish the equivalence, we equate the functional forms of the
SGLD stationary distribution and the Bayesian posterior. By comparing the exponents term-by-
term, we find the following correspondences:

• Weights: γw
2T ∥wi∥2 = 1

2g2w
∥wi∥2 =⇒ γw

T = 1
g2w

• Amplitudes: γa
2T ∥ai∥

2 = 1
2g2a
∥ai∥2 =⇒ γa

T = 1
g2a

• Loss Term: 1
TP

∑
µ ℓµ = 1

2κ2P

∑
µ ℓµ =⇒ T = 2κ2

This implies that the SGLD algorithm with temperature T effectively samples from a Bayesian
posterior with data noise variance κ2 = T/2, and with prior variances g2w = T/γw and g2a = T/γa.

Final Update Equations By substituting these relations back into the SGLD update rules, we
obtain the dynamics for sampling from the desired posterior:

∆at,i = −η

(
T

g2a
at,i +∇ai

(
1

P

∑
µ

ℓµ

))
+
√
2Tη ξt,a (14)

∆wt,i = −η

(
T

g2w
wt,i +∇wi

(
1

P

∑
µ

ℓµ

))
+
√

2Tη ξt,w. (15)

For training, this means we must set the temperature to T = 2κ2.

C.2. Derivation of (2)

We start from the negative log posterior and the two–layer model in Eq. (2.1):

− ln pGD(θ | D) =
∑
l

1

2σ2
l

∑
j

∥θl,j∥2︸ ︷︷ ︸
− ln pprior

+
1

2κ2P

P∑
µ=1

(
fθ(xµ)− yµ

)2
︸ ︷︷ ︸

− ln pL

.

For our two–layer network, fθ(x) = 1
Nγ

∑N
i=1 ai ϕ(w

⊤
i x). Define the shorthand ϕiµ := ϕ(w⊤

i xµ).
Then the data term expands as

− ln pL =
1

2κ2P

P∑
µ=1

(
1

Nγ

N∑
i=1

aiϕiµ − yµ

)2

=
1

2κ2P

P∑
µ=1

 1

N2γ

N∑
i=1

N∑
j=1

aiaj ϕiµϕjµ −
2

Nγ

N∑
i=1

ai ϕiµyµ + y2µ

 . (16)

Introduce the dataset–averaged quantities

Σ(w) :=
1

P

P∑
µ=1

ϕ(w⊤xµ)
2, G(w,w′) :=

1

P

P∑
µ=1

ϕ(w⊤xµ)ϕ(w
′⊤xµ),

JY(w) :=
1

P

P∑
µ=1

ϕ(w⊤xµ) yµ. (17)

12
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Using
∑

i,j =
∑

i=j +
∑

i̸=j in (16), we obtain

− ln pL =
1

2κ2N2γ


N∑
i=1

a2i
1

P

∑
µ

ϕ2
iµ︸ ︷︷ ︸

Σ(wi)

+
∑
i̸=j

aiaj
1

P

∑
µ

ϕiµϕjµ︸ ︷︷ ︸
G(wi,wj)


− 1

κ2Nγ

N∑
i=1

ai
1

P

∑
µ

ϕiµyµ︸ ︷︷ ︸
JY (wi)

+
1

2κ2P

P∑
µ=1

y2µ︸ ︷︷ ︸
const.

. (18)

The prior part for our parameterization wij ∼ N (0, σ2
w/d) and ai ∼ N (0, σ2

a) is

− ln pprior =
1

2σ2
a

N∑
i=1

a2i +
d

2σ2
w

N∑
i=1

∥wi∥2. (19)

Combining (18) and (19), and discarding the θ-independent constant, yields Eq. (2):

− ln pGD(W ,a | D) = 1

2σ2
a

N∑
i=1

a2i +
d

2σ2
w

N∑
i=1

∥wi∥2 +
1

2κ2N2γ

N∑
i=1

a2i Σ(wi)

+
1

2κ2N2γ

∑
i̸=j

aiaj G(wi,wj)−
1

κ2Nγ

N∑
i=1

ai JY(wi) + const.

This derivation holds for any nonlinearity ϕ.

C.3. k-sparse parity target function

A k-sparse parity target function teacher is a single Walsh basis function on the Boolean hypercube.
Let S ⊆ [d] with |S| = k. The Walsh function indexed by S is

χS(x) =
∏
j∈S

xj , x ∈ {±1}d,

(and, if x ∈ [−1, 1]d, one may use χS(x) =
∏

j∈S sign(xj)). The family {χS}S⊆[d] forms an
orthonormal basis under the uniform product measure, i.e. E[χS(x)χT (x)] = 1{S = T}. In our
experiments the teacher is y(x) = χS(x), when |S| = k this is exactly the k-parity problem.

C.4. Relation to kernel eigenvalue outliers

The transition from mS = 0 to mS > 0 manifests as an outlier eigenvalue in the learned kernel.
Recall that mS = N1−γ⟨aJS(w)⟩ measures the mean alignment between neurons and the target
mode, where JS(w) = E[ϕ(w⊤x)χS(x)] quantifies how well a single neuron with weights w
correlates with χS . When mS becomes non-zero, it indicates that neurons have collectively aligned

13
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their weights to capture the target structure. Their JS(wi) values have grown large. This alignment
directly impacts the empirical kernel through

R̂
(a)
S =

χ⊤
SKχS

tr(K)
=

∑N
i=1 a

2
i JS(wi)

2∑N
i=1 a

2
i Σ(wi)

, (20)

where Kµν = 1
N

∑N
i=1 ϕ(w

⊤
i xµ)ϕ(w

⊤
i xν) is the learned kernel. The numerator

∑
i a

2
i JS(wi)

2

grows quadratically with the alignment strengths JS(wi), while the denominator (trace) remains
roughly constant. In the kernel regime (mS = 0), neurons remain randomly oriented so JS(wi) ∼
O(N−1/2) and the ratio stays O(1/P ). However, when FL occurs (mS > 0), the enhanced JS(wi)
values cause χ⊤

SKχS to grow substantially, making χS an outlying eigendirection of K. This
anisotropic deformation, from the isotropic NNGP to a low-rank, plus isotropic structure, provides
a direct spectral signature of the FL phase transition.

C.5. The NNGP limit

The MF model can be simplified even further in the infinite-width limit with γ = 1/2 (NTK-
scaling). For this scaling the limit is well-behaved, the self-energy term in Equation (3) vanishes as
well as any mA-dependent tilt, resulting in p(w) collapsing to its prior (see Section F.1 for a proof ).

NNGP limit (fixed point equations)

−ln p∞=
d

2σ2
w

∥w∥2

m∞
A =

σ2
a

κ2
(
⟨JY(w)JA(w)⟩p∞

−
∑
B

m∞
B ⟨JB(w)JA(w)⟩p∞

) (21)

where p∞ → p∞ (w), w ∈ Rd.

Kernel picture We can define the kernel: KAB := Ew∼p∞

[
JA(w)JB(w)

]
reducing the equations

above to kernel ridge regression:

m∞ = K (K + τ1)−1y, where

τ = κ2/σ2
a, yA = Ex[y(x)χA(x)].

(22)

This NNGP limit represents the most restrictive limit in our approximation hierarchy. While
MF theory eliminates inter-neuron interactions (wij ↔ wi′j), the NNGP limit additionally removes
intra-neuron coordinate coupling (wij ↔ wij′).

No FL mechanism In the infinite-width limit, there is no FL in the sense above. With no data-
dependent term (JY ) to break symmetry, all neurons remain frozen at their prior. The feature co-
efficients m∞

A are now determined purely by the fixed kernel KAB = Ew∼p∞ [JA(w)JB(w)] (see
Section C.6 how this connects to the usual kernel formulation of the NNGP limit).

14
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C.6. Connection to the standard NNGP formulation

The kernel representation in the function basis {χA} can be transformed to recover the standard
NNGP formulation in input space. We start with the function-basis kernel

KAB = Ew∼p∞ [JA(w)JB(w)], (23)

where JA(w) = Ex[ϕ(w
⊤x)χA(x)] projects the neuron’s output onto basis function χA. Expand-

ing this definition:

KAB = Ew

[
Ex[ϕ(w

⊤x)χA(x)] · Ex′ [ϕ(w⊤x′)χB(x
′)]
]

(24)

= EwEx,x′

[
ϕ(w⊤x)ϕ(w⊤x′)χA(x)χB(x

′)
]

(25)

= Ex,x′

χA(x)χB(x
′) · σ2

aEw[ϕ(w
⊤x)ϕ(w⊤x′)]︸ ︷︷ ︸

=:K(x,x′)

 , (26)

where K(x,x′) is the standard NNGP kernel in input space. The fixed-point equation mA =
σ2
a

κ2 (ΞA −
∑

B KABmB) with ΞA =
∑

S ySKAS becomes

m = K(K + τI)−1y, τ = κ2/σ2
a. (27)

To see this explicitly, consider data points {xµ}Pµ=1 with labels yµ. The predictor in the function
basis is f(x) =

∑
AmAχA(x), while in the input basis it becomes f(xµ) =

∑P
ν=1 ανK(xµ,xν)

where α = (K + τI)−1y. The equivalence follows from the change of basis: if χA(x) = δx,xA

(point evaluation basis), then KAB = K(xA,xB) directly recovers the Gram matrix. For general
orthogonal bases, the kernel ridge regression solution remains invariant under this transformation.

C.7. Derivation of the ARD precision fixed point

Recall the ARD prior on per-coordinate precisions ρ = (ρ1, . . . , ρd) and weights:

p(w | ρ) =
d∏

j=1

N
(
wj | 0, ρ−1

j

)
, p(ρ) =

d∏
j=1

Γ(ρj | α0, β0), (28)

and the single-neuron MF–ARD action (Equation (6) in the main text)

− ln pARD(w, a | {mA},ρ,D) =
a2

2σ2
a

+
1

2

d∑
j=1

ρj w
2
j +

a2

2κ2N2γ
Σ(w)− a

κ2Nγ

(
JY(w)−

∑
A

mAJA(w)

)
.

(29)

For a width-N two-layer network, the joint action is the sum over neurons i = 1, . . . , N of Equa-
tion (29), and the (negative) log-evidence (free energy) for fixed {mA} is

F(ρ; {mA}) = − lnZ(ρ; {mA})− ln p(ρ) with Z(ρ; {mA}) =
∫ N∏

i=1

dwi dai e
−

∑N
i=1SARD(wi,ai).

(30)
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Stationarity of the negative log-evidence w.r.t. ρj gives the ARD FP:

0 =
∂F
∂ρj

=
〈 ∂

∂ρj

N∑
i=1

SARD(wi, ai)
〉
pARD︸ ︷︷ ︸

energy term

− N

2

1

ρj︸ ︷︷ ︸
Gaussian normalizer

− ∂ ln p(ρ)

∂ρj︸ ︷︷ ︸
prior term

=
1

2

N∑
i=1

〈
w2
ij

〉
pARD

− N

2

1

ρj
− α0 − 1

ρj
+ β0,

(31)

where we used ∂SARD/∂ρj =
1
2

∑
iw

2
ij and ∂ ln Γ(ρj | α0, β0)/∂ρj = (α0 − 1)/ρj − β0. By MF

symmetry, all neurons are i.i.d. under pARD, so
∑N

i=1⟨w2
ij⟩pARD = N ⟨w2

j ⟩pARD , and Equation (31)
yields the closed-form FP update

ρ⋆j =
α0 − 1 + N

2

β0 +
N
2 ⟨w

2
j ⟩pARD

MAP corr.
≈

α0 +
N
2

β0 +
N
2 ⟨w

2
j ⟩pARD

, (32)

where the MAP conjugacy correction (absorbing the −1 in α0) gives the form used in the main text
(Equation (7)). With the scale-matching choice β0 = α0/d, Equation (32) becomes

ρ⋆j =
α0 +

N
2

α0
d + N

2 ⟨w
2
j ⟩pARD

. (33)

C.8. NNGP limit of the MF-ARD model
NNGP-limit of MF-ARD

SFL∞ (w|ρ)=1

2

d∑
j=1

ρjw
2
j , p∞,ρ(w)=

1

Z
exp
(
−SFL∞ (w|ρ)

)
, (34)

m∞
A (ρ)=

σ2
a

κ2

〈(
JY(w)−

∑
B

m∞
B (ρ)JB(w)

)
JA(w)

〉
p∞,ρ

, ∀A. (35)

0=
1

2
tr
[
(A−(Ay)(Ay)⊤)∂ρjKρ

]
+β0−

α0−1
ρj

, A=(Kρ+τI)−1 (36)

Kernel picture We can define the kernel : Kρ,AB = Ew∼p∞,ρ [JA(w)JB(w)] reducing the solution
above to KRR

m∞(ρ) = Kρ(Kρ + τI)−1y, τ = κ2/σ2
a (37)

Usual (kernel) form Let Cρ = diag(ρ)−1 and Kρ(x,x
′) = σ2

a Ew∼N (0,Cρ)[ϕ(w
⊤x)ϕ(w⊤x′)].

Then

m∞(ρ) = Kρ(Kρ + τI)−1y, KρχA = λA(ρ)χA ⇒ m∞
A (ρ) =

λA(ρ)

λA(ρ) + τ
yA. (38)

This shows that ρ rescales coordinates before the nonlinearity, so Kρ = Ez[JA(C
1/2
ρ z) JB(C

1/2
ρ z)]

is a nonlinear deformation of the isotropic kernel. Any nontrivial change in ρ therefore produces
an O(1) change in the Gaussian measure over w, hence an O(1) change in K (it does not vanish
with width). ARD improves spectral alignment by increasing λA(ρ) along task-aligned directions.
When λA(ρ) crosses the scale τ , m∞

A exhibits a jump, yielding the leading-order FL effect at infinite
width.
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C.9. Universality of IFS

Our IFS mechanism is largely agnostic to the specific choice of nonlinearity, provided the nonlin-
earity allows for feature learning. As shown in Figure 5 networks trained with Sigmoid activations
exhibit the same coordinate-wise heavy-tailed distributions on relevant input dimensions as ReLU
networks. While the population-level organization (sparse vs. redundant neurons) may differ as
predicted by [28], the fundamental mechanism of discovering the relevant input subspace via IFS
remains the same.

Figure 5: Similar to the ReLU results in the main text, SGLD training with Sigmoid activations
leads to strong coordinate-wise symmetry breaking (high variance on relevant features
j ∈ S). This demonstrates that IFS is a fundamental mechanism for subspace discovery,
distinct from the neuron-level coding schemes discussed in [28].

Appendix D. Additional figures

D.1. Empirical evidence for IFS

An ensemble of trained NNs In Figure 6, we draw random dataset sizes P ∈ [10, 20000] and
noise levels κ0 ∈ [5 · 10−5, 5 · 10−2]. We train the full NN for 105 epochs and color code the final
test error. This confirms empirically that a minimal level of anisotropy is needed to generalise.

Figure 6: Each point corresponds to a one-hidden-layer N = 512 network trained with SGLD on
k-sparse parity, with training-set size P ∈ [10, 20000] and noise level κ0 ∈ [5 · 10−5, 5 ·
10−2]. The x-axis shows the normalized Frobenius norm of the first-layer weights re-
stricted to the task-relevant coordinates S, ∥WS∥F /

√
kN , and the y-axis shows the cor-

responding norm on the irrelevant coordinates Sc, ∥WSc∥F /
√

(d− k)N . Color denotes
final test error. Low test error is achieved only when weight mass concentrates in the
relevant subspace, illustrating that strong IFS R∞

W ≫ 1 correlates with generalisation in
this isotropic setting.
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Causal validation To show that IFS is the causal driver of generalisation, we introduce a counter-
factual regularisation term to suppress IFS. We define the isotropy penalty: ℓiso(W ) = λh

∑N
i=1 Varj∈[d] (|wji|) .

This term penalizes the variance of weight magnitudes across input dimensions j within each neu-
ron i. Minimizing ℓiso forces the network to maintain isotropic usage of inputs (i.e., |w1i| ≈ |w2i| ≈
. . . ), effectively “switching off” the IFS mechanism while allowing other forms of coordination
between neurons (including those discussed in [28]). Figure 7 clearly shows that growing regulari-
sation causes the NN to generalise progressively worse. This confirms that IFS is not just a correlate
of learning, but the necessary mechanism for generalisation in this regime.

Figure 7: Test loss for k-sparse parity as a function of the regularisation λh that forces coordinates
within a neuron to be homogeneous (preventing IFS). Increasing λh reduces performance
till the NN performance degrades back to the Kernel (NNGP) limit. This confirms that
coordinate-wise anisotropy is the necessary condition for sample-efficient learning in this
setting.

Figure 8: Same plot as Figure 2 a) SGLD, b) MF-ARD, but for a single-index model with Gaussian
inputs x ∼ N (0,1) and teacher y = Hep(w

⊤x), where wj = 1/
√
k on a k-sized support

and 0 otherwise, here d = 18, k = 2, p = 4.

Appendix E. Comparison with recent mean field works

In this section, we clarify the relationship and fundamental differences between our MF-ARD
framework and the recent work by van Meegen and Sompolinsky [28]. While both works utilize
mean field approximations to study the posterior of neural networks, they address fundamentally
different phenomena occurring at different levels of the network hierarchy.
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E.1. Coordinate-wise vs. Neuron-wise Sparsification

The most critical distinction lies in the domain where symmetry breaking occurs:

• (Neuron-wise Sparsification): [28] investigates how the population of N neurons orga-
nizes to represent the target. They find that the posterior distribution over the weight vectors
{w1, . . . ,wN} breaks permutation symmetry, resulting in a solution where only a subset of
neurons (O(1) out of N ) strongly correlate with the target, while others remain agnostic or
redundant. This is a inter-neuron phenomenon.

• Our Work (Coordinate-wise Sparsification / IFS): Our theory models the posterior of a
single representative neuron w = [w1, . . . , wd] ∈ Rd. We investigate how the symmetry
between input coordinates j = 1, . . . , d is broken. We find that for tasks with isotropic data
but low-dimensional targets, the posterior marginals p(wj) become heavy-tailed and high-
variance only for task-relevant coordinates (j ∈ S), while remaining Gaussian and narrow for
irrelevant coordinates (j /∈ S). This is an intra-neuron phenomenon.

Standard mean field theories (including the base model in [28]) typically assume that the weight
distribution is isotropic over input coordinates unless the prior enforces otherwise. Consequently,
while [28] successfully predicts that some neurons become "active" and others "dormant," it does
not explicitly model the self-reinforcing mechanism that allows an active neuron to selectively am-
plify specific input coordinates to overcome the curse of dimensionality.

E.2. The Necessity of Coordinate Anisotropy: A Control Experiment

To rigorously prove that coordinate-wise symmetry breaking (the core of our MF-ARD theory) is
the causal mechanism for beating the kernel regime, we performed a control experiment enforcing
coordinate homogeneity.

We trained networks on the k-sparse parity task using a modified loss function that penalizes
anisotropy within neurons, without penalizing sparsity across neurons:

ℓtotal = ℓMSE + λh

N∑
j=1

1
d

d∑
i=1

(
|wij | −

(
1

d

d∑
k=1

|wkj |

))2
 . (39)

Result: As λh increases, the learning curve of the neural network reverts to the NNGP learning
curve (see Figure 7). Even if the network is allowed to sparsify at the neuron level (some neurons
large, some small), suppressing the variance between coordinates wij prevents the network from
learning the target efficiently.

This confirms that the performance gap between Finite-Width NNs and Kernels on isotropic
data is driven by the mechanism modeled in this paper (IFS/Coordinate Anisotropy), a mechanism
that is distinct from and complementary to the population-level phenomena described in [28].
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Appendix F. Proofs

F.1. Kernel limit

Theorem 5 With γ = 1/2 the infinite width limit has the following FP equations:

m∞
A =

σ2
a

κ2

(
Ew∼p∞ [JA(w)JY(w)]−

∑
B

Ew∼p∞ [JA(w)JB(w)]m∞
B

)
. (40)

Proof The proof proceeds by taking the N → ∞ limit of the self-consistency equations derived
from the cavity method’s free energy.

1. Self-Consistency from Free Energy. We begin with the MF free energy functional derived
from the cavity method:

F({mA}) =
1

2κ2

∑
A

(yA −mA)
2 −N lnZ1({mA}) (41)

where Z1({mA}) =
∫
dw e−S̄

(∞)
eff (w;{mA}) is the single-neuron partition function. The effective

action for a single weight vector w, after integrating out the amplitude a, is:

S̄
(∞)
eff (w; {mA}) =

d

2σ2
w

∥w∥2 + 1

2
ln

(
1

σ2
a

+
Σ(w)

N2γκ2

)
−

(JY(w)−
∑

AmAJA(w))2

2κ4N2γ
(

1
σ2
a
+ Σ(w)

N2γκ2

) (42)

The equilibrium state is found by the stationarity condition ∂F/∂mA = 0, which yields the self-
consistency equation:

mA = N1−γ ⟨µ(w)JA(w)⟩p(w|{mB}) (43)

where p(w|{mB}) = 1
Z1

e−S̄
(∞)
eff is the posterior distribution on a single neuron’s weights, and

µ(w) is the posterior mean of its amplitude a:

µ(w) =
1

κ2Nγ (JY(w)−
∑

B mBJB(w))

1
σ2
a
+ Σ(w)

N2γκ2

(44)

2. The Infinite-Width Limit with Critical Scaling. To obtain a non-trivial limit as N → ∞,
we must set the scaling to the critical value γ = 1/2. For γ > 1/2, the prefactor N1−γ → 0,
decoupling the neurons and leading to mA → 0. For γ < 1/2, the interaction term diverges. With
γ = 1/2, the terms of order 1/N in the effective action S̄

(∞)
eff vanish. Specifically:

Σ(w)

N2γκ2
=

Σ(w)

Nκ2
N→∞−−−−→ 0 (45)

As a result, the data-dependent and mA-dependent terms in the exponent of p(w|{mA}) vanish.
The distribution over weights collapses to its prior:

p(w|{mA})
N→∞−−−−→ p∞(w) ∝ exp

(
− d

2σ2
w

∥w∥2
)

(46)
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Simultaneously, the denominator in µ(w) simplifies to 1/σ2
a. The expression for the posterior mean

amplitude becomes:

µ(w)
N→∞−−−−→ σ2

a

κ2N1/2

(
JY(w)−

∑
B

mBJB(w)

)
(47)

3. Deriving the Linear System. We now substitute these limiting forms back into the self-
consistency equation, using m∞

A to denote the solution in this limit:

m∞
A = N1−1/2

〈[
σ2
a

κ2N1/2

(
JY(w)−

∑
B

m∞
B JB(w)

)]
JA(w)

〉
p∞(w)

(48)

m∞
A =

σ2
a

κ2

〈(
JY(w)−

∑
B

m∞
B JB(w)

)
JA(w)

〉
p∞(w)

(49)

m∞
A =

σ2
a

κ2

(
Ew∼p∞ [JA(w)JY(w)]−

∑
B

Ew∼p∞ [JA(w)JB(w)]m∞
B

)
(50)

Let us define the NNGP kernel matrix K with elements KAB := Ew∼p∞ [JA(w)JB(w)] and the
data-kernel coupling vector Ξ with elements ΞA := Ew∼p∞ [JA(w)JY(w)] =

∑
S ySKAS . The

equation becomes a linear system for the vector m∞:

m∞ =
σ2
a

κ2
(Ξ−Km∞) =

σ2
a

κ2
(Ky −Km∞) (51)

4. Solution as Kernel Ridge Regression. Rearranging the linear system, we get:(
I +

σ2
a

κ2
K

)
m∞ =

σ2
a

κ2
Ky (52)(

κ2

2σ2
a

I +
1

2
K

)
m∞ =

1

2
Ky (53)

Let the ridge be τ = κ2/(2σ2
a). The equation is (τI + K)m∞ = Ky. Solving for m∞ gives the

final KRR solution:
m∞ = K(K + τI)−1y (54)

This completes the proof. The solution depends only on the NNGP kernel K, which is fixed by the
network architecture and priors, not the training data labels. This demonstrates the absence of FL
in this specific infinite-width limit.

F.2. Integrating out a

As the action is quadratic in a we can integrate it out.

Theorem 6 The distribution is given by

SMF(w, {mA}) = const.+
1

2
ln

(
1

σ2
a

+
Σ(w)

N2γκ2

)
−

(JY(w)−
∑

AmAJA(w))2

2N2γκ4
(

1
σ2
a
+ Σ(w)

N2γκ2

) (55)

+
d

2σ2
w

∥w∥2 (56)
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p(a|w) = N (µ(w), σ2(w)) (57)

σ(w)2 =
1

2α
=

(
1

σ2
a

+
Σ(w)

N2γκ2

)−1

(58)

µ(w) = σ2β =
β

2α
=

1
Nγκ2 (JY(w)−

∑
AmAJA(w))(

1
σ2
a
+ Σ(w)

N2γκ2

) (59)

Proof We start with the standard Gaussian integral∫
dadwe−[α·a2−β·a+c] =

∫
dw

√
π

α
e

β2

4α
−c (60)

We have

SMF(w, a, {mA}) =
1

2σ2
a

N∑
i=1

a2i +
d

2σ2
w

d∑
i=1

∥wi∥2 +
a2

2κ2N2γ
Σ(w) (61)

− a

κ2Nγ

(
JY(w)−

∑
A

mAJA(w)

)
(62)

For 1 neuron we get

SMF(w, a, {mA}) = a2(
1

2σ2
a

+
Σ(w)

2κ2N2γ
)− a

κ2Nγ

(
JY(w)−

∑
A

mAJA(w)

)
+

d

2σ2
w

∥w∥2

(63)

with

α :=
1

2σ2
a

+
Σ(w)

2N2γκ2
, (64)

β :=
JY(w)−

∑
AmAJA(w)

Nγκ2
. (65)

c =
d

2σ2
w

∥w∥2 (66)

and α(a − β
2α)

2 − β2

4α + c comparing to −(a−µ)2

2σ2 we get α = 1
2σ2 and µ = β

2α for the Gaussian
identification. This gives∫

dw

√
π

α
e

β2

4α
−c =

∫
dwe−[ 1

2
ln(π)− 1

2
ln(α)+β2

4α
−c] (67)

where the exponent is identified as the effective action.
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F.3. MF- FP equation

Lemma 7 Consider a single target mode y(x) = χS(x) and assume other overlaps vanish. Using
the self–consistency mA = N1−γ ⟨a JA(w)⟩ and the conditional mean µ(w) above, we obtain

mS = N1−γ
〈
µ(w)JS(w)

〉
=

N1−2γ

κ2
(1−mS)

〈
JS(w)2

σ−2
a +

Σ(w)

κ2N2γ

〉
w∼p(w|mS)

. (68)

and in the κ→ 0 limit it is

mS ≈ (1−mS)N
〈JS(w)2

Σ(w)

〉
w∼p(w|mS)

(69)

Proof Consider a single target mode y(x) = χS(x) and assume other overlaps vanish. Using the
self–consistency mA = N1−γ ⟨a JA(w)⟩ and the conditional mean µ(w) above, we obtain

mS = N1−γ
〈
µ(w)JS(w)

〉
=

N1−2γ

κ2
(1−mS)

〈
JS(w)2

σ−2
a +

Σ(w)

κ2N2γ

〉
w∼p(w|mS)

.

In the small–noise regime κ → 0 (with Σ(w) > 0), the denominator simplifies as σ−2
a +

Σ(w)
κ2N2γ ≈ Σ(w)

κ2N2γ , so that

mS ≈ (1−mS)N
〈JS(w)2

Σ(w)

〉
w∼p(w|mS)

=⇒ mS ≈
N
〈
JS(w)2/Σ(w)

〉
1 +N

〈
JS(w)2/Σ(w)

〉
By Cauchy–Schwarz, JS(w)2 ≤ Σ(w), so 0 ≤ mS < 1 unless all mass concentrates on perfectly
aligned w.

F.4. Solution to the fixed point equation

Lemma 8 Consider ϕ = ReLU. Let the inputs xj ∈ {±1} be i.i.d. and y(x) = χS(x) =
∏

j∈S xj

with S = {0, 1, ..., k − 1}. We define Rk(w) = JS(w)2

Σ(w) . It holds that

w∗ = max
w

Rk(w) (70)

is given by w∗ = (

k︷ ︸︸ ︷
α, . . . , α, 0, ..., 0).

Proof Decompose wS = α 1S√
k
+u, u ⊥ 1S and keep arbitrary wC . Because the data distribution

is invariant to permutations of the k coordinates in S the only S-dependent statistic that survives in
χS-weighted expectations is the sum s(x) =

∑
j∈S xj . Any component orthogonal to 1S averages

out inJS but increases Σ(w) (by convexity of x 7→ ϕ(x)2 ). Likewise, weights in SC contribute
variance to Σ but contribute nothing to JS (they are independent of χS . and average to zero under
the sign symmetry). Thus the maximizer of Rk(w) lives in the span of 1S and wC .
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Lemma 9 Consider ϕ = ReLU. Let the inputs xj ∈ {±1} be i.i.d. and y(x) = χS(x) =
∏

j∈S xj
with |S| = k. We assume w∗ from Theorem 8. Then, the ratio of the squared neuron-target coupling
JS(w)2 to the neuron’s self-energy Σ(w) is a constant Rk independent of the scale α.

Proof
Let r ∼ Binomial(k, 1/2) be the number of components xj = −1 for j ∈ S. The inner product

is s(x) = w⊤x = α
∑

j∈S xj = α(k − 2r), and the target function is χS(x) = (−1)r.
The neuron-target coupling JS(w) is the expectation E[ϕ(w⊤x)χS(x)].

JS(w) = E [α · [k − 2r]+ · (−1)r] (71)

= α
k∑

r=0

P (r) · [k − 2r]+ · (−1)r (72)

= α · 2−k

⌊(k−1)/2⌋∑
r=0

(
k

r

)
(k − 2r)(−1)r (73)

where [z]+ = max(0, z), and the sum is restricted to the terms where k − 2r > 0.
The neuron’s self-energy Σ(w) is the expectation E[ϕ(w⊤x)2].

Σ(w) = E
[
(α · [k − 2r]+)

2
]

(74)

= α2
k∑

r=0

P (r) · [k − 2r]2+ (75)

= α2 · 2−k

⌊(k−1)/2⌋∑
r=0

(
k

r

)
(k − 2r)2 (76)

We define the scale-independent constants Dk and Ck:

Dk := 2−k

⌊(k−1)/2⌋∑
r=0

(
k

r

)
(k − 2r)(−1)r (77)

Ck := 2−k

⌊(k−1)/2⌋∑
r=0

(
k

r

)
(k − 2r)2 (78)

such that JS(w) = αDk and Σ(w) = α2Ck. The ratio is then

Rk :=
JS(w)2

Σ(w)
=

(αDk)
2

α2Ck
=

D2
k

Ck

which is independent of α, thus proving the proposition.
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F.5. Exact solution of the FP equation

To evaluate this expectation analytically, we employ a saddle-point (Laplace) approximation, a stan-
dard technique in the statistical mechanics of learning. Specifically, we assume that in the rele-
vant noise regime, the posterior distribution of the weights concentrates sharply around its optimal
direction w∗ (the mode). While a rigorous proof of posterior contraction in this specific high-
dimensional, non-convex setting remains a challenging open problem for future work, this ansatz
allows us to extract the leading-order macroscopic behavior. Under this saddle-point approximation,
the expectation ⟨·⟩w|mS

reduces to an evaluation at the optimal weight scale α⋆.

Theorem 10 Using the setup from Theorem 9, espeically the proposed w∗, the FP is given by

mS = (1−mS)NRk

(
1− σ−2

a

A⋆(mS)

)
, A⋆(mS) =

−Ck +

√
C2
k + 4

(
dk
σ2
w

)
N2γ (1−mS)2D2

k σ
−2
a

2
(

dk
σ2
w

)
κ2N2γ

(79)

Proof From Theorem 7, we know:

mS =
N1−2γ

κ2
(1−mS)

〈
JS(w)2

σ−2
a +Σ(w)/(κ2N2γ)

〉
w|mS

Assuming the posterior distribution of weights is sharply peaked around the optimal direction given
by the ansatz in Theorem 9, the expectation ⟨·⟩w|mS

reduces to an evaluation at the optimal weight
scale α⋆. The value of α⋆ is determined by minimizing the single-neuron effective action Seff(α):

Seff(α) =
dk

2σ2
w

α2︸ ︷︷ ︸
Weight Prior

+
1

2
lnA(α)︸ ︷︷ ︸

Normalizer

− 1

2

[(1−mS)JS(α)]
2 /(κ2N2γ)

A(α)︸ ︷︷ ︸
Data Gain

where A(α) = σ−2
a +Σ(α)/(κ2N2γ) = σ−2

a + α2Ck/(κ
2N2γ).

Setting ∂Seff
∂α = 0 yields a quadratic equation for the optimal value A⋆ = A(α⋆):(

dk

σ2
w

)
κ2N2γ (A⋆)2 + Ck A

⋆ −
(1−mS)

2D2
k σ

−2
a

κ2
= 0

The positive root of this equation gives the solution for A⋆(mS):

A⋆(mS) =

−Ck +

√
C2
k + 4

(
dk
σ2
w

)
N2γ (1−mS)2D2

k σ
−2
a

2
(

dk
σ2
w

)
κ2N2γ

25



WEIGHT ANISOTROPY IN MEAN-FIELD THEORY: LEARNING ON ISOTROPIC DATA

We now substitute this back into the self-consistency equation. Using the definitions of JS , Σ, and
A⋆, we have (α⋆)2 = κ2N2γ

Ck
(A⋆ − σ−2

a ).

mS = (1−mS)
N1−2γ

κ2
JS(α

⋆)2

A⋆
(80)

= (1−mS)
N1−2γ

κ2
(α⋆)2D2

k

A⋆
(81)

= (1−mS)
N1−2γ

κ2
1

A⋆

[
κ2N2γ

Ck
(A⋆ − σ−2

a )

]
D2

k (82)

= (1−mS)N
D2

k

Ck

A⋆ − σ−2
a

A⋆
(83)

= (1−mS)NRk

(
1− σ−2

a

A⋆(mS)

)
(84)

This gives the final fixed-point equation for the order parameter mS .

Theorem 11 Consider the fixed–point equation in the infinite P -limit

mS = (1−mS)NRk

(
1− σ−2

a

A⋆(mS)

)
, (85)

with A⋆(mS) given implicitly as the positive root of(
dk
σ2
w

)
κ2N2γ

(
A⋆
)2

+ Ck A
⋆ − (1−mS)

2D2
k σ

−2
a = 0, (86)

and define C := dk
σ2
w

. Then the critical noise level

κ2c =

√
C2
k + 4C N2γD2

kσ
−2
a − Ck

2C σ−2
a N2γ

(87)

marks a phase transition:

(i) If κ2 ≥ κ2c , then A⋆(0) ≤ σ−2
a and mS = 0 is a fixed point; in particular for κ2 = κ2c we have

A⋆(0) = σ−2
a and the only solution is mS = 0.

(ii) If κ2 < κ2c , then A⋆(0) > σ−2
a and there exists a unique nontrivial solution mS ∈ (0, 1), thus

the system exhibits symmetry breaking mS : 0→ mS > 0 as κ crosses κc from above.

Proof Set mS = 0 in (86) to get

C κ2N2γ (A⋆)2 + CkA
⋆ −D2

kσ
−2
a = 0. (88)

At the onset of FL the trivial fixed point mS = 0 changes stability precisely when the right–hand
side of the FP map ceases to vanish at mS = 0, i.e. when

NRk

(
1− σ−2

a

A⋆(0)

)
= 0 ⇐⇒ A⋆(0) = σ−2

a . (89)
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Plugging A⋆ = σ−2
a into the quadratic and solving for κ2 gives

C κ2cN
2γσ−4

a + Ckσ
−2
a −D2

kσ
−2
a = 0, (90)

which, after rearrangement, yields

κ2c =

√
C2
k + 4C N2γD2

kσ
−2
a − Ck

2C σ−2
a N2γ

, (91)

the stated expression.
For κ2 > κ2c the quadratic gives A⋆(0) ≤ σ−2

a , hence 1 − σ−2
a /A⋆(0) ≤ 0 and the FP map

evaluates to 0 at mS = 0, so mS = 0 is a (and in fact the only) solution. For κ2 < κ2c we have
A⋆(0) > σ−2

a so the FP map at mS = 0 is strictly positive, continuity and the fact that the map is
strictly decreasing in mS (because (1 −mS) and A⋆(mS) both decrease with mS) imply a unique
intersection with the diagonal in (0, 1), i.e. a unique mS ∈ (0, 1) solves the FP equation.

We use the following notation. Let S ⊂ [d] with |S| = k denote the (unknown) support. For a
weight coordinate wj at a given outer iterate, write

vj := ⟨w2
j ⟩p, v′j(ρ) := Epρ [w

2
j ] (92)

for the current and next second moments, respectively. For a vector of ARD precisions ρ ∈ Rd
+

define the explicit ARD map

ρj(vj) =
α0 +

N
2

α0
d + N

2 vj
=:

A

B(vj)
, A := α0 +

N

2
, B(v) :=

α0

d
+

N

2
v. (93)

We write w−j := (w1, . . . , wj−1, wj+1, . . . , wd) for all coordinates except j and write pρ for the
posterior pARD to make the ρ dependence explicit.

Assumption Here, we will state the assumption that is needed to prove the theorem: ε symmetry
breaking towards S. There exists an outer iterate t0 = O(1) and a constant ε0 > 0 (independent
of d) such that

min
j∈S

v t0
j − max

j /∈S
v t0
j ≥ c ε0, v t

j := ⟨w2
j ⟩p at outer time t. (94)

We need to establish the following global bound.

Lemma 12 Fix j ∈ [d] and w−j . Assume ∥x∥∞ ≤ 1 (e.g. x ∈ {±1}d) and ϕ(z) = max(0, z), as
well as mS ≤ 1 Let

g(w) =
1

2
ln
(
σ−2
a +

Σ(w)

κ2N2γ

)
−
(
JY(w)−mSJS(w)

)2
2κ4N2γ

(
σ−2
a + Σ(w)

κ2N2γ

) . (95)

Then there exists L⋆ > 0, independent of d and w−j , such that the map t 7→ g(w−j , t) satisfies∣∣∂2
t g(w−j , t)

∣∣ ≤ L⋆ for a.e. t ∈ R. (96)

Consequently, for all t ∈ R,

g(w−j , t) ≥ g(w−j , 0)−
L⋆

2
t2. (97)
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Proof Fix j ∈ [d] and w−j . Write t := wj and, for each input x, set z(t, x) := w⊤x = t xj + cx
with cx := w⊤

−jx−j . Throughout, ϕ(z) = max(0, z) and ∥x∥∞ ≤ 1.
1. Derivative of Σ and JA
For Σ(w) = Ex[ϕ(z)

2] = Ex[z(t, x)
2 1{z(t, x) > 0}] we have, for a.e. t,

∂tΣ = 2Ex

[
z1{z>0} xj

]
, ∂2

tΣ = 2Ex

[
x2j 1{z>0}

]
≤ 2, (98)

because |xj | ≤ 1. By Cauchy–Schwarz,

|∂tΣ| ≤ 2
(
Ex[z

21{z>0}]
)1/2(Ex[x

2
j1{z>0}]

)1/2 ≤ 2
√
Σ. (99)

For JA(w) = Ex[ϕ(z)χA(x)] (with |χA| ≤ 1), we get for a.e. t:

∂tJA = Ex[1{z>0} xj χA(x)] , ∂2
t JA = 0 (a.e.), |∂tJA| ≤ E|xj | ≤ 1, (100)

and by Cauchy–Schwarz again

|JA| ≤
(
Ex[ϕ(z)

2]
)1/2(Ex[χA(x)

2]
)1/2

=
√
Σ. (101)

2. Decompose g and bound each second derivative
Let

a := σ−2
a , c :=

1

κ2N2γ
, J∆ := JY −mSJS , q := J2

∆, (102)

so

g(w) = 1
2 log

(
a+ cΣ

)︸ ︷︷ ︸
=:g1(Σ)

− q

2κ4N2γ (a+ cΣ)︸ ︷︷ ︸
=:g2(Σ,J∆)

. (103)

Term 1: Set h1(s) := 1
2 log(a+ cs), so h′1(s) =

c
2(a+cs) and h′′1(s) = − c2

2(a+cs)2
. By the chain

rule,

∂2
t g1 = h′′1(Σ) (∂tΣ)

2 + h′1(Σ) ∂
2
tΣ. (104)

Using (99) and ∂2
tΣ ≤ 2,∣∣∣h′′1(Σ) (∂tΣ)2∣∣∣ ≤ c2

2(a+ cΣ)2
· 4Σ = 2c2

Σ

(a+ cΣ)2
≤ c σ2

a

2
, (105)

where the last inequality follows by maximizing u 7→ u
(a+cu)2

at u = a/c. Also
∣∣h′1(Σ) ∂2

tΣ
∣∣ ≤

c
2(a+cΣ) · 2 ≤ c σ2

a. Hence ∣∣∂2
t g1
∣∣ ≤ 3

2
c σ2

a . (106)

Term 2: Write g2 = −α q
a+cΣ with α := 1

2κ4N2γ . Differentiating twice and grouping terms
gives (for a.e. t):

∂2
t g2 = −α

[
q′′

a+ cΣ
− 2 q′ cΣ′

(a+ cΣ)2
− q cΣ′′

(a+ cΣ)2
+

2 q (cΣ′)2

(a+ cΣ)3

]
,

where primes denote ∂t. We now bound q, q′, q′′ with step 1 and using (101) and |∂tJA| ≤ 1.
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• q: Using |J∆| ≤ |JY |+ |mS | |JS | ≤ (1 + |mS |)
√
Σ =: C∆

√
Σ we get q = J2

∆ ≤ C2
∆Σ.

• |q′|: We get

|q′| = 2|J∆||∂tJ∆| ≤ 2C∆

√
Σ ·
(
|∂tJY |+ |mS ||∂tJS |

)
≤ 2C∆

√
Σ(1 + |mS |)

≤ 2C2
∆

√
Σ

• |q′′|: We get q′′ = 2(∂tJ∆)
2 ≤ 2C2

∆

Together with Σ′ ≤ 2
√
Σ and Σ′′ ≤ 2, we get∣∣∣ q′′

a+cΣ

∣∣∣ ≤ 2C2
∆

a
, (107)∣∣∣ 2 q′ cΣ′

(a+cΣ)2

∣∣∣ ≤ 2 · 2C2
∆

√
Σ · c · 2

√
Σ

(a+ cΣ)2
= 8C2

∆c
Σ

(a+ cΣ)2
≤

2C2
∆

a
, (108)∣∣∣ q cΣ′′

(a+cΣ)2

∣∣∣ ≤ C2
∆Σ · c · 2

(a+ cΣ)2
≤

C2
∆

a
, (109)∣∣∣2 q (cΣ′)2

(a+cΣ)3

∣∣∣ ≤ 2C2
∆Σ · c2 · 4Σ
(a+ cΣ)3

= 8C2
∆c

2 Σ2

(a+ cΣ)3
≤

32C2
∆

27 a
, (110)

where in the last two lines we used that u 7→ u
(a+cu)2

and u 7→ u2

(a+cu)3
are maximized at u = a

c and

u = 2a
c , respectively, with finite maxima depending only on a, c. Therefore

∣∣∂2
t g2
∣∣ ≤ αK2 for a

constant K2 depending only on (a, c,mS), and independent of d, w−j and t.
3: Uniform bound on ∂2

t g
Combining (106) and the bound for ∂2

t g2, there exists

L⋆ :=
3

2
c σ2

a + αK2 (111)

such that |∂2
t g(w−j , t)| ≤ L⋆ for a.e. t ∈ R. This proves the first claim.

4: Standard taylor expansion
For any twice–differentiable h with |h′′| ≤ L⋆ a.e., the 1D Taylor inequality gives

h(t) ≥ h(0) + h′(0) t − L⋆
2 t2 (∀t ∈ R).

Applying this to h(t) = g(w−j , t) yields

g(w−j , t) ≥ g(w−j , 0) + ∂tg(w−j , 0) t −
L⋆

2
t2.

In the parity setting and for j /∈ S (off–support), symmetry implies ∂tg(w−j , 0) = 0, giving the
stated global quadratic lower bound g(w−j , t) ≥ g(w−j , 0)− L⋆

2 t2.
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F.6. Proof of Theorem 2

Proof In plain MF, the single-neuron posterior has the form

pMF(w | mS) ∝ exp
(
− ρ

2
∥w∥22 − g(w)

)
, ρ :=

d

σ2
w

,

with g as in Lemma 12. For the parity target y(x) = χS(x), the law is invariant under permutations
within S and within Sc, hence the second moments are constant on each group:

qon := E[w2
j ] (j ∈ S), qoff := E[w2

j ] (j /∈ S).

Off-support. Fix j /∈ S and condition on w−j . In plain MF we have ρj = ρ = Ω(d), and by
off-support symmetry ∂jg(w−j , 0) = 0. Lemma ?? therefore yields

E[w2
j | w−j ] ≤

1 + od(1)

ρ
uniformly in w−j .

Averaging over w−j gives qoff ≤ 1+od(1)
ρ .

On-support. For j ∈ S, the same curvature bound |∂2
t g(w−j , t)| ≤ L⋆ implies the 1D con-

ditional potential Uj(t) = ρ
2 t

2 + g(w−j , t) is (ρ − L⋆)-strongly convex, hence (wj | w−j) ≤
(ρ − L⋆)

−1. Moreover |∂tg(w−j , 0)| is O(1) uniformly in w−j (by the same bounds used in
Lemma 12), so the conditional mean satisfies |E[wj | w−j ]| = O(ρ−1), and therefore

E[w2
j | w−j ] = (wj | w−j) + E[wj | w−j ]

2 ≤ 1

ρ− L⋆
+O(ρ−2) =

1 +O(1/ρ)

ρ
.

Averaging gives qon ≤ 1+O(1/ρ)
ρ .

Finally, the same argument applied to−g (or equivalently using the opposite quadratic envelope
from |∂2

t g| ≤ L⋆) gives matching lower bounds qon, qoff ≥ 1−O(1/ρ)
ρ , so

qon
qoff

= 1 +O
(1
ρ

)
= 1 +O

(1
d

)
.

Since ∥wS∥22 =
∑

j∈S w2
j and ∥wSc∥22 =

∑
j /∈S w2

j , we get

RMF
w =

√
d− k ∥wS∥2√
k ∥wSc∥2

=

√
qon
qoff

= 1 +O
(1
d

)
.

F.7. Proof of the moment closure

Proof At stationarity, the exact row-energy balance reads

γ⟨qj⟩∞ + ⟨ρ̂jqj⟩∞ = TN.

Applying the linear response assumption

(γ + ρrj)⟨qj⟩∞ ≈ TN.
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Dividing by T and using the definition of ρeff,j yields

⟨w2
j ⟩∞ ≈ N

ρeff,j
.

Finally, by the MF assumption we have ⟨w2
j ⟩∞ = Nw2

j , hence w2
j ≈ 1/ρeff,j .

The MF–ARD fixed point equation for ρj is, by construction,

ρj =
α0 +

N
2

α0
d + N

2 Qj

,

For α0 ≪ N , expanding the prefactor ratio gives ρj = (1/w2
j )(1 + O(α0/N)), proving (??). This

completes the proof upon identifying ρj ≡ ρeff,j .
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Appendix G. Algorithms

G.1. FP algorithm

Model. Given (X, y) with X ∈ {±1}P×d and y ∈ RP×1, we approximate the predictor by a
particle ensemble,

f(x) = sf

B∑
b=1

ab ϕ(w
⊤
b x), sf =

N1−γ

B
. (112)

We draw a single dataset of size P once at initialization and keep it fixed for the entire run. On the
training set let fp = f(xp) and rp = yp − fp. The Langevin temperature is fixed by the likelihood
noise as T = 2κ2 (Section C.1). This choice makes SGLD asymptotically sample from the
Bayesian posterior. Because all objectives and gradients are computed as empirical averages over
this fixed sample (via 1/P factors), the dynamics naturally exhibit finite-P fluctuations.

Sufficient statistics We define the following low-rank statistics per particle b, with zpb = x⊤
p wb:

C1,b =

P∑
p=1

ϕ(zpb) rp, C2,b =

P∑
p=1

ϕ(zpb)
2, (113)

Gdata
b = − 2

P

P∑
p=1

(
rp − sfab ϕ(zpb)

)
ϕ′(zpb)

(
sfab

)
xp ∈ Rd. (114)

These quantities are the only per-pass summaries we need to form gradients for ab and wb.

Prior and SGLD potential We impose a diagonal (ARD) Gaussian prior on the weights and an
i.i.d. Gaussian prior on amplitudes:

Eprior =
1
2

B∑
b=1

ρ⊤(wb ⊙wb) +
1

2σ2
a

B∑
b=1

a2b , Ldata =
1

P

P∑
p=1

(yp − fp)
2, (115)

and update parameters by Langevin dynamics on the potential

U(W,a) = T Eprior + Ldata. (116)

Gradients used by SGLD From the streamed statistics we get closed-form gradients:

∇abU =
T

σ2
a

ab −
2 sf
P

C1,b +
2 s2f
P

C2,b ab, ∇wb
U = Gdata

b + T (ρ⊙wb). (117)

These are the only quantities used inside the inner SGLD loop.

SGLD updates We apply Euler–Maruyama steps with isotropic Gaussian noise:

wb ← wb − η∇wb
U +

√
2Tη ξwb

, ab ← ab − η∇abU +
√

2Tη ξab , (118)

where ξwb
∼ N (0, Id) and ξab ∼ N (0, 1). We use polynomial decay on η always matching the

SGLD-trained full NNs.
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Algorithm 1 Simple streaming SGLD for (a,w) with optional ARD
Require: (X, y); B,N, γ, σa, σw, κ; activation ϕ; steps Tout, inner steps K, step size η; optional

ARD (α0, β0, λ)
Ensure: Final particles {(wb, ab)}Bb=1 and predictor f(x) = sf

∑
b abϕ(w

⊤
b x)

1: Init: wb ∼ N (0, σ2
wId/d), ab ∼ N (0, σ2

a); set ρ← d/σ2
w; set T ← 2κ2 for t = 1..Tout do

2:
end
compute fp = sf

∑
b abϕ(x

⊤
p wb) and residuals rp = yp − fp for k = 1..K do

3:
end
compute {C1,b, C2,b, G

data
b } via formulas above

4: Form ∇abU,∇wb
U ; update wb ← wb − η∇wb

U +
√
2Tη ξwb

, ab ← ab − η∇abU +
√
2Tη ξab

5: refresh fp, rp after the last inner step
6:

7: ARD update ρ: αpost = α0 +
B
2 , βpost = β0 +

1
2

∑
b ∥wb∥2, ρ← (1− λ)ρ+ λαpost/βpost

8:

ARD update The ARD update is:

αpost = α0 +
B
2 , βpost = β0 +

1
2

B∑
b=1

∥wb∥22, ρ← (1− λ) ρ+ λ
αpost

βpost
. (119)

Fixed-point view and the K inner steps The outer loop implements a fixed-point iteration on
the network f . Writing r = y − f , define the map GK as: (i) run K inner SGLD steps on (wb, a)
using the current residual r; (ii) recompute fnew(xp) = sf

∑
b ab ϕ(w

⊤
b xp). As K→∞ and η→0

the inner Markov chain approaches its stationary law, and the iteration solves the MF FP equations
described in the theory sections.

Empirical calculation of mS and generalisation error Let the teacher be a single Walsh mode
χS , so y(x) = χS(x). On a held-out set {xµ}Peval

µ=1 define the vector c ∈ RPeval by cµ = χS(xµ),
the empirical Gram scalar

g =
1

Peval
c⊤c, (120)

and the (scalar) empirical overlap

mS =
1

Peval

Peval∑
µ=1

χS(xµ) f(xµ) =
1

Peval
c⊤f. (121)

Let f̄2 = 1
Peval

∑
µ f(xµ)

2. Then the empirical test MSE decomposes as

Êtest =
1

2Peval

Peval∑
µ=1

(
f(xµ)− χS(xµ)

)2
= 1

2(1−mS)
2︸ ︷︷ ︸

mode term

+ 1
2

(
f̄2 − 2m2

S + gm2
S

)︸ ︷︷ ︸
noise / orthogonal term

(122)

=
1

2

(
f̄2 − 2mS + g

)
, (123)

where the second line is the direct empirical expression. When the Walsh basis is orthonormal on
the evaluation set (g = 1), this reduces to Êtest = 1

2(f̄
2 − 2mS + 1).
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Appendix H. Training details (hyperparameters)

Here, we present the hyperparameters for SGLD and MF-ARD for the different figures. The hyper-
parameters for Figure 2 are specified below.

• Data in Figure 1 is a slice of Figure 2 for κ = 5 · 10−3.

• Data in Figure 4 is a slice of Figure 2 for κ = 5 · 10−3.

Hyperparameter SGLD
d (input dimension) 35
P (train set sizes) {10, 100, 500, 750, 1000, 2133, 3666, 5000, 7500, 10000}
κ values {5×10−4, 10−3, 5×10−3, 7.5×10−3, 10−2, 5×10−2, 10−1}
E (experiments / config) 3
teacher set S {0, 1, 2, 3}
data distribution X∈{−1,+1}d, y =

∏
j∈S Xj

activation ReLU
N (hidden units) 512
γ (scaling exponent) 0.5
gw, ga (prior variances) 1.0, 1.0
initialization w∼N (0, gw/d), a∼N (0, ga)
temperature T 2κ2

epochs (max) 7,500,000
batch size full-batch
loss mean MSE
learning rate η (final) 5×10−4

start LR ηstart 5×10−3

LR scheduler polynomial (power 2): ηstart→η over 2×106 steps

Table 2: Algorithm outlined in Section C.1. Hyperparameters for Figure 2 a).
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Hyperparameter MF-ARD
d (input dimension) 35
P (train set sizes) {10, 100, 500, 750, 1000, 2133, 3666, 5000, 7500, 10000}
κ values {5×10−4, 10−3, 5×10−3, 7.5×10−3, 10−2, 5×10−2, 10−1}
E (experiments / config) 3
teacher set S {0, 1, 2, 3}
data distribution X∈{−1,+1}d, y =

∏
j∈S Xj

activation ReLU
B (particles) 512
N 512
γ 0.5
σa, σw 1.0, 1.0
initialization w∼N (0, σ2

w/d), a∼N (0, σ2
a)

outer steps 7,500,000
learning rate scheduler poly-2 decay: 5× 10−3→5×10−4 over 2×106 steps
SGLD inner steps K K0=12 → Kmin=2 (decay over 6×105 steps)
temperature T 2κ2

ARD on: α0=4.0, β0=4/35, EMA 0.5, ρ∈ [0, 1018]

Table 3: Algorithm outlined in Section G.1. Hyperparameters for Figure 2 b) with ARD disabled
and c) with ARD enabled.

For the single index model we introduced a bias vector in the architecture.
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Hyperparameter SGLD (Hermite single-index)
d (input dimension) 18
P (train set sizes) {75,000, 50,000, 25,000, 10,000, 5,000, 1,000, 100, 50}
κ values {10−5, 10−4, 10−310−2, 10−1}
E (experiments / config) 4
teacher type single-index Hermite
Hermite degree p 4
support size k 2 (random per experiment)
data distribution X ∼ N (0, Id)
teacher w wi =

1√
k

on support, else 0

labels y = Hep(Xw)
activation ReLU
N 1024
γ 0.5
σa, σw, σb 1.0, 0.5, 1.0
initialization w∼N (0, σ2

w/d), a∼N (0, σ2
a), b∼N (0, σ2

b )
temperature T 2κ2

epochs (max) 4,000,000
batch size full-batch
loss mean MSE
learning rate η (final) 5×10−4

start LR ηstart 2×10−3

LR scheduler polynomial (power 2): ηstart→η over 2×106 steps

Table 4: Algorithm outlined in Section C.1. Hyperparameters for Figure 8 a).
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Hyperparameter MF-ARD (Hermite single-index)
d (input dimension) 18
P (train set sizes) {75,000, 50,000, 25,000, 10,000, 5,000, 1,000, 100, 50}
κ values {10−5, 10−4, 10−310−2, 10−1}
E (experiments / config) 4
teacher type single-index Hermite
Hermite degree p 4
support size k 2 (random per experiment)
data distribution X ∼ N (0, Id)
teacher w wi =

1√
k

on support, else 0

labels y = Hep(Xw)
activation ReLU
B (particles) 1024
N 1024
γ 0.5
σa, σw, σb 1.0, 0.5, 1.0
initialization w∼N (0, σ2

w/d), a∼N (0, σ2
a), b∼N (0, σ2

b )
outer steps 4,000,000
learning rate scheduler poly-2 decay: 2× 10−3→5×10−4 over 2.5×106 steps
SGLD inner steps K K0=12 → Kmin=2 (decay over 6×105 steps)
temperature T 2κ2

ARD on: α0=0.1, β0=α0/d=0.1/18, EMA 0.5, ρ∈ [0, 1018]

Table 5: Algorithm outlined in Section G.1. Hyperparameters for Figure 8 b) with ARD enabled.
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