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Abstract

Hindsight experience replay and goal relabel-
ing are successful in reinforcement learning (RL)
since they enable agents to learn from failures.
Despite their successes, we lack a theoretical un-
derstanding, such as (i) why hindsight experience
replay improves sample efficiency and (ii) how to
design a relabeling method that achieves sample
efficiency. To this end, we construct an exam-
ple to show the information-theoretical improve-
ment in sample efficiency achieved by goal re-
labeling. Our example reveals that goal relabel-
ing can enhance sample efficiency and exploit the
rich information in observations through better
hypothesis elimination. Based on these insights,
we develop an RL algorithm called GOALIVE.
To analyze the sample complexity of GOALIVE,
we introduce a complexity measure, the goal-
conditioned Bellman-Eluder (GOAL-BE) dimen-
sion, which characterizes the sample complex-
ity of goal-conditioned RL problems. Com-
pared to the Bellman-FEluder dimension, the goal-
conditioned version offers an exponential im-
provement in the best case. To the best of our
knowledge, our work provides the first character-
ization of the theoretical improvement in sample
efficiency achieved by goal relabeling.

1. Introduction

Numerous RL problems encountered in real-world scenar-
ios involve sparse rewards and vast state spaces (Silver
et al., 2017; Savinov et al., 2018; Riedmiller et al., 2018),
making them challenging to solve due to the lack of mean-
ingful feedback. A widely used technique to address these
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challenges is hindsight experience replay and goal relabel-
ing (Andrychowicz et al., 2017). Such algorithms typi-
cally employ a goal-dependent reward. In each iteration,
the agent updates the value function concerning a relabeled
goal rather than the target goal. Numerous empirical stud-
ies have demonstrated the effectiveness of hindsight ex-
perience replay and goal relabeling in various scenarios
(Andrychowicz et al., 2017; Pong et al., 2018; Fang et al.,
2019; Colas et al., 2019; Li et al., 2020; Pitis et al., 2020;
Zhang et al., 2020).

Despite its empirical success, the theoretical understanding
of hindsight experience replay and goal relabeling is still
elusive. Empirical studies have employed various meth-
ods for these techniques; however, these methods lack the-
oretical guarantees (Andrychowicz et al., 2017; Pong et al.,
2018; Nair et al., 2018; Pitis et al., 2020). Additionally, the
design of provably efficient algorithms incorporating goal
relabeling remains unclear, as existing research on efficient
exploration (Jiang et al., 2017; Cai et al., 2019; Jin et al.,
2020b) does not incorporate goal relabeling. While prior
research has produced sample-efficient algorithms for mul-
titask RL and reward-free RL (Jin et al., 2020a; Lu et al.,
2022; Cheng et al., 2022), which share similarities with
goal-conditioned RL, these results do not fully capture the
benefits of goal relabeling.

Consequently, we aim to enhance the theoretical under-
standing of goal relabeling by addressing the following
questions: First, does hindsight experience replay and goal
relabeling provably improve sample efficiency? Second, if
the answer is positive, how does goal relabeling contribute
to this improvement? Third, can we design a principled
goal-conditioned algorithm that provably achieves better
sample efficiency for problems with sparse rewards and
large state spaces? Our contributions address these ques-
tions and can be summarized as follows.

e For the first problem, we provide an affirmative an-
swer by constructive proof. We show in §3 that
there exist MDPs for which model-free algorithms
using goal-conditioned value functions achieve poly-
nomial sample complexity. In contrast, all model-
free methods, given a value function class without
multiple goals, incur sample complexity exponential
in the horizon. In other word, we show that using
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goal-conditioned value functions exponentially im-
proves the sample complexity in the best case. To the
best of our knowledge, this is the first result illustrat-
ing the information-theoretical improvement achieved
by using goal-conditioned value functions in model-
free algorithms.

* For the second question, we show in §3.2 that we can
better utilize the information in the observation by us-
ing goal relabeling in the algorithm. By incorporat-
ing goal-conditioned value functions into model-free
algorithms, we can evaluate multiples Bellman errors
with the rewards concerning multiple goals. Such a
procedure allows us to eliminate more hypotheses us-
ing the value function of the same state-action pair
with respect to different goals, which is more sample
efficient.

» For the third question, we propose a novel algo-
rithm called GOAl-conditioned optimism Led Itera-
tive Value-function Elimination (GOALIVE) in §4 us-
ing the above intuition. By using goal relabeling, the
agent can obtain rich feedback from the observation
even when the reward with respect to the target goal
is sparse. Additionally, we employed general func-
tion approximation to handle large state space. We
show that the relabeling method employed in existing
algorithms (Andrychowicz et al., 2017; Li et al., 2020;
Pitis et al., 2020) can be regarded as a modification of
our algorithm.

* To analyze the algorithm we proposed, we introduce
a new complexity measure called GOAL-conditioned
Bellman-Eluder (GOAL-BE) dimension in §5.1, which
characterizes the complexity of goal-conditioned RL
problems. We demonstrate that the sample com-
plexity of GOALIVE can be upper-bounded by the
GOAL-BE dimension. We prove that the proposed
complexity measure is not larger than the original
Bellman-Eluder dimension, which shows that our def-
inition is more general. We also show in §5 that
GOAL-BE dimension can be exponentially smaller
than the original one in the best case.

To the best of our knowledge, this is the first study to de-
velop a provably efficient goal-conditioned algorithm and
explain the improvement achieved by goal relabeling.

1.1. Related Work

Our work is closely related to the line of research on prov-
ably efficient exploration in the function approximation set-
ting (Jiang et al., 2017; Jin et al., 2020b; Cai et al., 2019;
Duetal., 2021; Uehara et al., 2021; Zhang et al., 2022; Liu
et al., 2024). This line of research typically considers ex-
ploration for a single task and is not readily applicable to

scenarios involving multiple goals (Jiang et al., 2017; Jin
et al., 2020b; Cai et al., 2019). Sun et al. (2019) observed
that model-free algorithms can be inefficient since they fail
to exploit the information in observations. Our work shows
that using goal-conditioned value functions improves the
sample efficiency of model-free algorithms.

The study of efficient exploration in multitask settings (Lu
et al., 2022; Cheng et al., 2022) is more closely related to
our work, as it considers multiple goals. However, these
studies cannot explain the benefits of using multitask meth-
ods for solving a single task. The research on reward-free
exploration (Jin et al., 2020a; Wang et al., 2020) also aligns
with our work, as both aim to develop exploration strategies
that do not rely on the original reward. Nonetheless, these
studies employ model-based algorithms, whereas model-
free algorithms are more prevalent in empirical results.

Our work is inspired by empirical findings in hindsight ex-
perience replay and goal relabeling (Andrychowicz et al.,
2017; Pong et al., 2018; Fang et al., 2019; Colas et al.,
2019; Li et al., 2020; Pitis et al., 2020; Zhang et al., 2020).
We provide a theoretical explanation for the improvement
in sample efficiency achieved through goal relabeling.

Notations. We define [n] = {1,...,n} when n is an inte-
ger. For a set F, we denote by || the cardinality of F.

2. Preliminary

In this paper, we focus on goal-conditioned reinforcement
learning, where the goal serves as a parameter of the re-
ward function. For example, the reward function can be
designed as an indicator function that takes the goal as in-
put and assigns non-zero values only when the final state
matches the specified goal. More specifically, we con-
sider an episodic MDP V* = (S, A,G, H,P*,r*) with
a state space S € R?, an action space A, a goal space
G, a horizon H, transition kernels P* = {P;}le, and
known reward functions r* = {r; }/_|. We assume that
the reward functions are bounded and deterministic, that is,
lm5 ||, € [0,1] for all h € [H]. The agent iteratively inter-
acts with the environment as follows. At the beginning of
each episode, the agent determines a policy ™ = {m; }/_,,
where 71, : S x G — A(A) for any h € [H]. With-
out loss of generality, we assume that the initial state is
fixed to sinit € S across all episodes. At the h-th step, the
agent receives a state s, and takes an action aj, following
ap ~ (- | sp,g*), where g* is the target goal. Subse-
quently, the agent receives a reward 7} (sp, an, g*) and the
next state following sp41 ~ Py (- | sn,apn). The episode
ends after the agent receives the last state sz 1. For a given
policy m = {m,}/L |, we define the value function V;™ and
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the Q-function QF forany h € [H] and g € G as

H

V}:r(sag) = ETF,'P* [er(siaaiag)"gh 28]7 (1)
i=h
H

Qi(5,0,9) = Enip- |7 (si51,9) | 50 = 5,01 = .

i=h

Here the expectation E p-[-] in (1) is taken with respect to
Six1 ~ Pr(-|si,a;) and a; ~ w;(-| s4,9) fori € {h,h +
1,...,H}. For convenience, we define Vi (s,g) = 0
for any state s € S and policy . We then define the goal-
conditioned Bellman operator 7, by

Tnf(s,0,9) :=1i,(s,0,9) + Eyup, [max f(s',a’, g)],

we then have Qj(s,a,9) = TnQj,(s,a,g). For sim-
plicity, we define the expected total reward J(m,g) as
J(m,g) = Vi (Sinit, g). The objective of goal-conditioned
RL is to find a policy n* that maximizes the expected to-
tal reward with regard to the target goal g*. Specifically,
for the episodic MDP V* = (S, A, G, H, P*,r*), we de-
fine the optimal @-function )}, and the optimal value func-
tion V;* as Q5 (s, a, g) = max, Q7 (s,a,g) and V;*(s,g) =
max, V;7 (s, g) forany (s,a,g) € S x AxG. Correspond-
ingly, we define the optimal goal-conditioned policy 7* by
the policy that satisfies Q} (s,a,g) = QF (s, a, g) for any
(s,a,9) €S x AxG.

In this paper, we consider RL with value function approx-
imation. Formally, the learner is given a hypothesis class
F = F1 X - xX Fyg, where F, C (S X AXG —
[0, H — h + 1]) is the set of approximators of @ defined
in (1). We also define fr1; = 0 for convenience. For a
hypothesis f = {f,}/,, we define the goal-conditioned
average Bellman error by

E(f,m h,g): (2

=E[fu(s,a,9) —15(s,a,9) — max foi1 (s, @', 9)]

€(f7 //T, h) ‘= Inax |€(f7 //T’ h7g)| *
9eg

By Bellman equation, we have £(Q},m,h) = 0 for all
policy m and h € [H]. In this paper, an important tool
we used in the analysis is the Bellman-Eluder dimension,
which characterizes the complexity of an RL problem when
implementing model-free algorithms. In the following, we
introduce the definition of the Bellman-Eluder dimension.
We begin by explaining the concept of e-independence be-
tween distributions.

Definition 2.1 (e-independence between distributions). Let
F be a function class defined on X, and v, i1, . . ., p,, be
probability measures over X. We say v is e-independent of
{p1, o, - ., fin ; with respect to F if there exists [ € F

such that

j (B I@)} <e

1

(2

but |Epp[f(2)]] > e

Intuitively, v is independent of {1, ..., t, } means if that
there exist a hypothesis, so that the value of the loss f is
small at all distribution {yu;}?_;, but the value of the loss
f is rather big at v. Jin et al. (2021a) propose a dimension
based on the above notion of independence.

Definition 2.2 (Distributional Eluder dimension). Let F
be a function class defined on X x G, and 11 be a family
of probability measures over X. The distributional Eluder
dimension dimpg (F,I1, €) is the length of the longest se-
quence {p1,...,pn} C II such that there exists ¢ > ¢
where p; is € -independent of {p1, . .., pi—1} forall i € [n].

Based on Definition 2.1 and 2.2, Jin et al. (2021a) proposed
BE dimension, which characterizes the complexity of a RL
problem using model-free algorithm with general function
approximation in single-task settings.

Definition 2.3 (Bellman Eluder (BE) dimension). Let F =
F1 %X Fp, where F, C (Sx A [0, H—h+1]). Let
(I=T)F :={fn—Tnfns1: f € F} bethe set of Bellman
residuals induced by F at step h, and D = {Dy}}L_, be a
collection of H probability measure families over S x A.
The e-Bellman-Eluder of F with respect to D is defined as

dimpg(F, D, €) := }fg%}{(} dimpg (( = Tn)F, D, €).

We remark that their definition is not directly applicable to
goal-conditioned RL. The hypothesis class F in Definition
2.3 does not take the goal g as input. Thus, it remains un-
clear how to incorporate the goal space within the given
definition.

3. Mitigating Information Loss with
Goal-conditioned Value Functions

In this section, we present an example demonstrating
that goal-conditioned model-free algorithms can expo-
nentially improve sample efficiency compared to model-
free algorithms without multiple goals. To the best of
our knowledge, this is the first result illustrating the
information-theoretic improvement achieved by using a
goal-conditioned value function. We introduce the exam-
ple in §3.1 and provide the analysis in §3.2.

3.1. Example

We consider an episodic MDP with horizon H > 3 and
set d = H — 2. The state space is S = {1,2}¢, and
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the action space is A = {1,2}. Our transition class con-
tains 2¢ transitions, each of which is uniquely indexed by
a path of length d, p = {p1, p2, ..., pa}, with p; € {1,2}.
All the transitions are the same in the first H — 1 steps.
For h < H — 2, when we use action a in the state
sh = (Sh1,---Sh,h,---sSha) in the h-th step, we will
transit to sp41 = (Sp,15- -+, @, ..., Sh,d)-

The transition in the H — 1-th step does not depend
on the action ayg_1. In the transition indexed by p =
{p1,p2,...,pa}, we will transit to

sg=1{sg—1,1=m},---, H{sg—1,0d = pa})

when we select action a in sg_1 = (SH—Ll’ .
The goal space is G = {0,1}4,
ward is

ySH—1 ,d) .
and goal-conditioned re-

Fi(s.a,g) = 0 for h € [H — 1, rjy(s,a,9) = 1{s = g}.
We fix the initial state as s; = [1]¢. We want to
obtain the optimal policy with respect to the reward
{r;(s,a,g*)HL,, where g* = [1]%. A graphical illustra-
tion of the setting is provided in Figure 1.

3.2. Sample Efficiency of Model-free Algorithms

In this subsection, we use the provided example to show
that goal-conditioned model-free algorithms can be ex-
ponentially more sample-efficient compared to algorithms
that do not incorporate goals. We first introduce the defini-
tion of model-free algorithms. We then introduce the value
function class we use. Finally, we offer an analysis to show
that goal-conditioned algorithms exponentially improve the
sample efficiency in the given example.

Definition 3.1 (Goal-conditioned Model-free Algorithm).
Given a function class F : (S x A x G) — R, define the
original F-profile ®r g« : S — RIFIXIAL py Dr g+ () =
[f(s,a,9")] reF aca. An algorithm is model-free using F
without multiple goals if it accesses s exclusively through
Or g+(s) for all s € S during its entire execution. We
also define the goal-conditioned F-profile ®r¢g : S —
RIFIxIAIXIGI by (b}"g(s) = [f(&a’g)]fe]:,aeA,gEg' An
algorithm is goal-conditioned model-free using F and G
if it accesses s exclusively through ® r g(s) forall s € S
during its entire execution.

Definition 3.1 is a modification of Definition 1 in Sun et al.
(2019). In the definition, G is the space of goal, and
f(s,a,g) is the action-value of (s,a) when we are inter-
ested in the reward indexed by the goal g. We modified
Definition 1 in Sun et al. (2019) to incorporate goal.

Value Function Class. We consider solving this MDP with
model-free algorithms. In the following, we introduce the
value function class we employ for solving this MDP.

For a hypothesis p = (p1,...,pq) € {1,2}4, we define
QY (s,a,g) as the optimal action value function of (s,a)
with respect to the transition p and the reward indexed by
g. It is obvious that Q% (s, a,g) = 1{s = g}. For h < H,
QY (s, a, g) is defined as follows. For s, = (sp.1,- .., Sh,d)
and p = (p1,-..,pd), we define

1{s), g=pg; whend <h,
1{a =p;}  whend=h,

for d < h. By the definition of the setting, fhn.a(sn,a,p)
is the d-th component of sz in the transition indexed by p
when we use a in the state sy. Therefore, when we de-
note by Q¥ the optimal value function in the MDP with the
transition indexed by p, we have

fna(sn,a,p) = {

QF (sh,a,9) i(sn,a,p) = g4},

u::]m

where g = (g1, ..., gaq). Intuitively, Q) represents the fea-
sibility of reaching the goal state g from the state-action

pair (sp,a). We then define F = F; X ... x Fgy and
Fogr = Fge1 X ... X Fgr g, where
Fni= {Qg(a K ) | pc {1,2}d}a (3)
‘Fg*,h = {Qz(v '79*) | pc {172}d}'

By definition, F contains goal-conditioned value functions,
while F - only contains value functions with respect to g*.
In the example above, we have the following lemma, which
show that goal-conditioned value functions exponentially
improve the sample efficiency of model-free algorithms.

Lemma 3.2 (Exponential Improvement of Goal-condi-
tioned Model-free Algorithms). Fix d,¢ € (0,1]. In
the given example, any model-free algorithm without mul-
tiple goals, which uses Fg- in (3) as the value func-
tion class, using o(2™) trajectories outputs a policy 7
with V7 (s1,g*) < V*(s1,g%) — 1/2 with probability at
least 1/3. Meanwhile, with probability 1 — 6, there ex-
ists a goal-conditioned model-free algorithm using F in
(3) as the value function class (Algorithm 1) outputs T
satisfying V7 (s1,g*) > V*(s1,g%) — € using at most
poly(H,1/e,log(1/0)) trajectories for any transition in
this family.

Proof. See Appendix §A for a detailed proof. O

Interpretation. Our observation is that, goal-conditioned
model-free algorithms are more effective at utilizing the
rich information in data compared to original model-free
algorithms. In goal-conditioned algorithm, we can obtain
nonzero reward even when the reward with respect to the
target goal is sparse, since we can use the reward with re-
spect to different goals for hypothesis elimination. As a
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result, we can eliminate more hypotheses using Bellman
errors with respect to different goals, which improves the
sample efficiency. In Definition 3.1, a model-free algorithm
without multiple goals accesses the state s only through the
value concerning the target goal g*. Therefore, it can only
eliminate hypotheses using the Bellman error with respect
to g*, which can be zero for most of the hypotheses when
the reward is sparse. By using the reward and value func-
tions with respect to multiple goal, we obtain denser feed-
back, leading to more effective hypothesis elimination.

To illustrate the above idea, we revisit the example in §3.1.
We consider the case where the true transition p* = (2, 1)
and the target goal g* = (1,1). For the trajectory 7 =
(s1,a1,- -, Ss, a4, S5 ), we calculate the Bellman error and
provide it in Table 1. As we show in Table 1, since the
reward with respect to the target goal g* is sparse, the Bell-
man error of most of the hypotheses is zero if we only con-
sider the target goal g*. Therefore, we can only eliminate
one hypothesis using the Bellman error with respect to g*.
Meanwhile, we can obtain nonzero reward and eliminate
all the wrong hypotheses using the reward and Bellman er-
ror with respect to g = (1,0). Therefore, we can achieve
exponential improvement in sample efficiency using goal
relabeling.

Rationale for Focusing Our Analysis on Model-Free Al-
gorithms. In the above analysis, we focus on model-free
algorithms as they are widely used in existing works that
apply goal relabeling (Andrychowicz et al., 2017; Li et al.,
2020; Pitis et al., 2020). Sun et al. (2019) show that model-
based algorithms are more sample efficient as they lever-
age more supervision. However, model-based algorithms
necessitate an additional, often complex, planning phase to
derive an optimal policy. This phase, particularly in en-
vironments with complex dynamics, introduces substantial
computational costs and a heightened risk of error accu-
mulation. Errors in estimating dynamics during the plan-
ning phase can magnify, potentially resulting in signifi-

Figure 1. An example of the MDP construction in §3,
with d = 2 and H = 4. All models are determinis-
tic, and each model is uniquely indexed by a sequence
of actions p. We use p™ to denote the index of the true
model. Here p* = (2, 1). The last transition is designed
such that the agent always lands in a state that contains
“0” unless it follows path p*.

cantly suboptimal policies.

In contrast, goal-conditioned model-free algorithms avoid
the complexities of modeling the dynamics and subse-
quent planning, choosing instead to directly approximate
the value function. This direct approach reduces the risk of
error propagation inherent in planning, providing a poten-
tially more robust solution in scenarios where accurately
modeling the dynamics is challenging. Consequently, even
though the goal-conditioned value function’s theoretical
complexity may match or surpass that of the dynamics, the
practical advantages of operational efficiency, robustness,
and applicability make goal-conditioned model-free meth-
ods a compelling choice in complex environments. There-
fore, model-free algorithms are more popular in real-life
application, making it crucial to theoretically analyze the
improvements achieved by goal relabeling in model-free
algorithms.

4. Algorithm: Goal-conditioned Optimism
Led Iterative Value-function Elimination

In §3, we construct an example and show that using goal-
conditioned value function can exponentially improve the
sample efficiency in the best case. It is natural to ask, how
to design an algorithm that provably achieves the improved
sample efficiency? In §3.2 and Table 1, we show that goal-
conditioned value functions improve the sample efficiency
since it make the feedback denser and allows better hypoth-
esis elimination. Based on the idea above, we propose an
algorithm called GOAI-conditioned optimism Led Iterative
Value function Elimination (GOALIVE), which is a modifi-
cation of Algorithm OLIVE proposed in Jiang et al. (2017).

At a high level, our algorithm eliminate hypothesis @, €
Fp, using the average Bellman error and the data we have
collected. After elimination, we choose the exploration
policy m; by selecting the most optimistic hypothesis con-
cerning the target goal g* and the corresponding greedy



How Does Goal Relabeling Improve Sample Efficiency?

Bellman error w.r.t the goal g Elimination
9=1(0,0) | g=(0,1) | g=(1,0) [ "g=(1,1) | All goals
=(1,1 1 0 -1 0 Yo

o, p=(L1) es

ks,

2 | p=(1,2) 0 1 -1 0 Yes

8

k=]

S| p= (2,1) 0 0 0 0

T

p=(22) 0 0 -1 1

Table 1. Comparison between using multiple goals and only using the target goal g* for hypothesis elimination. In this table, we use the
blue color to highlight the true hypothesis p* and the target goal g*. This table present the Bellman error Q% (s3, as, g) — 3 (s3,a3,9) —
Q% (54, a4,g), where s3 = (2,2) and s4 = (1,0). The table demonstrates that all incorrect hypotheses can be eliminated after goal
relabeling with the given data, whereas only one hypothesis can be eliminated using the Bellman error with respect to the target goal

*

g .

Algorithm 1 GOAIl-conditioned optimism Led Iterative
Value function Elimination (GOALIVE)

1: Input: Hypothesis class F, elimination thresholds (,
and (gjim, numbers of iterations n,e and Nejim.

2: Initialize: B° «— F, D} < () for all h and ¢.

3: for iterationt =1,2,... do

4:  Choose policy 7' = 7, where ff =
argmax sepe—1 f(@1, (1), 9%)-

5:  Execute 7' for n, episodes and update D} to in-
clude the new (s, an, Sp+1) tuples.

6:  Estimate E(f, 7", h,g*) forall h € [H], where

g(f’ ﬂ-t?h’ g)

1
zpi Z AI[S’G,S/,g7fh,7‘h7fh+lL

Dy,
h (s@,s’)E'D}tL

where A is defined in (4).
it 17 E(ft, 7t h, g*) < Hyer then
Terminate and output 7t.

end if R

10:  Pick any h € [H] for which E(f, 7%, h, g*) > Caut
and set D!, = 0.

11:  Execute 7 for nejim episodes and update D}, to in-
clude the new (sp, ap, sp+1) tuples.

12:  Estimate £(f, 7", h) forall f € F, where

0 ® 3

E(f.m'h)
1 /

= DL I;leagx E : Ails,a, 8", 9, fr,Thy frei]| -
h

(s,a,s")€D},

13:  Update B! = {f e Bt ‘g(f, Wt,h)‘ < Cenm}-
14: end for

policy.

The pseudocode of GOALIVE is given in Algorithm 1. In
each episode, our algorithm performs three main steps:

* Optimistic planing: we compute the most optimistic
hypothesis Q* with regard to the target goal ¢*, and
choose 7% to be its greedy policy in Line 3. We then
use ¥ to interact with the environment in Line 4.

e Computing Bellman error: We evaluate the average
Bellman error of f* under 7% in Line 5. We activate
the elimination phase if the Bellman error is large, and
otherwise returned 7* in Line 7.

» Eliminating hypothesis with large Bellman error: pick
a step ¢ € [H| where the estimated Bellman error ex-
ceeds the activation threshold (,.; eliminate all hy-
potheses in the candidate set whose Bellman error at
step t exceeds the elimination threshold (.im. We
highlight that we evaluate the average Bellman er-
ror with regard to all the goals in the goal space,
instead of only on g*, which allows better hypothe-
sis elimination.

Connection with Existing Algorithms. The main differ-
ence between our algorithm and the original OLIVE pro-
posed in Jiang et al. (2017) is that, we use goal relabeling
when evaluating Bellman error. More specifically, for hy-
pothesis f*, step h, and the policy 7¢, we use

g;fy, = argmax E A1[57a'a3l7gafh7rhafh+l]7 (4)
ge
(s,a,s’)EDy,

where Al[saavs/ag7fharhvfh+1]
= (fh(s7a7g) - Th(S,G,Q) — max fh+1(8/aa/lag)> )
a’€A

for hypothesis elimination instead of only using the target
goal g*. Intuitively, goal relabeling allows us to eliminate
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more hypotheses in the elimination phase and improve the
sample efficiency compared to algorithms that do not use
multiple goals. The idea of using Bellman error for goal
relabeling has also appeared in previous work (Zhang
et al., 2020). Our analysis provides theoretical justification
for this relabeling method. We remark that we use average
Bellman error to address the stochastic dynamic.

In general, Equation (4) is difficult to compute, as it re-
quires iterating over the goal space. Existing algorithms
(Andrychowicz et al., 2017; Li et al., 2020; Pitis et al.,
2020) use the state space as the goal space. They view
the states in the data as achieved goals, and minimize Bell-
man error using achieved goals instead of all possible goals.
However, this approach is not sample efficient since they
might eliminate more hypotheses by evaluating the Bell-
man error on multiple goals. Therefore, their algorithms
can be viewed as modifications of Algorithm 1, which
favor computational efficiency over sample efficiency.
We further note that, in some special cases, the achieved
goal is the same as the goal that maximizes the Bellman
error, which is formalized in the following lemma.

Lemma 4.1 (Equivalence of Relabeling Method). We say
a hypothesis class is deterministic, if for any (f,s,a,q) €
F x 8 x A X G, there exists a unique s' € S, such that

fh(57 a, g) = 7";;(8, a7g) + maXg e A fh+l(8/7 a/ag)'

Suppose we have 13 (s,a,9) = 1{s = g} and
ri_1(s,a,9) = 0 forall (s,a,9) € S x A x G. Then
Sor a trajectory (s1,a1,...,am,SH+1), we have

sp € argmax Ao[sg_1,a5-1,9, fH—1,Ths frt1, Pr)
g€eg

where As[s, a, g, f,r, ', P]
= f(S, a, g) — T(S, a, g) — ES,NP(-‘S)G) g}gﬁ f/(3/7 a/7 g)

forany f € F when F and Pj;_, are deterministic. That
is, the achieved goal is the goal that maximize the Bellman
error.

Proof. See Appendix §B.1 for a detailed proof. O

Lemma 4.1 shows that in the example in §3, the relabel-
ing method in Algorithm 1 is the same with the relabel-
ing method in Andrychowicz et al. (2017), which theoreti-
cally justifies their method. This equivalence also suggests
that the empirical performance observed in standard goal-
conditioned RL benchmarks for existing relabeling meth-
ods could serve as an indirect measure of our algorithm’s
efficacy.

Repeating sampling using the same policy. In Algorithm
1, we sample multiple trajectories using the policy 7*. This
procedure differs from GOLF proposed by Jin et al. (2021a),

and we only have the upper bound of sample complexity in-
stead of regret. However, this procedure is necessary since
the maximum operator cannot be interchanged with the ex-
pectation operator. More specifically, the loss we want to
evaluate is

max E(s.a,5)~uld1(5,a,5, 9, Qn,mh, Qni1)]|

where A7 is defined in (4), and we can only evaluate
E(S,G;S')Nu[glgé( |A1(Sv a, S/7 9, Qha Th, Qh+1)|]

if we have only one trajectory to each policy. The latter
one can be large even for the true hypothesis, and cannot
be used for hypothesis elimination.

5. Analysis of GOALIVE

In this section, we present the analysis of GOALIVE. We
first introduce the complexity measure we use. We then
present the sample complexity of GOALIVE.

5.1. Complexity Measure: Goal-conditioned
Bellman-Eluder Dimension

In this section, we propose a new complexity measure
called goal-conditioned Bellman-Eluder dimension, which
quantifies the gain of using goal in model-free algorithms.
To enable general function approximation, we modify the
Bellman-Eluder dimension, which was proposed by Jin
et al. (2021a) to characterize the complexity of an RL prob-
lem with general function approximation. We start by de-
veloping a new goal-conditioned version of distributional
Eluder dimension.

Definition 5.1 (Goal-conditioned e-independence between
Distributions). Let F be a function class defined on X x G,
,and v, i1, . .., by be probability measures over X. We say
v is goal-conditioned e-independent of {p1, pa,- .., fin}
with respect to F and g* if there exists f € Fand g € G
such that

max

€
i1 99

Eop, [f(m,g)} ’2 <€

but |Ey oy [f(z,g7)]| > e

Definition 5.2 (Goal-conditioned Distributional Eluder Di-
mension). Let F be a function class defined on X X
G, and 11 be a family of probability measures over
X. The goal-conditioned distributional Eluder dimen-
sion dimgoaL—pe(F, L, €) is the length of the longest se-
quence {p1,...,pn} C II such that there exists € > ¢
where p; is € -independent of {p1, . .., pi—1} forall i € [n].
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When the space of goal only contains the goal we con-
cern about, that is, G = {¢g*}, Definition 5.2 degenerates
to the original definition of distributional Eluder dimension
in Jin et al. (2021a). In Definition 5.1, we can consider
|Eqnp, [f(2,9)]] as the loss of hypothesis f concerning
the goal g evaluated on the distribution p;. Intuitively, v
is independent of {j1, ..., t, } means if that there exist a
hypothesis, where the loss of f is small with respect to all
g € G and {p;}" ,, but the loss is considerably larger on
v and the target goal g*. Since we can choose any goals
for hypothesis elimination, the loss of the hypothesis that
have not been eliminated should be small with respect to
all g € G. Therefore, we incorporate multiple goals in Def-
inition 5.1 by taking a maximum over ¢ € G. Equipped
with Definitions 5.1 and 5.2, we are ready to present the
definition of the goal-conditioned Bellman-Eluder (GOAL-
BE) dimension.

Definition 53 (GOAL-conditioned Bellman-E-
luder (GOAL-BE) Dimension). Let (I — Tp)F =
{fn — Tufns1 : f € F} be the set of Bellman residuals
induced by F at step h, and I1 = {I1,}L_, be a collection
of H probability measure families over X x U. The
e-goal-conditioned Bellman-Eluder of F with respect to 11
is defined as

dimgoar—Be(F,IL€) :=

max dimGOAL—DE ((I - 7;L).7:, Hh, 6).
he[H]

Similar with Jin et al. (2021a), GOAL-BE dimension
also depends on the choice of the distribution class II.
To simplify the presentation, we only consider Dr :=
{Drn} |, where Dr, denotes the set of all probabil-
ity measures over S x A at the h—th step, which can
be generated by executing the greedy policy 7, with re-
gard to the target goal g* induced by any f € F, ie.,
msn(-) = argmax,e 4 fn(-, a,g") forall h € [H].

Comparison with Original Bellman-Eluder Dimension.
Definition 5.3 can be viewed as a modification of the
original Bellman-Eluder dimension proposed by Jin et al.
(2021a). In fact, Definition 5.3 is more general than the
Bellman-Eluder dimension. Definition 5.3 reduces to the
original definition of the Bellman-Eluder dimension in Jin
et al. (2021a) when G = {g*}. Intuitively, since we have
multiple loss for the same hypothesis, we are able to elim-
inate more hypothesis with the same data, which improves
the sample efficiency and reduces the complexity of the
original problem. This intuition is formalized in the fol-
lowing two lemmas. Lemma 5.4 shows that GOAL-BE di-
mension is smaller than the original BE dimension. Lemma
5.5 shows that in the example in §3, GOAL-BE dimen-
sion is exponentially smaller than the original BE dimen-
sion. Lemmas 5.4 and 5.5 show that using goal-conditioned
value functions provably reduces the complexity of a RL

problem.

Lemma 5.4 (Strictly Improvement over Original Bell-
man-Eluder Dimension). We define
Foo =Fg1 X .. X Fgeg, Fg=Fg1X...xXFym,

where f}ug* = {Qh('a'ag*) | Q S ]:h} and ]:h,g =
{Qn(-,,9) | Q € Frn,g € G} . We then have

dimBE (.7:9, H, 6) Z dimBE(]-"g* 5 H, 6)
and dimpg (.7:9* 11 6) > dimGgoAL—BE (.7:, 11, 6). 5

Proof. See Appendix §B.2 for a detailed proof. O

Lemma 5.5 (Exponential Improvement in the Best Case).
In the example in §3, we have

dimBE(]:g*,D}-,e) Z 2d — 1,
dimgoar—Be(F,Dr,€) =1,

where Fgx = Fgs 1 X ... X Fge g, F = F1 X ... x Fp.
Here Fy« j, and Fy, are defined in (3).

Proof. See Appendix §B.3 for a detailed proof. [

5.2. Sample Complexity of GOALIVE

We first present the realizability assumption on the hypoth-
esis class F, which is commonly used in previous work (Jin
et al., 2021a; Sun et al., 2019).

Assumption 5.6 (Realizability). We assume that Q}, € Fy,
forall h € [H].

Realizability requires that the hypothesis class is well-
specified and is able to characterizes the connection be-
tween different goals. We also introduce the definition
of the covering number, which is widely used in previous
work (Jin et al., 2021a;b; Liu et al., 2022).

Definition 5.7 (Covering Number of Hypothesis Class).
The e-covering number of a set V under metric p, denoted
as N(V, €, p), is the minimum integer n such that there ex-
ists a subset Vo C with |Vo| = n, and for any x € V, there
exists y € Vg such that p(z,y) < e. For two hypotheses
= UM £ = (L. we define

1f=Flls (6)
= |fn(s,a,9) — f1.(s,a,9)].

max
(hs,a,9)€[H]xSx AxG

For F = Fi1 X ... x Fg, we define N(F,e) =
maxnpe[H] N('Fh’€> ||||oo)
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Definition 5.8 (Covering Number of Goal Space). We say
Go is an e-covering of the goal space G if for any g € G,
there exists go € Go, such that

|7“h(s,a,g) - Th(87a7g0)| S €,
|fh(5,a7g> - fh(57aago)‘ < €,

hold forall f € F, h € [H], and (z,u) € X xU. Let G(¢)
be the e-covering of G with the smallest cardinal, and let

N(G,e) = 1G(e)|.

When |G| < oo, we have N(G,e) < |G|. Equipped
with the assumption and definitions above, we are ready
to present the sample complexity of GOALIVE.

Theorem 5.9 (Sample complexity of GOALIVE.). Under
Assumption 5.6, if we choose

Cooat = €/ (600HVd),  Cact = 2¢/H,

Cotim = €/ (4HV ), Nger = 2592H?1 /€2,
and Ny = 4608 H?d log? (N(F, Cetim/8)) - 1/ €2,
where d = dimgoaL-_BE (.7-", Dr, e/H),

v = log® N (G, Ceour) Hd/ (5€)],

then with probability at least 1 — 0, Algorithm 1
will output an O(e€)-optimal policy using at most

O(H?d?10g*[NF(Cotim/8)] - 1/ €2) episodes.
Proof. See Appendix §C for a detailed proof. O

Theorem 5.9 shows that RL problems with low GOAL-
BE dimension can be solved efficiently by GOALIVE un-
der the realizability assumption. The sample complexity of
GOALIVE is O(H3d? /€?), which is polynomial in 1/e and
the number of horizon. The dependency on the complex-
ity measure is the same with Jin et al. (2021a). However,
as we show in Lemma 5.4 and Lemma 5.5, GOAL-BE di-
mension is not larger than the original BE dimension, and
can be exponentially smaller in the best case. The cost
we pay for the improvement on the complexity measure
is the log-covering number of the goal space. For the ex-
ample in §3.1, we have |G| = 29. Therefore, we have
log N (G, Ceoar) < H log 2, which is polynomial in the hori-
zon H.

Comparison with previous work on multitask RL. The
setting we study can be viewed as a special case of multi-
task RL. The difference is that we only concern about the
suboptimality of the target task ¢g* instead of all task. Pre-
vious work (Lu et al., 2022) has also developed sample-
efficient algorithms for multitask RL. Lu et al. (2022)

designed a model-free algorithm for multitask RL and
demonstrated its sample efficiency. However, the com-
plexity measure they used is the original Eluder dimension,
which cannot exploit the connection between goals. More-
over, they considered that the tasks are randomly generated,
which is different from the empirical work of goal relabel-
ing, where the algorithm can set the goal in the training
phase. Therefore, their results cannot explain the success
of goal relabeling.

Connection with reward-free exploration. Our algorithm
is similar with reward-free exploration, in the sense that the
exploration strategy does not rely on the original reward.
Existing results in reward-free exploration use model-based
algorithm (Jin et al., 2020a; Wang et al., 2020). However,
model-based algorithms tend to have a larger asymptotic
bias. In the case of complex problems, the dynamics cannot
be learned perfectly, and the final policy can be highly sub-
optimal (Pong et al., 2018). Therefore, empirical work that
uses goal relabeling often applies model-free algorithms,
and their success and not be explained by the work that
use model-based algorithms. In fact, our algorithm can be
viewed as a model-free algorithm for reward-free explo-
ration.

Comparison with Zhu & Zhang (2023). In the context
of goal-conditioned RL, previous research, including the
notable work by Zhu & Zhang (2023), has provided a theo-
retical analysis. However, their analysis focuses on offline
RL and does not design algorithm for provably efficient ex-
ploration. Moreover, they assume that the dataset covers
the optimal policy with respect to all g € G, whereas our
analysis does not rely on such a stringent assumption.
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List of Notation

In the sequel, we present a list of notations in the paper.

Notation Explanation ‘
S, A G The state, the action, and the goal spaces, respectively.

h The length of an episode.

t The index of the iteration in Algorithm | (GOALIVE).

& The average Bellman error defined in (2).

d The F-profile we defined i Definition 3.1.

F The hypothesis class used in model-free algorithms.

g* The target goal we concern about.

dimpg, dimgoar—Bg | The original BE dimension, and the GOAL-BE dimension.
{Tn}L, The Bellman operator we defined in §2.
Structure of Appendix

We provide a detailed proof of Lemma 3.2 in Appendix A, and provide the proof of Lemmas in §4, §5.1 in Appendix §C.
We provide the proof of auxiliary lemmas in §D.

12
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Appendix

Table of Contents
A Proof of Lemma 3.2 13
B Proof of Lemmas in §5.1 ans §4 15
C Proof of Theorem 5.9 17
D Proof of Lemmas in Appendix §C 18
A. Proof of Lemma 3.2

In this section, we first provide the proof of Lemma 3.2. We then provide more detail on the action-value function Q7.

Proof of Lemma 3.2. Our proof consists of two parts. In the first part, we show the inefficiency of model-free algorithms
without multiple goals. In the second part, we show that there exists a goal-conditioned model-free algorithm that achieves
provably efficient exploration.

Figure 2. An example of the MDP construc-
tion in §3, with d = 2 and H = 4. All
models are deterministic, and each model is
uniquely indexed by a sequence of actions p.
We use p* to denote the index of the true
model. Here p* = (2,1). The last transition
is designed such that the agent always lands
in a state that contains “0” unless it follows
path p*.

Inefficiency of Model-free Algorithms without Multiple Goals. Our proof of the inefficiency of model-free algorithms
her is similar with the proof of Theorem 2 of Sun et al. (2019). We construct another class of non-factored models, such
that (1) learning in this new class is intractable, and (2) the two families are indistinguishable to any model-free algorithm
without multiple goals.

The new model class is obtained by transforming each PP € M into PP. PP has the same state space and transitions as
PP, except for the transition from horizon H — 1 to H. The transition in the H-th step still does not depend on the action

ag. In the transition indexed by p = {p1,p2, . . ., pa}, we will transit to
[1]? when sy = p,
SH+1 =
[0]¢ else.

The reward function is the same as in the original model class. This example is similar with the one in Sun et al. (2019).
Solving this example is equivalent to solving a multi-armed bandit problem with one optimal arm among 27~2 arms.

13
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Therefore, the sample complexity of any algorithm in the new example is 2(2%7).

To prove that the two model families are indistinguishable for model-free algorithms without multiple goals, which is
defined in Definition 3.1, we show that the original F-profiles, which is ® 7 4+ in Definition 3.1, in PP are identical to
those in PP. This implies that any model-free algorithm behaves in the same way in PP and PP, so that the sample
complexity must be identical, and hence Q(2#). To continue, we introduce the definition of the optimal planning, which
is an important tool to connect these two model families.

Definition A.1 (Optimal Planning). Let M be a class of transition. For a transition P = {P,}_, € M, we denote by

= {rPYL VP = {VP}L | = {QT YL, the optimal policy, value function, and action-value function when
the transition of the MDP is P. We denote by OP(P) the mapping that maps a transition P to its optimal policy and
optimal Q function, that is OP(P) = (7%, QF). We then define OP(M) £ {(z7,QF) | P € M}.

Let M = {PP} (1,23« and M = {ﬁp}pe{_Ll}d. Let F = {Fp}L )11 = {II,}}L | to be the Q class and policy
classes from OP(M,G), F = {Fp}, and II = {II,}__, be the policy class from OP(M,G). Since all MDPs of
interest have fully deterministic dynamics, and non-zero rewards only occur at the last step, it suffices to show that for any
sequence of actions a = (ay,...,aq), (1) the final reward has the same distribution for PP and ﬁp, and (2) the original
F-profiles [Qr(sh,a, g%)]0,eF,.aca and [Qn(sh,a, g*)]Q;Lth,aeA are equivalent at all states generated by taking a in
PP and PP, respectively. The equivalence of the reward is obvious, In the following, we study the equivalence of the
original F-profiles.

In PP and at level H, by the definition of the reward function, the original F-profile is [1] I7u| for the state without “0” and
[0]7 =] otherwise. Thus, when the action sequence a = p, the original F-profile of the reached state is [1]'<!. Otherwise,
the original F-profile of the reached state is [0]'2!. Similarly, in PP the original F-profile is [0] | Fal if the state is [0]¢, and
it is [1}“%*1‘ otherwise. The equivalence here is obvious since | Fp | = | Fp| = 282,

For level H — 1, no matter the true model path p, the QP associated with path p’ has value Q%q (a,+1,g*) =1{a=p'}
at state a. Hence the Q-profile at a can be represented as [1 {a = p’}|,/c(_1,1}4, for both PP and PP. We remark that
the original F-profile does not depend on the true model p because all models agree on the dynamics before the last step.
Similarly, for h < H — 1 where each state has two actions {—1, 1}, we have:

Qpl (al:h—h 179*) =1 {alzh—l ol= p&;h} B Qpl (al:h—17 279*) =1 {alzh—l 02 = p&;h} .

Hence, the original F-profile can be represented as:

1{app101=pi,},1{ams-102=p), }
[( {a1.p—10 Pint,L{atn-10 pl'h}) p'e{-1,1}¢’

which is the same between PP and PP. Therefore, the model PP and PP have exactly the same original F-profile for all
action sequences, implying that any model-free algorithm without multiple goals, must have the same behavior on both
transition classes. Since the transition class M = {Pp}p admits an information-theoretic sample complexity lower bound
of Q(2%), the same lower bound applies to M = {PP},, for model-free algorithms without multiple goals.

Sample Efficiency of Goal-conditioned Model-free Algorithm This can be directly proved by combining Lemma 5.5
and Theorem 5.9. By Theorem 5.9, when we use Algorithm GOALIVE, we can obtain a 4e-optimal policy with at most
15000H3d3 log® (N (F, Ceim/8)) - t/€? episodes with probability 1 — 8. Here ¢ = log®[N'(G, Ceou) Hdo/(5€)] and dy =
dimgoar—se(F, Dr,€e/H). Since both F and G is finite, we have N (G, Coout) = N (F, Celim/8) = 2772, By Lemma
5.5, we have dy = 1. Therefore, the number of episodes is bounded from the above by 15000H7 log®[H/(d¢)] /€2, which
is poly(H,1/e,10og(1/0)). Thus, we conclude the proof of Lemma 3.2.

O
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B. Proof of Lemmas in §5.1 ans §4
B.1. Proof of Lemma 4.1

Proof of Lemma 4.1. Since we have Qp(s,a,9) = ls—g, for any s € S, there exists a unique g € G, such that
Qu(s,a,g) = 1. Since Py _1 is deterministic, there exists a unique g € G, such that

Ta-1fu(sH-1,01-1,9") = Lg—g.

Since F is deterministic, there exists a unique g € G, such that fy_1(sg_1,am-1,9") = Ly=y. We also know that
fu(smg,am,g) = 1if and only is g = sp. Therefore, we have

fH—1(8H—1, ClH—1,g') - Tf{_l(sH—h aH—lag/) - f}lgﬁ fH(SH7a,79/) € {0: 1}
for any ¢’ € G. Therefore, Lemma 4.1 holds if we have
fa(sa-1,am-1,9") =5 _1(su-1,0m-1,9") — max fu(sm,ad,g') =1
when g’ = sg. In the following, we consider the case that
faa(su-1,am-1,9") =1 (sH-1,08-1,9") — max fu(sm,a’,g') =0

when ¢ = sy. In this case, we have fy_1(sg_1,am-1,9') = 0 when ¢ = sy. Therefore, we have
fa—1(sg—1,am-1,9") = 1y—s,, and

fa-1(sp-1,am-1,9) —rp_1(sH-1,am-1,9) — g}eaﬁ fu(sm,a',g) = Lgms, — Lg=s,, =0
for all g € G. Therefore, we conclude the proof of Lemma 4.1. O

B.2. Proof of Lemma 5.4

Proof of Lemma 5.4. By the definition of Fj, 4« and F, 4, we have Fj, g« C F}, 4. By Definition 2.2, we have dimpg ((Z —
Th)]-"h,g*,Hh, E) S dlmDE((I — ﬁ)fh,gynm 6). By Definition 2.3, we have dimBE(]:g*,H, 6) S dimBE(]‘—g,H, E),
which finish the first part of the proof.

In the following part of the proof, we show that dimgoar,—pg(F, I, €) < dimpg (Fy-, I1, €). It is sufficient to show that
dimgoar-pe((Z — Tn)F, Ik, €) < dimpr((Z — Tn)Fy-, 11, €). We only need to show that if v is goal-conditioned e-
independent with {1, . .., p, }, we then have v is e-independent with {f1, . . ., i, }. By the definition of goal-conditioned
e-independence, we have |E; 4., 1 (S, a, g%) — Tr(s,a, ¢%) — Thfr+1(s,a,¢*)| > e and

n
Zgleag}qu,awuifh(Saa,g) - Th(saaa g) - 771fh+1(57aag)|2 S €
=1

for some f € F. Therefore, we have

n
Z ‘Es,awuifh(57avg*) - Th(syavg*) - 77th+1(8aayg*)|2 S €.
1=1

We conclude the proof by the definition of e-independence. O
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B.3. Proof of Lemma 5.5
Proof of Lemma 5.5. By the definition of F, we know that
fu(s,a,9) —r3,(s,0,9) = Tnfnia(s,a,9) =0
forany (f,h,s,a,g9) € F x [H — 2] x § x AG. Therefore, we have
dimpe((Z — Th)Fh,g+» D h,€) = dimgoar—pe((Z — Tn) Fr, Drp.€) =1

for h € [H — 2]. Therefore, we only need to consider the case where h = H — 1. For a hypothesis p € {1,2}9, we denote
by fP = {fF }th1 € F the corresponding value. By the setting of the dynamic system, when we use the optimal policy
with respect to g* and fP, we will arrive the state s = p. Therefore, we have Dr 71 = {0(5,0) | s € {1,2}¢,a € A}.
For any fP € F,0(s,_,,a) € DF,m—1, we have

]E(s,a)w,ufjl-)jfl(saa7g*) = 07 7‘;[—1(810/79*) =0, E(s,a)quHflf]F-}(&a?g*) =0

when syy_1 # p* and sy _1 # p. We also have

Eaynfb_1(8,0,9") =1, 75_1(5,0,9") = 0, E(s ayop T-1f5(5,0,9") =0
when sy_1 # p* and sy_; = p. Since we have 2¢ hypotheses in total, we consider the sequence u; =
O(st, L)+ s b :_5(5%71@), such that n = 2% — 1, ju; # §(p+ o) for i € [n], p; # p; wheni # j. We set p[i] = s},
and choose f* = {f; } the corresponding value function. We can easily verify that
]E(s,a)w,ui [f}jtllfl(sv avg*) - r?—[—l(sa a, g*) - THflfij‘[(sv a, g*)] =0
when ¢ < j. Therefore, we have

j—1 9

Z ‘E(S;G)NM [flj';f—l(saavg*) - T;I—l(svaa g*) - TH_1f};{(S,CL,g*)] =0.
i=1
We also have

E(S,G)Nui [f}i'-l—l(saavg*) - T?—I—l(&aag*) - TH—lf}.—](Sva? g*)} =1

Therefore, p; is e-independent with {1, , p;—1}. By the definition of distributional Eluder dimension, we have
dlmDE((I — TH—l)fH—l,gMD]-',H—ly 6) > 29 _ 1 fore < 1.

For the second part of the proof, we first show that
mEagX ‘fH*l(Sa Cl7g) - T*H71(87 a, g) - ES’ mafo(s', almg)‘ <1
g a’

if and only if frz_1 = Q% _1, fu = QF. First, in the given hypothesis class, we have fg = Q7 holds for all f € F.
When we select g = sy, we have

[Fir-1(5,0.9) = 71 (5,0, 9) = B max fu(s', ', 9)| = fur-1(s,a,5m) — 1].

When fy_1 # Qu_1, we have fy_1(s,a,sy) = 0, which contradict with | fy_1(s, a, sg) — 1| < 1. Therefore, we have

fa-1=Q%_1.
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If v is goal-conditioned e-independent with i, we have

o B o [ f1-1(5,0.9) = 771 (5,0.9) — B max fr (', g)| < ¢ ™
and
ES,GNV fH71(87 a7g*) - T?{71<S,a,g*) - ES’ H}La/“XfH(Slvalag*)‘ > €. (8)

By (7), we have fr_1 = Q3 _,, fu = @}, which implies

Es,awv

fH—l(Saa7g*) - T?—I—l(57avg*) - ]ES’ H}ZE}XfH(Slvalvg*)‘ = 07

which contradicts with (8). Therefore, for any p, v € D g1, v is not goal-conditioned e-independent with y:. Therefore,
we have dimgoar—pe((Z — Ta—1)F, Dr,u—-1,€) = 1, which concludes the proof. O

C. Proof of Theorem 5.9

Proof of Theorem 5.9. We denote by T' the index of the last iteration of Algorithm 1. By Algorithm 1, we know that the
elimination procedure is activated at the ¢-th iterations for ¢ € [T — 1], and is not activated in the T-th iteration. We also
know that the output policy is 77, which is the greedy policy with respect to f7. We use h' to denote the step that the
elimination procedure is activated in the ¢-th iteration. The following lemma provides a characterization of { ft};f:_ll and
the elimination procedure.

Lemma C.1. We have E(ft,nt,ht,g*) > ¢/H for all t € [T’] with probability 1 — §/8. We also have E(f,nt, ht) <
¢/(H~/d) forall t € [T'] when f € Bt with probability 1 — §/8. Here E(f*,nt, ht, g*) and E(f,n*, ht) are defined in (2),
and T' = min{T — 1,dH + 1}.

Proof. See Appendix §D.1 for a detailed proof. O

Lemma C.1 shows that, the average Bellman error of f? with respect to 7 is large, and hypotheses with a large average
Bellman error with respect to ¢ will be eliminated with high probability. We denote by £; the event in Lemma C.1. The
following lemma shows that 7' < dH + 1 when &; holds, which bounds the number of iterations in Algorithm 1.

Lemma C.2. When we condition on £, we have T < dH + 1.
Proof. See Appendix §D.2 for a detailed proof. O

We also have the following lemma, which shows that the average Bellman error of f7 is small.

Lemma C.3. WhenT' < dH + 1, we have Zle E(fT,nT h,g*) < 4e holds with probability 1 — § /4.
Proof. See Appendix §D.3 for a detailed proof. O

In addition, we have the following lemma, which show that the true hypothesis will not be eliminated with high probability.

Lemma C.4. We define Q* = {Q;}:L |, where Q;, is the optimal goal-conditioned action-value function we defined in
§2. Then with probability 1 — 6 /4, we have Q* € B! forallt € [T']. Here T' = min{T — 1,dH + 1}.

Proof. See Appendix §D.4 for a detailed proof. O
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We denote by &3 the event we defined in Lemma C.4. In the following part of the proof, we condition on Events &;, &,
and &;. In the following, we show that the suboptimality of 77 is small when we condition on &, &, and £3. When we
condition on Event &;, We have V{*(s1, g*) < f{ (s1,a1,g*) by Line 4 of Algorithm 1. Therefore, we have

Vi (1g7) =V (01.97) < max f] (s1,0,9") = V7 (s1,97). ©

Since f}TH_l(s,a,g) =0 and Vgil(s, a,g) =0forall (s,a,g9) € S x A x G, we have

H
T
maaXflT(Sl,a,g*) - V™ (s1,9%) = E Eor [ (shoan, g%) — 15 (Shyan, 9%) — fiea (Sha1s ani1, 97)]
h=1

H
§ : T * * xT *

- Eﬂ"T [QZ (Shvahag*) - Th(shvahag ) - Qh+1(8h+17ah+1ag )] (10)
h=1

Here the expectation E =[] is taken with respect to s;1 ~ Pj (| sn,an) and ap, ~ 71 (- | sp, g*). By Bellman equation,
we have
T * * * T *
E.r[QF (sh,an.g%) — 5 (sh,an, 9%) — Q41 (Sh41, ang1,9%)] = 0. (11)

By (2), we have

Exr [fi ($hyans 9%) = 4 (sn,an, %) = fipa (sny1s angr, 9%)) = EFT, 77, b, g¥). (12)
Combining (9), (10), (11), and (12), we have

H

Vi(e1.g") = Vi (21,07 < D E(fT 7T b g").
h=1

When we condition on & in Lemma C.3, we have 2’1;1:1 é’(fT7 7T h, g*) < 4e. Therefore, when we condition on &, &,
and &3, the policy we return is O(e)-optimal. By Lemmas C.1, C.3, and C.4, we have P(ﬁf’zl&) > 1 — 4. Therefore, with
probability at least 1 — &, Algorithm 1 will terminate in 7' < (dH + 1) iterations and output a 4e-optimal policy using at
most

15000H3d? 1og® (N (F, Cetim/8)) - ¢
2

(dH + 1)(nacl + nelim) < .

episodes. Thus, we conclude the proof of Theorem 5.9. O

D. Proof of Lemmas in Appendix §C
D.1. Proof of Lemma C.1

Proof. First, we have the following lemma, which shows that in the activation phase, & in Line 6 of Algorithm 1 is a good
estimator of £ in (2).

Lemma D.1. [Concentration in the Activation Phase] With probability 1 — § /8, we have
E(f! ' hog") = E(f', ' b g™)| < ¢/ (6H)

holds for all (t,h) € [dH + 1] x [H].

Proof. See Appendix §D.5 for a detailed proof. O
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Since the elimination phase is activated for ¢ < 7', we have & (ft, 7t ht, g*) > Cact- Therefore, we have
5(ft77rt7 ha g*) > Cact - 6/(6H) > 6/I{

fort < min{T — 1,dH + 1} when we condition on the event in Lemma D.1. Thus, we conclude the proof of the first part
of Lemma C.1. We also have the following lemma, which shows that in the elimination phase, £ in Line 12 of Algorithm
1 is a good estimator of £ in (2).

Lemma D.2. [Concentration in the Elimination Phase] With probability 1 — § /8, we have
E(f. 7" ) = E(f.7" )| < e/ (AHVA)

holds for all (f,t,h) € F x [dH + 1] x [H]. Here Eis defined in Line 12 of Algorithm 1.
Proof. See Appendix §D.6 for a detailed proof. O

By the definition of B? in Line 13 of Algorithm 1, we have & (f, mt, ht) < Celim for f € Bt. Therefore, we have
g(ft777t7 h) S Celim + 6/(4H\/a) S 6/(H\/a)

for ¢ < min{T — 1,dH + 1} when we condition on the event in Lemma D.1. Thus, we conclude the proof of the second
part of Lemma C.1. O

D.2. Proof of Lemma C.2

Proof. We prove Lemma C.2 by contradiction. For the sake of contradiction, We assume that 7' > dH + 1. When
T > dH + 1, there exists h € [H] and t; < - -+ < tg+1 < dH + 1, such that the elimination phase is activated in the ¢;-th
iteration at the h—th stage for i € [d + 1]. When we condition on & in Lemma C.1, we have E(f*, w% h,g*) > ¢/H for
i € [d+1]. Since f* € B' wheni > j, we have £(f*, 7t h) < ¢/(H+/d) wheni > j. Therefore, we have

i—1
ST (E(ft s, ) < Vd x ¢/ (HVd) = ¢/H.
j=1
Therefore, the roll-in distribution of 71, ... wld+1 at step h is a goal-conditioned ¢/ H-independent sequence of length
d + 1, which contradicts with the definition of GOAL-BE dimension. Therefore, we have T' < dH + 1 when we condition
on &1, which conclude the proof of Lemma C.2. O

D.3. Proof of Lemma C.3

Proof. Since the elimination phase is not activated in the T'-th iteration, we have & (fT, 7T, h,g*) < Cact. Therefore, when
we condition on the event in Lemma D.1, we have

EfT, 7T h,g") < Cace + ¢/ (6H) < 4e/H.
Therefore, we have Zthl E(fT, T h,g*) < 4e, which concludes the proof of Lemma C.3. O

D.4. Proof of Lemma C.4

Proof. By Bellman equation, we have £(Q*,w,h) = 0 for all policy 7 and h € [H|. By Lemma D.2, we have
E(Q*, 7t h) < €/(4HVd) = (elim holds for all (t,h) € [dH + 1] x [H]. By Line 13 of Algorithm 1, we have Q* € B
when t < dH + 1. Thus, we conclude the proof of Lemma C.4. O
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D.5. Proof of Lemma D.1
Proof. Consider a fixed (¢, h) € [dH + 1] x [H] pair. Since
fh(xv u, g*) - Th(xv u, g*) - g}gi{{ fh+1(m/7 u/’ g*) < 3’

we have

6v/2

Thact

E(f! 7t by g*) — E(fL 7t by g*)] < log(8H (dH” 4 1)/4)

holds with probability at least 1 — 6/(8H(dH + 1)) by Azuma-Hoefdding’s inequality. Here & is defined in Line 6 of
Algorithm 1. By taking a union bound, we have

6v/2

act

E(f, 7t hog) — E(f! mt b, g")| < log (8H (dH? +1)/5)

holds for all (t,h) € [dH + 1] x [H] with probability at least 1 — §/8. Since we set n,¢; = 2592H21 /€2, we have
(1t hg") = E(f'mt b g™)| < €/ (6H),
Thus, we conclude the proof of Lemma D.1. O

D.6. Proof of Lemma D.2

Proof. Let G(Cgon) be an (gou-cover of G with cardinality NV (G, Cgou), and let Z be an Ceiim /16-cover of J with cardinality
N(‘F7 Celim/8). We define

f(f, 7Tta h, g(ggoal))

= Z (fh(S,CLQ) - Th(87a7g) - glgﬁfh+1(sl>al7.g)) 3

= W max
S 20al
hl |9 G (Cgon) (s,a,s’)G'D}tl

where D} is the dataset in the elimination phase. By applying Azuma-Hoeffding’s inequality to all (¢, f, g) € [dH +1] x
Z % G(¢€) and taking a union bound, we have

6v/2

elim

< ¢/(9HVd) (13)

|§(.]?a ﬂ—ta htvg) - g(fA'? ﬂ-tv ht7g)| S

log(SH (dH? + 1)N(G, Cgoa) N (F, Cetim /8) /0)

holds for all (¢, f,g) € [dH + 1] x Z x G(e) with probability at least 1 — §/8.

By the definition of the goal covering, we have

g(f? 7Tta ht) - g(fa ﬂ—tv ht)

S 6Cg0al + ‘g(fv 7Tt7 htv g(Cgoal)) - g(fa ﬂ—t» htv g(Cgoal))‘ (14)

< /(W00H) + max |E(f'he,g) = E(f.n" u.g)]

9E€G (Cgoat)

holds for all f € F. Combining Equations (13) and (14), we have

E(f, " he) — E(Fymt he)| < 6Con + €/(9HVA) < ¢/ (SHVd) (15)
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~

holds for all (¢, f) € [dH + 1] x Z with probability at least 1 — §/8. We denote the event in Equation (15) as ;. By the
definition of £ in (2), we have

‘E(fmr,h) —5(f77r,h)’ = ’rgggc?(fm,h,g) —r;lggf(ﬁmh,g)‘

Smax‘é’(f,ﬂ',h,g)—E(J/‘\,ﬂ',h,g)‘ S2Hf—f”oo.

geg

Similarly, we have ’g'(f, m,h) — (Z:\(f,ﬂ', h)‘ <2 Hf — ﬂ’ . Forany f € F, we select fe Z with Hf — ﬂ‘ < Celim/8.
When condition on Event £, in Equation (15), we have = =

’g(f,ﬂt,ht) —E(f, 7" he)

<|EF.wt k) — E(Fn' )

+ |e(Fomt he) = E(F 7 )

+ ‘é(f, wtohe) — E(f. 7, ht)‘
< ¢/(8HVd) + Cetim /2 < €/(4HVd)

holds for all (¢, f) € [dH + 1] x F with probability at least 1 — §/8. Thus, we complete the proof of Lemma D.2. O
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