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ABSTRACT

Despite remarkable advances, large language models often fail at compositional
reasoning tasks, a phenomenon exemplified by the “curse of two-hop reason-
ing”. The inability of large models to perform implicit reasoning as expected
remains an intriguing mystery. In this work, we unexpectedly discover that even
a simple, single-layer Emb-MLP model can effectively learn to generalize out-
of-distribution (OOD) multi-hop reasoning. Specifically, we demonstrate that
transformers can successfully address multi-hop tasks through simple shortcuts
rather than implicit reasoning with the help of Identity bridge. Our experiments
and theoretical analysis established the learning mechanisms of the Emb-MLP
model, which is the excellent approximation of GPT-2 on multi-hop task. We
further compare the performance of the Emb-MLP model with GPT-2 across var-
ious complexities of two-hop reasoning and identify that smaller initializations
or larger weight decay parameters enhance the model’s ability to harness implicit
reasoning. Finally, we generalize our observations to real-world LLMs, presenting
evidence that they implicitly acquire this necessary alignment during pretraining,
which underpins their compositional abilities.

1 INTRODUCTION
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Figure 1: Brief description of the two-hop curse. (a) Large models have difficulty completing two-
hop reasoning tasks without CoT assistance. (b) Single-hop tasks and in-distribution two-hop tasks
cannot help generalize out-of-distribution two-hop tasks, but identity bridges can.

Large language models (LLMs) achieve strong performance on a wide range of multi-step reasoning
tasks, especially when assisted by chain-of-thought (CoT) (Wei et al.,|2022;Yao et al., 2023 |Kojima;
et al.,2022). Rather than stopping at the success of CoT, recent works begin to probe the implicit
reasoning abilities of LLMs, asking what mechanisms and thought patterns actually underlie their
reasoning behaviour (Deng et al.| 2024; Wang et al., [2024} [Bai et al.} [2025). A recurring concern in
these studies is that models often rely on shortcut reasoning rather than genuine systematic reasoning
(Ding et al., 2024} [Lin et al.l 2025). At the same time, long-standing puzzles in LLM reasoning,
such as the reversal curse (Berglund et al., 2024} |Allen-Zhu and Li, 2024} 20255 Q1 et al.| 2023)
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and the two-hop curse (Balesni et al,[2025} [Yang et al.}, 2024}, [Dziri et al.} 2023)), remain unresolved
for modern models, despite being elementary for humans. The latter exposes a core limitation of
current training and data: models often fail to compose two single-hop facts (¢ — b and b — cin the
training set) into the correct conclusion (@ — ¢ at evaluation) via latent reasoning, a phenomenon

we refer to as out-of-distribution (OOD) two-hop reasoning (Wang et all, 2024} [Ye et al.| [2023).
This raises two central questions:

1. Why do vanilla transformers fully fail to generalize on OOD two-hop instances, as observed in
Wang et al.| (2024)), and what minimal modifications to the training data are sufficient to enable
such OOD two-hop generalization?

2. When a transformer generalizes, is it executing genuine two-step implicit inference or merely a
shortcut based on cross-task memory sharing, despite having enough expressive power for the
former (Wang et al.} 2025}, [Qin et al | 2025)?

We revisit this phenomenon following the setup and definition of OOD two-hop reasoning in | Wang
(2024), where the failure is attributed to the fact that OOD bridge entities never appear as the
middle node in any training-time two-hop example. We show that this condition is not necessary for
learning OOD two-hop reasoning. Instead, a minimal modification to the training set, which we call
the Identity Bridge, is sufficient to unlock OOD composition. Concretely, we add a zero-hop task
that maps each bridge token to itself. Identity Bridge encourages the model to consistently associate
the bridge token b in its two roles: as the output in @ — b and as the input in b — ¢. Empirically,
models that previously failed on OOD two-hop queries begin to compose correctly once Identity
Bridge is introduced. This also clarifies a gap between synthetic two-hop settings and pretrained
models: pretraining effectively endows models with a latent form of identity bridging (e.g., the
ability to restate text), which partially supports composition.

To better understand the underlying mechanism, we theoretically analyze a simplified Emb—MLP
model, a one-layer transformer with uniform attention, which has been widely adopted in recent
work on transformer reasoning (Yao et al.| 2025}, [Huang et al., 2025} [Mahankali et al.} [2024}; [Zhang
[20244). We prove that gradient-descent training in this model induces an implicit nuclear-norm
bias toward low-rank, structure-sharing parameters which guarantees OOD generalization from one-
hop to two-hop reasoning, even in this one-layer setting. Moreover, our analysis explains why
simplified synthetic setups often fail to match the behavior of real-world models
2025): they understate the critical role of bridge-token self-consistency.

At the same time, the one-layer solution we uncover for two-hop reasoning is clearly a form of short-
cut pattern, rather than the kind of step-by-step implicit reasoning we ultimately desire. Therefore,
we further investigated a high-complexity setting with more relationships and empirically demon-
strated that the performance degradation of standard GPT-2 is similar to that of the Emb-MLP
model, suggesting that Emb—-MLP is a good mechanism proxy. However, we noticed the small
initialization technique (Zhang et al.| [2024b} 2023}, [Yao et al., [2025) or weight decay is useful to
improve OOD generalization in high-complexity regimes. Our analysis links this improvement to
tight representation alignment across layers, thereby confirming and extending the explanation in
Biran et al|(2024). Finally, we examine pretrained LLMs on real two-hop datasets and find that,
even without explicit two-hop supervision, the models tend to associate object a directly with object
¢, suggesting that shortcut-like cross-task memory is prevalent in the latent logic of modern LLMs.

To sum up, our contribution can be summarized as follows.

1. We introduce the Identity Bridge, a minimal modification to the training data that adds a zero-hop
task and reliably enables OOD two-hop composition in synthetic settings (Figure [2)).

2. We develop a uniform-attention theory (Theorems [I] and [2) showing how Identity Bridge in-
duces cross-task memory sharing that links a to ¢, and why the standard setup without identity
supervision fails.

3. We show that in high-complexity regimes, GPT-2 closely matches Emb—MLP, validating Emb—
MLP as a good proxy, and that small initialization improves cross-layer alignment and OOD
generalization (Figure [6]and Figure /7).

4. We provide evidence that modern LLMs exhibit widespread shortcut-like cross-task memory
sharing even without explicit two-hop supervision (Figure ).
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2 RELATED WORK

Implicit reasoning failure on synthetic data There has been a line of works studying the failure
of implicit reasoning on synthetic data, among which the reversal curse and the two-hop inference
curse are representative examples.

1. Reversal Curse. The reversal curse (Berglund et al.| 2024 |Q1 et al.l 2023)) refers to the phe-
nomenon that an auto-regressive LLM that learns “A to B” during training fails to generalize to
the reverse direction “B to A”. A number of studies have sought to overcome the reversal curse
through different strategies, such as extending causal attention to a bidirectional form (Lv et al.,
2023)), incorporating reversed training samples (Golovneva et al., [2024), applying permutations
to semantic units (Guo et al., [2024), or augmenting datasets with reverse-logic instances (Luo
et al.,[2024). Theoretically, the literature (Zhu et al.,2024) explains the cause of the formation of
the reversal curse from a dynamic perspective.

2. Two-Hop Curse. (Allen-Zhu and Li, 2025) studies a phenomenon in which transformers face
difficulty in manipulating already learned knowledge. (Press et al., |2022) constructs a two-
hop reasoning task on a knowledge graph, demonstrating that transformers can generalize to
in-distribution data through long-term training, a phenomenon known as grokking. However,
out-of-distribution data cannot be generalized. (Ye et al., [2025) further investigated this phe-
nomenon, demonstrating that in-distribution generalization stems from the presence of bridge
entities in the two-hop task in the training set, thereby inducing alignment. However, these works
did not propose methods to alleviate the generalization difficulties of OOD.

Compositionality gap in LLMs A large body of work has studied the evidence underlying rea-
soning in LLMs. (Press et al.| 2022 Xu et al.,[2024) observed a significant gap between the accuracy
of single-hop and double-hop tasks in large models, and this gap does not decrease as the model size
increases. (Yang et al.| [2024) found limited evidence for implicit reasoning in large models by
eliminating shortcuts, and (Yu, 2024) found a similar phenomenon in fine-tuning. (Kazemi et al.,
2023) also found that the model is more able to utilize popular knowledge rather than lesser-known
knowledge during fine-tuning, which affects the model’s reasoning performance. These works have
demonstrated that it is possible for models to exploit shortcuts instead of golden inference. In order
to analyze the possible reasons, (Biran et al., 2024) analyzes the intermediate states in the trans-
former through circuit analysis and points out that one possible reason is that the first-hop task is
completed too late, making the model unable to utilize the first-hop information.

3 PRELIMINARIES

3.1 2-Hop REASONING TASK SETUP

To accurately investigate the performance of Transformers on OOD 2-hop reasoning tasks, we follow
the experimental setups in (Wang et al.| 2024 |Ye et al., |2025). Specifically, our dataset consists of
three distinct components. The first two are used for training, while the third serves exclusively for
evaluation:

* 1-hop Facts: These follow the structure (a,r1) — band (b, 72) — c. Intuitively, these correspond
to real-world facts such as (Alice, mother-of) — Beth and (Beth, sister-of) — Carol. Since prior
work has demonstrated that In-Distribution (ID) training does not improve OOD 2-hop general-
ization, we do not distinguish between ID and OOD for these 1-hop facts.

* Identity Bridge: These are formatted as (b) — b. This category has been overlooked in previous
studies, based on the common assumption that Transformers can trivially align the output b from
the first hop (i.e., (a,71) — b) with the input b required for the second hop (i.e., (b,72) — ¢).
However, we argue that this alignment is non-trivial. We explicitly incorporate this atomic data to
facilitate the model’s reasoning capabilities.

* 2-hop Queries: These queries follow the pattern (a,r1,72) — ¢, corresponding to compositional
chains like (Alice, mother-of, sister-of) — Carol. This subset is strictly reserved for testing and is
not seen during training.
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Data complexity. To provide intuitive insights without loss of generality, our theoretical analysis
assumes a single relation type for each hop. For instance, we consider a scenario with only two
fixed relations: 7; representing “mother-of” and 7o representing “sister-of”’. Even in this simpli-
fied setting, Transformers fail to generalize from 1-hop facts to 2-hop reasoning without additional
intervention.

For the sake of completeness, our experiments extend this setup to consider C' distinct relation
types for the first hop (where C' > 1). Specifically, we ensure that the number of bridge entities
b associated with each relation variant 71 ;,,71 = 1,...,C is balanced. Detailed notation and
definitions are available in Appendix [A]

3.2 MODEL ARCHITECTURE

Transformer. We use a standard GPT-2 model. Let dyq, d.,, di, denote the vocabulary size, embed-
ding space dimension, and query-key-value projection dimension, respectively. Then, each sequence
1.5 1s embedded to Ex through embedding matrix E € R Xdm  Then use standard attention and
MLP modules, and use residual connections and layer norm between each module. For details on
the model implementation, please refer to appendix.

Embedding-MLP. For tasks where attention serves only as an information-mixing mechanism, we
adopt the Embedding-MLP model (Yao et al.,|2025; Huang et al., 2025), which can be viewed as a
transformer layer with uniform attention. This formulation allows flexible handling of the input and
output vocabularies, denoted by Vi, and V. The embedding matrix is E € RWValxdm with row E,
corresponding to token & € V;,, and the projection matrix is Wi,o; € Rém*Voul - For a sequence
X = (z1,...,xs), we define:

Definition 1 (Embedding—-MLP (Emb-MLP)). Given parameters 6 = (E, W;), the model out-
puts logits is
fH(X) = (Z E?Ct> Wproj c Rlv”"".
t=1

3.3 PARAMETER INITIALIZATION

For any learnable weight matrix W € R% %%z with d; and d; denoting the input and output dimen-
sions, we initialize each entry from a Gaussian distribution W; ; ~ N (0, 02). The standard GPT-2

model take o = 0.02. When we use a small initialization, we let o = dl_'y, where v > (.5 since
related work (Zhang et al.,|2024b;|Yao et al.,|2025) shows that networks initialized in this way often
have stronger reasoning capabilities.

4 RESULTS

In this section, we construct different construct data sets of different complexity to demonstrate
the role of identity bridge which unlocks out-of-distribution composition. To further elucidate the
mechanism of the identity bridge, we use embedding-MLP as a simplified model on a dataset with
complexity one to prove that the identity bridge, together with the regularization of the gradient
descent algorithm, enables the model to share latent space memory, thereby completing two-hop
reasoning. On high-complexity data, we use small initialization settings to provide additional align-
ment effects and achieve generalization.

4.1 IDENTITY MATTERS FOR OOD GENERALIZATION

Figure [2] reports test accuracy across models and complexity levels C. Identity bridges is effective
throughout since it yields non-zero OOD two-hop generalization for all models regardless of whether
there are nonlinearities in the model or using small initialization. In particular, at C' = 1 the identity
signal suffices for small-initialized GPT-2, standard GPT-2, and the simplified Emb—MLP to perform
well, consistent with the implicit-regularization account developed in Secs.d.2]and {.3]

It should be noted that, as complexity C' increases, accuracy for standard GPT-2 and Emb-MLP
declines simultaneously, indicating that Emb—MLP captures the operative mechanism of the trans-
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Figure 2: Left: Test accuracy of GPT-2 and Emb-MLP models on datasets with varying complex-
ities. The accuracy of both the standard GPT-2 and Emb-MLP models remains consistent across
different complexity levels. Regularization techniques, such as weight decay or small initialization,
mitigate the decline in the model’s reasoning ability, with small initialization performing better.
Right: The effect of retaining a certain proportion of identity bridge, while masking or adding label
noise to the remaining. The model’s accuracy closely aligns with the proportion of retained.

former and that gradient-descent implicit bias alone is insufficient for strong OOD composition at
higher complexity. In contrast, the small-initialized GPT-2 degrades more gracefully, suggesting a
stronger regularization effect: the initialization-induced bias further constrains the latent geometry
and better preserves the bridge—object coupling needed for composition which will be discussed in

Sec. 4.4l

4.2 CROSS-TASK MEMORY VIA IMPLICIT REGULARIZATION

We now examine how identity bridge enables composition of one-hop tasks. To make the mechanism
explicit, we use the Emb—MLP to solve task with one complexity and analyze the row-wise logit
templates encoded by

W = EW,poj € RVolXWoul,

where the i-th row of W is the (unnormalized) logit vector produced by input token #; specifically,
W, is the logit assigned by token ¢ to output token j. Let the input and output vocabularies be
Vin = & UE UR and Vo = & U &, respectively. For Standard GPT-2 model, we directly use
logit as a comparison.

In this setup, Fig. B(al) shows that relations act primarily as set selectors: 71 boosts logits toward
&> while suppressing £, and 72 does the converse. Hence, the substantive computation of the two
hops is carried by the entity rows of W. The key question is whether the subject rows for a; encode
a discriminative bias toward the correct tail c;.

With identity supervision, Fig. [B(al) further indicates that each bridge token b; is both self-peaked
and object-aligned, exhibiting high logit on b; and on its paired ¢;. Training on (a;, r;) concentrates
subject logits on the appropriate bridge slice; under the implicit nuclear-norm regularization induced
by gradient-based training, as discussed in Sec. 43| the lowest-rank way to satisfy all constraints
shares this structure across blocks, effectively transferring the bridge’s object-aligned peak to the
subject rows. Consequently, the rows associated with a; inherit a tail-directed bias via their linkage
to b;, supplying the cross-task memory needed for composition. Figs.[3{a2) and[3(a3) show that the
model then completes both the one-hop task and the two-hop generalization by combining subject
entities with relations.

In contrast, without identity, non-label logits within a block tend to equalize, yielding a nearly
diagonal-dominant pattern that conveys little information about the correct object ¢; for a given
subject a;, thereby leading to failure of two-hop reasoning.

To demonstrate that Emb-MLP is a good approximation of the standard transformer model, we vi-
sualized the logit of the standard GPT-2 model. The logit structures for single tokens, one-hop data,
and two-hop data all show consistency with Emb-MLP, indicating that although there are differ-
ences between the Emb-MLP model and the transformer model, the Emb-MLP model reproduces
mechanism of the transformer well in this task.
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Figure 3: Row-wise logit templates in Emb-MLP and comparison with Standard GPT-2 at
complexity = 1 regime. Panels (al-a3) and (c1-c3) are trained with identity bridge; panel (b, d)
omits it. (al) Base logit matrix: the top two rows correspond to relation tokens 71 and rs; the
remaining rows correspond to entity tokens in & and &;. (a2) One-hop input (a;, 1), visualized as
the row-wise sum of a; and r;. (a3) Two-hop query (a;, r1,72), visualized as the row-wise sum of
a;, 1, and 7. Red boxes indicate the current argmax output token. (b, d) Same visualization as in
(al) and (cl) but trained without identity supervision.

4.3 UNIFORM-ATTENTION THEORY

We analyze how identity bridge enables two-hop generalization in the Emb-MLP model on the
dataset with complexity one, where attention acts only as uniform mixing. Previous experimental
evidence has shown that this model contains similar mechanisms to the standard GPT-2 model.

Before presenting the main results, we introduce some necessary concepts and related results. For a
labeled example (X, y) with y € V,y, define the pairwise logit gap and multiclass margin by

sxayy = fo(X)y — fo(X)y,  a(X,y)= s Sy

Because Emb-MLP model is positively homogeneous in its parameters, and under standard separa-
bility with cross-entropy training, the normalized direction 8/|0||2 converges to a KKT point of the

margin-maximization program (cf. (Lyu and Li,2019)):

mgin %||0||§ st S(x,y)y > 1 V(X,y) € Dyain, Vy' € Vou \ {y}- (1
In the Emb—-MLP model, the logit matrix W can be viewed as a reparameterization of E and W,,;,
which leads to the following equivalent convex reformulation in W (e.g., (Huang et all,[2025))):

Hé‘i/n %HWHE S.t. S(X,y),y’ >1 V(X, y) € Dtraim Vy' € Vou \ {y} (2)

Problem (2) is equivalent to problem (I)) based on Lemma 1 in (Huang et al [2025) whose idea is
similar to (Recht et all,[2010). We will briefly introduce the idea behind the equivalence proof; for
more details, please refer to (Huang et all 2025). The objective function of problem (T)) for Emb-
MLP has the form ming,w,,.; 5 (| E[[% + [[Wpro;ll#). Using the connection between the nuclear
norm and Frobenius norm that W |2 = minggw,,,,—w} 3 (| E% + [[Wpwojl|%). we can get the
equivalence.

This equivalent convex reformulation brings convenience to analysis. Because it is convex since
the objective function is convex and constraints are affine. Therefore, we use problem (]Z[) to state
margin consequences for two-hop generalization

We now state the formal consequences for two-hop generalization.

Theorem 1 (Positive OOD margin with identity supervision). Given Assumption [I|and large N.
Assume training includes zero-hop identity supervision over Es, and let W™ (equivalently 0*) solve
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problem . Then for every OOD query X = (a;,r1,72) with label y = ¢;, the multiclass margin
is positive:

q(X,y) > 0.
Hence, the composed mapping g-0 g1 is recovered in the OOD two-hop task.

Proof sketch. We first use the permutation symmetry of the dataset £ <
to get a highly structured optimal solution and obtain a closed-form
objective function in this structure. By further utilizing symme-
try, we proved a set of symmetry conditions (Proposition [2)) that
an optimal solution must satisfy, further simplifying the problem.
Next, using the construction method and proof by contradiction, we
strengthened the conditions (Proposition[5]and Corollary [T)) that the
optimal solution must satisfy. These links shrink the OOD margin
check to a one-dimensional inequality that feasibility makes strictly
positive, yielding a positive margin on every two-hop query and the
success of OOD generalization. See appendix [B-3|for details of the
proof. Figure 4: The optimal solu-
Theorem 2 (Failure without identity supervision). Given Assump- tion of optimization problem
tion[l} If identity supervision is omitted, any problem of (2)) satisfies, |z| with identity bridge.

Sor each OOD query X = (a;,r1,72) with label y = ¢;, the multiclass margin is negative:

q(X,y) < 0.

Thus, the composed mapping fails on the OOD two-hop task.
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Proof sketch. Without identity supervision, the training constraints 3 3
are perfectly symmetric inside each block. Because the objective
is convex and permutation-invariant, we can average any optimal
solution over all within-block permutations and obtain an equally
optimal, fully symmetric one. A short KKT check then shows the
non-label logits equalize within blocks, so subjects carry no pref-
erence toward their true objects. When we test a held-out two-hop
composition, the signal from the subject does not point to the cor-
rect tail and the margin becomes negative. Hence the margins are
negative for all OOD two-hop queries and composition fails. See
appendix [B-4]for details of the proof.
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4.4 HIGH-COMPLEXITY REGIMES: tion of optimization problem
STRENGTHENING REGULARIZATION AND ALIGNMENT |2|Without identity bridge.

As dataset complexity increases with larger bridge vocabulary and

more relation slices, the implicit regularization is no longer sufficient to solve two-hop reasoning
task since relying solely on shared latent memory makes the model unable to distinguish the infor-
mation of the object carried by the subject. We therefore strengthen regularization either by small
initialization or by weight decay. Both interventions substantially recover OOD performance.

Figures [6] visualize the geometry of hidden states across layers using the polar alignment plots. As
this figure illustrated ,models with small initialization or with weight decay exhibit tighter alignment
between (eq,r1) and the corresponding bridge es than the standard GPT-2 trained with the same
dataset.

Furthermore, as Fig. [7|indicates, the emergence of shared latent memory of a; to ¢; precedes the
growth of generalization ability. With the alignment of hidden states improves during training, the
test accuracy rises in step with this alignment trend. In other words, when the representations for
one-hop data and the target bridge collapse into the same subspace, the second hop can reliably latch
onto the correct features and composition succeeds.

Mechanistically, both small initialization and weight decay alleviates the pain of the model perform-
ing two-hop reasoning only through shared memory. Under higher complexities, We need to further
use the information of the bridge entity to enable the model to correctly identify the corresponding
object. The alignment of the hidden state allows the model to more directly use the second-hop data
to restore positive OOD margins and two-hop generalization.
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Figure 7: Alignment analysis along the training steps for small initialized GPT-2 with complexity=
2. The two images correspond to when the memorization on 1-hop ends but OOD generalization
ability is missing, and the moment when OOD generalization is completed. Figure (al) and (bl)
shows the relationship between the input a; and the output logits of ¢;, similarly to Fig. 3] Figure
(a2) and (b2) is the T-SNE visualization of hidden states like Fig. @

4.5 EXTENSION TO 3-HOP REASONING

Although our primary analysis focuses on 2-hop reasoning, the same framework naturally extends to
3-hop reasoning with the single-layer Emb-MLP model. For simplicity, we consider the following
chain of 3-hop reasoning:

aLp B q

Based on our theoretical findings, the Emb-MLP model can learn 3-hop reasoning only if it suc-
cessfully identifies the relationships from a to d, which it can extract via the critical token r3. In
Fig. 8] we present four different training setups: (a) only 1-hop pairs (a,r1,b), (b, 72, ¢), (¢,r3,d);
(b) 1-hop pairs with identity bridges b — b,c¢ — ¢; (c) 1-hop pairs combined with 2-hop pairs
(a,r1,72,¢), (b,r2,73,d); and (d) a combination of 1-hop, 2-hop pairs, and identity bridges.

In Fig. [B(a) and (b), the model successfully captures the first and second hop patterns but fails to
establish the 3-hop relationship. Training with 2-hop data, however, strengthens the logits from
a — c and from b — d, which helps the model successfully complete the @ — d connection, as
shown in Fig.[8|c) and (d).

Connection to the ‘Reversal Curse’. Some studies have observed that autoregressive large mod-
els fail to recognize the reversal of relations, such as not understanding that a = b implies b = a.
Several works have proposed transformer improvements to address this issue. In Fig. [8d), we ob-
serve that when the output is ¢, there is a clear activation on the diagonal of the group & — &
where the output is b. This indicates that with the help of the identity bridge, the model can establish
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connections such as b — b,c — ¢,b — ¢, thereby facilitating the model’s awareness of the rela-
tionship from c to b. This suggests that the identity bridge may also offer a potential solution to the
Reversal Curse problem.

I Stage 1: Ist hop Stage 2: 2nd hop [0 Stage 3: 3rd hop
(a) «——E2—> «——E3—> «—E4—> (b) «——E2—> «——E3—> «—E4—> (c) «—E2—> «——E3—> «—E4—> (d) «—E2—> ——E3—> «—E4—>

L. L

B
by by bs ¢ ¢ ¢ di dy ds by b3 bs a1 C Cs dy dy ds by b3 bs a €3 Cs dy dy ds by b3 bs ¢ ¢ ¢ di d3 ds
Logits Logits Logits Logits
3-hop accuracy: 0% 3-hop accuracy: 0% 3-hop accuracy: 100% 3-hop accuracy: 100%

Embeddings

Figure 8: Row-wise logit templates in 3-hop reasoning task (a,r1, 72,73, d) of Emb—MLP model
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corresponding to (eq, r2) before and after fine-tuning on datasets. The red box indicates the answer
to the corresponding two-hop reasoning data. The bar chart shows the change in the probability of
the corresponding two-hop answer when using the prompt (e, ) for different datasets.

In this section, we consider the mechanism of two-hop reasoning in real large models. As pointed
out in [2022), despite the existence of a combinatorial gap, real large models still have
two-hop reasoning capabilities. We finetune pretrained models on TWOHOPFACT dataset which
was introduced by 2024) to verifying our theoretical results. We filtered the data based
on the bridge entity to ensure the OOD characteristics of the test data. Although fine-tuning can
improve the two-hop reasoning ability of the model to a certain extent, the accuracy improvement
brought by the identity mapping is not significant. However, we can still verify the theoretical results
on a large model.
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For large models, since the parameters have been fully pre-trained, the alignment phenomenon is
unlikely to be observed from the hidden state. The model should basically rely on the implicit
regularization induced by the gradient descent algorithm to complete the task. In order to observe
this mechanism, we extract the following three datasets based on the two-hop results for analysis:
Deorrect consists of data with correct two-hop reasoning whether fine-tuning or not, Dpyyial contains
the data that are wrong in the first two hops of fine-tuning but correct after fine-tuning, and Dipcorrect
contains the data of fine-tuning the errors of the two-hop task.

As Fig. 0] shown, after training on the single-hop task, even without seeing the corresponding two-
hop data, for the correct data after training, when we use prompts such as (eq, r3), such as “the novel
was born in the city of” but omit the “author” relation, the model still establishes a strong correlation
between the subject and the object, suggesting that the model actually implicitly establishes the
identity bridge during the pre-training process which utilizes similar implicit regularization. This is
corroborated by our simplified analysis of repetitive tasks using intermediate checkpoints in OLMo-
2 (OLMo et al.| [2024). For specific details, please refer to Sec. [C.3]

We calculated the probability change of labels corresponding to two-hop data using this type of
prompt. The results from different models consistently show that completing two-hop reasoning
depends on improving the probability of the subject to the object. For the data that still got it wrong
after fine-tuning, we found that the probability of the corresponding object was slightly improved.
The experiments on other tasks such as MuSiQue dataset (Trivedi et al., |2022)) could be referred at
Sec.

5 DISCUSSIONS

Conclusion. In this work, we revisit the two-hop curse through the lens of implicit reasoning.
We show that a minimal modification to the training data, the Identity Bridge, is sufficient to unlock
OOD two-hop composition. Through a rigorous analysis of a simplified Emb—MLP model, we prove
that identity bridge provably improves OOD two-hop generalization, while its absence inevitably
leads to failure.

Empirically, we find that Emb—MLP closely approximates the behavior of standard GPT-2, indi-
cating that standard transformers also tend to solve two-hop tasks via shortcut rather than genuine
step-by-step reasoning. To move toward more faithful implicit reasoning, we investigate additional
regularization methods, such as small initialization and weight decay, and show that they promote
tighter alignment of hidden representations across layers and improve OOD generalization in high-
complexity regimes. Finally, experiments on real language tasks suggest that pretraining already
endows modern LLLMs with implicit identity-bridge-like capabilities, indicating that synthetic data
must carefully match the structural properties of real-world tasks when approximating the reasoning
behaviour of large language models.

Limitations. Our theoretical analysis is conducted within a simplified Emb-MLP model with a
uniform attention mechanism and does not explicitly capture the full attention dynamics of trans-
formers. Furthermore, it focuses on two-hop reasoning in synthetic environments. Nevertheless,
experiments show that this model tracks GPT-2 well across various complexity levels and repro-
duces its success and failure patterns with and without identity supervision.

10



Under review as a conference paper at ICLR 2026

REFERENCES

Zeyuan Allen-Zhu and Yuanzhi Li. Physics of language models: part 3.1, knowledge storage and
extraction. In Proceedings of the 41st International Conference on Machine Learning, ICML’24.
JMLR.org, 2024.

Zeyuan Allen-Zhu and Yuanzhi Li. Physics of language models: Part 3.2, knowledge manipulation.
In The Thirteenth International Conference on Learning Representations, 2025. URL https:
//openreview.net/forum?id=o0DbiL9CLoS.

Xiaoyan Bai, Itamar Pres, Yuntian Deng, Chenhao Tan, Stuart Shieber, Fernanda Viégas, Martin
Wattenberg, and Andrew Lee. Why can’t transformers learn multiplication? reverse-engineering
reveals long-range dependency pitfalls, 2025. URL https://arxiv.org/abs/2510.
00184.

Mikita Balesni, Tomek Korbak, and Owain Evans. Lessons from studying two-hop latent reasoning,
2025. URL https://arxiv.org/abs/2411.16353.

Lukas Berglund, Meg Tong, Maximilian Kaufmann, Mikita Balesni, Asa Cooper Stickland, Tomasz
Korbak, and Owain Evans. The reversal curse: LLMs trained on “a is b” fail to learn “b is
a”. In The Twelfth International Conference on Learning Representations, 2024. URL https:
//openreview.net/forum?id=GPKTIktAOKk.

Eden Biran, Daniela Gottesman, Sohee Yang, Mor Geva, and Amir Globerson. Hopping too late:
Exploring the limitations of large language models on multi-hop queries. In Yaser Al-Onaizan,
Mohit Bansal, and Yun-Nung Chen, editors, Proceedings of the 2024 Conference on Empirical
Methods in Natural Language Processing, pages 14113—-14130, Miami, Florida, USA, November
2024. Association for Computational Linguistics. doi: 10.18653/v1/2024.emnlp-main.781. URL
https://aclanthology.org/2024.emnlp—-main.781/.

Yuntian Deng, Yejin Choi, and Stuart Shieber. From explicit cot to implicit cot: Learning to inter-
nalize cot step by step, 2024. URL https://arxiv.org/abs/2405.14838,

Mengru Ding, Hanmeng Liu, Zhizhang Fu, Jian Song, Wenbo Xie, and Yue Zhang. Break the chain:
Large language models can be shortcut reasoners. CoRR, abs/2406.06580, 2024. doi: 10.48550/
ARXIV.2406.06580. URL https://doi.org/10.48550/arXiv.2406.06580.

Nouha Dziri, Ximing Lu, Melanie Sclar, Xiang Lorraine Li, Liwei Jian, Bill Yuchen Lin, Peter West,
Chandra Bhagavatula, Ronan Le Bras, and Jena D. Hwang. Faith and fate: Limits of transformers
on compositionality. ArXiv, abs/2305.18654, 2023.

Olga Golovneva, Zeyuan Allen-Zhu, Jason Weston, and Sainbayar Sukhbaatar. Reverse training to
nurse the reversal curse. arXiv preprint arXiv:2403.13799, 2024.

Qingyan Guo, Rui Wang, Junliang Guo, Xu Tan, Jiang Bian, and Yujiu Yang. Mitigating re-
versal curse in large language models via semantic-aware permutation training. arXiv preprint
arXiv:2403.00758, 2024.

Yixiao Huang, Hanlin Zhu, Tianyu Guo, Jiantao Jiao, Somayeh Sojoudi, Michael I Jordan, Stuart
Russell, and Song Mei. Generalization or hallucination? understanding out-of-context reasoning
in transformers. arXiv preprint arXiv:2506.10887, 2025.

Mehran Kazemi, Sid Mittal, and Deepak Ramachandran. Understanding finetuning for factual
knowledge extraction from language models. CoRR, abs/2301.11293, 2023. URL https:
//doi.org/10.48550/arXiv.2301.11293.

Takeshi Kojima, Shixiang Shane Gu, Machel Reid, Yutaka Matsuo, and Yusuke Iwasawa. Large
language models are zero-shot reasoners. Advances in neural information processing systems,

35:22199-22213, 2022.

Tianhe Lin, Jian Xie, Siyu Yuan, and Deqing Yang. Implicit reasoning in transformers is reasoning
through shortcuts. In Wanxiang Che, Joyce Nabende, Ekaterina Shutova, and Mohammad Taher
Pilehvar, editors, Findings of the Association for Computational Linguistics: ACL 2025, pages

11


https://openreview.net/forum?id=oDbiL9CLoS
https://openreview.net/forum?id=oDbiL9CLoS
https://arxiv.org/abs/2510.00184
https://arxiv.org/abs/2510.00184
https://arxiv.org/abs/2411.16353
https://openreview.net/forum?id=GPKTIktA0k
https://openreview.net/forum?id=GPKTIktA0k
https://aclanthology.org/2024.emnlp-main.781/
https://arxiv.org/abs/2405.14838
https://doi.org/10.48550/arXiv.2406.06580
https://doi.org/10.48550/arXiv.2301.11293
https://doi.org/10.48550/arXiv.2301.11293

Under review as a conference paper at ICLR 2026

9470-9487, Vienna, Austria, July 2025. Association for Computational Linguistics. ISBN 979-
8-89176-256-5. doi: 10.18653/v1/2025.findings-acl.493. URL https://aclanthology.
org/2025.findings—acl.493/.

Ruilin Luo, Tianle Gu, Haoling Li, Junzhe Li, Zicheng Lin, Jiayi Li, and Yujiu Yang. Chain of
history: Learning and forecasting with llms for temporal knowledge graph completion. arXiv
preprint arXiv:2401.06072, 2024.

Ang Lv, Kaiyi Zhang, Shufang Xie, Quan Tu, Yuhan Chen, Ji-Rong Wen, and Rui Yan. Are we
falling in a middle-intelligence trap? an analysis and mitigation of the reversal curse. arXiv
preprint arXiv:2311.07468, 2023.

Kaifeng Lyu and Jian Li. Gradient descent maximizes the margin of homogeneous neural networks.
arXiv preprint arXiv:1906.05890, 2019.

Arvind V. Mahankali, Tatsunori Hashimoto, and Tengyu Ma. One step of gradient descent is prov-
ably the optimal in-context learner with one layer of linear self-attention. In The Twelfth Inter-
national Conference on Learning Representations, ICLR 2024, Vienna, Austria, May 7-11, 2024.
OpenReview.net, 2024. URL |https://openreview.net/forum?id=8p3fub61Kcl

Team OLMo, Pete Walsh, Luca Soldaini, Dirk Groeneveld, Kyle Lo, Shane Arora, Akshita
Bhagia, Yuling Gu, Shengyi Huang, Matt Jordan, et al. 2 olmo 2 furious. arXiv preprint
arXiv:2501.00656, 2024.

Ofir Press, Muru Zhang, Sewon Min, Ludwig Schmidt, Noah A Smith, and Mike Lewis. Measuring
and narrowing the compositionality gap in language models. arXiv preprint arXiv:2210.03350,
2022.

Chengwen Qi, Bowen Li, Binyuan Hui, Bailin Wang, Jinyang Li, Jinwang Wu, and Yuanjun
Laili. An investigation of llms’ inefficacy in understanding converse relations. arXiv preprint
arXiv:2310.05163, 2023.

Tian Qin, Yuhan Chen, Zhiwei Wang, and Zhi-Qin John Xu. Limit analysis for symbolic multi-step
reasoning tasks with information propagation rules based on transformers, 2025. URL https:
//arxiv.org/abs/2509.23178.

Benjamin Recht, Maryam Fazel, and Pablo A Parrilo. Guaranteed minimum-rank solutions of linear
matrix equations via nuclear norm minimization. SIAM review, 52(3):471-501, 2010.

Harsh Trivedi, Niranjan Balasubramanian, Tushar Khot, and Ashish Sabharwal. MuSiQue: Multi-
hop questions via single-hop question composition. Transactions of the Association for Compu-
tational Linguistics, 2022.

Boshi Wang, Xiang Yue, Yu Su, and Huan Sun. Grokking of implicit reasoning in transformers: A
mechanistic journey to the edge of generalization. In The Thirty-eighth Annual Conference on
Neural Information Processing Systems, 2024. URL https://openreview.net/forum?
1d=D4QgSWxiObl

Zhiwei Wang, Yunji Wang, Zhongwang Zhang, Zhangchen Zhou, Hui Jin, Tianyang Hu, Jiacheng
Sun, Zhenguo Li, Yaoyu Zhang, and Zhi-Qin John Xu. Understanding the language model to solve
the symbolic multi-step reasoning problem from the perspective of buffer mechanism. In Chris-
tos Christodoulopoulos, Tanmoy Chakraborty, Carolyn Rose, and Violet Peng, editors, Findings
of the Association for Computational Linguistics: EMNLP 2025, pages 16446-16474, Suzhou,
China, November 2025. Association for Computational Linguistics. ISBN 979-8-89176-335-7.
doi: 10.18653/v1/2025.findings-emnlp.893. URL https://aclanthology.org/2025.
findings—-emnlp.893/.

Jason Wei, Xuezhi Wang, Dale Schuurmans, Maarten Bosma, Brian Ichter, Fei Xia, Ed H. Chi,
Quoc V. Le, and Denny Zhou. Chain-of-thought prompting elicits reasoning in large language
models. In NeurlPS, 2022. URL http://papers.nips.cc/paper_files/paper/
2022/hash/9d5609613524ecfdfl15af0f7b31labcad-Abstract-Conference.
htmll

12


https://aclanthology.org/2025.findings-acl.493/
https://aclanthology.org/2025.findings-acl.493/
https://openreview.net/forum?id=8p3fu56lKc
https://arxiv.org/abs/2509.23178
https://arxiv.org/abs/2509.23178
https://openreview.net/forum?id=D4QgSWxiOb
https://openreview.net/forum?id=D4QgSWxiOb
https://aclanthology.org/2025.findings-emnlp.893/
https://aclanthology.org/2025.findings-emnlp.893/
http://papers.nips.cc/paper_files/paper/2022/hash/9d5609613524ecf4f15af0f7b31abca4-Abstract-Conference.html
http://papers.nips.cc/paper_files/paper/2022/hash/9d5609613524ecf4f15af0f7b31abca4-Abstract-Conference.html
http://papers.nips.cc/paper_files/paper/2022/hash/9d5609613524ecf4f15af0f7b31abca4-Abstract-Conference.html

Under review as a conference paper at ICLR 2026

Zhuoyan Xu, Zhenmei Shi, and Yingyu Liang. Do large language models have compositional abil-
ity? an investigation into limitations and scalability. In ICLR 2024 Workshop on Mathematical
and Empirical Understanding of Foundation Models, 2024. URL https://openreview.
net/forum?id=4XPeF0SbJs.

Sohee Yang, Elena Gribovskaya, Nora Kassner, Mor Geva, and Sebastian Riedel. Do large language
models latently perform multi-hop reasoning? arXiv preprint arXiv:2402.16837, 2024.

Junjie Yao, Zhongwang Zhang, and Zhi-Qin John Xu. An analysis for reasoning bias of language
models with small initialization, 2025. URL https://arxiv.org/abs/2502.04375.

Shunyu Yao, Dian Yu, Jeffrey Zhao, Izhak Shafran, Tom Griffiths, Yuan Cao, and Karthik
Narasimhan. Tree of thoughts: Deliberate problem solving with large language models. Ad-
vances in neural information processing systems, 36:11809-11822, 2023.

Jiaran Ye, Zijun Yao, Zhidian Huang, Liangming Pan, Jinxin Liu, Yushi Bai, Amy Xin, Liu We-
ichuan, Xiaoyin Che, Lei Hou, and Juanzi Li. How do transformers learn implicit reasoning?
In The Thirty-ninth Annual Conference on Neural Information Processing Systems, 2025. URL
https://openreview.net/forum?id=19ygs48n0Oa.

Yijiong Yu. Do llms really think step-by-step in implicit reasoning? 2024.

Ruiqi Zhang, Spencer Frei, and Peter L. Bartlett. Trained transformers learn linear models in-
context. J. Mach. Learn. Res., 25:49:1-49:55, 2024a. URL https://Jmlr.org/papers/
v25/23-1042.html.

Zhongwang Zhang, Pengxiao Lin, Zhiwei Wang, Yaoyu Zhang, and Zhi-Qin John Xu. Initializa-
tion is critical to whether transformers fit composite functions by reasoning or memorizing. In
The Thirty-eighth Annual Conference on Neural Information Processing Systems, 2024b. URL
https://openreview.net/forum?id=YOBGdVaYTS.

Zhongwang Zhang, Pengxiao Lin, Zhiwei Wang, Yaoyu Zhang, and Zhi-Qin John Xu. Complexity
control facilitates reasoning-based compositional generalization in transformers. arXiv preprint
arXiv:2501.08537, 2025.

Hanlin Zhu, Baihe Huang, Shaolun Zhang, Michael Jordan, Jiantao Jiao, Yuandong Tian, and Stu-
art J Russell. Towards a theoretical understanding of the’reversal curse’via training dynamics.
Advances in Neural Information Processing Systems, 37:90473-90513, 2024.

13


https://openreview.net/forum?id=4XPeF0SbJs
https://openreview.net/forum?id=4XPeF0SbJs
https://arxiv.org/abs/2502.04375
https://openreview.net/forum?id=19ygs48nOa
https://jmlr.org/papers/v25/23-1042.html
https://jmlr.org/papers/v25/23-1042.html
https://openreview.net/forum?id=YOBGdVaYTS

Under review as a conference paper at ICLR 2026

A NOTATIONS AND DEFINITIONS

We adopt the following notation conventions. All tokens in our synthetic tasks are encoded as
positive integers. Calligraphic capital letters (e.g., £, R) denote sets of tokens, roman capital letters
(e.g., N, C) denote scalar parameters such as dataset size and complexity, and lower-case letters
denote individual tokens. The entity set £ is partitioned into subject, bridge, and object subsets
&1, &2, &3, with typical elements e . € £, e2. € £z, and e3. € £3. The relation set R is split into
first- and second-hop families R, and R, with elements 1. € Ry and 2. € R,. For any set .S,
we write | S| or #5S for its cardinality.

A.1 Two-Hoprp REASONING TASK SETUP

To study the mechanism behind compositionality gap, we introduce the synthetic dataset in which all
tokens are positive integers partitioned into a disjoint set of entities (£) and relations (R). Entities
are split into subject, bridge, and object subsets:

E =& U&EUE;, with 5105]=®(Z7é])
Relations are divided into two disjoint families for the two hops:
R = R1UR,, with Ry NRy = 0.
One-hop tasks. We instantiate two one-hop tasks. For the first hop, we first partition the bridge
entities £ according to complexity determined by the number of relations in R :

[R1

|
&= &

ji=1
Then define a deterministic (or sampling) map
g1: &1 xRy — & suchthat gyi(e1,r15,) € E2j,-
The first-hop triple set is
Ti = {(e1,7115,,e2) : e1 €&1, r1j, € Ri, e2 =gi(e1,r1,j,) }-

This partitioning of £ ensures that each r; ;, € R; only co-occurs with bridge entities from its
dedicated slice &, j,, reducing spurious shortcuts across relations. Second-hop construction follows
analogous principles.

Two-hop composition. A two-hop instance composes the two one-hop maps. Given
(e1,714,,€2) € T1 and (ez, 2 4,,€3) € Ta, the composed query is (e, 71 j,,72,;,) With answer

(e1,7m1,51,72,5,) = g2(g1(er,rijy), m2.5,) = es.

Identity Bridge. Unlike prior work, we also include a zero-hop task over bridge entities called
identity bridge to establish the connection between two one-hop tasks and shape the model’s latent
space. For each bridge entity e5 € £ we add a training pair of the form

(62) — €9,

encouraging the model to implement an identity transformation f(es) = es on the bridge entities.
This task is not introduced for its standalone difficulty, but to regularize representations so that the
composed mapping g2 o g1 can be more reliably recovered during two-hop generalization.

A.2 DATASET SETUP

OOD two-hop reasoning. After determine the g; and g, maps, we can construct training dataset
Dirain and test dataset Dy Where Dy, contains all one-hop data and partial two-hop data and Die
contains only the two-hop data. To investigate OOD composition ability, a two-hop (e, 71, r2) data
is called out-of-distribution if the corresponding bridge entity es has never appeared in the two-hop
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data of the training set. In this work, unless otherwise specified, the training set is restricted to
contain only single-hop data, ensuring that all two-hop data are out-of-distribution.

Dataset Complexity By adjusting the configurations of ¢;, g2, and the number of relations, we can
control the complexity of the dataset. The dataset complexity is defined precisely as the number of
object entities associated with each subject as follows:

Complexity = erneagx #{es = (e1,71,5,,72,5,) | 71,5, € R1,72,5, € Ra}.
1 1

To construct different complexity data, we instantiate families of datasets with controlled complex-
ity. Fix N € N and set |&1] = |€5] = N. Let C € N denote the complexity parameter and
take

|E2| = CN, |R1| = C, |Ro| = 1.

Partition the bridge set evenly as

c
& = J &y &g o= {ewr (A -DN+1<k<iN}
Ji=1
Write Ry = {r1,1,...,71,c} and Rg = {ra}. The hop maps are defined by
gi(eii, rij) = €2,(j1—1)N+iy> g2(e2k, r2) = eg,L%J-&-k mod N’

so that each 7 ; selects the j-th bridge slice and r; collapses the bridge index modulo N onto £s.
When C' = 1, we construct the structured setting used for analysis:

51:{01,...,(LN}, 52:{b17'~';bN}7 53:{617"'7CN}7 Rlz{rl}v RQ:{TQ}a

with one-to-one correspondences gi1(a;,,71) = b;, and g2(b;,,72) = ¢;,, hence the composed
answer for (a;,,71,72) is ¢;, -

B THEORETICAL DETAILS

This appendix completes the proofs of Theorems [I] and 2] We first collect several standard tools
and assumptions from the literature that will be used throughout the arguments, and then give the
proofs via a detailed analysis of the nuclear-norm program—combining a constructive step with a
contradiction argument.

B.1 PRELIMINARIES FOR KKT CONDITIONS

First we recall the notion of subdifferentials for convex functions and then state the KKT conditions
in subdifferential form.

Let ¢ : R? — (—o0,+00] be a proper convex function. The subdifferential of ¢ at x € R? is
defined by
dp(x) = {s e R : o(y) > p(z) + (s,y —x) YyecR’'}.

Consider the following optimization problem (P) for = € R%:
min  f(x)
st. gn(x) >0 Vne[N],
hm(x) =0 Vm € [M],
where f, g, hn, are convex and finite-valued on their domains. We say that z € R? is a feasible
point of (P) if « satisfies g, () > 0 for all n € [N] and h,,(x) = 0 for all m € [M].

Definition 2 (KKT point). A feasible point x of (P) is called a KKT point if there exist multipliers
AMyeoos AN > 0and p, ..., puar € R such that

1. (Subdifferential stationarity) There exist subgradients sy € 0f(x), sg, € Ogn(x) for all n €
[N], and sp,,, € Ohy(x) for all m € [M)] such that

N M
sy — Zx\nsgn — Zumshm = 0.
n=1 m=1

m
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Equivalently,

N M
0e 6.f(w) - Z )\nagn(m) - Z Umahm(w)'
n=1 m=1

2. (Complementary slackness) For all n € [N,
Angn(x) = 0.

In general, global minimizers of (P) do not necessarily satisfy the KKT conditions. However, under
suitable regularity assumptions (such as a Slater-type constraint qualification), the KKT conditions
become necessary for optimality. To ensure the validity and clarity of the subsequent analysis, we
impose the following standard assumptions.

Next we recall a standard constraint qualification for convex optimization, known as Slater’s condi-
tion, which guarantees that KKT conditions are satisfied at optimal solutions.

Definition 3 (Slater’s condition). Consider problem (P) above and assume that f and g,, are convex

functions on RY for all n € [N), and each h., is an affine function on R? for all m € [M]. We say
that Slater’s condition holds for (P) if there exists a point & € R? such that

gn(Z) >0 Vn € [N], ho(Z) =0 Vm € [M].

Such a point x is called a strictly feasible point.

Under Slater’s condition, the KKT conditions become necessary (and, in the convex setting, also
sufficient) for optimality.

Proposition 1 (KKT conditions under Slater’s condition). Suppose that (P) is a convex optimiza-
tion problem in the sense that f and g, are convex and h,, are affine, and that Slater’s condition
holds. Let x* be a global minimizer of (P). Then x* is a KKT point; that is, there exist multipliers

T AN = 0and py, ... 1wy € Rsuch that «* and (N, p*) satisfy the subdifferential KKT
conditions above. Conversely, any KKT point of (P) is a global minimizer.

In other words, for convex problems satisfying Slater’s condition, the KKT conditions provide an
exact characterization of optimal solutions.

B.2 AUXILIARY RESULTS FROM THE LITERATURE

We restate the external lemmas and assumptions needed in our proofs, in formulations specialized
to our notation. Proofs are omitted and can be found in the citepd references.

Lemma 1 (Existence of a restricted form solution to , (Huang et al., [2025) Lemma 3). Suppose
W is the solution to the optimization problem with identity task. There exists a solution with
parameter a1, as,by,by, c1,co,dy,do, e, f, g, h such that

wi-(Gptie GnlaE o i) ®
The parameters follow the following constraints:
ap,dy > 1,
ai+ax+e>cr+c+g+1, 4)
dy+do+h>by+bo+ f+1.
In addition, after introducing the identity mapping, the problem gains additional constraints:
by > 1,
®)

by +by >dy +da+ 1.

To analyze the optimal solution of optimization problem [2} we need an explicit formula of the
nuclear norm. After block multiplication, W TW can be written as:

Cail, + CaoE,, CpiI,+CpoE, > ©)

T =
ww ( CBlIn + CB2En CDlIn + CD2E7L
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where the coefficients are:

CAI = (I% + b%

Cag = 2a1as + na% + 2b1by + nbg +e% + f2

Cp1 = C% + d%

Cpo = 2¢1c9 + ncg + 2d1ds + nd% + g2 + K2

Cp1 = ajc1 + bidy

Cpa = a1co + agcy + nasce + byds + bady + nbads + eg + fh.
The proof of Lemma [I] is provided in (Huang et al [2025). Readers may also consult the proof
of Lemma [} as the underlying ideas are closely related. Through direct calculation, we have an

explicit expression for the nuclear norm of W. We introduce the following notation to simplify the
formula.

u = (a1 + nas, by +nba, Ve, v/nf)", v = (c1 +nca,di +nda,/ng,\/nh)"  (7)

and
Az(“l Zi) B = (u,v) ®)

Lemma 2 (Closed-form of ||W||,. under the restricted form). Let W be in the restricted form Eq.
@). Then its nuclear norm admits the closed form

Wl = (n—1)\/Ca1 + Cpi + 2|ard; — bicy|

+ \/CAl +nCus + Cpi1 +nCpa + 2\/(CA1 +nC42)(Cp1 + nCp2) — (Cp1 + nCp2)?.
&)

In particular, Eq. (9) can be reformulated as

Wl = (n = D[ All« + | B]] (10)

Proof. Eq. () follows directly from the Lemma 6 in (Huang et al| 2025). Therefore, we focus on
Eq. (10). For the first term, we expand the expression according to the definition.

\V/Ca1 + Cp1 +2|ayd; — biey| = \/a% + b2+ + d3 + 2|ardy — bica] (11)

Then, we check it is just || A]|.. Let X € R"*? and o1, o be singular values, we get || X || = o1 +02.

We use the following identity
01+ 02 =1/0% + 03 + 20109. (12)

o? + 03 = || X||3, o102 = /det(XTX) (13)

Moreover, we use

Substitute A into above equation, we get the result. The proof for the second term is similar. O

To fully characterize the properties of the optimal solution to the optimization problem in (2)), the
mere existence of a solution is insufficient. To address this limitation, (Huang et al.,[2025)) introduces
the following assumption and establishes the uniqueness of the solution.

Assumption 1. Suppose that W is a solution to optimization problem (2)) with (or without) identity
mapping, but takes a different form from (3) (or (61)). Then we assume that 13, WT # 03 .

Based on Assumption [I] the uniqueness theorem is stated as follows.

Theorem 3 (Uniqueness, rephrased from (Huang et al.| 2025) Theorem 5). Given Assumption(l] the
solution of optimization problem (2) with (or without) identity mapping has restricted form (or

(€1)).
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B.3 PROOF FOR THEOREM 1

We start with the following Proposition which characterize the optimal solution of optimization
problem (2) with restricted form.

Proposition 2. Suppose that W is a optimal solution of optimization problem (2)) with restricted
form (El) Then, W satisfies 15, WT = 0], .

Proof. Using the notation introduced in Eqgs. (7) and (8] and the Lemma[2] the optimization problem
can be reformulated as
o (= DAL+ B
st. gr:a; >1,

g2 :b1 > 1,

gs:dp > 1, (14)

gs:a1+ax+e>ci+cat+g+1,

g5 b1 +by > dy +da + 1,

g :di+da+h>b+ba+ f+1.

We assert that the optimal solution to the optimization problem satisfies the KKT conditions. To this
end, we only need to verify the convexity and the Slater condition.

Convexity. Since the nuclear norm is convex, the || A||, is convex with respect to a1, by, ¢1,d;. For
the term || B||., it is also convex since it is a composition of convex function and affine transforma-
tion. Moreover, the optimization problem is convex since the objective function is convex and the
constraints are affine.

Slater condition. We can construct a solution which is strictly feasible. Here, we give an example.
Leta1 = 2,51 = 3,01 = 0.5,d1 = 1.5,0,2 = O7b2 = 0,02 = O,dg = 0,6 = O,g = O,f = O,h =
4. Through direct testing, we can see that this solution is strictly feasible.

Thus, we can use the KKT condition to characterize the optimal solution. Observing that || A||.
is independent of aq, ba, co, do, €, f, g, h, we consider the stationary condition with respect to them
since the symmetry of B with respect to « and v will be helpful. Using chain rule, we get

(a2) : 0 € n(@u|| B )1 — My (c2) 1 0 € 18| Bl )1 + A
(b2) : 0 € n(Bul|Bllx)2 — As + Ae,  (d2) : 0 € (]| Bll+)2 + As — Ao

():0€ @ullBl)s —Ais (9):0€ @ollBll)s + i (4
(f) 0 € (OullBlls)a+ Ag,  (h) 10 € (Ou||Bll+)a — Ae,
Utilizing the symmetry, we find that there exist ,, € Oy|| B||« and 8, € Oy || B||« such that
Sy + S = 0. (16)

Next, we proceed by case analysis.

1. w = v = 0. In this case, we get f = h = 0 by the definition of w and v. Then the inequality
constraints g5 and gg will be reformulated as

bi+by>dy+do+1, di+ds>by+by+1. a7
It makes a contradiction and implies that w = v = 0 is not a solution.
2. u = 0orv = 0. We just need to consider the u = 0 case and the proof of v = 0 case is similar.

First, we recall the definition of the subderivative of nuclear norm. Let X € R"*" with singular
value decomposition X = UXV'T, the subderivative of nuclear norm with respect to X is

A|IX|, = {UVT + M :UTM =0, MV = 0,||M]s < 1} (18)
Substitute B = (0, v) into the definition, we find
vTM =0, Mey=D0. (19)
It implies that
J||Bll« = {(w,v) : w L v, ||w| <1}. (20)

Then the condition (T6) implies that there exists w such w + v = 0. It makes a contradiction
since w L v.
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3. u # 0 and v # 0. We will further discuss two scenarios in this case.

(a) u and v are linearly independent. In this case, the subgradient equals the gradient because
there are no singularities. By direct computation, we get

i Jvl3u — (u,v)
Vall Bl = o (u
. 18I \* " VllElolE = (w.0)?

Jul3v — (wv)u
VolBll = o (v +
" 1BI- " VTulTl = (u, 0)?

Thus, the condition (T6) implies that

1 [v]3 — (u, v) ) 1 ( ]2 — (u,v) )

1+ u 4+ 1+ v=0.
1B < VIul3[o]3 — (u,v)? 1B VIulZ[o]3 — (u,v)?
(22)

2L

Since u and v are linearly independent, the coefficient must be zero. It implies

\/HM\%HUH% — (u,v)? = (u,v) — [[v|* and \/||U||%HUH§ = (u,0)? = (u,v) — [ul?

(23)
which implies ||u||3 = ||v||3. Then by Cauchy-Schwarz inequality, we get |{u,v)| <
|2|[||v]]. However, we find (u, v) > ||ul|||v|| by Eq. and ||u|| = [|v]|. As aresult, we
find w is parallel to v which makes a contradiction.

(b) u and v are linearly dependent. In this case, we prove u = —wv which finishes the proof. Let
v = Au and the problem turns into whether A = —1. By the definition of the subgradient
of the nuclear norm, we find

B« ={u(l,\)+ M :u™™ =0,M(1,\)T =0, ||M|> < 1}. (24)

Let M = (w;,ws), we will find
uTw, =0, uTwy; =0 (25)

Based on condition (]E[), we have
u(l+ A) + (wy; +wsz) =0. (26)

Since w is perpendicular w;, we, we get 1 + A = 0 and finish the proof.
O

Using Proposition 2] the nuclear norm minimization problem (Z) can be simplified to a more
tractable form. The following lemma provides this equivalent formulation.

Lemma 3. The optimization (2)) problem is equivalent to the following optimization problem.

min (n —1)\/M; + /2M,

a;,bi,ci,die, f,g,h
st ay,by,dy > 1,
a1+az+e>ci+ca+g+1,
b1 +by >dy +dy+ 1, (27)
di+do+h>b+by+ f+1,
a1 +c1 = —nlag + ¢c2), by +dy = —n(bs + da),
e=-—g, [=-h,
where the terms My and My are defined as
My = a2 4+ b2 4+ & 4+ d2 + 2|ardy — bicy),
My = (a1 + nag)? + (b1 + nby)? + ne? + nf?.
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Proof. The proof consists of two main steps. First, we establish several key identities among the
problem’s coefficients that arise from Proposition |Zl Second, we substitute these identities into the
nuclear norm expression from (9) to derive the simplified objective function.

Step 1: Deriving Identities from Proposition 2} The four equality constraints presented in the
lemma statement are a direct consequence of the structural properties imposed by Proposition [2}
Their derivation involves straightforward algebraic manipulation and is omitted for brevity.

These equalities lead to two crucial identities for the aggregated coefficients. First, we show that
Ca1 + nCyo = Cp1 + nCpe. By expanding the terms, we have:

Ca1 +nCaz = a2+ b +n (2a,1a2 + na3 + 2b1by 4+ nb3 + €% + f2)
= (a1 +nag)* + (b1 + nby)? + ne +nf>
Using the equality constraints like a; + ¢; = —n(ag + c3), the expression above is equivalent to
(e1 +nco)? + (dy + nds)? + ng? + nh?, which is precisely the expansion of Cp1 + nCpo.
Second, we analyze the cross-term Cg; + nCpgs:
Cp1 +nCps = arc1 + bidy + n(aics + azer + nasca + bids + bady + nbads + eg + fh)
= (a1 + nas)(c1 + ne2) + (by + nba)(dy + nds) + neg + nfh.

Applying the equality constraints again, this simplifies to:

Cp1 +nCpy = —(a1 +naz)? — (by +nbo)?* — ne* —nf? = —M,.

Step 2: Simplifying the Nuclear Norm. The second term of original objective function can be
simplified based on extra equality constraints. We introduce coefficients A = Cy; + nCuo, D =
Cp1 + nCps, and B = Cp; + nCpsy. From Step 1, we have established that A = D = M5 and
B = —M>.

Consequently, the discriminant term AD — B? becomes:
AD — B* = (My)(My) — (—My3)* = M3 — M3 = 0.

When the discriminant is zero, the original nuclear norm expression (likely involving square roots
of eigenvalues) simplifies significantly, yielding the objective function stated in (Z7). The remaining
constraints are carried over directly, which completes the proof. O

We restate the optimization problem after reformulate and label each constraint to prepare for the
optimal solution later.

min (n—l)\/a%+b%+c%+d%+2|a1d1 —b161|
ai,bi,ci,dise, f,g,h (28)

+ \/5\/(@1 + nas)? + (by + nbz)? + nez + nf?,

The inequality constraints are

gr1:a;—12>0,
ga:ar+as+2e—c;—ca—12>0,
g3:b1—12>0,

g4 :b1+by—dy —dy—12>0,
gs:di —12>0,

g(;:d1+d27b17b272f7120.
The equality constraints are
hi:ar +c1+nlag +c2) =0,
hg : bl +d1 +n(b2—|—d2) = 0.
To use KKT condition to characterize the solution, we can check that the optimization problem

is a convex problem and satisfies the Slater condition which is similar to the proof in Proposition
Specific details are omitted here.

Before formally proving Theorem 1, we will prove several propositions that will be helpful in the
proof.
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Proposition 3. Every optimal solution of reformulated optimization problem (28) satisfy:
a1 +nas =e, c1+ncy=—e 29)
in which e > 0.

Proof. Using stationarity property for parameter ¢y, a2 and e and the fact w # 0, we find that the
optimal solution satisfies

ca: O+ X —pun=0 = Ay =pn. (S1)
+ nas)
\/én(al
VM,

ne
: 2——— —2X5 = 0. S3
e fm 2 (S3)

Substitute Eq. (ST) into Eqs. (S2) and (S3) respectively, we get
a1 + nas = e.

as: — Ao —un=0. (S2)

Another equality comes from the equality constraint a; + ¢; + n(as + ¢2) = 0. Moreover, ¢ > 0
from Eq. and \y > 0. O

Proposition 4. For every optimal solution of reformulated optimization problem (28)), at least one

of the following two inequality constraints is tight:
a1 —12>0,
g1:a41 =2 (30)
ga:a1+as+2e—c; —ca—12>0.

Proof. We prove by contradiction. We show that if both two constraints are not tight, there is a
feasible perturbation of this optimal point such that object value is strictly smaller. We take

Aa1 = —aQg, Abh AbQ, Adl, Adg = O, Ae, Af =0 (31)

By proposition 3] we take the following variables as

Aay = ge, Acy = —ve, Acy = le. (32)
n n
Next we show that by choosing appropriate parameters « and y , we can construct a feasible descent
direction.
Step 1: Descent direction.
To prove that this direction is actually a descent direction, we consider the first-order approximation
of the object function. First, We find that AMs = 0 by our choice. Then we consider case by case:

1. aydy — byc; = 0. In this case, we let —aed; — by (—ve) = 0 which implies ad; = b1y. As a
result, we have
AM; = 2a1Aa; + 2¢1Acq
d 33
= —2ae(a; + 6271) 53
1

It is a descent direction since ¢; = % > 0 and we can take o > 0.

2. ajdy — bycy > 0. In this case My = a? + b? + ¢ +d? + 2(a1d; — bycy). We take v = 0 and «
sufficiently small and get AM; = —2(ay + d;)ae which implies that it is a descent direction.

3. ayd; — byey < 0. In this case, we have My = a? + b? + ¢? + d% + 2(bic; — aidy) and ¢; > 0.
We take ~ sufficiently small and o = 0. It is a descent direction.
Step 2: Feasible direction.

For inequality constraints g; and go, we can take € small enough to ensure that they can’t hit the
boundary. Inequality constraints g3 to gg and equality constraint Ao still hold since the relevant
variables have not changed. Equality constraint h; still hold due to our choice for a1, as, ¢1, ca. As
a result, the construction is a feasible direction.

O
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Then, we claim that both two inequality constraints must be tight by further analysis. Before we
prove this result, we first prove the following proposition.

Proposition 5. There exists N > 0 such that, for all n > N, every optimal solution of reformulated
optimization problem ([28) satisfy ¢; > 0.

Proof. For the case of a1d; — bicy < 0, the result is trivial since ¢; > % > 0. And for the case
of a;dy — bye; > 0, we discuss case by case using Propositionﬂ

1. g is tight, but g, is not. Based on complementary slackness of KKT condition, we know that
A2 = 0. However, based on Eq. (ST)), we get

A
/"Ll = —2 = 0.
n
Then, using the KKT condition with respect to c;:
C1 — b1
(n—1) + Ay — 1 =0. (34)
v M,

It implies that ¢; = b; > 0.

2. go is tight, but g; is not. First, we consider the perturbation of the optimal solution. To maintain
the constrains, we let

Aay :E,AQQZ—E,A01:€,ACQZ—E. (35)
n n
It is a feasible direction and we consider
AM; = 2a1¢ + 2c1€ + 2d1e — 2b; <. (36)
It implies that
ai +c1 +dy — b =0. 37
Otherwise, it will be a descent direction. Using Proposition 3] we get
€ — ay —€ — (1
ag = ,C2 = .
n n

Combine this with the constraint g2, we get

1 on42 1
L Y e P (k. PO (38)

Then, we have

n 1 1
1< < 0<e< — < <0. 39
L e P M T 59)
Using Eq. (37), we have
1
b17d1:a1+0121— (40)

n—1
We consider
M1 = CL% + b% + C% + d% + 2((11611 — b161)
1 1 (4D
>1+(2-——=)+1+2=8-0(-).
>1+(2-—) +1+ (=)
Thus the leading term of objective function in this case is at least 2n+/2. Therefore, if a specific
construction can be given whose objective function is strictly smaller than the above cases, the
proof is complete. The specific construction is given below. We let
a1 =1, =2,¢1=05,dy =1,e=05,f = -1 (42)

And parameters are yet to be determined. Due to our choice, we check constraints g2, g4, g6 and
h1, ho to determine them.
ggza2—02+0.520
gaiby—da >0
ge:da —by >0 (43)
hi:1.54+n(as +c2) =0
ho : 3—|—n(b2+d2) =0.
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Then we take

3 3
az = C2 an’ by = ds m (44)
Then we compute the objective function
My =6.25, Mo =0.75+1.25n (45)

As a result, the objective function

(n — 1)V6.25 + v2v/3.75 + 1.25n < 2v/2n. (46)

Thus, for large n, it makes a contradiction.

3. gi is tight and g5 is tight. We consider the following perturbation:
1

Aay; = 0,Acy ze,Aagzo,ACQZ—%,Ae=? (47)
Then we will find that
Ag; = 0,Ags = 2Ae — Acy — Acy = 0,Ahy = 0. (48)
Then we consider the change of the objective function:
C1 — b1 1 n—1
Aln—1DvM)=n—-1)—/——e<—-(n—-1 e < — € 49

Here we use v/ M; < 2/2. 1f not, we can construct the solution with smaller leading term like
the proof in case 2 which implies that the solution is not optimal. Then, we consider the second
term:

A(V2Jull2) = V27 Ae (50)

il

Using inequality constraint g4 and gg, we get f/ < —1 which implies ||u|| > /n. Moreover, we

gete < m because of ¢; < 0 and g1, g are tight. As a result, we have
V2 n-1
A(V2 < 51
(VRlul) < e 51)
It implies that
-1
A((n — 1)V/M; +V2|ul)) € —2" e + O(n~%)e < 0. (52)
2v/2
Thus, we have finished the proof.
L]

Corollary 1. For all optimal solution of reformulated optimization problem, the inequality con-
straint go must be tight.

Proof. According to Proposition ] we consider the case g, is tight but g, is not. Based on com-
plementary slackness of KKT condition, we know that A, = 0. However, based on Eq. (]S_T[), we
get

A
,ul = —2 = 0.
n
Furthermore, due to Eq. (S2)), we get
ny2
=g et =0

However, it makes an contradiction since the following constraints are violated due to Proposition
1 1
ai+ay+2e—ci—co—1=1———c1+—c1 —1<0. (53)
n n

O
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we now give the proof of Theorem T}

Proof of Theorem 1. Thanks to Proposition |5] to prove ¢(X,y) > 0 for all OOD query (X,y) =
((ai,r1,72), i), we just need to show that

ci+et+gth>a+a+e+ f. (54)
This is because
S(x.y)b; = €1 +c2+g+h—max{a;,0} —ax —e— f, Vje&[N]
S(X,y).e; = C1, Vi # .

Here, ¢; > 0 by Proposition [5f So we only need to prove s(x )5, > 0. Using the constraints
e+g=0and f + h = 0, inequality (54) can be reformulated as

c1 4 2 — (a1 + az) > 2e+ 2f. (56)
Utilizing Corollary [T} The left side of the inequality is simplified to
c14+c2— (a1 +a2) =a1 +as+2e—1— (a1 + az2)

(55)

7
=2 —1. 57)
As a result, inequality (56) holds if and only if
1
——. 5

f<—3 (58)

However, we get a better upper bound by combining inequality constraints g, with gg
bi+by>di+da+1
1+b2 > dy +do (59)
>by+be+2f+2,

which implies that

f<-1. (60)
As a result, inequality holds which implies ¢(X, %) > 0 for all OOD query. O

B.4 PROOF FOR THEOREM 2

We begin our proof with the following lemma, which makes fuller use of the symmetry of the
problem.

Lemma 4 (Existence of symmetry solution). Suppose W is the solution to the optimization problem
Rl without identical task. There exists a solution with ay,az, by, by and o, 3 such that

T alIn + a2En blIn + b2En a]-n 5171
wh= < blIn + bQEn alIn + a2En Bln a]-n ' (61)
The parameters follow the following constraints:
a1 Z 17
(62)

a1+ as+a>by+bs+5+1.

Proof. We show that some orthogonal transformation of W'T remains a solution to the optimization
problem. Let o be an arbitrary permutation of 1, ..., n, and let P, € R™*™ denote the associated
permutation matrix. Now, consider a permutation of the logit matrix.

o(WT) = ( 1(3)0 PE’U )WTdiag{Pa,Pa,l,l}.

We find that o(W'T) is still an optimal solution of the optimization problem. To verify this, we
consider

S(asr) by (O(WT)) = S(a, 1y r)b, -1, (WT) 2 1, V) € [n] —{i},
S(air)e; (CWT)) =5y e, -1, (WT) 21, V) € [n],
$0ir) b, (CWT)) =80y rob, 0, (WT) 21, V) €ln],

S (CWT)) =50y i), -1, (WT) 2 1, Vj € [n] —{i}
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Moreover, o(W'T) is another solution since orthogonal transformation does not change the nuclear
norm. Consider the average over all possible permutations:

Za U(WT) _ arl, +axE, biI,+bE, el, f1,
n! - ClIn + C2En dlIn + dZEn g]-n h]-n '

We further exploit the symmetry and consider the following transformation

=3 §)wan{( ). 1)}

Similar verification shows that 7(WT) is still the solution to the optimization problem. Taking the
sum of WT and 7(W'T), we finish the proof. O

We have 1TW'T = 0 similar to the proof of Proposition |[2|and consider the problem

F = (n- 1)\/2(a% +02) +2[a? — b3 + 2v/(a1 + nag)? + na2 (63)
subject to
ai 2 17
a1+a2+a2b1+b2—a+1, (64)

a1 + by + n(ag + bg) =0.
To prove Theorem[2] we just need to prove the following condition holds for the optimal solution of
optimization problem (63):
b1 + by < ai +as (65)
Proof of Theorem 2. Step 0: Structural simplification. Using the identity
a® + b* + |a® — b?| = 2max{a?, b*},
the first square root in Eq. (63) reduces to

V2002 +83) +20a2 — 12 = 2max{]ayl, |bi}.
Since a; > 1 > 0, the objective becomes

F = 2(n —1)max{as, |b1]} + 2V X2 4+ na?, X = ay + nas.
Meanwhile, the linear constraint rewrites as

X = 7(b1 + nbg)

Step 1. Necessary condition at optimum. Fixing (aj,as) (so X is fixed), we can vary (b1, bs)
while preserving by + nbo; this leaves X and the second term unchanged. If |by| > aj, then
decreasing |b; | towards a; reduces the first term and relaxes or maintains the inequality constraint,
hence cannot be optimal. Therefore,

|b1| < a,

and the first term simplifies to 2(n — 1)a;.

Step 2. KKT analysis in the strict case |b;| < a;. In this regime, the objective is independent of
b1, ba. We write down the stationary condition for by, bo:

Ao —pr =0 66)
Ao —nuy = 0.

Thus, we get A\; = ;3 = 0. Then we consider stationary condition for as:

2nL — Ay —nup =0. ©67)
VX Tt
It implies X = 0. Finally, we consider a1:
2(n—1)+2$—/\1—)\2—u1:0. (68)
VX2 fna?
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As aresult \; = 2(n — 1). Based on complementary slackness, we have a; = 1. Thus,

1 b
ag = ——, bQZ—*l, b1 + nby = 0.
n n
Consequently,
1
a1—|—a2=1—ﬁ, bl+52=(1—%)bl,
and since |b1| < 1, we obtain

1
b1 +by<1——=ay+ as.
n

Step 3. Boundary case |b1| = a;. We first find that ¢; = 1. Otherwise, we can perturb a1, as, b1, ba
to lower the objective function while keeping X fixed. The first term of the optimization object is
2(n — 1). Moreover, we can consider another solution

1 B 1
2T n(n—1)

1
alil,agifﬁ,l)l:* ,OLZO. (69)

n—1

Direct verification shows that the constraints are satisfied and the value of the objective function is
2(n — 1). Thus, if we can find optimal solution in this case, the second term of objective function
must be zero. As a result, we have

a1 +nay =0, = 0. (70)
Moreover, it implies that

1
0,2:77,(714*77172:0 (71)
n
Then we consider the following cases:

@) bl:7CL1:71.Wehaveb2:%andal‘i’aQ:l*%>b1+bQ.

(ii) by = a1 = 1. It contradicts with the constraint aq + as + o« > by + by — o + 1.
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C EXPERIMENTAL DETAILS

C.1 ARCHITECTURE DETAILS

Transformer (GPT-2 style). We use a standard decoder-only transformer with pre-norm residual
blocks. Let dyocqan be the vocabulary size, d,,, the model width, dj, the per-head query/key dimension,
H the number of heads, L the number of layers, and 7' the context length. Tokens ;.7 are embedded
by a lookup matrix E € R%ow*dm and summed with learned positional embeddings. Each layer
¢=1,..., L applies

719 = X© ¢ MHA(LN(X "))

X+ = 20 4 meLp(IN(29),

where MHA is causal multi-head attention with H heads (queries/keys/values computed by lin-
ear maps in R%*Hdk and output projection in R % >dm) and MLP is a two-layer feed-forward
network with GELU activation and hidden size 4d,,. LayerNorm (LN) is applied in the pre-norm
configuration; dropout is disabled unless stated. The language-model head shares weights with
(tied embeddings) and projects to logits in R%veb,

C.2  SYNTHETIC DATASET SETUP DETAILS
Dataset components. The components of complexity = C' dataset:

(i) (Train) First hop a — b: Input [a, 7$], output [0, ], forallc = 1,...,C.
(i) (Train) Second hop b — ¢: Input [b, 73], output [0, ¢].
(iii) (Train) Identity Bridge: Input [b, ], output [b].
(iv) (Test) OOD 2-hop a — c: Input [a, 71, 73], output [0, 0, c].

all the sequences are padded to same length by padding token O.

C.3 IDENTITY BRIDGE TEST

In this section, we perform a repeat task to monitor for identity bridges that may appear in the
language model. Conceptually, the core requirement for the identity bridge is the model’s ability
to map the input and output of the bridge token b. Thus, we use the prompt “Repeat the following
token {b} directly” with 1-shot example to analyze whether the model possesses an identity bridge-
like capability during pre-training. Please note that since the remaining prompts are not specific,
completing this task mainly depends on the probability that the token points to itself, so this can
be seen as a way to verify the identity mapping. We utilize the Olmo2 (OLMo et al., [2024) 0425
version checkpoints.

Model Accuracy over Checkpoints

300 10000 20000 40000 50000 60000

30000
Checkpoint Steps

Figure 10: The repeat accuracy of Olmo checkpoints. The repeat entity are set as the bridge token b
of MuSiQue dataset.
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C.4 MORE REAL WORLD TASKS

As a supplement, we conducted similar tests on the MuSiQue dataset, which showed a similar
mechanism.

Figure 11: The probability of the model outputting the alternative city token when using the prompt
corresponding to (eq, r2) before and after fine-tuning on datasets. The red box indicates the answer
to the corresponding two-hop reasoning data. The bar chart shows the change in the probability of
the corresponding two-hop answer when using the prompt (e, ) for different datasets.

D EXPERIMENTS COMPUTE RESOURCES

The experiments were conducted on a server with the following configuration:

¢ 48 AMD EPYC 7352 24-Core Processors, each with 512KB of cache
* 251GB of total system memory
* 8§ NVIDIA GeForce RTX 4080 GPUs with 16GB of video memory each

* The experiments were run using Ubuntu 22.04 LTS operating system
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